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A novel approach for solving fully fuzzy linear 
programming problem with LR flat fuzzy numbers^ 

Zeng-Tai Gong a ’*, Wen-Cui Zhao a,h 

a College of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, China 
b Group of Mathematics, YiFu Experiment Middle School of Tianshui, Tianshui 741200, China 


Abstract: The fuzzy linear programming problem with triangular fuzzy numbers in its objective func- 
tions or constraints has been discussed by many scholars based on using Zadeh’s decomposition theorem 
of fuzzy numbers and transforming it into some crisp linear programming problems. However, existed 
methods and results are limited if the fuzzy linear programming problem with generalized fuzzy num- 
bers in its objective functions and constraints. In this paper, we discuss fully fuzzy linear programming 
(FFLP) problems of which all parameters are LR flat fuzzy numbers and a simple but practical method 
is developed to solve it. In this method, the approximate representation of fully fuzzy constraints is 
investigated by means of the arithmetic operations on LR flat fuzzy numbers space firstly. Meanwhile, 
we constructed a auxiliary multi-objective programming to solve the FFLP problems. After that, three 
approaches are proposed to solve the constructed auxiliary multi-objective programming, including opti- 
mistic approach, pessimistic approach and linear sum approach based on membership function. Finally, 
the obtained results are compared with the existing works and numerical example is given to illustrate 
the effectiveness of the proposed method. 

Keywords: LR flat fuzzy number; multi-objective linear programming; fully fuzzy linear programming 

1. Introduction 

Linear programming (LP) is an essential mathematical tool in science and technology. Although, it 
has been investigated and expanded for more than six decades by many researchers from various point of 
views, it is still useful to develop new approaches in order to better fit the real world problems within the 
framework of linear programming. In conventional approach, parameters of linear programming models 
must be well defined and precise. However, in real world environment, this is not a realistic assumption. 
Usually, most of information is not deterministic and in this situation human has a capability to make 
a rational decision based on this uncertainty. This is hard challenge for decision makers to design an 
intelligent system which make a decision the same as the human. In fact, some of parameters of the 
system may be represented by fuzzy quantities rather than crisp ones in practice. Hence, it is necessary to 
develop mathematical theory and numerical schemes to handle fuzzy linear programming (FLP) problems. 
Bellman and Zadeh [1] proposed the concept of decision making in fuzzy environments. Since then, a 
number of researchers have exhibited their interest to various types of the FLP problems and proposed 
several approaches for solving these problems [2-11]. FLP model with triangular fuzzy numbers (TFNs) 
[6]. Lai and Hwang [6] developed a new approach to some possibilistic linear programming problems 
with TFNs, they transformed the fuzzy linear programming into a multi-objective linear programming 
model, involving three objective functions: minimizing the low loss, maximizing the most possible value 
and maximizing the upper the profit. FLP model with trapezoidal fuzzy numbers (TrFNs) [7 _ 11]. 
For example, Ganesan [7] and Ebrahimnejad [8] studied the fuzzy linear programs with TrFNs, but the 
constructed fuzzy linear programming models are only suitable for the symmetrical TrFNs. Mahadavi- 
Arniri [9] and Campos [10] utilized the ranking function to solve the fuzzy linear programming models 
with TrFNs. Wan [11] developed a method which taken advantage of multi-objective linear programming 
model to solve FLP problems with TrFNs. However, in all of the above mentioned works, those cases of 

^This work is supported by the National Natural Science Foundations of China (11461062, 61262022). 

‘Corresponding Author: Zeng-Tai Gong. Tel.:+86 09317971430. 

E-mail addresses: gongzt@nwnu.edu.cn, zt-gong@163.com(Zeng-Tai Gong). 
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Zeng-Tai Gong and Wen-Cui Zhao: A novel approach for solving fully fuzzy linear programming... 


FLP problems have been studied in which not all parts of the problem were assumed to be fuzzy, e.g., 
only the right hand side or the objective function coefficients were fuzzy but the variables were not fuzzy. 
The FLP problems in which all the parameters as well as the variables are represented by fuzzy numbers 
are known as fully fuzzy linear programming (FFLP) problems. Many authors [12-14] have proposed 
different methods for solving FFLP problems. 

Loth [12] proposed a novel method to obtain the approximate solution of FFLP problems by using the 
concept of the symmetric triangular fuzzy numbers and introduce an approach to defuzzify a general fuzzy 
quantity. In Kumar’s article [13], an exact optimal solution is achieved using a linear ranking function. 
In this method, the linear ranking function has been used to convert the fuzzy objective function to a 
crisp objective function. The shortcoming exists of it is that the fuzziness of objective function has been 
neglected by the linear ranking function. Ezzati [14] proposed a new algorithm to solve FFLP problems 
with TFNs. To the best of our knowledge, till now there is no method in the literature to obtain the exact 
solution of FFLP problems in which all the parameters as well as the variables are represented by LR flat 
fuzzy numbers. The LR flat fuzzy number and its operations were first introduced by Dubois [15]. We 
know that triangular fuzzy numbers are just specious cases of LR flat fuzzy numbers. In 2006, Dehgham 
[16] discussed the computational methods for fully fuzzy linear systems whose coefficient matrix and the 
right-hand side vector are denoted by LR fuzzy numbers. In this paper, the approximate representation 
of fully fuzzy constraints (max(min) 7? s.t. A<S>x = b, 0, where c T , A, b and c are fuzzy matrixs 
which consist of LR flat fuzzy numbers) is investigated by means of the arithmetic operations on LR flat 
fuzzy numbers space firstly. Meanwhile, we constructed a auxiliary multi-objective programming to solve 
the FFLP problems. After that, three approaches are proposed to solve the constructed auxiliary multi- 
objective programming, including optimistic approach, pessimistic approach and linear sum approach 
based on membership function. Finally, the results obtained are compared with the existing works and 
numerical example is given to illustrate the effectiveness of the proposed method. 

The structure of this paper is organized as follows. In Section 2, we review some basic concepts and 
introduce the interval objective programming. In Section 3, the approximate representation of fully fuzzy 
constraints is given. The method for solving the FFLP problem is discussed in Section 4. In Section 5, the 
numerical example is solved and the obtained results are compared with the existing works. Conclusion 
is drawn in Section 6. 

2. Preliminaries 

2.1 Basic definitions and arithmetic operations 

In this section, some basic definitions and arithmetic operations of LR fiat fuzzy numbers are pre- 
sented. 

Definition 2.1. 1 17 ! A fuzzy number A, defined on universal set of real numbers R, denoted as A = 
(m,n,a, (3 )lr, is said to be an LR flat fuzzy number if its membership function p^(x) is given by 

f L(^) x < m, a > 0, 

U A ( x) = < Ri^j 1 ) X > n, (3 > 0, 

[ 1 m ^ x ^ n, 

where the closed interval [ m , n] is the mode of A, a and [3 are the left and right spreads, respectively. 
The function L (- ), which is called the left shape function satisfying: 

(!) L ( x ) = L (~ x )\ 

(2) L(0) = 1 and L(l) = 0; 

(3) L(x) is non-increasing on [0, +oo). 

The definition of the right shape function R{-) is usually similar to that of L(-). 

Usually, we could define the predetermined left spreads shape functions L(-) and right spreads shape 
functions R(-) as follows according to the need of mathematical modeling: 

(1) L{x) = max{0, 1 — \x\ p }(p > 0); 

(2) L{x ) = max{0, ^(e 1- ^ - 1 )}(p > 0); 

(3) L(x) = max{0, - 1 }{p > 0), 
and similarly to R(-). 
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Definition 2.2.I 18 ! An LR flat fuzzy number A = (m, ra, cc, /3)lr is said to be non-negative LR flat 

fuzzy number if m — a ^ 0 and is said to be non-positive LR flat fuzzy number if n + (3 ^ 0. 

Definition 2. 3 . 1 1 '] LR flat fuzzy numbers A\ = (mi, ni, on , / 3 i)lr and A-2 = (m 2 , ri2, 0:2, ^2 )lr are 

said to be equal, i.e. , A\ = A 2 if and only if mi = m 2 , rai = 712 , aq = 02 , A = fh- 

Remark 2.1. ff m = n, then an LR flat fuzzy number (m, n, a, /3 )lr is said to be an LR fuzzy 
number and is denoted as (m, a, (5)lr or (n, a, /3 )lr- 

Remark 2.2. If m / n and L(x ) = R(x ) = max{0, 1 — |x|}, then an LR flat fuzzy number 
(m,n, a, /3 )lr is said to be a trapezoidal fuzzy number and is denoted as f3). 

Remark 2.3. If m = n and L(x) = R(x) = max{0, 1 — |a;|}, then an LR flat fuzzy number 
(m,n,a, /3)lr is said to be a triangular fuzzy number and is denoted as (m, a, f3). 

The arithmetic operations between two LR flat fuzzy numbers are defined by the extension principle 
as follows^ 17 ] : 


Let A\ = A2 = (m2, n2, 02, @2)lr be any LR flat fuzzy numbers and A3 = 

(m3, 713, 03, ( 3 z)rl be any RL flat fuzzy number. Then, 

(i) Ai© A2 = (mi + m 2 , ni + n 2 , «i + a 2 , f3i + A )lr- 

(ii) Ai ©A 3 = (m.i - ra 3 , ni - m 3 , «i + /? 3 , a 3 + A)lr- 

(iii) If Ai and A2 are non-negative, then 

Ai <8) A^= (mim 2 ,niB2,'m.ia2_+ m. 2 ai,ni/ 3 2 + U 2 Pi)lr- 

(iv) If Ai is non-positive and A2 is non-negative, then 
Ai ® A2 = (min2, nim-2, a\U2 - rrai/A, m 2 / 9 i - n\a2)LR- 


(v) A <g> Ai = 


(Ami, Ani,Aai, A/?i)lr, A ^ 0, 
(Arai, Ami, -A/?i, -\ai) RL , A < 0. 


Definition 2.4. A matrix A = ( dij)mxn (* = 1, 2, • • • m, j = 1, 2, • • • ra) is said to be a fuzzy matrix if 
each element of A is a fuzzy number. If for every element dij ^ 0 (or d t j ^ 0), then A is said to be a 
non- negative (or non-positive) fuzzy matrix, denoted by A ^ 0 (or A ^ 0). 

Let all element of A = (a.y) mxn (i = 1, 2, ■ • • m, j = 1, 2, • • • ra) are LR flat fuzzy numbers, i.e., a,y = 
(■ mij,riij , otij, fiij) lr- Then we can represent m x n fuzzy matrix A with new notation A = (A, B , M , TV), 
where A = (■ rriij ), H = (ra*j), M = (a^) and AT = (Aj) are four m x n matrices. 

For brevity, a crisp matrix consisting of real numbers is written as a matrix directly throughout this 
paper, similar to linear systems, linear equations, matrix equations, and so on. 

Definition 2 . 5 . 1 16 ' 19 ! Let A = (aij)mxn and B = ( bij) nxp ■ Then 


A® B 


D = (dij) 


mxp? 


where 


dij 


^ ( &ik ® t>kj • 

&=!,-•• ,n 


2.2 Interval objective programming 

Ishibuchi and Tanaka [20] gave the definitions of the maximization and minimization problems with 
the interval objective functions, which are introduced in Definitions 2.6 and 2.7 as follows. 

Definition 2.6. 1 20 ! Let a = [ai,a u \ be an interval. The maximization problem with the interval 
objective function is described as follow: 


max {a}, 
s.t. a £ fl, 

which is equivalent to the following bi-objective mathematical programming problem: 

max {ai,^(ai + a u )}, 

s.t. a G n, 
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where fl is a set of constraints in which the variable a should satisfy according to requirements in real 
situations. 

Definition 2.7 J 20 ^ Let a = [ai,a u ] be an interval. The minimization problem with the interval 
objective function is described as follow: 


min {a}, 
s.t. a G fl, 

which is equivalent to the following bi-objective mathematical programming problem: 

min {a u ,^(ai + a u )}, 
s.t. a G fL 


3. Fully fuzzy linear programming problem 


Linear programming is one of the most frequently applied operations research technique. In the 
conventional approach, the value of the parameters and variables of linear programming models must 
be well defined and precise. However, this is not a realistic assumption in the real world environment. 
There may exists uncertainty about the parameters and variables in the real life problems. So, the fuzzy 
numbers and fuzzy variables should be used in the LP problem. Therefore, we encounter with the FFLP 
problems. 

Consider the standard form of FFLP problem which with m constraints and n variables as follows: 

max(min)© = c T © x, 

s.t. A<g>x=b , (0.1) 

* is non-negative fuzzy number vector, 


where A = (a^-) mxn , c 2 = (©) i xn , x = (xj) nx i, b = ( bi) mxl , and a n] ^ 0 (or a %] < 0), Cj ^ 0 (or Cj < 
0), bi, Xj are LR flat fuzzy numbers. 

It should be noted that A © x ^ b and A ®x ^ b can be transformed to the standard form by 
introducing a vector variable T = ■< tm), where tj (j = 1 , 2, • • • , m) are LR flat fuzzy numbers, 

as A © 2: © T = b and A <g> x © T = b, respectively. 

Definition 3.1. The fuzzy exact optimal solution of FFLP problem (1) will be a fuzzy number vector 
x* if it satisfies the following characteristics: 

(1) x* = (xj*) nx i ^ 0, where Xj*(j = 1, 2, • • • , n) are LR flat fuzzy numbers; 

(2) A © s* = b; 

(3) For any x £ S ={~x\A ®x = b, ~x= ( Xj) nx \ ^ 0, where xj are LR flat fuzzy numbers}, we have 
c 2 <S> x* ^ tr © x (in case of maximization problem) , c 2 © x* ^ c 2 © x (in case of minimization problem) . 

Remark 3.1. Let x* be an exact optimal solution of FFLP problem (1). If there exists an x £ S 
such that c 2 © x* = c <S>x, then x is also an exact optimal solution of FFLP problem (1) and is called 
an alternative exact optimal solution. 

Note that the elements ( a t] ) in coefficient matrix A of the FFLP problem (1) have two forms, 
i.e., (1) a %] ^ 0, (2) < 0. So we define the coefficient matrix A as follows: 


where 1 ^ i ^ m, 1 ^ j ^ n. 
Obviously, 

A = Ai © A 2 , 




( A 2 )ij 


& ij ? ^ij ^ 0 ? 

0, Qj{j <C 0, 

C^ij ? ^ij ^ 0 ? 
0 , CLij 0 , 
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A <g> x = A i 


X( 


x. 


Similarly, we define the coefficient matrix (c T ) of objective function of FFLP problem (1) as follows: 


( c i )j = | 

(^2 )j = | 

where 1 ^ j ^ n. 

Obviously, 

c T = cj © ©T, ~ 

C T <& X= cf ® X 0 C 2 <S> x. 

In the FFLP problems (1), let c = (c, d,p, q)ui = ci © 62 (where c\ = (ci, di,p 1 , q^LR ^ 0, c 2 = 
(C 2 , d 2 , p 2 , q- 2 ) lr ^ 0),x = (x, y, s , Then, according to the operations of the LR flat fuzzy numbers, 
we have 

c T <g> x = cf <g> 5© <8) x = (ci, p 1: qi) LR ® (x, y, s, t) LR © (c 2 , d 2 , P 2 , © (*, y, © i ) lr 

= (ax, diy , CIS ©Pi®, dii+ <7 i?/)lr© (c 2 y, d 2 x,p 2 y- c 2 t , q 2 x- d 2 s) LR 
= (ax+ c 2 y, diy + d 2 x, as - c 2 t+ p±x+ p 2 y, q 2 x+ q±y + dit- d 2 s) LR . 

For brevity, we substitute (Z m , Z n , Z a , Zp) LR for (ci* + c 2 y, diy + d 2 x, as - c- 2 t+ p x x+ p 2 y, q 2 x + 
g 1 y+ d\t— d 2 s) RR throughout this paper. 

Theorem 3.1. (Approximate representation of fully fuzzy constraints) Let A = (A, B, M, N)l R = 
A\ © A 2 ,b = ( b,g,h,f) LRl x = (x, y^s, t) LR ^ 0, where A v = (A\, B\, Mi, N\) LR ^ 0, A 2 = 
(A 2 , Bo, M 2 , N 2 ) lh ^ 0. Then A® x = b can be represented approximately as follows: 


Cj 1 Cj © ( 1 . 

0 , Cj < 0 ; 

cj , Cj 0 , 

0 , Cj > 0 , 


' Aix+ A 2 y = b, 

Biy+ B 2 x= g, 

M\x+ M 2 y+ Ais- A 2 t = h, 
„ N 2 x+ N\y+ Bit- B 2 s = f. 


(0.2) 


Proof. Since A = (A, B, M, N)l R = Ai © A 2 , A\ = (Ai, B\, M\, N\)lr ^ 0, A 2 = ( A 2 , B 2 , M 2 , 

N 2 ) LR ^ 0, x = (x, y, s, t) LR ^ 0, we have 

A®x = (Ai © A 2 ) ®x— A\®x®A 2 ®x 

— (^i) Bi, Mi, Ni)l R <8> (x, y, s, t)j jR © (A 2 , B 2 , M 2 , N 2 )l R <8> (x, y, s, i)j jR 
= (Aix, B t y, A x s+ Mix, Bit + Niy) LR © ( A 2 y , B 2 x, M 2 y - A 2 t,N 2 x- B 2 s) LR 
= (Ai®+ A 2 y, Biy+ B 2 x, A x s - A 2 t+ Mix+ M 2 y, 7V 2 *+ Niy + Bit — B 2 s) LR 
= b=(b, g, h,f) LR . 

According to Definition 2.3, we have 

Aix+A 2 y=b, B L y+B 2 x=g, 

Mix+ M 2 y+ Ais - A- 2 t = h, N 2 x+ Niy + Bit — B 2 s = f. 

Hence, A ®x = b can be represented approximately as (2). 


4. Proposed method to find the fuzzy exact optimal solution of FFLP problem 


In this section, in order to find an effective fuzzy solution of the type of Eq. (1) problem, we are going 
to introduce a method based on the definition of the interval objective programming and the arithmetic 
operations of LR flat fuzzy numbers. 
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We consider the case of maximizing fuzzy objective function at first. 

In Eq. (1), the fuzzy objective Z = c r < g>* = {c\x+ c 2 y, diy + d 2 x, c\s— c 2 t+ p x x+ p 2 y, q 2 x+ q 2 y + 
d\t— d 2 s ) lr = (Z m , Z n , Z a , Z^lr is an LR fiat fuzzy number. This fuzzy objective is fully defined by 
four corner points (Z m , 1), ( Z n , 1), ( Z m — Z Q , 0) and [Z n + Zp, 0), geometrically. Thus, maximizing the 
fuzzy objective can be obtained by pushing these four critical points in the direction of the right-hand 
side. Fortunately, the vertical coordinates of the critical points are fixed at either 1 or 0. The only 
considerations then are the four horizontal coordinates. Therefore, our problem is to solve 

max { Z rn Z (y , Z rn , Z n , Z n T Zp } , 

s.t. A®x = b, (0-3) 

x^ 0. 

However, the above four objectives ( Z m — Z a ), Z m , Z n and ( Z n + Zp) should always preserve the 
form of the LR flat fuzzy number ( Z m , Z n . Z a , Zp)lr during the optimization process. Thus, in order to 
keep the LR flat fuzzy number shape (normal and convex) of the possibility distribution, it is necessary 
to make a little change. 

For the mode of LR flat fuzzy number [Z m , Z n , Z a , Zp)iR , since the objective function of Eq. (1) is 
to maximize Z, it is natural to maximize the interval [Z m ,Z n ] for this objective function. According to 
Definition 2.6, in order to maximize the interval [Z m , Z n ], we need maximize the left endpoint Z m and 
maximize the middle point \{Z m + Z n ) of this interval simultaneously. For the lower and upper limits of 
LR flat fuzzy number ( Z m , Z n . Z a , Zp)iR, we minimize Z a and maximize Zp instead of maximizing the 
lower Z m — Z a and the upper Z n + Zp, respectively. 

Therefore, combining Theorem 3.1, Eq. (3) can be transformed into the following multi-objective 
programming model: 

min Z\ = Z a , 
max Z 2 = Z m , 

max Z 3 = ^(Z m + Z n ), 

max Z 4 = Zp, 

s.t. A\x + A 2 y = b, (0-4) 

Biy+ B 2 x= g, 

M\x+ M 2 y+ Ais - A 2 t = h, 

N 2 x+ Niy+ Bit - B 2 s = /, 
y — x^ 0, x — 0, 0, 0. 

Although Eq. (4) is also a multi-objective linear programming model, it can effectively keep the LR flat 
fuzzy number shape of objective function Z. To solve Eq. (4), we may use any MOLP technique [21] 
such as utility theory, goal programming fuzzy programming or interactive approaches. In this paper, 
we propose three kinds of approaches to solve this multi-objective linear programming model. Since the 
objective function Zj is the function of the decision variable vector x = ( x , y, s, simply denote by 

Zi = Zi(x ) (i = 1, 2, 3, 4). Let Zf lin , Z 4 max ( i = 2, 3, 4) and Sp' ( i = 1, 2, 3, 4) respectively be the minimum 
objective, maximum objective value and the optimal solution for the following single objective linear 
programming model: 


min Z\ = Z±(x), 
s.t. Aix+ A 2 y = b, 

Biy+ B 2 x= g , 

M\x+ M 2 y + Aus — A 2 t = h, 
N 2 x+ Niy + Bit- Bos = /, 
y — x^ 0, x— s ^ 0, s^ 0, t^ 0, 


(0.5) 
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and 


max Zi = Zi(x), (i = 2,3,4) 
s.t. Aix+A 2 y=b , 

B x y+ B 2 x= g, 

M\x+ M 2 y+ Ais - A 2 t = h, 
N 2 x+ N\y+ Bit- B 2 s = f, 


(0.6) 


y — x^ 0, x— s ^ 0, 0, t ^ 0. 

Then, set Z[ nax = max{Zi(aTi'), Zi(x 2 ), Zi(x 3 ), Zi(aT/)}, Z- nm = minjZ^aTi'), Zi(x 2 '), Zi(x 3 ), Zi(x 4 )} 
( i = 2,3,4). The linear membership function of the objective function Z\ can be calculated as follows: 


1-b.Ax) = < 


1 

Z max_ Z i 


if Z x < Zf n , 
if Zf in st Zi ^ Zf iax , 
if Z, > Zf ax . 


The linear membership function of the objective function Z*(i = 2,3,4) can be calculated as follows: 


t*Zi(x) = 


Zi-Z n 


^max ^min 


1 


if Z ?: < Z“ in , 
if Zf n ^ Zi sC Zf iax , 
if Z* > Z ; max . 


Thus, Eq. (4) can be solved by the following linear programming model: 


max y, 

4 

s.t. Ay Zi (x) + ^ y Zi (x) ^ 8y (■ i = 1,2, 3, 4), 
1=1 

Aix+ A 2 y = b , 

Biy+ B 2 x= g, 

M\x+ M 2 y+ Ais - A 2 t= h, 

N 2 x+ N-iy+ Bit- B 2 s = /, 
y — x^ 0, x— s ^ 0, 0, t^ 0, 

max y, 

4 

s.t. Ay Zi (x) + y Zi (x) ^ 8y (i = 1,2, 3, 4), 
1=1 

Aix+ A 2 y = b , 

Biy+ B 2 x= g, 

Mix+ M 2 y+ Ais — A 2 t= h, 

N 2 x+ Niy+ Bit- B 2 s = /, 
y — x^ 0, x— s ^ 0, 0, t^ 0, 

max wiy Zl (x) + w 2 y Z2 (x) + w 3 y Za (x) + w 4 y Z4 (x ) , 
s.t. A\x+ A 2 y = b, 

Biy+ B 2 x= g , 

Mix+ M- 2 y+ A-is - A 2 t = h , 

N 2 x+ N\y+ Bit - B 2 s = /, 
y — x^ 0, x— s ^ 0, 0, t^ 0, 


(0.7) 


(0.8) 


(0.9) 
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where w = (w\, w 2 , w 3 , w±) T is the weight vector of objective Zi (i = 1, 2, 3, 4), satisfies that Wi ^ 0 (i = 
1, 2, 3, 4) and Xi=i Wi = 1. Eq. (7) is a kind of pessimistic approach which shows that the decision maker 
(DM) is very conservative, whereas Eq. (8) is a kind of optimistic approach which shows that the (DM) 
is very aggressive. Eq. (9) is the linear sum approach based on membership function. 

Analogously, for the case of minimization fuzzy objective function programming, using Definition 2.7, 
it can be transformed into the following multi-objective programming model: 


max 

Zi 

II 



min 

Z 2 

— z n , 



min 

Z 3 

= 2^ m 

+ 

Z n 

min 

Z 4 

= Zp, 



s.t. 

Al 

x+ A 2 y 

= 

b, 


Biy+ B 2 x= g , 

M\x+ M- 2 y+ Ais - A 2 t = h, 
N 2 x+ N\y+ B\t- B 2 s = /, 
y — x^ 0 , x— s ^ 0 , 0 , 0 , 


(0.10) 


which can be solved by using a similar approach (as previously described). 


5. Examples 


In this section, we will demonstrate efficiency and superiority of the proposed method using numerical 
examples. At the same time, the shortcomings of the existing methods [11-14] for solving FFLP problems 
with equality constraints are pointed out. 

Example 5.1. Let L(x) = max{0, 1 — |x| },R(x) = max{0, ^r[(s 1 ~ x — 1)}. Consider the following 
FFLP: 

max Z = (2, 3, 1, 3) <S> x\ © (—3, —2, 2, 1) <g> x 2 © (0, 1, 0, 0) <g> X 3 , 
s.t. (2, 2, 1, 0) <g> xi © (-2, -1, 2, 1) <8) x 2 © (-2, -1, 1, 0) <8> x 3 = (2, 9, 16, 4), 

(-3, -1, 1, 1) ® ®i © (2, 2, 1, 1) ® © (-2, -1, 0, 1) <g> x 3 = (-13, 2, 11, 12), ^ ' ’ 

xi >0, x 2 ^ 0, X3 ^ 0. 

Let xi = (xi,yi,si,ti) LR , x 2 = (x 2 ,y 2 ,S2,t 2 ) LR , x 3 = {x 3 ,y 3 , s 3 ,t 3 ) LR . Then 

c T = ((2, 3, 1, 3), (-3, -2, 2, 1), (0, 1, 0, 0)), f = ((2, 9, 16, 4), (-13, 2, 11, 12)), 


( ( 2 , 2 , 1 , 0 ) (- 2 , - 1 , 2 , 1 ) (- 2 , - 1 , 1 , 0 ) \ 

V (-3, -1,1,1) (2, 2, 1,1) (-2, -1,0,1) ) 1 


A = 


2 , - 2, -2 

-3, 2, -2 


B = 


2 , - 1,-1 
- 1 , 2, -1 


M = 


1 , 2,1 \ 
1 , 1,0 J ’ 



A 1 = 


2 , 0,0 

0 , 2,0 


A-2 


0 ,- 2, -2 

-3, 0,-2 


B 1 = 


2 , 0,0 

0 , 2,0 


B 2 


0,— 1,-1 \ 
- 1 , 0,-1 J ’ 


Mi = 


1 , 0,0 

0 , 1,0 



Ni = 


0 , 0,0 

0,1,0 


n 2 = 


0 , 1,0 

1 , 0,1 


c T = (2, -3,0), 
cf = (2,0,0), 
pf = (1,0,0), 

b T = (2,-13 


d T = { 3, -2,1), 
cl = (0, —3, 0), 
pi = ( 0 , 2 , 0 ), 
g T = (9,2), 


P T = (1,2,0), 
dl = (3,0,1), 
<K = (3,0,0), 
h T = (16,11), 


q T = (3,1,0), 
dl = ( 0 , - 2 , 0 ), 
ql = (0,1,0), 
f = ( 4,12). 
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By Eq.(4), Eq. (11) can be solved by the auxiliary MOLP model as follows: 


min Z i = x\+ 2 y 2 + 2si + 3 f 2 , 
max Z 2 = 2 x\ — 3 y 2 , 

max Z 3 = x 1 - x 2 + 1.5yi - 1.5y 2 + 0.5y 3 , 
max Z 4 = x 2 + 3yi + 31 1 + t 3 + 2 s 2 , 
s.t. 2 xi ~ 2 y 2 - 2 y 3 = 2, 

2.t 2 - 3yi - 2y 3 = -13, 

2y\ - x 2 - x 3 = 9, (0.12) 

2y 2 - xi - x 3 = 2, 

t'i + 2 1/2 + 2/3 + 2si + 21 2 + 2t 3 = 16, 

^2 + 2/1 + 2s 2 + 31 1 + 2 1 3 = 11, 

2:2 + 21 1 + S 2 s 3 = 4, 

xi + x 3 + 1/2 + si + s 3 + 2 1 2 = 12, 

2/i ^ 0 , X 2 ^ 0, ^ 0, 1 / A 0 ( / — 1, 2, 3, 4) . 


Using Eq. (5,6), it follows that 

= 17 20i z max = _q 4 Q, ^max = g ^max = 23.86, 

Z\ nm = 16.35, Z^ in = -0.85, zf n = 5.93, Zf m = 22.60. 

Then, we can get 

[ 1 if Z\ < 16.35, 

M*, (*) = < 17 o° 8 5 Zl if 16.35 ^ Zi ^ 17.20, 

[0 if Z\ > 17.20; 

[ 1 if Z2 > -0.40, 

/U 2 (5) = { if - 0.85 ^ Z 2 ^ -0.40, 

[0 if Z2 < -0.85; 

[ 1 if Z 3 > 6.10, 

t-bjx) = \ if 5.93 st Z 3 ^ 6.10, 

[0 if Z 3 < 5.93; 

[ 1 if Z4 > 23.86, 

y ZA (x) = 1 Z4 3 2 2 2 6 60 i f 22.60 st Z 4 ^ 23.86, 

[o'"' if Z 4 < 22.60. 

Next, we use three approach (i.e., Eqs. (7)-(9)) to solving MOLP (12), respectively. 

First, according to Eq. (7) (i.e., pessimistic approach), we can obtain the optimal solution of the 
MOLP (12) as follows: 


®* = 5.28, x* 2 = 2.96, x 3 = 0.15, y\ = 6.06, y* 2 = 3.72, y* 3 = 0.38, 
a* = 0.00, S 2 = 0.88, s 3 = 0.15, t\ = 0.00, t* 2 = 1.35, 1 3 = 0.11. 

Therefore, the optimal solution of the FFLP (11) is: 

/ (5.28, 6.06, 0.00, 0.00) LR \ 
x = ( (2.96,3.72,0.88, 1.35) Li? . 

\ (0.15, 0.38, 0.15, 0.11) LR ) 

Substituted the above optimal solution into the objective function of FFLP (11), the optimal objective 
value is obtained as (—0.60, 12.64, 16.77,23.01)^. Namely, the most likely value of the objective is be- 
tween -0.60 and 12.64, the upper and lower limits of the objective value are -17.37 and 35.65, respectively. 
Its membership function is given by 

( L(=^=<) t < —0.60, 
u^{t) = ! 1 -0.60 ^ t st 12.64, 

l * > 12.64. 
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That is 


u z (t) 


< 


1 + 
1 


0.60+t 

16.77 


1 

e—1 



(t— 12.64 p 
23. 01 2 


0, 


-17.37 < t < -0.60, 
-0.60 ^ t sC 12.64, 

1) 12.64 < t < 35.65, 
others. 


Second, solving the MOLP (12) by using Eq. (8) (i.e., optimistic approach), we obtain the optimal 
solution as follows: 


x\ = 4.09, x* 2 = 1.14, x* 3 = 0.01, y\ = 5.08, y* 2 = 3.05, y* 3 = 0.02, 

aj = 0.72, s\ = 0.54, a£ = 0.00, t\ = 1.16, t* 2 = 2.07, t* 3 = 0.11. 
Therefore, the optimal solution of the FFLP (11) is: 

/ (4.09, 5.08, 0.72, 1.16) LR \ 
x = I (1.14, 3.05, 0.54, 2.07) LR . 

\ ( 0 . 01 , 0 . 02 , 0 . 00 , 0 . 11 ) Li? J 


Substituted the above optimal solution into the objective function of FFLP (11), the optimal objective 
value is obtained as (—0.97, 12.98, 17.84,21.05)^. Namely, the most likely value of the objective is be- 
tween -0.97 and 12.98, the upper and lower limits of the objective value are -18.81 and 34.03, respectively. 
Its membership function is given by 


That is 


f £(=rrw*) *<-0.97, 
u z (t)={ 1 -0.97 sj t ^ 12.98, 

l ^(^nf 8 ) * > 12.98, 


u z (*) 


1 + 
1 


0.97+t 

17.84 


1 

e—1 



(f-i2.as) 2 

21. OS 2 


0 , 


-18.81 < t < -0.97, 
-0.97 sC t ^ 12.98, 

1) 12.98 < t < 34.03, 
others. 


Finally, solving the MOLP (12) by using Eq. (9) (i.e., linear sum approach based on membership 
function), we obtain the optimal solution for w = (|, \) T as follows: 


x* = 5.32, x 2 = 2.84, X3 = 0.05, y\ = 5.95, y 2 = 3.68, y* 3 = 0.42, 

a* = 0.00, ^2 = 1.11, = 0.05, t* = 0.00, t 2 = 1.45, t* 3 = 0.00. 

Therefore, the optimal solution of the FFLP (11) is: 

/ (5.32, 5.95, 0.00, 0.00) LR \ 
x* = (2.84, 3.68, 1.11, 1.45 ) L r . 

\ (0.05, 0.42, 0.05, 0.00) LR ) 


Substituted the above optimal solution into the objective function of FFLP (11), the optimal objective 
value is obtained as (—0.40, 12.59, 17.03,22.91)^. Namely, the most likely value of the objective is be- 
tween -0.40 and 12.59, the upper and lower limits of the objective value are -17.43 and 35.50, respectively. 
Its membership function is given by 


That is 


u z (*) 


U z {t) 



( t / — 0.40— t \ 
L \ 17.03 > 

{ 1 

t < -0.40, 

-0.40 sC t sC 12.59, 

r>(t- 12.59\ 
1 22.91 > 

t > 12.59, 

0.40+t 

17.03 

-17.43 < t < -0.40 
-0.40 ^ t sC 12.59, 

. (t-12.59) 2 

(e 1 22. 91 2 

- 1) 12.59 < t < 35.50, 


others. 
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To illustrate the influence of the weight vector w on the optimal value in this example, we use a 
different weight vector w to solve the MOLP (12) according to Eq. (9). Generally speaking, we need 
to consider some special cases. One is an average weight, i.e, w = \) T ■ Secondly, the objective 

functions Z 2 and Z 3 are relative to the mode of the flat fuzzy number Z . which are the most possible values 
of Z. Thus, more weights should be assigned to Z 2 and Z 3 , i.e., w = (|, |, |, g) T . Thirdly, similar to the 
Olympic games, which discarded a maximum point and a minimum point, we can set w = (0, ^,0) T . 

Finally, w = (|, |) r emphasizes both ends and reduces the middle. All the computation results are 

shown in Table 1. 


Table 1: The optimal solution and optimal objective value for FFLP (11) with different approaches. 


variable 


X\ X 2 X 3 y 1 1)2 1/3 si s 2 s 3 ti t 2 t 3 


optimal valueZ 


by Eq.(6) 
by Eq.(7) 
by Eq.(8) 


5.28 2.96 0.15 6.06 3.72 0.38 0.00 0.88 0.15 0.00 1.35 0.11 (-0.60, 12.64, 16.77, 23.01) LR 
4.09 1.14 0.01 5.08 3.05 0.02 0.72 0.54 0.00 1.16 2.07 0.11 (-0.97, 12.98, 17.84, 2im) LR 


w = (|, |, i, |) T 5.32 2.84 0.05 5.95 3.68 0.42 0.00 1.11 0.05 0.00 1.45 0.00 (-0.40, 12.59, 17.03, 22.91) LR 

w = (f , |, |, |) T 5.32 2.84 0.05 5.95 3.68 0.42 0.00 1.11 0.05 0.00 1.45 0.00 (-0.40, 12.59, 17.03, 22.91) LR 

w = (0, I, |, 0) T 5.20 2.60 0.00 5.80 3.60 0.40 0.00 1.00 0.00 0.20 1.60 0.00 (-0.40, 12.60, 17.20, 22.60) LR 

w = (j, |,|, l) T 5.45 3.55 0.36 6.45 3.91 0.36 0.00 0.45 0.00 0.00 1.14 0.05 (-0.83, 12.61, 16.69, 23.85) 


It can be seen from Table 1 that, the optimal solutions and optimal objective value of Z for w = 
(|, \ , \) T , w = (g, |, |, |) T and w = (0, 2,0) T are completely identical. The optimal solution and 

optimal objective value of Z for w = (|, |, g, |) r are not the same as that for the other weight vectors. 
This signifies that the weight vector w does affect the optimal solutions and optimal objective value. 

In addition, Table 1 shows that applying different approaches to solving the multi-objective program- 
ming may result in different optimal solutions and optimal objective values. The DM can choose the 
proper approach to solving the multi-objective programming according to his/her risk preference and 
actual requirements. 

Note that for a fully fuzzy linear programming problem, the fuzzy optimal solution x* is more general 
than the result which are calculated in Loth [12], Kumar [13] and Ezzati [14] when the left spreads 
shape functions L(-) and right spreads shape functions R(-) are linear functions. Furthermore, even the 
uncertain elements in a fuzzy linear programming problem were extended fuzzy numbers, we can construct 
a corresponding auxiliary multi-objective programming problem and solve it by use of three approaches 
(i.e., optimistic approach, pessimistic approach and linear sum approach based on membership function). 

In Wan [11], the FLP problems with trapezoidal fuzzy numbers have been studied in which not all 
parts of the problem were assumed to be fuzzy (the variables were not fuzzy). Loth [12] proposed a 
novel method to find the optimal solution of FFLP problems, this method was obtained by using the 
concept of the symmetric triangular fuzzy numbers and introduce an approach to defuzzify a general 
fuzzy quantity. However, it can be applied only if the elements of the coefficient matrix are symmetric 
fuzzy numbers. In Kumar’s article [13], the fuzzy optimal solution of FFLP problem can be obtained by 
using the arithmetic operations of triangular fuzzy numbers and linear ranking function which is used 
to convert the fuzzy objective function to the real objective function. Although the ranking function is 
convenient for the specihc numerical computation, the fuzziness of the objective function is neglected by 
it. Ezzati [14] proposed a new algorithm to solve FFLP problems with TFNs. It can be applied only if 
all the parameters as well as the variables are represented by TFNs which is the specious case of LR flat 
fuzzy number, for the generalized fuzzy numbers, it is unsuitable. 

6. Conclusion 

In this paper, we propose a simple and practical method to solve a full fuzzy linear programming 
problem. The corresponding auxiliary MOLP problem is constructed and we solve it by use of three 
approaches. By numerical example, the obtained results of proposed algorithm with Wan [11], Loth [12], 
Kumar [13] and R. Ezzati [14] have been compared and shown the reliability and applicability of our 
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algorithm. 
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Abstract 


In this paper, we presented some functional equations of the generalized Bateman’s 
G — function Gh{ x) and its relation with the hypergeometric series 3F2. We deduced an 
asymptotic expansion of the function Gh(x) and studied the completely monotonic property 
of some functions involving it. Also, we presented some new bounds of the function Gh(x) 
and the double inequality 


In 1 + 


x + (5 


< G h {x) - 


2 h 


x(x + h) 


< In 1 + 


h 


x + a 


x > 0; 0 < h < 2 


where the constants a = 1 and (3 = 


are the best possible. 


c t+h+*(t)_ 1 

2010 Mathematics Subject Classification: 33B15, 26D15, 41A60, 65Q20. 


Key Words: Psi function, Bateman’s G-function, functional equation, asymptotic formula, 
Laplace transform, inequality, monotonicity, best possible bound. 


1 Introduction. 

The ordinary gamma function T(x) is defined by [3] 

poo 

r(x) = / x > 0 

Jo 

and the Psi or digamma function ^(x) is given by 

ip{x) = — log T hr). 
ax 

The gamma function and its logarithmic derivatives ip( n \x) are of the most widely used special 
functions encountered in advanced mathematics . For more details about the properties of 


1 
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these functions and their bounds, please refer to [2], [3], [8], [9], [15]- [18], [23]- [27] and plenty of 
references therein. 

The Bateman’s G — function is defined by [7] 


G( x ) = ^ (I) , x ^ °, _ 1, _ 2, - 


( 1 ) 


The function G(x) is very useful in estimating and summing certain numerical and algebraic 
series. For more details about the properties, bounds and applications of the G(x), please refer 
to [7], [12]- [14], [15], [19], [28] and the references therein. 


The function G(x ) satisfies the following relations [7] 

” Mb 

k + x ’ 


G(x)= 2^ 


k = 0 


G(x + 1) + G(x) = 2x 


-i 


n-l / > \ 

G(nx) = 2 n _1 ^(— 1 ) k+l ^ ( x + — j , 

l— n Y ^ / 


k = 0 
n— 1 


G{nx ) = n 1 ^(— l) fc G ( x + 


k=0 


n 


n = 2, 4, 6, .. 

n = 1, 3, 5, ... 


G(x) = 2 


fOO g— 


(It, X > 0 


where 


J o 1 + e " 

G(x) = 20T 1 2 ^ 1 ( 1 , a:;x + 1; -1), 

z? m. . a a ' ^ (o'i) k ---( a r)kX k 

r-F s \Qt 1 , ..., oy, pi, ..., Psi x) / / q \ ( a \ 1 1 


( 2 ) 

(3) 

(4) 

(5) 

( 6 ) 
(7) 


k = 0 


is the generalized hypergeometric series [3] dehned for r,s G N, aj,/3j G C, (3j ^ 0,-1,— 2,... 
and the Pochhammer or shifted symbol (a) n is given by 


fain = 1 and (a) m = 


T(a + m) 

r(a) 


m > 1. 


Qiu and Vuorinen [28] presented the double inequality 


4(3/2 -In 4) 


x * 


< G(x)-x 1 < ^ 2 , 


x > 0.5 . 


( 8 ) 


Mahmoud and Agarwal [12] deduced the following asymptotic formula for Bateman’s G-function 

00 / o2 k 


G(x) ~x-' + J2 ~ 


x — > 00 


(9) 


fc=l 
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and they presented the inequality 

1 


„ - < G(x) — X 1 < 77 , 

2x 2 + 1.5 2a; 2 


x > 0 


(10) 


which improved the lower bound of the inequality (8) for x > ■y/ 8 9 lll 4 1 ! 1 1 4 1 "- Also, Mahmoud and 
Almuashi [13] proved the following double inequality of the Bateman’s G — function 


2m 


ST-' (2 n — l)B 2n —2n t \ 

2 ^ — x < G(x ) - x 


2m — 1 


1 < ( 2 " - l)B 2 n x -2n 

Z—/ n 


m G N 


( 11 ) 


n= 1 


n= 1 


with the best possible bounds, where B m 's are the Bernoulli numbers [11]. 
Mortici [15] presented the double inequality 

0 < ij){ x + A) — ip{x) < ^(A) + 7 — A + A^ 1 , x > 1; 0<A<1 


( 12 ) 


where 7 is the Euler constant, which also improves the double inequality (8). Also, Alzer deduced 
the inequality [2] 

a; -1 — T r ( A; x) — uy(A; x) < ip(x + A) — ip(x) < a;” 1 — T r (A; x\ 
where x > 0, r = 0, 1, 2, ... , 0 < A < 1, 


and 


T r (A;a;) = (l-A) 


u> r ( A; x) = 


r— 1 


+ E 


A + r + 1 (x + i + 1) (x + i + A) 


log 




a; + r + A (x + r + A) I+r+A 

Mahmoud, Talat and Moustafa [14] presented the following family of approximations of the 


function G(x) 


M(/i, x) = In ( 1 + 


x 


+ 


+ li J x(x + 1) ’ 


a;>0; 1 < /i < 2 


is 


which is of an order of convergence of O ^ln lx+i)[(e 2 - 4 )x +^] ) f° r x > 2 and /i6 (l, ^234) and i 
asymptotically equivalent to G(x) as x — > 00. 


In this paper, we presented some functional equations of the generalized Bateman’s G — function 
' x + K 


G h (x) = 


*(!)• 


0 < h < 2; a; 7^ —2m, —2m — h for m = 0, 1, 2, ... (13) 


and its relation with the hypergeometric function 3F2. We deduced an asymptotic expansion of 
the function Gh(x ) and studied the completely monotonic property of the function Gh(x ) — for 
different values of the parameter s, r and h for x > 0. Also, some new bounds and best possible 
bounds of the generalized Bateman’s G — function are given. 
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2 Some relations of the function Gh(x). 

Lemma 2.1. The function Gh(x ) satisfies the functional equation 


G h (x + 1) + G h (x) = 2 + h) - ip(x )) , x > 0. 

Proof. Using the integral representation [3] 


we get 


Also, 


if( z ) = -7 + 


G h (x) = 2 


1,00 e _t - 


1 - e 


— —dt , -R(z) > 0 


°o x _ e -w 


e 2:4 dt, x > 0. 


1 — e 


— 2t 


( 14 ) 


(15) 


(16) 


°o x _ e -ht 


^(x + h) — = 


e~ xt dt 


1-e 


— t 


00 1 - e~ ht 


1-e 


-2 1 


e~ {x+1)t dt + 


°o 1 _ e -ht 


e~ xt dt 


1 — e 


-2t 


— 2 + 1) + Gft(x)] . 


□ 


In case of h = 1 and using the functional equation if(x + 1) = - + if( x ), we get the relation 


(3). 

Lemma 2.2. The function Gh(x ) satisfies the functional equation 

m— 1 


„ , \ 1 \ ^ „ / 2r 

Ghymx) = — > Ga I x 4 

m ™ V nr 

r=0 v 


x > 0; rn G N. 


( 17 ) 


Proof. 


m— 1 

Eg 


r=0 


2r\ 

h i x H 

m / 


roo /m-1 \ , 

-_ 2 rt \ 1 — e rn _ 

e ™ — e dt 


'o 


E 


r = 0 

00 x 1 — e -2 * A 1-e 


— 2t I -t 

1 0 \1 — e rn / i — e 

/*°° 1 _ _=^ 

/ ie-'i 

'o 1 — e m 


1 - e _2t 

— ht 


—2t 


e~ x dt 


= m Ghfrnx). 


□ 

Remark 1. The following new functional equation of the ordinary function G(x) in terms of the 
generalized function Gh(x) can be obtained in case of h = 1. 
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Corollary 2.3. The function G{x) satisfies the functional equation 

1 m ~ 1 ( 2 r\ 

G(mx ) = — G j_ f x H ) , x > 0; m e N. 

'I'll 2- — ' m \ m l 


r = 0 


m J 


The following result relates the function Gh(x) and the hypergeometric function 3F2. 
Lemma 2.4. The function Gh(x ) satisfies 

r \ ^ j-, /G 1 h + 2 x + h + 2 

= TTh sF 2 ; 2 , — 2 — ;1 ’ ^ > °' 

Proof. Using the integral representation [3] 


^{z) = -7 + [ ~~t ~~7 dt, R(z ) > 0 


we get 


and then 


1 -f 


„1 5=2 x+h -2 . 

/x / 6 2 6 2 / / x — 2 x+fc— 2 

Gh (ad = / dt = It 2 — t 2 


/ 0 


1 -f 


'0 


^ t n j dt, a: > 0 


G„(x) = £ 


2 /l 


(x + 2n)(x + ti + 2n)’ 


\n=0 


a: > 0. 


Using the relation 


x + n = 


a:(a; + l) r 


m 


we obtain 


G,(o;) = 


a; 


2ft U (f£U|h 

+ ft) h, (“U)„ (uu 

2h /xa: + /ia; + 2a; + /i + 2 

3^2 I 1? 77’ o j o ’ o ’ ^ 


a; (a; + h) z y ’ 2 ’ 2 ’ 2 ’ 2 

Now using the two-term Thomae transformation formula [30], [21] 


x > 0. 


with 


3 F 2 (a, ft , a \ 5 , r 7; 1) = 3^2 (d - a, rj - P , a; 9 , 77; 1) , 9 = 5 + rj - a - p 

r{6)T{8-a) 

x x + h x + h + 2 x + 2 

a= r P = a = 1 ' " = — 2 — - s = ~2~ 


we have 


xx+hx+2x+h+2\_x / h + 2 x + h + 2 

3-^2 1, w, T ; -t— , o ; 1 — o 3-^2 1, 1, — ; 2, ; 1 , 


2’ 2 ’ 2 ’ 2 
which complete the proof. 

Remark 2. From the formulas (7) and (19) for h = 1, we can conclude that 
3F2 (l, 1, 3/2; 2, l) = 2^1 ( 1 , x;x + l; -1) , 


x > 0. 
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3 An asymptotic expansion of the function Gh{x). 

Ii is well known that the Psi function has the asymptotic expansion [6] 

, ( \ , ( — ^-) k Bk 1 

^ 


and its generalization is given by 

, ( | n , ( — 1 ) k Bk{l) 1 

^(z + 0 ~ln*- 2^ £ Tk, 

k = l 

where B k (l) are the Bernoulli polynomials dehned by the generating function [11] 

zeZt = ST' B k {l) k 

e z — 1 ^ k\ 

k = o 

and the Bernoulli constants B k = B k ( 0). Using the operations of the asymptotic expansions [5]; 
[20], we obtain 

00 i—i'A+i i 

i>{z + 0 - i>(z) ~ Y —j— 1 Ml) -B k \- j. 


For more details about the general theory of the asymptotic expansion of the function f(z + t) 
by the asymptotic expansion of the function f(z) using Appcll polynomials, we refer to [4], Now, 
using the identity [11] 

k 

BM = Y (r) Br/^, 


we get 


°° / i \ k-j-l k-1 

<p(z + 0 - m ~ y Y (i ) B - 1 " 

k = 1 _r=0 


Then we obtain the following result. 

Lemma 3.1. The following asymptotic series holds: 


Gk(x) ~ Y l—Udl! h (U - B r ] 4, ™ 

n= 1 L \ / J 


Gh(x) ~ 


J2 (?) 2 r B r h r 


— , x — > oo. 


Remark 3. As a special case at h — 1, we obtain 


i ^ (— i) n+1 2 n r / 1 \ 1 

— T / B r ( — ] — B r — , x — ^ oo 

v ^ n \ 9 T"’ 
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and using the identities [1] 


Bn Q) = (2 1-n - 1) B n , 


and 


B r 2n + 1 — 0, 

then we get the asymptotic series (9). 


n = 0, 1, 2, 

n = 1,2,... 


Now we will study the completely monotonic property of the function Gh(x) — for different 
values of the parameters s, h and r for positive values of x. 


Lemma 3.2. The functions 


Xs i(x, h ) = Gh(x ) s < h; x > 0; 0 < h < 2, 

x 


and 


Xsr(x, h ) = Gh(x) s < 0; x > 0; 0 < h < 2; r = 2, 3, 4, 

x r 

are strictly completely monotonic. 

Proof. Using the relation (16) and the known formula 


(24) 

(25) 


(r — 1)! x~ m = / v m - l e~ xv dv, rn E N 




we get 


where 


Then 


where 


n^—xt 


t n e 


= I <!>h,s{ r ,t) e 2t _ x dt, 


0 M (r,f) = 2(e 2t -e^)- 


s t 


r — 1 


(r — 1)! 


n = 0, 1, 2, 3, ... 

U - 1) ■ 


(26) 

(27) 


2 k+1 t k 


(t>h,s(r,-t) = kl Ph, s {r,t ), 


fc=i 


Ph,s,k{ r , t) 1 (1 2 J 2(r — 1)! 


r— 1 


Firstly, if r = 1, we obtain 


/w(M)=i-ii-(;y~>o iff 


k = 1,2,3,... . 


But 


2 “ V 2 


0 < h < 2; k — 1, 2, 3, ... 


and thus, 0/^(1, £) > 0 for all t > 0 iff s < h. Secondly, when r = 2,3,4,..., then Ph, s ,k( r ,t) 
is increasing as a function of t if s < 0 with P /ljS fc (r, 0) = 1 — (l — |) fc > 0 for 0 < h < 2 and 
k — 1, 2, 3, ... . Thus 4>h, s ( r ,t) > 0 for all t > 0, r = 2, 3, ... iff s < 0. □ 
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As a result of the strictly completely monotonicity of the function Xs,i( x i h) and the relation 
(23), we obtain 

Xs,i( x ,h) > lim (x s ,i (x,h)) = 0, s < h. 

x — ^OO 

Hence, we have the following result: 

Corollary 3.3. The following inequality holds 


h 

Gh{x) > — , x > 0; 0 < h < 2. 

x 


4 Some Bounds of the function Gh(x). 

Lemma 4.1. 

G h {x) < 2 + J l \ x > 0; 0 < h < 2. 
x 2x z 

Proof. By using the formulas (16) and (26), we get for x > 0 that 


(28) 


(29) 


G h (x) 


2 h { 2 - h) 


x 2x 2 


(2 ~ e' 2 -'"*) - 2 (e 2 ‘ - 1) - (e » - l) t) 


-dt 


Theorem 1. 


< 0 for 0 < h < 2. 


. . h hi 2 — h) 

Gt^x) < - H — , x > 0; 1 < h < 2. 


□ 


x 2x 2 

Proof. Using the two formulas (16) and (26), we have 

h h ( 2 - h) r 


(30) 


n —xt 


G,x) 


x 


2x 2 




where 

Then 

with 


p„(() = 2 (e 21 - e' 2 -*'') - ft (e 2 ‘ - 1) - ' i(2 A) (e 21 - 1) t t > 0. 


m = 2 (ft - 2 )e< 2 - k *Q h (t) 
Qh(t) = 2 — h + e ht (h — 2 + /xt) . 


The function Qh(t) is convex function with minimum value at to — "yy 1 ; which is non positive for 
1 < h < 2 and Qh( 0) = 0. Hence Qhif) > 0 for 1 < h < 2. Hence Ph(t) is concave for 1 < h < 2 
and its has maximum value at t — 0. Then 


Ph(t) < 0, 


1 < h < 2; t > 0. 
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Then the function G^fx ) — - — is strictly increasing function for 1 < h < 2 and x > 0 and 

using the asymptotic expansion (23), we get 


lim 

x — ^OO 



h 

x 


h(2-h)\ 

2x 2 J 


0, 


which complete the proof. □ 

Remark 4. In case of h = 1, the inequality (30) will prove the right-hand side of the inequality 

( 8 ). 

To obtain our next result, we will apply the following monotone form of L’Hopital’s rule [10] 
(see also [22] and [29] ). 


Theorem 2. Let — oo < a < (3 < oo and L,U : [a,/3] — * M be continuous on [a, (3] and 
differentiable on (a,/3). Let U'{x) 0 on (a,/3). If L'(x)/U'(x) is increasing (decreasing) on 

(ce,/3), then so are 


L(x) — L(a ) L(x) — L(/3 ) 

nun 

U(x)-U(a) U(x)-U(PY 


(31) 


If L'(x)/U'(x) is strictly monotone, then the monotonicity in the conclusion 




Theorem 3. 


Gh.(x) > - 


h h{ 2 — h ) 


x 2 (x 2 + 3 h 2 ) ’ 


x > 0; 0 < h < 2. 


(32) 


Proof. Using the two formulas (16) and (26) and the Laplace transformation of the sine function, 
we get 


G h (x) - - 


h h( 2 — h) 


x 2(x 2 + 3 h 2 ) J o 


Ut) 


-,—xt 


6 ( e 2t — 1 ) 


dt, 


where 


£h(t) = 6 [—2e 2t — e (2+h)t (— 2 + h) + he ht ) + V3e ht (—1 + e 2t ) (—2 + h) sin (^V3ht^j . 
Now consider the function 


Th(t) 


2y/3e~ ht {-2e 2t - e ^ 2+h ^\-2 + h ) + he ht ) 
(-1 + e 2t ) (2 - h) 


The function 


t > 0; 0 < h < 2. 


2\/3± (e~ ht (-2e 2t - e (2+h ^(-2 + h ) + he M )) 

|((-1 + e ») (2 - ^)) 


2VSe~ ht (-l + e ht ) 


is increasing function for t > 0. Using the monotone form of L’Hopital’s rule, we get that the 
function Ty(f) is increasing. Similarly, the function 


H h {t) 


T hit) 

\/3 ht' 


t > 0; 0 < h < 2. 
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is increasing function and 


Then 


lim H h (t) = 1. 

£—>■00 


2V3e~ ht (-2e 2t - e (2+h)t (-2 + h) + he ht ) > ht (-1 + e 2t ) (2 - /i), 
and using Jordan’s inequality 


t > 0; 0 < h < 2 


2 z 

— < sin z < z, 
7 r 


x G [0, 7t/2] 


we have 

2 V3e~ ht (~2e 2t - e^ 2+h)t (-2 + h) + he ht ) > ht (-1 + e 2t ) (2 -h) sin (V?,ht) , t > 0; 0 < h < 2. 

Hence 

£ h (t) >0, t > 0; 0 < h < 2. 

Then the function Gh(x ) — | is strictly decreasing function for 0 < h < 2 and x > 0. 

Also, using the asymptotic expansion (23), we get 


lim 

x — >oo 



h 

x 


h(2 — h) \ 
2 ( x 2 + 3 h 2 ) ) 


0, 


which complete the proof. □ 

Remark 5. In case of h = 1, the inequality (32) will prove the left-hand side of the inequality 
( 10 ). 

Remark 6. Using the inequalities (29), (30) and (32) with the relation (20), we get the following 
estimations 


2 — h 


< 


E 


2x 4 (x 2 + 3 h 2 ) ^ (x + 2n)(x + h + 2n) 2x Ax 2 


12 -h 

< - — I — x > 0; 1 < h < 2 


and 


2 - h 


< 


E 


2x 4 (x 2 + 3 h 2 ) “ (x + 2n) (x + h + 2n) hx Ax 2 


1 2 — h 

< 1 r -^-, x > 0; 0 < h <2. 


5 Sharp double inequality of the function Gh(x 


Theorem 4. For x > 0, we have 


h \ 2 h 

In 1 + + 


x + 2 J x(x + h) 


< G h (x ) < In [ 1 + + 


x J x(x + h) 


(33) 
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Proof. Consider the following function for x > 0 and 0 < h < 2 

2 h 


A x , h (t) = 


which is strictly decreasing since 


(x + h + 2 t)(x + 2 1) ’ 


t > 0 


d Ah(2x + h + 42) 

dt x,h ^ (x + 2t) 2 (x + h + 2t) 2 ' 

The function A x ^ h {t) is continuous for t > 0, then its lower Riemann sum L(A x , h (t),P) with 
respect to the partition P = {0, 1, of the interval [0,n], n e N, satishes 


Hence 


L(A x>h (t),P) < / A X ' h (t)dt. 
Jo 

(x + h) (x + 2 n) 


T; A x ^ h (i) < In 


or 


E 

i = 0 


i= 1 


2 h 


(x + h + 2i)(x + 2i) 


< In 


x(x + h + 2 n) 

(x + h) (x + 2n) 
x(x + h + 2n) y ' x(x + h ) 


+ 


2 /?. 


Then as n — > oo, we get 


Gh(x) < In I 1 H — ) + 


2 h 


x J x(x + h ) 

Also, the function A x ^(t + 1) is continuous for t > —1, then its upper Riemann sum U{A xh (t + 
1),P) with respect to the partition P of the interval [0, n], n G N, satishes 

/ n 

A Xj h(t + 1 )dt < U (A Xi h(t + 1), P). 


Hence 


or 


In 


In ( ^ + h + 2) ( x + 2 + 2 n) 
n \ (x + 2) (x + h + 2 + 2n) 

(x + h + 2) (x + 2 + 2n) t 


n— 1 


< ^ ^ A X) h(i + 1 ) — ^ ] A Xj h(i) 

n 

E 


2=0 2=1 
2h A 2h 


(x + 2)(x + h + 2 + 2n) / x(x + hx) “ (x + h + 2i)(x + 2i) ’ 


Then as n — >• oo, we get 


111 1 1 + TT2) + 5 a, ‘ {x) ■ 


□ 


Our next step, will be the investigation of the best bounds of the double inequality (33). To 
obtain this, we will deduce some auxiliary Lemmas. 
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Lemma 5.1. The function 

Ad ) = ( (: ' Ax) *(*-'•• _ 


x > 0; 0 < h < 2 


satisfies 


™ V Ad) 


h 


lim , . , \ 

\Ad) 


x) =1, 
h 


x = 


d ( h 

lim — 


and 


where 


X^oo dx \ fh(x) 

, d ( h 
lim — 


e 7+|+^(f)’ 
= 1, 


= 6(h), 


5(h) = 


Proof. Using the expansion 

we get 


x^odx \f h (x ) 
e 7+f+^(|) (24 + h 2 7T 2 - 6 h 2 if' (§)) 

12/?, ( y Y+ * +v ’( 5) - l) 2 


Ad) = - - \ + 0(x 3 ), 
a; or 


lim ( 77A 

a; ^ 00 VAd) 


x I = lim 


= lim 


/?, 


- - 4 + Od 

h m 


-31 




Od~ 


A+Od 


—31 


= 1. 


The expansion 

G h (x) - 
gives us that 

lim 


2 h 


2 //?\ / 2 7T 2 1 , (h 

x(x + h) -~ l+ h + i ’\2) + \~v*‘v2 + 2 l1 (2 


x + 0(x 2 ) 


h 


x ~*° VAd) 


a; I = lim 


/a 


*-+° l P T+i+h(i)+(-A-il+d'(l))-+ou 2 ) 


a: 


h 


e T+I+V>(|) _ j' 

Now using the expansion (38) and the expansion 


, 2h(h + 2x) /i , _ 3 
Oh( x ) 3 o7 TTT — 9 + 0(x ), 

x 2 (x + h) 2 X 2 

12 


(34) 

(35) 

(36) 

(37) 


(38) 


(39) 
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we have 


d ( h 

lim — 


a^oo dx \ fh(x) 


lim 

£—>■00 


-h 


[i~$ + 0(x- 3)]' 


h h _ 

1 + * + 0{x~ 3 ) 


X X* 


+ 0(x 
x 2 


— 3\ 


h 2 + o (±) 

lim I \_xj_ 

™ \h 2 - O Q) 

1. 


Also, using the expansions 


e Gh(x) x< f\ h) _ e 7 +f+V’(|) _|_ 0 (x) 


and 


we obtain 


2h(h + 2x) _ -2 vr 2 1 0( ] 

x 2 (x + h ) 2 h 2 12 + 2 + 4 V2 ' +U{ ) ’ 


lim — 


(/; ) 


= lim 


x — >0 


/ 


-h 


\ L 1 


e 7+|+b(|) _ ! + 0( x ) 


gT+f+V-d) + q( x ) 


-2 7T 2 1 (h \ 

~h?~T2 + ~2 + ' P (2 ,+0W 


= m- 


Lemma 5.2. 


_ e 7+ ^ +v, (^) (24 + h 2 vr 2 - 6 / 1 V (D) 
"('0 — ; ” 77T \~~2 < 


12 h - l) 

Proof. Consider the two functions 


Pi(h) = i + \ + *{\ 


and 


P 2 (h) = 24 + hV - 6 /rV - . 


h 


Using the integral representation (15), we have 

a '( m = =? + y ( 5 ) = 


2 1 


0 < h < 2 . 


h 2 2 V 27 Jo e 2t -l 

and then the function P\{h) is increasing and positive since 

lim P\(h) = 0 , 

h — >0 


e dt > 0 
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where 

Also, 

where 


^ ( I) = “ l + T2 A + 


P'(h) = hP 3 (h), 


P 3 (h) = 2vr 2 - 12-0' ( ^ - 3 hip" f^). 


Using the integral representation (15), we obtain 

P 3 (h) = 2vr 2 - 

and then 


00 24e 2t (e 2t — 1 + t) _ xt 


e dt 


Ps(h) = 


o (e 2t - l) 2 

te~ xt dt > 0. 


- 00 24e 2t (e 2t — 1 + t) t 


I o (e 2 * - l ) 2 

Hence the function P 3 (h) is strictly increasing and using the expansions 


and 


we get 


r 1 5) = + v-'(i) + o(ft), 


lim P 3 (h) = 0. 
h-> o 


Then P 3 (h) > 0 and hence the function P 2 (/i) is strictly increasing and positive since 

lim P 2 (h) = lim f 24 + h 2 n 2 — 6 h 2 ( ^ = 0. 
fc->o “ h-> o V \h 2 6 J J 


Now consider the two functions 


and 


P 4 {h) = 24(e - 1 ) 2 e PlW P 2 (h) 


P 5 (h) = 288 eh(e Pl[h) - l) 2 . 

Using the properties of the two functions P\{h) and P 2 (h), we conclude that P 4 (h) and P 3 {h) 
strictly increasing positive functions and 

P 4 (0) = P 5 (0), P 4 (2) = P 5 ( 2) = 576e(e - l) 2 , 

P 4 (l) = 12(e - 1) 2 (tt 2 - 12)e 2 < P 5 (l) = 18e(e 2 - 4) 2 , 
where 0 (4) = — 7 — In 4 (see [3]). Then we get 

P 4 (/i) < P 5 (/i), 0 < h < 2 

which complete the proof. 
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Now, we are in position to prove the following result. 

Theorem 5. For all x G (0, oo) and a fixed h G (0, 2), we have 

( /i \ . 2/ i ( h 

\ x + (3 J x[x + h) \ x + a 

where the constants a = 1 and B = — , ,l /h . — are the best possible. 
Proof. Using the inequality (33), we have 


0 < — Th x < 2. 

e Gh(x)— x ( x+h ) _ ^ 


M h (x) = —— - x , 
fh{x) 


x > 0; 0 < h < 2. 


Using the relation 


f' h (x) = (c' h (x) + 


and the integral representation 


r°o I _ -ht 

G h (x) = 2 —e~ xt dt, x > 0 

.In 1 - e~ zt 


we have 


G'h(x) + 


2 h(h + 2x) 


ro ° 2e- ht (e ht - 1 )t _ xt 


e dt < 0 


' x 2 (x + h ) 2 J 0 e 2t -l 

then fh(x) is strictly decreasing positive function. Hence is strictly increasing positive 
function. Also, fhfx) is strictly convex function since 


fk(x) = e G * (l) -«ife (g;.(U + 2 jj( + 2 F 


2 2 e ~ ht (e ht - 1 )t 2 


e 2t — 1 


e dt > 0. 


From the relations (36) and (37) with the inequality (40), we conclude that the function is 
convex and J- r (/fU)) increasing function. Thus we get 

d f h \ d f h \ 

dx \f h (x)J < dx \f h (x) ) ’ x> . 

Then Mfjx) is strictly decreasing function for all x > 0, where 

d , r , . d h 
—M h (x) = - j-- - 1 < 0. 
dx dx fh{x) 

Hence lim Mh(x) < Mh(x ) < lim Mh(x) and using the limits (34) and (35), we have 

x—too a;— >0+ 


1 < M h (x) < 


3 7+f+V’(' 


with best bounds. 
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Remark 7. Using the double inequality (41) with the relation (19) or the relation (20), we obtain 
the following estimation 


x + h 
h 


In ( 1 


h 


x + {3 J x 


+ - < 3 f 2 1, 1, — — ;2, 


h ~\~ 2 x -\- h -\- ‘l 




or 


< 


-In 1 + 


2 h 


x + h 
h 


h 


In 1 + 


— — ) + - 
x + a j x 


x > 0; 0 < h < 2 


< 


£ 


x + (3 J x(x + h) ^ (x + 2k) (x + h + 2k) 


< ^ hl|1 + 


h 


+ 


X + OL ) x{x + h) ’ 


x > 0 ; 0 < h < 2 


with sharp bounds a — 1 and (3 = 


e 'r+K+*(i)_i 
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Abstract — Under the context of quasi-metric, promoted the concept of interval- 
valued fuzzy metric space, the main results are as follows :(1) topology induced by 
quasi-metric is consistent with which induced via a standard interval- valued fuzzy quasi- 
metric; (2) proved that every quasi- metrizable topological space admits a compatible 
interval-valued fuzzy quasi-metric. On the contrary, topology generated by interval- 
valued fuzzy quasi-metric is quasi- metrizable; (3) discussed some properties of interval- 
valued fuzzy quasi-metric space which is bicompletion, proved that if an interval- valued 
fuzzy quasi-metric space has bicompletion, then it is unique up to isometry. In addition, 
we define a fuzzy contraction mapping of interval-valued fuzzy metric space, promote 
the Banach and Edelstein fixed point theorem to interval fuzzy metric space. 

Keywords - Interval-valued fuzzy quasi-metric spaces; Quasi-metric; Quasi-uniformity; 

Bicompletion; Isometry 

AMS classification 54A40 

1 Introduction 

In 1975, Kramosil and Michalek introduced the concept of fuzzy metric spaces which 
is closely related with probabilistic metric spaces in [1], it is also known as generalized 
Menger space. Currently, many mathematical workers use the concept of fuzzy sets 
giving different fuzzy metric space ideas [1-5]. Among them, A. George and P.Veeramani 
improved the concept of fuzzy metric space defined by Kramosil and Michalek in [2, 6], 
proposed the concept of continuous t-norm, and they used fuzzy sets to represent the 
uncertainty of the distance between two points in a fuzzy metric space, thus obtained 
a stronger form of fuzzy metric which has a Hausdorff topology. It is clearly that 
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the concept of fuzzy metric space is different with the paper [1, 3, 4, 5] definates. 
In particular, every metric induces a fuzzy metric space which is under A. George and 
P.Veeramani significance. Instead, each fuzzy metric space in A. George and P.Veeramani 
significance generate a metrizable topology [7, 8]. As early as in 1975, Zadah has given 
the concept of interval- valued fuzzy sets [9] . It characterizes fuzzy set by interval- valued 
membership functions, which Is another generalize of fuzzy set. In 2012, based on the 
concept of A. George and P.Veeramani’s fuzzy metric space, Shen [10] given a conception 
of continuous interval value t- norm and interval-valued fuzzy metric space, and also 
discussed some topological properties of such metric spaces. In addition, it is known 
that quasi-metric space constitutes a very effective tool in discuss and resolve topology 
algebraic, approximation theory, theory computational science and other aspects [11,18]. 
In the context of quasi-metric, this article generalized interval-valued fuzzy metric that 
the paper [10] defined, proposed the concept of interval-valued fuzzy quasi-metric, as a 
basis for the study. Structure of the article is divided into five parts. The first part is 
to introduce the background knowledge; the second part is prior knowledge; the third 
section discuss the quasi-metrizable of interval- valued fuzzy metric space; part IV discuss 
the bicompletion of interval-valued fuzzy metric space; section V discuss the fixed point 
theorem of interval-valued fuzzy metric space. 

2 Preliminaries 

Interval analysis (see http://www.cs.utep.edu/interval-comp/main.html) leaded by 
interval numbers is an area of active research in mathematics, numerical analysis and 
computer science began in the late 1950s. An interval number is a point ( a~,a + ) in 
the 2-dimensional Euclidean space R 2 which satisfies a~ < a + . The set of all interval 
numbers is denoted by I (R) 1 . For any ( a~,a + ), (b~,b + ) G I (R) and each nonnegative 
real number r, define ( a~,a + ) © (b~,b + ) = (a~ + b~,a + + b + ), ( a~,a + ) © (b~,b + ) = 
(rninja - — b~ , a + — 6 + }, max{a _ — b~ ,a + — 6 + }), and r(a~, a + ) = ( ra~ , ra + ). We write 
(a~,a + ) = a when a~ = a + = a, and 1(1) = {( a~,a + ) G I (R) \ a~,a + G 1} (where 
/ = [0, 1] is the ordinary closed unit interval). In this paper we only involve the notion 
of interval-valued fuzzy set used generally to dispose uncertainness (for an overview of 

1 Unless confusion arise, we identify a real number a £ R with an interval number a, and identify a 
closed interval [a, 6] of R and a point (a, b) in R 2 since there exists a nature one-to-one correspondence 
between the set of all closed intervals of R and 1(A); we will also use a, b,c, ••• to denote interval 
numbers. 
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interval analysis, its relationship to fuzzy set theory, and possible areas of further fruitful 
research, please see [10,12,13,14,15,17,19]). 

Definition 2.1 An interval-valued fuzzy set (resp., fuzzy set) on a set X is exactly 
a mapping A : X — » 1(1) (resp., A : X — > I). The set of all interval- valued fuzzy sets 
on X is denoted by IVF(A). 

Each A G IVF(X) induces two fuzzy sets A~ : X — » / and A + : X — > / whose 
values are determined by A(x) = (A~(x), A + (x)) (Vx G X). For A, B G IVF(X), the 
inhmum A A B G IVF(X) of A and B in IVF(X) is given by 

(AAB)(x) = (min{A~(x), B~(x)}, min{A + (x), -B + (x)}) (Vx G A"), 

the suprmum dVllG IVF(A) of A and B in IVF(A) is given by 

(A V B)(x) = (max{A~(x), B~(x)},max{A + (x),B + (x)}) (Vx G A), 

and the complement A' G IVF(A) of A in IVF(X’) is given by 

A'(x) = (1 — A + (x ), 1 — A~(x)) (Vx G A"). 

Definition 2.2 f 10 ^ An interval-valued t-norm is a binary operation * : I(J) xI(J) — » 
1(1) which satisfies the following conditions: 

(i) a * b = b * a (Va, b G 1(1)). 

(ii) a * (b * c) = (a * b) * c (Va, b, c G 1(1)). 

(iii) a * b < a * c whenever b < c. 

(iv) a * 1 = a (Va G 1(1)); ( a ~ , a + ) * (0, 1) = (0, a + ) (V(a“, a + ) G 1(1)). 
Proposition 2.3f 10 ^ An interval-valued t-norm * has the following properties: 

(1) 0 * a = a * 0 = 0; (0, 1) * ( a ~ , a + ) = (0, a + ); 1 * a = a. 

(ii) a * b < c * <d whenever a < c and b < d. 

(iii) 0 = a*0 < a*b < a*l = a, 0 = a*0 < 0*b < l*b = b, 0 = a*0 < a*b < aAb. 
Definition 2.4l 10 l (1) Let a = ( a~ 1 a + ) and a n = (a“,a+) are in 1(1) for each 

n G N (the natural number set). {a n } ne jv (briefly, {a n }) is said to be convergent to a 
(write as lim a„ = a) if lim a~ = a~ and lim a+ = a + . 

n^oo n— >oo n^oo 

(2) An interval-valued t-norm * is said to be continuous in its first component if 
lim (a n *b) = ( lim a n ) *b = a*b for all b G 1(1) whenever lim a n = a ({a n } ne jv Q 

n—>oo n^oo n— >00 

1(1), a G I(/)). 

Proposition 2.5 I|(I The followings hold for a continuous interval-valued t-norm *: 
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(1) For any ai, a 2 G 1(1) with ai > a 2 , there exists a a 3 G 1(1) such that a 4 *a 3 > a 2 . 

(ii) For any a 4 G 1(1), there exists a a 5 G 1(1) such that a 5 * a 5 > a 4 . 

Definition 2.6I 10 ! An interval-valued fuzzy metric space is a triple (X, M, *), 

where * is a continuous t-norm and M (called an interval- valued fuzzy metric on X) is 
an interval- valued fuzzy set on X 2 x (0, oo) having the following properties (x, y,z G X): 
(IV1) M(x,y,t) >0. 

(IV2) M (x, y, t) — 1 if and only if x — y. 

(IV3) M(x,y,t) = M(y,x,t). 

(IV4) M(x , y, t) * M(y , z, s) < M (x, z,t + s) for all t,s > 0. 

(IV5) M(x,y,-) : (0, oo) — ■> 1(1) — {0} is continuous, i.e. both M~(x,y,-) = 
Pi o M(x,y,-) : (0, oo) — * (0,1] and M + (x,y,-) = p 2 o M (x, y, ■) : (0, oo) — + (0,1] are 
continuous, where p* : / 2 — * I is the projective mapping (i = 1,2), and M~(x,y,t) and 
M + (x,y,t) denote the lower nearness and upper nearness degree between x and y with 
respect to t, respectively. 

(IV6) lim M(x,y,t) = 1. 

t — >oo 

Remark 2.7^ (1) An interval- valued fuzzy metric space (X, M, *) will degenerate 
into an ordinary fuzzy metric space if M~(x,y,t) = M + (x,y,t) for all t > 0. 

(2) Let ( X , M, *) be an interval- valued fuzzy metric space. 

(i) The set B(x, r, t) — {y G X \ M (x, y,t) > 1 © r} is called a open ball with center 
x G A", where t > 0 and r G 1(1) — {0, 1}. 

(ii) J M = {A C X | Wx G A,3t x > 0, 3t x G 1(1) - {0, 1}, B(x, r x , t x ) C A} is a 
topology on X, and {B(x,T,t) i 6 X,r e 1(1) — {0,1}, t > 0} is a base of J M . 

(iii) For each (x,y,t, r) G X 2 x (0, +oo) x (1(1) — {0,1}), there exists a t 0 G (0, t) 
such that M (x, y, t 0 ) > 1 © r whenever M(x, y,t) > 1 © r. 

(iv) For a sequence {x n } C X , lim x n = x in (A", J M ) if and only if lim M(x, x n , t) = 

n— >oo n— >oo 

l. 

(v) A sequence {:£„} in (X, M, *) is called a Cauchy sequence if for all e > 0 and 
t > 0, there exists an n 0 G N such that M(x n , x m ,t) > 1 © e for all n, m > n 0 . 

(vi) (X, M, *) is said to be complete if every Cauchy sequence in it is convergent. 

Remark 2.8l 16 l (1) A quasi-pseudo-metric space is a pair (X, d), where X is a set 

and d (called a quasi-pseudo-metric on X) is a mapping d : X — > [0, +oo) satisfying 
the following conditions: 

(i) d(x,x) = 0 (Vx G A"); 
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(ii) d(x, z ) < d(x, y ) + d(y, z ) (Vx, y, z G A"). 

(2) A quasi- metric space is a pair (A", d), where A" is a set and d (called a quasi-metric 
on A") is a quasi-pseudo-metric on X satisfying the following condition: 

(iii) x = y 4=4 d(x, y ) = %, x) = 0. 

Each quasi-metric d on X induces a T 0 topology J d on X which has as a base the 
family of open balls { B d (x,r ) | x G X, r > 0}, where B d (x,r) = {y G X | d(x,y ) < 
r} (x G X, r > 0). 

(3) A topological space (X, J) is said to be quasi-metrizable if there is a quasi-metric 
d on X such that Jd = J (in this case, we say that d is compatible with J, and that 
J is a quasi-metrizable topology on A"), where J d = ({{B d (x,r) | x G X, r > 0})) (i.e. 
Jd is the smallest topology on X containing { B d (x,r ) j x G X, r > 0}). 

(4) If d is a quasi-pseudo-metric on X, then dr 1 (called the conjugate of d which is de- 
fined by d _1 (x, y) = d(y, x ) (Vx, y G X)) and d s (defined by d s (x, y) = max{d(x, y), d^ 1 (x, 
y)} (Vx, y e X)) are also quasi- pseudo-metrics on X. A quasi-metric space (X,d) is 
said to be bicomplete if (X, d s ) is a complete metric space. In this case we say that d is 
a bicomplete quasi- metric on X. 

3 Quasi-metrizable of interval-valued fuzzy quasi- 
metric space 

Definition 3.1 Let X be a set, * a continuous t-norrn, and M an interval- valued 
fuzzy set on X 2 x (0, oo) having the following properties: 

(IV1) M(x,y,t) > 0 (x, y e X, t e (0, oo)). 

(IV2) M(x,x,t) = 1 (x e X, t e (0, oo)). 

(IV3) M(x,y,t) * M(y,z,s) < M(x,z,t + s) (x, y, z G A", s, t e (0, oo)). 

(IV4) M(x,y , •) : (0, oo) — » I(J) — {0} is continuous (x, y G X). 

(IV5) lim M(x, y, t) = 1 (x, ?/GX). 

t — >oo 

(1) Such a triple (X,M,*) is called an interval-valued fuzzy quasi-pseudo-metric 
space, and (M, *) is called an interval-valued fuzzy quasi-pseudo-metric on X. 

(2) This triple (X, M, *) is called an interval-valued fuzzy quasi-metric space (and 
(M, *) is called an interval- valued fuzzy quasi- metric on A") if M satisfies the following 
condition: 

(IV1') x = y if and only if M (x, y, t ) = M (■ y , x, t) — 1 for all t > 0. 
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(3) This triple (. X , M, *) is called a Ti interval- valued fuzzy quasi-metric space (and 
(M, *) is called a T\ interval- valued fuzzy quasi-metric on A") if M satisfies the following 
condition: 

(IV2') x — y if and only if M (x, y, t) — 1 for all t > 0, 

(4) This triple (. X , M, *) is called an interval-valued fuzzy pseudo-metric space (and 
(M, *) is called an interval- valued fuzzy pseudo-metric on X ) if M satisfies the following 
condition: 

(1V6) M(x, y, t ) = M(y, x, t) for all t > 0. 

Definition 3.1’ An interval- valued fuzzy (pseudo-) metric on X is a interval- valued 
fuzzy quasi- (pseudo-) metric (M, *) on X such that for each x,y £ X: 

(1V6) M (x, y, t ) = M(y, x, f)for all t > 0. 

Remark 3.2 (1) There are many interval-valued fuzzy quasi-metric spaces which 

are not interval- valued fuzzy metric space. 

(2) There are many interval-valued fuzzy pseudo-metric spaces which are not interval- 
valued fuzzy metric space. 

Interval-valued fuzzy quasi-pseudo metric space is a weakened form of the interval 
value fuzzy metric Spaces, which is a generalization of the interval-valued fuzzy metric 
Spaces, will have a greater scope in the application. 

Remark 3.4 It is clear that every interval- valued fuzzy metric is a Ti interval- valued 
fuzzy quasi-metric; every T\ interval- valued fuzzy quasi-metric is an interval- valued fuzzy 
quasi-metric, and every interval-valued fuzzy quasi-metric is an interval-valued fuzzy 
quasi-pseudo-metric. 

Definition 3.5 An interval-valued fuzzy quasi- (pseudo-) metric space is a triple 
(A", M, *) such that X is a (nonempty) set and (M, *) is an interval- valued fuzzy quasi- 
pseudo-) metric on X. 

The notions of a T\ interval-valued fuzzy quasi-metric space and of a interval- valued 
fuzzy metric space are defined in the obvious manner. 

Remark 3.6 If (M, *) is an interval-valued fuzzy quasi- (pseudo-) metric on a set 
X , it is immediate to show that (M -1 , *) is also an interval-valued fuzzy quasi- (pseudo- 
)metric on X , where M~ l is the interval-valued fuzzy set in X x X x (0, +oo) defined 
by M l [x,y^ t) = M(y,x,t). Moreover, if we denote AT the interval- valued fuzzy set in 
X x X x (0, +oo) given by M l (x,y,t ) = mm{M(x,y,t), M~ 1 (x,y,t)}, then (AT,*) is, 
clearly, an interval- valued fuzzy (pseudo-) metric on X. 
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Thus, conditions (IV1’) of the definition 3.2 above is equivalent to the following: 
M{x , x, t) = 1 for all x G X and t > 0,and M l (x , y, t) <1 for all x j - y and t > 0. 
Definition 3.7 Let (A", M, *) be an interval-valued fuzzy quasi-pseudo-metric 
space. We define open ball L? M (a;,F, t) = {y G A|M(x,t/, t) > 1 — f} for t > 0 with 
center x G A" and the interval number r, 0 < r < 1, t > 0. 

Similar to the [10], we get the following conclusion: 

Proposition 3.8 Let (A, M, *) be an interval-valued fuzzy quasi-pseudo-metric 
space. Then every open ball B M (x,i,t ) is an open set. 

Proof. Let B M (x,r,t ) is an open ball. For any y G B M (x,T,t), we know that 
M (x, y,t) > 1 — f. Therefore, there exists a t 0 G (0, t) such that M (x, y, t 0 ) > 1 — r. Set 
r 0 = M (. x , y, t 0 ). Since r 0 > 1 — r, there exists asG !(/) such that f 0 >1 — s>1 — f. 
Now for given r 0 and s with r 0 > 1 — s, there exists a F! G I(/)such that r 0 > 1 — s. 
Consider the open ball B M (y, l.— f 1; t — t 0 ), we will obtain that B M (y , 1 — f 15 t — t 0 ) C 
B M (x,T,t). In fact, for every z G B M (y, 1 — r 1? t — t 0 ), we have M(y,z,t — t 0 ) > F!. 
Therefore, 

M (x, z,t) > M (x, y, t 0 ) M (y, z, t — t 0 ) > f 0 *i Fi > 1 — s > 1 — r 

Thus x G Bm{x, f, t), and hence Bm(v, 1 — Fi,t — t 0 ) C BM(x,T,t). 

Similar to the [10], we get the following conclusion: 

Theorem 3.9 Let (A, M, *) be an interval- valued fuzzy quasi-pseudo-metric space. 
Define 

tm = {A C A | \/x G A, 3f G I(/) — {0, 1}, and t > 0 such that Bm(x , f, t) C A} 
Then tm is a topology on X. 

Proposition 3.10 A sequence {x n } n in an interval- valued fuzzy quasi-pseudo- 
metric space (A, M, *) is said to be a Cauchy sequence if and only if lim n M(x n+P , x n , t) = 
1, for all p > 0, t > 0. 

A sequence {x n } n in an interval-valued fuzzy quasi-pseudo-metric space (A, M, *) is 
converging to x in A, denoted by x n — > x, if and only if lim n M(x,x n ,t) = 1 for all 
t > 0. 

A interval-valued fuzzy quasi-pseudo-metric space (A, M, *) is said to be complete 
if and only if every Cauchy sequence is convergent. 

Proposition 3.11 Let (A, M, *) be an interval-valued fuzzy quasi-pseudo-metric 
space. Then, for each x, y G A the function M(x,y, — ) is nondecreasing. 
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Proof. Let x, y G X and 0 < t < s. Then 

M(x,y,s ) > M(x,x,s — t) * M(x,y,t ) = 1 * M(x,y,t ) = M(x,y,t). 

Proposition 3.12 Let (X, M, *) be an interval- valued fuzzy quasi-metric space. 
Then, for each t > 0 the function 

Af(— , —,t) : (X x X, r M i x T^i) * I(L) — {0} 


is continuous. 

Proof. Fit t > 0. Let x,y e X and let (x' n ,y' n ) n be a sequence in A" x X that 
converges to (x,y) with respect to tm « x tm*- Then, it will be sufficient to show that 
M(x,y,t) = lim n M(x n ,y n ,t) for some subsequence (x n ,y n ) n of (x' n ,y' n ) n . 

Indeed, since (M(x' n , y' n , t)) n is sequence in 1(1) — {0}, there is a subsequence (x n , y n ) n 
of (x' n , y' n ) n such that the sequence (M(x n , y n , t)) n converges to some e of 1(1). Fix 5 > 0 
such that 25 < t. Then 


M(x n ,y n ,t) > M(x n , 


x,S) * M(x, y,t — 25) * M(y,y n ,5), 


and 

M(x, y, t + 25) > M(x, x„, <5) * M (x n , y n , t) * M(y n , y, 5). 
Since lim n M l (x, x n , 5) = lim n M l (y , y n , 5) = 1, we deduce that 


M(x, y,t + 25) > lim M (x n , y n , t) > M (x, y,t - 25). 

n 


Finally, it follows from the continuity of M(x,y, — ) that M(x,y,t) = lim n M(x n ,y n ,t). 
This completes the proof. 

Definition 3.13 Let (X, d) be a quasi- metric space. Define the interval- valued 
t-norm 

a * b = ( a~ A b~ , a + A b + ) 


and interval-valued fuzzy quasi-metric 

M d (x,y,t) = { M~(x,y,t),M + (x,y,t )) = 


:> 


t + ld(x, y)' t + md(x, y ) ' 

(Vx, y G X, Vt, /, m e M + ). 

Then (X, M d , *) is an interval- valued fuzzy quasi-metric space called the standard interval- 
valued fuzzy quasi-metric space and (M d , *) is the interval-valued fuzzy quasi-metric 
induced by d. 
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Furthermore, it is easy to check that (M d ) 1 = M d - 1 and (M d ) 1 = M dd . where 
d~ l {x,y) = d(y,x),d s (x,y) = ma x{d(x,y),d~ 1 (x,y)}. 

In the paper [10], it is proved that every metric can induce an interval- valued fuzzy 
metric. Moreover, if (X, d) is a metric space ,then the topology generated by d coincides 
with the topology TM d generated by the interval- valued fuzzy metric. Finally, from 
proposition 3.8, 3.10, 3.11 and definition 3.13, it follows that the topology r d , generated 
by d, coincides with the topology Tu d generated by the induced standard interval- valued 
fuzzy quasi- metric 

Definition 3.14 We say that a topological space (X,t) admits a compatible 
interval-valued fuzzy quasi-metric if there is an interval-valued fuzzy quasi-metric (M, *) 
on X such that r = tm- 

It follows from definition 3.11 that every quasi-metrizable topological space admits a 
compatible interval-valued fuzzy quasi-metric. Then, conversely, the topology generated 
by an interval-valued fuzzy quasi-metric space is quasi-metrizable. 

Lemma 3.15 Let (X, M d . *) be an interval- valued fuzzy quasi-metric space. Then 
{U n : n — 2, 3, • • •} is a base for a quasi-uniformity Um on X compatible with tm, where 
U n = {(x, y) e X x X : M (. x , y, 1 /n) > (1 — 1/n, 1)}, for n — 2, 3, • • •. 

Moreover the conjugate quasi- uniformity {um)~ 1 coincides with Um-i and it is com- 
patible with tm- i. Form definition 3.11, Lemma 3.13 and the well-known result that 
the topology generated by a quasi-uniformity with a countable base is quasi-pseudo- 
metrizable, we immediately deduce the following. 

Theorem 3.16 For a topological space (X,r) the following are equivalent . 

(i) (X, t) is quasi-metrizable. 

(ii) (X, t) admits a compatible interval- valued fuzzy quasi-metric. 

4 Bicomplete interval- valued fuzzy quasi-metric space 

Definition 4.1 An interval- valued fuzzy quasi-metric space (X,M,*) is called 
bicomplete if (X,M 1 ,*) is a complete interval- valued fuzzy metric space. In this case, 
we say that (M, *) is a bicomplete interval-valued fuzzy quasi-metric on X. 

Proposition 4.2 

(1) Let (X, M, *) be a bicomplete interval-valued fuzzy quasi-metric space. Then 
(X, tm) admits a compatible bicomplete quasi-metric space. 
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(2)) Let (. A , d) be a bicomplete quasi-metric space. Then (A", M d , *) is a bicomp lete 
interval-valued fuzzy quasi-metric space. 

Proof. (1) Let d be a quasi- metric on A inducing the quasi-uniformity 14 m • Then d 
is compatible with tm ■ Now let (x n ) n be a Cauchy sequence in (X ,d s ). Clearly (x n ) n is 
a Cauchy sequence in the interval- valued fuzzy metric space (A", M l , *). So it converges 
to a point y G X with respect to r M i. Hence (x n ) n converges to y with respect to 7>. 
Consequently d is bicomplete. 

(2) This part is almost obvious because (M d ) 1 = M d s (see definition 3.11) and thus 
each Cauchy sequence in (A", (M d ) 1 ,*) is clearly a Cauchy sequence in (X ,d s ). 

Definition 4.3 Let (X ,M,*) and ( Y,N,-kj ) be two interval-valued fuzzy quasi- 
metric space. Then 

(i) A mapping / from X to Y is called an isometry if for each x, y e X and each 
t > 0, M(x,y,t) = N(f(x),f(y),t). 

(ii) (A", M, *) and ( Y , N , */) are called isometric if there is an isometry from X onto 
Y. 

Definition 4.4 Let (A", M, *) be an interval-valued fuzzy quasi-metric space. An 
interval-valued fuzzy quasi-metric bicompletion of (A, M, *) is a bicomplete interval- 
valued fuzzy quasi- metric space (Y, N, *j) such that (A", M, *) is isometric to a r N i— dense 
subspace of Y. 

Lemma 4.5 Let (A, M, *) be an interval-valued fuzzy quasi-metric space and 
( Y,N,-kj ) a bicomplete interval- valued fuzzy quasi-metric space. If there is a r M <— dense 
subset A of X and an isometry / : (A, Ad,*) — > (Y, A, */), then there exists a unique 
isometry F : (A, M, *) — ■> (Y, AT,*/) such that F\ A = f . 

Proof. It is clear that / is a quasi-uniformly continuous mapping from the quasi- 
uniform space (A,Um\A x A) to the quasi-uniform space (Y, U A r). By Theorem 3.29 
of [16], / has a unique quasi-uniformly continuous extension F : (A ,14 m) — > (Y, 14 m) ■ 
We shall show that actually F is an isometry from (A, M, *) to (Y, N, */-). Indeed, 
let x, y G A and t > 0. Then, there exist two sequences (x n ) n and (y n ) n in A such 
that (x n ) n — > x and (y n ) n — > y with respect to r M i. Thus F(x n ) — > F(x) and 
F(y n ) — > F(y) with respect to r N i . Choose £ G 1(1) — {0, 1} with 0 < e <t. Therefore, 
there is n £ such that for n > n £ , 

M(x,x n ,e/ 2) > 1 - e,M(y n ,y,e/ 2) > 1 - e, 

N(F(x n ), F(x), e/2) > 1 - e, N(F(y),F(y n ),e/2) >l-e. 
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Thus 

M(x,y,t) > M(x,x n ,e/2) * M(x n ,y n ,t - e) * M(y n ,y,s/2) 

> (1 - e) * N(F(x n ), F(y n ),t - e) * (1 - e) 

> (1 - e) * ((1 - e) */ N(F(x), F(y),t - 2e) (1 - e)) * (1 - e) 

By continuity of *and */ and by continuity of N(F(x), F(y), — ), it follows that M(x, y, t ) > 
N(F(x),F(y),t). Similarly we can show that N(F(x),F(y),t) > M(x,y,t). Conse- 
quently F is an isometry from (X,M,*) to (Y, TV, */-). 

Theorem 4.6 Suppose that (Yi, TV) , ) and (Y 2 , 7V 2 , */ 2 ) are two interval- valued 

fuzzy quasi-metric bicompletions of Then ( Y \ , iVi , ) and (Y 2 , N 2 , *q) are 

isometric. Thus, if an interval-valued fuzzy quasi-metric space has an interval-valued 
fuzzy quasi-metric bicompletion, it is unique in the mean of isometry. 

Proof. Since (Y 2 , 7V 2 , *q) is an interval-valued fuzzy quasi-metric bicompletion of 
(A", M, *), there is an isometry / from (X, M, *) onto a dense subspace of (Y 2 , N 2 ,*i 2 ). 
By Lemma 4.5, / admits a (unique) extension F to (Yi, Ni, */ 1 ) which is also an isometry. 
So, it remains to see that F is onto. But this fact follows from standard arguments. 
Indeed, given y 2 e Y 2 , there is a sequence (x n ) n in X such that F(x n ) — > y 2 . Since 
F is an isometry, (x n ) n is a Cauchy sequence, so it converges to some point y\ e 
Consequently F(yi) = y 2 . The proof is complete. 

5 Fixed point theorems in interval- valued fuzzy met- 
ric spaces 

We will discuss the interval-valued fuzzy metric space fixed point problem in this 
section. Firstly, the definition of interval-valued fuzzy contraction mapping in interval- 
valued fuzzy metric space, then a generalization of Banach and Edelstein fixed point 
theorems is given. 

In an interval- valued fuzzy metric space whenever M(x,y,t) > 1 — r for 

all x,y E X,t > 0, r E I (/) — {0,1}, there exists a t 0 with 0 < t 0 < t such that 
M (x, y, t 0 ) > 1 - r. 

Definition 5.1 Let (X,M,*) be an interval-valued fuzzy metric space. We will 
say the mapping / : X — » X is t-uniformly continuous if for each £ G !(/), there exists a 
r E (/) such that M (. x , y,t) > 1 — r implies f(y),t ) > 1 — £, for each x,y E X 

and t > 0. 

Clearly if / is t-uniformly continuous it is uniformly continuous for the uniformity 
generated by M, and then continuous for the topology deduced from M. 
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Definition 5.2 Let ( A , M, *) be an interval-valued fuzzy metric space. We will 
say the mapping / : A — > A is fuzzy contractive if there exists a k G (0, 1) such that 
for each x,y G A, and t > 0, 

M(x,y,t) * (1 - M(f(x),f(y),t ) < k( 1 - M(x,y,t)) * M(f(x), f(y),t), 

where k is called the contractive constant of /. 

The above definition is justified by the next Proposition 5.4. 

Proposition 5.3 Let (A, M, *) be an interval-valued fuzzy metric space. If / : 
X — > X is fuzzy contractive then / is t-uniformly continuous. 

Proposition 5.4 Let (A", d) be a metric space. The mapping / : X — » X is 
contractive (a contraction) on the metric space (A", d) with contractive constant k if 
and only if / is fuzzy contractive, with contractive constant k, on the standard interval- 
valued fuzzy metric space (A ,M d ,*), induced by d. 

Recall that a sequence (x n ) in a metric space (A, d) is said to be contractive if there 
exists a k E (0, 1) such that d(x n + i,x n+ 2 ) < kd(x n ,x n+ 1 ), for all n G N. Now, we give 
the following definition (compare with Definition 5.2). 

Definition 5.5 Let (A, M, *) be an interval-valued fuzzy metric space. We will 
say that the sequence (x n ) in X is fuzzy contractive if there exists k G (0, 1) such that 
for all t > 0, n G N, 

M (. x n , x n+ i ,t) * (1 - M(x n+ 1 , x n+ 2 , t)) < k( 1 - M(x n , x n+l , t)) * M(x n+ 1 , x n+2 , t). 

Proposition 5.6 Let (A, M dl *) be the standard interval-valued fuzzy metric space 
induced by the metric d on A. The sequence (x n ) in A is contractive in (A, d) if and 
only if (x n ) is fuzzy contractive in (A", M d , *). 

Research of the fixed point theorem in fuzzy metric space has attracted the attention 
of many scholars [20,23-29], below we will discuss the fuzzy metric space fixed point 
theorems in interval-valued fuzzy metric space. 

Definition 5.7 A sequence {x n } in an interval-valued fuzzy metric space (A, M, *) 
is a Cauchy sequence if and only if for each e > 0 and each t > 0 there exists a n 0 G N 
such that M (x n , x m , t) > 1 — £ for all n, m > n 0 . 

Definition 5.8 An interval-valued fuzzy metric space (A, M, *) in which every 
Cauchy sequence is convergent is called a complete fuzzy metric space. 

Theorem 5.9 A sequence {:/•„} in an interval-valued fuzzy metric space (A", M, *) 
converges to x if and only if M (x, x n , t) — > 1 as n — > oo. 
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Result 5.10 The metric space (X,d) is complete if and only if the standard 
interval-valued fuzzy metric space (X, M dl *) is complete. 

Proof may refer to A. George and P. Veeramani literature [5]. 

Next, we extend the Banach fixed point theorem to fuzzy contractive mappings of 
interval-valued fuzzy metric spaces. 

Theorem 5.11 (fuzzy Banach contraction theorem) Let be an interval- 

valued fuzzy metric space in which fuzzy contractive sequences are Cauchy. Let T : 
X — > X be a fuzzy contractive mapping being k the contractive constant. Then T has 
a unique fixed point. 

Proof. Fix x G X. Let x n = T n (x), n G N. We have for t > 0, 

M{x,x 1 ,t) * (1 - M(T(x),T 2 (x),t)) < k(l - M(x,x u t)) * M(T(x),T 2 (x),t), 
and by induction, for any n G N, 


M (x n , x n+1 ,t) * (1 - M(x n+ 1 , x n+2 , t)) < k( 1 - M(x n , x n+ i, t)) * M(x n+1 , x n+2 , t), 

Then (x n ) is a fuzzy contractive sequence, so it is a Cauchy sequence and, hence, (x n ) 
converges to y, for some y G X . We will see y is a fixed point for T . By Theorem 5.9, 
we have 

M(y,x n ,t) * (1 - M(T(y),T(x n ),t)) < k( 1 - M(y,x n ,t )) * M(T(y),T(x n ),t)) — > 0 

as n — > oo, then lim n M ( T(y ), T(x n ),t)) = 1 for each t > 0, and, therefore, lim„ T(x n ) = 
T(y), i.e., \im n x n+1 = T(y ) and then T(y) = y. 

To show uniqueness, assume T(z) = z for some z G X. Then for t > 0 we have 

M(y,z,t) * (1 - M(y,z,t )) 

= M(y,z,t)*(l- M(T(y),T(z),t)) 

< k[M(T(y),T(z),t))*(l- M(y,z,t))} 

= k[M(y,z,t)*(l- M(T(y),T(z),t))] 

< k 2 [M(T(y), T(z),t )) * (1 - M(y, z, t))} 

< ■■■ 

< k n [M(T(y),T(z),t )) * (1 - M{y,z,t))] 

then M(y, z, t) * (1 — M (y, z, t)) — > 0 as n — > oo. 

Hence, M (y, z,t) — 1 and them/ = z. 

Now suppose (X, M d , *) is a complete standard interval-valued fuzzy metric space 
induced by the metric d on X . From Result 5.10 (A", d) is complete, then if (x n ) is a fuzzy 
contractive sequence, by Proposition 5.6 it is contractive in (X,d), hence convergent. 
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So, from Theorem 5.11 we have the following corollary, which can be considered as 
the fuzzy version of the classic Banach contraction theorem on complete interval- valued 
metric spaces. 

Corollary 5.12 Let (A", M dl *) be a complete standard interval-valued fuzzy metric 
space and let T : I -> I a fuzzy contractive mapping. Then T has a unique fixed point. 

Definition 5.131 10 ] An interval- valued fuzzy metric space (X, M, *) is compact 
space if X is a compact set. 

Lemma 5.14 Let (X, M d , *) be an interval- valued fuzzy metric space. If lim nGN x n = 
x and lim neN y n = y, then for all t > 0 and 0 < e < |, 

M(x, y,t — e) < lim M (x n , y n , t) < M(x, y,t + e). 

neN 

Proof. By Definition 3.1(IV3), 

M(x n ,y n ,t ) > M(x n ,x, |) * M(x,y,t - e) * M(y,y n , |). 

Thus, 

lim M (x n , y n , t) >1* M (x,y,t-e)* 1 = M(x, y,t-e). 

On the other hand, 

M(x, y,t + e)> M(x, y,t-e)* M (. x n , y n , t) * M(y n , y, |), 

hence 

M(x,y,t + e) > lim M(x n ,y n ,t). 

neN 

Corollary 5.15 Let (X, M, *) be an interval- valued fuzzy metric space. If lim rae pj x n = 
x and lim ne f : j y n = y, then lim ne ^ M(x n ,y n ,t) = M(x,y,t) for all t> 0. 

Theorem 5.16 (fuzzy Edelstein contraction theorem). Let (X, *) be a compact 

interval-valued fuzzy metric space. Let T : X — > X be a mapping satisfying for all x ^ y 
and t > 0, 

M(Tx, Ty,t) > M{x,y,t), 
then T has a unique fixed point. 

Proof. Let x G X and x n = T n x(n G N). Assume x n ^ x n+ i for each n (if not, 
T(x n ) = Xn). Now, assume x n ^ x m (n ^ m ). Otherwise we get 

Af {x n i X n ^-i , t) M(x m i Xm+1 , t) Al(x m —l^X m +l jt) > " X M (x n , X nd -\ , t ) , 
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where m > n, a contradiction. Since X is compact, {x n } has a convergent subsequence 
{x ni }. Let y = linij gN a; n .. We also assume that y,Ty ^ {x n : n G N} (if not, choose a 
subsequence with such a property). According to the above assumptions we may now 
write 

M(Tx ni ,Ty,t) > M(x ni ,y,t ) 

for all i G N and t > 0. Since M(x,y, •) is continuous for all x,y E X,by Corollary 5.15 
we obtain 

lim M(Tx ni ,Ty,t) > lirn M(x ni ,y,t) = 1 

■ieN ieN 

for each t > 0, hence 

limTx ni = Ty, (1). 

Similarly, we obtain 


hm T 2 x ni = T 2 y, 


( 2 ), 


since Ty ^ Tx ni for all i. Now, observe that 

M(x ni ,Tx ni ,t) < M(Tx nv Tx 2 n ,t) < ••• < M(x n .,Tx n .,t) < M(Tx nv T 2 x ni ,t) < 
■ ■ ■ < M(x ni+l ,Tx ni+1 ,t) < M (Tx ni+1 , T 2 x ni+1 , t) < • • • < 1 for all t > 0. 

Thus {M(x ni ,Tx ni ,t)} and {M(Tx nv T 2 x ni , t)} (t > 0) are convergent to a common 
limit [cf .[29]). So, by (1),(2) and Corollary 5.15 we get 


M(y,Ty,t ) 


M (limj x ni , T(lim, : x ni ),t) 
lim iM(x ni ,Tx ni ,t) 
lin \M(Tx ni ,T 2 x ni ,t) 

M (lim* Tx ni , lim,; T 2 x ni) t ) 
M(Ty,T 2 y,t) 


for all t > 0. Suppose y ^ Ty. Then, by M(Tx,Ty,t ) > M(x,y,t), M(y,Ty,t) > 
M (Ty, T 2 y, £),(£> 0), a contradiction. Hence y = Ty, a fixed point. Uniqueness follows 
at once from M(Tx,Ty,t ) > M(x,y,t). 


6 Concluding remarks 

In this paper, the concept of interval-valued fuzzy metric space is defined, and it 
is proved that the topology induced by quasi-metric is consistent with which induced 
via a standard interval-valued fuzzy quasi-metric, every quasi-metrizable topological 
space admits a compatible interval-valued fuzzy quasi-metric. On the contrary, topol- 
ogy generated by interval-valued fuzzy quasi-metric is quasi-metrizable. Furthermore, 
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some properties of interval-valued fuzzy quasi-metric space which is bicompletion are 
discussed, and it is proved that if an interval-valued fuzzy quasi-metric space has bicom- 
pletion, then it is unique in the mean of isometry. Finally, a fuzzy contraction mapping 
of interval-valued fuzzy metric space is defined, and the Banach and Edelstein fixed 
point theorem to interval fuzzy metric space are promoted. 
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Abstract. In the present paper, we introduce and investigate a new subclass of bi- 
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1. Introduction, Definitions and Preliminaries 

Let A denote the class of functions of the form: 

OO 

f(z) = z + ^2a n z n , (1.1) 

n = 2 

which are analytic in the open unit disk 

U = {z : z E C and \z\ < 1}. 

Further, by § we shall denote the class of all functions in A which are univalent in U. 
Some of the important and well-investigated subclasses of the univalent function class S 
include (for example) the class §*(«) of starlike functions of order a in U and the class 
%(a) of convex functions of order a in U. 
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BI-UNIVALENT FUNCTIONS OF COMPLEX ORDER 


2 


The study of operators plays an important role in the geometric function theory and 
its related fields. Many differential and integral operators can be written in terms of 
convolution of certain analytic functions. It is observed that this formalism brings an 
ease in further mathematical exploration and also helps to understand the geometric 
properties of such operators better. 

The convolution or Hadamard product of two functions f,h G A is denoted by f * h 
and is defined as 

OO 

{f*h)(z) = z + ^ a n b n z n , (1.2) 

n = 2 


where f(z) is given by (1.1) and h(z ) = z + b n z n . 

n = 2 

Now we briefly recall the definitions of the special functions and operators used in this 
paper. 

For complex parameters or, . . . , cp p 0, —1, . . . ; j — 1, 2, . . . 1) and Pi , . . . , f3 m (^- p 


0, —1, . . . ; j = 1,2, . . .m), Fox’s H-function ( for details, see [23!]) we mean the Wright’s 
generalized hypergeometric functions /T m with Aj, Bj > 0, give (rather general and typical 
examples of if— functions, not reducible to G— functions): 


f (oil, A \ ) , . . . , (ot m , Ap 
\ (Pi, Bi), . . . , (p m , B m ) 


OO 


£ 

71=0 


r(ai + nAi) . . . r (cp + nAi) 
T(^i + nBx ) . . . T (P m + nB m ) 


z 

n 


EJ-1,1 

— n l,m + 1 



(1 - ai,Ai), • • • , (1 - a h A{) 

(0 ,l),(l-p 1 ,B 1 ),...,(l-Pm,B m ) 


(1.3) 


m l 

where 1 + ^ B n — A n > 0, (l, m G N = {1, 2, ...}) and for suitably bounded values of 

71=1 71=1 

\z\. 

We note that when A 1 — ■ ■ ■ — Ai — Bi — ■ ■ ■ — B m = 1, they turn into the generalized 
hypergeometric functions 


, vT/ 

l ^ m 


( a i, !),■■■, ( a i, 1) . \ 

(A, 1), • • • , Cm, 1) J 


n r ( a j) 

3 = 1 
m 

n r(/3j) 

i=l 


iB'xrpO’ 1, • • ■ , Cp • Pi, • • • , Pm ■ ^) (1-4) 


(l <m + 1; l,m E N 0 = NU {0 }; z G U). 


Now we state the linear operator due to Srivastava [23] (see 0) and Wright m in 
terms of the Hadamard product (or convolution) involving the generalized hypergeo- 
metric function. Let l,m £ N and suppose that the parameters or, Ai . . . , cp, Ai and 
Pi, Bi . . . , Pm, B m are also positive real numbers. Then, corresponding to a function 


i < l > m [(Q!j, Aj)u, ( Pj , Bpi m, z\ 


defined by 


l^m K&j , Aj ) 1,; , (Pj , Bj ) l,m, p 


[(QIj, Aj ) 1 (pj , Bj ) i m , ■p 


(1.5) 
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where fl = ( n r(cKj) 
J =1 


BI-UNIVALENT FUNCTIONS OF COMPLEX ORDER 

A 

n m) , we consider a linear operator 
J =1 


Aj)if, (f3j,Bj) i )Tn ] : A — > A 
defined by the following Hadamard product (or convolution) 

A?)l>b z l < &m[{cvji (/3j, z\ * f(z) 

We observe that , for f(z) of the form(|l.l[),we have 



OO 

Aj) , Bj) i ?m ] /*(<£) Z ~\~ ^ ^ (fin 0")%% 

n — 2 

(1.6) 

where 




n r(ai + y4i(n - 1)) . . . r(cp + Ai(n - 1)) 

^ ~ (n - l)!r(A + Ri(n - 1)) . . . T((3 m + B m (n - 1)) 

(1.7) 

If, for 

convenience, we write 



W m f(z) = W[(qt, A ,), . . . , (a,, A); (A, £,), . . . , (/3 m , B m )]f{z). 

(1.8) 


We state the following remark due to Srivastava [23] (see i) and Wright [ 20] . 

Remark 1.1. Other interesting and useful special cases of the Fox- Wright generalized 
hypergeometric function i^ m defined by (1.3) include (for example) the generalized Bessel 
function 


fii'i (— ; iy + 1? A 1 ); ~ z ) = 


-A n\ r {nji + v + 1) ' 

72—0 v 7 

For fi — 1, corresponds essentially to the classical Bessel function 3 U { Z ), and the general- 
ized Mittag-Leffler function 


,*!((!, 1); (M, A); *) = Ej = X; 


„G ri > A + D' 


Remark 1.2. By setting A 3 = 1 (j = 1, ..., Z) and Bj = 1 (j = 1 , ...,m) in (1.5), we are led 
immediately to the generalized hypergeometric function iF m (z ) is defined by 

n,F m (z) = ii ,F m (a h ... a,; ft, z) := f] ( ° l) " ' ' ' ( ° l) " ^ (1.9) 

n=0 Wljn • • • \Pm)n n - 

(l < m + 1; /, m G N 0 := N U {0}; z6U), 
where (a) n is the Pochhammer symbol. 

In view of the relationship (1.9), the linear operator (jL6]) includes the Dziok-Srivastava 
operator (see 0), so that it includes (as its special cases) various other linear operators 
introduced and studied by Bernardi [3], Carlson and Shaffer [0], Libera m, Livingston 
ra, Ruscheweyh [191 and Srivastava and Owa [22]. 

It is well known that every function / G S has an inverse f~ 1 , defined by 

r\f(z))=z (zG U) 
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4 


and 


where 


/(/ (w)) = w 


M < r 0 (/); r 0 (f) > - 


g(w ) = f 1 (w) = w — a 2 w 2 + (2a 2 — a 3 )w 3 — (5a 2 — 5a 2 a 3 + a 4 )w 4 + • • • . (1-10) 

A function / e A is said to be bi-univalent in U if both f(z ) and f~ 3 (z) are univalent 
in U. Let E denote the class of bi-univalent functions in U given by (1.1). 


For some intriguing examples of functions and characterization of the class E, one could 
refer Srivastava et al., [2Tj and the references stated therein (see also, !)• Recently there 
has been triggering interest to study the bi-univalent function class E (see [si m urn na 
El EU) and obtain non-sharp estimates on the first two Taylor-Maclaurin coefficients 
|g 2 | and |a 3 |. The coefficient estimate problem for each of the following Taylor-Maclaurin 
coefficients |o n | for n E N \ {1, 2} is presumably still an open problem. 

In 1970 Robertson [18] introduced the concept of quasi-subordination. An analytic 
function f(z) is quasi-subordinate to an analytic function cp(z ), in the open unit disk if 
there exist analytic functions h(z ) and u>, with w( 0 ) = 0 such that \h(z)\ < 1 , \w(z)\ < 1 
and f(z ) = h(z)(p[w(z)]. Then we write f(z) -<g 4>(z). If h(z ) = 1, then the quasi- 
subordination reduces to the subordination. Also, if w(z) = z then f(z) = h(z)(p(z) and 
in this case we say that f(z) is majorized by cft(z) and it is written as f(z) « 4>(z) 
in U. Hence it is obvious that quasi-subordination is the generalization of subordination 
as well as majorization. It is unfortunate that the concept quasi-subordination is so far 
an underlying concept in the area of complex function theory although it deserves much 
attention as it unifies the concept of both subordination and majorization. 

Through out this paper it is assumed that 0 is analytic in U with 0(0) = 1 and let 

cj)(z) = 1 + C lZ + C 2 z 2 + C 3 z 3 + ■ ■ ■ (C!> 0 ). ( 1 . 11 ) 


also let 

ip(z) = .Dq + D\Z + D 2 z 2 + D 3 z 3 + • • • (| 'ip(z) <5 1 1 ; z G U). (1.12) 

Motivated by the earlier work of Deniz [Tj (see mini EDi) in the present paper, we 
introduce new subclass of the function class E of complex order 7 6 C\{0}, involving 
Wright hypergeometric functions W0, and fold estimates on the coefficients \a 2 \ and |a 3 | 
for functions in the new subclasses of function class E. Several related classes are also 
considered , and connection to earlier known results are made. 


Definition 1.3. A function f E E given by (1.1) is said to be in the class 9v; m (7; 0) if 

the following conditions are satisfied: 


1 / scwjjt*))' A 

7 V(l-A)W m /(*) + A 2 (W„/(*))' ) 

and 

1 ( w(W l m g(w)y \ 

7 \(i- A)W l m g(w) + \z(W l m g(w)y J 
where 7 E C\{0}, 0 < A < 1, xeU and the function g is 


- 1 ) 

(1.13) 

<q ~ 1 ), 

(1.14) 

given by ( 1 . 10 ). 
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Example 1. For A = 0 and 7 G C\{0}, a function / 6 E, given by (1.1) is said to be in 
the class §0 ( 7 , </>) if the following conditions are satisfied: 

1 iz(W m f(z))' 


7 


and 


1 

7 


W \J(z) 

w{yj l rn g(w))' 

Wm9(w) 


~ 1 J 00 ) - 1 ) 

-<q OH “!)» 


(1.15) 

(1.16) 


where z,w G U and the function g is given by (1.10). 


On specializing the parameters l,m one can state the various new subclasses of £ (or 
SO’OOO) ), as illustrations, we present some examples for the case with Aj = 1 (j = 
1 , 2 , ••• 0 ); Bj = 1 ( j = 1 , 2 , ...,m). 

Example 2. If l < m + 1, /, m G iV 0 := IV U {0}, and 7 G C\{0}, then a function / G £, 
given by ( 1.1 ) is said to be in the class §0(7, A, (j)) if the following conditions are satisfied: 

1 ( z(H l m f(z))' 


7 


and 


(l-A)(ML/W) + A(Mi,/W)' \ 0 W ’ W 11 

w(KaM)' . _ O? Ww) - 1), (o < a < 1 ), 


7 V 0 - OOO^H) + MOsO))' 

where K l m f(z) := (z+ £ * / 0 ) = W [(«u l) u ; (ft, l)i, m ]/(z) is a well- 

known Dziok-Srivastava operator [5] , the function g is given by ( 1.10| ) and z,w E U. 

Example 3. If l = 2 and m = 1 with 0 7 = a (a > 0), a-i — b, (b > 0) ft — c (c > 0), and 
7 G C\{0}, a function / G £, given by (1.1 ) is said to be in the class §0’ & (7, A, 0), if the 
following conditions are satisfied: 

1 ( z(T c ’ b f(z)y 


7 \(l-\)(T c ’ b f(z)) + \(T c ’ b f(z))' 


- 1 H? (</>(-) - 1 ) 


and 


w(3 a c ' b g(w))' 


7 V(i-A)(rtH) + A(O^H)' 


a,b 


1 ) -<q (4>(w) — 1), (0<A<1;:,wGU), 


where T/f(z) := ( ^ + E ) */(-) = b 5 c )/(», is a well-known Hohlov 

operator [TO] and the function g is given by ( 1 . 10 ). 

Example 4. If / = 2 and m = 1 with 07 = a (a > 0), a 2 = 1, A = c (c > 0), and 
7 G C\{0}, a function / G £, given by (1.1) is said to be in the class §0(7, A, ft, if the 
following conditions are satisfied: 

1 / z{L{a,c)f{z))' 


7 V ( 1 - A)(£(a,c)/(ft) + A(L(a,c)f(z)) 


J- 1 ) ^9 (</>( Z ) ~ !) 
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6 


and 
1 


w(C(a,c)g(w))' 


7 *”lj -<q (<ft(w) - 1), (0 < A < 1; 21 , w G U), 


7 V ( 1 - *)(&(a,c)g(w)) + A (L(a,c)g(w)) 

where L(a, c)f(z ) := ( z + ) * f(z) = “Kl(a, 1; c)f(z), is a well-known Carlson- 


71=2 


Shaffer operator |0] and the function g is given by (1.10). 

Example 5. If / = 2 and m = 1 wi th or = 5 + 1 (5 > —1), a 2 = 1, A = 1, and 7 G C\{0}, 
a function / G S, given by (1.1) is said to be in the class §^( 7 , A,0) if the following 
conditions are satisfied: 


*(»V(z))' 


and 


7 Ul - A)(BVW) + A(®VW) 
'iu(D'A(' u; )) / 


7 - ^ 00 ) - !) 


7 - 1 ^ -<g (0(A) - 1 ), (0 < A < 1; 0 , w G U), 


7 V( 1 - APAM) + X( r D s g(w))' 

where D s is called Ruscheweyh derivative [19] of order 5 (5 > —1) and T> 5 f(z) := * 

f(z ) = “K\{5 + 1, 1 ; 1 )f(z) and the function g is given by ( | 1 . 10 [ ). 

Example 6 . If l = 2 and rn — 1 with 07 = 1, a 2 = 1, A = 1, and 7 G C\{0}, a function 
/ 6 S, given by (1.1) is said to be in the class 8 ^( 7 , A, 0) if the following conditions are 
satisfied: 

7 ((l-A)/(i + A/'(s) " 0 ^ {4,{Z) ~ 1} 

and 


wg (w) 


7 V ( 1 - + A g'(w) 


- 1 - !). 


where 0 < A < 1, z,w £\J and the function g is given by (1.10). 

Example 7. If l = 2 and rn — 1 with a± = 1, 012 = 1, A — 1, and A = 0; 7 G C\{0}, a 
function / G S, given by (1.1) is said to be in the class 8 ^( 7 , (ft) if the following conditions 
are satisfied: 

1 ( zf'(z) 


7 


and 


1 

7 


/(*) 

WM 

A A) 


- 1 ) ^7 (0(A - !) 
1) AW®) - !)> 


where 0<A<A,®GU and the function g is given by (1.10). 


Remark 1.4. For A = 0 and 7 G C\{0}, a function / G E, given by (1.1), as in Example 
1, one can state various analogous subclasses defined in Examples 2 to 4. 
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Definition 1.5. A function / e E given by (1.1) is said to be in the class 23 (7, A,0) if 

the following conditions are satisfied: 


1 V [ W L/M] 1-A 


and 


1 

7 


w 1 x (W m g(w)y 


^ q (00) - !) 
1^ Aq (0(w) - 1), 


(1.17) 


(1.18) 


[WLsN 1 -* 

where 7 G C \ {0}, A > 0, z, w e U and the function g is given by( |1.10[ ). 

On specializing the parameters A one can define the various new subclasses of E associ- 
ated with Wright hypergeometric functions Wj n , as illustrated in the following examples. 


Example 8. For A = 0 and a function / e E, given by (|l.l[), 23^ m (7, 0, 0) = §v m (7, 0) 


o/,m / 


Example 9. For A = 1, a function / e E, given by ( 1.1 ) is said to be in the class fKv m ( 7, 0) 
if the following conditions are satisfied: 


and 


-(wUW-i) -<5 (0W-1) 


- ((W',9( TO ))' - 1 ) -! f Mw) - 1), 


(1.19) 


(1.20) 


where 7 G C \ {0}; z, w G U and the function (7 is given by (1.10). 

It is of interest to note that for 7 = 1 the class A, 0) reduces to the following 

new subclass 23^ m (A,0). 


Example 10. A function / 6 E given by (1.1) is said to be in the class 23^ (00) if the 
following conditions are satisfied: 


and 


z'-\w m f(z)y 

rwuc*)] 1 -* 

w 1 ~ x (W l m g(w)y 


q (00) - 1) 

1^ A, (0H - 1), 


[w m gHY- x 

where A > 0, z,w £ U and the function g is given by (|1.10|). 


( 1 . 21 ) 


( 1 . 22 ) 


Remark 1.6. On specializing the parameters /, m one can state the various new subclasses 


with Aj = 1 ( j = 1,2, ...,/); 


of 23(7 n (7, A, 0) , as illustrated in Examples [I] to Examples [7 
Bj = 1 (j = 1,2, ...,m). 

In the following section, we find estimates on the coefficients a 2 and | a 3 1 for functions 
in the above-defined subclasses 3^(7, A, 0) and 23 0" (7, A, 0) of the function class E. 
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2. Coefficient Bounds for the Function Class Be" ( 7 , A,</>) 

In order to derive our main results, we shall need the following lemma. 

Lemma 2.1. (see Pi) If h G IP, then \ck\ < 2 for each k, where IP is the family of all 
functions h, analytic in U, for which 


where 


&{/i(z)} >0 (z e U), 


h(z) — 1 T C\Z T c 2 zf T ■ ■ ■ (z £ HJ). 


We begin by finding the estimates on the coefficients \a 2 \ and a 3 for functions in the 
class Ss (7) A, 4")- Define the functions p(z) and q(z) by 

. . 1 + u(z) ^ 2 

p(z) := - = 1 + piz + p 2 z + 


and 


or, equivalently, 


and 


1 — u(z) 

. . 1 + viz) ^ 2 

q(z) := ^ 7 ^ = 1 + q\Z + q 2 z H 


«(*) := 


u(^) := 


1 — v(z) 

p(z) — 1 1 

p(z) + 1 2 

<?(» - 1 1 


PiZ + ( P2 ~ y ) - 2 + 


qiz + \q 2 ~ < j) z 2 + --- 


q(z ) + 1 2 

Then p(z) and g(z) are analytic in U with p(0) = 1 = q( 0). Since u, v : U — > U, the 
functions p(z) and q(z) have a positive real part in U, and \pf\ < 2 and q t < 2. 


Theorem 2.2. Let the function f(z) given by (1.1) be in the class Si; m ( 7 , A, 0). Then 

I a 2 1 < 


\Do\c.vc; 


Do (A 2 - 1)C 2 + (1 - A) 2 (Ci - C 2 )}vl + 2 7 (1 - \)D 0 C*<p 3 \ 


and 


M < 


| 7 d 0 | 2 Cl , | 7 D 0 | C ! 


+ 


+ 


| 7 £> 1 |C' 1 


(l-A)V 2 2(1 — A)</2 3 2(1 — X)(f3 


( 2 . 1 ) 


( 2 . 2 ) 


Proof. It follows from (|1.17|) and (|l . 18|) that 
1 




and 


7 \(1 — X)W l m f(z) + Xz(W l m f(z)) 


w(W l m g(w)y 


a VO - + ^(w^H) 


7 - i") = [</>(«(-))- 1] (2.3) 

7 - = ^(w)[0(uH) - 1], (2.4) 
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where p(z) and q(w) in 7 and have the following forms: 


i}{z)[4>{u{z)) - 1] = -D 0 Cipiz + 


and 


^(w)[<j>(v(w)) - 1 ] = -DoC^w + 


-D\ C\ pi + -DqC\ \p2 — — + 


p\\ , A)C 2 


-Pi 


z* + • • • 
(2.5) 


-D\ C i q\ + -DqCi q2 — — + 


ffi 2 


D n C, 


0O'2 2 

-Qi 


w 2 + 


respectively. Now, equating the coefficients in (2.3) and (2.4), we get 

(1-A) 


-^202 = -DqCiPi, 
7 2 


( 2 . 6 ) 

(2.7) 


(A 2 ~ 1) 

7 


< p2 a 2 d“ 


2(1 - A) 

7 


2 

(1-A) 


D a C, 


^3^3 = ^Di CiPi + ^-D 0 Ci ( P2 - TP ) H (2.8) 


7 , 2d2 — -zD^Ciqi 
7 2 


(2.9) 


and 

(A 2 - 1) 


2(1 -A) 


^ V J 2 a 2 d — P 3 ( 2 a 2 — a 3 ) — 2^ 1 + -^ DqCi ( <72 — -77 ) + 


( l\ \ DqC'2 2 


From (2.7) and (2.9), we find that 


ci 2 — 


7-DqCiPi --/D 0 Ciqi 


which implies 
and 


2(1 — A)<p 2 2(1 — \)ip 2 ’ 

Pi = -9i- 

8(l-A) 2 ^ = 7 2 ^i(P? + ?i 2 )- 


qf. (2.10) 

( 2 . 11 ) 

( 2 . 12 ) 

(2.13) 


Adding (2.8) and (2.10), by using(2.12)and(2.13) ,we obtain 

4 ([7 «j(A 2 - 1 ]Cf + (1 - A) 2 (Cj - C 2 )\<p\ + 2 7 £>„(1 - AiCy.) 4 = 7-Dld{p 2 + ®). 

(2.14) 

Thus, 

l 2 DlCl(p 2 + q 2 ) 


Clin 


2 4 ([7 -D 0 (A 2 - l)Cf + (1 - A) 2 (FA - C 2 )]<p 2 + 27^0(1 - A)C 2 (p 3 ) ' 

Applying Lemma [2.1 1 for the coefficients p 2 and q 2 , we immediately have 


M 2 < 


|7| 2 |A>| 2 C? 


|[ 7 A)(A 2 - 1)C 2 + (1 - A) 2 (C 1 - C 2 M + 2 7 Aj(1 - A)C 2 <p 3 | ' 


(2.15) 


(2.16) 


Since C\ > 0,the last inequality gives the desired estimate on |a 2 | given in (2.1). 
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10 


Next, in order to find the bound on |a 3 1 , by subtracting (2.10) from (2.8), we get 


4(1 - A) 4(1 - A) 2 

-^3®3 7 <^3®2 


7 


7 


D i CAjh - 7 i AA(P 2 - qi) /l,,' V - Ci)(pj - 2 1 i 


(2.17) 


It follows from (2.11), (2.12) and (2.17) that 

_ l 2D l C 'l(Pi + Qi) , 7-°i V(pi **9i) , 7 C'i^ ) o(P2 - 92 ) 

®3 — 777T . \ n O 1 77 r 


8(1 - A) Vi 


8(1 - A)<^3 


8(1 -A )<p 3 


Applying Lemma 2.1 once again for the coefficients p 2 and q 2 , we readily get 


M < 


|7^o | 2 Cl , 1 7^0 1 C 


+ 


+ 


|7^i IV 


(l-A)Vl 2(1 — A) 973 2 ( 1 -A )<p 3 ' 

This completes the proof of Theorem 2.2| 


□ 


Putting A = 0 in Theorem 2.2, we have the following corollary. 


Corollary 2.3. Let the function f(z) given by (1.1) be in the class 0). Then 

lyAilVv/V 


M < 


s/Wi - V) - 7 AA 2 bi + 27AAV3I 


and 


|a 3 | < 


| 7 V| 2 V 2 , I7VIV , , |7 Di\C 


vl 


+ 


2v?3 


+ 


2^3 


(2.18) 


(2.19) 


Now we state the following corollaries for the function classes §^( 7 , A, 0) and §^( 7 , A) 
dehned in Example 5 and Example 6 , respectively. 

Corollary 2.4. Let the function f(z) given by be in the class 8 ^( 7 , A, 0). Then 



, , / I7VIWV 

^2 < . 

(1 - A)VI(V - C 2 ) + iDqCI\ 

( 2 . 20 ) 

and 

, , „ \lD«\ 2 Cl I 7 D 0 IC 1 I 7 D 1 IG 
|as| - (1 — A ) 2 2(1 -A) 2(1- A)' 

( 2 . 21 ) 

Corollary 2.5. Let the function f(z) given by (1.1) be in the class § 3 ( 7 , 0 ). 

Then 


, , / I7VIWV 

09 < . 

~ VI(V-c 2 ) + 7 AA 2 l 

( 2 . 22 ) 

and 

\a 3 \<hD^ClT lD f 1 T lD f\ 

(2.23) 
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3. Coefficient Bounds for the Function Class 2^(7, A,</>) 
Theorem 3.1. Let the function f(z) given by (1.1) be in the class 7, A, 0). Then 

| 7 | |A,|C 1V /2CT 


°2 < 


\/|7-DoCf [(A — 1)(A + 2)yi| + 2(A + 2)923] — 2(C2 — C'i)(l + A) 2 79| | 


and 


|a 3 < 


\tDq\C! V | 17-Dolgi , |7A|Ci 


(l + A)</? 2 / (A + 2)923 2(1 + A)^ 3 ’ 


(3-1) 


(3.2) 


Proof. Let / 6 2>v m (7, A, </>) and g — f 1 . Then there are analytic functions u, v : A — > A 
with u(0) = 0 = n(0), satisfying 


1 (SSP - : ) ^ ww “ w) - i] 


and 


7 V [ W m/(-)] 
1 


7 V [ W m 3 M] 1_A 


- 1 = ^H[^(«H) - 1]. 


(3.3) 


(3.4) 


In light of (1.1) - (1.11), from (2.5) and (2.6), it is evident that 

(A + l) 


-g?2 a 2 z H — 
7 7 

= ^D 0 C 1 p 1 z + 


, . , (A — 1)(A + 2) 22 

(A + 2)p 3 a 3 H T 2 a 2 


-D\ C\pi + -D{)C\ P2 — — + 


p\ 


z 2 + 


D n C, 


OC'2 2 

-Pi 


z 2 + 


and 


(A + l) 1 

P2 a 2 w H 

7 7 


-(A + 2)p 3 a 3 


(A - 1)(A + 2) 2 


+2 + 2(A + 2 )t ? 3 a 


w 2 + 


— -DoCiqiW + 


l nr y 1 1 T1 n f 9l ^ 1 ^0^2 2 

-D 1 Ci gi + -D 0 C 1 ( g 2 — ~ ) H c — + 


w H 


Now proceeding on lines similar to Theorem 2.2 we get the desired results. 


□ 


Choosing A = 0 and A = 1 we state the initial Taylor coefficients for the function classes 

S^(7,0)and^ m ( 7 ,0). 


4. Concluding remarks 

For the class of strongly starlike functions, the function f is given by 


4>(z) = ( ■ ) = 1 + 2 az + 2 oi 2 z 2 + • • • (0 < a < 1), 


1-z 


(4.1) 


which gives 


C\ = 2 a and C 2 = 2a 2 . 
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On the other hand, for — 1 < B < A < 1 if we take 

1 | A y 

<j>{z) = - — = 1 + (A-B)z- B(A - B)z 2 + B 2 (A - B)z 3 + 


1 + Bz 


then we have 


Ci = (A - B), C 2 = —B(A — B). 


By taking, A = (1 - 2(3 ) where 0 < (3 < 1 and B = — 1 in (4.2), we get 

1 + (1 - 2(3)z 


<t>{z) = 


1-z 


Hence, we have 


— 1 + 2(1 — (3)z + 2(1 — (3)z 2 + 2(1 — (3)z 3 + 
C x = C 2 = 2(1 — (3). 


(4.2) 


(4.3) 


Further, by taking (3 = 0, in (4.3), we get 


4>{z) = = 1 + 2^ + 2^ 2 + 2^ 3 + • • • 


1-z 


Hence, 


C 1= C 2 = 2. 


(4,4) 


Various Choices of </> as mentioned above and suitably choosing the values of Ci and 
C 2 , we state some interesting results analogous to Theorem IH. Theorem |3.1| and the 
Corollaries 12.31 to 12.51 for various new subclasses of E. 

Remark 4.1. Setting Aj = 1 (j = 1, and Bj = 1 (j = 1, ..., m) and if / = 2 and m = 1 
with cki = n + l(/r > —1), a 2 = 1, (3\ = /i + 2, where is a Bernardi operator [3i| dehned 
by 

3nf(z) ■■= [ t^ 1 f(t)dt = +1,1 ; /i + 2 )f(z). 

z Jo 

Note that the operator ,/j was studied earlier by Libera HU and Livingston [12] and various 
other interesting corollaries and consequences of our main results (which are asserted 
by Theorem 2.2 and Theorem 3.1 above) can be derived similarly. Further, by setting 
Aj = 1 (j = 1,...,/) and Bj = 1 (j = l,...,m) and suitably choosing l,m, A, we can 
state the various results for the new classes dehned in Examples [T| to [lOj but the details 
involved may be left as an exercise for the interested reader. 
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On uni-soft mighty filters of E E-algebras 

Jeong Soon Han 1 and Sun Shin Ahn 2 ’* 
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Abstract. The notion of uni-soft mighty filters of a BE-algebra is introduced, and related properties are in- 
vestigated. The problem of classifying uni-soft mighty by their 7 -exclusive filter is solved. We construct a new 
quotient structure of a transitive B E-algebra using a unit soft filter and consider some properties of it. 


1. Introduction 

Kim and Kim [7] introduced the notion of a B E- algebra, and investigated several properties. 
In [2], Ahn and So introduced the notion of ideals in HU-algebras. They gave several descriptions 
of ideals in B E- algebras. 

Various problems in system identification involve characteristics which are essentially non- 
probabilistic in nature [12]. In response to this situation Zadeh [13] introduced fuzzy set theory 
as an alternative to probability theory. Uncertainty is an attribute of information. In order to 
suggest a more general framework, the approach to uncertainty is outlined by Zadeh [14]. To 
solve complicated problem in economics, engineering, and environment, we can’t successfully use 
classical methods because of various uncertainties typical for those problems. There are three 
theories: theory of probability, theory of fuzzy sets, and the interval mathematics which we 
can consider as mathematical tools for dealing with uncertainties. But all these theories have 
their own difficulties. Uncertainties can’t be handled using traditional mathematical tools but 
may be dealt with using a wide range of existing theories such as probability theory, theory of 
(intuitionistic) fuzzy sets, theory of vague sets, theory of interval mathematics, and theory of 
rough sets. However, all of these theories have their own difficulties which are pointed out in 
[10]. Maji et al. [9] and Molodtsov [10] suggested that one reason for these difficulties may be 
due to the inadequacy of the parametrization tool of the theory. To overcome these difficulties, 
Molodtsov [10] introduced the concept of soft set as a new mathematical tool for dealing with 
uncertainties that is free from the difficulties that have troubled the usual theoretical approaches. 
Molodtsov pointed out several directions for the applications of soft sets. At present, works on 
the soft set theory are progressing rapidly. Maji et al. [9] described the application of soft set 
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theory to a decision making problem. Maji et al. [8] also studied several operations on the theory 
of soft sets. 

H. R. Lee and S. S. Ahn [6] introduced the notion of a mighty filter in R A- algebras, and 
investigated some properties of it. Jun et al. [5] introduced the notion of a uni-soft filter of a 
£> A- algebra, and studied their properties. 

In this paper, we introduce the notion of a uni-soft mighty filter of a R A- algebra, and investigate 
their properties. We solve the problem of classifying uni-soft mighty by their 7-exclusive filter. 
Also we construct a new quotient structure of a transitive RA-algebra using a unit soft filter and 
study some properties of it. 

2. Preliminaries 

We recall some definitions and results discussed in [7]. 

An algebra (X; *, 1) of type (2, 0) is called a BE -algebra if 
(BE1) x * x — 1 for all x E X] 

(BE2) x*l = l for all x E X] 

(BE3) 1 * x = x for all x E X\ 

(BE4) x * (y * z) = y * (x * z) for all x,y,z E X ( exchange ) 

We introduce a relation “<” on a RA-algebra X by x < y if and only if x * y — 1. A non-empty 
subset S of a E-algebra A" is said to be a subalgebra of A" if it is closed under the operation 
“ Noticing that x * x = 1 for all x E X, it is clear that 1 E S. A BE - algebra (X; *, 1) is said 

to be self distributive if x * (y * z) = (x * y) * (x * z) for all x,y, z E X. 

Definition 2.1. Let (X; *, 1) be a EE-algebra and let F be a non-empty subset of X. Then F 

is called a filter of X if 
(Fl) 1 e /•’; 

(F2) x * y E F and x E F imply y E F for all x,y E X. 

F is a mighty filter [6] of X if it satisfies (Fl) and 
(F3) z * (y * x) E F and z E F imply ((x * y) * y) * x E F for all x,y,z E X. 

Proposition 2.2. Let (X; *, 1) be a BE-algebra and let F be a filter of X. If x < y and x E F 
for any y E X, then y E F . 

Proposition 2.3. Let (X; *, 1) be a self distributive BE-algebra. Then following hold: for any 

x,y,z E X, 

(i) if x < y, then z * x < z * y and y * z < x * z. 

(ii) y * z < (z * x) * (y * z). 

(iii) y * z < (x * y) * (x * z). 
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A BE- algebra (. X ; *, 1) is said to be transitive if it satisfies Proposition 2.3(iii). 

Theorem 2.4. ([ 6 ]) A filter F of a B E -algebra X is mighty if and only if 
(2.1) (Vx, y E X)(y * x E F =>■ ((x * y) * y) * x E F). 

A soft set theory is introduced by Molodtsov [10]. In what follows, let U be an initial universe 
set and X be a set of parameters. Let &(U) denote the power set of U and A,B,C , • • • C X. 

Definition 2.5. A soft set (/, A) of X over U is defined to be the set of ordered pairs 

(/, A) := {(x, f(x)) : x E X, f(x) E &>(U)} , 

where / : X — > £P(U) such that /(x) = 0 if x £ A. 

For a soft set (/, A) of X and a subset 7 of U, the 7 -exclusive set of (/, A) , denoted by (/; 7 ) , 
is defined to be the set 

e A (/; 7) ■■= {x EA \ f(x) c 7}. 

For any soft sets (/, A") and (g, X) of X, we call (f,X) a soft subset of (g, X) , denoted by 
(f,X) C (g,X) , if /(x) C g(x) for all x E X. The soft union of (/, X) and (g,X), denoted by 
(/, X) 0 (g, X) , is defined to be the soft set (/ 0 g,X) of X over U in which / 0 g is defined by 

(/ 0 g) (x) = f{x) U g(x) for all x E X. 

The soft intersection of (/, A") and (g, X) , denoted by (/, A") H (g,X) , is defined to be the soft 
set (/ H g, M ) of X over U in which / H g is defined by 

(/ H g) (x) = f(x) D g(x) for all x E M. 

3. Uni-soft mighty filters 

In what follows, we take a BE- algebra X, as a set of parameters unless specified. 

Definition 3.1. ([5]) A soft set (f,X) of X over U is called a union-soft filter (briefly, uni-soft 
filter) of X if it satisfies: 

(US1) (Vx E X) (/( 1) C /(*)) , 

(US2) (Vx, y E X) (, f(y ) C f(x * y) U f(x)). 

Proposition 3. 2. ([5]) Every uni-soft filter (/, X) of X over U satisfies the following properties: 

(i) (Vx, y E X) {x<y^ f(y) C f(x)). 

(ii) (Vx, y,z E X) (z <x*y =>► f(y) C /(x) U f(z)). 

Definition 3.3. A soft set (f,X) of A" over U is called a union-soft mighty filter (briefly, uni-soft 
mighty filter) of X if it satisfies (US1) and 

(US3) (Vx, y, z E X) (/(((x * y) * y) * x) C f(z * (y * x)) U /(*))). 


73 


Jeong Soon Han et al 71-80 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Jeong Soon Han and Sun Shin Ahn 


Example 3.4. Let E — A" be the set of parameters where X := {1, a, b, c, d, 0} is a HE-algebra 
[7] with the following Cayley table: 


* 

1 

a 

b 

c 

d 

0 

1 

1 

a 

b 

c 

d 

0 

a 

1 

1 

a 

c 

c 

d 

b 

1 

1 

1 

c 

c 

c 

c 

1 

a 

b 

1 

a 

b 

d 

1 

1 

a 

1 

1 

a 

0 

1 

1 

1 

1 

1 

1 


Let (/, A") be a soft set of A" over U Z defined as follows: 


f :X ^ x ey 


N if x G {1, a, b} 
Z if x G {c, d, 0}. 


It is easy to check that (/, X) is a uni-soft mighty filter of X. 


Proposition 3.5. Every uni-soft, mighty filter of a BE-algebra X is a uni-soft, filter of X. 


Proof. Let (/, X) be a uni-soft mighty filter of X. Setting y 1 in (US3), we have f(x) = 
(((x * 1) * 1) * x) C f(z * (1 * x)) U f(z) = f(z * x) U (z). Hence (US2) holds. Therefore (/, X) is 
a uni-soft filter of X. □ 


The converse of Proposition 3.5 is not true in general as seen in the following example. 

Example 3.6. Let E — A" be the set of parameters where X := {1, a, b , c, d} is a B E-algebra [7] 
with the following Cayley table: 


* 

1 

a 

b 

c 

d, 

1 

1 

a 

b 

c 

d 

a 

1 

1 

b 

c 

d, 

b 

1 

a 

1 

c 

c 

c 

1 

1 

b 

1 

b 

d 

1 

1 

1 

1 

1 


Let (/, A") be a soft set of X over U Z defined as follows: 

f 3N if x G {1} 

/ : X -A x ey ) 4N if x G {a} 

{ 3Z if x G {b, c, d}. 

It is easy to check that (/, A") is a uni-soft filter of X. But it is not a uni-soft mighty filter of X , 
since /(((a * c) * c) * a) = /(a) = 4N ^ /(I * (c * a)) U /( 1) = /(l) = 3N. 

We provide conditions for a uni-soft hlter to be a uni-soft mighty filter. 

Theorem 3.7. Any uni-soft, filter of a BE-algebra X is mighty if and only if it satisfies 
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(3.1) (\/x,y e X) * y) *z)) C f(y*x). 

Proof. Assume that a uni-soft filter (/, X) of X is mighty. Putting z 1 in (US3), we have 

f(((x * y) * y) * x) C /(I * (y * x)) U /( 1) = /(y * x). Hence (3.1) holds. 

Conversely, suppose that the uni-soft filter {f,X) of X satisfies the condition (3.1). Using (3.1) 
and (US2), we have f(((x *y) *y) *x) C /(y * x) C f(z * (y * x)) U f(z ) for any x, y € A". Hence 
(/, X) is an uni-soft mighty filter of A. □ 

Proposition 3.8. Let (/, X) be a uni-soft mighty filter of a BE-algebra X. Then X f := {x e 
X\f(x) = /( 1)} is a mighty filter of X. 

Proof. Clearly, 1 e A If. Let z * (y * x),z G X f. Then f(z * (y * x)) = /( 1) and f(z) = /( 1). 
It follows from (US3) that f(((x * y) * y) * x) C f(z * (y * x)) U f(z) = /( 1). By (US1), we get 
f(((x *y) *y) *x) = /( 1). Hence ((x *y) *y) *x E Xf. Therefore Xf is a mighty filter of X. □ 

Theorem 3.9. Let (/, X) and (g, X) be uni-soft filters of a transitive BE-algebra such that 
(f,X)C(g, X) and /( 1) = ^(1). If (g, X) is mighty, then so is (f,X). 

Proof. Let x, y e X. Note that y * ((y * x) * x) = (y * x) * (y * x) = 1. Since (g, X) is a uni-soft 
mighty filter of a HU-algebra X, by (3.1) and (f,X)C.(g,X) we have g( 1) = g(y* ((y*x) *x)) D 
g(((((y*x)*x)*y)*y)*((y*x)*x )) D f(((((y*x)*x)*y)*y)*((y*x)*x)). Since /( 1) = g( 1), 
we get f((y * x) * ((((y * x) * x) * y) * y) * x)) = * x) * x) * y) * y) * {{y * x) * x)) = /( 1). It 

follows from (US1) and (US2) that 

f(y*x) =/( 1) U f(y*x) 

=f((y * x )* {{{{{y *x) *x) *y) *y) * x)) U f(y * x) (3.2) 

2/(((((j/ * x) * x) *y) *y) * x). 

Since X is transitive, we get 

[((((y * x) * x) * y) * y) * x]*[((x * y) * y) * x] 

> ((x * y) * y) * ((((y * x) * x) * y) * y) 

> (((y * x) * x) * y) * (x * y) 

> x * ((y * x) * x) 

= (y * x) * (x * x) 

— (y * x) * 1 — 1. 

It follows from Proposition 3.2 that f(((((y*x)*x)*y)*y)*x)Uf(l) = f(((((y*x)*x)*y)*y)*x) D 
f(((x*y)*y)*x). Using (3.2), we have f(y*x) D f(((((y*x)*x)*y) *y)*x) D f(((x*y)*y)*x). 
Therefore f(y * x) f(((x * y) * y) * x). By Theorem 3.7, (/, X) is a uni-soft mighty filter of 
X. □ 
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Let (/, X ) be a uni-soft filter of a transitive HE-algebra X. Define a binary relation “ ” on 

X by putting x y if and only if f(x * y) = f(y * x) = /( 1) for any x, y G X. 

Lemma 3.10. The relation “ ” is an equivalence relation on a transitive BE-algehra X. 

Proof. For any x£X,x*x = lby (BE1). So f{x * x) = /( 1), hence x x, which is 
reflexive. Suppose that x y for any x,y G A". Then f(x * y) — f(y * x) = /( 1). Hence 
is symmetric. Assume that x ^ y and y ^ z for any x,y,z G X. Then f{x * y) — 
f(y * x) — /( 1) and f(y * z) = f(z * y) — /( 1). By transitivity, (x *y) * [fy * z) * [x * z)\ = 1 and 
(z * y) * [(y * x) * (z * x)] = 1. By Proposition 3.2, we have f(x * z) C f(y * z) U f(x * y) — /( 1) 
and f(z * x) C f(y * x) U f(z * y) — /( 1). Hence f(z * x) = f(z * x) = /( 1), i.e., x z. Thus 
is an equivalence relation on X. □ 

Lemma 3.11. The relation “ ” is a congruence relation on a transitive BE-algehra X. 

Proof. If x y and u v for any x,y,u,v G X , then f(x * y) — f(y * x) = /( 1) and 
f(u*v) = f(v*u) = /(l). By transitivity, (M*v)*[(x*'u)*(£*'t;)] = 1 and = 1, 

it follows from Proposition 3.2 that /( 1) = f(u * v) D f((x * u) * ((x * v)) and /( 1) = f(v * u) A 
f((x * v) * (x * u )). Hence f((x * u) * (x * v)) = /( 1) and f((x * v) * (x * u)) = /( 1). Therefore 
x * u x * v. By a similar way, we can prove that x * v y * v. Hence x * u y * v. Therefore 
is a congruence relation on X. □ 

X is decomposed by the congruence relation ~L The class containing x is denoted by f x . 
Denote X/ f := {f x \x G X}. We define a binary relation • on X/f by f x • f y := f x * y . This 
definition is well defined since is a congruence relation on X 

Lemma 3.12. f\ = Xf. 

Proof, ,/i = {x G X\1 x} = {x G X\f(l * x) = f(x * 1) = /( 1)} = {x G X\f(x) = /( 1)} = 
A> □ 

Theorem 3.13. Let (X, f) he a uni-soft filter of a transitive B E-algebra X. Then ( X/f ; •, f \ ) 
is a transitive BE-algehra. 

Proof. It is straightforward. □ 

Theorem 3.14. Let X be a transitive BE-algehra. If every filter of the quotient algebra X/f 
is mighty, then a uni-soft filter of X is mighty. 

Proof. Suppose that every filter of the quotient algebra X/f is mighty and let x, y G X be 
such that y * x G f\. Then f(y * x) = /( 1) and so f y • f x G f\. Since {/i} is a mighty 
filter of X/f , it follows from Theorem 2.4 that fq x *y)*y)*x — (( fx • fy) • fy) • fx e fi- Hence 
f((((x*y) *y)*) * x) = /( 1). Therefore f(y*x) = f(((x*y) * y)) *x ). Thus (/, X) is a uni-soft 
mighty filter by Theorem 3.7. □ 
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Theorem 3 . 15 . A uni-soft set ( X , /) of a BE-algebra X is a uni-soft mighty filter of X if and 
only if the set ex(f ; 7) := {x G X\f(x) C 7} is a mighty filter of X for all 7 G 7 ^([ 0 , 1 ]) whenever 
it is nonempty. 

Proof. Suppose that (/, X) is a uni-soft mighty filter of A". Let x,y,z G X and 7 G 7 ^([ 0 , 1 ]) 
be such that z * (y * x) G ex(f', 7) and z G ex(f] 7)- Then f(z * (y * x )) C 7 and f(z) C 7. It 
follows from (US 1 ) and (US 3 ) that /( 1 ) C f x (((x * y) *y) * x) C f(z*(y*x))Uf(z) C 7. Hence 
1 G ex{f ; 7) and ((x * y) * y) * x E e x (f ; 7), and therefore ex(f', 7) is a mighty filter of A". 

Conversely, assume that ex(f', 7) is a mighty Liter of A" for all 7 G <^([ 0 , 1 ]) with e x (f] 7) 7^ 0 . 
For any x G X, let /(x) = 7. Then x G e x (f', 7)- Since e x (f; 7) is a mighty Liter of A", we 
have 1 G e x {f; 7) and so f(x) = 7 D /(l). For any x,y,z e X, let f(z * (y * x)) = y z p y * x ) and 
f(z) = y z . Let 7 := 7 z * (j/ * x ) U 7*. Then z * (7/ * x) G e x (f] 7) and z G e x (f; 7) which imply that 
((x * y) * y) * x £ e x (f] 7)- Hence /(((x * y) * y) * x) C 7 = 7^^) U 7* = f(z * (y * x)) U f(z). 
Thus (/, A") is a uni-soft mighty Liter of X. □ 

We call ex(f', 7) a 7 -exclusive filter of a .BE-algebra AL 


Theorem 3 . 16 . Every filter of a BE-algebra can be represented as a y-exclusive set of a uni-soft, 
mighty filter, i.e., given a filter F a BE-algebra X, there exists a uni-soft, mighty filter (/, A") of 
X over U such that F is the y-exclusive set of (/, A") for a non-empty subset 7 of U. 


Proof. Let F be a Liter of a .BE-algebra X. For a subset 7 of U, deLne a soft set (/, A") over U 
by 


f:X-¥ & *{U ), x ey 


7 if x G F, 
U if x(£F. 


Obviously, F = ex(f', 7)- We now prove that (f,X) is a uni-soft mighty Liter of X. Since 1 G 
F = ex(f) 7), we have /( 1 ) = 7 C /(x) for all x G X. Let x,y,z G A". If z * (y * x),z G F, then 
((x*y)*y)*x G F because F is a mighty Liter of X. Hence f(z*(y*x)) = f(z) = f(((x*y)*y)*x) = 
7, and so f(z*(y*x))Uf(z) D f(((x*y)*y)*x). If z*(y*x ) G F and z ^ F, then f(z*(y*x)) = 7 
and f(z) = U which imply that f(z* (■ y*x ))) U f(z) = 7U U = 1/3 f(((x*y) *y) *x). Similarly, 
if z * (y * x) ^ F and z G F, then f(z * (y * x))) U f(z) D f(((x * y) * y) * x). Obviously, if 
z * (y * x) ^ F and z £ F, then f(z * (y * x)) U f(z) D /(((x * y) * y) * x). Therefore (/, X) is a 
uni-soft mighty Liter of X. □ 


Any Liter of a BE- algebra X cannot be represented as a 7-exclusive set of a uni-soft mighty 
Liter (/, X) of X over U (see Example 3 . 17 ). 


Example 3 . 17 . Let X = { 1 , a, b, c, d, 0 } be the EE-algebra as in Example 3 . 4 . Given U 
consider a soft set (/, A") over U which is dehned by 


/ : X -> ^(E), x^ 


(4 

{ 1,4 


if x G { 1 , a, 6}, 
if x G {c, d, 0 }. 


X, 
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Then (/, A") is a uni-soft mighty filter of X. The 7-exclusive sets of (/, X) are described as 
follows: 

[x if 7 ^ {!) c }> 

ex(/; 7 ) = < {l,a,6} if {c} C 7 C { 1 , c} 

I 0 otherwise. 

The filter { 1 } cannot be a 7-exclusive set ex(f) 7), since there is no 7 C U such that ex(f) 7) = 
{ 11 - 

Proposition 3.18. Let (/, X) be a uni-soft filter of a transitive B E-algebra X. The mapping 
7 : X — > X / /, given by y(x) := f x , is a surjective homomorphism, and K ery = {a; G X\y(x) = 

/i> = A'/. 

Proof. Let f x G X/f. Then there exists an element x G X such that y{x) = f x . Hence 7 is 
surjective. For any x,y G X, we have 


l{x *y) — fx*y = fx* fy = t(x) • 7 (y)- 

Thus 7 is a homomorphism. Moreover, Ker 7 = {or G X\y(x) = f±} = {a: G X\x f l} = {x e 
X\f(x) = /(!)} = X f . □ 


Example 3.19. Let E — A" be the set of parameters where X := {l,a,b,c,d, 0 } is a transitive 
HE-algebra [6] with the following Cayley table: 


* 

1 

a 

b 

c 

d 

0 

1 

1 

a 

b 

c 

d 

0 

a 

1 

1 

b 

c 

b 

c 

b 

1 

a 

1 

b 

a 

d 

c 

1 

a 

1 

1 

a 

a 

d 

1 

1 

1 

b 

1 

b 

0 

1 

1 

1 

1 

1 

1 


Let (/, A") be a soft set of A" over U defined as follows: 


/ : X -G &{U), x ha 


71 if a; G { 1 , b, c} 

72 if x G {a, d, 0 }, 


where 71 and 72 are subsets of U with 71 C y 2 - Then (/, A") is a uni-soft mighty filter over U. By 
Proposition 3 . 5 , it is a uni-soft filter over U. Then A 7 = {a; G X\f(x) = /(l)} = { 1 , b, c}. Define 
x y if and only if f{x*y) = f(y*x) = /( 1 ). Then fi = {x G X\x 1 } = {a: G X\f(x* 1 ) = 
/(l * x) = /( 1 )} = { 1 , b, c}, f a = {x G X\x a] = {x G X\ f(x * a) = /(a «) = /( 1 )} = {a}, 
fd = {xE X\x d} = {x G X\f(x * d) = f(d * x) = /(l)} = {d}, and f 0 = {xE X\x 0 } = 
{a; G X\ f(x * 0 ) = /( 0 * x) = /( 1 )} = { 0 }. Hence X/f = {/j, f a , f d , f 0 }. Let : X -A A"// be 
a map defined by 92(1) = ip(b) = 92(c) = /j, 92(a) = f a , 92(d) = f d , 92(0) = / 0 . It is easy to check 
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that (f is a homomorphism and Kenp = {x E X\ (p(x) = fi} = {i£ X\x f i} = {x e X\f(x) = 

fO)} = Xf- 

Proposition 3.20. Let p '■ X — > Y he an epimorphism of BE- algebras. If ( f,Y ) is a uni-soft 
filter ofY, then (/ o p,X) is a uni-soft, filter of X. 

Proof. For any x E X, we have (/ o p){x) = f(p(x)) D f(l Y ) = f(p( lx)) = (/ ° h)(lx) and 
(/ ° h)(y) — /(s(?/)) Q /(a *y fJt{y)) U /(a) for any a G Y. Let x be any preimage of a under /i. 
Then 

(/ o h)(i/) C/(a *y p(y)) U f(a) 

=f{p{x) *Y M) U f(v(x)) 

*x y))Uf(p(x)) 

=(f° p)(x * x y ) u (/ o p)(x). 

Therefore (/ o /i, A") is a uni-soft filter of X. □ 

Proposition 3.21. Let (/, X) be a uni-soft, filter of a transitive B E-algebra X. If J is a filter 
of X, then J / f is a Liter ofXjf. 

Proof. Let (/, A") be a uni-soft filter of X and let J be a filter of X. For any x * y, x G J, we 
obtain y G J . Hence for any f x • f y — f x * y , fx £ <// /, we have f y G J / f . Thus J / f is a filter of 
X/f. □ 

Theorem 3.22. Let (f,X) be a uni-soft, filter of a transitive BE-algebra X. If J* is a filter 
of a transitive BE-algebra X/f, then there exists a filter J = {x E X\f x G J*} in X such that 

j/f = r. 

Proof. Since J* is a filter of X/f, so f x »f y = f x * y , f x G J* imply f y G J* for any f x ,f y G J*. 
Therefore x * y,x E J imply y E J for any x,y E J. Therefore J is a filter of X. By Proposition 
3.18, we have 

J/f ={fj\j G J} 

={fj\3f x E J* such that j x} 

={fj\3f x E J* such that f x = j)} 

G J*} = J*- 


Theorem 3.23. Let. (/, A") be a uni-soft, filter of a transitive BE-algebra X. If J is a filter of 
X, then ^ = X/J. 

Proof. Note that = {[f x ]j/f\fx G X/f}. If we dehne ip : X /J- -E X/J by (p([f x ]j/f) = 


J/f 


J/f 


x\j = {y E X\x y}, then it is well defined. In fact, suppose that [f x \j/f = [f y ]j/f- Then 
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fx ~ J// f y and so f xsty = f x • f y G J/f. Hence x*y E J. Therefore x ~ J y, i.e., [x}j = 

X/ f 

Given [f x ] J/f , [f y \j/j G jjj, we have 

<P([fx]j/f • \fy\j/f) =( f([fx • }y]j/f) 

= [x*y\j = [x]j* [y\j 

=( f(.[fx}j/f)*v(.[fy}j/f)- 


Hence (p is a homomorphism. 

Obviously, p> is onto. Finally, we show that p> is one-to-one. If <p([f x ]j/f) = ( p([.fy]j/f)i then 
[x\j = [ ; y]j , i.e., x ~ J y. If f a E [f x \j/f, then f a ~ J /f f x and hence f a * x E <///. It follows that 
a * x E J, i.e., a x. Since ~ J is an equivalence relation, a ~ J y and so J a = J y . Hence 

a*y E J and so f a * y E J/f. Therefore f a ~ J// f y . Hence f a G [,/' y ]j//. Thus C [f y ]j/f. 

Similarly, we obtain [,/ y ] ._/// Q [,/x] .///• Therefore [/ x ] j// = [./'?/] j//- It is completes the proof. □ 
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INCLUSION RELATIONSHIPS FOR SOME SUBCLASSES OF 
ANALYTIC FUNCTIONS ASSOCIATED WITH GENERALIZED 

BESSEL FUNCTIONS 

K.A. SELVAKUMARAN, H. A. AL-KHARSANI, D. BALEANU, S.D. PUROHIT, AND K.S. NISAR 


Abstract. This paper introduces new subclasses of analytic functions and investigate 
the inclusion properties of these subclasses using the generalized Bessel functions of the 
first kind. We also derive a variety of special cases and corollaries of the main results. 


1. Introduction 

Let U = {z : z E C and \z\ < 1} be an open disk and let A be the class of functions 
/ of the form 

OO 

f(z) = z + «n+U n+ \ (1.1) 

71=1 

which are analytic in U and satisfy the following normalization condition: 

/( 0 ) = /'( 0 ) -1 = 0 . 

Let S subclasses of A containing all functions which are univalent, C is the close-to-convex, 
S*( a) starlike of order a and /C(a) is the convex of order a in U. For functions fj E A 
given by 

OO 

fj(z) = z + a n+i,j z n+1 , (j = 1, 2) 

n=l 

we state the Hadamard product of f\ and / 2 by 

OO 

(/l * I 2 ) [z) '■= Z + On+ 1,1 0>n+ 1,2 Z n+1 , (z E U) . 

71=1 

/ (z) is named subordinate to g (z) if 3 w(z) analytic in U in such a way that 

w(Q) — 0, \w(z)\ < 1 ( z ElA ) and f(z)=g(w(z )) ( z ElA ). 

and we write / (z) A g (z) . Let Ai be the class of analytic functions (p(z) in U with 

9?(0) = 1. We consider that S denote the subclasses of A containing all functions which 

are univalent, C is the close-to-convex, S*(a) starlike of order a and JC(a) denote the 
convex of order a in U. Using the subordination between analytic functions, now we 


2000 Mathematics Subject Classification. 30C45, 33C10, 30C80. 

Key words and phrases. Analytic functions; Starlike functions; Convex functions; Close-to-convex 
functions; Generalized Bessel functions. 
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define the subclasses of A for 0 < a, /3 < 1 and 92 , i\) G Af (cf., [4, 5, 9, 11]): 

S*(a; <p):= (f e A: ~ a] -< ip{z), z G u\ , 


1 - a V f(z) 

/C(a; p) := <J / G A : ^- 7 ; fl + - a ) ^ ^( 2 ), z ElA 


1 — a 


/'(*) 


and 

C(a,/3; <p,^) := |/ G Al : for some# G S*(a; 9 ?) s.t. ( jg(~) ~ ^ J ^ z G U 

clearly 

f{z) G /C(a; ip) zf'(z) G S*(a; p). 

The particular choices of p and if} yields the familier subclasses of A as: 

5* (a] =S*(a), 1C ( a; = JC(a) and C (o, 0 ; ] = C. 


. 1 -zj - - V”’ i-V V"’'’ 

Recently, Deniz et al. [7] gave the transformation <j>i t b, c (z) of generalized Bessel function 
of hrst kind of order l (cf. [ 1 ]): 

/ \ 2 Aj— |— Z 

M-g (1.2) 

by 


l,b,c 


r z) = 2 l r[i + 


b + 1 


z 1 1/2 Wi,b,c( z h 


00 f-c) fc z k+1 


= z 


£ 


6 ~h 1 

z/ = / H — — ^ Z 0 := {0, —1, —2, •••}), 


^4 fe -(z/) fc /c! 

where (A)*, represents the Pochhammer symbol given by 

(A )k = A(A + 1) (A + 2) • • • (A + k — 1) (fc G N := {1, 2, 3, • • • )} and (A)o = 1 
Subsequently, by using <f>i 7 b, c (z), Deniz [ 6 ] developed the operator Zg as follows: 


B c J(z) = <t>i, b , c (z) * f(z) = z + jr ( z E c )- 


clearly from (1.3), 


where 


^ 4 k • ( u) k k\ 

Z (BS+i/W)' = vBif(z) ~(v- 1 )Bl + J(z), 


(1.3) 


(1.4) 


, b + 1 

zz = / H — ^ Z 0 . 


Indeed, the operator Zg given by (1.3) provides an elementary transform of the generalized 
hypergeometric function, 


and 


B c J(z) = z 0 F! ( — ;z/; 2 ) * f(z) 

01/, c 2) = 20F1C — ; z/; 2). 
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In this article, we investigate several inclusion relationships for each of the following 
subclasses of A, associated with W k,b,c(z) ( see also [15], [16] and [17] for inclusion rela- 
tionships of various other function classes). Indeed, for c G C, v G M \ Zq , 0 < a, (3 < 1 
and p, if G J\f we define 

«S“(a; p) ■= {/ e A : B c J(z) G S*(a; ip), z eU}, 


f) ■■= {f cA: B c u f(z ) G IC(a ; p), zeW] 
^(a, /5; VO := {/ e A. : B c u f(z) e C(a, ft p,ij)), z eU}. 


Also, 


f(z) G /C£(a; p) zf(z) G S^(a; p). 


Particularly, we set 


1 I A y 

•^K(GrA) | =SZ(a;A,B;S), (0 < S < 1; -1 < B <A < 1) 


and 


1 + Bz 


ire i / 1 + Az 

K -<“ ; I TT& 


= /C£(a; A, B-, 5), (0 < 5 < 1; -1 < B < A < 1). 


We need the following results for the investigation of our inclusion properties. 


(1.5) 


Lemma 1. [8] Let f>(z) be analytic and convex univalent in U with 0(0) = 1 and 
Re{rj4>{z) + a} > 0 (r),a G C). If p(z) is analytic in U with p(0) = l, then the subordi- 


nation 

p{z) H <; (f>(z) (z G U) 

#) + d 


implies that 


p(z) -< 4>(z) (z G hi). 


Lemma 2. [12] Let h(z) be convex in U with h( 0) = 1. Let Q(z ) be analytic in U with 
Re{Q(z)} >0 (z £ Id). If q(z) is analytic in U such that q(0) = h( 0), then we have 

q(z) + Q(z)zq'(z ) -< h(z) (z G U) 


which implies that 


q(z) -< h(z) (z G U). 


2. The Main Inclusion Relationships 
Theorem 3. Let f G A, c G C, v G M. \ Zq and a + v > 1 (0 < a < 1). Then 

f G S c v (a\ p) => f G S* +1 (a; p) 

or equivalently, 

«S£(a; p) c 5® +1 (a; 9 ?) ( p G A/”). 

Proof. Let / G <S£(a; 93 ) and set 

1 ( z{B c u+l f(z))' 


q(z) = 


l-«\ B l+i f(z) 


— a 


( 2 . 1 ) 
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where q(z) is analytic in U with g(0) = 1. From (1.4) we get, 

Bif(z) z(Bt + J(z))' 


v- 


Bi + J(z ) 
By using (2.1) and (2.2), we have 


B Ui f( z ) 




B c J(z 


■yr = - [(1 — a)q(z) + a + v — l] . 


B i+i f( z ) v 


( 2 . 2 ) 


(2.3) 


Now, by applying logarithmic differentiation on (2.3), we get 

z(BU(zfj z(Bt + J(z))' (1 -a)zg'(z) 

BU(z. ' - • 

in view of (2.1), yields 

1 fz(B°f(z))' 


- a = q(z) + 


B t+if(z) (l-a)q(z) + a + v-l 
zq'(z) 


(z G U). (2.4) 


1 — a \ E>lf(z) ^ J ' iK ~ > ' (1 — a)q(z) + a + v — 1 

Finally, by applying Lemma 1 and (2.4), we have q(z) -< <p(z), hence / G S^ +1 (a; ip). □ 
Theorem 4. Let f G A, c G C, v G M \ Zq and a + u > 1 (0 < a < 1). Then 

f e £l(or, <p) =► / G /C£ +1 (a; p) 

or equivalently , 

/C^(a; 92) C /C“ +1 (a; p) (9? G A/”). 

Proof. Using (1.5) and Theorem 3, we have 

f(z) e KZ(or t ip) <*=► B c u f (z) G /C(a; ip) 

*=*z(Blf(z))' ES* (a; <p) 

(, zf\z))eS*(a ; p) 

z f\ z ) e p) 

=► z f( z ) e ^+i(«; p) 

<=►£^1 (. zf(z))eS*(a ; y>) 

^z(B c u+ 1 f(z))' eS*( a] ip) 

« £‘+i/(*) e £(a; ¥>) 
f(z) G /C(; +1 (a; p). 


□ 


If we take 


¥>(*) = 


1 + As 


^1 + 

in Theorems 3 and 4, then we obtain the corollaries as: 


W1<B<A<1;0<K1;zGM) 
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Corollary 5. Let f G A, c G C, u G M \ Z 0 and a + u > 1 (0 < a < 1). Then 

S*(a; A,B; 6) C S^ +1 (a; A,B;S) (-1 < B < A < 1; 0 < 8 < 1) 

and 

K, c v {a\ A, B; 8) C K, c v+1 {a\ A,B;8) (-1 < B < A < 1; 0 < 8 < 1). 

Theorem 6 . Let f G A, c G C, v G M \ Zq and a + v > 1 (0 < a < 1). Then 

f G C£(a,/3; <f,i />)=*►/ G C° +1 (a, (3\ (p,ip) 

or equivalently , 

CZ(<x,P; <P,ip) C C“ + 1 (a,/3; (0<a,/3 

Proof. Let / G C^(a,/3; 92 , -0). Then 3 a function (7 G S£(a; 

1 f . ( DC £ ( . \ 


< 1; 93, if G A/”). 
>£(a; 3 


T=p\ Bfg{z) -P) ( °- /3<1 ’ ZeW) - 


Now let 

1 f Z ( B l+lf(. Z ))' _ a \ 

Bi +l g(z) P )' 

where u(z) is analyt 

/ _ _ , , \ / _ / 


LV(Z) 

tic in U with 


(2.5) 


\ ' / 

u;(0) = 1. Making use of (1.4) we also have 

z(Blf(z))’ Bl(zf'(z)) 

B l<j( z ) B lg(z) 


V \ «/ \ / 

B u 9( z ) 

\B c v+l (zf\z))) ' + {u- 

( Dr / \ \ 


jjgg+i foffc)) 


^ 1 a. \ - V /// ' \ / Z/-I-1V «/ \ 

-(^+l^(-)) / + (^ - 1)5£+13(-) 

dc h (a/ 


- l) ?£±l 

B l+i g( z ) v B i+i 9{z) 


z { B u+i 9( z ))' 

B u+ 1 9(z) 


-1 


( 2 . 6 ) 


By Theorem 3, 
therefore, we set 


9 e Sl{a\ <p) => g G iS^ + 1 (a; p), 

^ = 1 f K^+i^))' 


1 - « y £S+is(*) 

where 3ft(i?(;z)) > 0 (z G U). Applying (2.5) and (2.7) into (2.6) we have 

z(ByM)' hBT.W'M))' ■ [BUiJW] -1 + (" - OK 1 -/3UW + /3| 


(2.7) 


B^g(z) (1 — a)d(^) + ck + n — 1 

The logarithmic differentiation of (2.5) gives 

A B UiW'M))' 


( 2 , 8 ) 


B i+ls( z ) 


— (1 - P)zuj'(z) + [(1 - a)P(z) + a] ■ [(1 - fi)uj(z) + 0], 
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which, in conjunction with (2.8), yields 
1 (z(BU(z))' 


/3 = u(z) + 


zu'(z) 


(1 — a)'d(z) + a + v — 1 


1 - P \ B c u g(z ) 

Since a + v > 1 and i9(z) -< (p(z) in U, 

3?{(1 — a)'d(z) + a + v — 1 } > 0 (z G U). 

Finally, by applying Lemma 2, we have u(z) -< ip(z), so that / G C£ +1 (a, /3; ip,f>). 


□ 


3. Inclusion Relationships Involving the Integral Operator F a 

The generalized Bernardi-Libera-Livingston integral operator F a (a > —1) (cf. [3, 10, 
13]) considered here and is defined by 

cr + 1 


Fa(f) := F a (f)(z) = 


t a 1 f(t)dt (/ eA-, <r> - 1 ). 


(3.1) 


Theorem 7 . Let f(z) G A, c G C, v G M \ Z 0 and a > 0. If f G «S£(a;; 92) (0 < a < 

1; 92 G A/”), t/ien F CT (/) G S^(a; ip) (0 < a < 1; 92 G A/”). 

Proof. Let / G S£(a; ip) and set 


q(z) = 


' z{B c v+l f(z))’ 


a 


l-« \ B c u+i f(z) 

such that q(z) is analytic in U with g(0) = 1. Utilizing (3.1) we obtain, 

Btm _ z(B‘ +1 f(z))' 


(3.2) 


v- 


Bi + J(z) BUJ(z) 
By using (3.2) and (3.3), we conclude that 


+ (*-l)- 


B c J(z 


:j X 

— = - [(1 - a)q(z) + a + v - l] . 


B t+if{z) v 

By applying logarithmic differentiation on (3.4), we get 

z(Blf(z))’ z(Bl + J(z))' (1 -a)zq'(z) 

BU(z ' - " ' 

in view of (3.2), yields 

1 (z(B‘J(z))' 


(3,3) 


(3.4) 


-a = q{z ) + 


B u+if(z) (l-a)q(z) + a + v-l 
zq'(z) 


(z G U). 


(3.5) 


1 — a \ B^f(z) ) (1 - a)q(z) + a + v - 1 

Finally, by applying Lemma 1 and (3.5), we have q(z) -< (p(z), hence / G S° +1 (a; ip). □ 

Theorem 8. Let f G A, c G C, v G M \ Zq and a > 0. If f G /C£(a;; 92) (0 < a < 
1; ip G A/”), t/ien F ff (/) G /C£(a; 92) (0 < a < 1; 92 G A/”). 
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Proof. Using (1.5) along with Theorem 7, we see that 

/ G KZ(a; ip) <*=► zf\z) G S£(a; 92 ) 

=► F a {zf\z)) G S°(a; v) 

^ 2 (F,(/)(*))'6% ¥>) 

<*=► i0(/)(*) G *£(«; ip). 


□ 


Following corollaries due to Theorem 7 and Theorem 8 given as: 


Corollary 9. Let f(z) G A, c G C, v G M \ Z 0 and a > 0. If f G S£(a; A, B ; 5) (0 

a < 1; — 1 < 7? < A < 1; 0 < <5 < 1), then F a (f) G S°(a; A, 77; 5) (0 < a < 1; — 1 

5 < A < 1; 0 < 5 < 1). 


Corollary 10. Let f(z) G A, c G C, v G M \ Z 0 and a > 0. If f G KP v [ol\ A, 77; <5) (0 

a < 1; — 1 < B < A < 1; 0 < <5 < 1), then F a (f) G /C£(a; A, B\ 6) (0 < a < 1; —1 

B < A < 1 ; 0 < 5 < 1 ). 

Theorem 11. Let f(z) G A, c G C, v G M \ ZT and cr > 0. If f G CUa,/3; 02 , if), then 
F ff (f) G C£(a,/3; y>,0) (0 < a, (3 < 1; p,f) G A/”). 


Proof. Let / G C£(a,/3; <p,0). Then, 3 5 - G 92 ) 9 


1 ( z{B:f(z))' 

l-(l[ B*g{z) 



P 0(2), 


(0 < /? < 1, zGM). 


Thus, we set 


<2W 


1 / AggWMt 

1-/0 BTo(9)W 


where < 5 ( 2 ) is analytic in 7/ and Q(0) = 1. The use of (3.3) results 


z(Btf(z))' 

B c v g(z) 


B c u {zf\z )) 

B c u g(z) 

z(B c u F a (zf(z))y + a B c u F a {zf\z)) 
z{BlF 0 {g){z))' + aBiF c {g){z) 

z(B^F a (zf'(z)))' BSF a [zf'(z)) 
BjF a {g)(z) ff_ U li°F a (y){z) 
z(Bf,F a (g)(z))' | 

B£Fa(g)(z) + a 


By Theorem 7, 


so that we can set 


g e «5“(a; <p) => 70(g) G «S£(a; p), 


7/(0 


1 


1 — a 


VgYU g)tO)' 
B i F As)(z) 



5 


(3.6) 


(3.7) 
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where Re(H(z)) >0 [z E IX). As parallel as the method used to prove the Theorem 6, 
from (3.6) and (3.7), we have 


1 ( z(Blf{z))' 

1 - P \ B c u g(z) 


Q ( z ) + 


zQ'(z) 

(1 — a)H(z) + a + a 


Hence, by using Lemma 2, we notice that Q(z) -< X( z ), so F a (f) G C£(a, (3; (p,X)- □ 


4. Remarks and Observations 

The study of inclusion relationships for some subclasses of analytic functions with 
yVi t b, c ( z ) permits the study of Bessel ( J v ( 2 )), modified Bessel (/„ ( 2 )) and spherical Bessel 
functions (j n ( 2 )) together. By specializing the parameters in the operator we obtain 
the following new operators associated with J v (z) , I v (z) and j n (z) (see, [2] and [ 6 ]): 

• Choosing 6 = c = 1 in (1.3) we get the operator Ji : A — > A associated with 
Ji (z) as: 

Jif(z) = (z) * f(z) = [2 l T(l + 1 )z 1 - l / 2 J l (z 1 ^)] * f(z) 

(~l) k ak+i z k+1 

2-s 4k(i + k \ 

• Taking 6 = 1 and c = — 1 in (1.3) we have J \ : A — > A associated with I t (z) as: 

hf(z) = i(z) * f(z) = [2 l T(l + 1 * f(z ) 

a k+ 1 * fc+1 

^4 fc (/ + l) fc k\ 

• Letting 6 = 2 and c = 1 in (1.3) we get Q 1 : A — » A associated with j t (z) as: 

Q lf(z) = <i>l, 2 ,l(z) * f(z) = n~ 1/2 2 l+1/2 r(l + 3/2 )z 1 ~ l/2 ji(z^) * f(z) 

_ (— l) fc afc+i Z k+1 

f^4 k (l + 3/2) k k\ ' 

Thus, our inclusion results (Theorems 3-6) can be applied with a view of deducing the 
following corollaries. 

Corollary 12. Let f E A, p G M \ Z - and a + p > 0 (0 < a < 1) . Then 

f g <Sp +1 («; V) =► / e s i+ 2(01 T) (T e ^0 

or equivalently , 

Jpf(z) G S*(a; cp) then f(z) G Sp +n (a; <p) (n G N \ {1}; (p G A/”). 

Corollary 13. Te 6 / G 4, p G R \ and a + p>0 (0 < a < 1) . Then 

/ e /Cj + 1 (a; ip) => f G /Cj + 2 (a; </?) (p G A/”) 

or equivalently , 

J P f(z) G /C(a; 9 ?) ihen /(*) G /Cj +n (a:; p) (n G N \ {1}; G A/”). 
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Corollary 14. Let f E A, p6M\Z and a + p > 0 (0 < a < 1) . Then 

f e Cp +1 (a,/?; ==► f e Cp +2 (a,/?; <^,0) (0 < (3 < 1; <p, 0 e AT) 

or equivalently , 

Jpf(z) e C(a,P ; y>,0) i/ien /(*) G Cp +n (a,0; tp,ip) (n e N\{1}; 0 < (3 < l; ip,ip E A/”). 

Finally, we remark that similar results can be obtained involving the operators I p and 

Q p by specializing the parameter in Theorems 3-6. We also remark that several other 

applications and corollaries of our main results (Theorems 3-6) can indeed be derived 

similarly. 
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Abstract 

In this paper, we introduce the notion of Suzuki generalized nonexpansive set- 
valued mappings from traditional Banach spaces to CAT(O) spaces. Moreover 
we discuss fixed point properties including the existence, A— convergence and 
strong convergence for this kind of mappings in complete CAT(O) spaces. 
Our results extend the results of B. Nanjaras [12] for the Suzuki generalized 
nonexpansive single-valued mappings. 
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1. Introduction 

In recent years, more and more classical fixed point theorems for single- 
valued nonexpansive mappings are extended by set- valued nonexpansive map- 
pings. As a result, fixed point theory for set- valued nonexpansive mappings 
get rapid development [see [ 6 - 10 ]]. 

In 2008, Suzuki [11] brought in a new kind of mappings which was called 
satisfying the condition (C) in Banach spaces. In 2010, B. Nanjaras, B. 
Panyanak and W. Phuengrattana [12] established fixed point theorems for 
the mappings satisfying the condition (C) in CAT(0) spaces. In 2011, Abkar 
and Eslamian [14] gave the definition of set- valued mappings for the condition 
(C) and then they proved the existence of fixed point in uniformly convex 
Banach spaces [13]. 

Let (A", d ) be a metric space. A geodesic path joining x G X to x' G A" is 
a map c from a closed interval [0, h ] C K to 1 such that c(0) = x , c(h ) = x' 
and <:(/')) — \l — l'\, for all /, l 1 G [0, h\. In particular, c is an isometry 

and d(x, x') = h. The image 7 of c is called a geodesic (or metric) segment 
joining x and x' denoted by [x, x'] whenever it is unique. The space (A, d) is 
said to be a geodesic space if every two points of X are joined by a geodesic, 
and X is said to be uniquely geodesic if there is exactly one geodesic joining 
x and x' for each x,x' G X. 

A geodesic space is said to be a CAT(0) space if the following CAT(0) 
inequality 

d (z, Xl ® X2 ^j < ld(z, aq ) 2 + ^d(z, x 2 ) 2 - ^d(x u x 2 ) 2 

satisfies for all 27 , 27 , z G X. This is the (CN) inequality of Bruhat and Tits 
[l](More details spaces see [2]). 

Lemma 1.1. Let (X ,d) be a CAT(0) space. 

(i) [3, Lemma 2.1 (iv)] For each xi, x 2 G X and a G [0,1], there exists a 
unique point y G [ 27 , 2 : 2 ] such that 

d{ 27 , y) = ad(xi, x 2 ), d(x 2 , y) = (1 - a)d(xi, x 2 ). 

Denote y = (1 — 01)27 © cur 2 in the above equations conveniently . 

(ii) [3, Lemma 2.4] For each 27 , 27 , y G X and a G [0,1]. We have 

d((l — a)xi © ax 2 ,y) < (1 — a)d(xi,y) + ad(x 2 , y). (1.1) 

2 
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Obviously, Lemma 1.1. shows the convexness of CAT(O) spaces. 


Lemma 1.2. ([4, Lemma 2.5]) Let (X,d) be a CAT(O) space. Then 
d((l — t)x © ty, z) 2 < (1 — t)d(x , z ) 2 + t d(y, z) 2 — t( 1 — t)d(x , y) 2 
for all t G [0, 1] and x, y, z G X . 


Let {x n } be a bounded sequence in a CAT(O) space X. 
set 


r(z, {a; n }) = limsup d(z, x n ). 

n— >oo 


For z G X, we 


The asymptotic radius r({x n }) of {x n } is given by 

r({x n }) = inf{r(z, {x n }) : z G X}. 

The asymptotic radius r D ({a; n }) of {x n } with respect to D C X is given by 
r D ({ar n }) = inf {r (z, {a©}) : z G D} . 

The asymptotic center A({x n }) of {x n } is the set 

A (i x n}) = {z G X : r(z, {x n }) = r({x n })}. 


And the asymptotic center A D ({x n }) of {x n } with respect to D C X is the 
set 

A D ({x n }) = {z G D : r(z , {a: n }) = r({x n })}. 

ft follows from [5, Proposition 7]) that A({a: n }) consists of exactly one 
point in a CAT(O) space. In 1976, Lim [1] introduced the concept of A— con- 
vergence in a general metric space. In 2008, Kirk and Panyanak [4] brought 
in A— convergence to CAT(0) spaces and proved that there is an analogy 
between A— convergence and weak convergence. 


Definition 1.3. ([2]) A sequence {x n } in a CAT(0) space X is said to A- 
converge to x G X if x is the unique asymptotic center of {u n } for every 
subsequence {u n } of {x n }. In this case, we write A — lim, woo x n = x and 
call x the A-limit of {x n }. 

Lemma 1.4. ([, 2]) If D is a closed convex subset of a complete CAT(0) space 
and if {x n } is a bounded sequence in D , then the asymptotic centerasymptotic 
center of {x n } is in D. 
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Lemma 1.5. ([2]) Every bounded sequence in a complete CAT(O) space al- 
ways has a A. -convergent subsequence. 

Lemma 1.6. ([4]) If {x n } is a bounded sequence in a complete CAT(O) space 
with A({x n }) = {p}, {u n } is a subsequence of {x n } with A({u n }) = {u}, and 
the sequence {d(x n ,u)} converges, then p = u. 

The purpose of this paper is to bring in the concept of Suzuki generalized 
nonexpansive set- valued mappings in CAT(O) spaces. Then we shall prove 
a common fixed point theorem for commuting pairs consisting of a single- 
valued and a set-valued mapping both satisfying the condition (C) which is 
analogous to the results in Banach spaces [13]. Furthermore, we also establish 
A— convergence and strong convergence of Mann iteration in CAT(O) spaces. 

2. Preliminaries 

Let D be a nonempty subset of a CAT(O) space A". We denote by B(D ) 
the collection of all nonempty bounded closed subsets of D and C(D) the 
collection of all nonempty compact subsets of D. Suppose H is the Hausdorff 
metric with respect to d, that is, 

H ( U , V) := max < sup dist ( u , V) , sup dist ( v , U) > , U,V G B (A") 

[ueu vev J 

where dist ( u , V) = inf„ e yd (u, v ) is the distance from the point u to the set 
V. 

Let T : X — > 2 X be a set-valued mapping. If an element x e X satisfies 
x £ Tx, then x is called a fixed point of T. The set of fixed points of T is 
denoted by Fix(T). 

Definition 2.1. A set- valued mapping T : X — >■ B (X) is 

(i) nonexpansive provided 

H (Tx, Ty) < d (x, y ) , x,y <E X; 

(ii) quasi nonexpansive if Fix (T) ^ 0 and 

H (Tx,p) < d{x,p ) , x G X, 

for all p G Fix (T). 
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Definition 2.2. A set- valued mapping T : X — > B (X) is called to satisfy 
the condition (C) if 

-dist (. x , Tx) < d (x, y ) implies H (' Tx , Ty) < d (x, y) 
for all x, y G X. 

This kind of set-valued mappings satisfying the condition (C) can be called 
Suzuki generalized nonexpansive as well. 

Proposition 2.3. Suppose a set-valued mapping T : X — >• B (X) satisfies 
the condition ( C ) with the nonempty fixed point set. Then T is a quasi- 
nonexpansive set-valued mapping. 

Theorem 2.4. ([12, Theorem f.l]) Suppose D is a nonempty bounded closed 
convex subset of a complete CAT(O) space X and t : D — >• D is a mapping 
which satisfies the condition (C). Then F(t ) is nonempty in D. 

Corollary 2.5. ([12, Corollary f-2]) Suppose D is a nonempty bounded 
closed convex subset of a complete CAT(O) space X and t : D — >• D is a 
mapping which satisfies the condition (C). Then F(t ) is nonempty closed, 
convex and hence contractible. 

Definition 2.6. Suppose D is a nonempty bounded closed convex subset of 
a CAT(O) space X. Let t : D — >• D and T : D — >• B(D) be a single-valued 
mapping and a set-valued mapping respectively. Then t and T are said to 
be commuting mappings if for every x,y G D such that x ETy and ty G D , 
we have tx G Tty. 

Definition 2.7. A set- valued mapping T : X — >■ B (X) is said to satisfy the 
condition (E^) provided that 

dist (x, Ty) < pdist (x, Tx) + d(x,y ) , x, y G X. 

We say that T satisfies the condition (E) whenever T satisfies (E tl ) for some 

H > 1. 

Proposition 2.8. Let T : X — >• B (X) be a set-valued mapping which satis- 
fies the condition (C). Then T satisfies the condition (E 3 ). 
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PROOF. Given x G X. Since for any z G Tx, 

dist(x,Tx) < d(x,z) 

then 

1 1 

- dist(x,Tx ) < - d(x,z ) < d(x,z). 
From our assumption, we have 

H(Tx,Tz ) < d(x,z) 


( 2 . 1 ) 


( 2 . 2 ) 


for any x G X and z G Tx. Then for x,y G X and z G Tx either 
\ dist(x,Tx ) < d(x,y ) or \ H(Tx,Tz ) < d(y,z) holds. On the contrary, 
together with (2.1) and (2.2), we get 

d(x,z) < d(x,y) + d(y, z) 

1 1 

< -dist(x,Tx) + -H(Tx,Tz) 

1 1 

< -d(x, z) + -d(x, z) 

= d(x, z) 

which is a contradiction. 

Case I. \ dist(x,Tx ) < d(x,y) holds. 

From the above hypothesis, we can obtain H(Tx,Ty) < d(x,y) by the 
condition (C). Hence, 

dist(x,Ty ) < dist(x,Tx) + H(Tx,Ty) 

< dist(x,Tx) + d(x,y) 

< 3 dist(x,Tx) + d(x,y). 

Case II. | H(Tx,Tz ) < d(y, z)holds. Then, 


- dist(z,Tz ) < - sup dist (u, Tz) 


uSLTx 


< -max{ sup dist ( u,Tz ) , sup dist (v, Tx)} 

2 u£Tx veTz 

= \h(Tx,Tz) 

< d(y,z). 


6 


96 


Jing Zhou et al 91-104 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


From the assumption, we have 

H(Ty,Tz) < d(y,z). (2.3) 

Together with (2.1), (2.2) and (2.3), we can obtain 

dist{x,Ty) < dist(x,Tx) + H(Tx,Ty) 

< dist(x,Tx) + H(Tx,Tz) + H(Tz,Ty) 

< d(x, z) + d(x, z) + d(y, z) 

< 2d(x, z) + d(x, y) + d(x, z) 

= 3 d(x, z) + d(x,y). 

Because this is applied for any z £ Tx, we get 

dist(x, Ty) < 3 dist(x, Tx) + d(x, y). 

By overall consideration, T satisfies the condition (E 3 ). □ 

Lemma 2.9. ([12, Lemma 2.5]) Let {x n }, {y n } be bounded sequences in a 
CAT(O) space X and let {a n } G [0, 1) such that a n = oo and lim sup n a n 
< 1. Suppose that x n+1 = a n y n © (1 - a n ) x n and d (y n +i,y n ) < d (x n+ i, x n ) 
for all n G N. Then 

lim d(x n ,y n ) = 0. 

n— > oo 

3. Fixed point properties of Suzuki generalized nonexpansive set- 
valued mappings 

In this section, we denote by D a nonempty bounded closed convex subset 
of a complete CAT(O) space X. Firstly, we shall discuss the existence of a 
common fixed point. 

Theorem 3.1. Let t : D — >• D and T : D — >■ C(D) be a single-valued 
mapping and a set-valued mapping respectively. If both t and T satisfy the 
condition ( C ) and in the meantime, they are commuting, then they have a 
common fixed point, that is, there exists a point z G D such that z = tz G Tz. 

PROOF. By Theorem 2.4 and Corollary 2.5, we know that the mapping t has 
a fixed point set Fix{t) which is a nonempty closed convex subset of X. Let 
p G Fix(t). As t and T are commuting, we have tq G Ttp = Tp for each 
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q E Tp. Therefore, Tp is invariant under t for each p E Fix(t). Since Tp is 
a bounded closed convex subset of X, we can obtain that t has a fixed point 
in Tp. Hence, Tpf) Fix(t) 7 ^ 0 for p E Fix(t). 

Take X\ E Fix(t). Because Txif)Fix(t) 7 ^ 0, we are able to select 
Hi E Tx 1 P| Fix(t). Define x 2 = \{x\ + Vi)- Due to the fact that Fix(t ) is a 
convex set, we have x 2 E Fix(t). Let y 2 E Tx 2 be selected as follows 


d(yi,y 2 ) = dist(yi,Tx 2 ). 

Since \d{y\, tyi) = 0 < d(yi,y 2 ), from the assumption, we know 

d(yi,ty 2 ) = d(ty 1 ,ty 2 ) < d(j/i,y 2 ). 


Note that ty 2 E Tx 2 , hence, there comes a contradiction. Therefore, y 2 E 
Fix{t). In such a way, we can find a sequence {x n } in Fix(t ) such that 

1. 

x n+1 = -{x n + y n ), n > 1 

where y n E Tx n f]Fix(t ) and d(y n -i,y n ) = dist(y n -i, Tx n ). Therefore, by 
Lemma 1.1. (i) we get 

2 d{xm yn) d(x n , x n +i) 

from which we can conclude 

^ dist(x n ,Tx n ) < ^ d(x n ,y n ) = d(x n ,x n+1 ), n > 1. 


Hence, 


H{Tx n , Tx n+ 1 ) < d(x n , x n+1 ), n > 1 


which implies 


d(j/n,J/»H-i) = dist(y n ,Tx n+l ) < H(Tx n ,Tx n+1 ) < d(x n ,x n+1 ). 


We now apply Lemma 2.9. to obtain that 

lim d(x n ,y n ) = 0 

n— >• 00 

where y n E Tx n , i.e., we hnd an approximate fixed point sequence for T in 
Fix(t). 
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Assume that z = A({xn}). By Lemma 1.4. we know that z G Fix(t). 
For each n > 1, we choose z n eTz such that 


d(y n , z n ) = dist(y n ,Tz). 

Because lim n -+ 00 d{x n ,y n ) = 0, there exists no such that 

d(x n , y n ) < d(x n , z), n> n 0 . 

This implies that 

1 

- dist(x n ,Tx n ) < d(x n , z), 

and hence, 

H(Tx n ,Tz ) < d(x n ,z), n > n 0 . 

Therefore, 

d{y n ,z n ) < H(Tx n ,Tz ) < d(x n ,z), n > n 0 . 
As \d(y n ,Ty n ) = 0 < d(y n , z n ) for each n > 1, we get 

d(y n , tz n ) = d(ty n ,tz n ) < d(y n ,z n ). 


Since z G Fix(t ) and G Tz, by the fact that the mappings t and T are 
commuting, we can obtain that tz n G Ttz n = Tz. Now by the uniqueness of 
z n as the nearest point to y n , we get tz n = z n G Fix(t). 

As Tz is compact, the sequence { z n } has a convergent subsequence {z nk } 
with lim z nk = z* eTz. Because z nk G Fix(t) for all n, and Fix(t ) is closed, 

k—t OO 

we can obtain that z* G Fix{t). Take the subsequence {x nk } of {x n } and 
{y nk } of {y n }, we have 

d(x nk ,z*) <d(x nk ,y nk )+d(y nk ,z nk ) + d(z nk ,z*) (3.1) 


and for all n k > n 0 , 

d(yn k ,Zn k ) < d(x nk ,z). 

Letting k — > oo and taking superior limit on the both sides of (3.1), we have 


lim sup d(x nk , z*) < lim sup d(x Uk ,z). 

k^-oo k—> oo 

By the uniqueness of asymptotic centers, this shows z = z* G Tz and hence 
z = tz E Tz. □ 


9 


99 


Jing Zhou et al 91-104 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Corollary 3.2. Let t : D — > D and T : D — >• C(D) be a single-valued 
mapping and a set-valued mapping respectively. Assume that t and T are 
commuting mappings. Then there exists a point z G D such that z = tz G Tz. 

Corollary 3.3. Suppose T : D — >• C(D) is set-valued mapping which satis- 
fies the condition (C). Then T has a fixed point. 

We will prove A— convergence and strong convergence theorems in the 
following. Before that, we discuss some Lemmas which will be used in the 
main proofs. 


Lemma 3.4. Suppose T : D — >• C (D) is a set-valued mapping which satisfies 
the condition (C). Define a sequence {x n } by x\ G D and 


Xn+l (1 C^n) X n © a n y n , Oln C 

where y n G Tx n such that d (y n _i, y n ) = dist (y n _ 1 

lim dist (Tx n ,x n ) = 0. 

n— >oo 



, n > 1 
. Then 


PROOF. It follows from Lemma 1.1. (i) that for every natural number n > 1 

\ dist (I “' Tl " ) s Tx ^ ^ “" d (x - x ^ ] 

From our assumption, we get 


H(Tx n ,Tx n+1 ) < d(x n ,x n+1 ) , n > 1. 


Hence 

d (y n , Vn+ 1 ) = dist (y n , Tx n+1 ) < H (' Tx n , Ta; n+ i) < d (x n , x n+1 ) , n > 1. 

We can conclude that lim^oorf (x n ,y n ) = 0 where y n G Tx n by Lemma 2.9., 
i.e., lim^oodist (Tx n ,x n ) < lim 

n— >• oo d(®n,J/n)=0 □ 

Lemma 3.5. Suppose T : D — >■ C (D) is a set-valued mapping which sat- 
isfies the condition (C). Define a sequence {rr n } as in Lemma S.fi Then 
lim rwoc d (. x n ,p ) exists for all p G Fix (' T ). 
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PROOF. By Theorem 3.1. F(T) is nonempty. Take p G Fix(t ), by Lemma 
1.2. and Proposition 2.3. we have 


d 2 {x n+ i ,p) 


This entails 


< (1 - a n )d 2 (x n ,p ) + a n d 2 (y n ,p ) - a n ( 1 - a n )d 2 (x n ,y n ) 

^ (1 OLn)d [x n ^ p) T ot n H ( Tx n , Tp) o n (l G n )d (x n ^ y n ) 

^ (1 C^n)d' J [x n ^ p) T Oi n d {x n , p) Gin (1 G n ) d (x n , Pn) 

= d 2 (x n ,p) — G n (l — a n )d 2 (x n , y n ). 

d 2 (x n+ i ,p) < d 2 (x n ,p) . 


Therefore, d(a; n+ i,p) < d(x n ,p ) for all n > 1 which implies {d(x n , p)}^ =1 is 
bounded and decreasing. Hence, lim„_ 5 . 0 od ( x n ,p ) exists for each p G Fix(T). 
□ 


Lemma 3.6. Let T : D — >• C(D) 6e a set-valued mapping which satisfies the 

condition (C). If {x n } is a sequence in D such that dist(Tx n ,x n ) — >• 0 and 

A— converges to some u e X. 27ien ca G D and ca G Too. 

PROOF. We first note that ca G D by Lemma 1.4. For each n > 1, we 

select c a n G Tea such that d{x n ,co n ) = dist(x n ,Tu). By the compactness of 
Tea, there exists a subsequence {ca nfc } of {ca n } such that {c a nfc } — > ca* G Tea. 
Taking the subsequence {x nk } of {i„}, it follows from Proposition 2.8. that 

dist(x nk ,Tu ) < 3 dist(x nk ,Tx nk ) + d(x nk ,uj). 

Note that 


d(x nk ,(-v ) A d(x n k > k-Nfc ) + °^( w n k j w ) 

< 3 dist(x nk ,Tx nk ) + d(x nk ,iv ) + d(ca nfc ,cu*). 

Letting k — > oo and taking superior limit on the both sides of the above 
inequation, we have 

lim sup d(x nk , ca*) < lim supd(:r nfc ,ca). 

/c — S'-OO fc— >■ OO 

By the uniqueness of asymptotic centers, we have ca = ca* G Tea. □ 

Theorem 3.7. Let T : D — » (7(D) fre a set-valued mapping which satisfies 
the condition (C). Define a sequence {x n } as in Lemma 3.f. Then {x n } 
A-converges to a fixed point ofT. 
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PROOF. By Lemma 3.4., Wm^^dist ( Tx n ,x n ) = 0. Now we prove that 

W u {x n ) := U A({p n }) C Fix (T) (3.2) 

{£tn} C{x n } 

and Wu(x n ) consists of exactly one point. 

In fact, let /x G W u (x n ), then there exists a sequence {/ i n } of { x n } such 
that A({/i n }) = {/x}. By Lemma 1.4. and 1.5., there exists a subsequence 
K} of {/x n } such that A — lim, woo z/„ = v G D. Since lim^godisi (' Tv n , z/ n ) = 
0, then i/ G Fix (T) by Lemma 3.6. and lim^ood (x n , v) exists by Lemma 
3.5. By Lemma 1.6. /x = u. This implies that W u (x n ) C Fix (T). 

Next we prove that W u (x n ) consists of exactly one point. Let {/x n } be a 
subsequence of {, x n } with A({/x n }) = {//} and let A({x n }) = {x}. Since /i G 
Wjx n ) C Fix (T), from Lemma 3.5. we know that {d (x n , /i) } is convergent. 
In view of Lemma 1.6, x = /x. □ 

Finally, we shall give the strong convergence for Suzuki generalized non- 
expansive set-valued mappings in complete CAT(O) spaces. 

Theorem 3.8. Suppose D is a nonempty compact convex subset of a com- 
plete CAT(O) space and T : D — >■ C(D) is a set-valued mapping which satis- 
fies the condition (C). Define a sequence {x n } as in Lemma S.fi Then {x n } 
converges strongly to a fixed point of T . 

PROOF. By Lemma 3.4., lim^oodisf (Tx n , x n ) = 0. Since D is compact, 
there exists a subsequence {x nfc } of {x n } such that x nk — >■ z for some z G D. 
By Proposition 2.8., we have 

dist(z,Tz ) < d(z,x nk ) + dist(x nk ,Tz) 

< d(z, x n J + 3 dist(x nk , Tx n J + d{x nk , z) 

= 2d(z,x nk ) + 3dist(x nk , Fx nfc ) . 

Letting k — * cxo, we have z G Fix(T). Since {x nfc } converges strongly to z 
and lim^oorf (x n , z) exists, we can conclude that {x ni J converges strongly 
to z. □ 
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WEIGHTED COMPOSITION FOLLOWED AND 
PROCEEDED BY DIFFERENTIATION OPERATORS 
FROM ZYGMUND SPACES TO BERS-TYPE SPACES 

JIANREN LONG AND CONGLI YANG 

Abstract. In this paper, we investigate boundedness and compactness 
of the weighted composition followed and proceeded by differentiation 
operators from Zygmund spaces to Bers-type spaces and little Bers-type 
spaces. Some sufficient and necessary conditions for the boundedness 
and compactness of these operators are obtained. 


1. Introduction 

Let A = {z : \z\ < 1} be the open unit disc in the complex plane C, and 
let H( A) be the class of all analytic functions on A. 

Assume that y is a positive continuous function on [0,1), having the 
property that there exist positive numbers s and t, 0 < s < t, and S G [0, 1), 
such that 

jjb(v\ 

— — - is decreasing on [5, 1), lint — = 0, 

(1 — r) s r-> >1 (1 — r) s 

u(r ) . . . .. . air) 

— is increasing on o, 1), lim — = oo. 

(1 — ry m l (1 — ry 

Then // is called a normal function (see [6], [18]). 

An analytic function / on A is said to belong to the Bers-type space, 
denoted by H if 

II/IIh- = sup fl(\z\)\f(z)\ < oo, 

zeA 

and it is said to belong to the little Bers-type space H^ 0 if 

lim fi(\z\)\f(z)\ = 0. 
bKi 

It is clear that both H™ and H^ 0 are Banach spaces with the norm 
|| • || h™, and H™ 0 is a closed subspace of H™. When /i = 1, the space 
is just H°°, which is defined by 

H°° = {/ G H( A) : H/IU = sup \f(z)\ < oo}. 

zeA 

2010 Mathematics Subject Classification. Primary 47B38; Secondary 30H05. 

Key words and phrases. Zygmund spaces, Bers-type spaces, Weighted composition 
followed and proceeded by differentiation operators, Boundedness, Compactness. 
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See [25] for more about Bers-type space. 

An / in H( A) is said to belong to the Zygmund space, denoted by Z, if 
|/( e i(m)) + ^( e <(«-h)) _ 2f(e id )\ 


snp 


h 


< oo, 


where the snpremum is taken over all e l6 E <9A and h > 0. By Theorem 5.3 
in [2], we see that / G Z if and only if 


= \m\ + \r 


+ sup(l-\z\ 2 )\f"(z)\<oo. 

zG A 


ft is easy to check that Z is a Banach space under the above norm. For 
every f E Z, by using a result in [9], we have that 

\f(z)\ <C\\f \\ z ln 6 


1 — \z\ 2 ' 

Let Z 0 denote the subspace of Z consisting of those f E Z for which 

,lim (l - \z\ 2 )\f"(z)\ = 0. 

M-n 

The space Z 0 is called the little Zygmund space. 

Let p be a nonconstant analytic self-map of A, and let <fi be an analytic 
function in A. For / G H{ A), we define the linear operators 

(pC v Df = <j>{f'op) = </>f((p) 

and 

(pDC^f = <f>{fop)' = . 

They are called weighted composition followed and proceeded by differen- 
tiation operators respectively, where C v and D are composition and dif- 
ferentiation operators respectively. Associated with p is the composition 
operator C v f = f op and weighted composition operator <f>C^f = cj)f o p 
for cj) E H( A) and / G H{ A). It is interesting to provide a function the- 
oretic characterization for p inducing a bounded or compact composition 
operator, weighted composition operator and related ones on various spaces 
(see, e.g., [1, 3, 10, 15, 17, 19-21, 23-24, 26]). For example, it is well known 
that C !f is bounded on the classical Hardy, Bloch and Bergman spaces. Op- 
erators DC V and C V D as well as some other products of linear operators 
were studied, for example, in [5, 7-8, 11, 13, 16, 22] (see also the references 
therein). There has been some considerable recent interest in investigation 
various type of operators from or to Zygmund type spaces (see, [4, 9-12, 
27]). 

In this paper, we investigate the operators (f)DC v and (ftC^D from Zyg- 
mund spaces to Bers-type spaces and little Bers-type spaces by using the 
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similar ways in [14] . Some sufficient and necessary conditions for the bound- 
edness and compactness of these operators are given. 

Throughout this paper, constants are denoted by C, they are positive 
and may differ from one occurrence to the other. The notation A ph B 
means that there is a positive constant C such that ^ <A<CB. 

2. Main results and proofs 

In this section, we state and prove our main results. In order to formulate 
our main results, we quote several lemmas which will be used in the proofs 
of the main results in this paper. The following lemma can be proved in a 
standard way (s ee,e.g., Proposition 3.11 in [1]). Hence we omit the details. 

Lemma 2.1. Let p> be an analytic self-map of A, (f) be an analytic function 
in A. Suppose that /i is normal. Then <f)DC v (or 4>C V D):Z (or Z 0 )^- Hff 
is compact if and only if (pDC^ (or 4)C^D):Z (or Zq)—}H™ is bounded and 
for any bounded sequence {f n }neN in Z (or Zq) which converges to zero 
uniformly on compact subsets of A as n — * oo, and \\(fDC v f n \\H ^— * 0 (or 
\\f>C^D f n \\ H cx ,— * 0) as n — * oo. 

Lemma 2.2. A closed set K of is compact if and only if it is bounded 
and satisfies 

(2.1) lim sup/i(|z|)|/(z)| = 0. 

pH 1 fe k 

Proof. First of all, we suppose that IK is compact and let £ > 0. By the 
definition of Hff 0 , we can choose an |-net which center at /i, / 2 , • • • , f n in IK 
respectively, and a positive number r ( 0 < r < 1), such that p(\z\)\fi(z)\ < 
|, for 1 < i < n and \z\ > r. If / e IK, \\f — fi\\H° ° < f for some fi, so we 
have 

p{\z\)\f(z)\ < \\f ~ fi\\H°° + (i(\z\)\fi(z)\ <£, 
for \z\ > r. This establishes (2.1). 

On the other hand, if IK is a closed bounded set which satisfies (2.1) 
and {f n } is a sequence in IK, then by the Montel’s theorem, there is a 
subsequence {f nk } which converges uniformly on compact subsets of A to 
some analytic function /. According to (2.1), for every £ > 0, there is an r, 
0 < r < 1, such that for all g G IK, /i(\z\)\g(z)\ < |, if \z\ > r. It follows that 
MM)I/(a>I < f, if \z\ > r. Since {f nk } converges uniformly to / on \z\ < r, 
it follows that Hindoo sup ||/ nfe - f\\ H ™ < e, i.e lim^oo \\f nk - f\\ H ™ = 0, 
so that IK is compact. □ 
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Theorem 2.3. Let be an analytic self-map of A, and <f be an analytic 
function in A. Suppose that p is normal. Then the following statements are 
equivalent. 

(i) (fiDCp : Z — > is bounded; 

(ii) <fDC v : Zq — > Hf° is bounded; 

(iii) 

(2.2) sup/j(|z|)|0(*y(z)|]n- 6 < oo. 

zeA l-\g)(z)\ 2 

Proof. (i)=^(ii). This implication is obvious. 

(ii)=>(iii). Assume that (j)DC v \Z 0 — * Hff is bounded, i.e., there exists a 
constant C such that 


MDCvfWH- < c\\f\\z 

for all / G Zq. Taking the function f(z) = z G Z 0 , we get 
(2.3) supp(\z\)\(j)(z)<p'(z)\ < oo. 

zeA 


Set 

h(z) = (z- 1)[(1 + In + 1] 

and 


(2.4) 


h(az) 

h n (z ) = — — (In 


\-i 


a ' 1 — | a | 2 

for a G A \ {0}. It is known that h a G Zq (see [9]). Since 

1 1 


^) = (ln-^) 2 (ln-- r ^)- 1 , 
1 — az 1 — \ar 


(2.5) 

for | (/?( A) | > we have 

C\\(f>DC (p \\z 0 ^H°° > \\f>DC v h^x)\\H™ > A t (|A|)|0(A)(^ , (A)| In ^ _ |(p(A)| 2 ' 
Hence, we have that 


(2.6) sup /y(|A|)| 0(A)<^ , (A)| In < oo. 

\vW\H i-I^WI 2 

On the other hand, from the inequality (2.3) we have that 

(2.7) 

sup //(|A|)|<£(A)p'(A)|ln- 7~~7TT[2 < sup/z(|A|)|0(A)p'(A)| In | < oo. 

| V (A)|<§ 1 — l^(A)| 2 AeA 3 

Hence, from (2.3), (2.6) and (2.7), we obtain (2.2). 
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(iii)=>(i). Assume that (2.2) holds. Then, for every f E Z, we have 

^i(\z\)\((j)DC^f)(z)\ = MMM*M*)/'(p(*))I 

(2-8) < C n{\z\)\<t>{z)<p' {z)\\v. 1 _ ^ ( ^ )|2 \\f\\z- 

Taking the supremum in (2.8) for z E A, and employing (2.2), we deduce 
that (j)DC v : Z -E H is bounded. The proof of Theorem 2.3 is completed. □ 


Theorem 2.4. Let tp be an analytic self-map of A, and <f be an analytic 
function in A. Suppose that /./ is normal. Then the following statements are 
equivalent. 

(i) fDC^ : Z — * Hff is compact; 

(ii) fDCf : Z 0 — > Hf° is compact; 

(iii) (j)DC v : Z — » is bounded, and 


(2.9) 


lim u(\z\)\(j)(z)<p'(z)\\n- 

\r{z)\^i l-lvA^Or 


0. 


Proof. (i)=4»(ii). This implication is clear. 

(ii)=^(iii). Assume that fDC^.Zo — > Hf° is compact. Then it is clear 
that (pDC^'.Zo — > Hff is bounded. By Theorem 2.3 we know that fDC v :Z 
— > is bounded. Let (z n ) ne ^ be a sequence in A such that \p(z n )\ — > 1 

as n — * oo and (p(z n ) ^ 0, n E N (if such a sequence does not exist then 
(2.9) is vacuously satisfied). Set 


( 2 . 10 ) 


hJz) = h MM( In. 


)"\ n E N. 


<f(z n ) ' l-|^(^n)| 2 ' 

Then from the proof of Theorem 2.3, we see that h n E Z 0 for each n E N . 
Moreover h n — > 0 uniformly on compact subsets of A as n — » oo and 

Since fDC^-.Zo Hff is compact, by Lemma 2.1, we have 


lim WfDC^hnWn^ = 0. 

n— »oo ^ 

Hence, 

(2.11) lim p(\z n \)\(j)(z n )(p' (z n ) \ In 1 = 0. 

rwoo l -|<^(^ n )| 2 

From (2.11) easily follows that lim^oo /x(|^ n |)|0(^ n )93 / (^ n )| = 0, which alto- 
gether imply (2.9). 

(iii)=^(i). Suppose that fDC^.Z — > Hf° is bounded and that conditions 
(2.9) holds. From Theorem 2.3, we know that 


(2.12) C = siip/i(|z|)|0(;j)<£> / (£)| < oo. 

z6A 
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By the assumption, for every e > 0, there is a 5 G (0, 1), such that 

(2.13) In 1 _ < g, 

whenever 5 < \<p(z)\ < 1. 

Assume that ( fk)keN is a sequence in Z such that swp keN ||/fc||^ < L 
and f k converges to 0 uniformly on compact subsets of A as k — * oo. Let 
K — {z e A : |</>(z)| < 5}. Then by (2.12) and (2.13), we have that 

SU P f J '{\z\)\{4’DC ip f k )(z)\ = sup fi(\z\)\</>(z)<f/(z)f , k (<p(z))\ 

z€ A z£A 

<svtpn(\z\)\<f>(z)<p , (z)f' k (<p(z))\+ sup MMM*V(*)/fc(p(*))l 

z£K zeA\K 

< sup/x(|^|)|^>(^)c^ , (^)/' ( vp(^))| 

zGK 

+ C sup n(\z\)\(f>(z)(p' (z) \ In 6 . |2 \\fk\\z 

zeA\K l-\v{z)\ 

< C sup \f k (u)\ +Ce\\f k \\ z , 

\uj\<5 

i.e., we obtain 

(2.14) \\(f>DC v f k \\ H °° < C sup 1/fcHI +Ce||/ fc ||z + |0(O)||/fc(^(O))||^(O)|. 

|w|<5 

Since f k converges to 0 uniformly on compact subsets of A as k — > oo, 
Cauchy's estimate gives that f k — > 0 as k — >■ oo on compact subsets of A. 
Hence, letting k — > oo in (2.14), and using the fact that £ is an arbitrary 
positive number, we obtain 

lim \\0DCM\h~ = 0. 

fc— oo M 

Combining this with Lemma 2.1 the result easily follows. The proof of The- 
orem 2.4 is completed. □ 

Theorem 2.5. Let tp be an analytic self-map of A, and <f be an analytic 
function in A. Suppose that /i is normal. Then f>DC v : Z 0 — » Hff 0 is 
bounded if and only if (j)DC ip : Z 0 — » Hff is bounded and 

(2.15) lim u{\z\)\(t){z)ip\z)\ =0. 

Id-*- 1 

Proof. Assume that (fDC^.Zo — > Hf° 0 is bounded. Then, it is clear that 
c f>DC v :Z 0 — * Hff is bounded. Taking the test function f(z) = z, we obtain 

(2.15) . 

Conversely, assume that (pDC^.Zo — > is bounded and (2.15) holds. 

Then for each polynomial p, we have that 

(2.16) p(\z\)\((J)DC lf p)(z)\ < n{\z\)\<j>(z)iff {z)pt{v(z))\. 
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In view of the facts that 

sup \p'(co)\ < oo, 

from (2.15) and (2.16), it follows that <f>DC v p G Hff 0 . Since the set of all 
polynomials is dense in Z Q (see [11]), we have that for every / G Z 0 , there 
is a sequence of polynomials (p n ) n£ N such that \\f — p n \\z — > 0 as n — > oo. 
Hence 

|| (pDC^f - (t)DC v p n lltfoc < WfiDCpWzo^H^Wf -Pn\\z -t o 

as n — > oo. Since the operator (j)DC v \Z 0 — y H is bounded, so (j)DC v {Zo) C 
H™, which implies the boundedness of (f)DC v :Z 0 — > Hff 0 . 

Theorem 2.6. Let tp be an analytic self-map of A, and cf be an analytic 
function in A. Suppose that p is normal. Then the following statements are 
equivalent. 

(i) f>DC^ : A — > H™ is compact; 

(ii) fDC v : A 0 -A is compact; 

(iii) 

(217) lim^p(\z\)\(f)(z)(p , (z)\ In 1 _ ^ =0. 

Proof. (i)=^(ii). This implication is trivial. 

(ii)=>(iii). Assume that <fDC ^ : A 0 — > Hff 0 is compact. Then <f>DC v : 
Zq — > Hff 0 is bounded. From the proof of Theorem 2.5, we know that 

(2.18) lirn n{\z\)\<j>(z)iff{z)\ = 0. 

hKi 

Hence, if Halloo < 1, from (2.18), we obtain that 

lim u(\z\)\f)(z)(p'(z)\ln- 6 < In lim n{\z\)\<j>(z)iff {z)\ = 0, 

from which the result follows in this case. 

Now assume that H^Hoo = 1. Let ( Zk)keN be a sequence such that 
\ip{zk)\ — >■ 1 as k — > oo. Since f>DC v : Z 0 — > Hf° is compact, by Theo- 
rem 2.4, 

(219) lim p{\z\)\(t){z)p\z)\\n- 6 = 0. 

From (2.18) and (2.19), we have that for every £ > 0, there exists an r G 
(0,1) such that 

p{\z\)\(j){z)p\z)\\n x < £, 


111 


JIANREN LONG et al 105-115 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


8 J. R. LONG AND C. L. YANG 

when r < \<p(z)\ < 1, and there exists a a G (0, 1) such that 

MM)l<M-y (-)l < ln g e , 

1 — r 2 

when a < \z\ < 1. Therefore, when cr < |z| < 1 and r < |<^(z)| < 1, we have 

(2.20) n(\z\)\<f>{z)(ff(z)\ In x ^ < e. 

On the other hand, if er < |z| < 1 and |<^(^)| < r, we obtain 

(2.21) /y(|^|)|^>(^)^ , (^)| In x < fi(\z\)\<f>(z)(f/(z)\ In < e. 

Inequality (2.20) together with (2.21) gives the (2.17). 

(iii)=^(i). Let / e Z. we have 

MM)I(0^cv/)(a)I < £MM)l<^V(X)l ln x _ |^/ xJ I/IU- 

Taking the supremum in this inequality over all / G Z such that \\f\\z < 1, 
then letting \z\ — > 1, and using (2.17), we obtain that 

lirn sup n(\z\)\(<f>DC v f)(z)\=0. 

I*!-*- 1 ll/IU<i 

Using Lemma 2.2 we obtain that the operator c f>DC v :Z — y Hff 0 is compact. □ 
Similarly to the proofs of Theorems 2. 3-2. 6, we can get the following 
results, we omit the proof. 

Theorem 2.7. Let tp be an analytic self-map of A, and p be an analytic 
function in A. Suppose that p is normal. Then the following statements are 
equivalent. 

(i) <f>C v D : Z — y Hff is bounded; 

(ii) 4>C V D : Zq — > Hf° is bounded; 

(iii) 

(3 

supMM)|</>(u)|hi- ' < oo. 

z£A l-\(p(z)\ 2 

Theorem 2.8. Let ip be an analytic self-map of A, and <p be an analytic 
function in A. Suppose that ft is normal. Then the following statements are 
equivalent. 

(i) (pC^D : Z — > Hff is compact; 

(ii) (f)C v D : Zq — » Hf° is compact; 

(iii) (pC^D : Z — > Hff is bounded, 

M lim / (W)l^)|ln r7 |A IF = 0. 
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Theorem 2.9. Let Lp be an analytic self-map of A, and f> be an analytic 
function in A. Suppose that /i is normal. Then <f>C v D : Z 0 — > Hff 0 is 
bounded if and only if <f>C v D : Z$ — )■ Hff is bounded and f>(z) G Hff 0 . 

Theorem 2.10. Let ip be an analytic self-map of A, and f be an analytic 
function in A. Suppose that p is normal. Then the following statements are 
equivalent. 

(i) (j)C v D : A -A H % 0 is compact; 

(ii) fC v D : Z 0 -A H% 0 is compact; 

(iii) 

lj m MMMu>l ln T , |2 =0. 
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Abstract 

There are relatively few theoretical papers to consider the positivity of solutions of discrete 
time stochastic difference equations (DSDEs), compared to many publications on theoret- 
ical analysis of solutions of deterministic difference equations and stochastic differential 
equations. Additionally, no papers theoretically investigate the global stability of nontriv- 
ial solutions of n-dimensional DSDEs. In this paper, we consider the Euler- Maruyama 
scheme for n-dimensional stochastic difference equations that are a generalization of a 
two-dimensional model of stochastic predator-prey interactions, and show the positivity 
and the global stability of nontrivial solutions of the scheme by applying a new discretized 
version of the Ito formula. Numerical simulations are introduced to support the results. 

Key words: Euler-Maruyama scheme, Positivity, Global stability, Stochastic difference 
equations. 


1. Introduction 

Stochastic differential equation (SDE) models have been increasingly used in a range 
of application areas, including biology, chemistry, mechanics, economics, and finance. In 
general, the exact solutions of SDEs are not known, so one has to numerically solve these 
SDEs. This leads us to consider and analyze discrete time stochastic difference equations 
(DSDEs), which can be also viewed as stochastically perturbed versions of deterministic 
difference equations (DDEs). There are many publications on estimations of the difference 
between solutions of SDEs and DSDEs. The global asymptotic stability of the trivial 
solution of DSDEs has been also widely addressed (see [1], [2], [3] and references therein). 
However, relatively few studies theoretically consider the positivity of solutions of DSDEs 
that are scalar equations on a finite time interval (see [4] references therein). In particular, 
to the best of our knowledge, there is no paper that theoretically deals with the global 
stability of nontrivial solutions of DSDEs, except [5], in which two-dimensional DSDEs 
are treated with a new discretized version of the Ito formula. Therefore, the aim of this 
paper is to extend the method used in [5] for investigating the positivity and the global 
stability of nontrivial solutions of n-dimensional DSDEs on an infinite time interval with 
stochastic predator-prey models. 
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1 


116 


Sang-Mok Choo et al 116-136 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


We generalize the two dimensional predator-prey model in [6] 

dx(t) = x(t){ri — aux(t) — a\ 2 y{t)}dt + aix(t)dWi(t), 
dy(t ) = y(t){-r 2 + a 21 x(t) - a 22 y(t)}dt + a 2 y(t)dW 2 (t), 


to the n-dimensional stochastic differential equations 


i — 1 


dx l (t ) = x l (t) [ Ti + x*{t) ) dt + <JiX l (t)dWi(t), 

j = 1 j=i 


( 2 ) 


where W t are independent and real valued Wiener processes on a complete probability 
space (Q, J 7 , P). Although all the parameters r t , aij and a* in (1) are positive, we weaken 
the conditions on the signs in (2) such that 


Ti G P, an > 0, atj > 0, a, > 0 (1 < i, j < n, i ± j). 


Consider the Euler-Maruyama scheme for (2) 


x 


fc+i 


= x. 


1 + A f + 


i— 1 


a v x k - J2 


a ij X k 


+ VAt(TiC k+1 


(3) 


t \ j = 1 j=i / ) 

where 1 < i < n, k > 0, x 1 q > 0, = A for N e N, t k = kAt, and discrete 

Wiener processes Wi(t k + 1 ) — Wi(t k ) are \/A t£ l k+1 with a mutually independent and iden- 
tically distributed sequence (££, • • • ,^)^ =1 of the standard normal random variables. 
The solutions of (3) are defined with respect to a complete, filtered probability space 
(Qjv, J^n, Pjv), where {J-fclfeLi is the natural Eltration generated by the stochas- 

tic sequence (^, • • • ,C k )T=v 

The positivity of the solutions of continuous time SDEs (1) is obtained in the infinite 
time interval [0, oo) without the assumption of boundedness of the noises W t (t) by using 
the concept of explosion time (see [7] and [6]). However, for obtaining the positivity of 
the solutions of discrete time DSDEs (3) in the infinite time interval, we restrict noises 
to bounded noises, which means that £jL are assumed to be truncated standard normal 
random variables with support [— <r, <j] for a positive constant ? that satisfies 


Ed i) = 0, E [«<) 2 ] = 1 - r, t . (4) 

The positive value r/ ? = can be assumed to be sufficiently close to 0, where 0 and 

<f> are the probability density and the cumulative distribution functions of the standard 
normal random variable, respectively. For example, when = 20, we have 0 < < 10 -85 . 

The paper is organized as follows. Section 2 gives the positivity and the boundedness 
of the solutions of (3). In Section 3, we introduce the new discrete Ito formula developed 
in [5] by using a known discrete Ito formula for stochastic difference equations (see [8] 
[9] and [10]), which is the main tool for hireling conditions for the global stability of the 
solutions of (3). Section 4 introduces auxiliary equations, the solutions of which are used 
for upper bounds of the solutions of (3). We show the global stability of the solutions of the 
two-dimensional model (3) in Section 5. The properties of the solutions of the auxiliary 
equations are used in Section 6 to find conditions for at least one of the solutions of (3) 
to converge to zero. In addition, the approaches in Section 5 are extended into the n- 
dimensional model (3) for Ending conditions for the global stability the solutions of (3). 
Section 7 gives simulation results to confirm the results obtained in this paper. 
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2. Positivity and boundedness of solutions of DSDEs 

In this section, we show the positivity and boundedness of solutions of the n-dirnensional 
model (3) by applying the approach used in the DDE model (3) with a\ — a 2 — 0 (see 
[11]). For simplicity, we use the notations for every constant a, 


= a ■ At, a = a ■ VA t 


and 


X h — (x 


k"> ' 


,x k ) 


~i + 1 

) x k > x k i 

Then the n-dimensional discrete model (3) can be written as 

4+i = f 4(4)> 

where 


CLijXi 

z — '/<j<n 


XL,--*.. 44 + aXk+1 


4f(4) =4 (i + n + X 

For a vector C k = ((l, • • • , ££ _1 , 4 + \ • • • , ( k ) of real numbers, define 


'j=i+l 


v (c k) — (24 ) 1 ^1 + n + x. i dijCi - x 

If V(Ck) > 0, then (5) gives 

F^i(x) is increasing on 0 < x < E(C10- 

For 1 < i < n, denote 

Xi = 4 1 (d + + < 7 * 

and assume that 


+ ^+1 


X'i — (2d^) 

D + X 


1 ~ n — y 

""I” ^ 1* 


^ijXj j •> 


The model (3) is also assumed to satisfy the initial condition 

(4,-- - ,4) e IIk-< (°>Xi)- 

- 1 - - M -l<i<n 

Theorem 1. Let x\ be the solutions of (3) and Xi be defined in (8). Then 

(4 , • • • , 4) e H 1<i<n (o, Xi), k> 0. 

Proof. It follows from (11), (9) and (6) that for 1 < i < n 

0 < x' 0 < Xi < (2 da)- 1 (l + fi - J2i+i<j< n UijXj ~ 4?) < v (4)- 

Then letting £‘ 0 = Xq in (7) gives the positivity 

x \ = K:.(4) > J+i(0) =0, 1 < i < n. 


(5) 

( 6 ) 

(7) 

( 8 ) 

(9) 

( 10 ) 

( 11 ) 
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Let ui e £Ln- If Ti + ®ij x o(^) — XI + cr * , Ci( a; ) — 0; then 

1 <j <£— 1 

x[(co) = F^x^iu) < x* 0 (u) < Xi, 
and otherwise, we have 0 < ^(cu) < /(»q )( ca) with 


/W) = (a + Y 






n<j<i - i 

Since 0 < /(kq) < L^(*o) by (10), using both (7) with = x l 0 and (8) with (11), we have 


x \ M = F xh (x z 0 )(uj) < F„i(f(x z 0 ))(uj) = /(xq)M < X* , 1 < * < n - 

Therefore if (xj, • • • t xfi) e rii<i<n( 0 > Xi), then 

(®1,--- , X l) e ril<j<n(h) X*)j 

and hence applying mathematical induction, we can complete the proof. □ 

Remark 1. Since (8) and (9) can be written as 

= (At)“ 0 ' 3 * 5 aji _1 (r t + YiKjKi-! " iiXi + ° r ^) ’ 

Xi < (At)' 1 (2«ii)' 1 ( 1 - A -V] a t] Xj ~ , 

the conditions (9) and (10) can be satisfied when taking small values of At. For example, 
take n — 3 in (3). The definition (8) gives Xi = &ii (A + cr^), X2 = ^22 (A + 621X1 + a 2 c >) 
and X3 = 633 1 (r 3 + 631X1 + 632X2 + cr 3 <j). Let At = 0.0001, = 20, r, = a t] = a t = l for 

l<i,j <3. Then the conditions (9) and (10) are satisfied. 


3. A new discretized version of the Ito formula 


In order to find conditions for the stability of the solutions of (3), we need a discretized 
form of the Ito formula. Although there are discretized versions of the Ito formula (see 
[8], [9] and [10]), we developed a variant which is suitable for our purpose in [5]. For the 
completeness of this paper, we include the proof of the new discretized version of the Ito 
formula in Appendix below. 

We write q\{h) = 0(q 2 (h)) (or qi(h) = 0{q 2 {h )) for h — > 0 to be more precise) if there 
exist positive constants C and ho such that \qi(h)\ < C\q 2 (h)\ for all h with 0 < h < ho- 
We make the following assumptions about the noise £: 

(a) The noise £ satisfies that for some C and p with 0 < p < 1 


m = 0, E (£ 2 ) = 1 -IX, E (|£|‘) <C(£= 1, 3). 


(b) 


The probability density function p exists and satisfies that for some C and all suffi- 
ciently large x| 

,3 , , C 

\x \ p(x) < 7 . 

\x\ 
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The truncated Normal random variables satisfy both (a) and (b) with /i = in (4). By 
C 3 (R), we denote the set of all functions defined on R that are continuously differentiable 
up to the order 3. 

Lemma 1. Consider functions 0, p : R — >• IR satisfying for some 5 > 0, 

(i) p = 0 on [1 — <5, 1 + 5] . 

(ii) p G C 3 (R) and \p"'{x)\ < C for some C and all 

(iii) Ir \p{x) — <f>(x)\dx < oo. 

Let f be an E -independent random variable satisfying (a) and (b). Let f and g be E- 
measurable random variables satisfying that for some positive constants e and C , 

max{/i|/|, Vh\g\} < Ch £ (12) 


Then 


E 


0 (l + hf + Vhgi) 


E 


= 0(1) + 0'(1 )hf + -(f"(T)hg 2 • (1 - n) + hfO ( h £ ) + hg 2 0 ( h £ ) 


Remark 2. For the solutions x\ of (3), let f — r t + a P x k ~ J2'j=i a ij x i anc l 9 — a i 
Then / and g satisfy (12) with e = 0.5 due to 0 < x\ < Xi = O(h~ 0 5 ) for 1 < i < n and 
k > 0. 

Remark 3. In order to construct ip corresponding to the function 


f(x) 


In \x\ (|x| > 0) 

0 (x = 0) ’ 


we modify the function <p in [2], Define the function p as follows: 

J In |x| (|x| > e _1 ) 

^ X \ -^e 4 x 4 + e 2 x 2 — ^ + ^-(x — e~' 1 ) 3 (x + e~ 1 ) 3 (|x| < e _1 ) 

Then p satisfies all the conditions in Lemma 1. 

Notation 1. For simplicity, we use the notations for 1 < i < n and k > 0, 

£):>(<). 

and for every constant a and r/^ in (4) 

d = a - { 1 + 0(h°- 5 )} , a v = a ■ (1 — r/J, r ia = r t - 0.5a 2 f 

Remark 4. Since the solutions x l k+l of (3) are positive, we can take logarithm of (3). 

Then applying Lemma 1 with (0, p) in Remark 3, the ^^.-independent and normally 
truncated random variable £0 + i and (/, g) in Remark 2, we have 


E In x l k+1 Ek = E In x l k T\. + E 


0 ^1 + hf + Vhgfk+i^j 


Eh. 
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which gives 


E(\nx\ +1 ) = hi x\ + hf + - hg 2 • (1 - rj^u) + hfO ( h °' 5 ) + hg 2 0 (h 0 5 ) 


i — 1 


= In x\ + h | r t - -a 2 v + ^ a^x^ - ^ a n] x{ ) . 

j = l 


(13) 


Taking expectation of (13) and adding the result, we can obtain 


i— 1 


E(\nx l k ) = i?(lna;o) + kh [ r ia + s ^a i jE(x : [) - s y^ j a ij E( 

j = 1 j=i 


XI 


(14) 


4. Auxiliary equations 

In order to hnd upper bounds of x l k , we consider the auxiliary equations for 1 < i < n 
and k > 0 


■'fc+i 


= 4 (l + ti + T .,1 “ “«4 + C'iS+l) . 4 = *0- 


(15) 


Since (15) is the system (3) with ay — 0 for 1 < % < j < n, Theorem 1 gives 




, 4 ) 


e n 1 <,<„(°-*-)> k *o. 


Let fa be the solutions of the equations 


(16) 


r„- + a '$3 ~ ~ 11 ■ 1 <i<n. 


( 17 ) 


Note that (13) and (14) with ay — 0 (2 < j < n) become 

E (In 4 +1 ) = In z\ + At (r la - a u zl) , (18) 

E (in zl) = E (in 2 q) + kAt {r la - a, u E (^]) } 

= E ( ln *o) + kAta u { ft - k” 1 E (zl) } , (19) 

due to ft = rio-afi 1 in (17). 

The proofs of Lemma 2 and 3 were given in [5]. For the completeness of this paper, 
we write the proofs again. 

Lemma 2. Let z\ and ft be the solutions of (15) and (17), respectively. 

// ft > 0, then for every e > 0 and some integer N e > 0 

<ft+€, k>N.. 
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Proof. Suppose that the theorem is false, which means that there exist a constant £q > 0 
and an infinite increasing sequence {k m } satisfying both for all k m 


k J E W) - /9 ' + £ °’ 

and for all k with k k m 

k 1 ' E (.^.) </3i + £q. 


Combining (20) and (19), we have 


lin^^oo E (In z l km ) = -oo. 


Substituting (22) and the boundedness of z\ into (18) gives 

lim In zl , = — oo ,a.s. 

. r^m -L ' 


and then 


lim„ woo 4 m _i = 0, a.s. 

Thus the dominated convergence theorem with (16) leads to 

iinim^oc E (zl m - 1) = 0. 

In order to obtain a contraction we show the following Claim 1 and 2. 
Claim 1: For all sufficiently large k 


( 20 ) 

( 21 ) 


( 22 ) 


(23) 

(24) 




(25) 


Assume that there exists k — k rn — 1 satisfying (21). The system of (20) and (21) becomes 


E k?ri 1 , - v 

E (z s ) > k m (/3i +£ 0 ) , 

s=0 

y^ s=0 E (zl) < {km - 1) (/?! + £o): , 

which gives 

E(z\ m _ i) > A + e 0 . (26) 

Hence there exist finitely many k satisfying (21) due to (24) and (26). 

Claim 2: As (20) implies (24), the equation (25) implies 

lim E{z\)= 0, 


which is contradictive to (25) due to (3\ + £q > 0. This contradiction completes the 
proof. □ 

Lemma 3. Let (z), zf) and {j3i, j3 2 ) be the solutions of (15) and (17), respectively. 

(a) If r ta < 0 (i — 1,2), then lim z l k — 0 (i = 1,2), a.s. 

k—> oo 

(b) Assume r\ c > 0. Then linr^^ k Yls=o E(z\) = fd\. 

(i) If r ‘ 2 a + <3'2i/5i < o, then lim*,^ z\ = 0, a.s. 
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(ii) If r 2 a + a 2 iPi > 0, then Hindoo k 1 Y!lJ) e ( z l ) = P 2 - 

Proof, (a) Since r\ a < 0 is equivalent to f3\ < 0, the equation (19) with the positivity of 
z\ gives that if r\ a < 0, then liin^oo E (In zl) = — oo and so we have lim z\ = 0, a.s. 

k — ^OO 

Hence the dominated convergence theorem yields lim E(zl) = 0, which implies 

k — s*-oo 

lim E(zl) = 0. (27) 

rC — ^OO 

It remains to show that lim*,-^ z% = 0, a.s. Using (13) and (14) with a 2 j — 0 (3 < j < n), 
we have 

E (In zl +1 ) = In zl + At (■ r 2c + a 2 i4 - «22^) > (28) 

E (In zl) = E (In zl) + kAt {r 2a + a 2 iE(zl) - a 22 E(z 2 k ) } 

= E (In zl) + kAta 22 [afj {r 2a + a 2l E{z \) } - E(z 2 k )\ (29) 

Combining (27) and (29) with r 2a < 0 and the positivity of z k , we have 

linifc^oc E (In zl) = -oo 

Therefore, as (22) implies (23), we can obtain that if r 2a < 0, then lim^oo^ = 0, a.s. 
(b) Assume r 1(T > 0, which gives f3i = r 1(T afl > 0. 

Due to Lemma 2, it is enough to prove that for all e > 0 there exists an integer N e 
satisfying 

Pi~e< k- 1 E ( z l) , k>N e . (30) 

Suppose that (30) is false, which means that there exist a constant £q > 0 and an infinite 
increasing sequence {k m } such that 

/3 1 -e 0 > k- 1 

Then the boundedness of zl and (19) imply that for all k rn 

oo > E (in z \ m ) > E (ln^o) + k m Ata U £o, 
which is a contradiction. Therefore (30) is true and then Lemma 2 gives 


fc-i 

linifc^oo /U 1 ^ E ( z l) = Pi- ( 31 ) 

s=0 

(b)-(i) Assume that r\ c > 0 and r 2a + a 2 ifh < 0. 

Applying (31) to (29) with r 2a + a 2 iPi < 0 and the positivity of z k , we have 

lim E (ha. zl) = — oo. 

k — S'-oo 

Therefore, as (22) implies (23), we can obtain lim^oo zl = 0, a.s.. 

(b)-(ii) Assume that r 1(T > 0 and r 2a + a 2 \/3i > 0 and then f3 2 = af 2 (r 2 a + a 2 i Pi) > 0. 
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Following the proof of Lemma 2, we can obtain that for every e > 0 and some integer 
N e > 0 

k ~ l E (*«) < ft + e, k > N e , (32) 

by replacing z\, j3\, (18) and (19) in Lemma 2 with z%, /3 2 , (28) and (29), respectively, 
and using (31). 

On the other hand, following the proof of (30) with (29) instead of (19), we can obtain 
that for all e > 0 there exists an integer N e satisfying 

A - £ < r 1 jf) E (z 2 ) ,k>N (33) 

Combining (32) and (33), we obtain lim^oo k _1 o E ( z s) = ft- □ 

The proofs of Remark 5 and 6 are given in Appendix below. 

Remark 5. Using the idea in Lemma 3, we can find conditions under which the solution 
z\ of (15) converges. Let (3 3 = a 33 ( r 3 o- + 031 ft), which is equal to ft when ft = 0. 

(a) Assume that r\ c > 0 and r 2cr + a 2 ift < 0. 

(i) If r 3a + a 3 ift < 0, then lim z\ = 0, a.s. 

k—t OO 

(ii) If r 3a + a 31 /3i > 0, then lim k~ l Y!l=l e ( z s) = ft- 

(b) Assume that r\ a > 0 and r 2cr + a 2 ift > 0. 

(i) If r 3a + Y?i=i a 3jPj < 0; then lb n z'l = 0, a.s. 

J k—>oo 

(ii) If r 3a + Y ? j= i a 3j f3j > 0, then lim k~ l Y%=o e ( z D = ft- 

J k—> oo 

Remark 6. Replacing (3) with (15), the equation (14) becomes 

£(ln 4) = E(\n 4) + kAt | r i(T + E J=1 a ^ E ( z i) ~ a a E ( z k ) } • ( 34 ) 

Substituting (17) to (34) yields 

£(1h 4) = S(ln4) + kAt [ft]'] a„ {E(4) - ft} - a„ {£( 4 ) - ft}] , (35) 

so that we can extend (b)-(ii) in both Lemma 3 and Remark 5 to the n-dimensional case: 
If r ia + a ij Pj > 0 (1 < i < n), then lim^oo E{z]f) — ft (1 < % < n) and, as a result, 
(35) yields 

lim ^U(ln4) = 0, 1 < i < n. (36) 

k—> oo k, 

Lemma 4. Let x\ and z l k be the solutions of (3) and (15), respectively. Then 

0 < ft. < 4, 1 < % < n, k > 0. 

Proof. Let Oq be the zero vector of n — 1 entries for k > 0. Since ft > 0 and fti (x) in 
(5) is decreasing in <ft, we have 

< fy(4)- ( 37 ) 
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Using (6) and (9), we have 


0 < x\ < z] < xi < U(0j) 


and then (7) yields 


Fo'ixl] 

1 < F 0 i (4) = z\. 

(38) 

Hence combining (37) and (38) gives 

x\ < z\. 

(39) 

Note that for k >1 



4 > o, 

4 < xi < ^(o 0 fc ) 

(40) 


by Theorem 1, (16), (6), (9). Following the proof of (39), we can obtain 

x\ < z\ (k > 0) 

by using mathematical induction with (40) and Oq. 

Similarly, letting z\ — (zq, 0, • • • , 0) and using 0 < x% < Zq < y 2 < V (zq), we have 

A = F^{xl) < F 0 2{xl) < F 0 g(^) = zl (41) 

Hence mathematical induction with (41) and z\_ x = (zl_ v 0, • • • ,0) gives 

x 2 k <z 2 k (k> 0). 

Therefore, using mathematical induction with z l k = (zl, ■ ■ ■ , z^T 1 , 0, • • • ,0), we can com- 
plete the proof. □ 

Remark 7. If r ia + > 0 (1 5; * < n), then both Lemma 4 and (36) imply that 

for every e > 0 there exists an integer N e such that 

^(ln,4)<e, k > N e , (42) 

which will be used in Section 5 and 6 to show that all the solutions of (3) converge to 
positive values. 


5. Global stability of the n-dimensional DSDEs 

In this section, we first find conditions under which at least one of the solutions of (3) 
converges to zero, a.s. and then another conditions under which all E(x l k ) (1 < i < n ) 
converge to positive values. The extension of the approach used for the global stability 
of the two-dimensional DSDEs can lead us to the global stability of the n-dimensional 
DSDEs, so that we again treat the two-dimensional DSDEs in [5]. 
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5.1. Global stability of the two-dimensional DSDEs 

In this section, we consider the two-dimensional model (3) with n — 2 

4+i = 4(! + h ~ «n 4 - fii ix\ + 5 - 1 4 +1 ), 

4+i = 4(! + h + fi 2 i4 - a-22Xk + fia^+i)- 


Dehne A 2 and L >2 (i = 1, 2) by 


A 2 


On 
— 021 




Theorem 2. Let x*. and fa be the solutions of (43) and (17), respectively. 

(a) If r ia < 0 (i — 1, 2) , then lini/,._ >oc , x\ = 0 (i = 1, 2), a.s. 

(b) //r 1(T > 0, r 2cr + o 2 i/3i < 0, t/ien lim E(x\) = fa and lim x\ = 0, a.s. 

k— >oo k — ^oo 

(c) If ria > af)a 12 r 2 a and r 2a + a 2 i/A > 0, then lim^oo E(x\) = Dt, (i = 1, 2), 
where D\ is defined in (44)- 

Proof, (a) The proof is followed by applying Lemma 3- (a) and Lemma 4. 

(b) From Lemma 3-(b)-(i) and Lemma 4, we have lim^oo 4 = 0, a.s. 
which gives that for every e > 0, there exists an integer N e satisfying 


0 < x\ < e, k > N e . 

Consider the system 

4+i = 4( 1 + A -fin4-fii2£ + fii4+i)> 4 =x\, 
4+1 = 4( x + h ~ fill 4 + a 12 e + criffc+i), 4 = 4 


Following the proofs of both Lemma 4 and (45), we can have 

0 < 4 < x\ < 4 for k > N e , 


and then due to (31), we can obtain 


lim — 

k—> oo k 


E (4) 


r la ~ a l2^ 
On 


lim — 

k— >OD k 


ECO 


f la + a l2^ 
On 


which gives the desired result. 

(c) Let A 2 be the determinant of A 2 in (44), which is positive. Then 

( D\\ _ A _i (ria\ _ | a I -if a 2 2 r ria ~ a 12 r 2 a \ 

\D* J - {r 2 aj ~ 121 V«n Mi + r 2 a) J 

and hence the conditions in (c) imply D\> 0 for z = 1,2. 

Applying (44) to (14) with n — 2 gives 


(E (lna;£)\ 
\E (In xl)J 


(E (In Xq)\ 
\E (lnxg)y 


“I - kAt/ 4.2 



E (xl)\ 

E ( xl)J 


(43) 


(44) 


(45) 


(46) 


(47) 
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and multiplying the matrix |A 2 |A 2 1 to (47), we have 

a 22 E{\nx\) - ai 2 E(lnxl) — Ci + kAt\A 2 \ [D\ - E (xl)) , (48) 

a 2 iE(lnxl) + a n E(lnx%) = C 2 + kAt\A 2 \ {pi - E (x 2 k )) , (49) 

where C\ = a 22 E{\nx\) — a\ 2 E(\nx‘fy and C 2 = a 2 \E{px^) + an-E^ln^o). 

Since \A 2 \ >0, D\> 0 in (48), and — ai 2 E{\nx k ) > — oo from Theorem 1, we can follow 
the proof of Lemma 2 with (48) instead (19) and, as a result, obtain that for every e 2 > 0 
there exists an integer N e i such that 

E{x{) <D\ + e\, k > N e i. (50) 

Substituting (42) into (49) gives that for every e 2 > 0 there exists an integer N e 2 satisfying 

E{x 2 k ) > D\ - el k> N e 2 . (51) 

Applying (50) to the second equation in (47), we have for k > N e i 

E{ lnx 2 k ) < E{ lnxo) + kAta 22 + H 2 - E(x 2 k )} . (52) 


Instead of (19) and (18), using (52) and (14) with n — i = 2 and H 2 > 0, and following 
the proof of Lemma 2, we can obtain that for every e 2 2 > 0 there exists an integer N ( _n 
such that 


E(x' k ) < D'l + e 2 2 , k>N e , 2 . 

(53) 

Hence (51) and (53) imply 

lim E{x\) = D\. 

k — yoo 

(54) 


It remains to show lim E{x\) = D\. Applying (54) to (49) with (42) yields 

k—t OO 


lim \e{\wx\) = lim \e{ lnx 2 k ) = 0, 

k^-oo k k — yoo k 

with which (48) gives the desired result. □ 

Remark 8. Assume r 1(T < 0. Then it follows from Lemma 3- (a) and Lemma 4 that 
linifc^oo x\ = 0, a.s. In addition, if r 2(J > 0, then we can have 

linifc^oo E(xl) = apr 2a 

by following the proof of Theorem 2-(b) with lim^oo x\ = 0, a.s., instead of lim^oo x\ = 
0, a.s. 

Remark 9. Since \A 2 \ > 0, the identity (46) gives that the two conditions in Theorem 
2-(c) are equivalent to D\ > 0 and D\ > 0. This equivalence with |A 2 | > 0 is used to find 
conditions for the global stability of solutions of the n-dimensional model (3) in the next 
section. 
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5.2. Model reduction 

Using Lemma 3, Remark 5 and Lemma 4, we can find conditions under which at least 
one of the solutions of (3) converges to zero, a.s. For example, the three-dimensional 
model (3) with n — 3 can be reduced to the two-dimensional model (3) and hence we can 
apply Theorem 2 as follows. 

Theorem 3. Let x\ and fa be the solutions of (3) and (17) with n = 3. 

(a) If r i o- < 0, then limjfc_ s . 0O x) = 0, a.s. 

(b) Assume r\ a > 0. 

(i) Let r i(7 -\-aafa < 0 (i — 2,3). Then lim x\ = 0, a.s. ( i = 2,3) and E(x\) = 

k — ^oo 

fa. 

(ii) Let r 2(T + 0,21 fa < 0 and r 3a + a 3 ifa > 0. Then lim x\ = 0, a.s. 

k — ^oo 

Furthermore, if r\ a > o 33 a l3 r 3a , then lim (E{x\),E(x f)) = {D\,Dl). 

2 

(iii) Let r 2a + o 2 ifa > 0 and r 3a + Y o 3i fa < 0. Then lim x\ = 0, a.s. 

k— >00 

Furthermore, «/r 1(T > af)ai 2 r 2( y, then lim (E(xl), E(x |)) = 

Here (DfaD^) is equal to (D\, D'l) in (44) when 012,021 and 022 are replaced with 013,031 
and a 33 , respectively. 

Remark 10 . Assume ri a < 0, which gives lim^oo x\ = 0, a.s. by Lemma 3-(a) and 
Lemma 4. Then the three-dimensional model (3) can be considered as the two-dimensional 
model (3) with two state variables x \ , x\ and 021 = 031 = 0. Therefore, we can apply 
Theorem 2 and Remark 8 . 

Remark 11 . Assume that r 3 < 0 and 031 > 0 in Theorem 3-(ii). Then r 3a < 0 and hence 
r 3a + o 3 ifai = r 3a + 0,3 1 oR 1 r 1 a > 0 gives r\ a > 0 > a 33 ai 3 r 3<T . Therefore Theorem 3-(ii) is 
satisfied without using the condition ri a > afa)ai 3 r 3a . if r 3 < 0. Similarly, if r 2 < 0 and 
O 21 >0, then Theorem 3- (iii) is satisfied without the condition r\ a > af^ 012 ^ 20 -- 


5.3. Convergence of all state variables to nonzero values 

Now, we find conditions under which E(x l k ) (1 < i < n ) converge to positive values 
D l n . The conditions are extensions of the following three conditions used in the proof of 
Theorem 2-(c): 


(Al) |A 2 | = 


— 011022 + O.12O21 > 0. 


Oil O12 

—021 O22 

(A 2 ) D\ > 0, i — 1,2 (see Remark 9). 

(A3) The system of equations (48) and (49) has the sign-pattern matrix 


sgn fa _ “ 12 ) = ( + , 

\02i on J y+o + / 

which means that the signs of a 22 , — ai 2 , a 2 i, and On are positive, non-positive, non- 
negative, and positive, respectively. 
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Define A n and D l n , extensions of (44), by 



( On Ol2 ’ ‘ ‘ Oi( n _i) Oi4 


4i4 


( Dl n\ 

A n — 

— 021 ®22 ' ' ' 02( n -l) ®2n 

5 


~ A n 

Dl 


y &nl ^n2 * * * ^n(n— 1) ^nn J 


y^ncr J 


W 


with the assumptions corresponding to (Al) and (A2): 

(AT) \A n \ > 0. 

(A2') D l n > 0 for 1 < i < n. 

Using (55), we can write (14) as 


i— 1 


A (hi 4) = A (In x l 0 ) + kAt <j - ^ ( M 3 {D 3 n - E(x{)) + ^ a l3 (D J n - E(x{ )) , 

i=i 


,?=® 


which is corresponding to (47). Hence (48) and (49) are extended as 

V „ QiEOnxi) = V C,,J5(1 ii4) + *A(K|{D;-B(4)}, 

z ' l<j<n “ J l<j<n 

where cofactors Cij of A n satisfy the assumption corresponding to (A3): 

/An ••• C nl \ 


(A3') sgn 


V 


\c ln ••• c n 

Remark 12. It follows from (17) and (55) that (A2') gives 


•• + 

.. 1 
o 

0 

1 •• 

0 

1 •• 

1 . 

o 

1 . 

o 

+ • 

1 • 
o 

\+0 +0 • • 

■ • +0 + / 


(55) 


(56) 


an^i = i'u- = auDi > anD) > 0, 

® 22/^2 = 'l" 2 a + O21/A > T 2 a + O21A* = Y'' a 2 jD 3 n > a^D^. 

L — '2 <j<n 

Repeating this process, we can conclude that (A2') implies r l(J + X(j=i a ijPj > 0 (1 < i < 
n) , and then we can use (42) in the proof of the following theorem. 

Now we can extend the proof of Theorem 2-(c) to the n-dimensional model (3). 

Theorem 4. Let x\ be the solutions of (3) mid D‘ n be defined in (55). Assume that 
(Al' )-(A2>' ) are satisfied. Then 



A (4) 


E> l n , 1 <i<n. 


Proof. Instead of (48), using (56) for 1 < i < n — 1 and following the proof of (50) with 
(Al') and (A2'), we can obtain that for every e l n > 0 there exists an integer N f % such that 


A(4) < D 'n + 4, 1 < i < n - 1, k > N t: 


(57) 
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Substituting (42) into (56) with i — n yields that for every e” > 0 there exists an integer 
N e n such that 

n 

E(xl)>Dl-e n n , k > N e n. (58) 

As in the proof of (53), we can have that for every e'f > 0 there exists an integer N e m 
such that 

E{x n k ) < D n n + #, k > N e ,n (59) 

by replacing both (50) and the second equation in (47) with (57) and 

{ n-l 

V a n j ( E(4 ) - D{) - a nn (®H) - DZ) 

3 = 1 


respectively. Hence (58) and (59) give 

lim E{xl) = D* 


k — ^oo 


(60) 


Now it remains to show liuik^oo E (x l k ) = D' n (1 < i < n — 1). Substituting (60) to (56) 
with i = n and using both Ci n > 0 (1 < i < n) in (A3') and (42), we can obtain 


lim -E( lnad) =0, 1 < % < n — 1, 

k — ^oo k ~ ~ 


with which (56) gives the desired result. 


□ 


Remark 13. Following the proof of Lemma 1 under the assumptions about the noise £, 
we can obtain the new discretized Ito formula for the Milstein method 


(f) [ l + hf + Vhgf + - hg 2 • (£ 2 — 1) 


I 


— 0(1) + 0^(1) {hf ~ 2 kg 2 k^j + 20 /; (l )hg 2 ■ (1 — At) + h(f + g 2 )0 ( h e ) , 


which gives 


E 


In (l + hf + + 0.5/^ 2 • (£ 2 - 1)) 

= h{{f-0.5g 2 )+(f + g 2 )O(E)}. 


T 


Therefore, replacing r ia = r, t — 0.5af and VA tcr^l with r l(T = r t — 0.5<r 2 and \fK tcr^l + 
0.5A ta 2 {(£j() 2 — 1} for 1 < i < n, respectively, we can conclude that the solutions of the 
Milstein scheme for (2) satisfy all the results in this paper. 
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6. Numerical examples 

In this section, we provide some simulations that illustrate our results in Theorem 
3 and 4 for the three-dimensional model (3) with At = 0.001 and <; = 20 in (4). Let 
T\ = 1.1, On = 2.1, Oi2 = 0.2, Cti3 = 0.1,d2l = 0.5, CI22 = 1-1) a 23 = 0.1, CZ31 = 3.1,(232 = 
5.1, 033 = 0.5 and cr 2 = 03 = 0.1 in the model (3) with n = 3. The model is simulated 1000 
and 5000 times in Figure 1 and 2, respectively, for calculating the values of expectations. 
Example 1. Figure l-(a) denotes three plots in the first column of Figure 1. Each figure 

in the ith row of Figure 1 is the sequence of the 1000 realizations of x\. (i = 1,2,3). In 
Figure l-(a), we let (— r 2 , — r 3 ) = (0.1, 2.1) and <i\ = 2. The values (— r 2 , — r 3 ) in Figure 
l-(b), (c) and (d) are (5.1, 5.1), (5.1, 1.1), (0.1, 5.1), respectively, with a 1 = 0.1. Then the 
values of parameters in Figure l-(a), (b), (c) and (d) satisfy the conditions in Theorems 3- 
(a), (b)-(i), (ii) and (iii), respectively, and Figure 1 demonstrates Theorem 3: For example, 
all x l k (i = 1, 2, 3) in Figure l-(a) converge to zero. At k = 2 • 10 6 , which means time 2000, 
the errors | E(x\) — a^ri a \ in Figure l-(b), \E(x\) — D\\ {i = 1,3) in Figure l-(c), and 
\E(x{)~D l 2 \ (i = 1,2) in Figure l-(d) are 0.00012, 0.000075, 0.0019, 0.000038 and 0.00068, 
respectively. 






1 .0 , >A 0 ^ 

0 


Figure 1: All the x-axes denote time kAt from 0 to 100. The curves in each figure are 1000 realizations 
of one of the solutions x\ (1 < i < 3) of DSDEs. The solutions x\ (1 < i < 3) in (a), x\ (i = 2, 3) in (b), 
x k in (c), x\ in (d) are all convergent to zero. 


Example 2. Let r2 = — 0.1,73 = —2.1 and 0 \ = 0.1. Then all the conditions in 
Theorem 4 are satisfied. Consequently, the solutions x l k (1 < i < 3) are positive, which 
is demonstrated in Figure 2-(a), and E(x l k ) are convergent to positive values D 3, which 
is demonstrated in Figure 2-(b). At k — 5 • 10 6 , which means time 5000, the error vector 
(| E(x\) — H3I, | E{x\) — D%\, | E(xl) — Dl |) is marked with the larger star in Figure 2-(b) 
and equal to (0.000028, 0.00011, 0.0018). 


7. Conclusion 

In this paper, dealing with the n-dimensional stochastic difference model, we have 
extended the new approach to obtain the global stability of the fixed point of the two- 
dimensional stochastic and discrete predator-prey system. As in the two-dimensional 
model, we have found the conditions under which at least one discrete solution converges to 
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Figure 2: The start and the final points of each curve are denoted by the circle and the star symbols, 
respectively. Two thicker curves in (a) and (b) show one realization of [x\, x\, x\) (0 < k < 10 6 ) and 
error vectors (| E(x\) — D \ |, \E(xf) — D 2 \, \ E(x\) — D||) (0 < k < 5- 10 6 ), respectively. Each of the other 
curves is the projection of one of the thicker curves onto one plane: The two planes in Figure 2-(a) are 
x 1 = 2 and x 2 = 2. 


zero by using a model reduction method. Additionally, we have also found the conditions 
under which all expectations of solutions globally converge to non- zero fixed values. While 
proving the global stability of solutions of the two- and n-dimensional stochastic difference 
models, we have used our new discretized form of the Ito formula and therefore found the 
possibility that the new discrete Ito formula will be applied to other stochastic difference 
models. 


Appendix 

A.l. The proof of Lemma 1 
By Taylor expansion, 

<p(l + x) — <p(l) + <p'(l)x + l ^-^-x 2 + 

2 o 

with 0 lying between 1 and x. We substitute x = hf + \fhgf and take expectations. Since 
£ is W-independent with E(f) = 0 and E(f 2 ) = 1 — p, and /, g are W-measurable, we have 


E (z| E) = hf, E (x 2 \ E) = ( hf f + hg 2 ■ (1 - p). 


Note that 


E,^ 


E^j ^ ^E(\x 3 \ | E) = hfO (h e ) + hg 2 0 (h £ ) 


by expanding x 3 and using E (|£ l |) < oo (i = 1, 2, 3) and (12). Therefore 
E (<p(l + x) | E) 

</(!), „ 2 


(61) 


— <p(l) + (p\l)hf + Y ^ ' hg 2 • (1 — aO + hfO (E) + hg~0 ( h £ ) . (62) 

Now it is enough to show 

E (l + hf + Vhgi) -ip(l + hf + Vhg^j E^j = hg 2 0 ( h £ ) . 
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Since f,g are ^-measurable and £ is T -independent, letting c\ — 1 + hf, c 2 = Vhg and 
Us = [l — 5,1 + 5] gives 

E (*/> (l + hf + Vhg^j - + (l + hf + Vhg^j J^j 


= /{</> (ci + c 2 x) — (f (ci + c 2 x)} p(x) efe 

JR 

= L s Ws) -^ s)]p {V+) R 


where p is the probabilty density function of £. 
Note that 


'R-Us 
€ 


(0(s) ~+(s)}p 


( S ~ C A 

ds 

l <* ) 

N 


^ I0( s ) -^( s )l n) sup \p (- — — , , , 

IR— C/,5 M J s$U s l V c 2 / \ c 2\ 

<C- |c 2 | 2 sup 7^3 

S<jtu s l V c 2 / |c 2 | 


(63) 


= C ■ hg 2 sup ^ p 

s<£U s 


Here letting y = ' s we have 


s - 1 ~ hf 
Vhg 


Vhg 


sup \ p 

s<£u s 


s-l-hf 

Vhg 


Vhg 


= sup 


p(y) I yf_ 

Vs I \s - 1 - ;/l/r 


For all s £ Us, there exists some <5o such that for all sufficiently small h > 0 
|s — 1 — hf | > |s — 1| — h\f\ > 5 — Ch e > <5o > 0 

and then we have 


Vh\g] om 

Hence it follows from (64), (65) and the assumption (b) that 


-PI r^4}=OW, 

s$u s \s - 1 - hf | 


which gives 


L, Ws) - ?(!))p (r) r 


— hg 2 0 (h £ ) . 


Therefore using (61), (63) and (66), we obtain the desired result. 


(64) 

(65) 


(66) 
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A. 2. The proof of Remark 5 

Using (13) and (14) with a 3 j — 0 (4 < j < n), we have 

E (In zf. + l ) = In zl + At (r :ilJ + a 31 z\ + a 32 z\ - a 33 z \ ) , (67) 

E ( ln 4) = E (in ^g) + kAta 33 [a^ 1 {r 3a + a 31 E(z\) + a 32 E(zl)} - E{zl)\ . (68) 


A.2.1. The proof of Remark 5-(a)-(i) 

Assume that 

ria > 0, r 2 a + a 2 i/5i < 0, r 3<7 + a 3 i/5i < 0. 

Lemma 3-(b) and (b)-(i) give that 

lim^oo E{z\) = Pi (69) 

and 

lim^oo z 2 k = 0, (70) 

respectively. Applying the dominated convergence theorem with (70), we have 

lim E(zl) = 0 


and then 

lim^oo E(z\) = 0. (71) 

Substituting (69) and (71) into (68) and using the positivity of z k , we obtain 

linifc^oo E (In zl) = 0. (72) 

Therefore combining (72) and (67) with the boundedness of z l k (■ i = 1,2,3) in (16), we 
can obtain the desired result: lim z\ = 0, a.s. 

k — S'-oo 

A. 2. 2. The proof of Remark 5-(a)-(ii) 

Assume that 

ria > 0, r 2 a + a 2 iPi < 0, r 3a + a 31 Pi > 0 


and then 


linifc^oo E(zl) = pi, linifc^oo E(z%) = 0, p 3 = a 33 (r 3a + a 31 pi) > 0. (73) 

Following the proof of Lemma 2, we can obtain that for every e > 0 and some N e > 0 

k ~ l E ( z 's) < & + €, k > N ei (74) 

z J s= 0 

by replacing z\, /?i,(18) and (19) in Lemma 2 with z\, p 3 , (67) and (68), respectively and 
using (73). Hence it remains to show that for every e > 0 and some A^ e > 0 

P 3 ~e< k- 1 Vf"* E (z 3 s ) , k > N e . (75) 

Following the proof of (30) with (68) instead of (31), we can obtain (75), which gives the 
desired result : lim k Y^ s =l E (z^) = P 3 . 

k — ^oo ~ ^ 
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A. 2. 3. The proof of Remark 5-(b)-(i) 

Assume that 

ria > o, r 2 a + 021/01 > 0, r 3 o- + > . 1 a 3 jPj < 0 

and then 

lim E(z\) = 0i(i = 1, 2), 0 3 = afj (r 3a + ^ a 3 j0j) < °> (76) 

due to Lemma 3-(b) and (b)-(ii). 

Combining (76) and ( 68 ) with the positivity of z k , we can have 

linifc^oo E (in zfj = -oo. 

Therefore, as (22) implies (23), we can obtain the desired result: lim z k = 0, a.s. 

k — S*-oo 

A.S. The proofs of Remark 5-(b)-(%%) and Remark 6 
Using mathematical induction, we prove that 

if r ia + dijfij > 0 (1 < i < n), then lim*,^ E(z l * k ) = fa (1 < i < n). 

Lemma 3- (a) gives that 

if r la > 0, then lim^oo E(z k ) = fa. 

Assume that for some t e ( 2 , • • • , n} 

i— 1 


r% a + a ij 0j > 0 (1 < i < £) and lim E(z l k ) = fa (1 < i < i — 1). (77) 

' k — >oo 

3 = 1 

Using (15) with i — £ instead of (3), the equations (13) and (14) become 

E{ In 4+i) = ln 4 + Ai ( r ta + “ a «4) , (78) 

£(ln 4) = #( ln 4) + fcAta« 1 07 / a ej E(z 3 k ) - £(4)} • (79) 

Following the proof of Lemma 2, we can obtain that for every e > 0 and some N e > 0 

lim E{z k ) < 0£ + e, k > N e , (80) 

k— >00 

by replacing /Ll,( 18) and (19) in Lemma 2 with 0£, (78) and (79), respectively and 
using (77). Hence it remains to show that for every e > 0 and some N e > 0 

0i — e < lim E(z k ), k > N e . (81) 

k — ^00 


Following the proof of (30) with (79) instead of (31), we can obtain (81), which gives 

lim E(zi) = 0 t . 

k — >-oo 

Therefore the desired result is obtained. 
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Entire solutions of certain type of nonlinear differential 
equations and differential-difference equations * 


Min Feng Chen'and Zong Sheng Gao 
LMIB and School of Mathematics and Systems Science, Beihang University, 
Beijing, 100191, P. R. China 


Abstract. In this paper, we investigate the transcendental entire solutions of finite 
order of the differential equations or differential-difference equations 

f 2 (z) + P(f)= Pl e a ' z +p 2 e a * z , 

where pi,p 2 ,ai,a 2 are nonzero constants with oq a 2 , and P(f) denotes a differ- 
ential polynomial or differential-difference polynomial in f(z) with degree 1. And 
we partially answer a question proposed by Li [10] (P. Li, Entire solutions of certain 
type of differential equations II, J. Math. Anal. Appl. 375(2011), 310 — 319). 
Mathematics Subject Classification (2010). 39B32, 34M05, 30D35. 

Keywords. Entire solutions, Differential equations, Differential-difference equa- 
tions, finite order. 

1 Introduction and Results 

In this paper, we assume that the reader is familiar with standard symbols and fundamental 
results of Nevanlinna theory [1, 2], In addition, we denote by S(r, f) any quantify satisfying 
S(r,f ) = o(T(r, /)), as r — > oo, outside of a possible exceptional set of finite logarithmic 
measure. 

Recently, a number of papers (including [3 — 12]) have focused on solvability and exis- 
tence of meromorphic solutions of differential equations, difference equations or differential- 
difference equations in complex plane. Specifically, it shows in [4] that the equation 4/ 3 + 
3 /" = — sin 3,7 has exactly three nonconstant entire solutions, namely fi(z) = sin 2 , f 2 (z) = 
^ cos 2 — g sin z and fz{z) = — ^cos 2 — ^ sin 2 . The following two Theorems obtained 
more general results. 

Theorem A. (See [5]) Let n > 2 be an integer, P(f ) be a differential polynomial in f(z) 
of degree at most n — 2, and X,pi,p 2 be three nonzero constants. If f(z) is an entire solution 
of the following equation 

f n ( Z ) + P(f)=p ie Xz +p 2 e- Xz , (1.1) 

‘This research was supported by the National Natural Science Foundation of China (No: 11171013, 
11371225). 

'Corresponding author. E-mail: chenminfengl98710@126.com. 
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then 

f{z) = Cl e Xz/n +c 2 e~ Xz/n , 
where C\ and c 2 are constants and c 2 = Pi,i = 1,2. 

Theorem B. (See [10]) Let n > 2 be an integer, P(f) be a differential polynomial in f(z) 
of degree at most n — 2, and p\,p 2 ,a\, a 2 be nonzero constants and a.\ 7^ a 2 . If f(z) is a 
transcendental meromorphic solution of the following equation 

f n (z) + P(f)= Pl e^ z + P2 e^ z , (1.2) 

and satisfying N(r, f) = S{r , /), then one of the following holds: 
ft) f ( z ) = c oO) + cie aiz/n ; 
fti) f{z) = c 0 (z) + c 2 e a2z/n ; 

(in) f(z) = c\e aiZ ! n + c 2 e a2Z ^ n and a\ + a 2 = 0, 

where Cq(z) is a small function of f(z) and ci,c 2 are constants satisfying c 2 = Pi,i = 1,2. 

For further study, Li [10] proposed the following question. 

Question. How to find the solutions of (1.2) under the condition degP(/) = n — 1? 

In this paper, we study this question and partially answer this question, and obtain the 
following result. 

Theorem 1.1. Let p\,p 2 , oq, a 2 be nonzero constants such that oq 7^ a 2 , a(z) be a 
nonzero polynomial. If f(z) is a transcendental entire solution of finite order of the differ- 
ential equation 

f 2 (z) + a(z)f'(z) = Pl e^ z + p 2 e a2Z , (1.3) 

and satisfying N ^r, = S(r,f), then a(z) must be a constant, and one of the following 

holds: 

ft) f( z ) = cie“ l2/2 , acioq = 2 p 2 , a x = 2a 2 ; 

(ii) f{z) = c 2 e“ 2z/2 , ac 2 a 2 = 2p 1 , a 2 = 2ai; 
where c\,c 2 are constants satisfying c 2 = Pi, i = 1,2. 

Remark 1 . 1 . We conjecture that the condition N (^r, j^j = S(r,f) in Theorem 1.1 can be 
omitted using another method although we have not found a suitable one yet. 

In [11], Wang and Li investigated the existence of entire solutions of differential-difference 
equation 

f n (z) + q{z)f^ k) {z + c) = ae ibz + de~ ibz , (1.4) 

and obtained the following Theorem. 

Theorem C. (See [11]) For two integers n > 3, k > 0 and a nonlinear differential- 
difference equation (1.4), where q(z) is a polynomial and a,b,c,d are constants such that 
|a| + |d| 0, be 7^ 0. 

(i) Let n = 3. If q(z) is nonconstant, then the equation (1.4) does not admit entire solu- 
tions of finite order. If q := q{z) is a constant, then equation (1.4) admits three distinct 
transcendental entire solutions of finite order, provided that 

( e-y • \ 3k 

-ft j 27 ad, 
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when k is an even, or 

•Xn r / \ 3k 

be = — + 3m7r (if q ± 0), q 3 = *(-l) m ( — j 27ad, 
when k is an odd, for an integer m. 

(ii) Let n > 3. If ad ^ 0, then the equation (1.4) does not admit entire solutions of finite 
order. If ad = 0, then equation (1.4) admits n distinct transcendental entire solutions of 
finite order, provided that q := q(z) = 0. 

In this paper, we shall tackle differential-difference equations in the form (1.4) with n = 2, 
and obtain the following result. 

Theorem 1.2. Let pi,p 2 ,\, c be nonzero constants, k > 0 be an integer and a(z) be 
a nonzero polynomial. If f(z) is a transcendental entire solution of finite order of the 
differential- difference equation 

f(z) + a(z)fW(z + c)= Pl e Xz + p 2 e~ Xz , (1.5) 

then a(z) must be a constant, and satisfying one of the following relations: 

(i) f(z) = ±|a(^) fc + cie Az / 2 + c 2 e~ Xz ^ 2 , e Xc = —1, when k is an odd; 

(ii) f(z) = ±\a(^) k + c\e Xz ! 2 + c 2 e~ Xz ^ 2 , e Xc = 1, when k is an even and k > 0, 
where a,c\,c 2 are constants with g 4 « 4 (f) 4fc = P 1 P 2 and c 2 = Pi, i = 1,2; 

(in) f(z) = ±\a + cie Az / 2 + c 2 e~ Xz ! 2 , e Xc = 1, when k = 0, 

where a,c\,c 2 are constants with ^a 4 = p\p 2 or ^a 4 = p\p 2 and c 2 =Pi,i = 1,2. 

Example 1.1. f(z) = e z is a transcendental entire solution of finite order of the differential 
equation 

f(z) + f(z)=e 2z + e z . 

Example 1.2. The differential- difference equation 

f 2 (z) + f(z + iri/2) = *e 4z + ^e~ 4z . 

has exactly two entire solutions, namely fi(z) = \ + le 2z — |e _2z and f 2 (z) = \ — le 2z + 

3 -2z 
4 e 

Example 1.3. The differential- difference equation 

f 2 (z) - f'(z + ni/2) = ie 2z + ^e" 22 . 

has exactly two entire solutions, namely fi(z) = | + le 2 + \e~ z and f 2 (z) = | — \e z — \e~ z . 
Example 1.4. The differential- difference equation 

f 2 (z) - 2 f"(z + ni) = ^e 2z + e^ 2z . 

has exactly two entire solutions, namely f\(z) = — 1 + le z — e _z and f 2 (z) = —1 — le z + e _z . 
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2 Lemmas for the Proof of Theorems 


Lemma 2.1. (Clunie’s Theorem)(See [2,13]) Let f(z) be a transcendental meromorphic 
solution of 

f n (z)P(z,f) = Q(z,f), 

where P(z, f) and Q(z , /) are polynomials in f{z) and its derivatives with meromorphic 
coefficients, say {a>|A € I}, such that m(r, a\) = S(r, f) for all A £ I. If the total degree of 
Q(z , /) as a polynomial in f(z) and its derivatives is < n, then 

m {r,P(z, /)) = S(r, /). (2.1) 

Lemma 2.2. (See [14]) Let f(z) be a nonconstant finite order meromorphic solution of 

f n (z)P(z, /) = Q(z, /), 


where P(z , /) and Q{z, f) are polynomials in f(z) and its shifts with small meromorphic 
coefficients, and let cG C, 5 < 1. If the total degree of Q(z,f) as a polynomial in f(z) and 
its shifts is < n, then 

m(r , P(z, /)) = o ( T(r ^j C|,/) ) + o(T(r, /)) (2.2) 

for all r outside of a possible exceptional set with finite logarithmic measure. 


Remark 2.1. In Lemma 2.2, if f(z) is transcendental with finite order, and P{z , /), Q(z , /) 
are differential- difference polynomials in f(z), then by using a similar method as in the proof 
of Lemma 2.1, we see that a similar conclusion of Lemma 2.2 holds. Moreover, we know 
that if the coefficients of P(z, /) and Q{z, /) are polynomials aj(z), j = 1, . . . , k, then (2.2) 
can be replaced by 


mfr,P(z, /)) = S(r, f) + O 


^^?n(r,aj(^))j , 


(2.3) 


where r is sufficiently large. 


Lemma 2.3. (See [1,2]) Let f(z) be a transcendental meromorphic function and k > 1 be 
an integer. Then 

m { r ’ f -Jw) =sirJ) - (2 - 4) 

Lemma 2.4. Let a be a nonzero constant, and H{z) be a nonvanishing polynomial. Then 
the differential equation 

af{z) - 2 f'(z) = H{z) (2.5) 

has a special solution cq(z) which is a nonzero polynomial. 

Proof. Similarly to the proof of [Lemma 2.3, 8]. If H{z) is a nonzero constant, then 
Co(z) = is a special solution of (2.5). Now suppose that 

H(z) = a n z n + a n —\Z n 1 + • • • + a±z + qq, 
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where n > 1 is an integer, a n ^ 0, a„_i, . . . ,ai,ao are constants. 

We use the method of undetermined coefficients to derive the polynomial solution cq(z ) 
satisfying (2.5) by a, a n , a n _i, . . . , a\, ao- By (2.5), we see that degco(z) = deg H(z). For 
n = 1, equation (2.5) has a polynomial solution cq{z) = ^aiz + ^(a o + ^ai). 

In a general case, for n > 2, (2.5) has a polynomial solution 

cq ( z ) = + • • • + bjZ^ + • • • + b\Z + bo, 


where 


bn — (- 


; 1 2( J + ll • i n 

bj = —a,j -\ Oj+i, J = n - 1, ... ,0. 

a a 


Therefore, (2.5) has a nonzero polynomial solution cq(z). 


Lemma 2.5. (See [8]) Let X be a nonzero constant, and H(z) be a nonvanishing polyno- 
mial. Then the differential equation 


4 /"(*) - A 2 f(z) = H(z) 


( 2 . 6 ) 


has a special solution cq(z) which is a nonzero polynomial. 

Lemma 2.6. (See [15]) Suppose that fi(z), f 2 (z ), . . . , f n (z)(n > 2) are meromorphic func- 
tions and gi(z), g 2 {z), . . . ,g n {z) are entire functions satisfying the following conditions, 

(1) Y.U fj{z)cM z) ee 0 ; 

(2) gj{z) — gk{z) are not constants for 1 < j < k < n; 

(3) For 1 < j < n, 1 < h < k < n, T(r,fj(z)) = o(T(r,e 9h ^ z ' ) ~ 9k ^))(r — » oo,r fL E), where 
E C [l,oo) is finite linear measure or finite logarithmic measure. 

Then fj{z) = 0 (j = 1, . . . , n). 

Lemma 2.7. Let P(z) be a nonzero polynomial, A,B,c be nonzero constants and Af=- 1. If 

P 2 (z) = AP(z)P(z + c) + B, (2.7) 


then P(z) must be a constant, P{z) := p( constant). 

Proof. If P(z) is a nonconstant polynomial, then degP(z) > 1. Now suppose that 

P(z) = a n z n + a n ^iz n 1 + • • • + « 0 ) 


where n > 1 is an integer, a n ^ 0, a„_i, . . . , ao are constants, then 

P{z + c) = dn{z + c) n + a n —i (z + c) n + • • • + ao, 

P 2 (z) = a^z 2n + 2a n a n -\Z 2n 1 + • • • , 

P(z)P(z + c) = a 2 l z 2n + (na 2 c + 2a n a n - 1 )z 2n ~ 1 H , 

P 2 {z) - AP(z)P{z + c) = (1 - A)a 2 n z 2n + ■■■ . 

From A ^ 1, we see that deg[P 2 (;z) — AP(z)P(z + c)] = 2n > 2, it contradicts with (2.7). 
Thus P(z) must be a nonzero constant, set P(z) ■= p{f= 0). 
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3 Proof of Theorems 

Proof of Theorem 1.1 

Denote P = a(z)f'(z). Suppose that f(z) is a transcendental entire solution of finite order 
of equation (1.3). By differentiating (1.3), we have 

2/r + P' = a lPl e^ z + a 2 p 2 e a2Z . (3.1) 

Eliminating e aiZ ,e a2Z from (1.3) and (3.1), respectively, we have 

ai f 2 - 2//' + ai P - P’ = (ai - a 2 )p 2 e a2Z , (3.2) 

a 2 f 2 - 2 //' + a 2 P -P' = (o 2 - ai)pie aiZ . (3.3) 

Differentiating (3.3) yields 

2 a 2 ff - 2(f) 2 - 2//" + a 2 P' - P" = afa, - ai ) Pl e a ' z . (3.4) 


It follows from (3.3) and (3.4) that 


= -Q, 


where 


V> = <*ia 2 f 2 - 2(on + a 2 )f f + 2(f) 2 + 2//", 


Q — a.ict 2 P — (cx i + ol 2 )P' + P" . 

If (p ^ 0, by (3.5) — (3.7) and Lemma 2.3, we see that 

m (r, = S(r , /) and m (r, = S(r, /). 

From N (r, = S(r, f) and (3.8), we see that 


T(r,f) + S(r,f)=m r, - < m r, ^ + m r, - 


< T(r, f) + S(r, f) = m(r, ip) + S(r, f) 

< m(r,^] +m(r,f) + S(r,f) 


that is, 


= T(rJ) + S(rJ), 


T(r, <p) = T(r, f) + S(r, /). 


From (3.8) and (3.9), we see that 


2T(r,f) + S(r,f)=2mlr,-\ = m r, — 


< m r, — + to r, - 


< T(r,<p) +S(r,f) 
= T(r, f) + S(r, /), 
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that is T(r, f ) < S(r, /), a contradiction. Then we have <p = 0, that is Q = 0. By (3.7), we 
have 

a ± a 2 P - (oq + a 2 )P' + P" = 0. (3.10) 

Since P = a(z)f(z), it is obvious that P ^ 0. Since oq ^ a 2 , we see that ctqP — P' = 0 
and a 2 P — P' = 0 cannot hold simultaneously. Suppose oqP — P' ^ 0. By (3.10), we get 

ai P - P 1 = Ae a2Z , (3.11) 

where A is a nonzero constant. Substituting (3.11) into (3.2), we have 

f(aif -2 /■) = 1(01 ~ ~ - 4101 P - (ai ~ ~ V (3.12) 

Since the right-hand side of (3.12) is a differential polynomial in f(z) of degree < 1. By 
Lemma 2.1, we have 

m(r,aif- 2f) = S(r, /). (3.13) 

If oq f — 2 /' ^ 0, since f(z) is a transcendental entire function of finite order, by (3.13), we 
see that 

m(r,ai/ - 2/') = S(r,/) = O(logr), 
which implies that oq / — 2 f is a nonzero polynomial. Then we have 

aif - 2/' = H(z), (3.14) 

where H(z) is a nonvanishing polynomial, but H(z) may be a nonzero constant. By Lemma 
2.4, we know that (3.14) has a nonzero polynomial solution, say, cq(z). 

Since the differential equation 

ai f-2f = 0 (3.15) 

has a fundamental solution f(z) = e QlZ / 2 . Then the general entire solution f(z ) of (3.14) 
can be expressed as 

f(z) = c 0 (z) +ae aiz/2 , (3.16) 

where c\ is a constant, Cq(z) is a nonzero polynomial. 

Substituting (3.16) into (1.3), we have 

(cf - Pi)e aiZ - p 2 e a2Z + (2co(z) + ya(x)) cie“ iz/2 + c%(z) + a{z)c' 0 (z) = 0. (3.17) 

By aq ^ a 2 , if a 2 ^ by Lemma 2.6, we see that p 2 = 0, a contradiction. 

If 0-2 = yr , then (3.17) can be rewritten as 

(c 2 -pi)e“ lZ + (2c 0 (z) + Y a (z)^ Ci ~ P-2 e a2Z + Cq(z) + a(z)c' 0 (z) = 0. (3.18) 

By aq ^ a 2 and Lemma 2.6, we have 

(2c 0 (z) + Cl _ P 2 - °> c o ( z ) + a ( z ) c o ( z ) = 0) (3.19) 

then cq(z) = 0, a contradiction. 

Therefore, we have aq / — 2/' = 0, which yields 

/ 2 = Be aiZ , (3.20) 
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where B is a nonzero constant. By (1.3), (3.11) and (3.20), we have 


( 


1 - 



aiP2~A p p 2p , 

A A 


(3.21) 


If pi f B , then by (3.21) and Lemma 2.1, we get T(r,f) = S(r,f), which is impossible. 
Therefore, p\ = B and f(z) = Cie aiZ / 2 , where C\ is a nonzero constant satisfying c\ = Pi- 
Substituting f(z) = C\e aiZ ! 2 and c\ = p± into (1.3), we have 


^Aa{z)e aiz/2 - p 2 e a2Z = 0. (3.22) 

By o.\ f a 2 and Lemma 2.6, we see that a\ = 2a 2 and c\aia(z) = 2p 2 , then a(z) must be 
a constant, set a(z) := a. 

If a 2 P — P' ^ 0, then by a similar method, we can deduce that f(z) = c 2 e a2Z t 2 , a 2 = 
2 ai, c 2 a 2 a = 2pi, c 2 = p 2 . This completes the proof of Theorem 1.1. 


Proof of Theorem 1.2 

Denote Pi(/) = a(z)f( k \z + c). Suppose that f(z) be a transcendental entire solution of 
finite order of equation (1.5). By differentiating both sides of equation (1.5), we have 

2 //' + P{(f) = A ( Pl e Xz - p 2 e~ Xz ). (3.23) 

Differentiating (3.23), we obtain 

2(f) 2 + 2ff" + P['(f) = \ 2 ( Pl e Xz + p 2 e~ Xz ). (3.24) 

Combining (1.5) with (3.24), we have 

(/') 2 = ^A 2 / 2 -//" + Qi(/), (3.25) 

where Qff) = \(\ 2 Pi(f) - P('(/)). 

Eliminating e Xz , e~ Xz from (1.5) and (3.23), we obtain 

A 2 (/ 2 + Pi(/)) 2 - (2 ff + P[(f )) 2 = Apip 2 \ 2 , 

which implies that 

A 2 / 4 — 4/ 2 (/') 2 = P 3 (/), (3.26) 

where 


P 3 (/) = ~[2A 2 / 2 Pi(/) + A 2 (Pi(/)) 2 - 4 ffPff) - (P((/)) 2 - Apip 2 \ 2 ]. 


Substituting (3.25) into (3.26), we see that 


/ 3 (4/"-A 2 /)=T 3 (/), 


(3.27) 


where T 3 (/)=4/ 2 g 1 (/) + P 3 (/). 

Now, we consider two cases, case 1: T 3 (/) = 0 and case 2: P 3 (/) f 0. 

Case 1: P 3 (/) = 0. By (3.27), we have 

4 /" - A 2 / = 0. (3.28) 
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Every entire solution f(z)( ^ 0) of (3.28) can be expressed as 

.f(z)= Cl e Xz ' 2 + c 2 e- Xz ' 2 , 

where Ci,C 2 are constants, and at least one of them being not equal to zero. 
Then 


f {k \z + c) = Cl Q) e -W 2 e -W 2 + (-1)*+^ Q) 

Substituting (3.29) and (3.30) into (1.5), we obtain 


e~ Xc/2 e~ Xz/2 . 


(3.29) 


(3.30) 


(c 2 -p 1 )e Xz +(c 2 2 -P2)e- Xz +a(z)c 1 ^) k e Xc / 2 e Xz / 2 +(-l) k+1 a(z)c 2 (^) k e- Xc / 2 e- Xz / 2 +2c 1 c 2 =0. 


By Lemma 2.6, we see that 


i(z)d e Xc/2 = 0 , (— l) fc+ 1 a(z)c2 Q)’ 


" Ac/2 = 0 . 


(3.31) 

(3.32) 


From A ^ 0 and a(z) ^ 0, then C\ = C 2 = 0, a contradiction. 

Case 2: T 3 (/) ^ 0. Since f(z) is a transcendental entire function of finite order, we see that 
(3.27) satisfies the conditions of Lemma 2.2 and Remark 2.1. Thus we have 

m(r,4f" - A 2 /) = S(r,f) + 0(m(r,a(z))) = O(logr), 

which implies that 4/" — A 2 / is a polynomial. Thus, from (3.27) and T 3 (f ) ^ 0, we have 

4f" ~X 2 f = H(z), (3.33) 

where H{z) is a nonvanishing polynomial. By Lemma 2.5, we see that (3.33) must have a 
nonzero polynomial solution, say, cq(z). 

Since the differential equation 

4 /" - A 2 / = 0, 


(3.34) 


has two fundamental solutions 

fi(z) = e^ z , f 2 (z) = e~^ z . 

Then the general entire solution f{z){j^ 0) of (3.33) can be expressed as 

f(z) = c 0 (z) + c 1 e^+c 2 e~§ z , 

where Ci,C 2 are constants, c 3 {z) is a nonzero polynomial. 

If k is an odd, then 


(3.35) 


ca | - | e~ Xc / 2 e~ Xz / 2 . 


(3.36) 


/<*>(* + c) = c< fc >(* + C ) + c 1 Q) e Ac / 2 e Az / 2 

Substituting (3.35) and (3.36) into (1.5), we obtain 

(c 2 - pi)e Xz + {cl - p 2 )e~ Xz + ^ 2 cic 0 ( 2 ;) + a(z)a ' e Ac/2 ^ e Xz/2 

+ ^2 c 2 c 0 (z) — a{z)c 2 e _Ac / 2 ^ e~ Xz ! 2 + c%(z) + a(z)cg k \z + c) + 2cic 2 = 0. (3.37) 
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By Lemma 2.6, we see that 


c? = Pi, cl = p 2 ; 


2c 1 c 0 (z) + a(z)c i(|) fc e Ac/2 = 0; 
2c 2 c o (^)-a(z)c 2 (|) fc e- Ac / 2 = 0; 

Cq(z) + a(z)cQ k \z + c) + 2cic 2 = 0. 

From (3.38), we know that 

a(z) = a(constant), cq(z) = Co( constant ), 

and then 

x f \\ k 1 /A\ 

c o = ±^a(^j i g4 fl4 ( 2 ) =PiP2, e Ac = -1, c- = 1,2. 

If fc is an even, then 

f^{z + C)= ctf\z + c) + Cl Q) " e A c/2g A z/2 + C2 Q) fc e -Ac/2 e -Az/2_ 
Substituting (3.35) and (3.39) into (1.5), we obtain 

(cl - pi)e Xz + (d - p 2 )e~ Xz + ^2c lCo ( 2 ) + a(z ) Cl Q) e Xc ^ e Xz ' 2 

+ ^2 c 2 c 0 ( 2) + a(z)c 2 e~ Xc/2 ^j e~ Xz/ 2 + d(z) + a(z)cQ k \z + c) + 2 cic 2 = 0. 

By Lemma 2.6, we see that 

c? =Pi, cl = p 2 ; 

2ci c 0 (z) + a(z)ci(f) fc e Ac/2 = 0; 

2c 2 c o (^) + a( 2 )c 2 (|) fc e- Ac / 2 = 0; 
cl(z) + a(z)cQ k \z + c) + 2cic 2 = 0. 

If k is even and k > 0, from (3.41), we know that 

a(z) = a(constant ), c$(z) = Co(constant), 


(3.38) 


(3.39) 


(3.40) 


(3.41) 


and then 

I / \ \ ^ 1 / A \ 

c ° = ( 2 ) ’ 64 fl4 ( ^ ) =PiP 2 , e Ac = 1, c 2 = 1,2. 

If fc = 0, from (3.41), we see that 

cl(z) = ±2 c 0 (z)c 0 (z + c) - 2cic 2 . (3.42) 

By (3.42) and Lemma 2.7, we know that cq(z) = co(constant). By (3.41), we have a(z) = 
a (const ant), and 

II 9 

co = ± 2 «> =PiP2 or —a 4 = pip 2 , e Xc = 1, c 2 =Pi,i = 1,2. 

This completes the proof of Theorem 1.2. 
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APPROXIMATE GENERALIZED QUADRATIC MAPPINGS IN 

(/3, p )- BANACH SPACES 

HARK-MAHN KIM AND HONG-MEI LIANG 


Abstract. In this article, we present general solution of a generalized quadratic functional 
equation with several variables, and then obtain its generalized Hyers-Ulam stability results 
for approximate generalized quadratic mappings in (/?,p)-Banach spaces. 


1. Introduction 

In 1940, S. M. Ulam [30] gave the following question associated with the stability of group 
homomorphisms: Let G be a group and let G' be a metric group with the metric d(-, •). 
Given e > 0, does there exist a <5 > 0 such that if a mapping / : G -Y G' satisfies the 
inequality 

d(f(xy),f(x)f(y )) < <5 

for all x,y G G, then there exists a homomorphism F : G -A G' with d(f(x),F(x)) < e for 
all x € G? 

The question of Ulam was first solved by D. H. Hyers [12] for approximate Cauchy additive 
mappings on Banach spaces. Th. M. Rassias [22] provided a generalized Hyers-Ulam stability 
for the unbounded Cauchy difference controlled by a sum of unbounded function £(||x|| p + 
Hyp) for case 0 < p < 1. And then Z. Gajda [8] provided a generalized Hyers-Ulam stability 
for the Cauchy difference controlled by the same unbounded function e(||x|| p + ||y|| p ) for case 
p > 1. In 1984, J. M. Rassias [23] gave a similar stability for the unbounded Cauchy difference 
controlled by a product of unbounded function e||x|| p ||y|| 9 , p+q i=- 1. More generally, Gavruta 
[10] established a generalized Hyers-Ulam stability under replacing the bound of Cauchy 
difference controlled by an integrated general control function with regular condition. 

The following functional equation 

f(x + y) + f(x - y) = 2 [f(x) + f(y )] 


2010 Mathematics Subject Classification. 39B52, 39B82. 

Key words and phrases, generalized Hyers-Ulam stability; quasi-/3-normed spaces; (/5,p)-Banach spaces, 
t Corresponding author, hmliangl24@126.com. 
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HARK-MAHN KIM AND HONG-MEI LIANG 


is called a quadratic functional equation since it may be originated from the important 
parallelogram equality 

II® + yf + |k - y\\' 2 = 2[|k|| 2 + |k|| 2 ] 

in inner product spaces. In particular, every solution of the quadratic functional equation 
is said to be a quadratic mapping. The Hyers-Ulam stability problem for the quadratic 
functional equation was first proved by F. Skof [29] for a mapping f : X Y, where X is 
a normed space and Y is a Banach space. In 1992, S. Czerwik [6] demonstrated the Hyers- 
Ulam stability of the quadratic functional equation with the sum of powers of norms in the 
sense of Th. M. Rassias approach using the direct method. In the same year, J. M. Rassias 
[24] certified the Hyers-Ulam stability of the quadratic functional equation with the product 
of powers of norms using the direct method. In 1995, C. Borelli and G. L. Forti [2] have 
verified the generalized Hyers-Ulam stability theorem of the quadratic functional equation. 
V. Radu [21], L. Cadariu and V. Radu [3, 4] have proposed to investigate the stability of 
functional equations using the fixed point method which is based on the alternative fixed 
point theorem. Since then, the stability of several functional equations using the fixed point 
method has been extensively investigated by several mathematicians [9, 11, 14, 16, 17]. 

Recently, A. Zivari-Kazempour and M. Eshaghi Gordji [32] have determined the general 
solution of the quadratic functional equation 


f{x + 2 y) + f(y + 2 z) + f(z + 2x) = 2 f(x + y + z) + 3 [f(x) + f(y) + f(z )] , 


and then have investigated its generalized Hyers-Ulam stability. Motivated from this qua- 
dratic functional equation, we now consider a generalized functional equation 

n n—k 

J2 H f{kxi+ x h) 

i= 1 l<ii<---<i n <n 


= (n + k — 1) 


( 1 . 1 ) 



+ 


i = 1 



where n,k are fixed integers with n > 3 and 2 < k < n — 1. Kim and Liang [15] have 
presented the classical stability results of quadratic functional equation (1.1) by using the 
fixed point approach in normed spaces. In this article, we give the general solution of the 
functional equation (1.1), and then investigate generalized Hyers-Ulam stability results for 
approximate generalized quadratic mappings in (/3,p)-Banach spaces. 


2. The general solution of Equation (1.1) 

First of all, we introduce basic definitions, notations and preliminary theorems in the se- 
quel. Let N be the set of all natural numbers, n G N and let X and Y be vector spaces. A 
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mapping A n : X n -A Y is called n-additive if it is additive in each of its variables. A map- 
ping A n is called symmetric if A n (x i, • • • ,x n ) = • • • ,x n ( n \) for every permutation 

{7r(l), - - - , 7T (n)} of {l,--- ,n} and all xi,--- ,x n £ X. If A n (x i,--- ,x n ) is an n-additive 
symmetric map, then A n (x) will denote the diagonal A n (x, ■ ■ ■ , x) for all x £ X, which will 
be called a monomial mapping of degree n. Note that A n (rx) = r n A n (x ) for all x £ X and 
all rational number r £ Q. A mapping p : X — > Y is called a generalized polynomial of degree 
n £ N provided that there exist an i-additive symmetric mappings Ai : X 1 -a Y (1 < i < n) 
such that p(x) = Y17=o A l (x) for all x £ X, where A n ^ 0 and A°( x) = A 0 £ Y is a constant. 

For / : X -a Y, let Aft be the difference operator defined as follows: A hf{x) = f{x + 
h) — f(x) for all x,h £ X. We notice that these difference operators satisfy commutativity: 
A^oA h 2 f( x ) = A/j 2 o A/ ll /(x) for all x, h\, h 2 G A, where A/yoA^ denotes the composition 
of the operators A/^ and Aft 2 . Furthermore, let A ®f(x) = f(x),A\f(x) = A hf{x) and 
A h +1 f( x ) = A/, o A ft/(x) for all n G N and all x,h £ X. In explicit form, the functional 
equation A^ +1 /(x) = 0 can be written as 

AJ* + 7(*) = £(-l) n+1 - J ( n + 1 ) f(x + jh) = 0 
j = 0 V 3 ) 

for all x,h £ X. For any given n £ N, the following is well-known Frechet functional equation 

Aft n+1 o-.-oA h J(x) = 0 

for all x, hi, ■ ■ ■ , h n+ \ £ X. 

The following theorem was proved by Mazur and Orlicz [19, 20] and by Djokovic [7] in 
greater generality. 

Theorem 2.1. Let X and Y be vector spaces, n £ N and f : X -a Y , then the followings are 
equivalent. 

( 1 ) A ft +1 /( x ) = 0 f or a M x i h e X. 

(2) Aft n+1 o • • • o A hl f(x) = 0 for all x, hi, ■ ■ ■ , h n+1 £ X. 

(3) f{x) = A n (x) + • • • + A°(x) for all x £ X, where A°(x) = A 0 is an arbitrary element of 
Y and A l (x) is the diagonal of an i-additive symmetric mapping Ai : X % -a Y [i = 1, • • • , n). 

The following two theorems ([27]) are need for us to establish general solution of the 
functional equation (1.1) (see also [28, 31] for details). 

Theorem 2.2. Let G be a commutative semigroup with identity, S a commutative group 
and n a nonnegative integer. Let the multiplication by n\ be bijective in S. The function 
f : G — > S is a solution of Frechet functional equation Aft n+1 o • ■ ■ o Af ll f(x) = 0 for all 
x, hi, ■ ■ ■ , h n+ 1 £ G if and only if f is a generalized polynomial of degree at most n. 
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Theorem 2.3. Let G and S be commutative groups, n a nonnegative integer, additive 

functions from G into G and <Pi(G) C ipjfG) (i = 1, • • • , n + 1). If the functions f , /* : G -A S 
(i = 1, • • • , n + 1) satisfy 

n+1 

fix) + ^2 fi{<Pi(x) + i>i(y)) = 0 

i = 1 

for all x,y & G, then f satisfies Frechet functional equation A h n+1 o ■ ■ ■ o A/ ll /(x) = 0 /or all 

X, h \ , * * * ,/ln+l e G. 


Before taking up our subject, we note that a mapping / is quadratic if and only if / satisfies 
the functional equation 

f{2x + y) + f(x + 2 y) = 4 f{x + y) + f{x) + f(y), 

which is equivalent to the functional equation 

f(3x + y) + f{x + 3 y) = 6 f(x + y) + 4/(x) + 4 f(y) 

for all x, y 6 X [5]. Moreover, it is very meaningful and elementary to see that the functional 
equation 

(2.1) f(kx + y) + f{x + ky) = 2kf(x + y) + (k - 1 ) 2 [/(x) + f(y)\ 

between vector spaces, where A; is a fixed positive integer with k > 2, is equivalent to the 
quadratic functional equation 

(2-2) fix + y) + fix -y) = 2 fix) + 2/(y) 

for all x,y 6 X using Theorem 2.2 and Theorem 2.3 together with f{kx) = k 2 fix ) for all 
x € X , and so the mapping / satisfying the equation (2.1) is quadratic. 

Now, we are ready to present the general solution of the functional equation (1.1). 


Theorem 2.4. Let X and Y be vector spaces. If a mapping f : X -A Y is solution of the 
functional equation (1.1), then f satisfies the functional equation (2.2) and so it is quadratic. 


Proof. Assume that a mapping / : X — > Y satisfies the functional equation (1.1). Letting 
x\ = ■ ■ ■ = x n := 0 in (1.1), we obtain 


n 


j /( 0) = (n + k-1) 


n — 2 
n — k — 1 


/( 0 ) + 


n 2 kik — 1) 
n — k 


n — 2 
n — k — 1 


/( 0 ), 


which yields /( 0) = 0. 
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On the other hand, one has the following identity by setting x\ := x, X2 = • • • = x n := 0 
in (1.1) 


n — 1 
n — fe 


f(kx ) + (n — 1) 


n — 2 
n — k — 1 


= (n + k — 1) 


n — 2 
n — k — 1 


/(*) + 


/(*) 

nk(k — 1) / n — 2 
n — k \ n — k — l 


fix) 


for all x € X. Thus /(Alt) = fe 2 /(x) for all x € X. 

Putting x\ := x, X2 := y, X3 = • ■ ■ = x n := 0 in (1.1), we get 


/ n- 2 
\ n — k — l 

( 

+(n — 2) 


= (n + k — 1) 


[/(fcr + y) + /(x + fey)] + ^ 
fix + y) + (n - 2) 
/(x + y) + 


n — 2 
n — k 


[f (kx) + /(fey)] 


n — 3 
n — fe — 2 


n — 3 
n — fe — 1 


n — 2 
ra — fe — 1 


[/(*) + /(*/)] 

?rfe(fe — 1) / n — 2 


n — fe l n — fe — 1 


[/(®) + /(y)], 


from which it follows that 

/(fex + y) + /(x + fey) = 2 fe/(x + y) + (fe - l) 2 [/(x) + /(y)] 
for all x, y G X. Hence / is a quadratic mapping. 


□ 


3. The generalized Hyers-Ulam stability of Equation (1.1) 

We recall some basic facts concerning the (/3, p)-normed spaces [25]. 

Let ft be a fixed real number with 0 < ft < 1 and X a linear space over IK, where IK denote 
either R or C. A quasi-/3-norm is a real-valued function on X satisfying the following: 

(1) |M| > 0 for all x G X and ||x|| = 0 if and only if x = 0; 

(2) 1 1 Ax 1 1 = |A|^||x|| for all A G IK and all x G X; 

(3) There is a constant M > 1 such that ||x + y|| < M(||x|| + ||y||) for all x,y G X. 

In this case, the pair (X, || • ||) is called a quasi-/3-normed space. A quasi- /3-Banach space is a 
complete quasi- /3-normed space. Let p be a real number with 0 < p < 1. The quasi- /3-norm 
|| • |j on X is called a (ft, p)-norm if, moreover, || • || p satisfies the following triangle inequality 

\\x + y\\ p <\\x\\ p + \\y\\ p 

for all x,y G X. In this case, a quasi-/3-Banach space is called a (ft, p)-Banach space. We 
notice that quasi- 1-normed spaces are equivalent to quasi-normed spaces and that (1 ,p)- 
Banach spaces with (1, p)-norm are equivalent to p-Banach spaces with p-norrn. We may 
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refer to [1, 26] for the concept of quasi-normed spaces and p-Banach spaces. Given a p- 
norm, the formula d(x,y ) := ||x — y\\ p gives us a translation invariant metric on X. By the 
Aoki-Rolewicz theorem [26], each quasi-norm is equivalent to some p-norrn [1], 

Now, we study the generalized Hyers-Ulam stability of the functional equation (1.1) by 
using the direct method. For convenience, we use the following abbreviations: 


Df{x i, • • • ,x n ) 

n n—k / o \ n 

:= E E /( fca * + E n n _ k _ l )/(E ; 

i— 1 l<ii<---<i n <n \ / i = 1 

(®i, . x n) £ X n := X X ■■■ X X; 


M : = 


k(k - 1) 


n — k 
( n — 2 
\ n — k — 1 


Theorem 3.1. Let X be a vector space and Y a (/ 3, p) -Banach space. Assume that ip : X r 
[0, oo) is a function satisfying 


(3.1) 


^ ip(n j xi, ■ ■ ■ ,n j x n ) p 
• • • ,x n ) := 2^ < oo 


3=0 


ZjPp 


for all x i, ■ ■ ■ ,x n E X . If a mapping f : X — »• Y satisfies the functional inequality 
(3.2) \\Df(xi, ■ ■ ■ ,x„)|| < <p(xi,-- - ,x n ) 

for all x i, ■ ■ ■ , x n £ X, then there exists a unique quadratic mapping Q\ : X — »• Y such that 

M? . . i 

n 2 


||/(x) - Qi(x)|| < ^$i(x,-* • ,x)p 


(3.3) 

/or all x & X. 

Proof. Letting xi = • • • = x n := x in (3.2), we obtain 

II f(nx) - n 2 f{x)\\ < MPp(x, ■■■ ,x) 
for all x G X. Dividing the above inequality by n 2/3 , one has 

H f(nx) MP 

-/(*)ll ^ , x ) 




for all x G X. Replacing x by rvx and dividing by we get 
„/(Y+L) /( n‘x) v< ^ 


jj2(l+l) 


n 


21 


n 2(l+l)Pp ' 


, n l x) p 
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for all x £ X and all l £ N U {0}. Thus, for any m £ N, one deduces that 


(3.4) 


f(n +m x f(n L x ) 

n 2(l+m ) n 


21 


I P < 


M PP 

w 


n 


l+m — 1 

£ 

i=l 


ip(n l x, ■ 


, n x 


n 


2 i(3p 


for all x £ X and all Z 6 NU {0}. In view of (3.4), it is easily checked that the sequence 
{~vr^} is Cauchy in Y. Since Y is complete, the sequence is convergent in Y . Hence, we 
may define a mapping Q i : X — > Y by 

f(n l x) 


(3.5) 


Qi(x) := lim 


,2 1 


l—> oo Tl z 

for all x £ X. Moreover, if we take l = 0 and m A oo in (3.4), then we arrive at the 
approximation (3.3). By (3.2) and (3.5), we see that 

n nn / x,m r I, Df(n l xi,---,n l x n ) p>{n l x u ■ ■ • , n l x n )P 

\\DQi(xi, ■ ■ ■ ,x n )\\P = Inn || Y || p < Inn ^ = 0 

l=fOO Tl zi l— >oo n zl PP 

for all xi, ■ ■ ■ , x n £ X. Hence Q\ satisfies the functional equation (1.1), and so it is quadratic. 

To show the uniqueness of Q\ , we suppose there exists another quadratic mapping Q\ : 
X -A Y which satisfies the functional inequality 

11/0*0 - Qi(x)|| < ,x)p 

n z 

for all x £ X. Since Q± and Q\ are quadratic mappings, we see that 
HQiO) - Q'i{x)\\ p = -%fo\\Qi(n l x) - Q' 1 (n l x)\\ p 


< - f(n l x)\\ p + || f(n l x) - Q^n'xW] 

2 MPp ^ (p(n> +l x r • • • , ni +l x)P _ 2 M^> ^ p>{p?x, 

■fl2(l -\- 1 )/ip Z j f /2j //'-/ip * J 


< 


, n?x) v 


n 


zjpp 


= 0 


3=0 3=1 

for all x £ X. Hence Q\ is a unique quadratic mapping satisfying (3.3). 


□ 


Theorem 3.2. Let X be a vector space and Y a (/ 3,p)-Banach space. Suppose there exists a 
function p : X n -a [0, oo) satisfying 


3*2 0*4, • • • ,x n ) ■■= ^Tn 2lf3p (p(— ,^) p < oo 

* fl L n l 


i = 1 


Xr. 

n l 


for all x\, • ■ ■ , x n £ X. If a mapping f : X -A Y satisfies the functional inequality (3.2), then 
there exists a unique quadratic mapping Q 2 ■ X — > Y such that 

M? 
n 2 

for all x £ X. 


11/0*0 -Q 2 (x)\\ < -2p$ 2 (x,--- ,x)p 
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Proof. We see from (3.2) that 

|j f(nx) — n 2 f(x)\\ p < M^ p ip(x, • • • ,x) p 


for all x G X. Thus, it follows that 


n 


21 


/( 


x 


n L 


-/wrs^E’* 2 ^ 

i = 1 


rr 



for all x G X and all l G N U {0}. The remaining assertion goes in a similar way as the 
corresponding part of Theorem 3.1. □ 


For the moment, we recall the fixed point alternative theorem from [18]. 

Theorem 3.3. Let {X, d) be a generalized complete metric space and let J : X — > X be a 
strictly contractive mapping with Lipschitz constant 0 < L < 1. Then for each given element 
x G X , either 

d(J n x , J n+l x) = oo 

for all nonnegative integers n, or there exists a positive integer no such that 

(1) d(J n x , J n+1 x) < oo for all n > no; 

(2) the sequence { J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set 

Y = {y e X\d(J no x,y) < oo}; 

(4) d(y, y*) < Y=j;d(y, Jy) for all y G Y. 

In the following, we are going to apply the fixed point method to investigate the generalized 
Hyers-Ulam stability of the functional equation (1.1). 

Theorem 3.4. Let X be a vector space and Y a (/3,p) -Banach space. Suppose there exists a 
positive number L\ with 0 < L\ < 1 for which a function (p : X n — > [0, oo) satisfies 

(3.6) ip(nx i,--- ,nx n ) < n 2l3 Lnp(xi, - ■ ■ ,x n ) 

for all x i, • • • , x n G X. If a mapping f : X — >• Y satisfies the functional inequality (3.2), then 
there exists a unique quadratic mapping Q\ : X -Y Y such that 

M 13 

(3-7) \\f(x) - Qi(x)\\ < ,x) 

for all x G X. 
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Proof. First, we denote a set of mappings from X to Y by 

Y x := {g : X -A Y a mapping}, 

and define a generalized metric d on Y x as follows: 

d(g, h ) := inf{a £ [0, oo] : \\g(x) — h(x ) || < a(p(x, ■ ■ ■ ,x)\/x E X} 

for all g,h E Y x . Then we may show that ( Y x ,d ) is a complete generalized metric space 
(see [13]). 

Now, we define a mapping J\ : Y x -A Y x by 

g{nx) 


Jig(x) := 


n * 


for all g E Y x and all x E X. Given g, h E Y x , letting c g h £ [0, oo] be an arbitrary constant 
with d(g, h ) < c 9 /,., w e can write 


g(nx) h(nx ) 1 

II Jig{x) - Jih(x)\\ = 11—^ || < ^gC gh (f{nx, 


n * 




,nx) < Lic gh (p(x , • • • ,x), 


which yields d(J\g, J\h) < L\c g h and so d(J\g, J\h) < L\d(g,h) by letting c g h -A d(g,h) + . 
Hence J\ is a strictly contractive mapping with Lipschitz constant L\ on Y x . 

Second, if we set x\ = • • • = x n := x in the hypothesis (3.2) and divide both sides by n 2 ^, 
then we have 

— n 2/3 

for all x E X, which implies 


ii/o - ^ 


< ~—^ip(x, ■ ■ ■ ,x) 


M? 




and so 


MP 


d(J?f, J? +1 f) < d(f, Jif) < ^ < oo 

for all k E N. Thus according to Theorem 3.3, Ji has a unique fixed point Q\ : X — > Y in 
the set 

A = {g E Y x : d(f,g ) < oo}, 

where Q\ is defined by 

f(n k x ) 


(3.8) 

for all x E X. 
Moreover, 


Qi(x) := lim Jff(x) = lim 


k — S'-oo 


k^-oo Tl 


2k 


d(f,Q l) < 


1 - L 




MP 


n 2 P(l — L{) ’ 
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this means that (3.7) holds. 

Finally, we prove that the mapping Q\ is quadratic. It is follows from (3.2) and (3.8) that 

\\DQi(xi, ■ ■ ■ ,x„)|| = lim ~^\\Df(n k xi, ■ ■ ■ ,n k x n ) || 
k — ^oo n ZKp 

< lim ~^p(n k xi, ■ ■ • , n k x n ) < lim L k p(x i,--- ,x n ) = 0 
k — ^oo n ZKp k — ^oo 

for all xi, ■ ■ ■ , x n € X. By Theorem 2.4, the mapping Q\ : X — > Y is quadratic, as desired. 

□ 


Theorem 3.5. Let X be a vector space and Y a (f3,p) -Banach space. Assume that ip : X r 
[0, oo) is a function satisfying 


/ %l %n \ - h 2 
¥’( — >■" ’ — ) ^ >■■■>*") 


Xr 

n n n * 

for some real number L -2 with 0 < L 2 < 1 and all x\, ■ ■ ■ , x n G X. If a mapping f : X -A Y 
satisfies the functional inequality (3.2), then there exists a unique quadratic mapping Q 2 : 
X — > Y such that 

Ml 3 Lo 

\\f{x)-Q 2 {x)\\< nW{i _ 2 u) p{x,--- ,x) 

for all x £ X . 

Proof. Now, we define a mapping J 2 : Y x — > Y x on the function space (Y x ,d) by 

J 2 g(x) := n 2 g{- ) 
n 

for all g 6 Y x and all Then we see from (3.2) that 

,x s „ , rft ,x x, , mPl 2 


n 


11/0*0 -n 2 /(-)|| < M / V(-," - ,-) < ,x) 

n n 


n 


.2/3 


for all x G X, which induces 


d(f,J 2 f)< 


mPl 2 


n 


2/3 


< OO 


by definition. 

The rest of proof follows from the similar argument to the corresponding part of Theorem 
3.4. □ 


Corollary 3.6. Let X be a quasi-a-normed space andY a (/3,p)-Banach space. If a mapping 
f : X -A Y satisfies the functional inequality 

n 

\\Df[x u ~- ,x n )\\ < 9(^2 ll^ilD 

i= 1 
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for all x i, • • • , x n 6 X, where r, 6 > 0, ra / 2/3, then there exists a unique quadratic mapping 
Q : X -A Y such that 

M^nd „ _ 


||/(x) -Q(x)|| < 


| n 2/3p _ n arp| p 


X 


for all x € X. 


Corollary 3.7. Let X be a quasi-a-normed space and Y a ((3, p) -Banach space, and assume 
that 6 is a given positive real number and ri, ■ ■ ■ ,r n are real numbers with Ya= i *7 := r > 0 
and ra / 2/3. If a mapping f : X -A K satisfies the functional inequality 

n 

\\Df(xi, ■ ■ ■ ,x n )\\ < \\ Xi \n 

i — 1 

for all x i, ■ ■ ■ , x n € X, then there exists a unique quadratic mapping Q : X -A Y such that 

_ 


||/(x) -Q(x)|| < 


| n 2 hv — n ar P\p 


x 


/or all x & X. 


Corollary 3.8. Let X be a vector space and Y a (/3,p) -Banach space, and assume e > 0 is 
any given real number. If a mapping f : X -» Y satisfies the functional inequality 

\\Df(x!,--- ,x n ) || < e 

for all x i, ■ ■ • , x n € X, i/ien i/iere exists a unique quadratic mapping Q : X -A Y such that 

M? 


I! / (x) - <20*011 < 


( rffhv — 1 )p 


/or all x £ X . 
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FIXED POINT THEOREMS FOR GENERALIZED HYBRID MAPPINGS 

IN FUZZY HILBERT SPACES 

AFSHAN BATOOL, TAYYAB KAMRAN, CHOONKIL PARK*, AND JUNG RYE LEE* 


Abstract. The aim of the study is to investigate nonexpansive, nonspreading, hybrid and 
contractive mappings in fuzzy Hilbert spaces and to prove some fixed point theorems. 


1. Introduction and preliminaries 

It was Katsaras [17], who while studying fuzzy topological vector spaces, was the first to 
introduce the idea of fuzzy norm on a linear space in 1984. Later on many other mathemati- 
cians like Felbin [13], Cheng Sz Mordeson [11], Bag &; Samanta [1] etc. introduced definitions 
of fuzzy norrned linear spaces in different approach. A large number of paper have been pub- 
lished in fuzzy norrned linear spaces, for reference please see [2, 3, 4, 5, 6, 7, 14, 15]. On the 
other hand studies on fuzzy inner product spaces are relatively recent and few works have 
been done in fuzzy inner product spaces. Biswas [8], El-Abyed &; Hamouly [12] were among 
the first who gave a meaningful definition of fuzzy inner product space and associated fuzzy 
norm function. Later on, Kohli & Kumar [20] modified the definition of inner product space 
introduced by Biswas. We introduce a broad class of nonlinear mappings in fuzzy Hilbert 
spaces and then we prove some fixed point theorems for the class of such mappings. 

Definition 1.1. Let U be a real linear space. A fuzzy subset N of U x M is called a fuzzy 
norm on U if, for all x,u 6 U and cGf, the following conditions are satisfied: 

(Nl) Vi € M , t < 0; N(x, t) = 0; 

(N2) Vi £ M, t > 0; N( x, t) = 1 if and and only if x = 0; 

(N3) Vi 6 R, t > 0; N(x, t) = N(x, ^ ) if c ^ 0; 

(N4) Vs, i£l,i,aG(7; 

N(x + u,s + t) > min { N(x , s),N(u , t)} 

(N5) N(x, •) is a non-decreasing function of R and limN(x,t ) = 1. 

t->-oo 

The pair (U, N) will be referred to as a fuzzy norrned linear space. 

Theorem 1.2. Let ( U,N ) be a fuzzy norrned, linear space. Assume further that, 

(N6) Vi > 0 ,N(x,t) > 0 implies x = 0. 

Define ||x|| a = A {i > 0 : N(x, t)>a},«£ (0, 1). 

Then {||.|| a : a G (0, l)}is an ascending family of norms on U and they are called a-norms 
on U corresponding to the fuzzy norm N on U . 

2010 Mathematics Subject Classification. 47H10; 46S40; 47S40. 

Key words and phrases, hybrid mapping; fuzzy Hilbert spaces; fixed point theorem; nonexpansive mappings; 
nonspreading mappings. 
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Theorem 1.3. Let (U,N) be a fuzzy normed linear space satisfying (N6). Assume further 
that 

(N7) for x 0, N(x, •) is a continuous function o/M. 

Let ||x|| a = A {t > 0 : N(x, t) > a} , a £ (0, 1) and N' : U x K — > [0, 1] be a function defined 
by 

, , x _ f A{«6 (0, 1) : ||x|| a <tj, if (x, t ) (0, 0) 

[ } "I 0 */ (x, t) = (0, 0). 

Then (i) {||.|| a : a £ (0, 1)} is an ascending family of norms on U. 

(ii) N' is a fuzzy norm on U. 

(in) N’ = N 

In a Hilbert space with inner product (•, •) and norm [[•[[, respectively, it is known that 

1 1 ccx + (1 — ot)y\\ 2 = a ||x|| 2 + (1 — a) ||y|| 2 — a(l — a) \\x — y || 2 (1.1) 

for all x,y £ H and a£l (see [31]). Furthermore, in a Hilbert space, we have that 

2 (x — y, z — vj) = \\x — w\\ 2 + \\y — z\\ 2 — \\x — z\\ 2 — \(y — w\\ 2 (1.2) 

for all x, y,z,w € H. Using means and the Riesz theorem, we can obtain the following result 
(see [22, 25, 26, 27]). 

Lemma 1.4. Let H be a Hilbert space, {x n } a bounded sequence in H and let y be a mean 
on l°° . Then there exists a unique point zq £ cb{.T n |n £ N} such that 

hn (x n ,y) = (zo,y) ,Vy £ H. 

We can define the following nonlinear mappings (see [9, 16, 18, 19, 21, 28, 29]) in fuzzy 
Hilbert spaces. 

Let H be a fuzzy Hilbert space with inner product {(., ,} Q : a £ (0, 1)} and norm {||.|| a : a £ (0, 1)}. 
Let C be a nonempty subset of H. A mapping T : C — > H is said to be nonexpansive, non- 
spreading, and hybrid if 

\\Tx-Ty\\ Q < \\x-y\\ a , 


and 


2\\Tx-Ty\\l<\\Tx-y\\l + \\Ty-x\\l 


3 ||Tx - Ty || 2 < ||x - y\\ 2 a + ||Tx - y || 2 + || Ty - x -|| 2 


for all x, y £ C , respectively. A mapping F : C — > H is said to be firmly nonexpansive if 

II Fx - Fy\\ 2 a <(x-y,Fx- Fy) a 

for all x, y £ C. A mapping T from C into H is said to be widely generalized hybrid if there 
exist a, fi, 7 , 5, e, ( £ M such that 


a ||Tx - Ty\\ 2 a + /3\\x- Ty || 2 + 7 ||Tx - y|| 2 + S ||x - y|| 2 
Fmax {e ||x - Tx|| 2 , C || y ~ Ty\\ 2 a j < 0 
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for all x,y E C and T is called symmetric generalized hybrid if there exist a, /3, 7 , 5 E M such 
that 

a || Tx - Ty\\l + /3(\\x - Ty\\ 2 a + \\Tx - y\\ 2 a ) 

+7 Ik - VWI + <5(11* - Tx\\l + || y - Ty\\ 2 a ) < 0 (1.3) 

for all x,y E C. Such a mapping T is also called (a, f3, 7 , 5)-symmetric generalized hybrid. If 
a = l,/3 = <5 = 0 and 7 = —1 in (1.3), then the mapping T is nonexpansive. If a = 2, /3 = — 1 
and 7 = S = 0 in (1.3), then the mapping T is nonspreading. Furthermore, if a = 3, (3 = 7 = 
— 1 and 5 = 0 in (1.3), then the mapping T is hybrid. 

Let H be a fuzzy Hilbert space and let C be a nonempty subset of H. Then T : C — >• H is 
called a widely strict pseudo-contraction if there exists r E M with r < 1 such that 

\\Tx-Ty\\l<\\x-y\\ 2 a +r\\(I-T)x-(I-T)y\\ 2 a , V x,y E C. 

We call such T a widely r-strict pseudo-contraction. If 0 < r < 1, then T is a strict pseudo- 
contraction (see [10, 23, 24]). Furthermore, if r = 0, then T is nonexpansive. Conversely, let 
S : C — y H be a nonexpansive mapping and define T : C — > H by T = ^77 S' + 177 ^ for 
all x E C and n E N. Then T is a widely (-n)-strict pseudocontraction. In fact, from the 
definition of T, it follows that S = (1 + n)T — nl. Since S is nonexpansive, we have that for 
any x,y € C, 

||(1 + n)Tx — nx — ((1 + n) Ty - ny)\\ 2 a < ||a;-y||^ 

and hence 

II Tx - Ty\\ 2 Q < ||x - y\\ 2 a + n || (/ - T)x - (I - T)y\\ 2 a . 

We denote the strong convergence and the weak convergence of {x n } to x E H by x n — > x 
and x n — *• x, respectively. Let d be a nonempty subset of H. We denote by coA the closure 
of the convex hull of A. Let T be a mapping from C into H. We denote by F(T) the set of 
fixed points of T. 


2. Fixed point theorems 

Theorem 2.1. Let H be a fuzzy Hilbert space, C a nonempty closed convex subset of H and 
let T be an (a, /?, 7 ,5) -symmetric generalized hybrid mapping from C into itself such that the 
conditions (1) a + 2/3 + 7 > 0, (2) a + (3 + 8 >0 and (3) 5 > 0 hold. Then T has a fixed 
point if and only if there exists z E C such that {T n z : n = 0, 1, ...} is bounded. In particular, 
a fixed point of T is unique in the case of a + 2/3 + 7 > 0 on the condition (1). 

Proof. Suppose that T has a fixed point z. Then {T n z : n = 0,1,...} = {z} and hence 
{T n z : n = 0,1,...} is bounded. Conversely, suppose that there exists z E C such that 
{T n z : n = 0,1,...} is bounded. Since T is an (a, /3, 7 , <5)-symmetric generalized hybrid 
mapping of C into itself, we have that 

a || Tx - T n+1 z\\ 2 Q + (3(\\x - T n+1 z\\l + || Tx - T n zf a ) 

+7 |k - T n z\\ 2 a + <5(|k - Tx \\ 2 a + || T n z - T n+ k||^) < 0 
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for all n £ Nu{0} and x £ C. Since {T n z} is bounded, we can apply a Banach limit p to both 
sides of the inequality. Since p n \\Tx — T n z\\ 2 a = p n || Tx — T n+ 1 z||^ and p n ||x — T" + 1 z||^ = 
p n ||x — T n z\\ 2 a , we have that 

(a + p)/j, n || Tx - T n z\\ 2 a + (/3 + 7 )p n \\x - T n z\\ 2 Q 
+<y(ll* - Tx \\l + Hn || T n z - T n+1 z\\ 2 Q ) < 0. 

Furthermore, since 

Hn II Tx - T n z\\ 2 Q = II Tx - x\\ 2 a + 2 Hn (Tx -x,x- T n z) a + p n \\x - T n z\\ 2 a , 
we have that 

(a + (3 + 6) || Tx - x\\ 2 a + 2(a + /3)// n (Tx — x,x - T n z) a 

+(a + 2/3 + \\x - T n z\\ 2 a + || T n z - T n+l z\\l < 0. 

From (1) a + 2/3 + 7>0 and (3) 5 > 0, we have that 

(a + /3 + 5) ||Tx’ - x||^ + 2(a + /3)fi n (Tx - x,x - T n z) a < 0. (2.1) 

Since there exists p £ H from Lemma 1.4 such that 

H n (y,T n z) a = ( y,p) a 

for all y £ H, we have from ( 2 . 1 ) that 

(a + /3 + 5) || Tx - x\\ 2 a + 2 (a + /3) (Tx - x, x - p) a < 0. (2.2) 

Since C is closed and convex, we have that 

p £ co{T n x : n £ N} C C. 

Putting x = p, we obtain from (2.2) that 

(a + /3 + 6) \\Tp - p\\l < 0. (2.3) 

We have from (2) a + (3 + <5 > 0 that \\Tp — p\\ 2 a < 0. This implies that p is a Hxed point in T. 
Next suppose that a + 2/3 + 7 > 0. Let p\ and P 2 be fixed points of T. Then we have that 

« ||Tpi - T P2 \\l + fi(\\pi - T P2 \\l + \\Tpi -p 2 \\l) 

+7 ||pi ~P2\\l + S(\\pi - Tpi\\ 2 a + IIP 2 - Tp 2 \\ 2 a ) < 0 

and hence(a + 2/3 + 7 ) IIpi — PzWa — 0- We have from a + 2/3 + 7 > 0 that p\ = p 2 . Therefore 
a fixed point of T is unique. This completes the proof. □ 

We can derive the following theorem from Theorem 2.1. 

Theorem 2.2. Let H be a fuzzy Hilbert space, C a nonempty bounded closed convex subset of 
H and let T be an (a, (3,^,6) -symmetric generalized hybrid mapping from C into itself such 
that the conditions (1) a + 2/3 + 7 > 0, (2) a + /3 + 5 > 0 and (3) <5 > 0 hold. Then T has a 
fixed point. In particular, a fixed point of T is unique in the case of a + 2/3 + 7 > 0 on the 
condition ( 1 ). 
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A mapping T from C into H is called (a, /3, 7 , <5, ^-symmetric more generalized hybrid if 
there exist a, /3, 7 , <5, £ G M such that 

a || Tx - Ty\\ 2 a + /?( ||* - Tyf a + || Tx - yfj + 7 ||* - y\\ 2 a 
+S(\\x - Tx \\l + || y - Ty\\ 2 a ) + (\\ x - y - (Tx - Ty) \\ 2 a < 0 (2.4) 

for all x, y G C . 

Theorem 2.3. Let H be a fuzzy Hilbert space, C a nonempty closed convex subset of H and 
let T be an (a, /J, 7 , <5, £)- symmetric more generalized hybrid mapping from C into itself such 
that the conditions (1) a + 2/3 + 7 > 0, (2) a + (3 + 6 + £ > 0 and (3) 5 + £ > 0 hold. Then 

T has a fixed point if and only if there exists z G C such that {T n z : n = 0,1, ...} is bounded. 

In particular, a fixed point of T is unique in the case of a + 2/3 + 7 > 0 on the condition (1). 

Proof. Since T : C -A C is an (a, f3, 7 , <5, ^-symmetric more generalized hybrid mapping, there 
exist a,/3,-y, 5, ( G M satisfying (2.4). We also have that 

||.T - y - (Tx - Ty)\\ 2 a = ||* - Txf a + \\y - Ty\\ 2 a 

- ||* - Ty\\l - || y - Txf a + ||* - y\\ 2 a + || Tx - Ty\\ 2 a (2.5) 

for all *, y G C . Thus we obtain from (2.4) that 

(a + C) || Tx - Ty\\ 2 a + (0 - C)(ll* - ^lla + 11^* - y\0 

+(7 + 0 Ik - y\\l + (5 + C)(||* - Tx\\l + ||y - Ty\\ 2 a ) < 0. (2.6) 

The conditions (l)a + 2/3 + 7>0 and (2) a + /3 + <5 + ( >0 are equivalent to (a + 0 + 2 ((5 — 
0 + (7 + 0 > 0 and (a + 0 + (P ~~ C) + + 0 > 0 , respectively. Furthermore, since (3) 

5 + £ > 0 holds, we have the desired result from Theorem 2.1. □ 

As a direct consequence of Theorem 2.3, we obtain the following. 

Theorem 2.4. Let H be a fuzzy Hilbert space, C a nonempty bounded closed convex subset 
of H and let T be an (a, (5, j,S, ()- symmetric more generalized hybrid mapping from C into 
itself such that the conditions (1) a + 2/3 + 7 > 0, (2) a + /3 + 5 + £ >0 and (3) <5 + £ > 0 
hold. Then T has a fixed point if and only if there exists z G C such that {T n z : n = 0, 1, ...} 
is bounded. In particular, a fixed point of T is unique in the case of a + 2/3 + 7 > 0 on the 
condition (1). 

We can extend the above theorem as follows. 

Theorem 2.5. Let H be a fuzzy Hilbert space, C a nonempty bounded closed convex subset 
of H and let T be an (a, ^, 7 , 5, ()- symmetric more generalized hybrid mapping from C into 
itself which satisfies the conditions (1) a + 2/3 + 7 > 0, (2) a + /3 + S + C > 0 and (3) there 
exists A G [0, 1) such that (a + j3) A + 6 + f > 0. Then T has a fixed point. In particular, a 
fixed point of T is unique in the case of a + 2/3 + 7 > 0 on the condition (1). 
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Proof. Since T : C —>■ C is an ( a , (5, 7 , 5, ^-symmetric more generalized hybrid mapping, we 
obtain that 


in „ 1 1 2 
\a 


a || Tx - T n+1 z\\l + 0(||® - T n+1 z\\l + \\Tx - T n z\\ 2 a ) + 7 ||® - T n z\ 

+5(||® - Tx \\l + || T n z - T n+ 1 z|| 2 ) + C ||(® - Tx) - (T n z - T n+1 z)\\l < 0 
for all n € N U {0} and all x € C. 

Let A £ [0, 1) n {A : (a + (3)\ + ( + 7 > 0} and define S = (1 — A )T + A I. Since C is convex, 
S is a mapping from C into itself. Since C is bounded, {S n z : n = 0,1, ...} is bounded for all 
z £ C. Since A / 1, we obtain that F(S) = F(T). Moreover, from T = j^r\S — jzr\I and 
( 2 . 1 ), we have that 


a 

+/3 

+5 

+C 


Sx — — ® I — 


1 — A 


x — 


1 — A 


1 Q A 

s v- 1 — tv 


x — 


1 — A 

1 

1 - A 
1 


1 - A" 


1 <? A 
Sy -—y y 

1 


1 — A 

2 

+ 0 


1 - A 


Sx - 


1 - A 


x -y 


Sx - 


1 - A 


+ <5 


1 c A 
Sy - — y 


x — 


1 - A 


Sx- 


X 


1 - A 


x - y - 


1 — A 
1 

1 - A 


Sy- 


1 - A' 


= a 


( Sx ~ s v ) - ( x ~ y "> 


+0 

+/3 


x — 


x — 


Y~r\ _ y) 

( Sx - y) - y~t\ ( x _ y) 


+7 


I 2 

I a 



1 

2 

1 

+5 

1 _ A (® Sx) 

+ 5 

a 

i-x {y Sy) 


+C 


1 (® - Sx) - — * — (y - Sy) 


1 — A 


1 - A 


“ \\Sx-Sy\\l + -^-\\x-Sy\\l 


1 - A 


1 — A 


+ r~\ 11^ - yii' + (-y^a + + 7 ) ~ '■" 2 


+ 


8 + /3X 
(1-A ) 2 


\x~Sx \\i + 


2 <5 + 0A 


(i-Ar 


-Sy ||; 


+ i\\x-y\Yc 


(1 - A) 


166 


AFSHAN BATOOL et al 161-172 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


FIXED POINT THEOREMS FOR GENERALIZED HYBRID MAPPINGS 

Therefore, S is an — jzr\ (o + 2/3) + 7, ; (i + ^G ) -symmetric more generalized 

hybrid mapping. Furthermore, we obtain that 

tta + rk + i^a “ i^a (l 1 + 2/3> + 7 = Q + 2/3 + 7 - °- ■ 

cx 3 6 H- (3\ C + a\ cx 3 6 C „ 

1-A + 1-A + (1-A) 2 + (1-A) 2 (1-A) 2 ’ 

6 + /3A C T oA (a + /3) A + <5 + C 
(1 - A) 2 + (1 - A) 2 “ (1-A ) 2 “ 

Therefore, by Theorem 2.4, we obtain F(S) 7^ 4>. 

Next, suppose that a + 2/3 + 7 > 0. Let p\ and p 2 be fixed points of T. Then 

a\\Tpi - Tp 2 \\ 2 a + /3{\\pi ~Tp 2 1| 2 + \\Tpi - p 2 \\l) + 7 ||pi - P 2 WI 
S(\\pi ~ Tp i|| 2 + \\p2 - TP2 1| 2 ) + C | \(pi ~ Tp 1 ) + (pa - Tp 2 )|| 2 
= (a + 2/3 + 7) Ibl -P2||a < 0 

and hence p\ = p 2 . Therefore a fixed point of T is unique. □ 

For the case /3 + 5 = 0 in Theorem 2.5, we have the following theorem. 

Theorem 2.6. Let H be a fuzzy Hilbert space, C a nonempty bounded closed convex subset 
of H and let T be an ( a , — /3, 7, /3, Q-symmetric more generalized hybrid mapping from C into 
itself, i.e., there exist a, {3, 7, ( € M such that 

a || Tx - Ty\\l + /3(||z - Ty|| 2 + ||Tx - y \\ 2 Q ) + 7 ||x - y|| 2 

-/3(ll* - rx-|| 2 + || y - Ty\\l) + C II x-y- {Tx - Ty) || 2 < 0 (2.7) 

for allx,y G C. Furthermore, suppose thatT satisfies the following conditions (1) g+ 2/3+7 > 
0, (2) a + C > 0 and (3) t/iere exists A G [0, 1) such that {a + /3) A + <5 + £ > 0. Then T has 

a fixed point. In particular, a fixed point of T is unique in the case of a + 2/3 + 7 > 0 on the 

condition (1). 

Using Theorem 2.3, we prove the following fixed point theorem. 

Theorem 2.7. Let H be a fuzzy Hilbert space, C a nonempty bounded closed convex subset 
of H and let T be a widely strict pseudo- contraction from C into itself, i.e., there exists r G M 
with r < 1 such that 

II Tx - Ty\\l < ||* - yf a + r ||(J - T)x -{I- T)y\\ 2 a , V*, y G C. (2.8) 

Then T has a fixed point in C. 

Proof. We first assume that r < 0. We have from (2.8) that for all x,y G C, 

II Tx - Ty\\ 2 a - ||* - y\\ 2 a - r \\{I - T)x -{I- T)y\\ 2 a < 0 (2.9) 

Then T is a (1, 0, — 1, 0, — r)-symmetric more generalized hybrid mapping. Furthermore, (1) 
a + 2/3 + 7 = 1 — 1 >0, (2) a + /3 + (5 + £ = l — r>0 and (3) 5 + ( = — r > 0 in Theorem 1.4 
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are satisfied. Thus T has a fixed point from Theorem 2.3. Assume that 0 < r < 1 and define 
a mapping T as follows: 

Sx = Ax + (1 — A )Tx,Vx G C, 

where r < A < 1. Then S is a mapping from C into itself and F(S) = F(T). From 
Sx = Xx + (1 — A )Tx, we also have that 

Tx = — Sx — -x. 

1 — A 1 — A 


Thus we have 
0 


1 Q X 

Sx — - -x — 


1- A 1 — A 

2 


1 Q A 


- x - 


— r 


1 — A 

1 


x-y 


- Sx - 


A 


1 (Sx - Sy) - (x - y) 


1 — A 1 — A 
2 


X — 


1 o A 

— ' s » - — ,J 


1 - A 


— ||LC — 

1 


— r 


1 — A 


1 (x-y) - — (Sx - Sy) 


1 - A 


1 — A 
1 


\\Sx — Sy\\ 2 a — 


1 - A 
1 2 


+ 


1 - A 1 - A 
r 


\ _ \ " X y|l « 

A "x-y- (Sx- Sy)\\l-\\x-y\\ 2 a 


2 \\ x ~y~ (Sx- Sy)|| 

1 , 


(1- A) 

1 \\Sx-Sy\\l- 


x — ■ 


+ 


A — r 


\x-y-(Sx- Sy)\\‘ 


1 — A 1 — A " IIQ '(i_A ) 2 

Then S' is a — j^,0, ) )-sy mm etri c more generalized hybrid. From 

= o, 


— + 2.0 ^ T 

1 — A 1 - A 


1 A — r 

+ — o > L) and 


1 — A ' (1 — A ) 2 
A — r 

9 > 0 , 

(1-A ) 2 - 

( 1 ) a + 2/3 + 7 > 0 , ( 2 ) a + (3 + 5 + £ > 0 and (3) 6 + C > 0 in Theorem 1.4 are satisfied. Thus 
S has a fixed point in C from Theorem 2.3 and hence T has a fixed point. This completes 
the proof. □ 

Let H be a fuzzy Hilbert space and let C be a nonempty subset of H. Let T be a mapping 
of C into H. For u G H and s,t G (0, 1), we define the following mapping: 


Sx = tx + (1 — t) (su + (1 — s)Tx) 
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for all * € C. We call such S a TWY mapping generated by u, T , s, t. Since Sx 
t)u + (1 — t)(l — s)Tx , we have that for all x,y G C, 


\\Sx-Sy\\l 


Similarly, we have that 


||t(*-y) + (l-t)(l-s) (Tx-Ty)\\ 2 a 
t 2 Ik - y\\l + (1 - tf(l - s) 2 \\Tx - Ty\\l 
+2t(l - t){ 1 - s) (x - y, Tx - Ty) a 
?\\x-y\\l + (l-tf{l-sf\\Tx-Ty\\l 
+t{l-t)(l-s){\\x-Ty\\l + \\y-Tx\\l 
-\\x-Tx\\l-\\y-Ty\\l) 

?\\x-y\\l + (l-t?{l-s) 2 \\Tx-Ty\\l 
+ t(l-t)(l-s)(\\x-Ty\\ 2 a + \\y-Tx\\ 2 a ) 
-i(l-t)(l--)(||x-Tx||*-||y-ry||*). 


\\ x -Sy\\ 2 a + \\y-Sx\\ 2 a 
= S (l-t) 2 (\\u-x\\l + \\u-y\\l) 

-s{l-s){l-t)\\\u~Tx\\l + \\u-Ty\\l) 
-t{l-t){l-s){\\x-Tx\\l + \\y-Ty\\l) 

+(1 - t)(l - *){\\x - Tx\\l + || y - Ty\\l) + 2t\\x - y\\ 2 a , 


and 


\\x-Sx\\ 2 a + \\y-Sy\\ 2 a 
= s(l-t) 2 {\\u-x\\ 2 a + \\u-y\\l) 

-s(l-s)(l-t) 2 (\\u-Tx\\ 2 a + \\u-Ty\\ 2 a ) 
+ s(l-s)(l-t) 2 (\\x-Tx\\ 2 a + \\y-Ty\\ 2 a ). 

We also have that 


J| x-y- Sx- Sy\\ 2 a 

= { l-s)(l-t) 2 (\\x-Tx\\ 2 Q +\\y-T y \\ 2 Q ) 

-(l-s)(l-t) 2 (\\x-Ty\\ 2 a + \\y-Tx\\ 2 a ) 

+(1 - t? \\x-y\\ 2 a + {l- t) 2 { 1 - s) 2 || Tx - Ty\\ 2 a . 

Using (2.11) and (2.12), we have that 

||.t - S*|| 2 + ||y - Sy\\ 2 a - ||* - S y \\ 2 a - \\y - 5*|| 2 
= {l- s ){l-t)(\\x-Tx\\l + \\ y -Ty\\l 

-\\x - Ty\\l + \\y - Tx\\l-2t\\x - y\\l). 


Using (2.10) and (2.13), we have the following theorem. 


tx + s(l — 

( 2 . 10 ) 


( 2 . 11 ) 


( 2 . 12 ) 

(2.13) 
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Theorem 2.8. Let H be a fuzzy Hilbert space, C a nonempty bounded closed convex subset 
of H and let T be a widely strict pseudo-contraction from C into itself, i.e., there exists r G M 
with r < 1 such that 

\\Tx-Ty\\l<\\x-y\\l+r\\(I-T)x-(I-T)y\\ 2 a Vx,y€C. (2.14) 

Let u G C and s G (0, 1). Define a mapping U \ C —> C as follows: 

Ux = su + (1 — s)Tx, Vx G C. 

Then U has a unique fixed point in C . 


Proof. Since T is a widely r-strict pseudo-contraction from C into itself, we have that for all 
x,y eC, 

II Tx - Ty\\ 2 a - ||x - y\\l - r ||(J - T)x -{I- T)yf a < 0. 

If r < 0, then T is a nonexpansive mapping. Therefore U is a contractive mapping. Using 
the fixed point theorem for contractive mappings, we have that U has a unique fixed point in 
C. Let 0 < r < 1. Since 

\\x-y- (Tx-Ty)\\ 2 a = \\x - Tx\\ 2 a + \\y - Ty\\ 2 a 

- \\x - Ty\\ 2 Q - || y - Tx\\l + ||x - yf Q + || Tx - Tyf a , 

we have that 


(l- r )\\Tx-Ty\\l-(l + r)\\x- 


-r \\x - Tx \\l + || y - Ty f a - \\x - Ty \\ 2 a - \\y - Tx f a < 0. 
For u, T and s, r G (0, 1), define a TWY mapping S as follows: 

Sx = rx + (1 — r) (su + (1 — s)Tx) , Vx G C. 

Then we have from (2.10) that 


(1 — r)(l — s) 2 I|5X " Sy “ (1 — r)(l — s) 2 I|X “ 2/|l “ 

+ (T^y ( l|x " Tx|l “ + h ~ ry|l « " l|x _ Ty|1 ' _ h ~ Tx|l “) 

— (1 + r ) l|x — ylla 

-r(||x - Tx\\l + || y - Tyf a - ||x - Tyf a - \\y - Tx f a ) < 0. 


We have from (2.13) that 
1 


(l-r)(l-s) 2 (1 — r)(l — s) 2 


x — 


+ 

+ 


(1 — r)(l — s) 2 
2 r 2 


(||x - Sx\\ 2 a + || y - Sy\\ 2 a - \\x - Sy\\ 2 a - \\y - Sx \\ 2 a ) 


\ x ~y \\ a - -(! + r ) \\ x ~y\\c 


(1 — r)(l — s) 2 

(ll* - Sx \\l + II y - SyWl - II® - Sy\\l - II y - 5x||^) 
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and hence 


FIXED POINT THEOREMS FOR GENERALIZED HYBRID MAPPINGS 

2 r 2 


(l-r)(l-s) 


\x — 


la<0 


1 

(1-0(1 



*5y|i 


2 

a 


(1 _ r) r ^ _ s) 2 (ll* ~ s y\\l + ll y ~ 5x ll«) 

( r2 _ l-g + r 2 (l + fi) \ _ u 

V(i-0(i-0 2 (1- 0(1-0 J 11 n 


+ (1 _ r) ? ( S 1 _ g) 2 (ll X - 5x lla + II y ~ 5 2/ll«) ^ °- 

For this inequality, we apply Theorem 2.2. We first obtain that 

1 2 rs r 2 1 — s + r 2 (1 + s) 

(1 — r)(l — s) 2 (1 — r)(l — s) 2 (1 — r)(l — s) 2 (1 — r)(l — s) 

g (1 + r ) (2 — s (1 — r)) 

(1 — r)(l — s) 2 
Furthermore, we have that 

1 rs rs 

(1 — r)(l — s) 2 (1 — r)(l — s) 2 (1 — r)(l — s) 2 

1 

(1 — r)(l — s) 2 > °’ 
rs 

(1 — r)(l — s) 2 ~ 

Thus S has a unique fixed point z in C from Theorem 1.3. Since z is a fixed point of S, we 
have z = rz + (1 — r)(su + (1 — s)Tz. From 1 — r / 0, we have that 

z = su + (1 — s)Tz. 

This completes the proof. □ 
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Abstract 

By constructing a new form Dirichlet-Hadamard product of Dirichlet series, 
we investigate the relation about the growth of Dirichlet series and obtain some 
estimates on the upper and the lower bounds of the (lower) (/-order and the (lower) 
(/-type of Dirichlet-Hadamard product of Dirichlet series. We also study the growth 
on scalar multiplication and shift of Dirichlet series. Our results of this paper are 
improvements of the previous theorems given by Kong and Deng. 

Key words: Dirichlet-Hadamard product, growth, scalar multiplication, Dirichlet 
series. 

2010 Mathematics Subject Classification: 30B50, 30D15, 11F66. 


1 Introduction and basic notes 

Consider Dirichlet series 

OO 

.f( s ) = ' 52 a ne Xr,s , s = a + it, (1) 

n=l 


where 

0 < Ai < A2 < • • • < A„ < • • • , A„ — > 00, as n — > 00; 
s = a + it ( a,t are real variables); a n are nonzero complex numbers. Let f(s) satisfy 


limsup 1 O f"= 0 , 

n—> 00 

( 2 ) 

r log \a n \ 

limsup — = — 00, 

n—> 00 

(3) 


then we have the abscissas of convergence and absolute convergence are +00 by applying 
the Valion’s formula (see [4]), that is, f(s) is an analytic function in the whole plane C. 
We denote D to be the class of all functions f(s) satisfying (2), (3). 

‘The authors were supported by the NSF of China(11561033), the Natural Science Foundation of 
Jiangxi Province in China 20151BAB201008), and the Foundation of Education Department of Jiangxi 
(GJJ150902) of China. 

1 Corresponding author. 
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Definition 1.1 (see [16]). Let f{s) € D, the order of f(s) is defined by 


p = lim sup 

<J — >- + oo 


log log M (a , /) 

a 


where 

M(a,f)= sup {\f(a + it)\}, for a £ R. 

— oo<££<+oo 

For p = 0,0 < p < oo ,p = oo, /(s) can be called zero order, finite order, infinite 
order Dirichlet series, respectively. For infinite order Dirichlet series, we will introduce 
the definition of g-order as follows. 

Definition 1.2 (see [16]). Let f(s) € D, we define the q-order p and lower q-order x 
of f(s) as follows 


P = P[ q \ = lim sup 

< 7— >-+00 


log [9l M(a,/) 


X = X[q] = lim inf 


log [,1 %/) 


In addition, if p £ (0, +oo), the q-type T and lower q-type r can be defined as follows: 


T = lim sup 

a — >-+oo 


log 


e<rp 


t = lim inf 

< T — >-+00 


log 


e a p 


where q = 2, 3, • • • , log^ x = x, logi fe l = log(logi fc 1 1 x). 


Definition 1.3 (see [16]). If p = x> f( s ) called p^-regular growth, and if t = T, 

/(a) is called p[ q ]-perfectly regular growth. 

In the past several decades, considerable attention has been paid to the growth and 
the value distribution of Dirichlet series; see [4, 16] for some results. For examples, J. 
R. Yu, D. C. Sun and Z. S. Gao investigated the growth and value distribution of entire 
functions defined by Dirichlet series (see [1, 2, 3, 5, 9, 12, 15]); M. N. Sheremeta, A. 
Nautiyal, and H. Y. Xu studied the problem on the approximation of Dirichlet series 
(see [8, 10, 13, 14]); Y. Y. Kong, K. A. M. Sayyed, M. S. Metwally and M. T. Mohamed 
studied the growth of Hadamard-product of Dirichlet series (see [6, 7, 11]), and so on. 
We list several classical results as follows. 


Theorem 1.1 Let f(s) £ D be of order p, then 

K log [<?_11 A„ 


p = lim sup 


n— >-+oo 


log I a, 


l-i ’ 


, A,, 


T = limsup |a„| log^ 2 ^( — ). 

n — >-+oo ep 

Theorem 1.2 Let f(s) £ D be of lower order x, then 

. .Anlogfc-^An-j 

x < lim mf — : — — , 

n^+oo log |a n | 1 

where q = 2, 3, • • • ,the equality holds if and only if 

log |a„| - log |a ra +i | 


ip(n) = 

is a non- decreasing function with n. 


^n+l 


( 4 ) 

( 5 ) 

( 6 ) 
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Theorem 1.3 Let f(s) G D be of order p( 0 < p < +oo) and of type r, then 

t < liminf \a n \^ log [9_21 (^— !-), (7) 

n— >+00 ep 

where q = 2, 3, • • • , the equality holds if and only if p{n) is a non- decreasing function 
with n, and log^~ 2 ^ A„_i ~ log^ -2 ^ A n ,n — > +oo. 


In 2009 and 2014, Y. Y. Kong and G. T. Deng investigated their growth of Dirich- 
let series by defining the Dirichlet-Hadamard product (see [5, 6]) and obtained some 
interesting results. 

Definition 1.4 (see [5, 6]). Let /i(s) = ««e 7 " s , / 2 (s) = J2n=i Ke Us and /i (s), 

/ 2 (s) G D, the Dirichlet-Hadamard product function Fi(s) of /i(s), / 2 (s) is 

OO 

Fi(s) = (/i A/ 2 )(/i, v\ s) = J2 c n e* nS , 

n—1 

where c n = afJLf, a n ,b n are nonzero complex numbers; X n = 7,1 , p, v are positive 

numbers, 0 < 7 „,( n | + 00 . 


Theorem 1.4 (see [6, Theorem 2.1]). Let /i(s),/ 2 (s) G D be of q- order p\,p 2 , respec- 
tively, and satisfy 

In = VZn, ( 8 ) 

then the q-order p of the Dirichlet-Hadamard product Fi(s) satisfies 


PiPi(2 + + rj) 

+ 1) + 2/ip 2 (l + ry) 


Pi,P2 G [ 0 , +00). 


Theorem 1.5 (see [6, Theorem 2.2]). Let /i(s), / 2 (s) G D be of lower q-order Xi ; X2> 
respectively, and satisfy the condition of Lemma 2.2, then the lower q-order x of the 
Dirichlet-Hadamard product F\ ( s ) satisfies 


( 2 + 7, + V)XiX2 

X ~ 2^Xi + 1) + 2/^X2 (1 + ??)' 

In this paper, we will introduce a more general form Dirichlet-Hadamard product of 
Dirichlet series, which is improvement of Kong’s definition [6]. 

Definition 1.5 Let /1 (s) = a n e 7 " s , / 2 (s) = J2n= i b n.e^ s and /i(s),/ 2 (s) G D, 

the generalized Dirichlet-Hadamard product can be defined by 


F (s) = {fiAf 2 )(p,u;a,P;s) = '^2c n e XnS , c n = a^bf, A„ = aj n + /3£ n , 

n—1 


where a,f3,p,v are positive numbers, a n ,b n are nonzero complex numbers, 0 < 7 „, f 
+00. 


Remark 1.1 When a = ft = the generalized Dirichlet-Hadamard product is the 
Dirichlet-Hadamard product by Kong. 
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2 Some Lemmas and the (lower) q-order of the gen- 
eralized Dirichlet-Hadamard product 

In this paper, we prove some theorems about the upper and the lower bounds of the 
(lower) g-order and the (lower) g-type of generalized Drichlet-Hadamard product. 

Lemma 2.1 Let /i(s),/ 2 (s) £= D and satisfy (8), then F(s ) is analytic in the whole 
complex plane, that is, F(s) is an entire function. 

Proof: 

logn logn 

lim sup — - — = lim sup j— 

n—>oo A n n —> oo T (3fn 

1 logn 

< — inn sup = 0, 

OL n— P oo 'Jn 

and 

.. log|c„| p log | a„ | + v log | b n | 

lim sup — = lim sup — 

n— Poo A n n— Poo Ct'Tn T Psn 

p log | a n | 

< lim sup = — oo. 

n— Poo T Psn 

This completes the proof of Lemma 2.1. □ 

Lemma 2.2 Let 'y n ,^ n satisfy (8), and 

<Pi (n) = (7n+i Tn) — 1 I ——7 | , <p 2 (n) = (f n+1 - £„) _1 log | -L-\ 

&n+l a n - 1-1 

be non- decreasing functions with n, then 

V(n) = (A n+ i - A,^ 1 log | | 

Cn+1 

is a non- decreasing function with n. 

Proof: 


<P(n) 


(«7n+l + Pfn+l) - (ajn + Kn) 

^loglfyyl 


log I 


nUh 1 ' 

u n u n 

n I 

l n+l u n+l 


(7n+l - 7 n)(« + 
Wi(«) vp2{n) 
a + /3 + mf 


' (£ n+1 -£„)(a**^ 


-logfel 

, 7n+l~ 

' Cn + 1 “ £rr 


/3) 


(9) 


Since gJi(?r), g? 2 (?i) are non-decreasing functions, thus it follows from (9) that (p(n) is a 
non-decreasing function. □ 

Theorem 2.1 Let /i(s), / 2 (s)(g D) be of q-order p\, P 2 , respectively. If /i(s), / 2 (s) 
satisfy (8), then F(s) is of q-order p satisfying 


P < 


(ail + 13) Pi P2 
PVP2 + vpi 
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Proof: We only prove the case p\,p 2 G (0, +oo). From (4), for any e > 0, there exist two 
positive integers Ni,N 2 such that n > N = max{7V 1; N 2 }, we have 


7nW 9 11 7, 


log \a n 


3T — < Pi + £ i 


?nW 9 11 i 


log I b n 


3T— < P2 + 


£. 


Since c n = it follows from (10) that 


-i ^ Pin l0g [<? 11 In . v£n log 19 11 £ 


log|c„| = p log \a n \ + i/log \b n \ > 

then from (11) we have 

An log' 9 ” 11 An 


[9-1] 


P l + £ 


P2 +£ 


< 


Anlog 19 " 11 A„ 


l°g| c n| 1 _^_ 7n log[® 1] 7„ + log 1 ® 11 in 

Since q = 2,3, • • • and = ^poA„,7„ = — ^A„, it follows 

a ~'~ V 

log [9_1] 7n ~ log [9 ^ 1] £„ - log 19-11 A„. 

Since e is arbitrary, it follows from (12) and (13) that 

1 (arj + P)pip2 


( 10 ) 


(ID 


( 12 ) 


(13) 


r A„ log 19 " A„ ^ 

p = lim sup ; ; — < 


log I c„ 


-1 — jy l 


3 + — — Va PVP2 + Vpi 

p l a+B- P2 QJ7+/5 r u - n 


□ 


Theorem 2.2 Let fi(s), /2 (s)(G D) be of lower q-order XhX 2 > respectively. If fi(s), 
f 2 (s) satisfy the conditions of Lemma 2.2, then the lower q-order x of F(s) satisfies 


X > 


(&V + P)x 1X2 
VPX 2 + VX1 


Proof: Suppose that X 11 X 2 > 0- From Theorem 1.2, for any e > 0, there exists a positive 
number N € N + such that n > N, we have 


In log 19 7n— 1 n. ?nlog l9 1] £n-l ^ 

> XI - e> 1 _„|. > X2 - e. 


log \o>n | — 1 ’ log \ b„ 

Since c„ = afb'f, it follows from (14) that 

log | o n | — 1 = 1‘log |a„| _1 +^log|6„|- 1 


(14) 


< (in log 19 11 7„_l)d (£n log 19 ^^n-l). 

Xl ~ £ X2 - £ 


Thus, from (13) and (15) we have 

A„ log 19 - 11 A„_i 


log |c„ 


1-1 


> 


A„ log 19 11 An— 1 


^(lnlog lq 1] In- 1) + log 19 £„-l) 


[<?-!] 


(15) 


(16) 


By Lemma 2.2, we have ip(n) is a non-decreasing function. And since e is arbitrary, it 
follows from (16) that 


,. . , A n log 19 11 A„_i 

X = lim mi . ; — ; — ; > 


1 P 


1 v 

n-)-oo log | C n | ~ 1 ~\ a+ ^Xl ari + PX 2 


(arj + P)xiX2 
PVX 2 + "Xi 


This completes the proof of Theorem 2.2. 


□ 


177 


Yong-Qin Cui et al 173-183 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.1, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Theorem 2.3 Suppose that /i(s),/ 2 (s) are two p^-regular growth functions and of q- 
order pi,P 2 , respectively, and if fi(s), / 2 (s) satisfy the conditions of Lemma 2.2. 

(i) Then F(s) is also p^-regular growth function, and of q- order p satisfying 


(a + ft)piP 2 
ppp 2 + vp± ' 


Pi,P 2 € [0, +oo). 


(ii) If p\,p 2 € (0, +oo ) and /i(s),/ 2 (s) are of q-type T\,T 2 , respectively, then q-type 
T of F(s) satisfy 


T < 


rp (arj + /3) p 1 rp ( a 77 + /3) p 2 

1 1 1 2 


arj + fd 


PV 


( at 1 + / 3 )p 1 


fj. ! ! WfJ 

(piTi) (p 2 T 2 ) P 2 <.°‘V+P) , 


Q = 3,4,5,..., 
<7 = 2. 


Proof: (i) Since /i(s),/ 2 (s) are two p^j-regular growth functions, thus xi = Pi,X 2 = 
p 2 , where X 11 X 2 are the lower g-order of /i(s),/ 2 (s), respectively. Thus, it follows by 
Theorem 2.1 and Theorem 2.2 that 


(arj + ff)pip 2 
PVP2 + vpi 


Pi,P2 € [0, +oo ). 


This proves (i). 

(ii) From Theorem 1.1, we have 

Ti = limsup |a„|TT logl 9 ~ 2 l(^-), T 2 = lim sup | b n \ log^ -2 ^ 

n— >oo &P 1 n— >oo &P2 

So for any e > 0, there exists a positive number N £ N+ such that n > N, we have 


i i P1 

dnb" < 


T\ + £ 


?2 + £ 


n ' ’ [9-2 ]/ ^ ^ , lg-2 :]/e 


log 


lo s 19 


If q = 3, 4, 5, • • • , we have 


log 1 ? 2] ( — ) ~ log 19 2l 7„,log [? 2] ( — )~W 9 21 
epi ep 2 


And c n = atfb v n , then it follows from (17) that 


(17) 


|c„|*log^- 2 l(^) = (|a„r|6„n^ l0 g[«- 2 ](^) 
ep ep 

= ( |rt„i j ! h,. () ) iogi«-X^) 

ep 


'iog b - J| (3r)' 

T\ + £ 

2 ] | 

i epi - 




ep 


= ( , as) 

lQ g ’(Sr) log' 9 2 \^) e P 


Thus, from (18) we have 


T = limsup | c r 




\og [q - 2] C—) < (Ti+£p 
ep 


v+P)pi (T2 H - s) 


(19) 


6 
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If q = 2. from (5), we have for any e > 0, there exists a positive number N £ N+ 
such that n > N 

( 20 ) 


\a n T" < 


epi 


ep 2 


Since c„ = a^b'f, it follows from (20) that 


I I ,, ,|2 i(£| nA„ 

Cn — = K ^r 1 " ^ " 

ep ep 

epi ep 2 ^ 


(21) 


Since e is arbitrary, it follows from (19) and (21) that 


T, 


MPP VP 

(art+0) P1 rp(ari+l3)p 2 


T < 


1 ^2 

ap + /3 


F-PV 

(ar 1 + l3)p 1 


(PiTi) 


Pl(<*V+P) 


(P 2 T 2 ) 


P2(orq+p) 


q = 3,4,5,..., 
q = 2. 


PV 


Thus, this completes the proof of Theorem 2.3. 


□ 


Theorem 2.4 Let /i(s), / 2 (s) be two p^-perfectly regular growth functions, and satisfy 
(8), the condition of lemma2.2 and 


W 9 21 7n-i ~ W 9 21 7n, W 9 21 £„_i ~ log [? 2] n ->■ 00 . (22) 


Set p\, p 2 , Ti, T 2 , ti and T 2 be the q-order,q-type and lower q-type of /i(s), f 2 {s), then 
F(s) is of p[ q ]-perfectly regidar growth p and its q-type T satisfies 


T = 


FPV V P 

p (ar] + p)p 1 p (orn + p)p 2 


arj + f3 

PPV ~ 
prq ( <xr] + /3)p 1 


pp-n vp 

(piTi) Pl(“’J + (5) (p 2 T 2 ) »2(o.v+f>) 5 


Q = 3,4,5,..., 

q = 2 . 


Proof: Suppose that pi,P 2 G (0, + 00 ), 77 , T 2 < + 00 . From Theorem 1.3, for any e > 0, 
there exists a positive number iV € N+ such that n > N, we have 


KI^W 9 2] (^^)>Ti-£, \b n \in log^ 2l (^-^) > r 2 - £. 
ep 1 ep 2 

If q > 3, it follows 

r = liminf | c n \ & log^ -2 ^ ^” -1 ) 
n— ¥00 ep 

= liminfd a„H6nn* W 9 -^^) 


ep 

T 2 - £ [ ? _2],A„-1, 


> lim inf{[ . ^ . ] pi [ ' z f ] P 2 } i log 19 1 ) 

n ~^°° ^ log 9 2] (^r) W 9 ] (%^) 


> (n — e) (“p+p)p 1 (r 2 — £) (“i+P)P2 . 

From Theorem 2.3 and since £ > is arbitrary, it follows from (23) that 

T &r,+fi)P 2 >T>t> ( n ) (“-f+Aoi ( r2 ) (»4 I)p 2 . 


(23) 


(24) 
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If q = 2, from (22) we have 


r = liminf \c n \ 

n-f- oo 


A ra -1 

ep 


> liminf( 

n—>o o 


T\ — £ . EPq™ T2 — £ v 


epi 


ep2 


v p£.n 
P2 X n 


1 . (an + B)p\Ti . tejp r , . pp 

> -[ ] (<*<?+0V>i [(ajy -f /3)p2T2] <“’)+' 3 )P2 

an + B , tLPiT , , pp 

= — mp„ (p 2 r2) p 2(“p+/3) 

pjj (arj+/3)p i 


From Theorem 2.3 and since £ > is arbitrary, it follows from (25) that 


(25) 


an + B . ppp , i'p 

pp „ (piTj) Pl(°”H-0) (p 2 r 2 ) P2(°"?+£) > T > T 

pjj (ari+f3)p 1 

> ^tp^ — (pin) Pl(< ” ,+|8) (p 2 7 - 2 )p 2 (^+g) (26) 

pp ( ar l+P)Pl 

Since /i(s),/ 2 (s) are p[ g ]-perfectly regular growth and Tj = Tj,j = 1,2, from (24) and 
(26), it is easy to get the conclusions of Theorem 2.4. 

Thus, we complete the proof of Theorem 2.4. □ 


3 The linear substitution of Dirichlet series 


Next, we define the scalar multiplication of Dirichlet series as follows 

Definition 3.1 Let k be a positive number, we define the scalar multiplication of Dirich- 
let series as follows 

OO OO 

H(s) = f(ks ) = ^2 a n e Xn( ' ks) = ^ a n e CnS , („ = k\ n . 

n = 1 n— 1 

Theorem 3.1 Let f(s) € D, then H(s) £ D. Furthermore, if <p(n) is a non- decreasing 
function with n, then the q-order p* and the lower q-order %* of H(s) satisfy p* = kp 
and x* = kx- 


Proof: Since 

logKI .. log |o„| 
limsup — = hmsup — — = — 

n—> oo Sn n—too 

thus, we have H(s ) € D. 

Furthermore, we have 


P 


* 


Cnl0g [9 ~ 1] C 


lim sup 
n-loo log I a, 

A„ log 


lim sup k 

n— >-oo log | a 


-1 

[9-i] A 


1-1 


k\ n \0g [q ~ 1] k\ n 

limsup : — — 1 

n-> oo log \a n \ 1 


= kp, 


and 


X* = lim inf 

n—>o o 


C» l0g lg ~ 1] Cn-l 

log | a n | — 1 


= lim inf 

n-f-o o 


kX n log 19 " 11 fcA„-l 
logM" 1 


= lim inf 

n— >oo 


Xn log 19 " 11 A w _i 

loglanl” 1 

8 


kx- 
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This completes the proof of Theorem 3.1. □ 

From Theorem 3.1, we can obtain the following result easily. 

Theorem 3.2 Let fi(s), f 2 (s) € D and satisfy the conditions of Lemma 2.2. Set p,x be 
the q-order and the lower q-order of F(s), then the q-order p* and the lower q-order %* 
of H*(s) = F(ks) satisfy p* = kp, \* = kx- 

Let /i(s),/ 2 (s) € D and k,m be positive numbers. Set H 1 (s) = fi(ks), H 2 (s) = 
f- 2 (ms) and 


H**(s) = (H 1 AH 2 )(p,i',s) = ^c„e A " s , c n = a(%, A n = ak^ n + /3m£ n , 

n = 1 


where a,p,p,u are positive numbers, a n ,b n are nonzero complex numbers, 0 < 7 t 
+00. The following result is about the growth of H**(s). 

Theorem 3.3 Let fi(s),f 2 (s) G D satisfy (8) and the conditions of Lemma 2.2. Let 
p,X be the q-order and lower q-order ofF(s), then the q-order p** and the lower q-order 
X** of H** (s) satisfy 


Proof: Since 


and 


** kap + m/3 ** keep + m/3 

P ~ ap + /3 P,X ~ ap + /3 X ' 

A„ log [l ^~ 1] A„ 
log | c n | — 1 

{kaxn + rri/3£ n ) log 19-11 (ka^n + rnfitn) 
log | c n | — 1 

kap + m/3 A„ log^ _1 '(fca 7 n + m/3£„) 


p** = limsup 

n—>o o 

= lim sup 

n—¥ 00 

= lim sup 


X** = lim inf 


= lim inf 

n—¥ 00 


= lim inf 


n— >00 o:p T /3 

kap + m/3 
ap + (3 P ’ 

Anlog 19 " 11 An— 1 


log I Cn 


loglCnh 1 

[kaXn + m/3£n) log [g ~ 11 (fca7 n - 1 + m/3^ w - 1 ) 
log | c n | — 1 

kap + m/3 A„ log [9_l1 ( ka^n-i + rn/?£n- 1 ) 


n->oo ap + /3 

kap + m/3 
~X, 


log |Cn 


1-1 


ap + /3 

thus from (27) and (28) we can prove the conclusions of Theorem 3.3. 


(27) 


(28) 

□ 


Remark 3.1 From Theorem 3.3, we can get that p* = p**,x* = X** if k = m. 

In 2008, Kong defined the shift of Diriclilet series (see [ 6 ]). 

Definition 3.2 (see [6]). Let a be a real number, the shift of Dirichlet series can be 
defined as follows 


G(s) = f(s + a) = a n e Xn{s+a) = ^ a' n e x 

n —1 n —1 


where a n = a n e Xn<x 
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Let fi(s), f 2 (s) € D , ai,a 2 be two real numbers and k be a positive number. Set 
Gi(s) =/i(s + ai),G 2 (s) = f 2 (s + a 2 ), H x (s) = fi{ks), and 

OO 

G*(s) = (GiAG 2 )(h, v, s) = ^ c n e XnS , c n = {a' n Y{h' n Y , A n = a 7n +/3£„, 

n—1 


and 

OO 

G**(s) = (HiAG 2 )(h, v, .s) = c n e A " s , c n = A n = afc 7 „ + /3£„, 

n=l 


where a,P,p,v are positive numbers, a n ,b n are nonzero complex numbers, 0 < 7n ,£„ t 
+oo. We investigate the growth of G*(s),G**(s) and obtain the following results 

Theorem 3.4 Let fi(s),f 2 (s) € D satisfy (8) and the conditions of Lemma 2.2. Let 
p,X be the q-order and lower q- order ofF(s), then the q-order p\* and the lower q- order 
Xi* of G*(s) satisfy p *{ * = p,X*i* = X- 


Proof: Since 


pi* = lim sup 

n—¥ oo 


An log 19 " 11 An 
log | On | ~ 1 

A„ log 19-11 A.„ 


= lim sup r — j.. , . . 

n-s-oo log |c„| 1 - (/i 7 „ai + vf n a 2 ) 

Anlogfe^An 

loglCnl-^l+ ^iy 3 ) 

= P, 


that is, p\* = p. 

Similarly, we have Xi* — X- 


(29) 

(30) 

(31) 

(32) 

□ 


Theorem 3.5 Let fi(s), f 2 (s) € D satisfy (8) and the conditions of Lemma 2.2. Let 
p,X be the q-order and lower q-order ofF(s), then the q-order pff and the lower q-order 
X 2 * °f G**(s) satisfy 

** hap + P ** kap + p 
P 2 — r+r/XX 2 — 775" X- 

ap + p ap + p 

Proof: Since 


p** = lim sup 

n—¥ oo 

= lim sup 

n—¥ oo 


= lim sup 


A„ log 


[ 9 - 1 ] 


log | c n | — 1 

(kajn + Pfn) log 1 "' 11 (kax n + Pin) 
logical- 1 - «„a 2 ) 
^Anlogl"- 1 ! (ak ln + fc n ) 


Lilli DUO - 

loglCnl-Hl+^f) 

kap + p 
ap + p P 


(33) 

(34) 

(35) 

(36) 


that is, P 2 * 


_ kari+p 
ocq+l 3 


Similarly, we have x 2 * 


— kari+p 


Remark 3.2 From Theorem 3.5, we can get that p*ff = p**,x 2 * 


xr ifk = i. 


□ 
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The differential and subdifferential for fuzzy mappings 
based on the generalized difference of n-cell fuzzy-numbers 

Shexiang Hai a , Zengtai Gong 6 * 

“ School of Science, Lanzhou University of Technology, Lanzhou, 730050, P.R. China 
b College of Mathematics and Statistics, Northwest Normal University, Lanzhou 730070, China 


Abstract We use the concept of generalized difference for fuzzy n-cell numbers which is presented in 
this paper to introduce and study the differential and gradient of fuzzy n-cell mappings. At the same 
time, some connections between gradient, boundary- function-wise gradient and level-wise gradient of 
fuzzy n-cell mappings are established. Furthermore, the subdifferential for fuzzy n-cell mappings based 
on the ordering E c is discussed. 

Keywords: Fuzzy numbers; fuzzy n-cell mappings; gradient; subdifferential. 

1. Introduction 

Since the concept and operations of fuzzy set were introduced by Zadeh [1], enormous researchers have 
been dedicated on development of various aspects of the theory and applications of fuzzy sets. Soon after, 
Zadeh proposed the notion of fuzzy numbers in [2,3,4], Since then, fuzzy numbers have been extensively 
investigated by many authors. 

The importance of the derivative of a function in the study of mathematical programming and fuzzy 
differential equations is well-known. It is necessary to introduce a concept of differentiability for fuzzy 
mappings. Toward this end, in fuzzy analysis, there are a variety of notions of derivative for fuzzy map- 
pings. The concept of fuzzy derivative first introduced by Chang and Zadeh [5] in 1972. Since then, 
numerous definitions of the differentiability of fuzzy mappings have been presented. In 1983, Puri and 
Ralescu [6] defined the derivative and G-derivative of fuzzy mappings from an open subset of a norrned 
space into n-dimension fuzzy number space E n by using embedding theorem (which shows how to isornet- 
rically embed E n into a Banach space as a closed convex cone of vertex zero) and Hukuhara difference. 
In 1987, Kaleva [7] discussed the G-derivative, obtained a sufficient condition of the iGdifferentiability 
of the fuzzy mappings from [a, b] into E n and a necessary condition for the iGdifferentiability of fuzzy 
mapping from [a,b] into E 1 . In 2003, Wang and Wu [8] put forward the concepts of directional deriva- 
tive, differential and sub-differential of fuzzy mappings from R n into E 1 by using Hukuhara difference. 
However, the usual Hukuhara difference between two fuzzy numbers exists only under very restrictive 
conditions [7] and the IT-difference of two fuzzy numbers does not always exist [9]. The ^-difference 
proposed in [9] overcomes these shortcomings of the above discussed concepts and the ^-difference of two 
fuzzy numbers always exists. Based on the novel generalizations of the Hukuhara difference for fuzzy 
sets, Bede [9] introduced and studied new generalized differentiability concepts for fuzzy valued func- 
tions in 2013, in particular, a new very general fuzzy differentiability concept was defined and studied, 
the so-called ^-derivative, and it was shown that the ^-derivative is the most general among all similar 
definitions. 

Motivated both by [9] and the importance of the concept of differential for fuzzy analysis, the con- 
cept of differential and gradient for fuzzy n-cell mappings is introduced, which is based on the novel 
generalizations difference of fuzzy n-cell numbers presented in this paper. 

The remainder of the paper is organised as follows: First of all, we give the preliminary terminology 
used in the present paper. And then, in Section 3, we present the concept of generalized difference for 
fuzzy n-cell numbers and discuss several properties for it. We use the generalized difference for fuzzy 
n-cell numbers to introduce and study differential and gradient for fuzzy n-cell mappings in Section 4. At 

^Supported by the Natural Scientific Fund of China (11461062, 61262022). 
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last, using the concept of the ordering A c for fuzzy n-cell numbers, section 5 deals with the subdifferential 
for fuzzy n-cell mappings. 


2. Preliminaries 


Throughout this paper, R n denote the n-dimensional Euclidean space and F(R n ) denote the set of 
all fuzzy subsets on R n . A fuzzy subset of (in short, a fuzzy set) R n is a function u : R n — > [0, 1]. For 
each fuzzy sets u. we denote by [u] r = {x G R n : u(x) > r}, for any r G (0,1], its r-level set. By 

suppit = {.x G R n : u(x) > 0} we represent the support of u. Suppose u G F(R n ), satisfies the following 

conditions: 

(1) u is a normal fuzzy set, i.e., there exists an xq G R n such that u{x o) = 1, 

(2) u is a convex fuzzy set, i.e., u( Xx + (1 — A )y) > min {u(x),u(y)} for any x, y G R n and A G [0, 1], 

(3) u is upper semicontinuous , 

(4) [it] 0 = {x G R n : u(x) > 0} = U re ( 0 ii[«] r is compact, here A denotes the closure of A. 

Then u is called a fuzzy number. We use E n to denote the fuzzy number space [10,11,12,13]. 

It is clear that each u G R n can be considered as a fuzzy number u defined by 

x / 1, x = u, 

11 ' ( 0, otherwise. 


In particular, the fuzzy number 0 is defined as 0(x) = 1 if x = 0, and 0(x) = 0 otherwise. 
Definition 2.1. [14] If u G E n , and [u] r is a cell, i.e., for any r G [0, 1], 

n 

[< = = [«r ( r )’ u i ( r )} x x x km, «+(*•)], 

i= 1 


where u^(r),uf(r) G R with u~ (r) < uf(r) ( i = 1,2,- •• ,n), then we call u a fuzzy n-cell number. 
Denote the collection of all fuzzy n-cell numbers by L(E n ). 

For any r G [0, 1], U{u\ r = uf (r) — u~ (r) (i = 1, 2, • • • , n) is called the r-level length of a fuzzy n-cell 
number u with respect to the ith component. 

Theorem 2.1. [14] (Representation theorem). If u G L(E n ), then for i = 1,2, ■■■ , n, u~(r),uf(r) are 
real- valued functions on [0, 1], and satisfy 

(1) u~(r ) are non-decreasing, left continuous at r G (0, 1] and right continuous at r = 0, 

(2) u~l (r) are non-increasing, left continuous at r G (0, 1] and right continuous at r = 0, 

(3) u~(r ) < uf(r) (it is equivalent to u~ { 1) < u^(l)). 

Conversely if aj(r),6j(r) (i = 1, 2, • • • , n) are real-valued functions on [0,1] which satisfy conditions 
(l)-(3), then there exists a unique u G L(E n ) such that [u] r = Y\ n l= i[ai{r), bi(r)\ for any r G [0, 1]. 
Theorem 2.2. [14] Let u, v G L(E n ) and k G R. Then for any r G [0, 1], 

(!)[“ + v] r = [u] r + [u] r = n; ! =1 [n" (r) + v~ (r), uf (r) + vf (r)], 

k > 0, 

YYUlkut ( r )> ku 7 ( ? ’)]> k < 0, 

(3) [uv] r = n" = i [mm{u-(r)vi(r),u-(r)v+( r ),uf( r ) v -{r),uf( r ) v +(r)}, 


(2) [kuY = k{uY = $ nr,ii*«rM,*«tMi, 


max{ix. (r)v i (r),iq (r)vl(r ) , uf (r)v t (r), uf(r)vf(r)}]. 

Given u, v G L(E n ), the distance D : L{E n ) x L(E n ) — »• [0, +oo) between u and v is defined by the 
equation 

D(u,v) = sup r6[0;1] d([u] r , [u] r ) 

= su Pre[0,i] maxi<j< n {| u~ (r) - v t “ (r) |, | uf (r) - v? (r) |}. 

Then (L(E n ), D) is a complete metric space, and satisfies D(u + w, v + w) = D(u,v), D(ku,kv ) = 
\k\D(u,v) for any u,v,w G L(E n ), k G R. 

In recent years, several authors have discussed different ordering relation of fuzzy numbers [15]. To 
the best of our knowledge, very few investigations have been appeared to study ordering relation of fuzzy 
n-cell numbers. For this reason, an ordering A c of fuzzy n-cell numbers will be introduced and be applied 
to solve fuzzy constrained minimization problem. 
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Definition 2.2. Let r : L(E n ) — > R n be a vector-valued function defined by 


, r l /■" flu lr XldxidX2—dx n „1 /•• ' JLir X 2 dxi dx2 ■■ dx n r l f~ f M r XndxidX2 — dx n . 

= ( 2 Jo '' I , dr > 2 Jo '■ I , dr - • • • - 2 Jo r 

= do r ( u i( r )+ u T( r )) dr >fo r{u% (r) + U 2 (r))dr, ■ ■ ’ , r(u+(r) + u~(r))dr), 


1 pi /"' flujr %idxidX 2 — dx„ . . ir J J[u] r 

where Jo r i, An./., f/r (* = ,n) !S the Lebesque integral of r j... } ‘ ldxidx2 ... a 


J-- f, ]r Xidx 1 dx 2 --dx n . . 

’ U T (* = 

•dXn 

1, 2, • • • , n) on [0, 1]. The vector-valued function r is called a ranking value function defined on L(E n ). 

In this case r(rx) represents a centroid of the fuzzy n-cell number u. From the ranking value function 
t(u), we consider the following ordering relation A c on L(E n ). 

Definition 2.3. Let u, v £ L(E n ), C C R n be a closed convex cone with 0 £ C and C / R n . We say 
that u A c v (u precedes v) if 

t(v) £ t(u ) + C ( t(v ) — t(u) £ C). 


Obviously the order relation is reflexive and transitive, and A c is a partial order relation on L(E n ). 
If u, v £ E 1 , C = [0, Too) C R, then Definition 2.3 coincides with Definition 2.5 of reference [15]. 

We say that u -< c v if u A c v and t(u ) / t(v). Sometimes we may write v A c u (resp. v y c u) instead 
of u A c v (resp. u -< c v). 

Remark 2 . 1 . Let u, v £ L(E n ), k \ , £ R. According to Theorem 2.2 and Definition 2.2, it is easy to 

verify that r{k\u + k 2 V ) = k\r{u) + k 2 r(v). 

Theorem 2 . 3 . Let u\, U2, vi, V2, £ L(E n ), k\, k/2 £ [0, +oo], C C R n be a closed convex cone with 0 £ C 
and C / R n . If u\ A c v\ and U2 A c V2, then k\U\ + ^21x2 &ihL + /c 2 v 2 . 

Proof. It is follows from Definition 2.3 that t(v\) — t(u\) £ C and t(v 2 ) — r(u 2 ) £ C. On the other 
hand, closed convex cone C is closed under addition and positive scalar multiplication, thus 


ki(r(v 1 ) - r(tti)) + k 2 {T(v 2 ) - r(u 2 )) £ C, 

which implies that kir(vi) + fc 2 r(i; 2 ) £ k\T(ui) + fc 2 r(« 2 ) + C. It is obvious from Remark 2.1 that 
r(kivi + fc 2 u 2 ) £ r{k\U\ + k 2 U2) + C, then k\U\ + k 2 U2 A c k\V\ + /c 2 v 2 . 


3. Generalized difference for fuzzy n-cell numbers 


We denote by the family of all nonempty compact convex subsets of R n , that is {/C^. C R n : A / 
0 is compact and convex}. Stefanini [16] defined the generalized Hukuhara difference of two sets A £ KAq 
and B £ as follows: 


A Q 9 h B 


C 


(1 ) A = B + C, 
or (2) B = A + (-l)C. 


For any A £ ICq and B £ JCq, if the generalized Hukuhara difference C = A Q g n B exists, it is unique. 
Lemma 3.1. [16] Let A = B = B^, where A* = [a ~ , af ] and Bi = [b^,bf] are real 

compact intervals (mu denotes the cartesian product). If AQ 9 h B exists, then 


n n 

A Q g H B = e gH Bi) = JJ[min{a“ - b ~ , a+ - bf}, max{a“ - b~ , 0 + - bf }]. 

i= 1 i= 1 


Lemma 3.2. [16] The giL-difference AQ 9 h B exists if and only if one of the two conditions is satisfied: 

(i) a~ -b~ < aj - bf , i = i, 2, ■ ■ ■ , n 
or 

UK 7 - K > a i - b t, i = !, 2, • • • , n. 

According to Lemma 3.2, the definition of generalized Hukuhara difference for real compact intervals 
is extended to the fuzzy case. 

Definition 3.1. Let u, v £ L(E n ). If li[u] r < li[v] r or li[u] r > li[v] r for any r £ [0, 1] and i = 1,2,--- , n, 
then the generalized difference ((/-difference for short) is given by its level sets as 


[« ©9 v Y = IlK min K U) 

i = 1 — 


Vi sup max{nj {f3) 

/ 3 >r 


V r(p),v+W)-vtm], 
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where P £ [r, 1] . 

Remark 3.1. If u,v £ E 1 , we have 

[u Q g v] r = [inf min{n _ (/3) — v~((3), u + (/3) — v + (/?)}, sup max{u _ (/3) — u _ (/3), u + (/3 ) — v + (/?)}], 

P> r 0>r 

which coincides with Definition 7 of reference [9]. 

Theorem 3.1. Let u, v £ L(E n ). If li[u] r < li[v] r or li[u] r > li[v] r for any r E [0, 1] and i = 1, 2, • • • , n, 
then the ^-difference uQ g v exists and uQ g v £ L(E n ). 

Proof. Assume that 


[w] r = [u Qg v] r 

= nr=i t inf / 3 >r m in{n~ (/3) - vf (/ 3 ), uf (/3) - vf (/?)}, 
su P/3 > r max{«“ (/?) - (0), uf (/3) - (0)}], 

for any r £ [0, 1]. We can prove that the class of sets [u>] r determines a fuzzy n-cell number. 

For any r £ [0, 1], we have 

K (r) = infg> r min{tt“ (/?) - vf {P),uf (0) - vf (/?)} 

< sup /3 > r max{K" (/?) - vf (P),uf (P) - vf (/?)} 

= wj{r). 

It can be easily seen that wf(r) are non-decreasing while wf(r) are non-increasing, wf (r) and wf(r) 
are left continuous on (0, 1] and right continuous at 0. It follows from Theorem 2.1 that the ^-difference 
u Q g v exists and u Q g v = w £ L(E n ). 

From now on, throughout this paper, we will assume that the ^-difference uQ g v for any fuzzy n-cell 
numbers u and v exists. 

Theorem 3.2. For any u, v, w £ L(E n ), we have 

(1) u Q g u = 0, u Q g 0 = u, 0 Q g u = —u, 

(2) uQ g v = -( vQ g u ), 

(3) (u + v) Q g (u + w) = v Q g w , 

(4) k(u Q g v ) = ku Q g kv, k £ R, 

(5) (u + v) Q g v = u, 

(6) 0 Qg (u Qg v) = v Qg u = (-u) Qg (~v) , 

(7) u Qg v = v Qg u = w if and only if w = —w, furthermore, w = 0 if and only if u = v. 

Proof. The proof of (1), (3) and (4) are immediate. 

(2) According to Definition 3.1, we have 

~[v Qg u] r 

= - nr=i [inf 0 >r min{u“ (/?) - uf (P),vf (/3) - uf (/?)}, 
su P/3 > r max{vf (P) - uf (P),vf (/3) - uf (/3)}] 

= nr=i [“ sn P0>r max{ur (P) - uf (, 0),vf (0) - uf (/?)}, 

- inf /3 > r min{u~ (/3) - uf (/?), vf (0) - uf (/?)}] 

= nr=i[“ su P/?>r(- min K r (0) - v ~ (, 0),uf (/?) - vf (/?)}), 

- inf j 8> r (- max{«“ (/3) - vf (/3 ),uf (P) - vf (/?)})] 

= nr=i I inf d>r nrin{n,“ (P) - vf (p),uf (/3) - vf (/?)}, 

sup /3 > r max{n“ (/?) - vf ( P),uf (P) - vf (/3)}] 

= [“Qsi'f. 
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for any r £ [0, 1]. It follows from Theorem 2.2 that u Q g v = — ( v Q g u ). 

(5) We have from Theorem 2.2 that 

[(■u + n) Q g v] r 

= n?=i[mf/3>r min {K r (0) + Vi (/?)) - Vi (13), (i if (13) + vf (/?)) - vf (13)}, 
su P/9 > r max{(ur ((3) + v~ (/?)) - v~ ((3), (uf (/3) + vf (/?)) - vf (/3)}] 
= U'i=i [ inf /?>r min K r ((3),uf (/3)}, su Pj9 > r ma x{«r (f3), uf (/?)}] 

= nr=i [ inf /3>r- n~ (13), su P/3 > r uf (/3)] 

= YYl=iK(r), «, + ( t )] 

= N r , 

for any r £ [0, 1]. Then (u + v) Q g v = u. 

(6) It follows from (1), (2) and (3) that the proof of (6) is immediate. 

(7) We have from (2) that the proof of (7) is immediate. 


4. The differential and gradient for fuzzy n-cell mappings 


In this work, let M be a convex set of m-dimensional Euclidean space R m . We consider mappings F 
from M into L(E n ). Such a mapping is called a fuzzy n-cell mapping. For the sake of brevity, F is called 
a fuzzy mapping. Let F : M — > L(E n ), for any r £ [0, 1], we denote F r (t) = Y\f = i[F~ (r,t),Ff (r,t)\. 
Definition 4.1. Let F : M -Y L(E n ), to = , tf) £ int M, t = (t\,t 2 ,--- ,t m ) £ int M. If 

(^-difference F(t) Q g F(to) exists and there exist uj £ L(E n ) (j = 1,2,--* ,m), such that 

D(F(t)e g F(to),Z7=iMtj-ty) _ 

t™ d(t, t 0 ) 


then we say that F is differentiable at to and (tti, 112 , ■ ■ ■ ,u m ) is the gradient of F at to, denoted by 
V-F(to), i.e., V-F(io) = (ui,u 2 , ■ ■ ■ ,u m ). 

Remark 4.1. Let F : M — > L(E n ), to £ M. Then the gradient VT(to) exists at to if and only if 
F(t) O g F ) exists and there are U' j £ L(^FJ ^ ( j — 2^ . tti ^ such that 

,. - + h,- ■ ■ , C) ©5 ^(*1> ’ • • ’ > tm) 

Uj = lim , 

J h-»o h 

where h £ R and t = (tf, ■ ■ ■ , t® + h, ■ ■ ■ , tf) £ int M. 

Here the limit is taken in the metric space (L(E n ), D). 

Definition 4.2. Let F : M — > L(E n ), to = (tft®, • • • ,tff) £ int M, t = (ti,t 2 , ■ ■ ■ ,t m ) £ int M. If there 
exists u~j(r), uf(r) £ R (i = 1, 2, • • • ,n, j = 1, 2, • • • ,m), such that 


lim 

t—>to 


F i (r,t) 


F i -(r,to)-ZT=i^ J (r)(t J 

d(t, to) 



0 (* = 1,2, • • • ,n); 


and 


lim 

t— >to 


I F?(r,t) - F+(r,to) - E?= - *°)| 


d(t, to) 


= 0 (i = 1,2, 


, n) 


uniformly for r £ [0, 1], then we say that F is boundary- function-wise differentiable (6-differentiable for 
short) at to- 

Theorem 4.1. Let F : M — > L(E n ) be a fuzzy mapping. If F is 6-differentiable at to = (tf, t® ,■■■ , tff) £ 
int M, then there exist Uj £ L(E n ), such that for any r £ [0, 1], 



min {«y (/?), «J(/3)}, sup max{u^(/3), (/?)}] (j = 1, 2, • • • , m). 

f3>r 
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Proof. For any r £ [0, 1], we can show that the class of sets 




2=1 


satisfies the conditions of Theorem 2.1. According to Definition 4.2, if there exists 5 > 0, such that for 
any \h\ < 5 with t = ( t ■ ■ ■ , + h, ■ ■ ■ , t® n ) £ intM, we have 


u-Ar ) = lim 
13 h-+ o 


ufj( r ) = lim 


F- (t t? • • • t° -\- h • • • tP ) — F- ( r iP • • • tP • • • F 1 

h ! 

F) + (r,t?,-" ,F + /),-•• ,tm)~ F t( r A ?, ••• . /",••• ,t°J 


/i — h 

for all i = 1, 2, • • • , n and j = 1, 2, • • • , m. Since F~ (r, t ) and F^ -1- (r, t) are left continuous with respect 
r £ (0, 1] and right continuous at r = 0, 

F ( v tP • • • tP h • • • A ) — F~ ( v P • • • A . . . d 1 

- £ \ V , , ( '7 ' i b m) r i vrli , G, i u m) 


h 


and 


F t( r A ?,••• T° + /h-- - *?>■■■ ,C) 

h 


are left continuous at r £ (0,1] and right continuous at r = 0. Thus for any i = 1,2,- •• ,n and j = 

1 , 2 ,--- , m, 


inf p> r min{ 


sup /3>r max 


+h,- ,t°,- ,t°,) 


F+bvfO,- 


h 


5 

t° ) 
■> b m) ^ 

r*TM." 

■F J+ h,- 

h 

-4°,- 

1 

■ f° l 

’-mi 

1 


h 

-FmFF+ir,^,- 


1 

” t 0 ) 

i L m) 


h 


} 


are left continuous at r £ (0, 1] and right continuous at r = 0. Therefore, for any r £ [0, 1], i = 1, 2, • • • , n 
and j = 1,2,--- , m, we have 

(1) inf ( g> r min{«£(/3), uP(/3)} are non-decreasing and left continuous at r £ (0, 1] and right continuous 
at r = 0, 

(2) sup /3>r rna x{«“(/3), ri^(/3)} are non-increasing and left continuous at r £ (0, 1] and right continuous 
at r = 0, 

(3) infg> r min{ «“•(/?), uP((3)} < su P/3 > r max{u".(/3), u ± (/?)}. 

Consequently, there exist Uj £ L(E n ) (j = 1, 2, • • • , m), such that for any r £ [0, 1], 



minimi/?), ufj(P)}, sup max{u^(/3),^ (/?)}] (j = 1, 2, • • • , m). 
/3>r 


Definition 4.3. Let F : M -» L{E n ) is 6-differentiable at to- For any r £ [0, 1], we denote 

n 

[uj] r = min{ur.(^),u J(^)}, sup max{rx-.(/?),^ (/?)}] (j = 1,2,-- - ,m), 


then we say that (ui, it 2 , • • • , u m ) is the boundary- function-wise gradient (6-gradient for short) of F 
at to, denoted by VftF(to), i.e., 

VfeF(to) = (ui, u 2 , • • • , u m ). 
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Remark 4.2. Let F : M — » L(E n ), to £ M. Then the 6-gradient Vf,F(to) exists at to if and only if there 
are u~(r), u^(r) £ R (i = 1, 2, • ■ • , n, j = 1, 2, ■ ■ ■ , m), such that 


u ij( r ) = lim 




(G <i, • • • , t°j + h, ■ ■ ■ , t° m ) — F i (r, t\, ■ • • , t°j, ■ ■ • , O 

h 


and 


u+-(r) = lim 


F t + (r,t° ir •• + /»,■■■ ,C) ,C) 


h 

uniformly for r £ [0, 1], where h £ R with t = (t®, ■ ■ ■ , A + h,- ■ ■ , tf n ) £ int M and 


[uj] r = II min { u ij (P) > ufj (P) } j sup max{u- (/?) , ufj (/?)}] (j = 1, 2, - - - ,m). 




Theorem 4.2. Let the 6-gradient VbF(to) of fuzzy mapping F : M — > L[E n ) be exist at to £ intM. If 
m Cb fj F{to) exists, then the gradient \/ F (to ) of at to exists and ive have uj — vj (^j — 1, 2, , m), 

where VF(t 0 ) = V fe F(t 0 ) = (vi,W2,-" ,Dn)- 

Proof. Let to = (t®, ■ • • , t®, ■ ■ ■ , t'jj £ intM, h £ i? and t = (t®,- ■ ■ , t° + h, ■ ■ • , t^J £ int A/. According 
to Theorem 2.2 and Definition 3.1, for any r £ [0, 1], we have 

|- F(t)Q g F(t 0 ) j r 

= ^[F(t)© fl F(i 0 )] r 

= r Il”=i[ inf /3>r min{F“(/3, t) - F ~ (/?, t 0 ), F+((3, t ) - Ti + (/3, t 0 )}, 
sup^> r max{ib- (^, t) - Fr(f3,t 0 ),F+(l3,t) - F+(/3,t 0 )}] 

= n"., [mf g > r min{ V } , 

S up g > f max{ , VW)-V<A».) }] . 

Because the 6-gradient Vb-F(to) of F be exist at to G intM, for any r £ [0, 1], we have 


lim, 


ft— L 


r A+h,- ,t° m )Q g F(tl,- A,- ,4)i 


n n r- f • rA r (PA-A+ h ’--A m )-Fr(pA,---A-A m ) 
= hm^o n .=1 [ m f/3>r mm { 1 h ’ 


su P/3>r max{ 


= nr=i [ inf /3>r min{lim h ^o 


Ft (PA,- A+ h ,- An)-F?(PAr~ A’- Am) 


Fr(PA,~ A+ h >- Am)-F-(PA,~ A>- Am) 




F+(PA,- A+ h >- Am)~F+UtA A’- Am) , ! 

h /J 

Fr(rA,- A+ h >- A m )-Fr(rA,~ Am) 


^0 h f ) 


sup /3 > r max{lim/j_^ 0 

linr/^o 


^■(r, *?,••• ,t?+h,- .O-iT-(r,t0,... ,t0, ... Am) 


F+(rA •- ,Q-F+(r,f0,- 


}] 


= nr=i[ inf /3>r mini^ ■(/?), u+. (/?)}, sup /9 > r max{«, ,(/3), uj (/?)}] 


= 
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Therefore, there exist Uj = Vj G L(E n ), such that 

F(t \, - ,t°j + h, ■ ,t°,) Q g F(i°, • • • , t°, • • • , O 


lim 
h-> 0 


h 


= Uj ( j = 1,2,--- , to), 


which implies that the gradient VF(fo) of F at to exists and Uj = v j (j = 1, 2, • • • , m). 

Definition 4.4. Let F : M -» L(E n ), to = ,t^ n ) G intM and t = (ti,t 2 ,--- ,t m ) G intM. If 

the giL-difference F r (t) F r (to) exist for all r G [0,1], and there exist [uj] r = IIILi ( r ) > u tj( r )\ — 
R n (j = 1, 2, • • • , m), such that 


lim 

t— >to 


d(F r (t) Q gH F r (t 0 ), EJLi [uj] r (tj - t°)) 
d(t, to) 


= 0 


uniformly for r G [0, 1], then we say that F is level-wise differentiable (Z-differentiable for short) at to- 
Theorem 4.3. Let F : M — > L(E n ) be a fuzzy mapping. If F is t-differentiable at to = (t?, t®, ■ • • , t^J G 
intM, then there exist Uj G F(F n ), such that for any r G [0, 1], 

n 

M r = IIfe f %-(^)> su p “J-0 3 )] U = 2 > • • • > "0- 

j =1 P- r 0>r 

Proof. For any r G [0, 1], We can show that the class of sets 

n 

ife f “#(£)> su p u tj(p)\ u = !. 2 > • • ■ » m ) 

i=i ^- r 

satisfies the conditions of Theorem 2.1. According to Lemma 3.1 and Definition 4.4, if there exists 5 > 0, 
such that for any \h\ < 5 with t = (t®, ■ ■ ■ , + h, ■ ■ ■ , t^J G intM, we have 


u^i'r) = min{lim/ l _ 5 . 0 






lim/i- 


linift- 


h 

F?(rA,~ ,t 0 i+h,- 

' ’ *?’ " 

5 

■, 4) 

0 





. *m) 

3 /i 



0 j. 


■. 4) 




}, 


for all i = 1, 2, • • • , n and j = 1, 2, • • • , m. Since F % (r, t) and F^ 4 " (r, t) are left continuous with respect 
v G (0, 1] and right continuous at r = 0, 

F~ ( v t ? • • • f 9 4- h ... F 1 — F _ 1 r F • • • f 9 . . . F 1 

r i V ' 5 •'l 5 i G w »«-, , L m ) -© L ' , ^1 , r,! i L m) 


h 


and 


IL+Cr,^,--- ,F + /i, ••• ,0 --Fi + (r, >C) 


h 


are left continuous at r G (0,1] and right continuous at r = 0. Thus, for any z = 1,2, ••• ,n and 

j = 1,2, • • • , m, 

■ f ■ J Fr(r,lP 1 ,-,lP j +h,-,t° n )-Fr ,t°.) 

mf/J>r mm{ 1 n — 1 , 

f+ ,4) - 




and 


sup /3>r max{ 




iT+(r,tO,- ,t°+fe,- 4J-F+(r,t0,- ,t°,- ,&) . 
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are left continuous at r G (0, 1] and right continuous at r = 0. Therefore, for any r G [0, 1], i = 1, 2, • • • , n 
and j = 1,2,--- , m, we have 
( 1 ) 

inf/3 >r min{lim fe _>0 




F+(P,1°,-,iP j +h,-,1° n .)-F+(J3,1°,-, t 0 -, t° m ) 

fim^o h j 

are non-decreasing and left continuous at r £ (0, 1] and right continuous at r = 0, 

(2) 

sup/3> r max{hm^o — 1 > 

F+(/3,t;,-,t0+h,-,t^)-F+(/ MS,-, , t°m) X 

n m fc -»-0 /, J 

are non-increasing and left continuous at r € (0, 1] and right continuous at r = 0, 

(3) 

Fr^t*,- ,tUh,~ t°-, t° m ) 


inf p> r min{lim h ^o 


lini/,^0 

< sup^ rnax{liin/^o 




} 


FrWA-$+h,-,1$n)-Fr{l3,l°,-, t°-, t° m ) 


F+{p,t\,---,t° j +h,---,t° rn )~F+(p,t° 1 ,---, tQ,-, O 

lim^o h 1- 

Consequently, there exist Vj G L(E n ) (j = 1,2,--- , m), such that for any r G [0, 1], 

n 

[Vj] r = IIfe f u ij(P)’ 8u P u tj(P)\ U = !> 2. ■ • • > "0- 

j =1 P- r d>r 

Definition 4.5. Let i 7 : M — »• L{E n ) is /-differentiable at to, for any r £ [0, 1], we denote 

n 

[vjY = IIfe f u ij(P)’ SU P u tj(P)\ U = h 2, ■ ■ • , m), 

i= l P- r d>r 

then we say that (tq, fq, ■ ■ ■ , v m ) is the level-wise gradient (/-gradient for short) of F at to, denoted by 
V/F(i 0 ), he., 

Vz-F(fo) = (ui, u 2 , • • • , u m ). 

Remark 4.3. Let i 7 : Af — > L(E n ), to £ M. Then the /-gradient V/i 7 (to) exists at to if and only if 
F r (t) F r (to) exist and there are [rtj] r = Y['i=i[ u 7j( r )' u tj( r )\ i= -R n (j = 1, 2, • • • ,m), such that 

Z?— („ -aO 

u ij( r ) = min{lim^o 


lim 


■h-> o 


and 


= max{lim/ l _ 5 . Q 


lim 


■h-> o 



- *?>■" 


h 

F+Kr^A-Al-F+K,-. 


• t° ) 

5 *'ra/ 

' h 



t° ) 
i l m) 

h ' 



•> i) 


} 


} 


uniformly for r G [0, 1], where h G R with t = (t) 1 , • • • , t 1 - + h, ■ ■ ■ , t^J G intM and 


[«j] r = n min { (/5) , ^ (/5) } , snip max { (/3) , (/3) }] (j = 1,2, - - - ,m). 


i=l 
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Theorem 4.4. Let the /-gradient V/F(fo) of fuzzy mapping F : M -> L(E n ) be exist at to £ int M. If 
m O g F (to') exists, then the gradient \t F (to) of F at to exists and we have Uj — Vj (j — 1, 2, , m), 

where VF(t 0 ) = (ui,u 2 , * ■ • ,u m ), V/F(t 0 ) = (v\,v 2 , ■ ■ ■ ,v m ). 

Proof. Let to = (t?, • • • , tj, ■ ■ ■ , t^ n ) £ intM, h £ R and t = (t®, ■ ■ ■ , t® + h, ■ ■ ■ , t® n ) £ int M. We denote 
[uj] r = YI'i=il in fp>r u ij(P), su Pp>r u ij(P)], then u j e L(E n ) and 


u ij(r) = min{lim^o 




hni/,,^0 t 


t° ) 

l m) 


ufAr) = max{lim ft ^o 






F+{r,t\,- ,t° m )-F z +(r,t 0 lt - , t° - , t° m ) 

a i, 

for all * = 1,2,--- , n and j = 1, 2, • • • , m. It follows from Theorem 2.2 and Lemma 3.1 that 


Fp?,... ./•; - //.••• ,t° m )e g F{t f l- , t(j,- , t° m ) . 

D ( h >«i) 

= sup re[01] d(\ n? = i[inf/j>r min {F~(/3, t\, ■ ■ • ,tj + h, ■ • • Am) ~ F ~ (& *i> ’ ’ ’ > 


F+(PA ?,••• + ,^)-IL+(/3,t?,... , to,- 

snP/3>r max{Lt _ (/3, t?, • • • , + h, ■ ■ ■ Am) ~ F~(P, A, ’ ’ ‘ ■ 

, *?,• 

n r=l [ inf /3>r U ij (P) > su P/3>r ufj (/?)]) 

< su Pre[o,i] nr=i[ min {^“(G *i. • • ■ > a + /i > ■ ■ ■ ■* *£») - F r( r >A> ■ ■ ■ > • ■ • > o, 

Li + (r, /?,••• ,tj + /v - , tj, - - - , C)}> 

max{Fr(r, f?, • • • , + h, • • • , - F~ (r, t?, • • • , t°, • • • , 

Li + (r, /?,••• + - , tj, ■ ■ ■ , C)}]> 

Iir=l [ inf /3>r (P ) > su P/3>r (£)] ) 


t° 1 
L m)’> 

t° 

C). 

C)}], 


= sup re[0)1] d( 


F r (t?, - ,tl)e 5H F r (<S,-: O 


Because 


F r (t?, • • • , t° + h, ■ ■ ■ ,tm) QgH F r (t ?, • • • , • • • , C) 

71 

uniformly for r £ [0,1], for any e > 0, there exists 6 > 0, when \h\ < 6, we have 


lim 

h-t-o 


= \Uj\ 


D( 


F(t ?, ■ • • , + h, ■ ■ ■ , t° m ) Q g F(A, ■■■ , <?,■■■, O 

h 


,Uj) < sup d( 
re[0,i] 


F r (to + h) QgH F r (to) 
h 


j 


< £. 


Therefore, the gradient VF(to) of F at to exists and VF(to) = (u\,u 2 , ■ ■ ■ ,u m ) = V;F(to)- 


5. The subdifferential for fuzzy n-cell mappings 

In recent years, nonsmooth analysis has increasingly come to play a role in functional analysis, opti- 
mization, optimal design, differential equations and control theory. The subdifferential is an important 
tool, used widely in nonsmooth analysis and optimization, thus we will discuss subdifferential concept 
for fuzzy n-cell mappings based on the ordering Ac ■ 

Definition 5.1. [17] Let F : M — » L(E n ) be a fuzzy n-cell mapping. F is said to be convex (c.) on M if 

F(\t + (1 - A )t') Ac A F(t) + (1 - A )F(t') 
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for any t,t G M and A G [0, 1]. 

The convex fuzzy n-cell mappings in the following arguments are assumed to be comparable. 
Definition 5.2. Let F : M -y L{E n ) be a convex fuzzy n-cell mapping on M, to = (t®, tij, ,t® n ) G 

int M, t = (t ® , • • • , t*j + h, ■ ■ ■ , t® n ) G int M. if there exist Uj G L(E n ) ( j = 1,2,--- , m), such that 

• • • , t° + h, ■ ■ ■ , t° m ) G g F(t?, ■ ■ ■ , t°j, ■ ■ ■ , t° m ) G c huj, 

then we call {u\,u 2 , • • • , u rn ) a subgradient of F at to, and say the set of all subgradients of F at to to 

be subdifferential of F at to, denoted by dF(to), he., 

dF(t 0 ) = {(ui,u 2 , ■■■ ,u m ): + ,t Q m ) Q g F(t?, • • • , ■ ■ • , O F c huj, Uj G L(E n )}. 

According to Theorem 2.3, it is easy to verify the following conclusion. 

Theorem 5.1. Let F : M L(E n ) be a convex fuzzy n-cell mapping on M. Then, we have 

d(aF(t) + pG(t)) = adF(t) + (3dG(t), 


for any t G int M and a., ft > 0. 

Theorem 5.2. Let F : M L(E n ) be a convex fuzzy n-cell mapping on M. Then the subdifferential 

dF(t ) is a convex set in L(E n ). 

Proof. For an empty subdifferential, the assertion is trivial. Take two arbitrary subgradients 

,u m ), - ,v m ) G dF(ti,--- ,tj , ••• ,t m ). 

When (ti, - ■ ■ ,tj + h, - ■ • , t m ) G int M, we have 

A(T(ti, • • • ,tj + h 5***5 tm ) Gg F{t\ , • • • ,tj,‘‘‘ , tm)) c^ic A huj , 

(1 - A)(F(ti, • • • + ,t m ) Gg F{t\, ■■■ ,tj , • • • ,t m )) y c (1 - A )hvj, 

for any A G [0, 1]. It follows from Theorem 2.3 that 

E(ti , ' • ,tj + h, - ■ ■ , tm) Qg F(ti , • ,tj,-- , t m ) Gc h(Xuj T (1 ) 

for any j = 1,2,--- , rn. Therefore, 

X(ui,u 2 , ■ ■ ■ ,u m ) + (1 - X)(vi,v 2 , ■■■ ,v m ) G dF(t), 

which implies that the subdifferential dF(t ) is a convex set in E n . 

Next, We study the problems of minimizing and maximizing a convex fuzzy ?r-cell mapping and 
discuss the necessary and sufficient conditions for optimality. 

Let F : M — > L(E n ) be a fuzzy n-cell mapping. We consider an unconstrained fuzzy minimization 
problem (FMP): 

Minimize F (t) , 

Subject to t G intM. 

A point to G int M is called a feasible solution to the problem, if for no t G int M such that F(t) G c 
F(t 0 ), then to is called an optimal solution, or a global minimum point. 

With the aid of definitions for subdifferential and optimal solution we can immediately present a 
necessary and sufficient optimality condition. This theorem is formulated without proof because it is an 
obvious consequence o£the definition of the subdifferential. 

Theorem 5.3. Let F : M — > L(E n ) be a convex fuzzy n-cell mapping on M. Then to is a global 
minimum point if and only if (0, 0, • • • ,0) G dF(to). 
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6. Conclusion 

In this paper, we introduce the concept of generalized difference of n-cell fuzzy-numbers and an 
ordering relation on the fuzzy n-cell number space is considered. Using the generalized difference of 
n-cell fuzzy-numbers the generalized differential and gradient concepts for fuzzy ?r-cell mappings are 
discussed. Furthermore, we have used the ordering relation A c to obtain the subdifferential for fuzzy 
n-cell mappings based on the generalized difference of n-cell fuzzy-numbers. 

Future research includes studying optimality conditions for fuzzy constrained minimization problem. 
One alternative is to define the concept of invex function using ^-differentiability and the ordering relation 
Y c for fuzzy n-cell mappings. 
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THE EXTENSION OF A MODIFIED INTEGRAL 
OPERATOR TO A CLASS OF GENERALIZED 
FUNCTIONS 

S. K. Q. Al-Omari 1 and Dumitru Baleanu 2 


Abstract. In this paper, we investigate a class of modified G-transforms hav- 
ing G-functions as kernels on a generalized space of sequences. We derive 
certain spaces of generalized functions named as Boehmians to legitimate the 
existence of the described integral. The modified G-transform is partially shar- 
ing the classical transform with some general properties. An inversion formula 
is also discussed on the generalized sense. 


1. Introduction 


//-functions being related to most of known special functions are defined by inte- 
grals of the Mellin-Barnes type with integrands involving products of Euler gamma 
functions. Being an intemperate generalization of the generalized hypergeometric 
functions p F q , //-functions are utilized for applications in a large variety of prob- 
lems connected with statistical distributions, versatile integrals, reaction, diffusion, 
reaction diffusion, engineering, communications, fractional differential and integral 
equations and many areas of theoretical physics and statistical distribution theory 
as well. 

Through a special case of //-integral transforms, the G-integral transform enfolds 
various integrals related to Laplace, Hankel, Hilbert and Riemann-Liouville frac- 
tional integral transforms and, that integrals of Gauss hypergeometric function 
kernel type. However, despite a variety of integral transforms may not be reduced 
to G-transform integral type they are indeed given in the form of //-transform 
integral type. 

With the interest to study integral, dual and tripple equations, integral transforms 
of special kernel functions were motivated to include many mathematical problems 
and engineering applications. 

Integral transforms having kernels of //-function type were frequently presented as 

[ 4 ] 
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where //™^ n are functions given in terms of the Mellin-Barnes type contour integral 
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The particular case of //-transforms where a\ = ... = a p = 1 and f3 x = ... = (3 q = 1, 
gives the G-transform integral 


(G<P) (v) = 

and that the amendment 


r' im,n 
p,q 


vC 


( a i)l,p 


¥>(0 d C, 


fim,n 

U p,q 


( 4 ) 

( 5 ) 


(bj) i,, , 

of the //-function is the so-called G-function. 

For a somehow much more detailed account of G and //-functions we refer to [1, 8]. 

The numbers a*, A*, a*, a%, a and (3 when they appear are given as follows [4, (6.1.5) — (6.1.11)] 

a* = 2 m + 2n — p — q, 

A* = q — P, 
a\ = (m + n) - p, 
at, = (m + n) — q, 

— min Ke(bj) ,m> 0 
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By l v ^ r ,v e 1, 1 < r < oo, we denote the summable space of those Lebesgue 
measurable complex valued functions such that 
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The modified G-transform we consider in this note is given by the integral equation 
[4, (6.2.4)] 
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It is associated with the the radical integral transform (4) by the equation 
«*¥>) (v) = M a (G (RM K ip)) ( 77 ) , 
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where R and M K are operators defined , respectively, by [4, (3.3.13) and (3.3.11)] 

(Rp) (C) = and (. M K <p ) (£) = C<P (0 , « € C. 

PARSEVAL Formula 1 The Parseval’s formula for the modified G-transform is 
derived as 


/ P iv) (Gi, K g) iv) 
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where G\ G (p is the modified G-transform 
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The following remark is of great importance to our investigation . 


Remark 2 ([4, Theorem 6.50 (i)]) Let n and a be real numbers and that numbers 
a*, A, g, be defined as in (6). Suppose the following are satisfied : 

(i) a < v — k < P; 

(ii) Either of (a) a* > 0 or (b) a* = 0 and A* [v — «] + Re fi A 0 holds. Then 
the transform G). K ip is a one-one mapping from l Vt 2 into l v - t 

For a somehow much more detailed account of several significant results on the 
modified G-transforms, we refer the reader to [4]. 

Boehmians are motivations of regular operators with algebraic character of Mikusin- 
ski operators and do not have restriction on the support. With different function 
spaces various spaces of Boehmians can be obtained. Distributions, ultradistrib- 
utions, regular operators are indeed contained in some well established spaces of 
Boehmians. 

In a Boehmian context, various generalizations of various integral transforms were 
given once the topic was started. A complete account of the theory of Boehmian 
spaces was given in [2, 3, 5, 7] , [10]-[17] . 

However, the existed results in this theory are classical and none were discussed 
in the space of Boehmians. In this article, we develope the classical theory of the 
modified G^ K transform to the theory of Boehmians. In the following section we 
discuss the construction of the spaces of Boehmians. In Section 3, we give the 
representative of the modified Gj. K transform and its inverse in the defined spaces 
of Boehmians. We further discuss certain results related to the proposed integrals. 


2. Construction of Spaces of Boehmians 

Let us first agree for the products we demand for our investigation. 

The first product we should use here is the so-called Mellin type convolution product 
of first kind defined as [9] 

pOO 

(pVg)(£)= j/"V(M 1 )ff(2/)dy, (9) 

Jo 

provided the integral exists. 

A number of the properties of this integral that we find it worthwhile to be described 
here : 

(i) g\ V g 2 = 92 Y gw 

(ii) (ffi A g 2 ) r g 3 = g 1 Y (g 2 Y g 3 ) ; 

(iii) (agO Y g 2 = a (g 1 Y g 2 ) ; 

(iv) gi Y (g 2 + g 3 ) = Si Y y 2 + ffi Y g 3 . 
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It is of great importance to introduce the following convolution product that will 
be worthy of attention 

POO 

(<p*fl)(£)=/ ( p{^y~ 1 )y K ~ 1 ~' T 9 {y)^y, (10) 

Jo 

where n and a are real numbers. 

Properties of this integral are to be provided in the text of the paper. 

The relation between the convolution products are given by the following theorem. 
Theorem 3 Let ip and g be integrable functions on (0, oo). Then, we have 
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Proof Under the hypothesis of the theorem and by using (8) for (9) we get 


pOO 

Gl, K {<PYg)(v) = V a G™ 
Jo 


m,n 

Q 


C 

lv 


(a,;) 

(b 


1 ,P 


3n,q J JO 


p oo 

C V (CtT 1 ) 5 ( 2 /) 

Jo 


Xd y 


dC 


pOO pOO 

/ g( y)y~\° / G 

Jo Jo 


m,n 

P,Q 


c 

lv 


( a i)l,p 

(bj) 1>q j 


CV (C y 




dC 

x— dy. 


( 11 ) 


On setting variables and using Fubini’s theorem, (11) produce 
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The proof of the theorem is completely finished. 

Lemma 4 Let yy y and ip be integrable functions on the open interval (0, oo). We 
get 

p» (gY ip) = (ip» g) »ip . 

Proof On account of (10) we write 
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g> • {g y VO (£) = <p (&T 1 ) y K_1_<7 ^ CMyC -1 ) V>(C)dC^ dy 

= (&T 1 ) y K ~ 1 ~ a g (vC 1 ) <*(. (12) 

By change of variables, (12) yields 
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Jo 

The proof is completely finished. 

Let 2? denote the standard notation of the space of test functions of compact sup- 
ports in (0, oo ) . Then we have the following results. 

Theorem 5 Let <p £ l v - K -a ,2 and g € V be given. Then, we have 

P * g £ lv — K—<7, 2* 

Proof By appealing to (7) and the integral equation (10) , we get 

/»00 /'•OO 

= / C' / v?(C2r i r 1 ° 9{y)*y 

’ Jo Jo 

Applying Jensen’s inquality yields 
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Using the Fubini’s theorem implies 

< J™ \g(y)y K ~ 1 ~ a \ (/°° |C'“ K “ < V(Cy “ 1 )| 2 ^ ) dy. 

Now, let [a, &] , 0 < a < 6, be an interval containing the support of g. Then, the 
hypothesis of the theorem tp £ i t ,_ K _ CT; 2 , reveals 

< M \\tp\\ 2 v _ K _ a 2 f \y K ~ 1 ~ cr g (y) \ dy, 

J a 

where M = J Q h \y K '~ 1 ~ a g (y) | dy. 

Thus, the above equation further reveals 

Wv g\\ v -K-„,2 < 00 • 

The proof is completely finished. 

Theorem 6 There hold the following identities. 

(i) Let {</?„} , p £ l v - K -„ : 2 be such that ip n — > p as n — > oo. We have 

Pn • 9 • 9 as n -> oo 

for every g £ V. 



213 


S. K. Q. Al-Omari et al 209-218 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


6 S. K. Q. AL-OMARI 1 AND DUMITRU BALEANU 2 

(ii) Let £ lv-K-a, 2 and g G T>. Then we have the following identities 

satisfy 

(<Pi + <d> 2 ) • 9 = • 9 + Pi • 9 and P Odd • a) = (Wi) • 5, 

for arbitrary complex number p. 

The proof of this theorem can be followed by using simple integral calculus. Hence, 
we avoid adding more details. 

Definition 7 Let {5 n } eV such that 

/ OO 

$n (0 df = 1 (n E N) . 
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/ OO 

| S n (£)| d£ < A (deR being positive) . 
o 

(iii) suppd„ = {£ : 5 n (£) ^ 0} — > 0 as n — > oo. 

The set of all sequences {£„} are denoted by A. Every {(5„} in A is said to be a 
delta sequence which corresponds to the delta distribution. 

Theorem 8 Let {d„} G A and p G l v - K - a £. Then, we have 

tp • 5 n — > p in Z t ,_ K _ CT> 2 asn-» oo. (14) 

Proof By the first part of Definition 7 and Jensen’s inequality we have 
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where supp<5„ (y) C [a n , b n ] , 0 < a n < b n ,Vn G N. 

Taking into account the fact that p(C),ip y (C) = V 3 (C2/~ 1 ) y K ~ 1_<T G h-n-a, 2 , it 
follows from (16) that 


II {<f8n) (C) 


<^(011™, 2 



l<5n (y)|dy. 


for some positive constant M*. 

Therefore, 

IK^»^n)(C) _ P (C) llS_«—cr,2 < M * M i K,y, 

Mi > 0. 

The last inequality follows from the identity (iii) of Definition 7. 
The proof of the theorem is completely finished. 


The space B (Z„_ K _ CTi 2 , (2?, Y) , •, A) is therefore generated and regarded as a space 
of Boehmians. 


Construction of the space B (l Vt 2) (2?, Y) , Y, A) can be obtained by that technique 
similar to that of B (l v - K -cr,i, (2?, Y) , •, A) and the properties of Y we have already 
cited above. 
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Sum of two Boehmians 
as 


and 


in B (l V} 2 , (2?, Y) , Y, A) can be expressed 


'Pn 


On 


' Pn Y Sn 

H” 9n "Y” 

. Sn . 

1 

_£n _ 


Sn 



Multiplication in B (l v , 2 , (Hj) , Y, A) by a € C is defined as 7 

TP, 

_ Sn _ 

The extensions of Y and V a to B (l v , 2 , (2?, Y) , Y, A) are introduced as 


\Pn\ 


" Pn 

1 

e 


On _ 


Pn 


Y 


Pn Y 9n 

Sn Y C 71 


and 2 ?° 




2 ?>, 


cy G 


Let 


belong to 2? (Z„ )2 , (2?, Y) , Y, A) and w be in Z„ )2 . The operation Y can be 


extended to B (l v , 2 , (2?, Y) , Y, A) x Z „ )2 by 

Y w = 


In ^ 
Sn 


Let the sequence {/?„} be in B ( Z „ )2 , ( 2? , Y) , Y, A) . Then (3 n — > (3 in £> (Z„ |2 , (2?, Y) , Y, A) 
if there can be found a delta sequence {<5„} such that for (/3 n Y (5fc) and (/? Y 5^) € 

Z W;2 , n, A: € N, we have 

lim (3 n Y (5fc — > (3 Y in Z.„ ;2 for every k £ N. 

n — »oo 

This can be expressed in £> (Z„ )2 , (2?, Y) , Y, A) as : 

(3 n —> (3 ( as n — » 00 ) if and only if there are ip n k , <p k £ Z „ )2 and {(5fc} € A, 


Pn = 


Sk 

A 


,P = 


Pk 

Sk 


and to every k £ N we have linin^oo p nk = p k in Z„, 2 . 


P n P ( as n °°) ^ there can be found a {<5„} £ A such that ((3 n — /?) Y S n £ 
l v , 2 (Vn e N) and lim, woo ((3 n — /?) Y S n = 0 in Z„ )2 . 

On the other hand, addition of two Boehmians in B (l v - K -a, 2 , (2?, Y) , •, A) is de- 
fined as 


'<Pn 

+ 

9n 


'Pn * Sn 

H” Qn • 

_s n _ 

_£n _ 


s n 



Multiplication and convergence in B (Z„_ k _ CTi2 , (2?, Y) , A) can be defined similarly 
as in B(l v - K -f t 2 , (2?, Y) A). 


3. G* K of Boehmians 


In view of Remark 2 and Theorem 3, we extend the transform G\ K to the space 
B (Z„ )2 , (D, Y) , Y, A) as 


Gl 


~Pn 


1 

3S 

-6 

3 

. Sn _ 


Sn \ 


(17) 


in e(Z„_ K _ CT)2 , (2?, Y) A) . 


We recite some properties of the transform G* in the course of the following 
theorems. 
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Theorem 9 (i) The operator G \ K is well - defined and linear . 

(ii) The operator G* K is an isomorphism from B (Z„ )2 , (2?, Y) , Y, A) onto the 
space B (i u _ K _ CTj2 , {D, Y) , •, A) . 

(iii) The operator G* K is continuous with respect to S and A - convergence. 

(iv) The operator G* )(t : B(1 Vi2 ,(T>, Y),Y,A) -> B {l v - K - a , 2 , (P, Y) , •, A) 
transform is compatible with G* K : l v> 2 — > l v - K - a p. 

PROOF We prove Part (iv) since similar proofs for Part(i) - Part(iii) are available 
in many cited papers of the same author and of Roopkumar in [20] . 

To prove the last part of the theorem, let a G l v 2 and — - — — be its representative 

On 

in B (l v , 2 , (2^, Y) , Y, A) where {<5„} G A (Vn G N) . Clearly, for all n G N, {S n } is 
independent from the representative. Hence, from (17) and Theorem 3, we get 


G, 


i 

a ,k 


( 

aY S n 

) =gC( 

a Y S n 

v 

Gl >K ( a Y S„) 


Gl, K cr»5 n ~\ 


Sn 

Sn 


S n 


l 

3 

i 


Thus 


Gl.vSn 


is the representative of G\ K a in the space Z^_ k _ CTi2 . 


The proof is therefore finished. 


In view of Theorem 9, we introduce the inverse transform of G* K as follows. 


Definition 10 Let 


integral operator of 


Gl K <p ri 


Gl K P n 


G B (l v , 2 , (2?, Y) , Y, A) . We define the inverse G l a h 


as 


-1 


G\ 




Vn 


for each {5„} G A. 


Theorem 11 Let 


G a 


G B (V, Y) , •, A) and <p G V. We have 


-l 


Gl 


Gl^ n 

Sn 


•V = 


Y ip 


and 


Gl 


Y>n 


Y = 


G (j.r^Prx 




216 


S. K. Q. Al-Omari et al 209-218 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Proof Assume 


THE EXTENSION OF A MODIFIED INTEGRAL OPERATOR TO .... 

Gl K <Pv 


S B (Zi,_ k _ ct , 2 , (P, Y) , •, A). For every (f> € V, we have 


G 


i 

a.K 


^ a ,kPt 


-1 


xp = G t 


i 

a.K 


Gl K ip n • ^ 


i.e. 


(<£,«) 1 (Gff iK (p n • ip) 


Using Theorem 3 and Definition 10 we obtain 

' -A' 1 

G. 


'll 

T a.K, 


G a.Kpr 


v = 


Vn A 


‘fir, 


r ip. 


Proof of the part G\ K 


Pr 


r ip) = 


G a ,kPti 


' (f is almost similar. We prefer 


to omit the details of the proof. 

This completely finishes the proof of the theorem. 
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HARMONIC QUASICONFORMAL MAPPINGS OF THE UNIT 
DISK ONTO THE HORIZONTAL STRIP AND HALF PLANE 

JIAN-FENG ZHU 


Abstract. In this paper we consider two types of harmonic mappings w(z) £ 
Sh{ D, fli) and w{z) £ Sh(KS>,R), where B is the unit disk and fir, R are the 
domain defined by (2) and (3). Using the representation of harmonic mappings, 
we find the sufficient and necessary conditions to make w(z) be a harmonic qua- 
siconformal mapping. Furthermore, we obtain some estimates of w(z). 


1. Introduction 


A real-valued function u(x, y ) on an open set D C C is harmonic if it is C 2 on 
D and satisfies Laplace’s equation: A u = u xx + u yy = 0. Assume that z = x + iy, 
w(z ) = u(x,y ) + iv(x,y). Then a complex-valued function w(z) is harmonic if and 
only if u(x,y) and v(x,y) are both harmonic. This has an equivalent form w zz = 0. 

Let w(z) be a harmonic mapping defined in the unit disk O = {z : |z| < 1}. Then 
there exist two analytic functions h(z) and g(z) such that w(z) = h(z) + g(z). 

For z = re llf G D, denote by 


P(r, t - ip) 


1 1 — r 2 

2n (1 — 2 r cos (t — <p) + r 2 ) 


the Poisson kernel. Then every bounded harmonic mapping w(z) defined on D has 
the following representation 


2n 

(1) w(z) = P[f](z) = j P(r, t - ip)f(e lt ) dt, 

o 


where z = re ilf G D and f is a bounded integrablc function defined on the unit circle 
S 1 = 6B. 

For z G D, let 

Ku{z) = max I w z (z) + e~ 2ia w z (z)\ = \w z (z)\ + \ w z (z)\ 

0<a<2i r 
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and 

A w {z) = min | w z {z) + e~ 2ia w- z {z)\ = \\w z {z)\ - \w z (z)\\. 

0<a<2n 

According to Lewy’s Theorem we know that w(z) is locally univalent and sense- 
preserving in D if and only if its Jacobian satisfies 

J w (z) = \iv z (z)\ 2 — \w z (z)\ 2 > 0 for every zeD, 

Suppose that w(z) is a sense-preserving univalent harmonic mapping of D onto a 
domain C C. Then iv(z) is a harmonic A'-quasiconformal mapping if and only if 


K{w) := sup 


\w z (z)\ + \w z {z)\ 


< K. 


zeU \WAZ 


\Wz(Z 


It is interesting to consider such a question: under what conditions on / is w = 
P[f](z) a harmonic quasiconformal mapping? Several authors have studied such a 
problem (see [5], [6], [8], [10], [11], [12], [13]). However, a univalent sense-preserving 
harmonic mapping defined on D doesn’t determined by its image domain. In this 
paper we consider two types of harmonic mappings of D onto a unbounded convex 
domain. One maps the unit disk onto the horizontal strip and the other maps the 
unit disk onto the half plane. 

Let Sh denote the class of all complex valued, sense-preserving univalent harmonic 
mappings iu(z) in D, with the normalization zc(0) = w z {Q) — 1 = 0. Let S ° H be the 
subclass of Sh with w s (0) = 0 and -u^(O) > 0. For a domain fl C C containing 
the origin, Sh( 0,0) will denote the class of all sense- preserving univalent harmonic 
mappings of D onto O normalized by tc(0) = w s (0) = 0 and w^(0) > 0. 

Considering the following domains: the horizontal strip 


( 2 ) 

and the right half plane 

( 3 ) 


Hi = {vj : —1 < lmw < 1}, 


R = {w : Rezc > — }. 
1 2 1 


A conformal mapping ip from D onto fli normalized by y?(0) = 0 < <^/(0) has the 
form 


( 4 ) 


<p(z) = - In 1 + ~ 


7T 1 — Z 

For zeD and [rj\ = 1, define the kernel 


( 5 ) 

and the family 


k(z, rj) — f + d(= 4 


1 + rjC 


i-??C W (i-^?C)(i-C 2 ) 


d(, 


( 6 ) 


F = {w : w(z) = Re 


k(z, r])dp(i]) + ilimp(z), p G P}, 


where P is the set of probability measures on the Borel sets of the unit circle S 1 . 
According to [4] we have the following theorem. 
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Theorem A. Sj^O, £li) = F ■ Here 5^(0, Qi) is the closure of <Sj/(0, f2i). 
Similarly, define the kernel 

( Re T3i + Rm (TTJ)2 if V = 1 

F(z,ri) =1 

^ Re^j + ilm^lnnj + iiSjf;) if ^ 1. 
According to [1], we have the following theorem. 


Theorem B. Each harmonic mapping w(z ) G Sh( O, i?.) if and only if there is a 
probability measure p on the unit circle such that 

(7) w{z)= / F{z,rj)dn{rj). 

J\v\=i 


In this paper, we find the sufficient and necessary conditions on the kernel k(z, rj) 
and F(z,r /) which make harmonic mappings w(z) of Sh( D,Qi) and S#(B, R) to be 
quasiconformal . 


2. Necessary and sufficient conditions 

Theorem 1. Suppose that w G S'# (B, which has the representation (6) . Then w 

is a harmonic quasiconformal mapping if and only if it's kernel satisfies the following 
conditions: 

(i) c := ess inf Re f , , ^^dutri) > 0, 

v ) 2gB) J \ v |=i v-z ij , 

(ii) Mf := ess sup J M=1 2±| dn{rj) < oo, 


zgB 


where c and Mi are positive constant. 


Proof. Let w(z) = h(z) + g(z) be a sense-preserving univalent harmonic mapping of 
D onto hR. According to Theorem A we have 


w(z) = Re 


k(z,g)dp{r]) + ilm (p(z), 


=i 


where k(z,rj) and /j are defined by (5) and (6). This implies that 

1 


w(z) = h(z)+g(z) = 
Then 
( 8 ) 
and 
(9) 


k(z, rj)dn(r)) + <p(z) + 


i=i 


k(z, rj)dp,[rj) - <p(z) 


i=i 


h\z) = 


F'(z) 


✓M = 


r] + z 

r| = l V-Z 

rjFz 


dn(rj) + 1 


,|=i V-z 


Mv) - 1 
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It follows from (8) and (9) that 




ii„.i **Mv) ~ 1 

h'{z ) 


4m. + 1 


Let Ai = Re J|, ?|=1 dn(v) and A 2 = Im f jr)j=1 p§d/x(r/). 

The proof of ’if’ part: Since A\ > c > 0 applying condition (ii) we see that 


ess sup 

ZGB 


g\z) 

h\z) 


= ess sup 

ZGB 


PL - l ) 2 + Al 
(li + l ) 2 + A$ 


= ess sup 

zEO 



4A 1 


(A l+ iy + Ai 


< i. 


This shows that w(z) is a harmonic quasiconformal mapping. 

The proof of ’only if’ part: Assume that w(z) G Sh{ ©, is a harmonic quasi- 

conformal mapping. Then the following inequality 



g\z) 


ess sup 

h'{z) 

= ess sup 

zGB 

zE B 

holds for some constant k < 1 

. Hence 


Li-1 SMv) - 1 


Ji„M + 1 


< k 


S £i Mi) 


( 1=1 


< oo and (Ai — l) 2 + A 2 < 


k 2 (Ai + l) 2 + k 2 A 2 . This implies that 2Ai(l + k 2 ) > 1 — k 2 . Thus A\ > > 0. 

The proof is completed. □ 


Remark: For any z = re ld G D and n = e lt G c®, we have Re 2 ^ = , — - — - A , .. > 

J 1 ’ rj—z 1— 2r cos(0— t)-\-r z 

0. If we additional assume that p'(e lt ) > 0, then Rejj r? | =1 dfi{rj) > 0. According 
to (8) and (9) we see that 


ess sup 

zGB 


9'(z) 

h'{z) 


< 1, 


which implies that w(z) is a harmonic quasiconformal mapping. 


Theorem 2. Let w G S# (D, R) be a sense-preserving harmonic mapping which has 
the representation (7). Then w is a quasiconformal mapping if and only if its kernel 
satisfies the following conditions: 


(i) d := ess inf (l + 2Re J M=1 > 0, 


(ii) M 2 := ess sup 

zSB 


ii, ,.i tStMi) 


T)Z 


< OO, 


where d and M 2 are positive constant. 
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Proof. According to [ 4 ] we know that w(z) has the following representation: 


w(z) = 


'M=i 


F(z, rj)dfj,(rj) 


Z 2/7 , 1 — Z 1 + 77 Z 

+ 7T In + 


2 J | T? |=1 V 1 — 2: (1 — 77)2 1 -TjZ 1 - 77 1 - z 

If ( z 2/7 , 1 — z 1 + ri z 

m 


dg(v) 


2 j\ l= 1 \l-z (I-/7) 2 1 -rjz l-r]l-z 


d(*{v) 


= h(z) + g(z). 

Then 

(10) h\z) = 
and 

( 11 ) 9 '(z) = 
This implies that 


(1 - z ) 2 J i„i=i 1 - r)z 


d»(v) 


1 / — r]z 

(1 - z ) 2 J |„i=i 1 ~r]z 


dp(v)- 


a'{z) 



4,=. tStMv) 


h'(z) 


4l = l i 1 + 1 -T,*) 

1 dn{rj) 


I\n\=l T^Md) 


-TjZ 


The proof of ’if’ part: Let 
(12) B = 

Then 


rjz 


'Id 


=1 1 - Vz 


dp(v)- 


g\z) 

2 


\B\ 

2 


\B\ 

2 

h'{z) 

\1 + B\ 

I 2 1 + 1 

\B \ 2 + 2 ReB 


Applying condition(i) and (ii) we have 

9 '{z) 


ess sup 

zen 


h'(z ) 


< 


| 

B | 

2 

| B 

I2 - 

-b d 


< 1. 


The proof of ’only if’ part: Assume that w(z) is a harmonic quasiconformal map- 
ping of D onto R. Then the following inequality 


g\z) 


h'{z) 


< k 2 


holds for some constant k < 1 . This is equivalent to \B\ < 00 and \B \ 2 < k 2 (\B \ 2 + 
1 + 2 ReR). Hence 


ijz 


, 1=1 1 ~VZ 


dg(v) 


< 00 , 


and 


1 + 2 ReR > 


k 2 
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where B is defined by (12). 

This completes the proof. □ 


Remark: According to (6) we know that /i 6 P is a probability measure on the 
Borel set of S 1 . This implies that J^ =1 dfi(rj) = 1. 

Theorem 3. Suppose that w(z ) = h(z) + g(z) G <S#(D ,Qi) is a harmonic K- 
quasiconformal mapping. Then its Jacobian satisfies 


where c is a positive constant depends on K . 


Proof. According to (8) and (9) we have h'{z) = ' £ 4p- ^i|, ; | =1 dn(v) + l) and 

gfiz) = ^ (4 I=1 - l), where tp(z) = f In ±±f. Let A, = Re 

and A 2 = Im Jj r? | =1 jdfi.dp(rj). Since w(z) is a harmonic quasiconformal mapping, by 

using condition (i) in Theorem 1 we see that 


J w {z) = \h'(z)\ 2 — \g\z)\ 2 = Ai\ip'(z)\ 2 > 


16 c c 

7T 2 (1 + \z\Y ~ 7L 2 ’ 


where c is a positive constant depends on K . 

This completes the proof. □ 


Theorem 4. Suppose that w(z) = h(z ) + g(z) G 5^(0, i?) is a harmonic K- 
quasiconformal mapping. Then its Jacobian satisfies 

d 

Jw\ z ) A 

where d is is a positive constant depends on K . 


Proof. According to (10) and (11) we have 


h\z) = 


(! - Z ) 2 J |„|=1 1 - V Z 


dp(r]) = 


(1 - *) s 


1+/ - — — dgipq) j 

J\n \= 1 1 - V Z J 


and g’(z ) = jjzzps I\ n \ = i TZ^dtfig). Using (12) and condition (i) of Theorem2 we 
obtain that 


U = \hf - \gf = — 4— (1 + 2ReB) > - ... > d 


\l-z\ 

where d is a positive constant depends on K . 
This completes the proof. 


(1 + M) 4 - 16’ 


□ 
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3. co-Lipschitz condition of w(z) 

A complex-valued mapping w(z) in D is said to be a co-Lipschitz (Lipschitz) 
mapping if there exists a constant L > 0 such that the following inequality 

| w{zi) - w(z 2 ) I > 


(\w(zi) - w(z 2 ) I < L\zi - z 2 1) 

holds for any Z \, z 2 G 10. Suppose that w ( z ) is a harmonic quasiconformal mapping 
of © onto a bounded convex domain. Many mathematicians have discussed about 
the bi-Lipschitz property of w(z ) (cf. [6] , [9] and [11]). We point out that if w ( z ) 
is a harmonic quasiconformal mapping defined by (6) and (7), then it would be a 
co-Lipschitz mapping. 


Theorem 5. Given K > 1. Suppose that w(z) = h(z) + g(z) G Sh(0,^i) is a 
harmonic K -quasiconformal mapping. Then the following inequalities 


1 + c 
2tt 


< W(z)\ < 


2 (Mi + 1 ) 
7r(l — \z \ ) 2 


hold for every z E D, where c and Mi are positive constant depend on K . Further- 
more, the inequality 


\w(zi) - w(z 2 ) | > 

holds for any zi,z 2 G D, where k = A_1 


(1- fc)(l + c) 
2vr 


R - Z2 , 


K+l ' 


Proof. According to (8), we have 


\h\z)\ = 


<p'(z) 


f ri + z 

l\ v \= l V-z 


dn(rj) + 1 


< 


2(1 + Mf) 

7r(l — \z \ 2 ) 


and 


\h\z)\ = 


ip'(z) 

o 

/ " + + 1 

2 

J \ V \=1 V-z 


> 2(1 + Ai) ^ (1 + c) 
— 7r(l + \z\) 2 — 2 7T 


where c and ATf are positive constant depend on K. Since w(z) = h(z) + ^(z) is 

< k < 1, where 


a harmonic Jl -quasiconformal mapping, we see that ess sup 
k = §=q. Then 


add 




Ato(^) = + |</(z)| < \h'(z)\(l + k) < 


2(1 + /f)(l + Mi 
7r(l — |z| 2 ) 


and 


= IIA'WI - lYMIl > 2(1 ~ fc)(1 . + c) > (1 ~ fc)(1 + c) 


7r(l + \z\) 2 


2tt 
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Take Ci, C 2 e 12 1 satisfying z 1 = w _1 ( Ci), £2 = w _1 (C 2 )- Let (p(t) = w _1 (Ci + t(( 2 ~ 
Ci)), t G [0, 1]. Then J- l -w((p(t )) = C 2 _ Ci- Since fli is a convex domain, we see that 

1 1 

| Ci - C 2 I = /I-t :w(ip(t)) dt — 


dt 


w z (<p{t))(p'(t) + Wz(<p{t))<p'(t) 


0 


0 


1 


(13) 


> J (KM*))^)! - \wz{^p{t))(f/{t)\ ) dt 
0 

1 

> inf(K(u)| - \wz(u)\) [ \v'it)\dt 


> (1 ~c )(1+c) k.-^i. 

Ztt 


This completes the proof. 


dt 


□ 


Theorem 6. Given K > 1. Suppose that w(z) = h(z) + g(z) G £#(0, i?) is a 
harmonic K -quasiconformal mapping. Then the following inequalities 

d ^ \ u i ( m ^ (-^2 + 1) 

4 - I ~ (1 - |z|) 2 ’ 

hold for any j6D, where d and M 2 are positive constant depend on K . Furthermore, 
the following inequality 

(1 — k)d 

\w(zi) - w(z 2 )\ > \zi - z 2 \, 


holds for any z\,z 2 G ©, where k = 


K-l 
K+l ' 


Proof. According to (10) and (12), we have 


1^)1 = 

and 


(1 - zf 


1 + 


T] Z 


<\ v \=i 1 ~vz 


dp{v) 



1 


(1 - ,) 2 


\h\z)\ = 


a-zf 


1 + 


r)z 

-1=1 1 - r iz 


dp(v) 


< 


Vl + 2 ReB + B 2 > 


;(M 2 + 1), 


d 


(i-M) : 


where d and M 2 are positive constant depend on K. Since w(z) = h 
a harmonic K -quasiconformal mapping, we see that k = ess sup 

zGB 

k = Hence 


h'(z) 


z ) + g(z) is 
< 1, where 


A M = \h\z)\ + \g\z)\ < \h'(z)\(l + k) < 


(1 + /c)( 1 + M 2 ) 


and 


\ w {z) = \\h\z)\-\g'{z)\\>\h\zm-k)> 


(i-M ) 2 

(1 - k)d 
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Harmonic quasiconformal mappings of the unit disk onto the horizontal strip and half plane 9 

For each z\,z 2 G D, using (13) we have 


I w(zi) - w(z 2 )\ = 

| hiv 22] 

This completes the proof. 


w z dz + w z dz 


> inf X w (z)\zi - z 2 1 > 


(1 — k)d 


zeD 


\Zl - Z 2 . 


□ 
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Abstract 

In this paper, we study a boundary value problem consisting from a fractional differential in- 
clusion of Riemann-Liouville Langevin type subject to Katugampola fractional integral conditions. 

Some new existence results for convex as well as non-convex multivalued maps are obtained by 
using standard fixed point theorems. Enlighten examples illustrating the obtained results are also 
presented. 

Key words and phrases: Fractional differential inclusions; generalized fractional integral; Katugam- 
pola fractional integral; nonlocal boundary conditions; fixed point theorems 

AMS (MOS) Subject Classifications: 34A60; 26A33; 34A08 


1 Introduction 


In this manuscript, 
fractional Langevin 
form 


we investigate the sufficient conditions of existence of solutions for the following 
inclusion subject to the generalized nonlocal fractional integral conditions of the 

D P '(D P2 + A)a(t) G 0 < t < T, 


x(0) = 0, 

n 

X (V) = a i 

i= 1 


l -qi 


r («<) 



s Pi 1 x(s) 
(tPi - sp*y-« 


ds := Pi I qi x(£i), 

i = 1 


(1) 


where D Pi denote the Riemann-Liouville fractional derivative of order pi, i = 1,2, 0 < pi,P 2 < 1, 
1 < Pi + Vi < 2, A is a given constant, Pi I qi are the generalized fractional integral of orders qi > 0, 
Pi > 0, rj, & arbitrary, with 77 , & € (0, T), ^ E K for all i = 1,2,..., n and F : [0, T\ x I — > 'P(K) is a 
multivalued map, U(K) is the family of all nonempty subsets of R. 

The search for the existence of solutions to nonlinear fractional boundary value problems has ex- 
panded greatly over the past years. For examples and recent development of the topic, see [1]- [11] and 
the references cited therein. In fractional calculus, the fractional derivatives are defined via fractional 
integrals. There are several known forms of the fractional integrals which have been studied extensively 
for their applications. The most known fractional integrals are the Caputo, Riemann-Liouville and the 
Hadamard fractional integral. 

A new fractional integral, called generalized Riemann-Liouville fractional integral , which generalizes 
the Riemann-Liouville and the Hadamard integrals into a single form, was introduced in [12], [13]. See 
Definition 2.5 below. This integral is now known as ’’Katugampola fractional integral” see for example 


1 
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[14, pp 15, 123]. The existence and uniqueness results for the Caputo-Katugampola derivative is given 
in [15]. For some recent work with this new operator and similar operators, for example, see [16]- [18] 
and the references cited therein. 

The Langevin equation (first formulated by Langevin in 1908 to give an elaborate description of 
Brownian motion) is found to be an effective tool to describe the evolution of physical phenomena in 
fluctuating environments [19]. For some new developments on the fractional Langevin equation, see, 
for example, [20]- [24]. 

The present paper is motivated by a recent paper [25], where it is considered problem (1) with F 
single valued. Existence and uniqueness results were proved in [25] by using a variety of fixed point 
theorems, such as Banach contraction principle, Krasnoselskii fixed point theorem, Leray-Schauder 
nonlinear alternative and Leray-Schauder degree theory. Here, we cover the multi-valued case. We 
establish some existence results for the problem (1), when the right hand side is convex as well as 
non-convex valued. In the first result, we use the nonlinear alternative of Leray-Schauder type while in 
the second result, we shall combine the nonlinear alternative of Leray-Schauder type for single-valued 
maps with a selection theorem due to Bressan and Colombo for lower semicontinuous multivalued maps 
with nonempty closed and decomposable values. The third result relies on the fixed point theorem for 
contraction multivalued maps due to Covitz and Nadler. Examples illustrating the obtained results 
are also presented. The methods used are well known, however their exposition in the framework of 
problem (1) is new. 


2 Preliminaries 

2.1 Basic material of fractional calculus 

In this section, we introduce some notations and definitions of fractional calculus [1, 2] and present 
preliminary results needed in our proofs later. 

Definition 2.1 [2] The Riemann-Liouville fractional integral of order p > 0 of a continuous function 
f : (0,oo) — ■> R. is defined by 


J 0 ^~ ly ( s ) ds ’ 

provided the right-hand side is point-wise defined on (0,oo), where T is the gamma function defined by 
T(p) = / 0 °° e~ s s p ~ 1 ds. 

Definition 2.2 [2] The Riemann-Liouville fractional derivative of order p > 0 of a continuous function 
f : (0, oo ) — > M is defined by 

D p f(t ) = T ^_ p j (jffj J (t- s) n ~ p ~ 1 v(s)ds, n — 1 < p < n, 

where n = [p] + l, [p] denotes the integer part, of a real number p, provided the right-hand side is point-wise 
defined on (0, oo). 

Lemma 2.3 [2] Letp > 0 and x € C(0, T)flL(0, T). Then the fractional differential equation D p x{t) = 
0 has a unique solution x(t) = Yii=i c it p ~ l i an< ^ the following formula holds: I p D p x(t ) = x{t) + 
1 Cit p ~ l , where q E R, i = 1,2,.. .,n, and n — 1 < p < n. 

Lemma 2.4 ([2], page 71 ) Let a > 0 and f3 > 0. Then the following properties hold: 

l%x-af-\t) = ~ a)^ + “ _1 . 

1 (p + a) 


229 


Sotiris K. Ntouyas et al 228-242 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Nonlocal Fractional Katugampola Langevin Inclusions 


3 


Definition 2.5 ([13]) The Katugampola fractional integral of order q > 0 and p > 0, of a function 
f(t ), for all 0 < t < oo, is defined as 


p I q f{t) 


p l q /■' s p 1 v(s) 

r(g) Jo (t p ~ spy-i 


provided the right-hand side is point-wise defined on (0, oo). 


Lemma 2.6 ([25]) Let constants q > 0 and p > 0. Then the following formula holds 


p m p = 


(?) 


fp+pq 


p \^ p+pq+p j p q 


(2) 


Lemma 2.7 ([25]) Let 0 < pi,P 2 < 1, 1 < pi + p 2 < 2, qi,pi > 0, q, & G (0,T), a, G R. for all 
i = 1, 2, . . . , n and h G C([0, T], R). T/ien x is a solution of the problem 


D P1 (D P 2 + X)x(t) = h{t), 0 < t < T, 

n 

^(0) = 0, x(p) = ^ a,; Pi I qi x(^), 


(3) 

(4) 


z/ and only if 

x{t) = 


where 


r(pi) 


I Pl+P2 h{q) - A :P 2 x(7/) 


r(pi+p 2 ) 

n 

-J2 a i (^ Pl+P2 Ms) - A T p2 x(s)) (&) 


Z=1 


+ F +P2 /i(()^AI T2 i((), 


(5) 


^ a »r(pi) V Pi 

r(pi + P 2 ) r f P 1 +P 2 + Piqi + Pi - 1 


r 


Pi + P2 + Pi - 1 


e 


Pi+P2+Piqi+Pi—1 


Pi 


t(pi) 

r(pi + p 2 ) 


7 P1+P2-1 ^ Q ( 6 ) 


2.2 Basic material for multivalued maps 

Here, we outline some basic concepts of multivalued analysis [26, 27]. 

Let C([0, T\, R) denote the Banach space of all continuous functions from [0, T] into R with the norm 
||x|| = sup{|x(t)|, t G [0,T]}. Also by L 1 ([0,T],R), we denote the space of functions x : [0, T] — > R such 
that ||x||li = / q T \x(t)\dt. 

For a normed space {X, || • ||), let V c i{X) — { Y G V{X) : Y is closed}, Vb{X) = {Y G V{X) : 
Y is bounded}, V c i,b(X) = {Y G V(X) : Y is closed and bounded}, V cp (X) = {Y G V(X) : Y is 
compact}, and V cPtC {X) = {Y G T{X) : Y is compact and convex}. 

A multi-valued map G : X — > V{X) : 

(i) is convex (closed) valued if G(x) is convex (closed) for all x G X. 

(ii) is bounded on bounded sets if G(Y) = U ie yG(i) is bounded in X for all Y G Tb{X) (i.e. 
suPz ei -{sup{|p| : y G G(x)}} < 00). 

(iii) is called upper semi-continuous (u.s.c.) on X if for each xo G X, the set G(xo) is a nonempty 
closed subset of X, and if for each open set N of X containing G(x 0 ), there exists an open 
neighborhood J\f 0 of xq such that G(A/"o) C N. 
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(iv) G is lower semi-continuous (l.s.c.) if the set {y £ X : G(y) fl Y ^ 0} is open for any open set Y 
in X. 

(v) is said to be completely continuous if G(B) is relatively compact for every B € 'Pb(X); If the 
multi-valued map G is completely continuous with nonempty compact values, then G is u.s.c. if 
and only if G has a closed graph, i.e. , x n — > x*, y n — > y*, y n G G(x n ) imply y* € G(x*). 

(vi) is said to be measurable if for every y € X, the function 1 1 — > d(y, G(t)) = inf {|y — z\ : z £ G(t)} 
is measurable. 

(vii) has a fixed point if there is x £ X such that x € G{x). The fixed point set of the multivalued 
operator G will be denoted by FixG. 


3 Existence results 


Let C = G([0, T],R) denotes the Banach space of all continuous functions from [0, T] to R endowed with 
the norm defined by ||a:|| = sup te r 0 T i \x(t)\. Throughout of this paper, for convenience of proving, we 
let the notations X z v(s)(y) and p I z v(s)(y) defined by 


Z z v(s)(y) = [ (y - s) z 1 v(s)ds and p I z v(s)(y ) 

r(z) Jo 


p 1 21 r y s p 1 f(s) 

rw Jo 0 y p - s p Y~ z s ’ 


where z > 0 and y £ [0,T]. 

To simplify the notations, we use the following constants: 


Ai 

A 2 


r(pi) tp'+pz- 1 
r(pi+p 2 ) |0| 


yp 2 


r(l + y 2 ) 


■Ai 


v 


|P2 


r(i + P2) 


-Ei 

i= 1 


1 




P2+Pi9i 


( , Xf L ) 


r(i + P2) 


p? 


^ P2+PiQi+Pi ^j 


(7) 

( 8 ) 


Definition 3.1 A function x £ AG 2 ([0,T],R) is a solution of the problem (1) if x( 0) 

n 


on Pi I qi x(£i), and there exists a function v £ L 1 ([0,T],R) such that f(t ) £ F(t,x(t)) 

i—l 

and 


= 0, xfrj) = 
a.e. on [0,T] 


x{t) 


r(pi) tpi+p^-i 

r(yi+P2) 


2"Pl+P2 


+1 Pl+P2 v{t) - X I P2 x(t). 


v{rj) — A T P2 x(rf) — ^ a i 

i—l 


Pijcu (ypi+P 2 W ( a ) _ \ yP 2 x (s)) (Ci) 


3.1 The Caratheodory case 

In this subsection, we consider the case when F has convex values and prove an existence result based 
on nonlinear alternative of Leray-Schauder type, assuming that F is Caratheodory. 

Definition 3.2 A multivalued map F : [0,T] x R — > 'P(R) is said to be Caratheodory if 
(z) 1 1 — > F(t, x) is measurable for each x £ R; 

(ii) x 1 — » F(t,x) is upper semicontinuous for almost all t £ [0,T]/ 

Further a Caratheodory function F is called L 1 — Caratheodory if 
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(in) for each p > 0, there exists tp p G L 1 ([0, T], R + ) such that 

\\F(t,x)\\ = sup{M : v £ F(t,x)} < ip p (t) 
for all ||x|| < p and for a.e. t £ [0,T]. 


5 


For each y £ C, define the set of selections of F by 

S F ,„ ■= {v G L\[ 0,T],M) : v(t) £ F(t,y(t)) on [0,T]}. 

We define the graph of G to be the set Gr(G) = {(x,y) G X x Y,y £ G(x)} and recall a result for 
closed graphs and upper-semicontinuity. 

Lemma 3.3 ([26, Proposition 1.2]) If G : X — > V c i(Y) is u.s.c., then Gr(G) is a closed subset of 
X x Y; i.e., for every sequence {x n }„gN C X and {y ra }neN C Y, if when n — » oo, x n — > x*, y n — > y* 
and y n £ G(x n ), then y* G G(: r*). Conversely, if G is completely continuous and has a closed graph, 
then it is upper semi- continuous. 


The following lemma will be used in the sequel. 

Lemma 3.4 ([28]) Let X be a Banach space. Let F : J x HR — > P C p,c(X) be an L 1 — Caratheodory 
multivalued map and let 0 be a linear continuous mapping from L 1 ( J, X) to C(J, X). Then the operator 

0 o S F : C(J,X) - V cPyC (C(J,X)), ik(0o S f )(x) = Q(S F , X ) 

is a closed graph operator in C(J,X) x C(J,X). 

We recall the well-known nonlinear alternative of Leray-Schauder for multivalued maps. 

Lemma 3.5 (Nonlinear alternative for Kakutani maps)[29]. Let E be a Banach space, C a closed 
convex subset of E, U an open subset of C and 0 G U. Suppose that F : U — > V cp , c (C) is a upper 
semicontinuous compact map. Then either 

(i) F has a fixed point in U, or 

(ii) there is a u £ dU and v € (0, 1) with u £ vF(u). 

Theorem 3.6 Assume that: 

(Hi) F : [0,T] x ]R — » ’P cPlC (K) is L 1 -Caratheodory; 

(H2) there exists a continuous nondecreasing function : [0, 00 ) — > (0,oo) and a function p £ L 1 ([0,T], 
R + ) such that 

\\F(t,x)\\ v := sup{|y| : y £ F(t,x)} < p(t)if(\\x\\) for each (t,x) £ [0,T] x R; 


(H3) there exists a constant M > 0 such that. 


M Ai 

P) > (1 - |A|A 2 ) 


T^p(s)(p) + Y, |«i| pi I qi (X pi+P2 p(s)(r)) (6) 
i= 1 


+IP' + Pip(s)(T) l := 


|A|A 2 < 1, 


where Ai and A 2 are defined by (7) and (8) respectively. 

Then the boundary value problem (1) has at least one solution on [0,T], 
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Proof. Define the operator T : C — > V(C) by 


H*) ={ 


h£C: 


h(t ) = < 


r(pi) t pl+P2 ~ 1 

r(pi + p 2 ) o 


X P1+P2 v (s)(rf) — A l P2 x(s)(ri) 


~Y ai Pi I qi {l pl+P2 v(s)(r) - A 1 P 2 x(s)(t (£,) 
+l pl+P2 V ( S )(t) — A T P2 x(s){t) 


> 


(9) 


for i’ € Sp x . It is obvious that the fixed points of T are solutions of the boundary value problem (1). 

We will show that T satisfies the assumptions of Leray-Schauder Nonlinear alternative (Lemma 3.5). 
The proof consists of several steps. 


Step 1. Fix) is convex for each x £ C. 

This step is obvious since Sp x is convex (F has convex values), and therefore, we omit the proof. 

Step 2. T maps bounded sets (balls) into bounded sets in C. 

For a positive number p, let B p = {x € C : ||x|| < p} be a bounded ball in C. Then, for each 
h € F(x),x € B p , there exists v € Sf, x such that 


h(t) = 


r(pi) t pi+P2 ~ i 


I Pl+P2 v(s)(r]) — A I P2 x(s)(rj) 


r(pi + p 2 ) n 

n 

Pi I qi (l Pl+P2 v(s)(r) -X1 P2 x(s)(t))(^) 


i=l 


+ l Pl+P2 v(s)(t)~AJ P2 x(s)(t). 


Then, we have 


\h(x)\ < 


r(pi) pu+P2-i 


T Pl+P2 v(s)(r]) — A 1 P2 x(s)(rj) 


r(pi+p 2 ) 

n 

Pi I qi (l Pl+P2 v(s)(r)-Xl P2 x(s)(T)y^) 


i= 1 


+ I p '+ P2 v(s)(i) - A T P2 x(s)(t) 


< 


r(pi) t pi+p *~ i 


T Pl+P2 p(s)ip(\\x\\)(r]) + |A| l P2 \\x\\(if) 


r(pi + p 2 ) \n\ 

n 

+ EW Pi I qi (l Pl+P2 p(sM lk||)(r) + |A| I P2 ||x||(r)) (£») 


i= 1 


< 


+I Pl+P2 p(s)ijj{\\x\\){t) + |A| I P2 \\x\\(t) 

r(pi) 7 i Pi+P2- 1 


r(p I + K ) mi 

n 

+ E>i| Pi / 9i (x Pl+P2 p( S )(r))(6) 


< V>(IMI) 


r(»i) t P i+P2_1 

rJ P :L mi l*IM 

r(pi) j'pi+P 2 - 1 


+ 


r(pi +p 2 ) |D| 

V 

n 

E>i| Pi I qi ^ Pl+P 2 P(s)(r))(^i) 


l Pl+P2 p(s)(r]) 

iP{\\x\\)l p ' +P2 p(s)(T) 

n 

l P2 (ri)+Y\*i\ Piiqi (l P2 M{T)){Zi) 

i = 1 

2 Pl+P2 p(s)(rj) 

l Pl+P2 p(s)(T) X 


\x\\l P2 (T) 
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7 


+ A \x 


+ Y, i a *i 

i = 1 


pP2 


r(pi) tp'+p*- 1 


nP 2 


= V’dkIDAi 

and consequently, 


r(i + p 2 ) v(p 1 + p 2 ) |0| yr(i + p 2 ) 

i r + - g ' r (‘S a ) 

r(l+p 2 ) pf p ^ P2+piqi+pi ''j 

n 

l p ' +P2 p{s){rj) + Y l«il Piiqi (l Pl+P2 p(s)(r)) (&) 


< i 


n 

X Pl+P2 p ( s )( ?? ) + ^ | a .| PiJ* (jPl+P2 p(s )( r )^ (£.) 


Z=1 


dl A 2, 


|A|pA 2 


Step 3. T maps bounded sets into equicontinuous sets of C. 

Let ti,t 2 € [0,T] with t\ < r 2 and x £ B p . For each h € 7F{x), we obtain 


\h(r 2 ) - h(n)\ < 


r(pi) t p 


P1+P2-1 _ £Pl+P2-l 


o 


X p i +P2 v(s)(r 7 ) — XI P2 x{s){p) 


T(pi +p 2 ) 

n 

-^a,: Pi / 9i (x Pl+P2 u( S )(r) - A 2 P2 x(s)(r)) (&) 

i=l 

+ \l Pl+P2 v(s)(t 2 ) - T Pl+P2 v(s)(ti)\ + \XI P2 x(s)(t 2 ) - AJ P2 a;(s)(ti)| 


< 


rfo) 1*5 


P1+P2-1 _ ^Pl+P2-1 


T Pl+ P 2 p(s)if(\\x\\)(p) + |A| T P2 \\x\\(p) 


r(pi+p 2 ) |0| 

n 

+ Y a i Piiqi { IPl+P2 P( s )^(\\ x \\)( T ) + |A|X P2 ||*||(t))(&) 


i= 1 


+ \l Pl+P2 p(s)ip(\\x\\)(t 2 ) - J Pl+P2 p(s)?/>(||a;||)(ti)| 
+ \Xl P2 x{s)(t 2 ) - A l P2 x{s){ti)\ 


< 


r(pi) I t p 2 


P1+P2-1 _ ^Pl+P2-1 


X Pl+P2 p(s)ip(p)(p) + |A| pX P2 (j]) 


V{pi+p 2 ) |0| 

n 

+ E Piiqi ( ; I Pi+P 2 p(sMp)(t ) + |A| P J p 2 (r)) ( 6 ) 

i = 1 

+ | ( I Pl+P2 p{s)ip{p )) (t 2 ) - (: l Pl+P2 p(s)if(p )) 0i)| 
+\X\p\(I P2 )(t 2 )-(I P2 )(t 1 )\. 

Obviously the right hand side of the above inequality tends to zero independently of x € B p as 
r 2 — T\ — > 0. As T satisfies the above three assumptions, therefore it follows by the Ascoli-Arzela 
theorem that T : C —*V(C) is completely continuous. 

Since T is completely continuous, in order to prove that it is u.s.c. it is enough to prove that it has 
a closed graph (Lemma 3.3). Thus, in our next step, we show that 

Step 4- XF has a closed graph. 

Let x n — » x*,h n € 7F(x n ) and h n — + h *. Then, we need to show that /i* £ x»). Associated with 

h n £ F(x n ), there exists v n £ Sf, Xvi such that for each t £ [0,T], 


h n (t) = 


r(pi) 
r(pi + p 2 ) 


X Pl+P2 v n (s)(r]) — A I P2 x{s){if) 
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n 

Y <*i piiqi (l Pl+P2 v n (s)(r) - A X P2 x(s)(t )) (&) 


2=1 


+ X Pl+P2 v n (s)(t) — A X p2 x{s){t). 


Thus it suffices to show that there exists i>* £ Sf,x, such that for each t £ [0,T], 
rtu-ii /P1+P2-1 

K(t) = Q I p ' +p *v*(s)(r)) - A X P2 x(s)( V ) 

n 

- Y «< Pi I q * (x Pl+P2 r>*(s)(r) - A X P2 x(s)(r)) (&) 


+ T Pl+P2 u*(s)(f) - A T P2 x(s)(f). 


Let us consider the linear operator 0 : L 1 ([0,T],K) — > C given by 


v i— > 0(c) (f) = 


r(pi) t pi+P2 ~ i 


T p i +P2 u(s)(ry) — A X P2 x{s)(if) 


r(pi + p 2 ) 

n 

~Y ai PiI9i ^X Pl+P2 i>(s)(r) - A T P 2 x ( s )( t )) (&) 


2=1 


+ T p i +P2 x;(s)(t) — A X p2 x{s){t). 


Observe that 

T Pl+P2 (c n (s) - u*(s))(r?) 

-^ a ?; pi I qi ( x p i + P 2 ( v n ( s ) - «.(«)) ( r )) ( 6 ) 

i=l 

as n — > oo. Thus, it follows by Lemma 3.4 that 0 o Sp is a closed graph operator. Further, we have 
h n (t) £ 0(Sp :Xn ). Since x n — > £*, therefore, we have 


+ 2 Pl+P2 (c„(s) - u*(s))(t) 


IIM*) - M*)ll = 


r(pi) t p i+ p 2-! 

rOi +p 2 ) n 




r(pi) 

T(pi+p 2 ) o 


X p i +P2 u*(s) (77) 


A X P2 x{s){if) 


~Y a i Pi / 9i (j Pl+P2 u*(s)(r ) 
2=1 


A J P 2 x ( s )( t ))(&) 


+ T Pl+P2 c*(s)(f) 


A X P2 x{s){t) 


for some c* € Sf,x»- 


Step 5. We show there exists an open set U CC with x 9T(x) for any 9 £ (0,1) and all 
x £ dU. 


Let 9 £ (0,1) and x £ 9tF(x). Then there exists v £ L 1 ([0,T],K) with v £ Sp, x such that, for 
t £ [0,T], we have 


x(t) = 9 


r(pi) tpi+P2-i 


X Pl+P2 v{s){if) — A X P2 x(s)(r]) 


T(p 1 +p 2 ) O 

n 

~Y ai PiI9i (? Pi + P 2 v ( s ){ t ) - A X P2 x(s)(r)) (6) 

i—1 

Using the computations of the second step above, we have 
r(pi) tPi+P^-i 


9X P ' +P2 v{s)(t) - 9X X P2 x{s)(t). 


\x\\ < 


V{pi+p 2 ) |0| 


X pl+P2 p{s)‘ip{\\x\\){ri) + |A| J P2 ||x||(? 7) 
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n 

+ El a *l Pi I qi (l Pl+P 2 p(sm\x\\)(r) + |A| T P2 ||x|| (r)) (£?:) 

i = 1 

+1* > ' + p* P (s)tP(\\x\\)(T) + |A| T P2 ||x|| (T) 
r r(pi) t p ' +P2 ~ 1 


< V’(ll^ll) 


v r(pi+p 2 ) |fi| 

n 

+ E>‘I Pi I qi (l p ^v{s){r)){^) 


l Pl+P2 p(s)( V ) 


i= 1 


+ IAIII* 


- I p i+ P2 p(s)(T ) 


TP2 


r(pi) t pi+P2_1 


nP 2 


r(i + p 2 ) v(p 1 + p 2 ) |Q| lr(i + p 2 ) 


+ E 

i=l 


£ 


■P 2 + Pi qi r ( !^±P 


V Pi 


r(l+p 2 ) pf p ^ P 2 +Piqi+ P i ^ 

n 

I p ' +P2 p(s)( V ) + E M (x Pl+P2 p(s)(r)) (6) 


= ^(INl)Ui 


~{-Z Pl+P2 p{s){T) > + |A|||x||A 2 , 


which implies that 


V’(IMI) 


< 


Ai 


(1 - |A|A 2 ) 


n 

l Pl+P2 p(s)(r]) + E |ai| pt I 9i (l Pl+P Ms)(r))te) 


- JP 1+ P 2 p(s)(T) l. 


In view of {H 3 ), there exists M such that ||a;|| M. Let us set 

U = {x £ C : ||x|| < M}. 

Note that the operator T : U — > V{C) is a compact multi-valued map, u.s.c. with convex closed values. 
From the choice of U, there is no x € dU such that x € 6T{x) for some 9 £ (0, 1). Consequently, by the 
nonlinear alternative of Leray-Schauder type (Lemma 3.5), we deduce that T has a fixed point x £ U 
which is a solution of the problem (1). This completes the proof. □ 


3.2 The lower semicontinuous case 

In the next result, F is not necessarily convex valued. Our strategy to deal with this problem is based 
on the nonlinear alternative of Leray Schauder type together with the selection theorem of Bressan and 
Colombo [30] for lower semi-continuous maps with decomposable values. 

Let X be a nonempty closed subset of a Banach space E and G : X — > V{E) be a multivalued 
operator with nonempty closed values. G is lower semi-continuous (l.s.c.) if the set {y £ X : G(y)HB 
0} is open for any open set B in E. Let A be a subset of [0, T]xR. A is C (g> B measurable if A belongs 
to the cr— algebra generated by all sets of the form J x T>, where J is Lebesgue measurable in [0, T] 
and V is Borel measurable in R. A subset A of L 1 ([0,T],R) is decomposable if for all u, v £ A and 
measurable J C [0, T] = J, the function u\j + v\j-j G A , where \j stands for the characteristic 
function of J . 

Definition 3.7 Let Y be a separable metric space and let N : Y — > 7 7 (L 1 ([0,T],R)) be a multivalued 
operator. We say N has a property (BC) if N is lower semi-continuous (l.s.c.) and has nonempty 
closed and decomposable values. 

Let F : [0, T] xR — > 'P(R) be a multivalued map with nonempty compact values. Define a multivalued 
operator T : C([0,T] x R) — > 7 , (L 1 ([0,T],R)) associated with F as 

F(x) = {w £ L 1 ([0,T],R) : w(t ) £ F(t,x(t)) for a.e. t £ [0,T]}, 
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which is called the Nemytskii operator associated with F. 


Definition 3.8 Let F : [0,T] x M — ■> 'P(R) be a multivalued function with nonempty compact values. 
We say F is of lower semi-continuous type (l.s.c. type) if its associated Nemytskii operator T is lower 
semi- continuous and has nonempty closed and decomposable values. 

Lemma 3.9 ([31]) Let Y be a separable metric space and let N : Y — > 7 , (L 1 ([0, T\, R)) be a multival- 
ued operator satisfying the property (BC). Then N has a continuous selection, that is, there exists a 
continuous function (single-valued) g : Y — ► L 1 ([0,T],K) such that g{x) £ N(x) for every x £ Y . 


Theorem 3.10 Assume that ( H 2 ), (H 3 ) and the following condition holds: 

( i/4 ) F : [0,T] x R. — > 'P(R) is a nonempty compact-valued multivalued map such that 

(a) (t, x) 1 — > F(t, x) is C(&B measurable, 

( b ) x 1 — > F(t,x) is lower semicontinuous for each t £ [0,T]; 

Then the boundary value problem (1) has at least one solution on [0,T]. 


Proof. It follows from (H 2 ) and (H 4 ) that F is of l.s.c. type. Then from Lemma 3.9, there exists a 
continuous function / : ^4C 2 ([0, T], R) — > L 1 ([0,T],R) such that f(x ) £ F(x) for all x £ C([0, T\, K). 
Consider the problem 


RL D q x(t) = f(x(t)), 0 <t <T, 1 <a <2, 

n 

x(0) = 0, x(rj) = ^2 at pi I qi x(fi). 

i = 1 


(10) 


Observe that if x £ ^4C ,2 ([0,T],K) is a solution of (10), then a; is a solution to the problem (1). In 
order to transform the problem (10) into a fixed point problem, we define the operator T as 


Fx(t) 


r(pi) tp^+p ^ 1 

T(p 1 +p 2 ) O 


l p ^f(x(s))( V ) 


A I P 2 x(s)(ri) 


-Y, a * Pi I q '(l Pl+P2 f{x(s)){T ) 

i = 1 


A 1 P 2 x(s)(T)^(f,i) 


-l Pl+P 2 f(x(s))(t) 


A l P 2 x(s)(t). 


It can easily be shown that T is continuous and completely continuous. The remaining part of the 
proof is similar to that of Theorem 3.6. So, we omit it. This completes the proof. □ 


3.3 The Lipschitz case 

In this subsection, we prove the existence of solutions for the problem (1) with a not necessary nonconvex 
valued right hand side, by applying a fixed point theorem for multivalued maps due to Covitz and Nadler 

[32]. 

Let {X, d) be a metric space induced from the normed space (X; || • ||). Consider Hd : V(X) xV(X) — » 
K U {00} given by 


H d {A , B) = maxjsup d(a, B ), sup d(A, b)}, 

b£.B 

where d(A,b) = inf a£j 4 d(a; b) and d(a,B) = inf beB d(a\ b). Then (V c i b(X), H d ) is a metric space (see 
[33]). 

Definition 3.11 A multivalued operator N : X — > V c i{X) is called 
(a) 7 — Lipschitz if and only if there exists 7 > 0 such that 

H d (N(x),N(y)) < yd(x, y) for each x,y £ X; 
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(b) a contraction if and only if it is 'y—Lipschitz with 7 < 1. 

Lemma 3.12 ([32]) Let (X,d) be a complete metric space. If N : X — > V c i(X) is a contraction, then 
FixN ^ 0. 

Theorem 3.13 Assume that: 


(Hi) F : [0,T] x R. — » ■pcp(R) is such that F(-,x) : [0,T] — > V cp (R) is measurable for each ieR. 

( A 2 ) Hd(F(t , x), F(t , x)) < m(t) \x — x\ for almost all t £ [0, T\ and x, x £ K. with m £ L 1 ([0, T], R + ) 
and d(0, F(t, 0)) < m(t) for almost all t £ [0,T]. 

Then the boundary value problem (1) has at least one solution on [0, T\ if 


O 2 : — Ai 


T Pl+P2 m{s){rf) + Y M Pi I qi (x Pl+P 2 m(s)(r)) 

i = 1 


+ l Pl+P2 m(s)(T) < 1. 


Proof. Consider the operator T defined by (9). Observe that the set Sp, x is nonempty for each x £ C 
by the assumption (Hi), so F has a measurable selection (see Theorem III. 6 [34]). Now, we show that 
the operator T satisfies the assumptions of Lemma 3.12. We show that T(x) £ V c i(C) for each x £ C. 
Let {u n }„>o £ F(x) be such that u n — > u (n — > 00 ) in C. Then u £ C and there exists v n £ Sf,x„ such 
that, for each t £ [0,T], 


Unit) 


r(pi) t pi+P2 ~ 1 

r(pi + P2) 


j p i+P 2 v n (s)(r/) — A T P2 x(s)(?y) 


~Y a * Pi/q ' (z P1+P2 Vn(s)(r) - A l P2 x(s)(r)) (&) 


_l_ l pi+p2 v n (s)(t) — A T p2 x(s)(t). 


As F has compact values, we pass onto a subsequence (if necessary) to obtain that v n converges to 
v in L 1 ([0,T],K). Thus, v £ Sf, x and for each t £ [0, T], we have 


u n {t) -> v(t) 


r(pi) t pi+p2 ~ l 

r(pi+p 2 ) 


JP1+P2 vis) ip) 


A I P2 xis)ir[) 


-£> Pi I qi (? Pl+P2 vis)iT) 

i = 1 


A X P2 o;(s)(t))(&) 


+ l p i +P2 vis)it) 


A l P2 xis)it). 


Hence, u £ F(x). 

Next, we show that there exists <5 < 1 such that 


HdiF(x),F(x)) < (5||x — x|| for each x, x £ HC 2 ([0, T], R). 

Let x, x £ HC 2 ([0, T], K) and hi £ Fix). Then there exists iq (t) £ F(t,x{t)) such that, for each 
t £ [ 0 ,T], 


hi(t) 


r(pi) t pi+P2 ~ 1 

r(pi + p 2 ) 


T pi+P2 vi(s) ip) 


A I P2 xis)ip) 


~Y ai Pi d 9i (x Pl+P2 ui(s)(r) 

i= 1 


A I P2 x(s)(t))(&) 


+ l^ +P2 Vl is)it) 


A I P2 x(s)(f). 


By (A 2 ), we have 


H d iFit,x),F(t,x)) < mit)\x(t) - a;(t)|. 


So, there exists w £ F(t,x(t)) such that 


|ui(f) — w| < m(t)\x(t) — x(t) I, t £ [0,T]. 
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Define U : [0, T] -> V(R) by 

U{t) = {to £ I : |ui(t) — w\ < m(t)\x(t) — x(t)|}. 

Since the multivalued operator U(t) fl F(t,x(t)) is measurable (Proposition III. 4 [34]), there exists a 
function v? (t) which is a measurable selection for U. So v 2 (t) € F(t,x(t)) and for each t G [0,T], we 
have |ui(t) — V 2 (t)| < m(t)\x[t) — x(t)|. 

For each t € [0 , T], let us define 


h 2 (t) = 


r(pi) t Pl+P2 ~ i 


X Pl+P2 v 2 {s){rj) — A X P2 x(s)(ij) 


r(pi+P2) O 

n 

- 5>i PiI<li (X pi+P2 v 2 (s)(r) - A X P2 x{s){t)) (&) 
2=1 

Thus, 

\hi(t) - h 2 (t)\ < 


-\-X Pl+P2 v 2 (s)(t) — A X p2 x{s){t). 


r(pi) tp '+ p 2 ” 1 


< 


r ( Pl + P2 ) Q 

n 

+ ^|ct;| Pi I 9i (z Pl+P2 \vi(s) - u 2 (s)|(r) + l Pl+P2 \vi(s) - v 2 (s)\(t) 
T Pl+P2 m(s)\\x ^ x\\(ri) 


i = 1 

r ( Pl ) tp'+p 2 - 1 

r(pi + p 2 ) |D| 


n 

+ ^ |aj| Pi I qi (l Pl+P2 m(s)\\x — x||(t)^ 


+ J Pl+P2 m(s)\\x — a;|| (X 1 ) 


= Al 


n 

JP 1 +P 2 m(s)(rj) + ^ |a,| Pi I qi ^X Pl+P2 m(s)(r)^ 


+l Pl+P2 m(s)(T) > ||ar — x||. 


Hence, 

\\hi — h 2 \\ < / Ai 


n 

X Pl+P2 m(s)(ii) + ^ |a.j| Pi I qi ^J Pl+P2 m(s)(r)^ 


i—1 


_l_ JP 1 +P 2 m {s){T) >||x — x||. 


Analogously, interchanging the roles of x and x, we obtain 


H d {T{x),T{x)) < 


n 

l Pl+P2 m(s)(r]) + ^ |or*| pi I qi (x Pl+P2 m(s)(T)^J 


+X Pl +P2 m(s)(T) >||x — x| 


So F is a contraction. Therefore, it follows by Lemma 3.12 that T has a fixed point x which is a solution 
of (1). This completes the proof. □ 

3.4 Examples 

In this section, we will illustrate our main results with the help of some examples. 
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Example 3.14 Let us consider the following Langevin fractional differential inclusions with nonlocal 
Katugampola fractional integral boundary conditions 


D 2/3 ^ d 4/5 + 0 x ( t j e Ffft,x{t)), t G (o, 0 , 
x(0) = 0, 


< 



3 A i , - 

= - 5 Is ar - 


il. 


1 VS i 
8 /5 

77 


+ *45/13 2; ( _ 

15 




( 11 ) 


where 


\(t 1/2 + 1) , 

( x sin x e 2 *A 

, (7 /2 + l) , 

( + e ^l 

20 

\ 5(3 + 2 x ) 3 ) 

h 15 ' 

W + N) 2 )\ 


(12) 


Here Pl = 2/3, p 2 = 4/5, A = 1/8, T = 2/3, ry = 2/9, n = 4, on = 3/4, pi = 72/5, gi = 1/3, 
= 1/9, a 2 = 1/77, p 2 = 73/8, g 2 = 1/tt, 6 = 1/3, a 3 = 72/5, p 3 = 4/e 2 , <z 3 = 2/3, ? 3 = 4/9, 
«4 = 11/15, P 4 = 2/75, 94 = 6/13, £4 = 5/9. From these constants, we can find that O = 0.2660602470, 
Ai = 4.756155970, A2 = 5.624515148 and also |A|A 2 = 0.7030643935 < 1. It is obvious that the condition 
(Hi) is satisfied. 

For / G Ei, we have 


I/I < max 


(t 1 / 2 + 1) / |x| sin |x| e 2t \ (7+1) 


20 


5(3 + 2|x|) 3 J ’ 15 \3(1 + |*|) 2 


< 


(7 /2 + 1) /l, , , l 


15 


3 M + 2 


t G (0,2/3), iGl. 


Therefore, we have 

\\Fi(t,x)\\ v = sup{|y| : y € Fi(t,x)} <p(t)ip(\x\), te( 0,2/3)xG 


where p(t) = (f 1 / 2 + 1)/15, ip(\x\) = (l/3)|x| + (1/2). This means that the condition (H 2 ) is fulfilled. 
By direct computation, we have Hi = 1.123809144 and also there exists a constant M > 0.8984766718 
satisfying condition (i/ 3 ). 

Therefore, all the conditions of Theorem 3.6 are satisfied. So, the problem (11) with Fi(t,x) given 
by (12) has at least one solution on [0,2/3]. 


Example 3.15 Let us consider the following Langevin fractional differential inclusions with nonlocal 
Katugampola fractional integral boundary conditions 


' D 6/7 ^8/9 + ^ x{t) g F 2{ t,x(t)), t G (0, 0 , 
x(0) = 0, 


< 




4 vs 1 
+ - 5 I Ve x 

7 



7 r _ 2 _ _ 3 _ 

+ -^13 I Vs x 
e 2 




5 I* 



73 V11 13 


VU .... 

15 /l7£ 



(13) 


where 


F 2 (t,x) 


(t 1 / 3 + 1) / x 2 + 2 |x|\ 
24 UttntJ 


t 

2 


(14) 
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Here pt = 6/7, p 2 = 8/9, A = 1/12, T = 3/2, jy = 2/3, n = 5, «i = 2/VTl, pi = 3/4, gi = 5/8, 
6 = 1/3, «2 = 4/7, p 2 = V3/5, g 2 = 1/^6, 6 = 1/2, a 3 = n/e 2 , p 3 = 2/13, q 3 = 3/^8, & = 5/6, 
«4 = 5/4, p4 = 2/9, (74 = 3/-7T 2 , £4 = 7/6, as = \/3/9, ps = vTl/15, gs = 13/17, £5 = 4/3. From given 
constants, we can find that O = 2.105868955, A 3 = 0.7738927855. In addition, we have 


sup{|a;| : x G F 2 (t,x)} < 


(f 1/3 + 1) 

24 


/ x 2 + 2\x\ A 

'vOTniJ 


t 

2’ 


which yields 

H d (F 2 (t,x),F 2 (t,y)) < - y\. 

Choosing m(t) = (t 1 / 3 + 1)/12, we obtain H d (F 2 (t, x),F 2 (t, y)) < m(t)\x — y\ such that d( 0, F 2 (t, 0)) < 
m{t). By the previous setting, we find that 0 2 = 0.3397697571 < 1. 

Thus all assumptions of Theorem 3.13 are fulfilled. Therefore, by the conclusion of Theorem 3.13, 
we deduce that the problem (13) with F 2 (t,x) given by (14) has at least one solution on [0,3/2]. 
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Abstract 

In the paper, by discovering a Riemann-Liouville fractional integral identity 
involving twice differentiable preinvex mappings, the authors establish the right- 
sided new Hermite-Hadamard type inequalities via Riemann-Liouville fractional 
integrals for a-preinvex functions. The new fractional integral inequalities are 
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1 Introduction 


Let / : / C K -> R be a convex mapping defined on the interval I of real 
numbers and a,b £ I with a < b. The following inequality 


/ 



1 

< 

b — a 


f(x)dx < 


f{a) + f(b) 
2 


( 1 . 1 ) 


referred to as Hermite-Hadamard inequality, is one of the most famous results 
for convex functions. A number of papers have been written on this inequality 
providing new proofs, noteworthy extensions, generalizations, refinements and 
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new inequalities connected with the Hermite-Hadamard inequality. The reader 
may refer to and the references therein. 

Let us recall some necessary definitions and preliminary results which are 
used for further discussion. 

Definition 1.1 fTM \32j) A set S C R ra is said to be invex set with respect to 
the mapping 77 : S x S — * R" if x + ty(y, x) £ S for every x,y £ S and t £ [0,1]. 
The invex set S is also called an y-connected set. 

Notice that every convex set is invex with respect to the mapping 77(2/, x) = 
y — x, but the converse is not necessarily true. See Era, for example. 

Definition 1.2 (JfJj/) Let S C R n be an invex set with respect to 77 : S x S —t R" . 
For every x,y £ S, the y-path P xv joining the points x and v = x + 77 ( 77 , x) is 
defined by 


P xv = {z\z = x + ty(y,x),t £ [0,1]}. 


A significant generalization of convex mappings is that of preinvex mappings 
introduced by Weir and Mond in [32] . 

Definition 1.3 (fSB/) The function f defined on the invex set K C R n is said 
to be preinvex with respect to 77 if for every x,y £ K and t £ [0, 1] we have 


f(x + f 77(77, x)) < (1 - t)f{x) + tf(y). 


The function f is said to be preincave if and only if —f is preinvex. 

The concept of preinvexity is more general than convexity since every convex 
function is preinvex with respect to the mapping 77(77, x) = y — x. Further, there 
exist preinvex functions which are not convex. 

Moreover, Wang et al. gave the so-called a-preinvex function in [29] as 
follows. 

Definition 1.4 (\Mj) Let SCR" be an invex set with respect to 77 : S x S — )• 
R ra . A function f : S — > R is said to be a-preinvex with respect to 77 fora £ (0, 1], 
if every x, y £ S and t £ [0, 1], 


f(x + ty(y, x)) < (1 - t a )f(x) + t a f(y). 


Certainly, a-preinvex mapping means just preinvex mapping when a = 1. 
For recent results on some new generalizations, refinements of integral in- 
equalities involved with the preinvex functions, one can see H CES EEZHI! US] 
and the references therein. 

We also need the following fractional calculus background. 

Definition 1.5 (JESf) Let f £ L l [a 1 b\. The left-sided and right-sided Riemann- 
Liouville fractional integrals of order a > 0 with a > 0 are defined by 



a < x 


2 
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and 

Jb- f( x ) = tt-t [ (* - x) a ~ 1 f{t)dt, x < b 
1 v^O J x 

respectively, where T(.) is Gamma function and its definition is 

r(a) = / 0 °° e~ u u a ~ 1 du. It is to be noted that J° + f(x) = = f(x). 

In the case a = 1, the Riemann-Liouville fractional integral reduces to the 
classical and usual integral. 

In [US], Sarikaya et al. established the following interesting inequalities of 
Hermite-Hadamard type involving Riemann-Liouville fractional integrals. 

Theorem 1.1 Let f : [a, 6] — > R be a positive function with 0 < a < b and 
f £ L 1 [a 1 b\. If f is convex function on [ a,b ], then the following inequalities for 
fractional integrals hold: 


'( f 


a + ^ r(a + 1) 

2(6- a)“ 


[J2 + m + Jb-f (a)] < 


/(«) + /(&) 


( 1 . 2 ) 


Observe that for a = 1, the inequalities ( 1.2 ) reduces to the classical Hermite- 


Hadamard inequality ( 1 . 1 1 . 


For some recent results associated with the fractional integral inequalities, 
one can consult [n Eua EHini na Esi no] . 

In the recently published article [25] by Qaisar et al., they obtained Riemann- 
Liouville fractional Hadamard-type integral inequalities for mappings whose ab- 
solute value of first derivatives are preinvex, and in the paper m Dragomir et al. 
also found some Hadamard-type fractional integral inequalities for differentiable 
mappings whose absolute value of second derivatives are convex. Motivated and 
inspired by this idea, in the present paper, by discovering a Riemann-Liouville 
fractional integral identity involving twice differentiable preinvex mappings, the 
authors establish the right-sided new Hermite-Hadamard type inequalities via 
Riemann-Liouville fractional integrals for a-preinvex functions. The new frac- 
tional integral inequalities are then applied to some special means. 


2 Main Results 


To derive main results in this section, we prove the following Lemma. 


Lemma 2.1 Let A C R be an open invex subset with respect to r] : A x A —¥ R 
and Let a,b £ A with a < a + r)(b,a). Assume that f : A — > R be a twice 
differentiable mapping. If f" is preinvex on A and f" is integrable on the rj- 
path P ac : c = a + r](b,a), then the following identity for Riemann-Liouville 
fractional integral with a > 0 holds: 


f(a) + f(a + r](b,a)) T{a + 1) r TCl t , 

2 2?7“(6, a) v a+ A° 


77 2 (M) f 1 l-t“ +1 -(l-t) Q+1 ,„, 
= aTi 7 (a 


v(^i a )) + J(a+ri(b,a))- f ( a )] 
ti^(b 1 a))dt, 


( 2 . 1 ) 
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where T(a) = J 0 °° e *u a 1 dw. 
Proof. Set 


I = 


rj 2 (b, a ) r 1 1- t a+1 — (1 — t) a+1 

2 J , n a + 1 


f" (a + trj(b, a))dt. 


Since a,b £ A and A is an invex set with respect to 77 , for every t £ [0,1], we 
have a + trj(b, a) £ A. Integrating by part yields that 


/ = 




1 _ fOL+l _ (1 _ f\a+ 1 

,1 ■ f' a + Mb,a) 

( a + 1 ) 77 ( 0 , a) 


^ ~ (Q + 1)10 + {a + 1)(1 f(a + tr)(b, a))dt 


r? 2 (&, a) 


(a + 1 ) 77 ( 6 , a) 
t a - (1 - t) 


V 2 {b, a) 


f(a + tr/(b,a )) 


r 1 at a ~ l +a(l ~t) a - 
Jo V 2 (b,a) 

_ f(a) + f(a + v(b,a)) _ a 
2 2 


-/(a + tr](b, a))dt 


J (t a 1 + (1 -t) a 1 ^jf(a + tri(b,a))dt 


Let u = a + trj(b,a), then dit = ij(b,a)dt, and using the reduction formula 
r(a + 1) = ar(a)(a > 0) for Euler gamma function, we have 

li *“-‘/(« + t»(t,o))dt= .»-/(«) 

and similarly we get 

^ Jo + = J a+/( a + 7 ?(^ Q ))- 

Thus, we have conclusion (2.1). 


Remark 2.1 Applying Lemma 2.1 for r](b , a) = 6— a, we can obtain the Lemma 
2.1 in m, which may be discovered also in \22j . Furthermore, let a = 1, we 
can get lemma 1 in 


With the help of Lemma |2.1[ new upper bound for the right-hand side of 


(1.2) for a-preinvex functions via the Riemann-Liouville fractional integral is 
presented in the following theorem. 


Theorem 2.1 Let A C R be an open invex subset with respect to 77 : A x A — > 
R and a,b £ A with a < a + ifb,a). Suppose that f : A — > R be a twice 
differentiable mapping and f" is integrable on the i^-path P ac : c = a + rj(b,a). 
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If \f"\ is a-preinvex on A then the following inequality for fractional integrals 
with 0 < a < 1 holds: 

f(a)+f(a + r](b,a)) T(a + 1) r TCt ^ TOI A 

2 2^(M) 17 6,0 ) +J (“+^’“))' /(a) ] 


< 


V 2 (b, o) 

2 (a + 1) 


2a; 2 Qi — 2 
(a + 2) (2a + 2) 


+ P{ a + 1 ? a + 2 )^ \f"(a)\ 


(2a + 2~ P{a + 1 ’ a + 2) )\ f " ib)l 


( 2 . 2 ) 


Proof. Since a + tr){b,a ) € 7l for every i € [0,1], by using the properties of 
modulus on Lemma 12. 11 we can obtain that 


f(a) + f(a + r](b,a)) T(a+l) r , ^ ^ 

2 2lja ^ a )[^/(« + 'i(M)) + 


< 


? 7 2 (6, a) f 1 1 — f“ +1 — (1 — t ) a+1 


a + 1 

Using the a-preinvexity of | f"\, we have 

r 1 l - r +1 - (l - t) Q+1 


|/" (a + tr](b, a)) |dt. 


a + 1 


I/" (a + tr/(b, a)) ]dt 


<- 


1 


'a + 1 


f (l - t a+1 - (1 - i) Q+1 ) ((1 - t a )\f "( a ) | + i°|/"(&)|)di 


<- 


1 


'a + 1 

+ 


(; 


2a 2 + a - 2 


+ f3(a + 1, a + 2)^ |/"(a)| 


. (a + 2) (2a + 2) 

( 2 a + 9 — ^( a + + 2 )) |/"(6)| 

To prove the second inequality, we used the following fact that 

f 1 (1 - t a+1 - (1 - f)“ +1 - + t 2a+1 )dt = 2 “ 2 + “ ~ 2 

Jo 


(a + 2) (2a + 2) 


and 


l^~ tW}dt= ^rr 

I t a (l — t) a+1 dt = /3(a + 1, a + 2), 
Jo 


where the Beta function, 


P(x,y) = f t x 1 {l-t) v 1 dt, Mx,y> 0, 
J o 
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which completes the proof. 

Another Riemann-Liouville fractional Hermit-Hadamard-type inequality for 
powers in terms of the second derivatives is obtained below. 


Theorem 2.2 Let A C K. be an open invex subset with respect to rj : A x A — > R 
and a,b £ A with a < 0+77(6 , a). Suppose that f : A — > R. be a twice differentiable 
mapping and f" is integrable on the p-path P ac : c = a + 77(6,0). Assume that 
q € R, q > 1 such that \ f"\ q is a-preinvex on A, then the following inequality 
for fractional integrals with 0 < a < 1 holds: 


/(o) +/(o + 77(6,0)) r(a + l) f ( ^ , ra 

2 2 77° (6, a ) l a )) + J (a+v(b,a))-fm 


< 




(2.3) 


Proof. Since a + 677(6, a) £ A for every t £ [0, 1], by using the properties of mod- 
ulus on Lemma |2.1| and using the well-known power-mean integral inequality 
for q > 1, we can obtain that 


/(o) + /(o + 77(6,0)) r(a + l) rTa ( ^ ya ^ 

2 277^(6, o) [• Ja+f ( a + 77(61 o) ) + -Wm))- fm 

g 2 (b , a) f 1 1 - t a+1 - (1 - 6)“ +1 


< 


< 


< 


V 2 {b,a) 

2(a + 1)\J Q 

rj 2 (b, a) 


ld6 


a + 1 
i-A r ri 


(i ~ ^)l/"(« + 677(6,0))!^ 


\f" (a + 677(6, a)) |dt 

[ (1 - 6“ +1 - (1 - 6) a+1 ) 9 |/"(o + 6? ? (6, a)) | 9 d6 
Jo 


2(a + l) 

To prove the third inequality above, we used the following inequality 

(1 - (1 - 6) Q+1 - t a+1 ) q < 1 - [(1 - 6)“ +1 + t a+1 ] q 

< 1 - ( 2 -a ) 9 

1 


< 1 - 


2 1° 


for any 6 £ [0, 1] with q > 1, and also using the a-preinvexity of |/"| 9 , that is 

/ 1 I /"(a + 677(6, a)) | 9 d6 < f 1 [(1 - 6“)|/"(a)|* + 6 Q |/"(6)|«] d6 
Jo Jo 


a 


(2.4) 


a + 1 


l/"(a)l ? 


a + 1 


\f\b)\ q . 


Therefore, we can get the required results (2.3). 
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Corollary 2.1 With the same assumptions given in Theorem 2.2 if\f"(x)\ < 
M on [0,0 + 77(6,0)], we can deduce that 

f(a)+f(a + r]{b,a )) r(a + 1) r TQ t( , , u ^ , TQ t/ 

2 2^(6, a) l J a+f( a + r l( b ’ a )) + J (a+^,a))-/( a )J 


< 


M rj 2 (6, a) 


V 29 “/ 


2(a + l) 

Another similar result may be presented in the following theorem. 

Theorem 2.3 Ae6 A C ffi. 6e an open invex subset with respect to g : A x A — > R 
and a, 6 £ A with a < 0+77(6, a). Suppose that / : A — > ffi. 6e a twice differentiable 
mapping and f" is integrable on the p-path P ac '■ c = a + p(b,a). Assume that 
p £ R, p > 1 with q = such that \ f"\ q is a-preinvex on A, then the following 

inequality for fractional integrals with 0 < a < 1 holds: 

/(o) +/(« + 77(6,0)) r(a + 1) r TO! c , , ^ ^ , ra ,, ^ 

2 2t7“(6,o) \- J o.+ f\ a + r l^ b w)) + J(a+r,(b,a.))-f( a )\ 


if{b,a)fpa+p-l\ff a 1 

-2(TTT)U + p + d (TTY 17 (a)l + T+T i/ wi J ' 


( 2 . 5 ) 


Proof. Since a + 677(6,0) £ A for every 6 £ [ 0 , 1 ], by using the properties of 
modulus on Lemma | 2 . 1 | and making use of the well-known Holder’s integral in- 
equality for q > 1, we can obtain that 

f(a) + f(a + 77(6,0)) r(a + l) rra , ^ Ta ^ 

2 2t7“(6,o) ) J “ + ^( a + ^ Q )) + J (a++ b ,a))-/(a)J 


< 


?7 2 (6, a) f 1 1 — 6“ +1 — (1 — 6)“ +1 


a + 1 


|/"(a + 677 ( 6 ,a))|d 6 


< 


rt 2 {b, a) 

2 (a + 1) V 7 0 


|1 - 6“ +1 - (1 - 6)“ +1 | p d6) F ( f I/" (o + 6 t?(6, 


< 




where we use the following inequality 

(1 - (1 - 6)“ +1 - t a+1 ) P < 1 - (1 - 6) p( “ +1) - 6 p( “ +1) (2.6) 

for any 6 £ [0,1], which follows from 

(A - B) p <A P ~B P ( 2 . 7 ) 

for any A > H > 0 and p > 1 . 

By applying \ 2 A\ and (| 2 . 6 |), we can get (| 2 . 5 |). Hence the proof is completed. 
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Corollary 2.2 With the same assumptions given in Theorem 2.3, if\f"(x)\ < 
M on [a, a + r/(b, a)], we obtain that 

/(a) + /(a + 77(6, a)) T(a + 1) r ra , ^ Ta 

2 2 rp(b,a) + q(M) + ^ (o +,km))-/( 0 )] 


< 


Mr] 2 (b,a) (pa + p — In p 


( 


y- 


2 (a + 1) \pa +p + 1/ 

A different approach leads to the following result. 

Theorem 2.4 Let A C K. be an open invex subset with respect to g : A x A — > K 
and a,b £ A with a < 0+77(6, a). Suppose that / : A — > ffi. 6e a twice differentiable 
mapping and f" is integrable on the p-path P ac '■ c = a + p(b,a). Assume that 
p £ R, p > 1 with q = -4^- such that \ f"\ q is a-preinvex on A, then the following 
inequality for fractional integrals with 0 < a < 1 holds: 

/(o) + /(o + 77(6,0)) r(a + l) rra t( , fl _ Ta tf a 

2 2t7“(6,o) V J o.+ f\ a + r l{ h ^ a )) + J (a+ V (b, a))-/(«) J 


< 


2ar + a — 2 


77 (ft, a) r a /_ 

2 (a + 1) Va + 2/ [ V (a + 2)(2a + 2) 

+ ( 2 Q _|_ 2 ~~ + 1; a + 2)^ |/"(6)| 9 


+ 78(0+1, a + 2) |/"(a)|* 


( 2 . 8 ) 


Proof. Since a + £77(6, a) £ A for every £ £ [0, 1], by utilizing the properties of 
modulus on Lemma 1 2. 1| and using the Holder’s integral inequality for q > 1 , we 
can obtain that 

/(o) + /(o + 77(6,0)) r(a + l) rrQ ( ru ^ ja 

2 277«(6 ,0) L J - +f y a + r >( b ' a » + J (a+r,(b,a))-fm 


< 


7? 2 (6 , o) 


1 - t a+1 - (1 - t) a+1 


a + 1 


I/" (a + £77(6, a))|d£ 


< 


V 2 (b, a) 
: 2(a + l) 

pi 


1-i 


(!_£«+!_ (!_£)«+!) d£ 

(1 _ £«+i - (1 - £)“ +1 ) I/" (a + £77(6, o)) | 9 d£ 


7? 2 (6, a) / a \ 1_ 


2(o + 1) V a + . 


(^b) 1 " / (1 - £“ +1 - (1 - £) a+1 ) I/" (a + £77(6, a)) | 9 d£ 
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Using the a-preinvexity of \f"\ q , i.e. the inequality (2.4 1, we have 

f 1 (1 - t a+1 - (1 - f)“ +1 ) \f»(a + t V (b, a)) |«d t 
Jo 

p 1 

< j (l — t a+1 — (1 — t)“ +1 ) ((1 — t a )\f" (a)\ q + t a \f" (b)\ qS jdt 

K ( tt 2 +2K2V + 2 2) + «° + 1 - tt + 2 ))'^"M' 8 

+ ( s ^-Ao + 1 ,« + 2))l/"Wl a . 

Thus, we get the desired inequality (2.8). 

Corollary 2.3 With the same assumptions given in Theorem 2.4 tf\f"(x)\ < 
M on [a,a + r/(b,a)}, we obtain that 

/(a) + f(a + v(b,a)) T(a + 1) r TCt t( , , u Ta ct ^ 

2 2 Tf*{b,a) ^+/( a + 7 ?( 6 ’ a )) + J (a+r l(b,a))-fn 


< 


Maij 2 (b , a) 


2(a + l)(a + 2) ’ 

Finally we shall prove the following result. 

Theorem 2.5 Suppose that all the assumptions of Theorem 2.4 are satisfied. 
Then the following inequalities hold: 

/(«) + f(a + ri{b,a)) T(a + 1) r ( ^ ^ 

2 2r) a (b, a) [ J a+/( a + ^ a » + J (a+»(M))- /(<*)] 


< 


r] 2 {b 1 a) r (q — p)a — p + 1 


g-i 

g 


2(a + 1) L (q - p)a + 2g - p - 1 
ap + a + 1 2 

7 7T7 TT — — 7 TV : — I” /?(o T l,p(o + 1) + 1) 

L(a + l)(p+l) p(a + 1) + 1 v ’ ’ 

' ^ - £(a + i,p(« + 1) + i)l irwr 

L(a + l)(p + l) J 


i/»r 


(2.9) 

Proof. Since a + trj(b,a) £ A for every t £ [0,1], by using the properties of 
modulus on Lemma |2.1| and making use of the well-known Holder’s integral in- 
equality for q > 1, we can obtain that 
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f(a) + f(a + r](b,a)) T(a + 1) r rQ t , t , u ra t , ^ 

2 2 ??“(6,a) + + J (a+r,(b,a))-/( a )J 


<- 


? 7 2 ( 6 , a) f 1 1 — * a+1 — (1 — t) a+1 


\f"(a + tr)(b,a))\dt 


< 


V 2 {b 1 a) 


2(a + 1) l J 0 


a + 1 

1 - t a+1 - (1 - *) Q+1 ) ^d* ~ 


<- 


1 _ t «+ 1 _ (l _ *)“+ 1 ) I/" (a + t V (b , a)) |«di 


r) 2 (b,a) r (q — p)a — p+1 


2 (a + 1 ) L (g - p)a + 2 g — p — 1 


1 - *“ +1 - (1 - *)“ +1 ) I/" (a + * 77 ( 6 , a)) |«di 


L Jo 


Using the a-preinvexity of \f"\ q , we have 


f {l-t a+1 -(l-tr +i y\f”(a + tr,(b,a))\ q dt 
<J q \ 1 - * Q+1 - (1 ^ 0 “ +1 ) P ((l - n\f"(a)\ q + r|/"( 6 )| 9 )d* 

<J(l- * (Q+1)P - (1 - *) ( “ +1)p ) ((1 - f“)|/"(a)| 9 + *“|/"(6)| 9 )d* 

< J (l - (1 - t) {a+1)p - t {a+l)p -t a + t a { 1 - *)(“+ 1 )p + 4 «+(a+i)pj |/"( a )| 9 df 
+ J (t“ - * a (l - *)(“ +1 )p - t «+(«+i)pj |/"( 6 )|«d* 


ap + a + 1 2 

(a + l)(p+l) p(a + 1 ) + 1 


+ /3(a + 1 ,p(a + 1) + 1) 


i/»r 


- 0 (a + l,p(a + l) + l) \f"{b)\ q . 


L(a + l)(p + l) 

Here, we use 

(1 - (1 - t) a+1 - t a+1 ) q < 1 - (1 - t) q(a+1) - t 9(a+1) 
for any t £ [ 0 , 1 ], which follows from 

{A - B) q <A q ~B q 
for any A > B > 0 and q > 1 . 


( 2 . 10 ) 


( 2 . 11 ) 


Thus, we get the desired inequality (2.9 1. 
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Corollary 2.4 From Theorems ^2. 2^ ,(2. 3), (2. 4) and (2.5), we have 

f( a )+ f{ a + v(b,a)) r(a + 1) r TQ! t( , /u ^ , rQ ct ^ 

2 2ry Q (6, a) lA+A a + ^ a )) + J (a+ V (b,a))- f( a )\ 

< min{Ki, K 2 , K 3 , K 4 ], 
where 


K, = 


K, = 


K, = 




2(a + l) 
if(b, a) (pa +p — 1 
2 (a + 1) \pa + p + 1 
r] 2 (b,a) ( a ^ 
2(a + l) 

1 


(pa+pi) p / a „ + L ]r{bW y 

\pa+p + 1/ Va + l a + 1 / 

Va + 2/ Vi 


2a 2 + a — 2 


+ 


(a + 2) (2o: + 2) 

-p(a + l,a + 2j)\f"(b)\* 


+ 0(a + l,a + 2))|/"( O M* 


K 4 = 


2a -f- 2 

if{b,a) r (g — p)a — p + 1 ’ — 


2(a + 1) L (q - p)a + 2q — p—l 
ap + a + 1 2 


(a + l)(p + 1) p(a + l) + l 


+ (3{a + l,p(o! + 1) + 1) 


\f"( a )\ q 


+ 


P 


{a + l)(p+ 1) 


-0(a + l,p(a + l) + l) |/"(6)|« • 


3 Applications to special means 


In the following we give certain generalizations of some notions for a positive 
valued function of a positive variable. 

Definition 3.1 A function M : — ► R +) is called a Mean function if it 

has the following properties: 

(1) Homogeneity: M(ax,ay)=aM(x,y), for all a>0, 

(2) Symmetry: M(x,y) = M(y,x), 

(3) Reflexivity: M(x,x) = x, 

(4) Monotonicity: If x < x' and y < y' , then M(x,y) < M(x',y'), 

(5) Internality: min{x,y} < M(x,y) < max{x,y}. 


We consider some means for arbitrary positive real numbers a > 0 and b > 0, 

define A := A(a,b) = ^,G:= G(a,b) = Vab , H := H(a,b) = 

1 


P r := P r {a , b ) 


I := I (a, b) 



, r > 1 


1 



, a ^4 b, 
a = b, 


L := L{a , b) 


b ~ a a =4 b 

In 6— In a ’ u F 

a , a = b, 
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and 


feP+i-aP+i 


_(p+l)(b-a) 

L p := L p (a,b) = { L(a,b), 
J(a, 6 ), 
a, 


p ^ 0 , — 1 , and a ^ b, 

p = — 1 and a / 6 , 
p = 0 and 
a = b. 


It is well known that L p is monotonic nondecreasing over p£ R, with L_i := 
L and L 0 := I. In particular, we have the following inequality H < G < L < 
I < A. 

Now, let a and b be positive real numbers such that a < b. Consider the 
function M := M(a , b) : [a + 77 ( 6 , a)] x [a, a + r/(b, a)] — >• R + , which is one of the 
above mentioned means, therefore one can obtain various inequalities for these 
means below: 


Setting 77 ( 6 , a) = M(b,a ) in (2.2), (2.3), (2.5), (2.8) and (2.9), one can derive 


the following interesting inequalities concerning means: 

( 1 ) 


f(a) + f(a + M(b,a)) T(a + 1) r ra tl , ^ , ra t , 

2 2 M a (b,a) [ J °-+f( a + M ( b ’ a W + J (a+M(b,a))-f( a )\ 


< 


M 2 (b, a) T / 2a 2 + a — 2 
: 2 (a + l) [ V (a + 2 )( 2 a + 2 ) 

+ ( 2q , _|_ 2 - a + 2 )) 


+ P( a + 1, a + 2)^ |/ ,, (a)| 


( 2 ) 


f(a) + f(a + M(b,a)) T(a + 1 ) r Ta f( , n ^ , ra ^ ^ 

2 2M a (b, a) [ J a+/( a + M ( 6 ’ a )) + J (a+M(b,a))-/( a )] 


< 


M 2 (b,a) 

2 (oi + 1) 




(3) 


/(a) + /(a + M(6,a)) r(a + 1 ) r Ta ^ ^ , ra „ , n 

2 2M a (b, a) I . J a+/( a + M(M)j + ^(a+M(b,a))-/( a )J 


^ M 2 {b, a) 1 pa + p — 1 
— 2(a + 1) Vpa + p + 1 


a - 


■yirwi 5 


a + 1 


irwrdt 


(4) 


/(a) + /(a + M(5,a)) r(cc + 1 ) r Ta w ^ , ra tf 

2 2 M a (b,a) + + J A+M(b, a ))-f( a )\ 


< 


M 2 (b , a) / a 


2(ck + 1) V cn -p 
1 


(^r ( 


2a 2 + a — 2 


^ 2 ck + 2 


_ V (o? + 2) (2a + 2) 

-/3(a + l,a + 2))|/"(6)r 


+ P{ a + 1, a + 2)^ |/ ,, (a)| 9 
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and 


( 5 ) 


< 


/(“) + f(a + M{b,a)) r(cH- 1) r TQ t( , njn ^ , ra tt ^ 

2 2 M a (b, a) !■' Ja+ + M ( b ' a " + J (a+M(b,a)y f (°)J 

M 2 (b, o) r (q — p)a — p+1 1 ^ 

'2 (a + 1) L(g -p)a + 2g — p - 1. 

’(TTWTT) - RTTTTTT + «» + ^ + » + ')] I /"(«)!» 


L(a + l)(p+ 1) 


-/3(a + l,p(a + l) + l) |/"(6)| 9 • 


Letting M = A, G, H, P ri J, L, in (1), (2), (3), (4) and (5), we get 
the inequalities involving means for a particular choice of a twice differentiable 
a-preinvex function /, and the details are left to the interested reader. 
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CONVOLUTION PROPERTIES FOR CERTAIN SUBCLASSES OF 
MEROMORPHIC BOUNDED FUNCTIONS 

HANAN DARWISH, ABD EL-MONEIM LASHIN, AND SULIMAN SOWILEH 


Abstract. By making use of the Hadamard product, we derive necessary 
and sufficient conditions for certain meromorphic function to be in the class 
<S*(A,7, M)(7 G C* = C\{0},M > 1,A £ C) which unifies the classes of 
bounded starlike and convex functions of complex order. By using Al-Oboudi 
operator a more general class <S*(n, A,7, M) related to <5* (A, 7, M) is also 
considered. Several properties of the class <S*(n, A, 7, M) are also obtained. 


AMS (2010) Subject Classification: 30C45, 30C50. 

Key Words. Univalent meromorphic functions, bounded starlike functions of 
complex order, bounded convex functions of complex order, A-starlike functions, 
Hadamard product, subordination. 

1. Introduction 

Let C be the complex plane and let S denote the class of all meromorphic 
functions having the form: 

OO 

(1.1) f(z) = W 1 + ^a k z k , 

k = 0 

which are analytic in the punctured unit disc 

E* = {z:z£ C, 0 < |*| < 1} =: E\{0}. 

The familiar Hadamard product (or convolution) of two functions f(z) given by 
0 and g(z) is given by 

OO 

(1.2) g(z) = z~ l +^b k z k , 

k—0 

is defined by 

00 

(1.3) (/ * g)(z) = z- 1 +Y^ a k b k z k = (g * f)(z). 

k—0 

An analytic function / is said to be subordinate to another analytic function 
< 7 , written symbolically as follows: 

f(z) A g(z) {z G E), 

if there exists a function co(z), analytic in E with 

w(0) = 0 and \w{z)\ < 1 (z G E), 

such that 

f{z) = g(w(z)) (z G E). 
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Furthermore, if the function g(z) is univalent in E, then we have the following 
equivalence, (cf., e.g., [5], [IS] )'■ 

f(z) A g(z) ^ /( 0) = g(0) and /(E) c g(B). 

Making use of the principal of subordination between analytic functions, Aouf [2] 
defined the subclasses and C(j,M) of the class E as follows: 

(1.4) 

l j(z) 1 — mz \ M 

or, equivalently, 


(1.5) 


and 

( 1 . 6 ) 


7~ 1 “ 


zf(z) 

/(*) 


- M 


< M ( m = 1 -*■ -r — ; M > 1 ; 2 £ E ) , 


zf'(z) 7( 1 + m)z ( m=1 _ 1 M 2£E 

— m 2 \ M 


C(7,M) = {/cE:-AA>.2 + lh±lA, (, 
l f [Z) l -mz V 


or, equivalently, 


(1.7) 


7 /'(*) 


- M 


7 


< M { m = 1 — — ; M > 1; 2 £ E ) . 


From inequalities (|1.4|) and (|1.6|), we get 

( 1 . 8 ) 


f(z) G C(j, M) ^ -zf'(z) £ S*( 7 ,M). 


First let us define the class S'* (A, 7 , M) which unifies the classes of bounded 
meromorphic starlike and convex functions of complex order. 


Definition 1. A function f G Y, is said to be in the class S*( A, 7 , M)(A £ C, 7 £ 
C*, M > 1) 0 / bounded meromorphic X— starlike functions of complex order, if and 
only if for fixed M, ^ z ^ ^ 7 ^ 0 and 


(1.9) 



A 2 ( 2 /( 2 )) +(l + A) 2 /'( 2 ) 
A 2 /'( 2 ) + (1 + A) / ( 2 ) 


— M 


< M (2 £ E) 


or, equivalently, 

( 1 . 10 ) 

S*(A, 7 ,M) = <(/£E:- 


/ 

A~ (zf (z)^j + (1 + A )zf ( 2 ) -|- 777,) — to] 2 + 1 


+ (1 + A)/( 2 ) 


1 — mz 


A £ C, 7 £ C*, to = 1 — — ; M > 1; 2 £ B 

M 
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CONVOLUTION FOR CERTAIN SUBCLASSES OF MEROMORPHIC FUNCTIONS 3 


One can easily show that / £ if and only if there is a function 

g £ such that 

(zg(z)y 


( 1 . 11 ) 


Xzf (z) + (1 + X)f(z) = 


It was shown in jS] g £ <S*(1, M) if and only if for z £ E 
zg'(z) 1 +u(z) 


( 1 . 12 ) 


, , , . , w( 0 ) = 0 . \u(z)\ < 1 and m = 1 — — . 

g{z) 1 - muj(z) w ’ 1 Wl M 


Thus from (1.11) and (1.12) follows that / £ S* (A, 7 , M) if and only if for M > 
1, A £ C and E 

( z f ( 2 )) + (1 + ^) z f i z ) [ 7(1 + m) — m] cj(z) + 1 
Xzf (z) + (1 + X)f(z) 1 — muj(z) 

By specializing A, 7 and M, we get the following subclasses studied by earlier 
authors: 


Remark 1. 


(i) S* ( 0 , 7 , 00 ) =: S* ( 7 ), with 7 £ C*, (see Aouf j2j); 

(ii) S*(— 1 , 7 , 00 ) =: C( 7 ), with 7 £ C*, (see Aouf [2j); 

(iii) S*(0, 1 — a, M) =: S* M {a), with 0 < a < 1, (see Kaczmarski [ 8 j); 

(iv) <S*(— 1, 1 — a,M) =: C M (a), with 0 < a < 1, (see Aouf HD; 

(v) 5*(0, l,oo) =: iS*(l), with 0 < a < 1, (see Clunie [7]); 

(vi) S* ( — 1, l,oo) =: C(l), with 0 < a < 1, (see Aouf [2}); 

(vii) 5*(0, 1 — a, 00 ) =: S*(l — a), with 0 < a < 1, (see Kaczmarski [5] and Pom- 
merenke my 

(viii) S*(— 1, 1 — a, 00 ) =: C( 1 — a), with 0 < a < 1, (see Aouf [ 2 ]); 

(ix) 5*(0, (1 — a)e~'P cos /3, M) =: 5)^(a,/3), with 0 < a < 1, |/3| < |), (see 
Kaczmarski 0); 

(x) <S*(— 1, (1 — a)e l ^cos/3, M) =: Cm (a, 0), with 0 < a < 1, |/3| < §), (see Aouf 
0 ); 

(xi) 5*(0, (1 — a)e cos /3, 00 ) =: 5* (a, /3), with 0 < a < 1, |/?| < f), (see Kacz- 
marski 0 ); 

(xii) S*(— 1,(1 — a)e l ^cos/3, 00 ) =: C(a, /3), with 0 < a < 1, |/3| < f), (see Aouf 

0 )- 

For f(z) £ E, Al-Oboudi and Al-Zkeri (11 defined the following operator D n f(n £ 
No = N U {0} = {0, 1, 2,3,.. .}) which is called the Al-Oboudi operator: 


D°f(z) = 

D X f{z) = 


(1.14) 


D 2 f(z) = 
D n f(z) = 


From (1.1) and (1.14) we get 


f( z ), 

Z 

(1 + f)f(z) + gzf(z) = D li f(z), 
D ^D 1 f (z) . 

D (D n ~ 1 f(z)) ,n£ N 


(1.15) D n f(z) = z- 1 +^2[n(k + l) + l] n a k z k (z £ E*) . 

k = 0 
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With the aid of Al-Oboudi operator, we introduce the class S*(n, A, 7, M) as follows: 


Definition 2. Let the function f(z) defined by mp be in the class S*(n, A, 7, M) 
if and only if for fixed M, 


1 


l( Xz [z (. D n f{z ))'] ' + (1 + A)z ( D n f{z ))' \ _ M 

1\ Xz {D n f{z))' + (1 + X)D n f(z) j 


< M 


(z £ E) 


where, M > 1,7 g C*,A £ C and n £ No- 


We note that S* (0, A, 7, M) = S* (A, 7, M) . 

In this paper we will investigate some convolution properties of the class S* (A, 7, M). 
Using these properties, we find the necessary and sufficient condition, and contain- 
ment property for the subclass S*(n, A, 7, M). The results obtained here extend 
some known results in 0, g] and |g. 


2. Convolution properties 


Unless otherwise mentioned, we assume throughout this article that 7 £ C*, M > 
1, A £ C and n £ Nq. 


Theorem 1. The function f(z) defined by 1 1.1) be in the class iS*(A, 7, M) if and 
only if 


wi , ,,(C-l)z+l , ,2(C-l)z 2 + 3z-l 
f{z) * <j (1 + A)— ^ 7^— + A g(1 _^ 3 


( 21 ) - [V- ' 'V 2(1 _ 2)2 

where C = Cg = 0 £ [0,2tt). 


0 (z £ E) 


Proof. First suppose f(z) defined by (1.1) is in the class 5* (A, 7, M), we have 

/ 

Xz (zf (z)^J + (1 + A )zf (,«) + m) — m\z + 1 


( 2 . 2 ) 


A zf'(z) + (1 + A )f(z) 


-< 


1 — mz 


(z £ E), 


since the left-hand side of (2.2) is analytic in E, it follows A z f ( z ) + (1 + A )f(z) ^ 
0 for all 2 £ E*, i.e. A z 2 / (. z ) + (1 + X)zf(z) ^ 0, 2 £ E, so (2.1) holds for C = 0. 
By using the principle of subordination, we can write (2.2 1 as 


A* (zf (z)^j + (1 + A )zf (z) -|- 77J,) — m]w(z) + 1 


A zf'(z) + (1 + A)/(z) 
which is equivalent to 


1 — mui{z) 

X (zf (z)^ + (1 + X)f(z) [7,(1 _|_ m ) _ m ^ e lS 


(z £ E), 


A zf'(z) + (1 + X)f(z) 




1 — me 


id 


, ( z G E, 0 £ [0, 2tt)). 


or 


(2.3) 


— z 
Since 


A ( z f\ z )) + (! + A)/(z) (l - me 19 )- Xzf'(z) + (1 + A)/(z) [[7(1 + m) - m\ t 


(2.4) /(z) = f(z) * 


; (l-z) 


and - zf(z) = f{z) * 


s(l -z) 2 (1-z) 2 


■ ie + l] ± 0. 
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(A — 1 )z + 1 
z ( 1 - z) 2 


2(A — l)z 2 + 3z — 1 
z( 1 - z) 3 


Applying (2.4) it is not difficult to verify that 

(2.5) Xzf (z) + (1 + X)f(z) = f(z) * 

Since z(f * g) = f * zg , we can write 

(2.6) ^ [a ( zf (zf) + (1 + A)/(z)j = f(z) * 

Using (2.5) and ( |2.6[ ) in (2.3), we get 

(2.7) z[f{z) * {-(1 + A)(l - z)[ 7(1 + m)e 6 + ([7(1 + m) — m\e l e + 1 j z] 

+A(1 - z) 7(1 + m)e i9 - 2A(1 - me i9 )z 2 + 2(1 - z) 7 ( 1 + m)e i9 z}/z( 1 - zf] f 0. 

The left hand side of ( |2.7| l may be written as 

z[f{z) * {—(1 + A)(l — z)[ 7 ( 1 + m)e l 9 + (l — me l9 — 7 (1 + m)e l9 ) z] 

+A 7 (1 + m)e 10 — 3A 7 (1 + m)e l9 z — 2A (l — me’ 9 ) z 2 + 2A 7 (1 + m)e l9 z 2 ]} / z( 1 — zf ]. 
Equation (2.7) can be rewritten in the form 

( 


/(*)*<(! + A) 


Ttl+my — 1 ) « + 1 


z(l - z) 2 


+ X 


2( 


e —m 
7(l+m) 


- l)z 2 + 3z - 1 


z( 1 - z) 3 


^0 


where z £ E, 9 £ [0, 2 n). T hus we have the first part of the proof. 

(ii) Conversely, since ( |2.l| holds for C = 0, then A z 2 f (z) + (1 + X)zf(z) f 0 for 

z \\z f (-z) + (l+A)/(,z)j 

all z G E, hence the function <p{z) — L , ,,, , , ,, , J is analytic in E (i.e. it 

A z f (z) + (l+A)/(z) J ' 

is regular at Zq = 0, with y>(0) = 1). Since (2.7) is equivalent to (2.1), we have 

/ 

Xzf'(z) + (1 + A )f(z) 


^' 8 ' ) Az/'(z) + (l + A)/(z) 

Assume that 


7 ^ 


[7(1 + m) — m]e l9 + 1 


tp(z) = -- 


Xzf (z) + (1 + A )f{z) 


Xzf{z) + (1 + A )f(z) 


1 — me 


f(z) = 


w 


(z G B, 9 G [0, 2?r)). 


[7(1 + m) — m\e l 9 + 1 


1 — me 


i0 


The relation (2.8) means that <^(E) D ^(^E) = 0. Thus, the simply connected 
domain y>(E) is included in a connected component of C\ip(d¥i). From this, using 
the fact that <p(0) = ^(0) and the univalence of the function ijj, it follows that 
<p(z) -< il>(z ), this implies that f(z) £ 5*(A, 7, M). Thus the proof of Theorem [I] is 
completed. □ 

Remark 2. 

(i) Taking A = 0 in Theorem[lj we obtain the result obtained by Aouf 21 Theorem 

2-1]. 

(ii) Taking A = — 1 in Theorem [I] we obtain the result obtained by Aouf [U 
Theorem 2.3]. 

(iii) Taking A = 0 and m = 1 in Theorem |TJ we obtain the result obtained 
by Bulboaca et al. [BJ Theorem 1, with A = 1 and B = —1] and Aouf et al. [3] 
Theorem 4, with A = 0, A = 1 and B = — 1], 
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(iv) Taking A = 0, 7 = m = 1 and e 1 9 = x in Theorem [TJ we obtain the result 
obtained by Ponnusamy m Theorem 4, with A = 0, A = 1 and B = —1]. 

(iiv) Taking A = 0, m = 1, 7 = (1 — a)e _I/i cos/li (/i€K, |/i| < f , 0 < a < 1) and 
e lS = x in Theorem [TJ we obtain the result obtained by Ravichandran et al. d 
Theorem 1.2 with p = 1]. 

Theorem 2. A necessary and sufficient condition for the function f{z) defined by 


1.1) to be in the class S*{n, A, 7 , M) is that 

OO 

1 + ^2 + 1) + l] n [A(fc + 1) + 1 ]akZ kJrl 4 0 


k = 0 


(fc + l)[e tB — m]+7(l+m) 
7(1 +m) 


j [(1 + A + A k]dkZ 7 ^ 0 


(2.9) 
and 

OO 

(2.10) 1 + + 1) + i] n [ 

k = 0 

/or all 6 * 6 [0, 2 - 7 r) and z £ E. 

Proof. From Theorem [I] we have f(z) £S* (n, A, 7 , M) if and only if 

(2 ' U) D n m J(i + a)^44 + a 2(c - + 1 


z (i- z y 


z(l-z ) 3 


7 0 (2 £ E) 


for all C = Cg = (0 < 9 < 2ir ) , and also for (7 = 0. From ( 1.15 ) and the 

equations 


(2.12) 


* (1 - z) 


k 1-1 

3 ’ —R Si = z 

z (1 — z) 2 

k = 0 v ' k = 0 


+E 


+ E (^ + 2) ; 


it is not difficult to show that (2.101 holds for C = 0 iff (2.9) satisfied. The left 
hand side of ( 2 . 11 ) may be written as 
(2.13) 

1 -C C 


D n f(z)*Ul + \) 


+ 


(I- 2 ) z{l-zY 


+ A 


2 C 


4(7-1 2(C — 1) 


: ( 1-^) 3 ^(1 -^) 2 2 ( 1 - 2 ) 


Using (1.151, (2.12) and the formula 

1 


2 (l-2) 3 


(k + 2)(k + 3) 


fc=0 


Equation (2.13) can be written as 


1 + ^ [ffik + 1 ) + 1 ] 


k = 0 


(fc+l)[e ' a - m]+ 7 (l+m) 
7(l+m) 


[1 T A T Albju ^.2 


fc+i 


Thus, the proof of Theorem [ 2 ] is completed. 

Theorem 3. If the function f(z) given by and satisfy the inequality 

OO 

(2.14) + 1 + |7l)[A(fc + 1) + 1M* + 1) + I]" M < |7l 

k = 0 

then f(z) £ S*(n, A, 7 , M). 


□ 
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Proof. Since 
then 


(fc+l)[e * — m]+7(l+m) 
7 ( 1 +m) 


< (fc+i+H) 

- l7l 


OO 

l + J2Wk + l) + l] n [ L 


7(l+m) 


i] [A(fc + 1) + l]a k z k+1 


> 1-J2 Mk + 1) + 1]" | (fc+1)[e ~^r (1+m) | W k + !) + !] Kl l~T +1 

k = 0 

00 

> 1 - E (fc+ M 1 7l) [A(fe + 1) + 1] Mk + 1) + ip \a k \ > 0 (zeE). 

k = 0 

Which implies that inequality (2.141. Thus this completes the proof of Theorem [3] □ 

Theorem 4. For A £ C, we have S*(n + 1, A, 7, M) C S*(n, A, 7, M). 

Proof. If f(z) £ S*(n + 1,A,7 ,M), then Theorem [2] gives 

OO 

1 + 22 H k + !) + 1]” +1 [A (Jfe + 1) + 1 }a k z k+1 ^ 0 

and 


k—0 


(2.15) 1 + 22 + 1) + l] n+1 [ 

k = 0 

we can write ( |2T5| ) as 

(2.16) 


(fc+l)[e zd — m]+7(l+m) 
7(l+m) 


j [A (k + 1) + 1] akZ k+1 7^ 0 


1 + 22 [^(k + 1) + 1] z 


fe+i 


1 + E (t+1) ' e 7iTi) 7(1+m) l^k + !) + [A(A- + 1) + 1] a k z 


fe+1 


7^0. 


But 


(2.17) 


1 + 22 [^(k + 1) + 1] z 


fc+i 


i+E 


_fc+i 


[p(k + 1) + 1] 


= 1 +E- 


k+i 


By using the property, if / 0 and g*h 0, then f *(g*h) ^ 0, (|2. 16 1 can be written as 


OO 

(2.18) 1 + E \p{k + 1) + I]" [“ 


7(1 +m) 


2 [A(fc + 1) + 1] a k z k+1 ± 0. 


In view of Theorem [5J we conclude that f(z) £ S* (n, A, 7, M). 


□ 
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ON A GENERALIZED DEGENERATE A-g-DAEHEE NUMBERS 

AND POLYNOMIALS 

JIN- WOO PARK 


Abstract. In [4], Daehee numbers and polynomials are introduced by T. 
Kim et al. In this paper, we consider the generalized A-q-Daehee polynomials 
by using the bosonic p-adic ry integral and give some relations between the 
generalized A-g-Daehee polynomials and special polynomials. 


1. Introduction 


Let d be fixed positive integer and let p be a fixed odd prime number. Throughout 
this paper, Z p , Q p , and C p will respectively denote the ring of p-adic rational 
integers, the held of p-adic rational numbers and the completions of algebraic closure 
of Q p . The p-adic norm is defined |p| p = 1. 

We set 

X = X d = lirnZ /dp N Z, X* = |^J (a + dpZ p ) , 

^ 0 <a<dp 

(a,p)=l 

a + dp N Z. p = {i£ X\x = a (mod dp N )} , 
where a G Z and 0 < a < dp n . 

When one talks of (/-extension, q is various considered as an indeterminate, a 
complex q £ C, or p-adic number q £ C p . If q £ C, one normally assumes that 
\q\ <1. If q £ C p , then we assume that | q — l| p < p - ?^ so that q x = exp (x log q) 
for each x £ Z p . 

Let UD(Z p ) be the space of uniformly differentiable functions on 7L V . For / £ 
UD(Z p ), the p-adic bosonic integral on Z p is defined by Kim to be 

r 1 P”- 1 

Iq{f) = / f{x)dn q (x) = lim -r-j^r- ^ f(x)q x , (see [8, 9, 10]). (1.1) 

_ *' 00 1 P \ q x=0 

If we put f n (x) = f(x + n ), then, by (1.1), we can derive the following very 
useful integral identity; 


q n Wn) - /,(/) 


n— 1 


j=0 


g-i 
log q 




j = 0 


(1.2) 


where /'( 0) = ^ 


2010 Mathematics Subject Classification. 11B68, 11S40, 11S80. 

Key words and phrases, the generalized g-Daehee numbers attached to the generalized q- 
Bernoulli numbers attached to the p-adic g-integral on Z p , A-g-Daehee polynomials. 
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As is well known, the generalized q-Bernoulli numbers attached to x are 

defined by the generating function to be 


qd e dt — 1 


d - 1 


Ex(°)9° e0t 

a — 0 


^ -i-n 

E^'-v;,,,- (see [3, 7, 11, 12, 17, 18]). 

71=0 


The Stirling numbers of the first kind is given by 

71 

(x) n = x(x — 1) • • • (x — n + 1) = Si(n, l)x l (x > 0), 

;=o 

and the Stirling numbers of the second kind is defined by the generating function 
to be 

00 t l 

(e*-l r=n!^5 2 (Z,n)- 

l—n 

(see [18, 16]). Note that 


00 l 

(log(a; + 1))" = nl^Sdhn)'^, 

l=n 


(n > 0), 


(see [18, 16]). 

Recently, g-Daehee numbers and polynomials are introduced by Kim et. al. in 
[8], and have been studied by many mathematicians, and possess many interesting 
properties (see [1, 4-6, 13-15]). In this paper, we consider the generalized X-q- 
Daehee polynomials and numbers by using the bosonic p-adic ^-integral, and give 
some relations between the generalized A-g-Daeliee numbers and polynomials and 
special numbers and polynomials. 


2. THE GENERALIZED DEGENERATE A-g-DAEHEE polynomials attached to % 

From now on, we assume that t £ C with |f| p < p *>•- 1 and u, A € Z p . Let x be 
the Dirichlet character with conductor d £ N = {1, 2, . . .} with d = 1 (mod 2). 

The generalized degenerate X-q-Daehee polynomials D nx \, q {x) attached to x are 
defined by the generating function to be 


« - 1 + A lo s (! + h lo s 0- + ut )) t- 1 


Q d (! + ^iogO +ut)) Xd - 1 jZ o 

t n 


E A :0V ( 1 + ^ log ( X + ut )) 


\j+x 


( 2 . 1 ) 


— -^ n »x,A,gC 


X\U) 


71=0 


n\ 


where t £ C p and \wt\ p < p p - 1 . In the special case x = 0, D nx \ q (Q\u) = 
D n , x ,\,q(u) are called generalized degenerate X-q-Daehee numbers attached to X- 

By replacing t by A (e u ( e _1 ) — l^j in (2.1), we have 


' D n x \ q {u) 


( i ( 

l U l 


1 / e u(e*-l) _ 1 


71=0 


n\ 


a - 1 + 9jd_Af d_1 


0=0 


(2.2) 


= E xmB kl 


771=0 


x, q m \ 
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and 


D n ,x,\,q( u ) 


(I (>(e‘ 


- 1 ) -1 


71=0 


=£ 




n! 


n— 0 m=n 

oo / k mm 


oo 1 / 1 \ m 

,('' ( ' L ' Ll ) (2 - 3) 


=£ £££ D fe , x , A!9 (wK- i -' s ,S 2 (m,fc)5 2 (n,m) 

n— 0 \m— 0 /c— 0 n=0 / 

Therefore, by (2.2) and (2.3), we obtain the following theorem. 

Theorem 2.1. For m > 0, we have 

k m m 

a ”^ = £££ D k , x ,x, q (u)u n - l - k S 2 (m, k)S 2 (n, m). 

m = 0 k= 0 n— 0 

If taking f(x) = \{x) (l + \ log (1 + ut)) x in (1.2), we can have 
q d J x{x) ( 1 + - log (1 + ut)\ dfx q (x) + J xi x ) f 1 + — log (1 + u t)j dn q {x) 
= (<7- 1 + 'jog— A log ^1 + ilog(l + trt))) + ilog(l + «t)) • 


(2.4) 


By (2.4), we can easily have 


J X(x) ^ “ lo S (! + ut )J d/j, q (x) 


9-l + £iAlog(l + ilog(l + U <)) ^ 


q d (1 + ±\og{l + ut)) Xd -1 ^ 

°°^ j.n 

= ^2 D n, X ,\,q{ U )—^ 

n = 0 

and 


/ 1 \ Xj 

xOV [l + ~ lo S (! + ut )J (2.5) 


J x{x) ^1 + ^ log (i + Ut)j dfi q (x) 


oo / n 


( 2 . 6 ) 


= m Si(n, to) / x{x){\x) m dn q (x) — 

n = 0 \m=0 d X ) n ' 

Therefore, by (2.5) and (2.6), we obtain the following theorem. 
Theorem 2.2. For n > 0, we have 

n r. 

Dn, x ,\,q( u ) = £ u n ~ m S 1 (n,m) / x(x)(A x) m dfa q (x). 

n JA 


m = 0 
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By (2.1), we note that 


D n,x,\,q( x \ u )—j 


n — 0 


9 - 1 + (! + l log (1 + Ut)) 14 


q d (1 + ±log{l + ut)) Xd -1 


Y xUW 1 + - log (1 + ut) 


\j+x 


- Y D ™,x,\q( u ) , I ( / ) M " b!S'i(n., Z) 


\m=0 

oo n n—m 

-YYY 

n = 0 m—0 l — 0 


ml 

x\ f n 
l ) \m 


\n — 0 l — 0 


(2.7) 


i—m—l 


l\Si(n - m, l)D m ^\ q(u) — . 


n\ 


So, by (2.7), we can have 


n n—m 


Dn,x,*,q( X \ U ) — 'Ys 


m—0 Z=0 


x\ I n 
l ) \m 


i—m—l 


l\Si(n — m, l)D mtXt x, q (u). (2.8) 


For r € N, let us consider the generalized degenerate X-q-Daehee numbers of 
order r attached to x as follows: 


Q - 1 + £b A1 °g (f + h !og (1 + ut)) 14 


q d ( 1 + h lo g (! + ut )) Xd ~ 1 U 

^- 1 +E^ Alo g( 1 +^ 1 °g 0 +«*))' 


1 


Y xov i + - log (i + ut) 


Aj 


q d (l + A log(l + ut)) Xd - 1 


d—1 


X Y x(ai )-X(«r)f + " 4 “ r 

ai ,...,a r =0 

n— 0 


By (2.5), we can see that 


1 + - log (1 + ut) 
u 


A(ai H \-n r ) 


(2.9) 


xbl) • • • x(®r) ( 1 + - log (1 + ut) 


IX JX 


A(xiH \-x r ) 


d/J. q (x i) • • • d/j, q (x r ) 


'q~ 1 + fe^ A1 °g( 1 + A log(l+ut))' 
, q d (1 + A log(l + ut)) Ad - 1 , 


d - 1 


X Y X{ui)---x{u r )q ai+ ' +ar 

ai ,...,a r =0 


1 + — log (1 +ut) 

U 


A(aH \~d r ) 


( 2 . 10 ) 
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GENERALIZED DEGENERATE A-g-DAEHEE POLYNOMIALS 

Thus, by (2.9) and (2.10), we get 
D (r) . (u) 

n,x,A,g x / 


= Y ~]u n m Si(n, m) / ••• / \- \x r ) m dn q (x 1 ) ■ ■ ■ dn q {x r ) 

m—0 Jx Jx 

n r r m 

= Y] u n ~ m Si(n, to) / ••• / x(xi) • • • x(x r ) ^ 5i(Z, m)A z (a;i H 1- x r ) 1 d^ q (xi) ■ ■ ■ dn q {x r ) 

m = 0 '’ X , '- x '— n 

n m 

= EE“’ _ m X l Si(n, m)Si(l, m)B ^ q , 


1=0 


m—0 1=0 


(2.11) 


where Bj ^ are the Z-th generalized g-Bernoulli numbers of order r attached to x ; 
given by 


1 log q 1 , s n „t\ „7vA t 


E 


1 — q d e 


d&td 


x( a )q a e at J = s £x,g^| ( see t 11 ])- 


\a— 0 / n— 0 

Therefore, by (2.11), we obtain the following theorem. 
Theorem 2.3. For n > 0, we have 


n m 


A>) = E E u "' roA ^i(^ TO )5i(/,m)Bg ig . 

m=0 Z— 0 

By replacing t by ^ — l^j in (2.9), we can get 


\ zZ r , ( u ) 

n,x,X,q y ' 


(u (e“ (e * _i) — i)y 


n— 0 


n! 


= E f 9 allit'-C ) X(°l) ' ' ' X( a r)q ai ^ La r e A(aiH ha,.)* (2.12) 

ai,...,a r =0 \ ^ / 


j-y/fc 

E imn( r) 

™,x,q rn i ’ 


m=0 


and 


V D (r) f 


n— 0 


=E 


OO 


(I (>(e‘-l) 


- 1 


n ?X?A,q — n 

, U n 


n\ 


n—0 
oo / n m 


oo 

! S 2 {m,n ) — - (ii(e 4 — l)) m (2-13) 

Z — / 771 ! 


t n 


{ n,m — . 

/ ?i! 


= E E E<x,A, 9 («)^" s 5 2 (m, S )5 2 ( 

n—0 \m— 0 s— 0 

Therefore, by (2.12) and (2.13), we obtain the following theorem. 
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Theorem 2.4. For n > 0, we have 

n m 

A m i4 r L = E Y. D nl,x^)u m ~» s z{m,s)S 2 {n,m). 

m— 0 s=0 

From (2.9), we can consider the generalized X-q-Daehee polynomials of order r 
attached to \ as follows: 


g-l+^Alog(l+Mog(l + trf))^ 


^(i + Mogli + wt))^-! f^o 


x ( 1 + - log (1 + ut) 


E xov ( 1 + y log o + ut )) 




9 - 1 + A lo S (! + 11 lQ g (! + ut )) 


V q d (1 + ^\og(l + ut)) Xd - 1 J 

d— 1 / ^ A(aiH \-a r )-\-a. 

X E X( a l) ' ' ' x( a r)q aid l_ar ( 1 H log (1 + ut) 

ai,...,a r =0 


= T, D nL A,,(*l«)^ 

n=0 


(2.14) 


By (2.14), 


XOl) ’ ’ ’ XOr) ( 1 + - log (1 + Ut) 


/X Jx 
d - 1 


AtciH \-\x r -\-x 


dp q {x i) • • • djjL q {x r ) 


= E 


« - 1 + fei Alog ( x + h log 0 + ut )Y 


,.fX=o V 9 d (1 + A log(l +M<)) Ad - 1 


x xOi) ‘ ' xOr)<?' 


H h^r 


1 + - log (1 + ut) 
u 


A(aiH \-a r )-\-x 


(2.15) 


and so, from (2.14) and (2.15) 


D 


(r) 


Ok) 


= E m ‘S'iO."i) / ••• / xOi)-"XOr)(Aa:i 4 1- Ax r + x) m dp q (xi) ■ ■ ■ dn q (x r ) 

m— 0 •'* dx 

n 

= E u n_m 5'i(n,m) 

m— 0 

m 

■ xOl)'"XOr) E <Si(Z, m)A ; (Aa;i + • • • + Aav + x) l dp, q (x i) • • • d/j. q (x r ) 
c •* x 1=0 
n m 

E E«"- mA ‘5i(n,»»)5i(Z I m)B« fl Q . 


m =0 £=0 


(2.16) 


Therefore, by (2.16), we obtain the following theorem. 
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GENERALIZED DEGENERATE A-q-DAEHEE POLYNOMIALS 7 


Theorem 2.5. For n > 0, we have 


D 


n m 

= E E^””^ ls i( n ,m)S 1 (l,m)B^ q (f£j . 


m = 0 /— 0 


In (2.14), by replacing t by A ( e“( e * — 1^ , we can get 

oo (l ( e «(e*-i) 


- 1 


n— 0 


1— 1 


- E 

ai ,...,a r =0 


— i + Mxt 


qd ^\dt ^ 

x\ t 


loeq x(ai)---x{ar)q ai+ '" +ar e x(ai+ ' +ar)t+xt ( 2 - 17 ) 


= VA (-) — 

^ J ml’ 


m—0 

and 


J2 D nLxJ X \ U ) 


( 1 ( 

\U \ 


1 ( guCc*-!) _ 1 


n = 0 


n\ 


= > — — — t u n 


n! 

n—0 

oo / n m 


! £ 2 ( 771 , n)^r (^(e* — l)) m (2.18) 

z — J m! 


= E EE D S,A,< i ( j: l u ) um S 5'2(TO,s)S' 2 (n,TO) — . 

n— 0 \m— 0 s— 0 / 

Therefore, by (2.17) and (2.18), we obtain the following theorem. 
Theorem 2.6. For n > 0, we have 

n m 

A m B% x>q (|) = E E £> S,A.,(*l«)« m “ 8 5 2 (m, S )5 2 (n,m). 

m= 0 s— 0 
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On the m — extension of Fibonacci p— functions with period k 

Yasin YAZLIK a >*, Cahit KOME a 

a Department of Mathematics, Nev§ehir Haci Bekta§ Veli University, 50300, Turkey 


Abstract 

Let f PtTn be a real valued function on R, p be nonnegative integer, k be a positive integer and to be a 
nonnegative real number. For all x £ R, / p , m (x + (p + 1 )k) = mf Ptm (x + pk) + / p , m (x), we call this 
function m— extension of Fibonacci p— function with period k. In this paper, we present basic properties of 
m— extension of Fibonacci p— functions with period k. Specifying p and to, we obtain Fibonacci (p = 1, m = 
1) and Pell (p = 1, m = 2) functions. Furthermore, we define to— extension of odd Fibonacci p — functions 
with period k. Moreover, we analyze some properties by using notion of /—even and /—odd functions with 
period k. We also demonstrate the products and quotients of these functions and provide new results in the 
development of Fibonacci functions with period k. 

Keywords: m— extension of Fibonacci p — function with period k , m— extension of odd Fibonacci 
p— function with period k, /—even function with period k. f — odd functions with period k. 

2010 MSC: 11B37, 11B39, 54C30. 


1. Introduction 

Fibonacci numbers is one of the most popular and fascinating linear sequences in mathematics and related 
fields. The classical Fibonacci sequence is defined by F n+ 2 = F n+ 1 + F n , for n £ N, with initial conditions 
Fq = 0, Fi = 1. Up until now, many authors have studied the sums, representations, properties, relations 
with another mathematical topics, applications and generalizations of the Fibonacci sequence extensively 
(see [1-15]). Falcon introduced fcth Fibonacci numbers {Fk, n }'^L 0 that arises in the study of the recursive 
application of two geometrical transformations used in the well known four triangle longest edge (4TLE) 
partition[2]. In [7], Yazlik and Taskara defined generalized k— Horadam sequence and proved the properties 
of this sequence by means of determinant. Stakhov and Rozin presented, one of the important mathematical 
discoveries of the modern Golden Section and Fibonacci numbers theory, Fibonacci p— numbers and some 
properties of this sequence, F p (n ) = F p (n — 1) + F p (n — p — 1), in [10]. Later on, the authors defined the 
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in— extension of the Fibonacci p— numbers as 

F p ,m{n + p+ 1) = inF pm (n + p) + -F p , m (n) (1) 

with initial conditions F prn (0) = 0, F p m (l) = 1, F p m ( 2) = to, F p m { 3) = in 2 , . . . , F p m (p + 1) = m p , where 
p,n £ N and to. is positive real number. For different values of p and m in equation (1), it can be reduced 
into different numerical sequences. For example, if (p, to) = (1,1), the Fibonacci sequence is obtained as 
F n+ 2 = F n+ 1 + F n . If (p, to) = (1,2), the Pell sequence is obtained as P n+ 2 = 2P„ + i + P n . If p = 1 and 
in = k, the /c-Fibonacci sequence is obtained as Ffc , n +2 = fcPfc,n + 1 +Pfc,n [9]- Recently, one of the important 
application of these integer sequences is continuous functions. Han et ah, [16], considered Fibonacci functions 
on the real numbers M, i.e., functions / : R. — >• R such that for all i£l, /( x+2) = f(x+l)+f(x). Also they 
presented some properties of these functions by using the concept of /—even and /—odd functions. Moreover, 
they showed that if / is Fibonacci function then lim = 1 . Afterwards, Sroysang extended 

Fibonacci functions to Fibonacci functions with period k as f{x+2k) = f(x+k)+f(x) for all x € K. in [17]. In 
[18], Rabago defined the second order linear recurrent function with period k , w(x + 2k) = ruu(x + k) + sw(x), 
where r, s are nonnegative real numbers, which is generalization of the Fibonacci function with period k. 

Up until now, authors investigated some properties of the continuous functions of the second order linear 
recursive integer sequences. In this paper, we extend these properties to the continuous function in terms 
of m— extension of Fibonacci p— numbers which is defined by the (p + 1 )th order linear recursive relation. 
We present some properties of the to— extension of Fibonacci p— functions with period k using the concept 
of /—even and /—odd functions with period k. We also define to— extension of odd Fibonacci p— functions 
with period k, investigate the product and the limit of to— extension of Fibonacci p— functions with period 
k. 

2. m— extension of Fibonacci p— functions with period k 

In this section we define in— extension of Fibonacci p— functions with period k and present some properties 
of these functions. 

Definition 2.1. Let k be a positive integer , p be nonnegative integer and in be a nonnegative real number. 
A function /p >m : R — > K. is called an to— extension of Fibonacci p— function with period k if it satisfies the 
equation 

f P ,m(x+ (p+ l)fc) = mf p ,m(x+pk) +f Pi m(x), \/x € R. (2) 

Taking (p, to) = (1,1) and (p, to) = (1,2) in (2), we obtain Fibonacci and Pell function with period k, 
respectively (see [17, 18]). 
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Example 2.1. Let a be the positive real number that satisfies the equation a p+1 = ma p + 1, k be a positive 
integer, p be a nonnegative integer. Then, f Pt m{x) = ar is an to— extension of Fibonacci p— function with 
period k. 

The following are special cases of the previous example: 

1. If ( p,m ) = (1,1) then the function fip(x) = <f>i , where (f> = is known as golden ratio, is an 

example of to— extension of Fibonacci p— function with period k in [17]. 

2. If (p,m) = (1,2) then the function / 12 (:r) = <7*, where a = 1 + y/2 is known as silver ratio, is an 
example of to— extension of Pell p— function with period k in [18]. 

Proposition 2.1. Letp be a nonnegative integer, k be positive integer and / p>m : ffi. — > R. be an m— extension 
of Fibonacci p— function with period k. Assume that / PiTO is s times differentiable. Then {/ p>TO , f pm , . . . , / PP L} 
are also to— extension of odd Fibonacci p— functions with period k. 

Proposition 2.2. Let p be a nonnegative integer, k be positive integer and / p>m : R. — > R be an m— extension 
of Fibonacci p— function with period k. Define gt(x) = f p , m {x + t), for all i£l, where t £ R. Then, gt(x) 
is also an m— extension of Fibonacci p— function with period k. 

Proof. Let i£l. Then, 


g t (x + (p+l)k) = f p ,m(x + (p T l)k + 1) 

= mf P ,m {x + pk T t) T f P ,m{x + t) 

= mg t {x + pk) +g t (x) 

is an m— extension of Fibonacci p— function with period k. □ 

Example 2.2. Let p be a nonnegative integer, k be positive integer and t £ R. Define gt : R — »• K by 

g t (x) = a^~ , \/x £ R, (3) 

then g t ( x) is an to— extension of Fibonacci p— function with period k. 

As special cases of the previous example, we have 

1. If (p, to) = (1,1), then the function gt(x) = fi,i(x + t) = <f> “jr - is an example of to— extension of 
Fibonacci p— function with period k in [17]. 

2. If (p, to) = (1,2), then the function gt{x) = fi, 2 (x + t) = a* is an example of to— extension of Pell 
p— function with period k in [18]. 
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Theorem 2.1. Let f Pirn be an m— extension of Fibonacci p— function with period k and F p>m be an m— extension 
of Fibonacci p— sequence with the initial conditions F Pim { 0) = 0,F Pjm (l) = l,F Pim (2) = m , . . . , F Pim (p) = 
m p ~ l . Then , for n > 2 p and \/x G R, 

p- 1 

f P ,m(x + nk) = F Pim (n -p + 1 )f(x + pk) + ^ F Pim (n -p- i)f(x + ik). (4) 

2—0 

Proof. We prove the theorem by induction on n. For n = 2 p, we get 

f p , m (x + 2pk) = mf Ptm (x + (2p - l)k) + f PtTn (x + (p - l)k) 

= m mf Ptrn {x + (2 \p - 2)k) + f p , m {x + (p- 2)k) 

+fp,m(x+ (p- m 

= rn 2 f P ,m(x + (2 p - 2)k) + f p , m {x + (p - l)fc) 

+mfp,m{x Pip- 2 )k) 

= rn 3 f P ,m(x + (2 p - 3 )k) + f p , m {x + (p - 1 )k) 

+fnfp,m{x + ip- 2)k) + m 2 f p ^ m ix + ip - 3 )k). 

Continuing this process (p — 3) times, we have 

f Pt mix + 2pk) = m p f p ^ m ix + pk) + f p ^mix + ip - l)k) 

+™fp,m{x + ip~ 2 )k) H h m p ^ 1 / p , m (x). 

By considering the initial conditions of the m — extension of Fibonacci p— sequence, we obtain 

+ 2 pk) = F v , m (p H- 1 )fp,m(x H- pk) -|- F (p 1)&) 

F (p — 2 )k) + * * • + Fp^m {j) — 1 )/p ?m (x + k) 

4” Fpm (p)f P ,m(%) • 
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Assume that equation (4) is true for n > 2p + 1. Then we write 


f P ,m(x + (n+ 1 )k) 


which completes the proof. 


mf p . m (x + nk) + f p ,m{x + (n - p)k ) 
m Fp trn (n-p+l)fp, m (x+pk) 
+Fp, m (n -2 p+ 1 )f p ,m{x + {p- 1 )k) 
T * * * T Fp tm (n p)/ P ,m (^O] 


FFpjn (n-2p+l)f p 

,m (x + pk ) 

+Fp^ m {n -3 p+ 1 )f P , rn (x + [p - 1 )k) 


T * * * T Fp m {ji 2p)f prn {x) 

( mF Ptm (n - p + 1) + F p m (n -2 p+ 1 ))f p , m {x+pk) 
+(mF Ptrn (n -2p+l) + F p , m (n -3 p+ l))f p , m {x + (p- 1 )k) 
H h ( mFp tm (n - p) + F p , m (n - 2 'p))f p , m {x) 

p - 1 

Fp t m{n -p + 2)f(x +pk) + y^F p , TO (n + 1 - p - i)f(x + ik), 

i = o 


□ 


Corollary 2.1. Let f PiTn be an m— extension of Fibonacci p— function with period k and F pm be the sequence 
of m— extension of Fibonacci p— numbers. Then, for any and n > 2 p, 

p-i 

a n = Fp tm (n — p+ l)a p + ^ F PjTO (n — p — i)a\ (5) 

*= o 

Proof. From example (2.1), we say that f Pt m{x) = a* , k is a positive integer, is an m — extension of Fibonacci 
p — function with period k , so it satisfies the Equation(2), for all ifl, i.e. 


x-\ -nk 

OC: * ' 


f P ,m{x + nk) 


p - 1 


F'p,m (■ n-p + 1 )f(x + pk) + E F'p,m (jl p - i)f(x + ik) 

i = 0 

a* +p E p ,m(n-p+ 1) + a^F p>m (n-p) + a^ +1 F p , m {n - p - 1) 

a^ +2 F p ^ m (n - p - 2) H h a^ +p_1 F P;m (n -2 p + 1). 


Upon simplifying, we get 


p - 1 

U n = F p , m (n - p + 1 )a p + ^2 Fp,m(n — p — i)a\ 

i = o 


which is desired. 


( 6 ) 

□ 
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3. m — extension of odd Fibonacci p — functions with period k 

In this section, we present the to— extension of odd Fibonacci p— function with period k and analyze 
some properties of these functions. 

Definition 3.1. Let p be a nonnegative integer, m be a nonnegative real number and k be a positive integer. 

A function f PtTn : R — ► R is said to be m— extension of odd Fibonacci p— function with period k, if f pm 
satisfies 

fp,m(x + {p+ l)k) = -mf Ptm {x + pk) + f p ,m{x), \/x G R. (7) 

Example 3.1. Let a be the positive real number that satisfies the equation a p+1 = ma p + 1, k be a 
positive integer, p be a nonnegative integer. Therefore f Pt m(x) = oi *, for all x G R, is an to— extension of 
odd Fibonacci p— function with period k. 

Proposition 3.1. Let p be a nonnegative integer, k be positive integer and f Pi7n : R — > R be an m— extension 
of odd Fibonacci p— function with period k. Assume that f pm is s times differentiable. Then {f p , /" , . . . , fjfm 
are also to— extension of odd Fibonacci p— functions with period k. 

Proposition 3.2. Letp be a nonnegative integer, k be positive integer and / p>m : R — > R be an m— extension 
of odd Fibonacci p— function with period k. Define gt(x) = f p , m (x + t), for all x G R, where f G R. Then, 
gt is also an m— extension of odd Fibonacci p— function with period k. 

Proof. Let igR. Then, 


g t (x + (p+l)k) = f p ,m(x + (p + l)k + 1) 

= -mf p ,m(x + pk + t) +fp,m(x + t) 

= —mg t {x + pk) + g t (x). 

Therefore, g t (x ) is an to— extension of odd Fibonacci p— function with period k. □ 

4. Products of m — extension of Fibonacci p— functions with period k 

In this section, we present the product of m— extension of Fibonacci p— functions with period k by using 
the concept of /—even and /—odd functions with period k which are defined in [16]. 

Definition 4.1 ([16]). Let k G N and <p : R — > R be such that if <ph = 0 where h : R — >■ R is continuous, 
then h = 0. The map ip is said to be an f—even and f—odd function with period k if <p(x + k) = ip(x) and 
if <p(x + k) = —tp(x), respectively, for any iGR. 
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Theorem 4.1. Let k be a positive integer, ip : K. — ► K. be an f — even function with period k and / p , m : K. — > K. 
be a continuous function. Then, f Ptm is an to— extension of Fibonacci p— function with period k if and only 
if (pf p ,m) is an m— extension of Fibonacci p— function with period k. 

Proof. First, we assume that f p , m is an to— extension of Fibonacci p— function with period k. For any i£l, 

{vf P ,m){x + (p + l)fc) = p(x + (p+l)k)f p , m (x + (p+l)k) 

= ip(x+(p+l)k) mf p , m (x +pk) + f p , m (x) 

= mip(x + pk)f Ptrn (x + pk) + <p(x)f p>m (x) 

= m(<pf PtTn )( x + pk) + ( vf P ,m){x )• 

Therefore, ((pf p , m ) is an to— extension of Fibonacci p — function with period k. Next, assume that (<pf P , m ) 
is an to— extension of Fibonacci p — function with period k, then 

<p(x + k)f Ptm (x + (p+l)k) = ip(x + (p+l)k)f p>m (x + (p+l)k) 

= (<Pfp,m){x + {P + 1)&) 

= m(<pf p ^ m )(x + pk) + (< pf p ,m)(x) 

= rrup(x + pk)fp, m (x + pk) + <p(x) f Pt m(x) 

= p(x + k) m.f p ,m(x + pk) + fp,m{x) ■ 

Thus, /p, m is an to— extension of Fibonacci p — function with period k. This completes the proof. □ 

Example 4.1. Let k be a positive integer and define j(x) = x— \_x\ which is an example of /—even function. 
Moreover, recall that the function f p , m (x) = a ^ , where a is positive real root of the characteristic equation 
a p+1 — ma p — 1 = 0, is an to— extension of Fibonacci p— function with period k. By using Theorem 4.1, for 
all x € K. 

(7 f P ,m)(x) = (x- [x\ )a% (8) 

is an example of an to— extension of Fibonacci p— function with period k. 

Theorem 4.2. Let k be a positive integer, p : K. — » K. be an f—even function with period k and f p ^ m : R — > K. 
be a continuous function. Then, f p , m is an m— extension of odd Fibonacci p— function with period k if and 
only if (pf P , m ) is an to— extension of odd Fibonacci p— function with period k. 

Proof. First, assume that / p , m is an to— extension of odd Fibonacci p — function with period k, for any 
(<pfp,m)(x+ (p+ l)fc) = p(x+ (p+ l)k)f p>m (x + (p+ l)k) 

= ip{x + (p + 1 )k) [—mf Pt m(x + pk) + fp,m{x)} 

= -mp(x + pk)f p , m (x + pk) + <p(x)f PtTn (x) 

= -m(<pf p ,m)(x + pk) + (< pfp,m)(x). 
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Therefore, (ipf Pj m) is an to— extension of odd Fibonacci p— function with period k. Next, assume that 
is an to— extension of odd Fibonacci p — function with period k, for any then 


<p(x + k)f Pt m(x + (jp + 1 )k) 


ifi(x + {p + 1 )k)f Pj m(x + (jp + l)k) 
(Vfp,m){x + {p+ l)k) 

-m(tpf p>m )(x + pk) + {ipfp,m)(x) 

-mip(x +pk)f Ptm (x +pk) + (p(x)f Ptm (x) 
ip(x + k) [—mf p>Tn (x +pk) + f p , m (x)] ■ 


Thus, f Pt m is an to— extension of odd Fibonacci p— function with period k. This completes the proof. □ 

Example 4.2. Let A: be a positive integer and define j(x) = x~[x\ which is an example of /—even function 
[16]. Moreover, recall that the function f p , m {x) = a*, where a is positive real root of the characteristic 
equation a p+1 + ma p — 1 = 0, is an to— extension of odd Fibonacci p— function with period k. By using 
Theorem (4.2), for all x € K. 

(lfp,m)(x) = (x- [x\)a% (9) 

is an example of an to— extension of odd Fibonacci p— function with period k. 


Theorem 4.3. Let k be a positive integer, f Ptmi and f Pt m 2 be two m— extension of Fibonacci p— functions 
with period k satisfying 

f P ,mi (x T (jp T 1)A^) — Tnif p>mi (*r T pk^) T / p ,mi (x) : Vx E M 
fp,m 2 (*r T (p f ) A) rri 2 f P ,m ,2 (*r T pk) T f P ,m .2 (x) , Vx E M, 

where mi, m 2 are nonnegative real numbers. Suppose that the following conditions are satisfied: 

(Cl) f p , mi is an /— even function, 

(C2) fp^ m2 is an f— odd function, 

(C3) if p is odd then = m 2 , 

(Cf) if p is even then m\ = — m 2 , 

(C5) p = m\ .m 2 . 

Then {fp,m 1 f P ,m 2 ){x) is also an to— extension of Fibonacci p— function with period k. 

Proof. Assume that f p , mi and / p , m2 be two to— extension of Fibonacci p — functions with period k and the 
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conditions (C1),(C2),(C3),(C4) and (C5) are satisfied. Then, 

(/p,mi/p,m 2 )(x + (p + l)k) — f P}7ni (x + (p + l)k)f p ^m 2 (x + (p + l)k) 

= [rwi/p, mi (x +pk) + fp,mA x )] 

[m 2 f P ,rri2 (x + pk ) + fp 

,7712 (**0] 

= m 1 m, 2 fp,m 1 {x+pk)f Ptrn2 (x + pk) 

+fp ,mi (*)/p ,7712 (x) + (x + pk)f p 

,7712 (**0 

+777-2 /p, m 2 (*^ + Ptyfp ,77li (*^) 

= mim 2 /p )TOl (a; + pfc)/p,m 2 (x + pfc) 

+ fp,mi (%)fp,m2 i x ) 

= h{fp,m 1 fp,m 2 )(x+pfc) + (/ p ,77ii fp,rri2 )(x), Vx G R. 

Thus, (/p,mi/p,m 2 ) is an m— extension of Fibonacci p— function with period fc. □ 

Theorem 4.4. Tet fc 6e a positive integer , / Pjm , &e an m— extension of Fibonacci p— function with period k 
and fp,m 2 be an m— extension of odd Fibonacci p— function with period k satisfying 

fp,mi (*T T ( p T 1 )&) — TTl\ fp^mi (*T T pk) T fp,mi (*t), Vx G M 
/p,m 2 (a: + {p + 1 )k) = -TO 2 /p jm2 (x + pk) + / p , m2 (ar), \/x G K, 

where mi, m 2 are nonnegative real numbers. Suppose that (C6), (C9) and one the following conditions (G 7) 
and (C8) are satisfied: 

(C6) if p is odd or even then m\ = m 2; 

(Cl) f p , mi and f p ,m 2 are both /— even functions, 

(C8) f p ,mi and fp t m 2 are both f— odd functions, 

( C9) p = toito 2 

Then, (fp, mi fp,m 2 ) is also an m— extension of odd Fibonacci p— function with period k. 

Proof. First assume that / P;TOl is an m— extension of Fibonacci p— function with period k and /p, m2 is 
an m— extension of odd Fibonacci p— function with period k and the conditions (C6), (C9) and (Cl) are 
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satisfied. Then, 

(fp.mi fp,m 2 )(xT(p-|-l)/t) — fp,mi (x T (p T 1)^)/ P ,m 2 (t T (p T 1)^) 

= rnif P)7ni (x +pk) + / p>mi (x) - m 2 / p , m2 (x + pk) + f P ,m 2 (x) 

= -rnirn 2 /p, TOl (x +pk)f Pt m 2 {x + pk) 

T fp.mi (x)fp.m 2 (x) TTl\ f p.mi (x “f" P^) fp,m 2 (x) 

17l 2 fp.m 2 (x "F p/i^) /p,mi (*t) 

= -mim 2 fp,mA x + pk)fp,m 2 {x + pk) 

T/p,mi ( x)fp,m 2 (x) 

— hifp.mi fp,m 2 )(x T pk) + (/p,mi fp,m 2 ) (*t) ; 

Vx € R. Therefore, (/ P ,mi/ P ,m 2 ) is an m— extension of odd Fibonacci p— function with period fc. Next, 
assume that / P;rrai is an m — extension of Fibonacci p— function with period k and f p . m2 is an m — extension 
of odd Fibonacci p — function with period k and the conditions (C6), (C9) and (C8) are satisfied. Then, 

(fp,mifp,m 2 )(x + (p+l)k) = fp, mi {x+ (p+ l)k)f p . m2 (x + (p + l)k) 

= (x + pk) + / p , mi (x) - m^fp,m 2 {x + pk) + f P: m 2 (x) 

= -m 1 m 2 fp tmi (x + pk)fp,m 2 {x+pk) 

T fp.mi (x) fp.m 2 (x) TOj\ fp.mi (.X T pk) fp.m 2 (x) 

+m 2 f p .m 2 (x ~t“ pk) fp.m i (*t) 

= ~rn 1 m 2 f p .mi{x + pk)f p . m2 (x + pk) 

T fp.mi ( x)f p .m 2 {x) 

= ~ P(fp,mifp,m 2 ){x + pk) + {fp.mifp,m 2 )(x), 

Vx € R. Thus, (/ P ,mi/ P ,m 2 ) is an m — extension of odd Fibonacci p— function with period k. This proves the 
theorem. □ 

Theorem 4.5. Let k be a positive integer, / p , mi and f p . m2 be two in— extension of Fibonacci p— functions 
with period k satisfying 

fp.mi (x + (p + 1 )k) = mi f p .mi (x + pk) + fp,mi (x), Vx € R 
f P ,m 2 (x T (p+ 1 )k) = m 2 f p .m 2 (x + pk) +/ p> m 2 (x), Vx € R, 

where m\,m 2 are nonnegative real numbers. Suppose that (C10),(C11) and one the conditions (C7) and 
(C8) are satisfied: 

(CIO) if p is odd or even then m\ = — m 2 , 
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(Cll) n = — TO 1 .TO 2 . 

Then, (/ p , mi /p,m 2 ) is an to— extension of odd Fibonacci p— function with period k. 

Proof. First assume that f p , mi and f p ,m 2 are to— extension of Fibonacci p— functions with period k and the 
conditions (Cl), (CIO) and (Cll) are satisfied. Then, 

Ur ,mi fp,m ,2 )(x + (p+l)k) = fp,rrii (x H - (p H - l)&)/p,m 2 (jp 1)&) 

= mi/p, mi (x + pfe) + /p,mi (x) m 2 fp,m 2 ( x + pk) + /p,m 2 M 
= (a + pk)fp,m 2 (x + pk) 

+ fp,mi (*^)/p,rri2 (*^) “1“ “I” pk') fp^m 2 (*^) 

H“^'2 fp,rri 2 (x + pk)f p ,mi (*e) 

= rn 1 m 2 f P} m 1 {x + pk)f PtTn2 (x + pk) 

T fp,m i U)f P ,m,2 U) 

— hUp,mi fp,m 2 )U T pk) + {fp,mifp,m 2 )U)i 

\/x G R. Therefore, (fp,mifp,m 2 ) is an to— extension of odd Fibonacci p— function with period k. Next, 
assume that / PjTOl and / P;TO2 are to— extension of Fibonacci p— functions with period k and the conditions 
fCW,), (CIO) and (Cll) are satisfied. Then the same result can be obtained. Therefore, (/ p ,m 1 /p,m 2 ) is an 
to— extension of odd Fibonacci p— function with period k. □ 

Theorem 4.6. Let k be a positive integer, f p , m , and f p ,m 2 be two m— extension of odd Fibonacci p— functions 
with period k satisfying 

fp,m 1 (x + (p + 1 )k) = -toi/ PiTOi (x + pk) + /p, mi (x), Wx G R. 
fp,m 2 {x + ( p+ 1 )k) = -m 2 fp^m 2 {x + pk) + fp,m 2 (x), Va: G R, 

where mi,m 2 are nonnegative real numbers. Suppose that the conditions (Cl),(C2),(C3),(Cf) and (C5) are 
satisfied. Then {fp,m 1 f P ,m 2 ){ x ) is an m— extension of Fibonacci p— function with period k. 

Proof. Assume that / PjTO| and f p , m2 be two to— extension of odd Fibonacci p — functions with period k and 
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the conditions (C1),(C2),(C3),(C4) and (C5) are satisfied. Then, 

(/p,mi fp,m 2 ) (*£ T {jP T 1)&) = /p,mi T (p T l)^)/p,m 2 T (p T 1)^) 

— 7Tiifp^ rni ( X T p/c) T fp^rni (x) Wl2 fp,rri 2 (*^ “I” T fp,m 2 (*^) 

= 'fTli'Ul2fp,m 1 { x ~^~pk)fp ,m 2 {x + pfe) 

T fp,mi ( x )fp ,m 2 (x) - mif p ,mi (x+pk)f p ,m 2 (x) 

-rn. 2 fp,m 2 {x + pk)f p ,mi («^) 

= rn 1 rn 2 f p ,m 1 (x+pk)f Ptm2 (x + pk) 

T fp,mi {.x)fp t m 2 (#) 

= M(/p ,mi fp,m 2 ){x + pk ) + ( f p ,mi fp,m 2 ){x), Vx G R. 

Thus, (/ p ,mi/p,m 2 ) is an to— extension of Fibonacci p— function with period fc. □ 

Theorem 4.7. Let k be a positive integer, / p , mi and f Pt m 2 be two m— extension of odd Fibonacci p— functions 
with period k satisfying 

fp, mi {x + (p + 1 )k) = — toi/ PiTOi (x + pfc) + /p, mi (x), VxeR 
fp,m 2 (x + ( p+ 1 )k) = -TO 2 /p, m2 (x+pfc) +/p,m 2 (x), Vx G R, 

where mi, m 2 are nonnegative real numbers. Suppose that (C10),(C11) and one the conditions (Cl) and 
(C8) are satisfied. Then, ( f p ,m 1 fp,m 2 ) an m— extension of odd Fibonacci p— function with period k. 

Proof. First assume that f p .m, and / PjTO2 are to— extension of odd Fibonacci p — functions with period k and 
the conditions (Cl), (CIO) and (Cll) are satisfied. Then, 

( fp,m! fp,m 2 ) (^ "t“ (p T 1 )&) — fp.m, (x + (p + 1 ) k) fp,m 2 (xt (p T 1 )k) 

TO-i fp,rni(x T pk) T fp.rriii.x') ^2 f p . r n 2 (x‘ T pk) V fp.m 2 (.X ) 

= 777-1 TO 2 fp.m, (x T pk)f p ,m 2 (x + pk) 

fp.rn, {x)fp.m 2 (x) 777i/p jTni (x ~t- pL)/p ?m2 (x) 

-TO- 2 /p >m2 (X +pfc)/ p 

,mi («^) 

= 'W'l'W'2fp J mi(x-\-pk^fp 

,m 2 (x + pk) 

+ /p ,mi {x)fp t m 2 (x) 

p(.fp,rriifp,m 2 )(.X T pk) “h (fp,mifp,m 2 )(.x), 

Vx G R. Therefore, ( fp,m 1 fp,m 2 ) is an to— extension of odd Fibonacci p— function with period k. Next, 
assume that f p . m , and /p jr n 2 are to— extension of odd Fibonacci p— functions with period fc and the conditions 
(47(§J, (CIO) and (Cll) are satisfied. Then the same result can be obtained. Therefore, (/p, mi /p,m 2 ) is an 
?77— extension of odd Fibonacci p— function with period k. □ 
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5. Quotients of m— extension of Fibonacci p— functions with period k 

In this section, we discuss the limit of quotients of to— extension of Fibonacci p— functions with period 
k. 

Theorem 5.1. If f p ^ m is an in— extension of Fibonacci p— functions with period k, then the limit of the 
quotient exists. 

Proof. Let k € N, to € R + , p be a nonnegative integer and n > 2 p. Consider the quotient Q(x) = , 

where f p , m is an to— extension of Fibonacci p— function with period k. We have two possibilities such that 
either Q(x) < 0 or Q(x) > 0. First, suppose that Q(x) < 0 then without loss of generality, f Pt m{x) > 0 and 
f P ,m(x + k) < 0. Therefore, 

fp,m(x + 2pk) = to/ PiTO (x + (2p- l)k) + fp, m (x + (jp - l)k) 

= m 2 f p ,m(x + (2 p - 2 )k) + fp,m(x + (p- 1 )k) 

+mf Pt m(x+ (p- 2)k) 

= m 3 f P! m(x + (2 p - 3 )k) + fp,m(x + (p- m 

+mfp,m(x + {p - 2 )k) F m 2 fp !m (x + (p- 3 )k) 

m P fp,rn(x + pk) F fp,m{x +(p- m 

H m p ~ 2 f P , m (x + k) F m p ~ 1 fp, 7n (x) 

■^p,m {jp T I) fp,m(.X T pk) F F prn (^\) f P ,m(x T (p 1 )k) 

F ‘ * F pprl (p 1 )f P .m(x T k) F F prn (p)f prn )x)^ 

fp,m{x + (2p+l)k) = mfp tm (x + 2pk) + f Pt m(x + pk) 

= TO m p f Pt m(x F pk) F fp,m(x F (p - 1 )k) 

H m p ~ 2 f Ptrn (x F k) F m p ~ 1 f Pt m(x) F f(x + pk) 

= ( m p+1 F 1 )fp,m(x F pk) F m.f Pt m{x F (p - 1 )k) 

H m p ~ 1 fp tTn {x F k) F m p fp tm (x) 

— F p rn (p F 2) f p rn {x F pk) F F p rrl )2)f p rn (^x F {p 1)&) 

F Fp,m ( P)fp ,ra (x F k) F Fp ,m C V F 1 )f P ,m (*^) • 
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f P ,m{x + (2p F 2)k) 


Continuing this process, we have 


mfp, m {x F (2 p + 1 )k) + fp, m (x + (p + l)k) 
m (m p+1 F 1 )f P ,m{x + pk) F mf Pt m{ x + (p - 1 )k) 
T * * * m P fp,m(x T k) T Tfl P fp, m(x) 

+mf(x F pk) F f(x) 


(m p+2 + 2 m)f p , m (x F pk) + m 2 f Pt7n (x + (p- 1 )k) 

H m p f P ,m( x + k) + (m p+1 F l)f p , m {x) 

kjt,rn ( P + 3 )f P ,m(x F pk) F F Ptrn (3)f Ptm (x + [p — 1 )k) 


T ‘ ‘ Fp^mip "t* T k) F F pra {p T ^) fp,m(x) . 


f P ,m(x + nk) = F Ptm (n-p+l)f Ptm (x+pk) 

= +F p ,m(n-2p+l)f Ptm (x + {p- l)k) 

= H F Ptm (n-p~ 1 )f P ,m{x + k) F F Ptm (n - p)f p , m {x) 

and 

f P ,m(x + (n + l)k) = F Pjm (n-p + 2)f p , rn (x+pk) 

= +Fp, m {n- 2p + 2)f Ptm (x + (p- l)k) 

— T * * * F Ptm (n p) fp,m(x F k) F F p m (n p -P 1 )f P ,m(x), 


where F p ^ m is an m — extension of Fibonacci p— sequence with the initial conditions, F prn (0) = 0, F Pim (l) = 
F Pt m{ 2) = m, . . F Pim (p) = m p_1 . Given x' £ K, there exists i£l such that x' = x + nk . Therefore, 
fp,m{x ' F k) _ fp,m{x+ (n+ 1 )k) 

fp 7 m{x / ) fp,m(x F Tlk) 

( F p ,m(n ~ P + 2)f Pt m{x F pk) H F Ptm (n - p)f p , m {x F k)+ ^ 

Fp^rni?^ P F 1 ) fp,m(x) 

F Pt m{n — P F 1 )fp,m(x + pk) H F Ptm (n - p - l)f p>m (x F k)F 


\ F p ^ m {n — p)f P ,m{x) 

( 


F p ^rnip P F 2) 

F Pt m(n — p F 1) 
Fp^rnip P F 2) 

F Pt m{n-pF 1) 

Fp,m(n-p) 

V Fp i7n (n-pF 1) 


fp,m{xFpk) F ■ 

fp,m[x) 

f P ,m(xFpk) H 

fp,m[x) 


Fp ' m{n P) ;f P , m {xFk)P ^ 


Fp^rnip P F 2) 


F p ,m(n-p - 1) 

F Pt m(n-pF 1) 


fp,m(x F k)F 
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lim ' /„„,m , 


n—>o o 


Km ( Fp ’ m { n P + 2 j 

n-loo \Fp iTO (n-p + 1) 


Km Fp ’ m { n P + 2) ' 
n-loo F pm (n - p + 1) / 


Let iV = n + 1. If n — » oo tKen N — > oo. So, we can write tKe above expression 


( fp,m{x +pk) + F P,™(n P)j ^ x + fc) + \ 

1 -Cp, m (n-p + 2) | 

^ P ,m(n-p + 1) j, ! ^ 

F p , m (n-p+ 2) MX) 

fp,m(x + pk) H p P,m ! n P ]\ fp,m(x + k) + 

Fp,m(. n -P + 1) 

{ F FP 2 { T+ I 

/ f P ,m{x +pk) H Km Fp '™( n — ^vfp,m {x + k)+ \ 

I F noo F p>m (n -p + 2) F I 

llm p 7 7 -^Jp,m{ x ) 

n->oo F p>m (n-p + 2) 

./p.mfZ+pfc) H p — 77jp,m{X + k) + 

C p,myX PtIJ 

I F p , m (n-P) 

\ F p , m (n-p+l) IpMX) 


J 


as 


i. fp,m(% H” 

lim — 7 

n ~^°° Jp,m\% ) , 


f Fp^mijl P~ 1“ 2) 

n^-oo \F p>m (n-p + 1) 


Z' W* + »*) + ■■•- F F r "}N- P p+ 1 lW"' iX + k)+ ) 

lim p Fp ’7l N — -Tl \fp,m(x) 
n-¥oo F p m (N — p + 1) 


Ot-r 


fp,m(x+pk)-\ lim Fp,m [ n — \f P ,m{x + k)+ 

n-loo t< p rn [n -p + 1) 

l lim F Fp T^ n P \j p,m{x) 

\ n-*-oo k Ptm {n-p+ 1) 

l fp^ + pk) + • • • - F p 2^Z P p li) fr>^ x + k ^+ ^ 

lim — TT\fp’ m ( x ') 

iv— >oo F PtTn (N — p + 1) 

f P ,m{x +pk) H Km Fp,m | n — P ,]\ f P ,m(x + k)+ 

n^oo F Ptm (n-p+ 1) 


) 


— CK r 


equation of m — extension of Fibonacci p— sequence. 


F p , m (n-p) 

l lim 1 x/p,m(^) / 

\ n^oo Fp^ m (n-p+ 1) / 

Here a m is the unique positive real root of the characteristic 

Next, suppose that Q(x) > 0, without loss of generality we assume f p , m (x) > 0, f p>m (x + k) > 0. Identically, 

we can easily obtain that lim^oo = am ' H ence we omit the proof. □ 
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FOURIER SPECTRAL METHODS FOR STOCHASTIC SPACE 
FRACTIONAL PARTIAL DIFFERENTIAL EQUATIONS DRIVEN BY 
SPECIAL ADDITIVE NOISES 

FANG LIU, MONZORUL KHAN AND YUBIN YAN * 

Abstract. Fourier spectral methods for solving stochastic space fractional partial differential 
equations driven by special additive noises in one-dimensional case are introduced and analyzed. The 
space fractional derivative is defined by using the eigenvalues and eigenfunctions of Laplacian subject 
to some boundary conditions. The space-time noise is approximated by the piecewise constant 
functions in the time direction and by some appropriate approximations in the space direction. 
The approximated stochastic space fractional partial differential equations are then solved by using 
Fourier spectral methods. For the linear problem, we obtain the precise error estimates in the L 2 
norm and find the relations between the error bounds and the fractional powers. For the nonlinear 
problem, we introduce the numerical algorithms and MATLAB codes based on the FFT transforms. 
Our numerical algorithms can be adapted easily to solve other stochastic space fractional partial 
differential equations with multiplicative noises. Numerical examples for the semilinear stochastic 
space fractional partial differential equations are given. 

Key words. Space fractional partial differential equations, stochastic partial differential equa- 
tions, Fourier spectral method, error estimates 

AMS subject classifications. 65M12; 65M06; Secondary 65M70;35S10 

1. Introduction. Fourier spectral methods for solving the following stochastic 
space fractional partial differential equation are considered in this work, with 1/2 < 
a < 1, 

(1-1) ^ + A“u(t) = f(u(t))+ d ^, 0 < t < T, 

(1.2) u(0) = u 0 . 

Here A is an unbounded positive self-adjoint operator, uq is an initial value and f(u) 
is a nonlinear term. The space-time white noise W ( t ) will be defined below. 

Let H be a separable Hilbert space and || • |j, (•,•) denote the norm and inner 
product in H. Let A : V(A) C H — > H be a positive definite self-adjoint operator 
such that H -1 is compact on H. From this we infer the existence of a complete 
orthonormal basis {e k } k > o for H of eigenfunctions of A such that the associated 
sequence of eigenvalues {A^} form an increasing unbounded sequence. 

Using the basis {e*,} we may also define the fractional powers of A. Given 1/2 < 
a < 1 define 


H 2a := V(A a ) = {v G H : £ \ 2 k a \(v, e k )\ 2 < oc}, 

k 


and 

(1.3) A a v := ^2 A£(w, e k )e k , v £ V(A a ), 

k 


*Fang Liu: Department of Mathematics, Lvliang University, Lishi, P.R. China, 033000, 
(13935870281@163.com), Monzorul Khan: Department of Mathematics, University of Chester, 
Thornton Science Park, Pool Lane, Ince, CH2 4NU, UK, (sohel_ban@yahoo.com), Yubin Yan: De- 
partment of Mathematics, University of Chester, Thornton Science Park, Pool Lane, Ince, CH2 4NU, 
UK, (y.yan@chester.ac.uk). Dr. Yubin Yan is the corresponding author. 
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with the associated Hilbert norm defined by 

p^n 2 = E A '“i(^^)i 2 - 

k 


The special space-time noise considered in this work is 

(1-4) = E (J k{t)^ k (t)e k , 


where /3 k (t) = ^ = 1,2,... is the derivative of the standard Brownian motions 

/3 k (t), k = 1,2,... and a k (t),k = 1,2,... are some appropriate functions of t. In 
particular, when <J k (t) = 7 fe ' > 0, the noise (1.4) reduces to 


dW(t) 

dt 


^2nfl /2 Pk(t)e k , 

k = 1 


which is a so-called if -valued Wiener process with the covariance operator Q and the 
linear operator Q : H — > H is a trace class operator, that is Tr(Q) = Y^kLi 7 fe < oo 
where Qe k = %e k , k = 1,2, 

Let us here give two possible operators in (1.1)- (1.2). One is A = — A with 
the homogeneous Dirichlet boundary condition, T>{A) = ffo(0, 1) fl if 2 (0, 1), where 
A = d 2 /dx 2 denotes the Laplacian. In this case, A has the eigenvalues X k = k 2 7r 2 
and eigenfunctions e k = y/ 2sinfc7re , k = 1,2, ... . Our error estimates in this work are 
based on these eigenvalues and eigenfunctions. Another one is A = I — A with periodic 
boundary conditions, T>(A) = H 2 er {— 7r, n). Here H 2 er (— n, tv) denotes the completion 
with respect to the H 2 {— 7T,7r) norm of the set of u G C°°([— 7r, 7 t]) such that the 
pth derivative it) = u^ p \ 7r) for p = 0, 1, . . . . It is a Hilbert space with the 

inner product, see [24, Definition 1.47]. In this case, A has the eigenvalues 
Ai = l,A 2 fc = 1 + fc 2 , A 2 /c+i = 1 + k 2 and eigenfunctions ei(a;) = ^^,e 2 fe(a;) = 
sin kx, e 2 k +i(x) = ^ cos kx, k = 1, 2, ... , see [24, Example 1.84]. 

We obtain the detailed error estimates, i.e., Theorems 2.1, 3.1, 3.3 below for the 
linear stochastic space fractional partial differential equation subject to the Dirichlet 
boundary conditions. More precisely, we shall consider the error estimates for the 
following linear problem, with 1/2 < a < 1, 


(1.5) 

(1.6) 

(1.7) 


du(t, x ) 
dt 


(-A ) a u(t,x) 


d 2 W(t, x) 
dtdx 


u(t , 0) = u(t, 1) = 0, 0 < t < T, 

u(0,x) = uq(x), 0 < x < 1. 


0 < t < T, 0 < x < 1, 


Here the space-time noise 9 = define by (1.4). 

For the linear stochastic space fractional partial differential equation subject to 
the periodic boundary conditions, we may obtain the similar error estimates as in 
Theorems 2.1, 3.1, 3.3. For the length of the paper, we will not give the detailed 
proofs for the error estimates in this case. However, in the numerical examples in 
Section 4, we shall consider the spectral method for the semilinear stochastic space 
fractional partial differential equations subject to the periodic boundary conditions 
to illustrate the experimentally determined convergence orders. 
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The stochastic partial differential equations driven by the white noise ( the covari- 
ance operator Q = I) often have poor regularity estimates. In the physical world, to 
take into account the short and long range correlations of the stochastic effects, both 
white noise and colored noises may be considered. There are many situations where 
colored noises model the reality more closely, and there are also instances where the 
important stochastic effects are the noises acting on a few selected frequencies. For 
example one may choose (Jk{t) = "S 4 . [12] 

Space-fractional partial differential equations are widely used to model complex 
phenomena, for example, quasi-geostrophic flows, fast rotating fluids, dynamic of 
the frontogenesis in meteorology, diffusion in fractal or disordered medium, pollution 
problems, mathematical finance and the transport problems, see, e.g., [3], [7], [21], 
[ 38 ], [ 2 ], 

Let us here consider two examples which apply the fractional Laplacian in the 
physical models. The first example is about the surface quasi-geostrophic (SQG) 
equation, 


d t 9 + u- V6» + k(-A)“6» = 0, 

where k > 0 and a > 0, 9 = 9(x\,X2,t) denotes the potential temperature, u = 
(u\,U 2 ) is the velocity held determined by 9. When k > 0, the SQG equation takes 
into account the dissipation generated by a fractional Laplacian. The SQG equation 
with n > 0 and a = 1/2 arises in geophysical studies of strongly rotating fluids. 
For the dissipative SQG equation, a = 1/2 appears to be a critical index. In the 
subcritical case when a > 1/2, the dissipation is sufficient to control the nonlinearity 
and the global regularity is a consequence of global a priori bound. In the critical 
case when a = 1/2, the global regularity issue is more delicate. The mystery in the 
supercritical case a < 1/2 is only partially uncovered at the moment. [9] 

The second example is about the wave propagation in complex solids, especially 
viscoelastic materials (for example Polymers). [4]. In this case, the relaxation function 
has the form k(t) = ct~ v , 0 < v < 1, c £ R, instead of the exponential form known 
in the standard models. This polynomial relaxation is due to the non uniformity of 
the material. The far field is then described by a Burgers equation with the leading 
operator (— A) - ^ - instead of the Laplacian 

d t u = + d x (u 2 ). 

This equation also describes the far-held evolution of acoustic waves propagating in 
a gas-filled tube with a boundary layer. 

Frequently, the initial value or the coefficients of the equation are random, there- 
fore it is natural to consider the stochastic space-fractional partial differential equa- 
tions. The existence, uniqueness and regularities of the solutions of stochastic space- 
fractional partial differential equations have been extensively studied, see, e.g., [3], 
[7], [10], [28]. In this work, we will focus on the case 1/2 < a < 1 since the exis- 
tence and uniqueness and regularity of the solution in this case is well understood in 
literature, see [11, Theorem 1.3]. However the numerical methods for solving space- 
fractional stochastic partial differential equations are quite restricted even for the case 
1/2 < a < 1. Debbi and Dozzi [11] introduced a discretization of the fractional Lapla- 
cian and used it to elaborate an approximation scheme for fractional heat equation 
perturbed by a multiplicative cylindrical white noise. As far as we know [11] is the 
only existing paper in the literature of dealing with the numerical approach of this 
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kind of problems. In this work, we will use the ideas developed in [1] and [12], to con- 
sider the numerical methods for solving stochastic space fractional partial differential 
equations, see also [19], [8], [20]. We first approximate the noise by using piecewise 
constant functions and then obtain the approximate solution u(t) of the exact solution 
u(t). Finally we provide error estimates in L 2 -norm for u(t ) — u(t). 

For the deterministic space fractional partial differential equations, many nu- 
merical methods are available in literature. There are two approaches to define the 
fractional Laplacian. One approach is by using the eigenvalues and eigenfunctions of 
the Laplacian —A subject to the boundary conditions as in (1.3). Another approach is 
by using the left-handed and right-handed Riemann-Liouville fractional derivatives. 
For the deterministic space fractional partial differential equations defined by the 
Riemann-Liouville fractional derivatives, many numerical methods are available, e.g., 
finite difference methods [14]-[15], [26], [31]-[32], finite element methods [13], [18] and 
the spectral methods [22]- [23]. For the deterministic space fractional partial differen- 
tial equations defined by (1.3), some numerical methods are also available, see, e.g., 
matric transfer technique (MTT) [14], [15], [6], Fourier spectral method [5]. In this 
work, we w r ill use Fourier spectral method to solve the stochastic space fractional 
partial differential equations. The main advantage of this approach is that it gives a 
full diagonal representation of the fractional operator, being able to achieve spectral 
convergence regardless of the fractional power in the problem. 

Let N t £ N and let 0 = to < t\ < £2 < • ■ ■ < tjv t = T be the time partition 
of [0,T] and At the time step size. To find the approximate solution of (1.5)-(1.7), 
we approximate the noise 9 ^tdx^ by the piecewise constant functions in the time 
direction defined by, with l = 1, 2, ..., Nt, [12] 


( 1 . 8 ) 

where 


™ = £^(*)(£^, «,(<)), 

k= 1 1=1 v 


(1-9) = dj3 k {t) = -^L=(/3fc(fy) -/3 fe (tj_i)) eAA(0, 1), 


and 


Xl(t) = 


1, t € [ti_i,ij], 1 = l,2,...,JV t , 
0, otherwise. 


Here a jf (t) is the approximation of Ofc(t) in the space direction. For example, we can 
choose, with some positive integer M > 0, 


_ n\ _ cos ^ u\ 

&k\t) — £3 j a k V'J 

More precisely, replacing <Jk(t) by we get the noise approximation in space, 

and replacing by y=i?feyXj(t), we get the noise approximation in time. 

Substituting 9 with - in (1.5)-(1.7), we get 


cr fc (t), k < M, 
0, k > M. 
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( 1 . 10 ) 

( 1 . 11 ) 

( 1 . 12 ) 


du(t, x) 


dt 

u(t, 0) = 


+ (-A ) a u(t,x) 


d 2 W(t,x) 

dtdx 


u(t, 1) = 0, 0 < t < T, 


u(0,x ) = uq(x), 0 < x < 1 . 


0 <t <T, 0 < x < 1, 


Note that d now is a function in L 2 ((0,T) x (0, 1)) and therefore we can 

solve (1.10)-(1.12) by using any numerical methods for deterministic space fractional 
partial differential equations. Assume that {&k{t)} and its derivative are uniformly 
bounded, [12] 


(1-13) Wk(t)\<p k , \a' k (t)\ < ik, Vte[0,T], 

and the coefficients {o/) 7 } are constructed such that 

(1.14) Mt)-af(t) |<<, |af(i)|</3f, |(af )'(t)| < 7 f, Vte[0,T], 

with positive sequences {a^} being arbitrarily chosen, {Pj} 1 } and {7^} being related 
to {/3k} and {7*,}. Further we assume that 

(1.15) pj} 1 < k~ a , for some 0 < a < 1/2. 

Let E denote the expectation, in Theorem 2.1, we prove that, with 1/2 < a < 1 and 
0 < a < 1 / 2 , 

pT nl 

(1.16) E / / (u(t,x) — u(t,x)) 2 dxdt 

Jo Jo 

00 ( M \ 2 00 9 

< <?( E + At2 E {Wk + ik) ~ + Af 1+S -^) . 

fc= 1 k /c= 1 

Let J € N, we denote 


Sj = span{ei,e 2 ,...,ej}, 

and define by Pj : H — ► Sj the projection from H to Sj, 


(1.17) 


Pjv = J2(v, 


Cn jCn . 


3 = 1 


The Fourier spectral method of (1.10)-(1.12) is to find uj{t) £ Sj such that, with 

Q(t x ) — d2w / t ’ x ) 
y\L,x) dtdx . 


(1-18) duj{t,x) + = Pjg(t,x), 0<t<T,0<x<l, 

(1.19) uj(t, 0) = uj(t, 1) = 0, 0 < t < T, 

(1.20) uj(0,x) = Pjuo(x), 0 < x < 1, 

In Theorem 3.1, we prove that, with 1/2 < a < 1 and 0 < a < 1/2, 

(1.21) ||fi(t) - uj(t ) || 2 < C\\u 0 - Pju 0 \\ 2 + C {J + 1)2a £ ||g( S )|| 2 ds. 
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Combining Theorem 2.1 with Theorem 3.1, we have, with u o £ T>(A a ), 1/2 < a < 1, 


f T M 


E 


/ 0 J 0 


< 


( u(t , x) — uj{t, x )) dxdt 

°° (af ) 2 


C (E 1 l|^ + Ai2 E( A ^ M + ^ M ) + At 1+ “ _ =^) 


k = 1 


fc=l 


oo oo 

CEIK - Pjwoll 2 + C (J + 1)2a (AtE\\A a uo\\ 2 + At^XkWk 1 ) 2 + ■ 


fc= l 


fc=i 


The paper is organized as follows. In Section 2, we consider the approximation 
of noise. In Section 3, we introduce the Fourier spectral methods for solving the 
approximated space fractional partial differential equations and the error estimates 
for the linear stochastic space fractional partial differential equations are proved. In 
Section 4, we consider the numerical examples for solving the semilinear stochastic 
space fractional partial differential equations subject to the periodic boundary condi- 
tions. From now on we denote by C a generic constant, which may not be the same 
at different occurrences. 

2. Approximate the noise and regularity. It is well known that the mild 
solution of (1.5)-(1.7) has the following form 


(2.1) 


u(t, x) 



G a (t,x,y)u 0 {y) dy + 



s, x, y) dW(s,y), 


where 


G a (t,x,y) = x “ t e j {x)e j (y), 
l=i 


and the stochastic integral f* G a ( t — s, x, y) dW (s, y) is well-defined. The existence 
and uniqueness of the solutions of (1.5)-(1.7) are discussed in, e.g., [10], [11], [28] and 
the references cited therein. 

Similarly the mild solution of (1.10)-(1.12) has the form of, see, e.g., [12] 


(2.2) ii(t,x)= G a (t,x,y)u 0 (y)dy + 


G a {t - s, x, y) dW(s,y), 


o 


Theorem 2.1. Let u and u be the solutions of (1.5)-(1.7) and (1.10)-(1.12), 
respectively. Assume that the assumptions (1.13)-(1.15) hold. Then we have 


(2.3) 


E / 

Jo Jo 

<c( 


(■ u{t , x) — u(t , a;)) 2 dxdt 


fc= l 


, /„,M\ 2 , . v 

(E^^+ Ai2 E(5^ M +^ M ) + Atl+ 


fe= i 



Proof. See the Appendix. □ 

Remark 2.2. When a = 1, Theorem 2.1 should reduce to the Theorem 3.3 in 
[12]. However one term At 1 / 2+a ,0 < a < 1/2 of the bounds in (3.20) in Theorem 3.3 
[12] is missing. The term At 1 / 2+ “,0 < a < 1/2 comes from the estimates II\ and 
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II 3 of the estimate for II = E J Q T i* 2 (t, x ) dxdt in (4.12). The authors in [12] only 
considered the estimate II 2 and neglected the terms II\ and II 3 which would produce 
the term At 1 / 2+ “,0 < a < 1/2. (See the estimates for the term II in [12, p. 144.1])- 
In Theorem 2.1, we include the terms 0(At 1+ ° ). 

Theorem 2.3. Let u he the solution of (1.10)-(1.12). Assume that the as- 
sumptions (1.13) -(1 . 15) hold. Further assume that it 0 € T>(A a ), 1/2 < a < 1 and 
E||A a w 0 || 2 < 00 . Then 


/ tj _|_ j /• 1 ''/j. \ 2 GSh 00 

/ \df 1 \ ^< C ( A ®ll^o|| 2 +A<E A fc(^ M ) 2 +E(^ M ) 2 )’ 

j ■'° fc= 1 fc= 1 


and 


(2.5) E J t 1+1 J q \A a u(t,x )\ 2 dxdt<c(/Sm\\A a uo \\ 2 + At^Ag(/8j 
Proof. Assume that, with 0 < t < tj+ 1 , 




k = 1 


( 2 . 6 ) 


OO 

u(t,x) = y^u k {t)e k {x), 

fe = 1 


and, with u fe (0) = (u 0 , e k ), k = 1 , 2 ,..., 


OO 

u(0, a;) = u 0 (x) = ^u k (0)e k (x). 
fe = 1 

Substituting (2.6) into (1.10), we get, with 0 < t < tj+ 1 , 


( 2 -7) + AfcU fe (t) = erf (*)(5Z y=??MX^)), 

which implies that, with 0 < £ < tj+i, 

pt / 1 v 

(2.8) u k (t) = e" A ^u fc ( 0) + j( e ~ A £ (t “ s) crf (s)(^ -j=rj k jXi(s)) ds. 


Let us first show (2.4). Note that {e*,} is an orthonormal basis in H = L 2 ( 0, 1), 
we have, by (2.7), 


E 


du(t, x) 


dt. 


fc=l •'G 


< 2E 


fc= 1 " 


= 2E]r A 


2a 

k 


dxdt = E 
|AfcUfe(t)| 2 dt + 

fi ( ^ 

\u k (t )\ 2 dt + 2E^ 


du k (t) 


dt 


dt 


t! 


^ 2 \ 

^2vk,lXl{t) dt J 


00 rtj+i rr¥(i) 2 


k = 1 


fc=l 17 ^ 


-^=-»7fe,j+iXj+iW 


dt 


= 2(1 + 11). 
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For /, we have, by (2.8), with t* = U, 1 < l < j and t* = t, l = j + 1, 


(2.9) 


OO , tj+1 2 oo . tj+1 J + l 

I<2Ej2^l a e~Wu k { 0 ) dt + 2Ej2*l a \ E 

fe=l "'b fe=l ~'b 1=1 


fb+i i /t/ 7,, , rtf 

/ e- A ^‘- s Vf 


— ^ \/At J tl _ 1 


°° /-tj+i 
fc=l "'b 


°o -i j+1 j+1 j rtt 


= 2 E^/ e- 2 ^ t (A“u 0 ,e fc ) 2 dt + 2 ^Ar / E a 7 


fc=i 


J 1 = 1 -'ll-! 


„-Ag(t-s)_M 




<2Ej2(A a u 0 ,e k ) 2 At + 2Y2\l a Ea /( / e~ 2X * (t ~ s) (<?¥ ( S )Y ds 

fc= 1 fc=l "'b 1=1 ^ "'R-i 


< 2EE (i4 a u 0 ,e fe ) 2 A# + 2E^ 


2a 

A: 


fc=l 


fc=l 


e -2Aj(t- S )( CT M( s ))2 d \ dt 


<2EE(^“wo,e fc ) 2 A< + 2EA^(/3f) 2 / ~E. * dt 


k= 1 


k = 1 


/t, 2A^ 


<2E||A“ Uo || 2 A< + AtEAfc(^ M ) 2 


fe=i 


where in the last inequality, we use the fact 1 — e 2A fc* < 1. 
For //, we have 


AzL /-b+i ( j m (+\ 2 AL /-b+i X 2 Az, , 

"=*£/, *=£/, (w) * S £W)-- 

Combining / with // we get (2.4). Similarly we have, 

E / f \A a u(t)\ 2 dxdt =E j \\A a u{t,x)\\ 2 dt 

Jtn J 0 Jtn 


= E 


OO 

(E Ar ' u 


l a ul 


dt = E^A 


fc = l 


k = 1 


r / ^ 

Jt 


\uk(t)\ 2 dt = I, 


which implies (2.5) also holds. Together these estimates complete the proof of Theo- 
rem 2.3. 

□ 

3. Fourier spectral method. Denote E a (t ) = e~ tA ,1/2 < a < 1, where 
A a is defined by (1.3). The mild solution of (1.10)-(1.12) has the form of, with 

m = "ASA. 

(3.1) u(t) = E a (t)uo + f E a (t — s)g(s) ds, u(0) = Uq. 

Jo 

Similarly the solution of (1.18)-(1.20) has the form of 


(3.2) uj(t) = E a (t)Pju 0 + [ E a (t - s)Pjg(s) ds, u( 0) = Pju 0 . 

Jo 


2 

(s) ds dt 

) ds^j dt 

*? \ 
l 2 dsj dt 
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Theorem 3.1. Assume that u and uj are the solutions of (1.10)-(1.12) and 
(1.18)-(1.20), respectively. Let 0 < r < 1/2 and let Uq £ H . Then we have 

(3.3) \\A r / 2 (u{t) -uj(t))\\ 2 < C\\u 0 - Pju 0 \\~ + C ( J+ 1)2 l ( i_ r/a) J o ll3(s)H 2 ds. 
In particular , with r = 0, 

(3.4) \\u(t) -uj(t)\\ 2 < C\\u 0 - Pju 0 \\ 2 + c ^ J ll<?( s )l| 2 ds. 

To prove Theorem 3.1, we need the following smoothing property for the solution 
operator E a (t). 

Lemma 3.2. 

1. Let s > 0. We have, with 1/2 < a < 1, 

\\A s E a (t ) || < Ct-^e~ st , t > 0, 

for some constants C = C(s, a) > 0 and 5 = 5(a) > 0. 

2. Let Pj : H — » Sj be defined by (1-17). We have 

\\E a (t)(I - Pj)v\\ < e~ tx J +1 ||u||, t > 0. 

Proof Recall that A is positive definite and A has the eigenvalues 0 < Ai < A2 < 
A3 < . . . . For any function h(-), we have 

||/i(A)|| = sup \h(X)\, 

Aecr(A) 

where cr(A) denotes the set of eigenvalues of A. Thus, with 5 = 

\\A s E a (t)\\ = \\A s E a (t/2)E a (t/2)\\ < \\A S E a (t/2)\\\\E a (t/2)\\ 

= sup (A s e“3 A ) • sup (e~^ x ) = SU p ^ 

Aeo-(A) ago-(A) ag<t(A) ^ e5 A “ A2/ J 

< C(t/ 2)- s/a e~ 5t < Ct- s/a e- St , 
which shows (1). Further (2) follows from 

OO y2 

\\E a (t)(I - Pj)v\\ = ( £ e- 2tx Hv, ej ) 2 ) <e~ tx ^\\v\\. 
i=J + 1 

Together these estimates complete the proof of Lemma 3.2. 

□ 

Proof. [Proof of Theorem 3.1] Subtracting (3.2) from (3.1), we get 

(3.5) u(t ) - uj(t ) = E a (t)(u 0 - Pju 0 ) + / E a (t - s)(g(s) - Pjg(sj) ds = I + IP 

J 0 

For /, we have, with 0 < r < 1/2, 

\\A r / 2 I\\ = \\AiE ol (t)(u 0 -P J u 0 )\\ 

= ( E e- 2tA ?A> 0 , ei ) 2 ) <e- tx ^\\A r / 2 (u 0 -Pjuo)\\. 

j=J + 1 
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For 77, we have, by Lemma 3.2, for some 7 £ (0, 1), 

\\A r/2 II\\ = [ A r / 2 E a {t-s)(l-Pj)g{s)ds 

J 0 

A r/2 E a ((l ~ l)(t - s)) E a (y(t — s))(I — Pj) g(s) ds 


> 0 


<C f (f- S )-^e- K “(‘- s )||g( S )||d S , 
J 0 

where n a = <5(1 — 7) + A“ +1 7- 

By Cauchy- Schwarz inequality, we have 


\\A r/2 II\\ < C( J* ((t - s)-^e- K Ats )) 2 ds ) 1/2 ( £ ||$( a )f ds) 


1/2 


Note that r < a, we have, with Aj + i = ( J + 1) 2 7 t 2 , 


ft g— 2 K a S 


ds < 


f n °° s- r / a e~ 2s ds 1 

JO 


r°° 2 K a s 

ds< J0 ' ; — — <c 


< c 


s r /° 

1 


^1—r/c 


1 —r/o 


< c 


(A j +1 ) 1_r/ “ “ (J+ l)2«(i-r/a) ‘ 


Thus 


p r / 2 //|| < C 


(J 4- l) 2 a(l — r/a) 




1/2 


Together these estimates complete the proof of Theorem 3.1. □ 

Combining Theorem 2.1 with Theorem 3.1, we have 

Theorem 3.3. Let u and itj be the solutions of (1.5)-(1.7) and (1.18)-(1.20), 
respectively. Assume that the assumptions (1.13) -(1 . 15) hold. Further assume that 
uq £ T>(A a ), 1/2 < a < 1 and E||7l“uo|| 2 < 00. Then we have 


r T 


E 


/ 0 JO 


< 


(u(t, x ) — uj{t , xf) dxdt 

00 K 1 ) 2 




k = 1 


k = 1 


.. 00 00 

CE|K - PjuoW 2 + C (J+1)2a (AtE||Yl“ U0 || 2 + At E Wf ) 2 + ■ 


fc=l 


fc=l 


Proof. Note that 

/ 'T p 1 

E / / (u(t,x) — uj(t,x)) dxdt 

Jo Jo 

f T pi pT p 1 

< 2E / / («(i, x) — u(t, x))~ dxdt + 2E / / (u(t,x) — iij(t,x)) 2 dxdt 

Jo Jo Jo Jo 

= 27 + 277. 
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For /, we have, by Theorem 2.1, 


w(E 


«) 2 

2A£ 


k = 1 




For //, we have 

II = K f ||fi(t) - uj{t)f dt < CE\\u 0 - Pjuof + C . 1 . 2a E f [ \\g(s)\\ 2 dsdt. 
Jo + l ) Jo Jo 

Note that g(s) = + (—A ) a u(s), we have, by Theorem 2.3, 


E 


' dsdt < E 


du(s) 


ds 


(—A ) a u(s) 


2 

dsdt 


< CE 




du{s,x) 2 
ds 


+ |(— A)“u(s, a;)| 2 ^ dxdsdt 


< C^AtEllYL^oll 2 + A tJ2 A£(/3f) 2 + E^) 2 ) • 

k = 1 k = 1 


Together these estimates complete the proof of Theorem 3.3. 

□ 

4. Numerical simulations. In this section, we will consider the numerical sim- 
ulation of the Fourier spectral methods for solving the following semilinear stochastic 
space fractional partial differential equations subject to the periodic boundary condi- 
tions, with l/2<o;<l,0<a:<l, 0 < t < T, 


(4.1) 

(4.2) 

(4.3) 


du(t, x ) 
dt 


+ e(-A ) a u{t, x ) = f(u(t, x)) + 


d 2 W(t,x) 

dtdx 


u{t, 0) = u{t, 1), u' x (t, 0) = v! x (t, 1), 
u(0,x) = u 0 (x), 


where (— A)“ is the fractional Laplacian defined by using the eigenvalues and eigen- 
functions of the Laplacian —A subject to the periodic boundary conditions. Here 
/ : R — ► K is a smooth function and e > 0 denotes the diffusion coefficient. Here 
we consider the problems with the periodic boundary conditions because we want to 
compare our numerical results with the results in [24, Example 10.39] where the al- 
gorithms of the spectral methods for stochastic semilinear parabolic equation subject 
to the periodic boundary conditions are given and discussed. One may also consider 
the algorithms and MATLAB codes for stochastic space fractional partial differen- 
tial equations with the homogeneous boundary conditions following the approaches 
in, e.g., [16], [17]. Although the Laplacian is singular in (4.1)-(4.2) due to the peri- 
odic boundary conditions, we expect the errors to behave as in Theorem 3.3, see the 
comments in [24, Corollary 10.38]. 

Denote A = — Jy? with V(A) = H 2 er ( 0, 1), where V{A) = H 2 er ( 0, 1) is defined in 
the Introduction section. Then the eigenvalues and eigenfunctions of A can also be 
expressed by 

A fc = (27rfc) 2 , e k =e i2 ” kx , k £ Z. 
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The noise has the form of 


(4.4) 


d 2 W(t,x) 

dtdx 


y ^crk(t)/3 k {t)e k (x), 
fee z 


where p k (f ) = df , k € Z are the derivatives of the standard Brownian motions 

Pk(t), k £ Z and a k {t),k £ Z are some appropriate functions of t. Here k £ Z since 

1/2 

we consider the periodic boundary conditions. When a kit) = l k , 7fc > 0, k £ Z, the 
noise (4.4) reduces to 


(4.5) 


d 2 W(t, x) 
dtdx 


i /2 dk(t) e k (x). 

fcez 


The approximate noise a gt g^ 


(4.6) 


d 2 W{t,x) 

dtdx 


is, with some positive integer M > 0, 

£ d ,2 «wEK»(<). 

fcez,|fc|<M i=i 


In our numerical example below, we assume that, [24, Example 10.8], 
(4.7) 70 = 0, 7 fc = |*r (2ri+1+?) , k £ Z, k ± 0. 


where e > 0 is a very small positive number. When n = —1/2, we obtain so-called 
space-time white noise. When n = 1, we obtain the smooth noise. 

Let Sj := spanjeo, e±, . . . , ej/%, e_ j/ 2+1 ■ ■ • , e_i}. We assume J < M where M is 
determined in (4.5). Here the ordering 0, 1, 2, ... , J/2, — J/2 + 1, . . . , — 1 is consistent 
with the ordering in the MATLAB functions fft and ifft [33]. Let 0 = to < ti < £2 < 
• • • < tN t = T, Nt £ N be the time partition of [0, T] and At the time step size with 
T = N t At. We use the semi-implicit Euler method to consider the time discretization. 

We will consider the convergence rate against the different time steps. Choose J = 
64. The reference solution is obtained by using the time step size A tref = T / Nr ef 
with Nref = 10 4 . Let kappa = [5,10,20,50,100,200,500], we will consider the 
approximate solutions with the different time step sizes At,; = A tref * kappa(i),i = 
1, 2, . . . , 7. By Theorem 2.1, we have 


(4.8) 




dxdt 


sc(E 

fee z 


{<? 

2A£ 


+ Af 2 ^(A£/3 fc M + 7 fc M ) 2 + At 1+ 



We remark that here we choose k £ Z since we consider the periodic boundary con- 
ditions. In our numerical example, we will choose, with 7 k given by (4.7), 


o-fc(t) = Ik 2 ilk > 0, k £ Z, 

o-fc(t) =7fe /2 , \k\<M, 
0, \k\ > M, 


M 


(t) = 


which implies that 


Wk(t ) | < Pk, where = y^ 2 , |fc| < M, 
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and 

Wk{t) - Vk(t)\ < , where af = ^ k /2 , \k\ > M. 

We first observe that for sufficiently large M the convergence order of the L 2 
norm of the error in (4.8) is dominated by 0(Af s ( 1+ s . In fact, we will choose 
M = J where J is sufficiently large. Then the first term of the right side of (4.8) 
satisfies, with A*, = (2ir fc) 2 , k € Z, 


E 

fee z 


KO 2 

2A? 


= E 

i> 

/ 

( 


(of) 2 

2A? 


|fc|>M 

< c 


<c 


1 


\o 
' A » 


1 


= c 


(M+ 1) 2 “ 

1 


+ 


'M+l 
1 

(M + 2) 2 « 

1 


v M+2 


(J+l) 2 “ (J + 2) 


The second term of the right side of the error in (4.8) is 0(At 2 ). Hence for sufficiently 
large J, the convergence order of the L 2 norm of the error in (4.8) is 0(Af (K 1+ ° . 

We now consider two cases 77 = —1/2 and ri = 1 in (4.7). For n = —1/2, we 
may choose d = 0 which implies that the convergence order of the L 2 norm in (4.8) 
is 0(Af3( 1+ 3) - ^)) = 0(At3 (1_ ^)). Indeed, a = 0 satisfies (1.15), that is, 


5 M 


=7 1 /2 = i*r 


2rx+l + g 


\k \~~ e/ 2 < |/c|- 5 


For ri = 1, we may choose a = 1/2 — e ( since 0<d<l/2) with arbitrarily small 
positive number e which implies that the convergence order of the L 2 norm in (4.8) 
is 0(Af^ 1+ § “ 2 ^^) = 0 (At 2 ( 1- a)) ^ 0(At 1 / 2 ). Indeed, in this case, a = 1/2 — e 
satisfies (1.15), that is, 

Ph = 7 i /2 = I < |fc|- 5 . 


Thus we have, by Theorem 2.1, the following error estimates, with 1/2 < a < 1 and 

n = -1/2, 

(4.9) ||u — u\\L 2 (n,L 2 ((o,T),H)) < C(Af 2 ( 1 - 2 s)) ) 

and, with 1/2 < a < 1 and 77 = 1 

(4-10) ||u — u||L 2 (n,L2(( 0 ,T),i7)) < C(At 1//2 ), 

where the norm is measured in L 2 both for time and space. In particular, when 
a = 1, 77 = —1/2, we have 

\\u — u\\l 2 (Q,l 2 ((o,t),h)) < C/At 1 / 4 ), 


which is consistent with the standard time discretization error for the stochastic heat 
equation driven by space-time white noise, see, e.g., [35]. 

In our numerical experiment below, we choose f(u) = u — u , u o(x) = sin(27rai), 
and e = 1. See the simulation of this problem for a = 1 in [30]. We will consider 
the error estimates ||u(f„) — u(t n ) \\ l 2 (Q, H ) a t time t n . We hope to observe the same 
convergence order as in (4.9) and (4.10). 
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A plot of the error at T=1 against log2 (A t), with r=— 1/2 



Fig. 1. A plot of the error at T = 1 against log2(At) with a = 0.8, r± = — 1/2 


To do this, we consider M = 100 simulations. For each simulation o; m ,rn = 

1.2.. .., M, we generate J independent Brownian motions = 0, 1, ... , J/2, — J/2+ 

1. . . . , — 1 and compute uj(t n ) ~ u(t n ) at time t n = 1 by using the different time step 
sizes. We then compute the following L 2 norm of the error at t n = 1 for the simulation 

IP. — 1,2,..., 1H, 


^(At,,cij m ) — c(At^, w m , t n ) ||zij(t n ,w m ) uref(t n ,w m )|| , 

where the reference (“true ”) solution uref (t n ,ui m ) is approximated by using the time 
step A tref = T /Nref and Jref = J. We then average e(A f,, w m ) with respect to w m 
to obtain the following approximation of || uj(t n ) — uref(t n )||£ 2 (Q i #) for the different 
time step size Aij, 


^ 1/2 ^ 1/2 
S'(Atj) ^ ] e (A ^ w m) uref(t n , w m ) || ^ 

m=l m=l 

For example, in the case a — 0.8, r, = —1/2, the convergence rate against the time 
step size is 0 (At 2 ^ 1 ~ 2 s'>) = 0(At 3 / 16 ), i.e. , with some positive constant C, 

S(AU) » CAtf 16 , 

which implies that 

\og{S{Ati)) « log(C) + ^ log(Atj), * = 1, 2, . . . , 7. 

16 

In Figure 1, we consider the case a = 0.8, n = —1/2 and plot the points 
(log(Ati),log(S(Ati))),i = 1,2, ...,7 and we observe that the experimentally de- 
termined convergence order is higher than the theoretical order in this case. Here the 
reference line has the slope /h . 

In Figure 2, we consider the case a = 0.8, r\ = 1 and in this case the theoretical 
convergence order with respect to the time step size is O^At 1 / 2 ). We plot the points 
(log(Aij), log(S(Atj))), i = 1, 2, . . . , 7 and we observe that the experimentally deter- 
mined convergence order is also higher than the theoretical order in this case. Here 
the reference line has the slope 1/2 . 

In Figure 3, we consider the convergence rate against the different J . Choose 
fixed time step At = T/N t with N t = 10 4 . We then consider the different J = 
Jref * (jr, . . . , where Jref = 2 10 . 

We will first generate the reference Brownian motions 

(4.11) 0 = 0,1,2,..., Jref/2, -Jref/ 2 + 1, ■ ■ • - 1 
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A plot of the error at T=1 against log2 (A t), with r=1 



Fig. 2. A plot of the error at T = 1 against log2(At) with a = 0.8, r\ = 1 


A plot of the error at T=1 against J 



Fig. 3. A plot of the error at T = 1 against the J with a = 0.8, r i = 1 


for computing the reference ( “true” ) solution uref. When we consider the approximate 
solution u with J truncated terms, we will use the Brownian motions /3 = 
0, 1, 2, . . . , J/2, - J/2 +1, 1 from (4.11). 

In Figure 3, we consider the case a = 0.8, 7+ = 1 and plot the L 2 norm error 
against the different J where the L 2 norm error are approximated by using M = 100 
simulations. We indeed observe the spectral convergence with respect to the different 
J. 


Appendix In the Appendix, we shall provide the proof of Theorem 2.1. To do 
this, we need the following lemma. 

Lemma 4.1. Let 1/2 < a < 1 and 0 < a < 1/2. We have 

p OO 

/ 2 r 2(5 +“) (1 - e~ x2aAt ) dx < CAt l+ i~^ . 

Jo 

Proof. With the variable change y = x 2a A t, we have 


-2(5+0!) 


cc (1 - e“ x “ At ) da; = CAf 1+ s-5s 


1 — e~ y 


,,2+2-iA 


i ~dy 


It is easy to see that, with a e (1/2, 1], 


l-e~ v 


h y 




— dy < C. 


Further, we have 


1 - e~ y 


>o y 


2+S-» 


dy 


< C 


to y 


2+S- 


— dy < C 


>o y 


i+^-. 


dy < oo. 
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if 1 + I - h < !> i-e-, o < 5 < i/ 2 . 

Together these estimates complete the proof of Lemma 4.1. 

□ 

Proof. [Proof of Theorem 2.1] 

Subtracting (2.2) from (2.1), we have 


u(t, x) — u(t, x) 

rt /*! 


o Jo 


G a (t- s,x,y) dW (s, y) — 

t P 1 

G a (t- s,x,y) dW (s, y) - 


o Jo 


L J o Jo 

t pi 


G a (t - s,x,y ) dW(s,y) - 

L Jo Jo 
= Fi(t, x) + F 2 {t,x), 


G a (t — s, x, y) dW(s,y) 

t r l 

G a (t — s,x,y) dW ( 5 , y) 
G a (t- s,x,y) dW(s,y) 

0 Jo 


/o Jo 

pt pi 


where, with rjk,i and Xi(t) defined as in (1.9), 

dW(s,y) = d dsdy = [ Y a k(s)e k (y) d/3 k {s)dy, 


dsdy 
d 2 W (s, y) 


k= 1 


dW(s,y) = Q s Q lV dsd y = \^Z a ^{ s ) e k{y) d/3k{s)dy, 


dsdy 

dW(s,y)= 9 ^ ^ dsdy = [ 5Z ( s ) ( 53 ^r»( s )) e fc(y) dsd V ■ 


k= 1 


dsdy 


k= 1 




Thus 


f f \u(t, x) — u(t, x)\ 2 dxdt < CE f f F 2 (t,x)dxdt 
Jo Jo Jo Jo 

+ CE f ( F 2 {t,x) dxdt = C(I + II). 

Jo Jo 


E 


For /, we have, by using isometry property and (1.14), with G a (t — s,x,y) = 

£r=i 


pT pi 


I = E 


/o Jo L Jo Jo 
pT pi pt r l 


G a (t — s, x, y) dW (s, y) — / / G a (t - s, x, y) dW(s, y) 


o Jo 


dxdt 


f f f \f Gnit- s ’ x ,y)(^2(< J k{s) - a^is^ekiy)) dy 
JO JO JO L J0 v k=l y 

pT pt oo 


dsdxdt. 


pT 00 


53 e 2( * S)K ( a k) 2 dsdt = I 53 ^^ ( a kY dt < c Y^( a k) 


-2 1\? 


'0 JO 


1 / ,M\ 2 


k= 1 


fc= 1 


2A? 


fc=i 


2Af 
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For II, we have 



+ 


ti /*! 


t /*! 


rh r 1 -| 2 

I / G a (tj - s,x,y) dW(s,y) 
o Jo J 


G a (tj - s,x,y)dW(s,y) - I I G a (tj - s,x,y) dW(s,y) j dxdt 
L J o Jo Jo Jo J J 


( 4 . 12 ) 

< 3 (J/i+/ 7 2 +JJ 3 ). 

For II2, we have, by isometry property, 


W 2 =eE f f f f Ggfa - s,x,y)(^a% I (s)e k (y)dy) d/ 3 k (s) 

j = 0 "'b ;=o "'° fc=i 


i- 1 /-l 

E/ jo 

1=0 J fl J ° 


dxdt 


j o G a {tj - s, a;, y) ^ erf (s)e k (y) dyds^ d/3 fc (s)) 

rtj + 1 flF) /■ti + i , /*1 , 00 . 

/ / 55 / {/ - s,x : y)(j2 <7 k{s)e k {yYj dy 

j = 0 Jt i 1=0 Jt ‘ 1 J ° K k = 1 

J t J G a (tj ~ s,x,y)( y^ j a k I (s)e k (y)] dyds j dsdedt 

Vt-l ,lj-l /-t i+1 1 /-ti+i /-I 00 

55 / / 55 / iAt / [/ - s >®>y)( 55 c 7 fc f ( s ) efc ( 2 / )) d y 

j — 0 ^ tj ^0 /_ -o •'iz •'t* •'O 1 — 1 


fc=l 


« 1 00 2 

- J Gg{tj-s,x,y)(^^a k I {s)e k {y) s jdy dsj dsdxdt 


fc=i 

At-i ,t j+1 i-i ,t I+1 00 


LLY /■ I i+1 i 1 /Vi+i AY r 1 / , *i+i r 

e/ e/ eC/ r 

j=0 "'u 1=0 Jt ‘ fc= 1 1/41 

AW yt i+ 1 W yt I+1 ^ e -2Afci3 r /Wl r 

I. w /, At 2 


( s ) - 




(s) dsj 


dsdt 


j = 0 •'b 1=0 Jtl 


fc= 1 


’ A?s crf (s) - e^Vf (s) dsj 


dsdt. 


By ( 1 . 14 ), we have, with some Cn ?; 2 which lie between s and s, 


< 

< 


e A ^f (s) - e A ^af (s~) 
(A^e ^ 1 At) erf (s) + e 

= (e^ s - e A ?*)<r"(s) + e A Z>f (s) - af ( 5 ) 
AS *((*kW))Ai 

\ k e x k tl+1 pjf At + e A ^‘+ 1 7 f A t 

<e A ^(Af 3 f + 7 f)At. 


306 


FANG LIU etal 290-309 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


18 


FOURIER SPECTRAL METHODS FOR SPDEs 


Hence 
1 1-2 < 


N JZ} fh + 1 izl /■*!+! _ 22 _ g-2A m r 


rh + 1 " , fR+i 2±L 

£ (, £ AC 


j=0 •'D 1=0 Jt ‘ k= 1 

/-D+i cb 00 

< A! 2 E / [ 


e "£*w(AJA"+ 7t ") 2 At' 


dsdt 


j = 0 ■) 


OO 2 00 r 

(^kPk + Ik) dsdt < CAt 2 55 (Afc/3 k + Ik) 


k=l 


k=l 


where we use the inequality e 2A Ab *f+i) < 1 for l = 0, 1, 2, . . . , j — 1. 
For II± i we have 


// 1= e55 


IVt-l ,t,+i /.l „ ft r 1 


J=0 ■'0 JO 


G a (t — s,x,y) dW(s,y) — f [ G a (t - s,x,y) dW(s,y) 

Jo Jo 


dxdt 


N t-l r t j+1 r 1 „ r ti fl 

< 2E 55 


j=o •'Q ^0 Jo 


+ 2E 55 


In pt /*! 


j=0 ^ ® Jtj Jo 


G a (t — s, x, y) — G a (tj — s, a;, dVF (s, j/)] 2 dxdt 

G a (t — s,x,y) dW(s, y)] 2 dxdt = 2(Il\ + Ilf). 


For III, we have, by the isometry property and (1.14), 


-Yt-l r t j+1 r tj oo 2 

' / J5 (aj^(s)) 2 dsdt 

j=0 ■ ,t i k = 1 


^ = E 

3=0 

Nt-1 r t i+ j oo 


) 00) 

1 '*_- L r z j + i ^ /* c j / x 9 

< 55 / E(^) 2 / (e- X * {t ~ s) - e- A S (t '- 8 >) dsdt 

x — n J t-i i . — i J 0 


J— 0 L 0 k=l 


Note that 

J*’ ( e - A ^‘- s) - e 

Hence, we have 

At — 1 ftt+i , oo 


) 2 ds= /V 2A ^>(: 

L - e A * ( b' 4) V ds 

'Jo ' 

J 


2 g-2A g(t-tj) _ g- 

2A“ 


2 A£t (l — e b) j 


2AS 


, fl - e _A ^ ( * _ b)'\ oo f 1 — g— At\ 

/J i < E / (E(^ M ) 2 ) - — 2 a 5 — ~ dt - C E(^ M ) 2 v ' 


j=0 k= 1 

By (1.15) and Lemma 4.1, we have 


fc=i 


2A? 


oo ^ — e 

III <Cj2k- 2& ± ^ —<C I x~ 2{&+a) (l - e-°° 2aAt ) dx < CAt 1+ i~^. 

k = 1 


For Ilf, we have, by isometry property and (1.14) and (1.15), 
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III = E E 


N t -1 r tj + 1 r l r t nl 


j — 0 JO Jtj Jo 


= £ 

=0 

N t -1 rtj+i 00 


G a (t~ s,x,y) dW (s, y) 

N t - 

E e _ 2 A * { t - s ) K ( s )) 2 dsdt < e 


dxdt 


< C 


j = 0 k = 1 

■oo ^ __ e ~2x 2a At 


E (V 25 e- 2A ^- s > 

1 g _ 2/ ^fc N 


iVt-l f t j+ i oo -2AgAt x1 EE r ,-\-p-2K At \ 

- C T - l . )]*- c S [*-( Me —) 


fc=l 

/*oo 

dx<C x~ 2{&+a) (1 - e -® 2 “ At ) 
Jo 


'0 


/2 j 2 q;-|- 2 q' 

By Lemma 4.1, we have 

(4.13) Ilf < CAt 1+ «-^. 

Similarly we may show, with 0 < a < 1/2, 

II 3 < CAt 1+ «~^. 

Together these estimates complete the proof of Theorem 2.1. 
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Abstract 

We investigate a new kind of anti-periodic type boundary value problems of sequential fractional 
differential equation of order q 6 (2,3]. We make use of Banach’s contraction mapping principle 
to obtain the uniqueness result while the existence of solutions is established via Krasnoselskii’s 
fixed point theorem and Leray-Scliauder nonlinear alternative. The paper concludes with some 
illustrative examples. 

Key words and phrases: Fractional differential equations; sequential; antiperiodic.; existence; fixed 
point 

AMS (MOS) Subject Classifications: 34A08; 34A12; 34A37 


1 Introduction 

Boundary value problems constitute an important field of research and arise in several disciplines such 
as applied mathematics, control theory, mechanical structures and physics. The literature on the topic 
ranges from theoretical aspects of existence and uniqueness of solutions to analytic and numerical 
methods for finding solutions of the problems. Linear and nonlinear, singular and nonsingular, well- 
posed and ill-posed, local and nonlocal, free and fixed problems are well known types of boundary value 
problems. In relation to the boundary conditions, considerable attention has been given to two-point, 
multi-point, periodic/anti-periodic and integral boundary value problems. In particular, anti-periodic 
boundary conditions are found to be quite significant and important in the mathematical modeling of 
certain physical processes and phenomena, for example, wavelets, physics, trigonometric polynomials 
in the study of interpolation problems, etc., for example, see [1] and the references cited therein. 

Differential and integral operators of fractional-order appear in the mathematical modelling of several 
phenomena occurring in engineering and scientific disciplines such as biological sciences, ecology, control 
theory, aerodynamics, fluid dynamics, polymer rheology, regular variation in thermodynamics, etc. For 
more details and explanation, for instance, see [2, 3, 4]. The interest in the study of fractional-order 
operators is mainly due to nonlocal nature of such operators which takes into account memory and 
hereditary properties of some important and useful materials and processes. 

In recent years, fractional-order boundary value problems involving a variety of boundary conditions 
have been studied by several researchers. For details and examples, we refer the reader to a series of 
papers ([5]-[10]). For some works on sequential fractional differential equations, for example, see ([11]- 
[15]). 

Anti-periodic boundary value problems of fractional-order have also been investigated in the lit- 
erature ([16]-[19]). However, the study of sequential fractional differential equations equipped with 
anti-periodic boundary conditions has not been investigated yet. 

In this paper, we consider a nonlinear anti-periodic boundary value problem of sequential fractional 


310 


Ahmed Alsaedi et al 310-317 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


A. Alsaedi, M.H. Aqlan, B. Ahmad 


differential equations given by 

( ( c D q + k c D q - 1 )u(t) = /(t,u(i)), 2 < <7 < 3, 0 < t < T, 

(!) 

[ a.ju(0) + 7 iu(T) = a, a 2 u'(0) + yiu'(T) = b, a 3 u" (0) + j 3 u" (T) = c, 

where c D q denotes the Caputo fractional derivative of order q , a,, 7 ,, ( i = 1,2,3 ),a,b,c € I, k € 
and / is a given continuous function. 


2 Preliminaries and an auxiliary lemma 

First of all, let us recall some basic definitions [2, 3]. 

Definition 2.1 The fractional integral of order r with the lower limit zero for a function f is defined 
as 

rm= f Jr) l (t -l')'- '**’ * >0 - r>0 - 

provided the right hand-side is point-wise defined on [ 0 , 00 ), where T(-) is the gamma function, which is 
defined by F(r) = / 0 °° t r ^ 1 eT t dt. 

Definition 2.2 The Riemann-Liouville fractional derivative of order r > 0, n — 1 < r < n, n G TV, is 
defined as 

where the function f(t) has absolutely continuous derivative up to order (n — 1 ). 

Definition 2.3 The Caputo derivative of order r for a function f : [0, 00 ) — t R can be written as 

( n_1 A \ 

c D r m = D r 0+ /(*)-Em /W(0) ’ * >0 ’ n ~ 1 < r < n - 

\ k=0 / 


Remark 2.4 If f(t) G C”[0, 00 ), then 

1 f* f (n) {s) 


c D r f(t ) = 


-ds = I n ~ r fM(t ), t > 0, n - 1 < q < n. 


i'(« r)./ (l (t- s y+ 1 - 

The following lemma plays a pivotal role in defining the solution for problem (1). 


Lemma 2.5 Let h G AC([0, T]), ffi). Then the following linear boundary value problem 
( ( c D q + k c D«- 1 )a(t) = h(t), 2 < q <3, 0 <t<T, 

\ oiu(0) + 7 im(T) = a, a 2 u'(0) + j 2 u'(T) = b, a 3 u"(0) + -f 3 u"(T) = c. 


( 2 ) 


is equivalent to the fractional integral equation 

u(t ) =vi{t) + J e~ k(l - s) (^j h{x)dx S jds + n 2 {t) J er k{T ~ s) (^j h(x)dx^ds 

r T it — ci «- 2 r T it — 

+, ' M l TTFV‘ <>l ‘ is + M() /o TT^r hi ’ )d ‘' 

( 3 ) 
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where 


,.s « 7 i Tb 

M*) = -T- ~ 


^-(a 3 «, + m 37 , t) 

•».«) = / H s '-—)-Tt( 7 ‘-¥) 

0 3A1 v 73 / A1A2 v ds J 


-kt 


+ 


+ 




Aj AjA 2 fc 2 AiAo ^ 3 V ' 1 J k' 2 S 3 Ao V" 1 kS 3 . 

S 3 "fi \ *7i T ( 6273 \ "f 3 e~ kt , kt / ^73 A 

+ aA 72 “^t> 


_ -^173 71 T f s 273 a , 

^ ] /--A A, AiAo V S 3 /2 ) + 


73 e 


^3 ' & 3 Ao 

kt / / 'I'-iTs 


+ T- 


73 e 


kS 3 A2 V ^3 

—kt 


\~J 7 ~ 12 ) 


j 3 S 2 t 


k\iS 3 Aj 

es, ks s \y 

$i = a i + "f^e kT , i = 1,2, 3 , ^3 ^ 0, Ai = aj + 7 j ^ 0, A 2 = 07 + 72 7^ 0. 

Proof. Rewrite the equation ( c D q + k c D q ~ 1 )u(t) = h(t) as 

c D q - 1 {D + k)u(t) = h(t). 

Applying the operator / 4-1 on both sides of (6), and solving the resulting equation, we get 


t(t) =A 0 e- kt + A 1 + A 2 t + j e- k(t - s '>I q - 1 h(s)ds, 

Jo 


where Aq, A\ and A 2 are arbitrary constants and 


19 1/l ^ = j 0 ^r(g -i) h ( x ) dx - 

Differentiating ( 7 ) with respect to t, we obtain 

u\t) = -kA 0 e- kt + A 2 -k f e kil *’/■' ' h(»)ds + I q ^h(t), 

Jo 

u"(t) = k 2 A 0 e- kt + k 2 / e - fc(t - a) / 9 - 1 /i(*)da - kl^hit) + I q -' 2 h(t). 

Jo 

Using the boundary conditions of ( 2 ) in ( 7 )- ( 9 ), we get 

Aq + Ai^ 4 i + Az'yiT + 71 f e s )j^ 1 h(s)ds = a, 

Jo 

nT 

—kSoAo + A 2 A 2 + 72 ( — A: J je^ T - t) I q - 1 h(a)d B + I q - 1 h(T))=b, 

nT 

A 0 k 2 S 3 + -f 3 (k 2 j e h{T s l q 1 - kI q ~ 1 h(T) + I q ~ 2 h{T)^ = c. 

Solving the system ( 10 )-( 12 ) for A 0 , A 1 and A 2 , we find that 

A ° = k%{ C ~ 73 ( k2 Io 7 ‘ (Hfrl,1 ( s ) (,s “ kI q - lh (T) + / 9 - 2 h(T))}, 

Ai = -- ) _ ( Sl + S ' 2llT) V 

' 1 Ai KX^J lW 3 Aj MsAjAji 


+ 


7i T 

fj2k _ 

kS 2 "f 3 \ 

- f 

Ai 1 

V A 2 

6 3 X 2 ) 

X J Jo 


( 4 ) 


( 5 ) 

( 6 ) 

( 7 ) 


( 8 ) 

(9) 

( 10 ) 

(ID 

( 12 ) 


(Sil^ TiT/^73 _ 72 )) iq -i h(T] + ( ^73 ^737iT A Jg - 3/l(r) 

\k63\1 Ai U3A2 A2 7 / 1 J + \k*6 3 \ 1 kS^Xo) [ 
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- A , S ' 2C , 

A 2 k() ?l \‘2 ^ Ao 


kS 073 

^3^2 


e -k(T-s) lQ - l h ( a)ds 


^273 

^3-^2 



^273 

kS^X-2 


I q -' 2 h{T), 


where we have used (5). Substituting the values of .4o, .4i and .4o in (7) and using the notations (4), 
we obtain the solution (3). By direct computation, it is easy to show that (3) satisfies the problem (2). 
This completes the proof. □ 


3 Main Result 

Let C = C'([0,T],K) denotes the Banach space of all continuous functions from [0, T] — > ffi endowed 
with the norm defined by ||u|| = sup{ (/(/ ) , / E [0, T]}. 

Via Lemma 2.5, we transform the problem (1) to an equivalent fixed point problem as 

u = Hu, (13) 


where H : C —*■ C is defined by 

(Uu)(t) =v 1 (t) + J f(x,u(x))dx^ds 

+V2{t) J e- k(T - s) (^j f(x,u(x))dx^jds 

+” 3 (t) f(s,u(s))ds + u 4 {t) -^-—^-f(s,u{s))ds. 

Notice that the problem (1) has solutions if the operator equation (13) has fixed points. 

For computational convenience, we set 

n = „ 1]n \ t q ~H l~e- kl ) \,Mt)\T q -\l-e- kT ) hWI ^- 1 \Mt)\T q -' 2 } 

i€[0,T] l kT(q) kT(q) T(q) T(q - 1) /' 


(14) 


(15) 


Now we are in a position to present our first result which deals with the existence of a unique solution 
of the problem (1) and is based on Banach’s contraction mapping principle. 


Theorem 3.1 A ssume that f : [0, T] x M — » ffi is a continuous functions satisfying the Lipschitz 
condition: 


(Ai) there exists a positive number i such that \f(t,u) — f(t,v ) ] < l\u — «|, \/t E [0, T], u,v E M. 
Then the problem (1) has a unique solution on [0, T] if l < 1 /Q, where Q is given by (15). 


Proof. Let us fix r > 


QM + ||vi | 


, where sup fG j 0 T j |/(f, 0)| = M and Q is given by (15), and define 

1 

a, set B r = {u E C : ||u|| < r}. In the first step, we show that HB r C B r , where the operator H is 
defined by (14). For any u E B r ,t E [0, T], we have 


\f(t,u{t))\ = | f(t,u(t)) - f(t, 0) + fit, 0)| < | /(£,«(£)) - fit, 0)| + |/(£, 0)| 

< t\\u\\ + M <tr + M. 


Then, for u E B r , we obtain 


||(tt«)ll < sup \\Mt) 1+ [ e- k{t ~ s) 

te[o,T] 1 Jo 


( J 0 ^r(o-l) I fix, u ix))\dx^ds 
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+ M*)l e k(T S) (J o \f( x ’ u ( x ))\ dx )ds 

r T it _ s i«- 2 r T it - i 

+ J o r ( a - 1 ) l/( s ^( s ))l rfs + M*)l J o -j^3^-|/(s ! M(s))|ds.} 

< (i r + M ) sup { [‘ e- kit - s) ( [‘ ^- X) *~ dx)ds 

te[o,T] ( Jo V; o r(«-i) j 


+ Mol l T WVTT dx ) d ‘ 

+ l " l(1|| /„ ( r(»-i) lU + ^l ( r to -2) <*»•} + IMI 

< {tr + M)Q +\\vi\\<r. 

This shows that BB r C B r . Next we show that the operator B is a contraction. Let u,v G C. Then 

W'Hu-'HvW < sup { f ,e k ( ts Uf ^—^——\f(x,u(x))-f(x,v(x))\dx]ds 
te[o,T] ( Jo o r(«-l) J 


+ wmj e k{T S) (J ^ f(x, »{■'■)) - /( X, v(x)) dx'j ds 


. , s . r T (t — s) 9-2 

+ M*)l 

■Jo 

+ \Mt)\ [ 

Jo 


T(q-l) 
T (T — s) q ~ 3 

r (q ~ 2) 


ds 


/(•%«(*)) - /(s f w(s))| 

/(«: «(«)) - f(s,v(s)) dsj 


< || u — V ||, 

where we have used (15). By the given assumption: (. < l/Q, it follows that the operator B is a 
contraction. Thus, by Banach’s contraction mapping principle, we deduce that the operator B has a 
fixed point, which equivalently means that the problem (1) has a unique solution on [0, T], □ 

Now we show the existence of solutions for the problem (1) by means of Krasnoselskiis fixed point 
theorem, which is stated below for the reader’s convenience. 


Lemma 3.2 (Krasnoselskii ’s fixed point theorem [20]) Let y be a closed bounded, convex and nonempty 
subset of a Banach space X. Let ip\,ip 2 be the operators such that (i) (fiiyi 4- (p 22/2 G Y whenever 
yi,y 2 E Y; (ii) is compact and continuous and (in) ip 2 is a contraction mapping. Then there exists 
y € y such that y = ipyy + tp 2 y. 


Theorem 3.3 Let f : [0, T] x ffi. — ► ffi be a continuous function such that \f(t,x)\ < g(t), \/(t,x) G 
[0,T] x M, where g G (7([0, T], ffi + ), with sup fg j 0T j \g(t)\ = ||g||. In addition, it is assumed that < 1, 
where 


Q 1 


= sup 
te[o,T] 


\v- 2 {t)\T«- l (l-er kT ) \v 3 (t)\T« 


kT(q) 


+ 


r (q) 


T(q-l) J' 


(16) 


Then the problem (1) has at least one solution on [0, T]. 


Proof. With r > Q\\g\\ + ll^i II ( Q is given by (15)), we define operators B\ and B 2 on B r , = {u G C : 
IMI < 1} as follows 

(B 1 u)(t) = j e - k{t - s) ( j f{x,u(x))dx^ds, 
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{'U-2u){t) =vi(t) + v 2 (t) J e k(T s) (J 


'■ s (« _ r )Q~ 2 \ 

r ^‘_ 1 ) /(• x, u(x))dx]ds 

9-3 


r T (T _ s 19-2 fT trp _ \q-3 

+"3(t) ^ f{s,u(s))ds + v A (t) T ( q _2) f( s Ms))ds. 

For u,v G B f , it is easy to verify that \\Hiu + ’H 2 v\\ < Q||<?|| + ||r'i|j. Thus, Hiu + Hiv E B, . Using the 
assumption (Ai) and (3. 3), one can get \\H 2 u — ’H 2 v\\ < £Qi || u — v |], which implies that the operator H .2 is a 
contraction in view of the given condition: £Q 1 < 1. 

Continuity of / implies that the operator Hi is continuous. Also, 'Hi is uniformly bounded on Bf as 


W'HmW < 


(1 — e~ kT )T 


kT\rpq- 1 I 


kT(q) 


Finally, we establish that the operator 'Hi is compact. Letting sup (< u .) 6 [ 0 t]xb, , \f{t,u)\ = fr, for ti,ti € [0, T], 
we have 


\\('Hiu)(t 2 ) - ('Hiu)(ti)\\ 


< fr 


1 —kto -kt- 

e — e 




■ 0 as 1 2 — ti — t 0, 


independent of u. Thus the operator Hi is relatively compact on Bf. Hence, by the Arzela-Ascoli Theorem, the 
operator HLi is compact on Bf. Thus all the assumptions of Lemma 3.2 are satisfied. In consequence, by the 
conclusion of Lemma 3.2, the problem (1) has at least one solution on [0,T]. □ 

In our last result, we prove the existence of solutions the problem(l) by applying Leray-Schauder nonlinear 
alternative. 


Lemma 3.4 (Nonlinear alternative for single valued maps [20]). Let S be a closed, convex subset of a Banach 
space £, and V be an open subset of S with 0 E V. Suppose that A : V — > S is continuous and compact (that is, 
A(V) is a relatively compact subset of S) map. Then either 

(i) A has a fixed point in V, or 

(ii) there is a v E dV (the boundary of V in S) and A E (0, 1) with v = AA(n). 

Theorem 3.5 Let f : [0, T] x M — > M be a continuous function. Assume that 

(A3) there exist a function p E C([0, T], K + ), and a nondecreasing function i/> : R + — ► such that \f(t,x)\ < 

p(f)V’(NI), V(f, u) E [0, T] x R; 

(A4) there exists a constant M > 0 such that M/Q > 1, where 

Q = \Wi\\ + \\p\mm\)Q- (i7) 

Then the boundary value problem (1) has at least one solution on [0,T]. 


Proof. We complete the proof in several steps. Firstly we show that the operator T-L : C — ► C defined by 
(14) maps bounded sets into bounded sets in C. For the positive number r, let R, = {u E C : |]«|| < ?•} be a 
bounded set in C. Then, for u E B, ■ we have 


\('Hu){t)\ < \vi{t)\ + e k(t S) (f o ^r(g-l) \f( x ’ u ( x ))\ dx ) ds 

+ \Mt)\ e ~ k(T ~ 3 ) {J 0 ^F(g-l) \f( x ' u ( x '))\ dx ) ds 

r T (T — s) a ~ 2 f T (T — s) q ~ 3 

+ M*)iy o r (a _ 1} \f(s,u(s))\ds + \Mt)\J o r{q _ 2) \f(s,u(s))\ds. 


r pi Vi _ P ~ kt \ T q ~ 1 CI — p~ kT ) rpq - 1 rpq-2 

< I^WI + IMI0'(I|.|I){ - { mq) + 1^(01 * r(g) + + MOlirijri)}' 
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which implies that ||("H?i)|| < ||t'i(i)|| + ||p||</’( r )<3, where Q is given by (15). 

Next we show that B maps bounded sets into equicontinuous sets of C. Let fi,f2 £ [0, T] with t\ < 1 2 and 
u € B r , where R, is a bounded set in C. Then we obtain 


\(Bu)(t 2 ) - i)| < \vi(t 2 ) - m(t l)| 

(s-*)"” 2 


+ | j - e -*(* 2 -.)( J fU.ui.r))d.r)ds - / 1 - ; ‘ ( / ( r (g l ) i ) f{*M*))dx)ds 

+ \v 2 {ti) - v 2 {ti)\ J e_A(T_S) (/ ^r(g-l) \f( x ’ u ( x )')\ dx ) ds 


T 1^3 (^2 ) — Vs 


(0)1 r 

Jo 


(T-s) a ~ 
T(a — 1) 


-\f(s,u(s))\ds + |i/ 4 (t 2 .) - 1/4 


(*i)i r 

Jo 


(T - s) q ~ 3 


^i + ^k ^~^ + ^ e ~ kt2 


T(q-2) 
(1 _ 1)1 


\f(s,u(s))\ds 


ti )| + iW'(r)[ u e kT(q) > 


+ 


+ 


T q-2 e -kt x | 7s I , T 


q~ I' 


r («) 

T q ~ 2 1-1 (7263 -”/35 2 )T 
T(q) 1 1 A 2 <5 3 




1 — e 


- k(t 2 -ti ) 


) 




kr\ . q — 1 1 <^273 


+ 


A: I A372 


}' 


t 2 1 1 


Obviously the right hand side of the above inequality tends to zero independently of a £ B r as t 2 —ti — >• 0. As B 
satisfies the above assumptions, therefore it follows by the Arzela-Ascoli theorem that B : C — > C is completely 
continuous. The conclusion will follow form the Leray-Schauder nonlinear alternative (Lemma 3.4) once we 
have proved the boundedness of the set of all solutions to equations u = \Bu for A £ [0, 1]. Let u be a solution. 
Then, for t £ [0,T], and using the computations in proving that B is bounded, we have 


\ U (t)\ = \\(Bu)(t)\ < |iq 


(A) I + f 

Jo 


o — k(t—s ) 


(J o \f(x,u{x))\dx]ds 


T(q-l) 


+ \V2 


(t)\ e k(T S) ( j o ^r(g~!) \f( x ’ u ( x ))\ dx ] da 


+ \V3 


1 r 

Jo 


(T-s) a ~ 
T(a-l) 

< |^(f)| + ||p||V'(]N!){ 

In consequence, we get 


-\f{s,u{s))\ds + |i/ 4 


Wl f 

Jo 


(T - s) q ~ 3 

r (q ~ 2 ) 


\f{s,u(s))\ds 


t q ~ l (l - e~ kl ) . , ,.T q - 1 (l-e-~ kT ) , , m r 9-1 . . T q ~ 2 

fef(g) + fef(g) + |l/3Wl itf(g) + ^ Wl feT(g - 1) 


}■ 


IMil/flMI + IbllV’dMDQ] <i- 


In view of (Aj), there exists M such that ||u|| ^ M . Let us set U = {u £ C : ||m|| < M}. Note that the operator 
B : U — ► C([0,T],R) is continuous and completely continuous. Prom the choice of U, there is no u £ dll such 
that u = A B(u) for some A £ (0, 1). Consequently, by the nonlinear alternative of Lerav-Schauder type (Lemma 
3.4), we deduce that B has a fixed point u £ U which is a solution of the problem (1). □ 

Example 3.6 Consider the following anti-periodic fractional boundary value problem: 


( C D 3/2 + 2 c D 3/2 )u{t) = 


25 


+ e * cost, t £ [0, 2], 


u{ 0) + u( 2) = 1, k'(0) - (1/2)m'( 2) = 2, u"(0) + (l/4)u"(2) = 1, 


(18) 


where f(t,u(t)) = + e f cos t, T = 2, k = 2, 01 = 1, yi = 1, a 2 = 1, 72 = -1/2, a 3 = 1, 73 = 1/4, a = 

1, b = 2, c = 1. ITif/i f/ie given data, we find that the values of Q and Q 1 respectively given by (15) and (16) are 
Q ~ 7.557935, Qi ~ 6.513574. 
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(a) For the applicability of Theorem 3.1, we have that land = 1/25 as \f(t,u) — f(t,v)\ < — ?>| and 

IQ ~ 0.302317 < 1. Thus all the conditions of Theorem 3.1 are satisfied. Hence the conclusion of 
Theorem 3.1 implies that there exists a unique solution for problem (18)on [0,2]. 

(b) Observe that \f{t,u)\ < g(i) = ^g+e f cos t. with ||g|| = || andlQi ~ 0.260543 < 1. Thus all the conditions 

of Theorem (3.3) are satisfied. Hence, by the conclusion of Theorem (3.3), the problem (18) has at least 
one solution on [0,2]. 

(c) Obviously \f{t,u)\ < 1/25 + e _i cosi t. Taking i/-'(||u||) = 1, p(t) = 1/25 + e _i cos t, we have Q = ||i/i|| + 

||p|] (/’( |]M|| )Q ~ 13.224428 (Q is given by (17)) so that M > 13.224428. Thus all the conditions of 
Theorem 3.5 are satisfied. Hence it follows by the conclusion of Theorem 3.5 that the problem (18) has at 
least one solution on [0,2]. 
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ADDITIVE-QUADRATIC p-FUNCTIONAL INEQUALITIES IN FUZZY 

NORMED SPACES 

JUNG RYE LEE 1 , CHOONKIL PARK 2 *, DONG YUN SHIN 3 *, AND SUNGSIK YUN 4 


Abstract. Let 

: = ^f(x + y) - tf{-x-y) + fi(x-y) + )/(y-x ) - J(x) - f(y). 

Using the fixed point method, we prove the Hyers-Ulam stability of the additive-quadratic 
p-functional inequalities 

N(Mif(x, y),t) >N(pM 2 f(x,y),t) (0.1) 

where p is a fixed real number with \p\ < 1, and 

N ( M 2 f(x , y),t)>N (pMif(x, y), t ) (0.2) 

where p is a fixed real number with \p\ < |. 


1. Introduction and preliminaries 

Katsaras [19] defined a fuzzy norm on a vector space to construct a fuzzy vector topological 
structure on the space. Some mathematicians have defined fuzzy norms on a vector space from 
various points of view [15, 21, 48]. In particular, Bag and Samanta [3], following Cheng and 
Mordeson [ 11 ], gave an idea of fuzzy norm in such a manner that the corresponding fuzzy 
metric is of Kramosil and Michalek type [20]. They established a decomposition theorem of 
a fuzzy norm into a family of crisp norms and investigated some properties of fuzzy normed 
spaces [4], 

We use the definition of fuzzy normed spaces given in [3, 25, 26] to investigate the Hyers-Ulam 
stability of additive p-functional inequalities in fuzzy Banach spaces. 

Definition 1.1. [3, 25, 26, 27] Let A be a real vector space. A function N : A x M — > [0, 1] is 
called a fuzzy norm on A if for all x, y G X and all s, t G M, 

( N\ ) N(x,t ) = 0 for t < 0; 

( IV 2 ) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(IV 3 ) N(cx, t) = N(x, |1| ) if c / 0; 

(N 4 ) N(x + y,s + t) > min{7V(.x, s),N(y, t)}; 

(A 5 ) N (x, •) is a non-decreasing function of M and lim^oo N(x, t ) = 1. 

(Nq) for x / 0, N(x, •) is continuous on M. 

The pair (A, N ) is called a fuzzy normed vector space. 

The properties of fuzzy normed vector spaces and examples of fuzzy norms are given in 
[25, 28]. 

Definition 1.2. [3, 28, 26, 27] Let (A, N) be a fuzzy normed vector space. A sequence {x n } in 
A is said to be convergent or converge if there exists an x G A such that lim n _ > . 0O N(x n —x, t) = 1 
for all t. > 0. In this case, x is called the limit of the sequence { x n } and we denote it by N- 
linin-xx) x n = x. 

2010 Mathematics Subject Classification. Primary 46S40, 39B52, 47H10, 39B62, 26E50, 47S40. 

Key words and phrases, fuzzy Banach space; fixed point method; additive-quadratic p-functional inequality; 
Hyers-Ulam stability. 
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Definition 1.3. [3, 28, 26, 27] Let (X,N) be a fuzzy normed vector space. A sequence {x n } 
in X is called Cauchy if for each e > 0 and each t > 0 there exists an no £ N such that for all 
n > no and all p > 0, we have N(x n+V — x n , t) > 1 — e. 

It is well-known that every convergent sequence in a fuzzy normed vector space is Cauchy. If 
each Cauchy sequence is convergent, then the fuzzy norm is said to be complete and the fuzzy 
normed vector space is called a fuzzy Banach space. 

We say that a mapping / : X -A Y between fuzzy normed vector spaces X and Y is 
continuous at a point xq £ X if for each sequence {x n } converging to xq in X, then the 
sequence {f(x n )} converges to f(x o). If f : X -A Y is continuous at each x £ X, then 
/ : X — > Y is said to be continuous on X (see [4]). 

The stability problem of functional equations originated from a question of Ulam [47] 
concerning the stability of group homomorphisms. 

The functional equation f(x + y) = f(x) + f(y) is called the Cauchy equation. In particular, 
every solution of the Cauchy equation is said to be an additive mapping. Hyers [17] gave a 
first affirmative partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem 
was generalized by Aoki [2] for additive mappings and by Rassias [39] for linear mappings by 
considering an unbounded Cauchy difference. A generalization of the Rassias theorem was 
obtained by Gavruta [16] by replacing the unbounded Cauchy difference by a general control 
function in the spirit of Rassias’ approach. 

The functional equation f(x + y) + f(x — y) = 2f(x) + 2f(y) is called the quadratic functional 
equation. In particular, every solution of the quadratic functional equation is said to be a 
quadratic mapping. The stability of quadratic functional equation was proved by Skof [46] for 
mappings / : E\ — > E 2 , where E\ is a normed space and E 2 is a Banach space. Cholewa [12] 
noticed that the theorem of Skof is still true if the relevant domain E\ is replaced by an Abelian 
group. The stability problems of various functional equations have been extensively investigated 
by a number of authors (see [1, 5, 9, 10, 14, 22, 24, 29, 34, 35, 36, 40, 41, 42, 43, 44, 45, 49, 50]). 

We recall a fundamental result in fixed point theory. 

Theorem 1.4. [6, 13] Let (X,d) be a complete generalized metric space and let J : X -A X 
be a strictly contractive mapping with Lipschitz constant a < 1. Then for each given element 
x £ X, either 

d(J n x, J n+l x) = 00 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x , J n+1 x) < 00 , Vn > no; 

(2) the sequence {J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y £ X \ d(J n °x,y) < 00 }; 

(4) d(y, y*) < j^d(y, Jy) for all y&Y. 

In 1996, G. Isac and Th.M. Rassias [18] were the first to provide applications of stability 
theory of functional equations for the proof of new fixed point theorems with applications. By 
using fixed point methods, the stability problems of several functional equations have been 
extensively investigated by a number of authors (see [7, 8, 30, 31, 38]). 

Park [32, 33] defined additive p- functional inequalities and proved the Hyers-Ulam stability 
of the additive p- functional inequalities in Banach spaces and non- Archimedean Banach spaces. 

In Section 2, we prove the Hyers-Ulam stability of the additive-quadratic p- functional in- 
equality (0.1) in fuzzy Banach spaces by using the fixed point method. 

In Section 3, we prove the Hyers-Ulam stability of the additive-quadratic p- functional in- 
equality (0.2) in fuzzy Banach spaces by using the fixed point method. 

2. Additive-quadratic ^-functional inequality (0.1) 

In this section, we prove the Hyers-Ulam stability of the additive-quadratic p- functional 
inequality (0.1) in fuzzy Banach spaces. Let p be a real number with \p\ < 1. 

We need the following lemma to prove the main results. 
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Lemma 2.1. 

(i) If an odd mapping f : X -A Y satisfies 

N(M 1 f(x,y),t ) > N(pM 2 f(x,y),t ) (2.1) 

for all x, y £ X and all t > 0, then f is the Cauchy additive mapping. 

(ii) If an even mapping f : X -A Y satisfies /( 0) = 0 and (2.1), then f is the quadratic 
mapping. 

Proof, (i) Letting y = x in (2.1), we get N(f(2x) — 2 f(x),t) = 1 for all t > 0 and so /( 2x) = 
2 f(x) for all x G X. Thus 

/ (|) = i/M (2.2) 

for all x G X. 

It follows from (2.1) and (2.2) that 

N(f(x + y) — f(x) — f(y),t) = N(p (2f - f(x) - f(y)j ,t) 

= N(p(f(x + y) - f(x) - f(y)),t) 

for all t > 0 and so 

f(x + y) = f(x) + f(y) 

for all x, y G X by (JV5). 

(ii) Letting y = x in (2.1), we get N (j^f(2x) — 2 f(x),tj = 1 for all t > 0 and so /( 2x) = 
4 f(x) for all x G X. Thus 

/ (|) = (2.3) 

for all x E X. 

It follows from (2.1) and (2.3) that 

N + y ^ + \^ x ~y">~ _ /(y)> 

^(,( 2/ (T±1') +2/ (^)- /W _ /W ), t ) 

= N (p Q/(® + v) + -v)- f ( x ) - /(?/)) , f) 

for all t > 0 and so 

f(x + y) + f(x -y) = 2 f{x) + 2 f(y) 

for all x, y E X by (IV5). □ 

Using the fixed point method, we prove the Hyers-Ulam stability of the additive-quadratic 
/9-functional inequality (0.1) in fuzzy Banach spaces. 

Theorem 2.2. Let <p : X' 2 —> [0, 00) be a function such that there exists an L < 1 with 

p(x, y) < j(p (2x, 2 y) < ^ tp (2x, 2 y) (2.4) 

for all x, y E X. 

(i) Let f ■. X —>Y be an odd mapping satisfying 

N (Mif(x,y),t) > min | JV (pM 2 f(x, y),t) , ^ + * ^ j (2.5) 
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for all x, y G X and all t > 0. Then A(x) := iV-lim n _ ) . 0O 2 n f ( f n ) exists for each x G X and 
defines an additive mapping A : X Y such that 


N (f(x) - A(x),t) > 


(2 - 2 L)t 

(2 — 2 L)t + Lip(x, x) 


( 2 . 6 ) 


for all x E X and all t > 0. 

(ii) Let f : X -A Y be an even mapping satisfying /( 0) = 0 and (2.5). Then Q(x) := N- 
lim n _ > . 0O 4 n / ( Jf) exists /or each x e X and defines a quadratic mapping Q : X -A Y such 
that 


N(f(x) - Q(x),t) > 


(2 - 2 L)t 


(2 — 2 L)t + Ltp(x, x) 

for all x & X and all t > 0. 

Proof, (i) Letting y = x in (2.5), we get 

N(f(2x)-2f(x),t) > 

and so 


(2.7) 


t 


t. + <p(x, x) 


( 2 . 8 ) 

(2.9) 


for all x € X. 

Consider the set 

S:={g:X^Y} 

and introduce the generalized metric on S: 

d(g,h) = inf { y e M + : N(g(x) — h(x),yt) > Vx £ X, Vf > ol , 

l t + ip(x,x) J 

where, as usual, inf / = +oo. It is easy to show that (S,d) is complete (see [23, Lemma 2.1]). 
Now we consider the linear mapping J : S — > S such that 


Jg{x) := 2 g 


for all 

Let g, h G S be given such that d(g , h) = s. Then 

N(g(x) — h(x),et) > 


t + tp(x, x) 


for all x £ X and all t > 0. Hence 


N(Jg(x) — Jh(x), Let) = N (2g(^j -2h(^j ,Letj = N ^g(^j - h(^j ,^etj 


— Lt 


LL 

2 


> 


Lt 

2 


t 


2 +¥>(§,§) ^ + f<^(x,x) t + (f(x,x) 

for all x £ X and all t > 0. So d(g, h) = e implies that d(Jg, Jh ) < Le. This means that 

d(Jg, Jh) < Ld(g, h) 

for all g, h G 5. 

It follows from (2.9) that N (/(x) — 2 / (|) , for all x G X and all t > 0. So 

d(f,Jf)< i 

By Theorem 1.4, there exists a mapping H : X — >• Y" satisfying the following: 
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(1) A is a fixed point of J, i.e. , 


A (I)^2 A(X> 


( 2 . 10 ) 


for all x € X. Since f : X Y is odd, A : X -A Y is an odd mapping. The mapping A is a 
unique fixed point of J in the set 

M = {g <E S : d(f,g) < oo}. 

This implies that A is a unique mapping satisfying (2.10) such that there exists a/i£ (0,oo) 
satisfying 


N(f(x) - A(x),fit) > 


t 


t + tp(x, X ) 

for all x € X] 

(2) d(J n f,A ) -A 0 as n — > oo. This implies the equality 


N- lim 2 n f ( — ^ = A(x) 

n-s-oo \2 n J y 


for all x G X] 

(3) d(f,A) < jz^d(f, J/), which implies the inequality 


d(f,A)< 

This implies that the inequality (2.6) holds. 

By (2.5), 


L 

2 - 2L 


N ( 2 n Mi / ( J, , 2 "i) > min N ( 2 «M 2 / ( J, f ) , 2"t 


t + io(JL JL) 
^ I Y'v 2 n ’ 2 n / 


and so 


x y 


N 2 n M lf - , £ , t > min IV 2 n M 2 f - , £ , t , 


x y 


2 n’ 2 ny> 7 - V" V2"’2V ’7 ’£ + £¥>(*,*/)] 

t 

for all x, ?/ € X, all t > 0 and all n G N. Since lim, woo — A" , — - = 1 for all x, y E X and all 

’ £c + %nr<p(x,y) 

t, > 0, 

N (MiA(x,y),t) > N (pM 2 A(x,y),t) 

for all x,y £ X and all t > 0. By Lemma 2.1, the mapping A : X — > Y is Cauchy additive. 

(ii) Letting y = x in (2.5), we get 

t 


lvQ/(2x)-2/(x),t) > 


t + <^(x, x) 


and so 


7/m-4 /(!).‘)*TT^nrrii4i) 

for all x & X. 

Now we consider the linear mapping J : 5 — > S such that 


( 2 . 11 ) 

( 2 . 12 ) 


Jg(x) ■= 4 g 


for all x & X. 

Let g,h E S be given such that d(g , h) = s. Then 

N(g(x) — h(x),et) > 


t + tp(x, x) 
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for all x G X and all t > 0. Hence 


N(Jg(x) - Jh(x), Let ) = X ^4 g - Ah ^(0 , Letj = X (g - h (^0 , jet^j 


t 


Lt Lt 

> > = 

f + </>(§,§) % + k<p(x,x) t + <p(x,x) 


for all x G X and all t > 0. So d(g. h) = e implies that d(Jg, Jh ) < Le. This means that 

d{ Jg, Jh) < Ld(g, h) 

for all g, h G S. 

It follows from (2.12) that X ^/(x) — Af (|) , ^tj > t+ J) x for all x G X and all t > 0. So 

d(f,Jf)< i 

By Theorem 1.4, there exists a mapping Q : X -A Y satisfying the following: 

(1) Q is a fixed point of J, i.e. , 


Q (|) = 


(2.13) 


for all x G X. Since / : X — > Y is even, Q : X — >• Y" is a even mapping. The mapping Q is a 
unique fixed point of J in the set 

M = {g G S : d(f,g) < oo}. 

This implies that Q is a unique mapping satisfying (2.13) such that there exists a /./ G (0,oo) 
satisfying 

N{f(x) - Q(x), fxt) > 


t + (p(x, x) 

for all x G X; 

(2) d(J n f, Q) — >• 0 as n — >• oo. This implies the equality 


X- lim 4"/ f ^ = Q(x) 

n-s-oo J \2 n J y 


for all x G X; 

(3) d(f,Q) < jejjd(f, J f), which implies the inequality 

d(f,Q)< L 


2-2 L 


This implies that the inequality (2.7) holds. 
By (2.5), 


V | 4" Mi/ ( £, £) ,4”*) > min | IV («/ 2 / (±, ± ) ,4’tJ 


t 


and so 


x y 


N 4"Mi/ ,t >min X 4"M 2 / ,t , 


x y 


2 ,l ’2V’7 - ' “ 1 V' V2"’2V’V ’£ + £¥>(*,*/)/ 

t 

for all x, y G X, all t > 0 and all n G N. Since lim, woo — — jft — — - = 1 for all x, y G X and all 


t > 0, 


A+A <p(x,y) 


N (MiQ(x,y),t) > X (pM 2 Q(x,y),t) 

for all x, y G X and all t > 0. By Lemma 2.1, the mapping Q : X — > Y is quadratic. 


□ 


Corollary 2.3. Let 9 > 0 and let p be a real number with p > 2. Let X be a normed vector 
space with norm |j • ||. 
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(i) Let f : X — >• Y be an odd mapping satisfying 

N(Mif(x, y),t ) > min ( N ( pM 2 f(x , y),t ) 


t 


for all x, y G X and all t > 0. Then A(x) : = N- lim n . 
defines an additive mapping A : X -A Y such that 

(2 p - 2 )t 


* + 9(||x||p+||,,||p)J (2 ' 14) 

oo 2 n /(<pr) exists /or each x G X and 


N (f(x) - A(x),t) > 


(2 p - 2)t + 20\\x\\P 

for all x E X and all t > 0. 

(ii) Let f : X ^ Y be an even mapping satisfying /( 0) = 0 and (2.14). Then Q(x) := N- 
lim n _ ) . 0O 4 ”/(Jr) exists /or each x G X and defines a quadratic mapping Q : X — > Y" snc/i 
that 


N (/(x) - Q(x),t) > 


(2 p - 4)t 


(2P-4)t + 40||x||P 


/or all x & X and all t > 0. 

Proof. The proof follows from Theorem 2.2 by taking <^(x, y) := 0(||x|| p + ||y|| p ) for all x,y £ X. 
Choosing L = 2 1-p for an odd mapping case and L = 2 2 ~ p for an even mapping case, then we 
obtain the desired results. □ 

Theorem 2.4. Let : X 2 — > [0, oo) be a function such that there exists an L < 1 with 


(p(x,»)<2Lv>(|,|) <4L(p(|,|) 


(2.15) 


for all x, y G X .. 

(i) Let f : X —*■ Y be an odd mapping satisfying (2.5). Then A(x) := iV-liniji^oo ^f(2 n x) 
exists for each x G X and defines an additive mapping A : X — » Y such that 

N (/(x) — A(x),t) > — 

wv ' v h ’ ~ (2-2 L)t + <p(x,x) 

for all x G X and all t > 0. 

(ii) Let f : X — >• Y be an even mapping satisfying /( 0) = 0 and (2.5). Then Q(x) := N- 
lim n _ ) . 0O ^?r/( 2 n x) exists for each x G X and defines a quadratic mapping Q : X — > Y such 
that 


N{f(x) - Q(x),t) > 


(2 - 2 L)t 


(2 — 2 L)t + tp(x, x) 

for all x & X and all t > 0. 

Proof. Let (S, d ) be the generalized metric space defined in the proof of Theorem 2.2. 
(i) It follows from (2.8) that 

N (/(*) - ^tj > 1 


t + <^(x, x) 


for all x G X and all t > 0. 

(ii) It follows from (2.11) that 


N (/( x ) _ - 


t. + <p(x, x) 


for all x G X and all t > 0. 

The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


Corollary 2.5. Let 9 > 0 and let p be a real number with 0 < p < 1. Let X be a normed 
vector space with norm || • ||. 
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(i) Let f : X -A Y be an odd mapping satisfying (2.14). Then A(x) := A ? "-lim n ^. 0O ^f(2 n x) 
exists for each x G X and defines an additive mapping A : X — > Y such that 

N(f{x) - A(x) - t) - ( 2 - 

for all x e X and all t > 0. 

(ii) Let f : X -A Y be an even mapping satisfying /( 0) = 0 and (2.14). Then Q(x) := N- 
lim n _ ) . 0O ^/( 2 n x) exists for each x € X and defines a quadratic mapping Q : X -A Y such 
that 

N (f( X ) - Q(x),t) > 
for all x £ X and all t > 0. 

Proof. The proof follows from Theorem 2.4 by taking tp(x, y ) := #(||x|| p + ||y|| p ) for all x, y £ X. 
Choosing L = 2 P ~ 1 for an odd mapping case and L = 2 P ~ 2 for an even mapping case, then we 
obtain the desired results. □ 


3. Additive-quadratic ^-functional inequality (0.2) 

In this section, we prove the Hyers-Ulam stability of the additive-quadratic p- functional 
inequality (0.2) in fuzzy Banach spaces. Let p be a real number with \p\ < 

Lemma 3.1. 

(i) If an odd mapping f : X -A Y satisfies 

N(M 2 f{x,y),t ) > N(pMif(x,y),t) (3.1) 

for all x, y G X and all t > 0, then f is the Cauchy additive mapping. 

(ii) If an even mapping f : X — > Y satisfies /( 0) = 0 and (3.1), then f is the quadratic 
mapping. 

Proof, (i) Letting y = 0 in (3.1), we get N (2/ (|) - f(x),t) = 1 for all t > 0. So 

/ (|) = ( 3 . 2 ) 

for all x G X. 

It follows from (3.1) and (3.2) that 

N(f(x + y) - f{x) - f(y),t) > N ^2/ ~ f( x ) — f(y),t^j 

= N (p{f(x + y) — f{x) — f(y)),t) 

for all t > 0 and so 

f(x + y) = f(x) + f(y) 

for all x, y G X by (IV 5 ). 

(ii) Letting y = 0 in (3.1), we get N (4/ (|) — f(x),t ) for all t > 0. So 

/ = \f( x ) ( 3 - 3 ) 

for all x £ X. 

It follows from (3.1) and (3.3) that 

N (ff( x + v) + \f( x -y)~ f( x ) - 

> N (2/ (~Tp") + 2f (— i^-) — f{ x ) — f(y),tj 
= N (p + y) + \f( x -y)~ f( x ) - f(y)j , t) 
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for all t > 0 and so 

f(x + y) + f{x ~y) = 2 f(x) + 2 /( 2 /) 

for all x, y G X by (IV5). 


□ 


Using the fixed point method, we prove the Hyers-Ulam stability of the additive-quadratic 
p-functional inequality (0.2) in fuzzy Banach spaces. 


Theorem 3.2. Let p : X 2 -A [0, oo) be a function satisfying (2.4). 
(i) Let f : X -A T be an odd mapping satisfying 


N (M 2 /( x, y),t) > min N (pM 1 f(x, y),t ) , 


t + <p(x, y) 


(3.4) 


for all x, y G X and all t > 0. Then A(x) := A^-lim n _ > . 0O 2 n f (J^) exists for each x G X and 
defines an additive mapping A : X -A Y such that 


N (f{x) — A(x),t) > 


(1 ~L)t 

(1 — L)t + <p(x, x) 


for all x G X and all t > 0. 

(ii) Let f : X -a Y be an even mapping satisfying /( 0) = 0 and (3.4). Then Q(x) := N- 
lim n _ 5 . 00 4”/ ( Tpf) exists for each x G X and defines a quadratic mapping Q : X — ^ Y such 
that 


N (f(x) - Q(x),t) > 


(1 ~ L)t 

(1 — L)t + (p(x, x) 


for all x e X and all t > 0. 


Proof, (i) Letting y = 0 in (3.4), we get 

N ( /(x) - 2/ (| ) - ' f ) = N ( 2/ (I) - /(x) ' f ) - (3 ' 5) 

for all 

Consider the set 

S-.= {g:X^ Y} 

and introduce the generalized metric on S : 

d(g,h ) = inf | € M+ : N(g(x) - h{x),yt ) > ^ + , Vx G X,Vt > o| , 

where, as usual, inf <f> = +oo. It is easy to show that (S,d) is complete (see [23, Lemma 2.1]). 
The rest of the proof is similar to the proof of Theorem 2.2 (i). 

(ii) Letting y = 0 in (3.4), we get 

N ( /w - 41 (! ) • ‘) = N ( 4/ (I ) - /(I) - ( ) - rrtko (3 ^ 6) 

for all 

The rest of the proof is similar to the proof of Theorem 2.2 (ii). □ 


Corollary 3.3. Let 9 > 0 and let p be a real number with p > 2. Let X be a normed vector 
space with norm || • ||. 

(i) Let f : X — >• Y be an odd mapping satisfying 


N (M 2 /(x, y) — pM\f(x, y),t ) > — rr T — n n — t^— (3.7) 

v i LJK ,y '’ ' ~ t + 6(\\x\\P + \\y\\P) y ’ 

for all x, y G X and all t > 0. Then A(x) := Ai-lim n _ ) . 0O 2 n /( ^) exists for each x G X and 
defines an additive mapping A : X Y such that 


N {f(x) - A(x),t) > 


(2 p - 2 )t 

[2P -2)t + 2P9\\x\\P 
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for all x e X and all t > 0. 

(ii) Let f : X — »• Y be an even mapping satisfying /( 0) = 0 and (3.7). Then Q(x) := N- 
lim n _ >0O 4 n /(Jr) exists /or eac/t x & X and defines a quadratic mapping Q : X — >• Y such 
that 


N{f{x) - Q(x),t) > 


(2 p - 4 )t 

(2 p - 4)t + 2 p6\\x\\p 


for all x € X and all t > 0. 


Proof. The proof follows from Theorem 3.2 by taking tp(x, y ) := 0(||x|| p + Hyp) for all x, y £ X. 
Choosing L = 2 1 ^ p for an odd mapping case and L = 2 2-p for an even mapping case, then we 
obtain the desired results. □ 


Theorem 3.4. Let ip : X 2 — > [0, oo) be a function satisfying (2.15). 

(i) Let f : X -A Y be an odd mapping satisfying (3.4). Then A(x) := lV-hm ra _ 5 . 00 ^/(2 n x) 
exists for each x € X and defines an additive mapping A : X Y such that 


N (/(x) - A(x),t) > 


(1 ~L)t 

(1 — L)t + Lip(x, x) 


for all x G X and all t > 0. 

(ii) Let f : X — »• Y be an even mapping satisfying /( 0) = 0 and (3.4). Then Q(x) := N- 
lim n _^ 0O 4 ’„ / (2 n x) exists for each x e X and defines a quadratic mapping Q : X -A Y such 
that 


N (f(x) - Q(x),t) > 


(1 ~L)t 

(1 — L)t + Lip{x , x) 


for all x € X and all t > 0. 


Proof. Let (S', d) be the generalized metric space defined in the proof of Theorem 3.2. 
(i) It follows from (3.5) that 


N(f{x)- l 2 f{2x ),£) > 


t 


and so 


N (/(*) - */(2x),Lf^ > 


t + <p( 2x, 0) 

2 Lt t 


2Lt + <p(2x,0) t + (p(x, 0) 


for all x G X and all t > 0. 

(ii) It follows from (3.6) that 




t 


and so 




t + <^(2x, 0) 

4Lt t 


4Lt + ip(2x,0) t + (p(x, 0) 

for all x G X and all t > 0. 

The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


Corollary 3.5. Let 0 > 0 and let p be a real number with 0 < p < 1. Let X be a normed 
vector space with norm || • ||. 

(i) Let f : X Y be an odd mapping satisfying (3.7). Then A(x) := A/"-lim r) ,_ 5 . 0O ^/(2 n x) 
exists for each x € X and defines an additive mapping A : X — > Y such that 


N {f(x) - A(x),t) > 


(2 - 2 P)t 

(2 - 2 p )t + 2P9\\x\\P 


for all x G X . 
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(ii) Let f : X — >• Y be an even mapping satisfying /( 0) = 0 and (3.7). Then Q(x) := N- 
lim TW0C 2 n x) exists for each x € X and defines a quadratic mapping Q : X -A Y such 
that 


N{f{x) - Q(x),t) > 


(4 - 2 P)t 

(4 - 2P)t + 2p0\\x\\p 


for all x e X . 


Proof. The proof follows from Theorem 3.4 by taking <p(x, y ) := #(||a;|| p + ||y|| p ) for all x, y £ X. 
Choosing L = 2 P ~ 1 for an odd mapping case and L = 2 P ~ 2 for an even mapping case, then we 
obtain the desired results. □ 
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Hyers-Ulam stability of set-valued functional equations: a fixed point 

approach 

Sungsik Yun, Choonkil Park* and Hassan Azadi Kenary* 


Abstract. In [36], Park proved the Hyers-Ulam stability of set-valued functional equations by using the direct 
method. 

In this paper, we prove the Hyers-Ulam stability of set-valued functional equations by using the fixed point 
method. 


1. Introduction and preliminaries 

Set-valued functions in Banach spaces have been developed in the last decades. The pioneering paper by 
Aumann [5] and Debreu [14] were inspired by problems arising in Control Theory and Mathematical Economics. 
We can refer to the papers by Arrow and Debreu [3], McKenzie [29], the momographs by Hindenbrand [20], 
Aubin and Frankowska [4], Castaing and Valadier [8], Klein and Thompson [26] and the survey by Hess [19]. 

The stability problem of functional equations originated from a question of Ulam [50] concerning the stability 
of group homomorphisms. Hyers [21] gave a first affirmative partial answer to the question of Ulam for Banach 
spaces. Hyers’ Theorem was generalized by Aoki [2] for additive mappings and by Rassias [40] for linear 
mappings by considering an unbounded Cauchy difference. A generalization of the Rassias theorem was obtained 
by Gavruta [18] by replacing the unbounded Cauchy difference by a general control function in the spirit of 
Rassias’ approach 

The functional equation f(x + y) + f(x — y) — 2f(x) + 2 f(y) is called a quadratic functional equation. In 
particular, every solution of the quadratic functional equation is said to be a quadratic mapping. A Hyers-Ulam 
stability problem for the quadratic functional equation was proved by Skof [49] for mappings / : X — > Y, 
where A is a normed space and Y is a Banach space. Cholewa [12] noticed that the theorem of Skof is 
still true if the relevant domain A' is replaced by an Abelian group. Czerwik [13] proved the Hyers-Ulam 
stability of the quadratic functional equation. The stability problems of several functional equations have been 
extensively investigated by a number of authors and there are many interesting results concerning this problem 
(see [1, 17, 18, 22, 23], [41]-[48]). 

In [25], Jun and Kim considered the following cubic functional equation 

f{2x + y) + f(2x — y) = 2 f(x + y) + 2 f(x -y) + 12 f(x). (1.1) 

It is easy to show that the function f(x) = x 3 satisfies the functional equation (1.1), which is called a cubic 
functional equation and every solution of the cubic functional equation is said to be a cubic mapping. 

In [28], Lee et al. considered the following quartic functional equation 

f(2x + y) + /( 2x -y) = 4 f{x + y) + 4 f(x -y) + 24 f{x) - 6 f{y). (1.2) 

It is easy to show that the function f(x) = x 4 satisfies the functional equation (1.2), which is called a quartic 
functional equation and every solution of the quartic functional equation is said to be a quartic mapping. 

°2010 Mathematics Subject Classification: 47H10, 54C60, 39B52, 47H04, 91B44. 

^Keywords: Hyers-Ulam stability, set-valued functional equation, fixed point. 

‘Corresponding authors. 


330 


Sungsik Yun et al 330-342 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Hyers-Ulam stability of set- valued functional equations 

Let X be a set. A function d : X x X — > [0, oo] is called a generalized metric on X if d satisfies 

(1) d(x, y) = 0 if and only if x = y, 

(2) d(x,y) = d(y,x) for all x,y £ A'; 

(3) d(x, z) < d(x, y) + d(y, z ) for all x,y,z £ X. 

Let (A', d) be a generalized metric space. An operator T : X — > X satisfies a Lipschitz condition with 
Lipschitz constant L if there exists a constant L > 0 such that d(Tx,Ty) < Ld(x,y ) for all x,y £ X. If the 
Lipschitz constant L is less than 1, then the operator T is called a strictly contractive operator. Note that the 
distinction between the generalized metric and the usual metric is that the range of the former is permitted to 
include the infinity. We recall the following theorem by Margolis and Diaz. 

Theorem 1.1. [9, 15] Let (A ’, d) be a complete generalized metric space and let J : X — ► X be a strictly 
contractive mapping with Lipschitz constant L < 1. Then for each given element x £ X , either 

d(J n x, J n+1 x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x , J n+1 x) <oo, Vn > no; 

(2) the sequence { J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y £ X \ d(J n °x, y) < oo}; 

(4) d(y, y*) < y^dfy, Jy) for all y £Y. 

In 1996, Isac and Rassias [24] were the first to provide applications of stability theory of functional equations 
for the proof of new fixed point theorems with applications. By using fixed point methods, the stability problems 
of several functional equations have been extensively investigated by a number of authors (see [10, 11, 31, 39]). 
Let Y be a Banach space. We define the following: 

2 y : the set of all subsets of Y; 

Cb{Y) : the set of all closed bounded subsets of Y ; 

C c (Y) : the set of all closed convex subsets of T; 

C c b(Y) : the set of all closed convex bounded subsets of Y. 

On 2 y we consider the addition and the scalar multiplication as follows: 

C + C’ = {x + x : x £ C,x' £ C"}, XC={\x:x£ C}, 

where C, C' £ 2 Y and A £ R. Further, if C, C' £ C c (Y), then we denote by C © C' = C + C' . 

It is easy to check that 

AC + XC' = \(C + C 1 ), (A + y)C C AC + yC. 

Furthermore, when C is convex, we obtain (A + y)C = AC + yC for all A, y £ R + . 

For a given set C £ 2 Y , the distance function d(-,C) and the support function s(-, C) are respectively defined 
by 

d(x,C) = inf{||a; — 2 /|| : j/ 6 C}, x £ Y, 

s(x*,C) = sup{(x*, *) : x £ C}, x* £ Y* . 

For every pair C, C' £ Cb(Y), we define the Hausdorff distance between C and C' by 
h(C, C') = inf {A > 0 : C C C' + A By, C'CC + A By}, 

where By is the closed unit ball in Y . 

The following proposition reveals some properties of the Hausdorff distance. 
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Proposition 1.2. For every C, C' , K , K' £ C c b(Y) and A > 0, the following properties hold 

(a) h{C ® C', K © A") < h(C, I<) + h(C', A"); 

(b) h(\C, A A') = A h{C,K). 

Let (C c b{Y), ©, h) be endowed with the Hausdorff distance h. Since Y is a Banach space, (C c b{Y), ©, h) is 
a complete metric semigroup (see [8]). Debreu [14] proved that (C c b(Y), ©, h) is isometrically embedded in a 
Banach space as follows. 

Lemma 1.3. [14] Let C(By *) be the Banach space of continuous real-valued functions on By endowed with 
the uniform norm || • ||„. Then the mapping j : (C c b(Y), ©, h) — > C(By*), given by j(A) = s(-,A), satisfies the 
following properties: 

(a) j(A®B)=j(A)+j(B); 

(b) j(XA) = A j(A); 

(c) h(A,B) = \\j(A)-j(B)\\ u ; 

(d) j(C c b(Y)) is closed in C(By*) 
for all A, B £ C c b(Y ) and all A > 0. 

Let / : fi — > (C c b(Y), h) be a set-valued function from a complete finite measure space (Q, E, v) into C c b{Y). 
Then / is Debreu integrable if the composition j o / is Bochner integrable (see [7]). In this case, the Debreu 
integral of / in D is the unique element ( D ) fdv £ C c b(Y) such tha j{{D) f si fdv ) is the Bochner integral of 
j o f. The set of Debreu integrable functions from D to C c b{Y) will be denoted by D(Ll, C c b(Y)). Furthermore, 
on D(Fl,C c b(Y)), we define (/ + g)(u>) = f(a>) © g(oj) for all f,g £ D(Q.,C c b(Y)). Then we obtain that 
((fi, C c b(Y)), +) is an abelian semigroup. 

Set-valued functional equations have been extensively investigated by a number of authors and there are 
many interesting results concerning this problem (see [6], [32]— [35] , [37, 38]). 

Using the fixed point method, we prove the additive set-valued functional equation, the quadratic set-valued 
functional equation, the cubic set-valued functional equation and the quartic set-valued functional equation. 
Throughout this paper, let A be a real vector space and Y a Banach space. 

2. Stability of the additive set- valued functional equation 

Using the fixed point method, we prove the Hyers-Ulam stability of the additive set-valued functional equa- 
tion. 

Definition 2.1. [27] Let / : X — > C c b(Y). The additive set-valued functional equation is defined by 

f(x + y) = f{x)®f{y) 

for all x, y £ X. Every solution of the additive set-valued functional equation is called an additive set-valued 
mapping. 

Note that there are some examples in [27]. 

Theorem 2.2. Let p : X 2 — > [0, oo) be a function such that there exists an L < 1 with 

T(x,y) < ^<p{2x,2 y) 

for all x,y £ X. Suppose that f : X — > (C c b(Y), h) is a mapping satisfying 

h(f(x + y),f(x)®f{y))<tp(x,y) (2.1) 
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for all x,y £ X. Then there exists a unique additive set-valued mapping A : A' — > ( C c b{Y),h ) such that 

h{f(x),A(x)) < 2 ^ 2L T{x,x) (2.2) 

for all x £ X. 

Proof. Let y = x in (2.1). Since f(x) is convex, we get 

h(f(2x), 2 f(x)) < <p(x, x) (2.3) 

and so 

h (f(x),2f < <p ^ <p(x,x ) (2.4) 

for all x £ X. 

Consider 

S:={g: g : X -»• C cb (Y), g( 0) = {0}} 
and introduce the generalized metric on X, 

d(g,f) = inf{p £ (0,oo) : h(g(x),f(x)) < gip(x,x), x £ A'}, 

where, as usual, inf 4> = +oo. It is easy to show that (S, d) is complete (see [16, Theorem 2.4] and [30, Lemma 

2 . 1 ]). 

Now we consider the linear mapping J : S — » S such that 

Jg(x) := 2 g 

for all x £ X. 

Let g,f £ S be given such that d(g , /) = e. Then 

h(g(x),f{x)) < sip(x,x) 


for all x £ X. Hence 

h(Jg{x), Jf(x)) = h (2g (|) ,2/ (|)) = 2h (g ,/ (|^ < Lip(x,x) 
for all x £ X. So d(g, f) = e implies that d(Jg , J f) < Le. This means that 

d(Jg,Jf)<Ld(g,f) 

for all g, f £ S. 

It follows from (2.4) that d(f, J f) < jf. 

By Theorem 1.1, there exists a mapping A : X — » Y satisfying the following: 

(1) A is a fixed point of J, i.e., 

- 4 (f H^> m 

for all x £ X. The mapping A is a unique fixed point of J in the set 

M = {g £ S : d(f,g) < oo}. 

This implies that A is a unique mapping satisfying (2.5) such that there exists a p £ (0, oo) satisfying 

h(f{x), A(x)) < p<p( x,x) 


for all x £ X; 

(2) d(J n f,A) — > 0 as n — > oo. This implies the equality 
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lim 2 n f(£)=A{x) 

n—*o o \ Z / 


for all i£.Y; 

(3) d(f,A) < j-z Jf), which implies the inequality 

L 

This implies that the inequality (2.2) holds. 

By (2.1), 

h ) ’ r t (¥) ® r < (|r )) ' 2 "*> (£■£)* L "^’ y) ’ 

which tends to zero as n — » oo for all x, y £ X. Thus A(x + y) = A(x) © A(y), as desired. 


□ 


Corollary 2.3. Let p > 1 and 9 > 0 be real numbers, and let X be a real normed space. Suppose that 
f : X —¥ ( C c b(Y ), h ) is a mapping satisfying 

h(f(x + y),f(x) © f(y)) < 0(11*11’ + ||y|n (2.6) 


for all x,y £ X. Then there exists a unique additive set-valued mapping A : X — > Y satisfying 

h(f(x),A(x))< 


2 p — 2 


for all x G X. 

Proof. The proof follows from Theorem 2.2 by taking 

<p(x, y ) := 0 (Nr+iiyin 

for all x,y € X. Then we can choose L = 2 1-p and we get the desired result. □ 

Theorem 2.4. Let : A ' 2 — > [0, oo) be a function such that there exists an L < 1 with 

¥>{x,y) < 2Lip 

for all x,y £ X. Suppose that f : X — » (C c b(Y), h) is a mapping satisfying (2.1). Then there exists a unique 
additive set-valued mapping A : X — > (C c b(Y), h) such that 

h{f(x),A{x)) < 2 ^2L ip( ' X,X ' > 


for all x £ X . 

Proof. It follows from (2.3) that 

h (j(x), 7 )/ ( 2 *)^ < ^<p(x,x) 

for all x £ X. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 


Corollary 2.5. Let 1 > p > 0 and 9 > 0 be real numbers, and let X be a real normed space. Suppose that 
f : X — > (C c b(Y),h) is a mapping satisfying (2.6). Then there exists a unique additive set-valued mapping 
A : X — > Y satisfying 

0/3 

h(f(x),A(x)) < INI’ 

for all x £ X. 
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Proof. The proof follows from Theorem 2.4 by taking 

<p{x,y) :^0(Nr + ||y|n 

for all x,y € X. Then we can choose L = 2 V ~ 1 and we get the desired result. □ 

3. Stability of the quadratic set-valued functional equation 

Using the fixed point method, we prove the Hyers-Ulam stability of the quadratic set-valued functional 
equation. 

Definition 3.1. [27] Let / : X — > C c b(Y). The quadratic set-valued functional equation is defined by 

2 f{x + y) ® 2 f(x -y) = /(2a:) ® f{2y) 

for all x, y £ X. Every solution of the quadratic set-valued functional equation is called a quadratic set-valued 
mapping. 

Note that there are some examples in [27]. 

Theorem 3.2. Let ip : X 2 — > [0, oo) be a function such that there exists an L < 1 with 

P(x,y) < jp{2x,2y) 

for all x,y £ X. Suppose that f : X — > (C cb (Y), h) is a mapping satisfying /( 0) = {0} and 

h(2f(x + y) ® 2 f(x - y), /( 2x) ® f{2y)) < p(x, y) (3.1) 

for all x,y £ X. Then there exists a unique quadratic set-valued mapping Q : X — > ( C c b(Y),h ) such that 

h(f{x),Q{x)) < 4 _ L 4L <p(g, 0) 

for all x £ X. 

Proof. Let y = 0 in (3.1). Since f(x) is convex, we get 

h(f(2x), 4/ (a:)) < ip{x, 0) (3.2) 

and 

h (/(*), 4/ (D) < <p < jp{x,0) (3.3) 

for all x £ X. 

Consider 

S:={g: g : X -+ C cb (Y), g( 0) = {0}} 
and introduce the generalized metric on .Y, 

d(g , /) = infifj, £ (0, oo) : h{g(x), f(x )) < p<p(x, 0), x £ X}, 

where, as usual, inf <j> = +oo. It is easy to show that (S,d) is complete (see [16, Theorem 2.4] and [30, Lemma 
2.1]). 

Now we consider the linear mapping J : S —¥ S such that 

Jg(x) :=4 </(!) 

for all x £ X. 

By the same reasoning as in the proof of Theorem 2.2, one can show that 

d(Jg,Jf) < Ld(g,f) 
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for all g, f £ S. 

It follows from (3.3) that d(f, J f) < 4 . 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 3.3. Let p > 2 and 9 > 0 be real numbers, and let X be a real normed space. Suppose that 
f : X —¥ (C7 c 6 (Y') , h) is a mapping satisfying /( 0) = {0} and 

h(2f{x + y)@2f(x-y),f(2x)@ f(2y)) < 6>(||z|| p + ||y|| p ) (3.4) 

for all x,y £ X. Then there exists a unique quadratic set-valued mapping Q : X — > Y satisfying 

Hf{x),Q(x)) < 2p e _ 4 \\x\\ p 

for all x £ X. 

Proof. The proof follows from Theorem 3.2 by taking 

v(x ,y) :=fl(l|*r + Ilyin 

for all x,y £ X. Then we can choose L = 2 2 ~ p and we get the desired result. 

Theorem 3.4. Let <p : X 2 — > [0, oo) be a function such that there exists an L < 1 with 

V(x,y) < 4 L(p 

for all x,y £ X. Suppose that f : X — > ( C c b{Y),h ) is a mapping satisfying /( 0) = {0} and (3.1) 
exists a unique quadratic set-valued mapping Q : X — > (C c b{Y), h) such that 

h{f(x),Q(x)) < 4 _ 1 4L <p(g,0) 

for all x £ X. 

Proof. It follows from (3.2) that 

h (j{x), |/(2a;)^ < ^<p(x, 0) 

for all x £ X. 

The rest of the proof is similar to the proofs of Theorems 2.2 and 3.2. □ 

Corollary 3.5. Let 0 < p < 2 and 9 > 0 be real numbers, and let X be a real normed space. Suppose that 
f : X —¥ (C cb (Y),h) is a mapping satisfying /( 0) = {0} and (S.f). Then there exists a unique quadratic 
set-valued mapping Q : X — » Y satisfying 

Hf{x),Q{x)) < 4 _f 2P llagir 

for all x £ X. 

Proof. The proof follows from Theorem 3.4 by taking 

<p(x,y) :^(Nr + NI P ) 

for all x,y £ X. Then we can choose L = 2 P ~ 2 and we get the desired result. □ 


□ 


Then there 
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4. Stability of the cubic set- valued functional equation 

Using the fixed point method, we define a cubic set-valued functional equation and prove the Hyers-Ulam 
stability of the cubic set-valued functional equation. 

Definition 4.1. [36] Let / : X — > C c b(Y). The cubic set-valued functional equation is defined by 
/( 2x + y)® /( 2x - y) = 2 f(x + y) ® 2 f(x - y) ® 12 f(x) 
for all x, y £ X. Every solution of the cubic set-valued functional equation is called a cubic set-valued mapping. 
Theorem 4.2. Let ip : X 2 [0, oo) be a function such that there exists an L < 1 with 

<p{x,y) < ^(2®, 2 y) 

for all x,y £ X. Suppose that f : X — > (C cb (Y), h) is a mapping satisfying /( 0) = {0} and 

h{f{ 2* + y) ® f(2x - y), 2 f(x + y) ® 2 f(x - y) ® 12 f(x)) < p(x, y) (4.1) 

for all x,y £ X. Then there exists a unique cubic set-valued mapping C : X — > ( C c b(Y ), h ) such that 

h{f(x), C(x)) < 16 ^ 16L T(x,0) 

for all x £ X . 

Proof. Let y = 0 in (4.1). Since f(x) is convex, we get 

h(2f(2x), I6f(x)) < p(x, 0) (4.2) 

and 

h (/(*), 8/ ^ (|,0^ < ^q>{x,0) (4.3) 

for all x £ X. 

Consider 

S~{g: g:X^ C cb (Y), g( 0) = {0}} 

and introduce the generalized metric on X, 

d(g, f) = inf{fj, £ (0, oo) : h{g(x), f(x)) < y,<p(x, 0), x £ X}, 

where, as usual, inf 4> = +oo. It is easy to show that (S,d) is complete (see [16, Theorem 2.4] and [30, Lemma 
2.1]). 

Now we consider the linear mapping J : S —¥ S such that 

Jg(x) := 8 g 

for all x £ X. 

By the same reasoning as in the proof of Theorem 2.2, one can show that 

d(Jg,Jf)<Ld(g,f) 

for all g, f £ S. 

It follows from (4.3) that d(f, J f) < y|. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 
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Corollary 4.3. Let p > 3 and 9 > 0 be real numbers, and let X be a real normed space. Suppose that 
/ : X ( C c b(Y ), h) is a mapping satisfying 

h(f(2x + y) ® /( 2x - y), 2 f(x + y) ® 2 f(x - y) ® 12/(*)) < 6»(||x|| p + ||y|| p ) (4.4) 

for all x,y £ X. Then there exists a unique cubic set-valued mapping C : X Y satisfying 

h(f(x),C(x)) < 2 ( 2 p — 8 ) H a: ll P 

for all x £ X. 

Proof. The proof follows from Theorem 4.2 by taking 

<p(x,y) == wr+iivin 

for all x,y £ X. Then we can choose L = 2 S ~ P and we get the desired result. □ 

Theorem 4.4. Let ip : X 2 — > [0, oo) be a function such that there exists an L < 1 with 

¥>{x,y) < 8 L(fi |) 

for all x,y £ X. Suppose that f : X — » (C c b{Y), h) is a mapping satisfying (f.l). Then there exists a unique 
cubic set-valued mapping C : A' — > (C c b(Y), h) such that 

h(f(x),C(x )) < Y&—WL^ X '^ 

for all x £ X . 

Proof. It follows from (4.2) that 

h (/(*)> ^ 

for all x £ X. 

The rest of the proof is similar to the proofs of Theorems 2.2 and 4.2. □ 

Corollary 4.5. Let 3 > p > 0 and 6 > 0 be real numbers, and let X be a real normed space. Suppose 
that f : X —¥ (C c b(Y),h) is a mapping satisfying (4-4). Then there exists a unique cubic set-valued mapping 
C : X Y satisfying 

h(f(x),C(x)) < 2 (g 2 p) I M l P 

for all x £ X . 

Proof. The proof follows from Theorem 4.4 by taking 

<p{x, y ) := 0 (Nr+Nn 

for all x, y £ X. Then we can choose L = 2 P ~ 3 and we get the desired result. □ 

5. Stability of the quartic set-valued functional equation 

Using the fixed point method, we define a quartic set-valued functional equation and prove the Hyers-Ulam 
stability of the quartic set-valued functional equation. 

Definition 5.1. [36] Let / : X — > C c b(Y). The quartic set- valued functional equation is defined by 
f(2x + y) ® f(2x -x /) ® 6 /( 3 /) = 4 f(x + y) ® 4f{x - y) ® 24/(z) 

for all x, y £ X. Every solution of the quartic set-valued functional equation is called a quartic set-valued 
mapping. 
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Theorem 5.2. Let ip : X 2 — > [0, oo) be a function such that there exists an L < 1 with 

V(x,y) < f-p{2x,2 y) 

16 

for all x,y G X. Suppose that f : X ( C c b(Y ), h) is a mapping satisfying /( 0) = {0} and 

h(f(2x + y)<B /( 2x -i /) ® 6f(y),4f{x + y) ® 4 f(x - y) ® 24 /(*)) < y{x, y) (5.1) 

for all x,y £ X. Then there exists a unique quartic set-valued mapping T : X — > (C c b(Y), h) such that 

h{f(x),T(x)) < 32 

for all x £ X . 

Proof. Let y = 0 in (5.1). Since f(x) is convex, we get 

h(2f{2x),32f(x)) < <p{x,0) (5.2) 

and 

h (/(*), 16/ (0) < (|,0^ < ^V5(*,0) (5.3) 

for all x £ X. 

Consider 

S:={g: g : X -»■ C cb (Y), g( 0) = {0}} 
and introduce the generalized metric on _Y, 

d{g, f) = inf {y £ (0, oo) : h{g(x), f{x)) < yp{x, 0), x £ X}, 

where, as usual, inf <j> = +oo. It is easy to show that (S,d) is complete (see [16, Theorem 2.4] and [30, Lemma 
2.1]). 

Now we consider the linear mapping J : S — > S such that 

Jg(x) := 16 g 

for all x £ X. 

By the same reasoning as in the proof of Theorem 2.2, one can show that 

d(Jg,Jf) < Ld(g,f) 

for all g, f £ S. 

It follows from (5.3) that d(f, J f) < 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Corollary 5.3. Let p > 4 and 9 > 0 be real numbers, and let X be a real normed space. Suppose that 
f : X — > (C cb (Y), h) is a mapping satisfying 

h{f(2x + y) ® f(2x -y)® 6f(y),4f(x + y) ® 4 f(x - y) ® 24 f(x)) < 9{\\x\\ p + ||y|| p ) (5.4) 

for all x,y £ X. Then there exists a unique quartic set-valued mapping T : X Y satisfying 

h(f{x),T(x)) < 2 ( 2 /_ i 6 ) H^ir 

for all x £ X. 

Proof. The proof follows from Theorem 5.2 by taking 

<p{x, y ) := 0 (ikir+ii 2 /in 

for all x,y £ X. Then we can choose L = 2 4_p and we get the desired result. □ 
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Theorem 5.4. Let ip : X 2 — > [0, oo) be a function such that there exists an L < 1 with 

<p(x,y) < 16 Lip |) 

for all x,y £ X. Suppose that f : X —¥ ( C c b{Y),h ) is a mapping satisfying (5.1). Then there exists a unique 
quartic set-valued mapping T : X — > ( C c b(Y),h ) such that 

h{f{x),T(x)) < 32^39 L y>( x ’°) 

for all x £ X. 

Proof. It follows from (5.2) that 

h ( 2x )) - h? ( ' X ' 

for all x £ X. 

The rest of the proof is similar to the proofs of Theorems 2.2 and 5.2. □ 

Corollary 5.5. Let 4 > p > 0 and 9 > 0 be real numbers, and let X be a real normed space. Suppose that 
f : X — > (C c b{Y), h) is a mapping satisfying (5.f). Then there exists a unique quartic set-valued mapping 
T : X — > Y satisfying 

h(f{x),T(x)) < 2 (2 p- i6) H a: ll P 

for all x £ X . 

Proof. The proof follows from Theorem 5.4 by taking 

p(x,y) <?(Nr + NH 

for all x,y € X. Then we can choose L = 2 P-4 and we get the desired result. □ 
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In the paper, we construct a Hausdorff fuzzy metric on the family of nonempty 
closed subsets of a stationary and F-bounded fuzzy metric space. Using the 
construction of the Hausdorff fuzzy metric, we prove three equivalent charac- 
terizations for the given fuzzy metric space to be precompact. Furthermore, 
several examples are given. 

Keywords: Fuzzy metric, Continuous t-norm, The Hausdorff fuzzy metric, 
Closed subset, Precompact. 

AMS Subject Classifications: 54A40, 54B20, 54E35 


1 Introduction 

Fuzzy metric is an important notion in Fuzzy Topology. Many authors have 
introduced the concept of fuzzy metric from different points of view [2, 3, 12, 13]. 
In particular, George and Veeramani [3] obtained the concept of fuzzy metric 
with the help of continuous t-norms in 1994. Later, it was proved that the 
topological space induced by the fuzzy metric space is metrizable in [8]. This 
version of fuzzy metric determines the class of spaces that are tightly connected 
with the class of metrizable topological spaces. Hence it is interesting to study 
the version of fuzzy metric. Some contributions to the study of fuzzy metric 
spaces can be found in [4, 5, 6, 14, 15, 16, 19, 20]. 

In order to study the hyperspaces in a fuzzy metric space, Rodriguez-Lopez 
and Romaguera [17] gave a definition of Hausdorff fuzzy metric on the family 
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Department of Fujiang Province. . 


1 


343 


Chang-qing Li et al 343-353 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


of nonempty compact sets. Unfortunately, the Hausdorff fuzzy metric defined 
by the authors does not provide a fuzzy metric when one consider the family of 
nonempty closed and F-bounded subsets of a given fuzzy metric space. In [17], 
Rodri'guez-Lopez and Romaguera illustrated the result above with the help of 
a example. It is a nature problem to explore under what condition the Haus- 
dorff fuzzy metric defined by Rodri'guez-Lopez and Romaguera on the family 
of nonempty closed and F-bounded subsets of a given fuzzy metric space can 
provide a fuzzy metric. This is done in the present paper. 

We construct a Hausdorff fuzzy metric on the family of nonempty closed 
subsets of a stationary and F-bounded fuzzy metric space. Also, we prove 
three necessary and sufficient conditions for the given fuzzy metric space to be 
precompact. Moreover, we give some illustrative examples. 


2 Preliminaries 

Throughout the paper the letter N shall denote the set of all nature numbers. 
Our basic reference for general topology is [1]. 

Definition 2.1 [3] A binary operation * : [0, 1] x [0, 1] —> [0, 1] is a continuous 
t-norm if it satisfies the following conditions: 

(i) * is associative and commutative; 

(ii) * is continuous; 

(iii) a * 1 = a for all a € [0, 1]; 

(iv) a * b < c * d whenever a < c and b < d, and a, 6, c, d £ [0, 1]. 

The following are examples of t-norms: a*b = min{a, 6}; a * b = a ■ b; a * b = 
max{a + 6—1,0}. 

Definition 2.2 [3] A 3-tuple (A, M, *) is said to be a fuzzy metric space if A is 
an arbitrary set, * is a continuous t-norm and M is a fuzzy set on X x X x (0, oo) 
satisfying the following conditions for all x , y,z £ X and s, t € (0, oo): 

(i) M(x,y,t) > 0; 

(ii) M ( x , y, t) = 1 if and only if x = y\ 

(iii) M(x,y,t) = M(y,x,t)\ 

(iv) M(x,y,t) * M(y , z, s) < M(x, z,t + s); 

(v) the function M(x, y, •) : (0, oo) — » [0, 1] is continuous. 

If (A, M, *) is a fuzzy metric space, we will say that ( M , *) is a fuzzy metric 
on A. 

Definition 2.3 [3] Let (A, M , *) be a fuzzy metric space and let r £ (0, 1), t > 0 
and x £ X. The set 


B m {x, r, t) = {y £ X\M(x,y,t) > 1 - r} 

is called the open ball with center x and radius r with respect to t. 

Obviously, {Bm(x, r, t)\x £ A, t > 0,r £ (0,1)} forms a base of a topology 
in A. The topology is denoted by tm and is known to be metrizable (see [8]). 
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Lemma 2.4 [3] Let ( X , M, *) be a fuzzy metric space. Then, for each x £ X, 
{ Bm(x , -, ^-)|?i € N} is a neighborhood base at x for the topology tm- 

Definition 2.5 [3] Let ( X , d) be a metric space. Define a * b = ab for all 
a, b € [0, 1], and let M d be the function on X x X x (0, oo) defined by 


M d (x,y,t ) 


t 

t + d(x, y) ' 


Then ( X , M d , •) is a fuzzy metric space and (M d , •) is called the standard fuzzy 
metric induced by d. 

Definition 2.6 [3] Let (X, M, *) be a fuzzy metric space. A subset A of A is 
said to be F-bounded if there exist t > 0 and 0 < r < 1 such that M(x,y,t) > 
1 — r for all x,y € A. 

We call (X, M, *) a F-bounded fuzzy metric space provided that X is F- 
bounded. Clearly, a subset of an F-bounded fuzzy metric space is F-bounded. 

Definition 2.7 [10] A fuzzy metric space (X,M,*) is said to be stationary 
if M does not depend on t, i.e. if for each x,y £ X, the function M(x,y , •) is 
constant. In the case we write M(x,y) and Bm[x,t) instead of M(x,y,t ) and 
BM(x,r,t), respectively. 

Lemma 2.8 [17] Let(X,M , *) be a fuzzy metric space. ThenM is a continuous 
function on X x X x (0, oo). 


3 The Hausdorff fuzzy metric on Cld(X) 

Given a fuzzy metric space (X, M, *), we will denote by P(X), Cld(X) and 
Fin(X), the set of nonempty subsets, the set of nonempty closed subsets and 
the set of nonempty finite subsets of ( X , tm), respectively. For every C £?(I), 

a € X and t > 0, let M(a,C,t ) := sup M(a,c,t), M(C,a,t ) := sup M(c, a, t) 

cec cec 

(see Definition 2.4 of [20]). It is clear that M(a,C,t) = M(C,a,t). 

Lemma 3.1 Let (X,M,*) be a fuzzy metric space, a,c £ X, D £ V(X) and 
t,s £ (0, oo). Then M(a, D,t + s) > M(a, c, t) * M(c, D , s). 

Proof Note that, for each d £ D, 

M(a, D,t + s ) > M(a, d,t + s ) > M(a, c, t) * M(c , d, s). 

It follows from continuity of * that 

M(o, D,t + s) > M(o, c, t) * M(c, D , s). 

Let (X, M, *) be a fuzzy metric space, A, C £ Cld(A) and t > 0, define Hm- 
Cld(X)x Cld(A) x (0, oo) -> [0,1] by 

HM(A,C,t) = mini inf M(a,C,t), inf M(A,c,t)}. 

aeA ceC 
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If ( X , M, *) is a stationary fuzzy metric space, then we write Hm{A, C ), M(a, C ) 
and M(A,c) instead of HM(A,C,t), M(a,C,t) and M(A,c,t), respectively. 

Theorem 3.2 Let ( X , M, *) be a stationary and F-bounded fuzzy metric space. 
Then (Cld(X ),H m , *) is a fuzzy metric space. 

Proof Let A,C,D G Cld(Al). 

Obviously, (i), (ii), (iii) and (v) in Definition 2.2 hold. 

Now, we are going to prove that (iv) in Definition 2.2 is satisfied, i.e. , 
Hm(A,D ) > Hm(A,C ) * Hm(C,D). Let a G A. Then we can choose a se- 
quence {c“} n6 N in C such that 

lim = M(a,C). 

n — >+oo 

Since {M(c“, D)}„ e n is a sequence in [0,1], there is a subsequence {c“ }/eN 
of {c“} nS N such that the sequence {M(c“ , D)}j e n converges to some point of 
[0,1]. It follows from Lemma 3.1 that 

M(a,D) > M (o, c“ fc ) * M (c“ fc , D) 

for every € {c“ \l G N}. Therefore, by continuity of *, we have 

M (a, D) > lim M (a, c“ ) * lim M (c“ , D) 

fc->+ oo fc->+ oo 

= M (a, C) * lim M (c“ , D). 

fc-H-oo 

According to continuity of *, we deduce that 

inf M(a,D ) > inf M(a,C ) * inf lim M(c“ , D) 

a£A a£A a£A k — >+oo 

> inf ' M (a, C) * inf {Af(c“ ,£>) | k G N} 

aCA aGA 

> inf M (a, C) * inf M (c, D ) 

qCA cGC 

> h m (a, C) * H m (C, D). 

Analogously, we get 

inf M(A, d ) > H m (A, C ) * H M {C, D). 

d€:D 

Hence 

Hm(A, D) > H m (A , C) * D). 


(Hm,*) will be called f/ie Hausdorff fuzzy metric on Cld(X). 


Next we will give two examples. 


Example 3.3 Let X 

M by 


(1, 10]. Denote a * b = a ■ b for all a, b G [0, 1]. Define 
min{a;, y} 


M(x,y,t) = 


max{i, y} 


for all x, y G X and t > 0. Then ( X , M, *) is a stationary and F-bounded fuzzy 
metric space (see [7]). So, by Theorem 3.2, (Cld (X),Hm,*) is a fuzzy metric 
space. 
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Example 3.4 Let X = [3, 5]. Denote a*b = ma x{a + b— 1, 0} for all a,b £ [0, 1] 
and let M be a fuzzy set onlxlx(0,co) defined as follows: 

M(x,„,t) = {\ + i 1 = 1 

for all x, y £ X and t > 0. Then ( X , M, *) is a stationary and F-bounded fuzzy 
metric space (see [18]). Thus, according to Theorem 3.2, ( Cld(A'), Hm, *) is a 
fuzzy metric space. 

More examples of stationary and F-bounded fuzzy metric spaces may be 
found in [7, 11, 18]. 


4 Precompactness of the Hausdorff fuzzy metric 

We start this section by recalling the concept of precompact. 

Definition 4.1 [8] A fuzzy metric space (X, M, *) is called precompact if for 
each r £ (0,1) and t > 0, there is a finite subset A of X such that X = 

U B M {a,r,t). 

ae A 

Theorem 4.2 Let Y be a dense subspace of a stationary and F-bounded fuzzy 
metric space (X, M, *). Then Fin(Y) is dense in (Cld(X), Hm, *) if and only if 
(X, M, *) is precompact. 

Proof Assume that Fin(Y) is dense in (Cld(X), Hm, *)• Let r £ (0,1). Since 
Fin(Y) C Fin(X), we get 


Fin(X)H B HM (X,r)^0. 

Take A £ Fin(X) n B Hm (X,t). Then A £ Fin(X) and H M (X,A) > 1 - r. 
Hence 

inf M(x, A) > 1 — r. 

igA- 

Let x £ X. Then M(x,A) > 1 — r. Since A £ Fin(X), there exists an a £ A 
such that 

M (x, a) = M (x, A) > 1 — r. 


We have 


x £ B M (a, r). 


So 


X c [J B M {a,r). 

aGA 


It follows that (X,M, *) is precompact. 

Conversely, assume that (X,M,*) is precompact. Let D £ Cld(X) and 
e £ (0, 1). Then, by the continuity of *, there exists a S £ (0, e) such that 


(1 - 6) * (1 - S) > 1 - £. 
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We only need to verify that Fin(Y) fl Bh m {D,£) ^ 0. Since is pre- 

compact, there exists a C = {ci, C 2 , • • • , c n } £ Fin(X) such that 

n 

X = \jB M ( Ci ,5). 

i= 1 

Now, we can find C' = {c ni , c n2 , • • • , c nk } C C such that 

k 

D C [J B M (c ni ,S) 

i = 1 


and 

D fl B M (c ni ,8) ^ 0(i = 1, 2, • • ■ , fe). 

Take a ni £ D n B M (c ni , 5) (i = 1, 2, • • • , k). Denote A = {a ni , a n2 , ■■■, a nk }. 
Since Y is a dense subspace of X , we can find an e ni £ BM(c ni ,S) fl Y for 
every i £ {1, 2, • • • , k}. So E = {e ni , e„ 2 , • ■ • , e„ k } £ Fin(Y). For e m £ E 
(i = 1, 2, ■ ■ ■ , k), we have 

M(D,e ni ) > M(a ni ,e ni ) > M(a ni , c ni ) * M(c ni , e ni ) > (1 - 5) * (1 - 5) > 1-e. 
Hence 

inf M(D, e ) = min{M(I?, e n ,)| i = 1, 2, • • • , k} > 1 — e. 

e£E 

On the other hand, let d £ D. Then there exists a c ni £ C' such that 

d £ Bm ( c ni , (5) . 


Hence 


M(d,E) > M (d, e ni ) > M(d,c ni ) * M(c ni ,e ni ) > (1 - S) * (1 - S). 


So 


Hence 


inf M (d, E) > (1 — 6) * (1 — 5) > 1 — e. 

d£D 


Hm(D,E) = min{ inf M(d,E ), inf M(D,e)} > 1 — e, 
d£D e€E 


that is, E £ B Hm (D,s). Consequently, 

E £ Fin (Y)n B HM (D,e). 

We complete the proof. 


Let ( X , M, *) be a fuzzy metric space and A C X. We will denote by 
M|^ x Ax( 0 ,oo) the restriction of M on A x A x (0, oo). It is easy to see that 
M\axAx (o,oo) is a fuzzy metric on A. We will simply write M\a instead of 
M\axAx(0,oo) when confusion is not possible. 
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Lemma 4.3 Let (X, M, *) be a precompact fuzzy metric space and A C X. 
Then (A,M\a,*) is precompact. 

Proof Let e € (0,1) and t > 0. Then there exists a 6 £ (0, e) such that 
(1 — S) * (1 — 5) > 1 — e. Because of precompactness of ( X , M, *) , we can find 
finite points X\,X 2 ,■■■ ,x n in X such that 

n t 

X = |J B M{xi,6, -). 


Since A C X, there exists {x ni , x n2 , • • • , x nk } C {xi,X 2 , ■ • • , x n } such that 

k 


A c [J B M (x nj ,S, -) 
1= i 


and 


An B M (x nj ,S, -) ^ 0(j = 1,2 ,•• • ,/c). 


Choose y nj £ , <5, |) (j = 1, 2, • • • , k). Then, for each 2 £ B M (x nj , S, |), 

we have 

M{z,y nj ,t) > M(z,x nj ,^) * M(x nj ,y nj , f -) > (1 - 6) * (1 - 6) > 1 - e. 


So 


Hence 


Whence 


Bm (x nj , 5, ^ ) Cl PjVT (dJnj i l) * 


H c [J B M (x nj ,6, -) C (J B M (y nj ,e,t). 


l=i 


i=i 


k k k 

A= ([J 5 M (y Bj ,£,t))nl = (J(H M (j/ n3 .,e,t) nH) = (J 

1=1 1=1 1=1 


We are done. 

Theorem 4.4 Let (X, M, *) be a stationary and F-bounded fuzzy metric space. 
Then (Cld(X), Hm, *) is precompact if and only if ( X , M, *) is precompact. 

Proof Suppose that (Cld(X), Hm, *) is precompact. For each x,y £ X, we 
have Lf M ({x},{y}) = M(x,y). So we can regard X as a subset of Cld(X) and 
M as HM\{{x}\xex}- It follows from Lemma 4.3 that (X,M,*) is precompact. 

Conversely, suppose that (X, M, *) is precompact. Let e £ (0, 1) and D £ 
Cld(X). Then, by precompactness of (X,M,*), we can find an F £ Fin(X) 
such that 

X = 1J B m(x, |). 

xcf 
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Therefore, there exists an Fp C F such that 

DC (J B m {x, £ ~). 

x€lF D 


Also, we can find Xp £ B M (x , |) n D for every x £ F D . Note that there exists 
an x y £ Fjj such that 

£ 

y £ B M {x y , -) 

for every y £ D. It follows that 

M(y,F D ) > M(y,x y ) > 1 - |. 


Hence 

inf M(y, F D ) >l-|>l-e. 

yeD 

On the other hand, for each x £ F D , we get 


M(D , x) > M(xd, x) > 1 — - . 


Hence 


So 


inf M(D,x) > 1 — - > 1 — e. 
V 2 


Hm{D , F/j) > 1 — £, 


i.e., D £ B HM {F D ,e). Since F is a finite set, we see that F = { F D | F £ Cld(X)} 
is a Hnite family. Observe that 


cid(F)= u b Hm (f d ,£). 

It follows that (Cld (X),Hm,*) is precompact. 

Definition 4.5 Let (X, M . *) be a fuzzy metric space, Y C X, r £ (0, 1) and 
t > 0. Y is said to be fuzzy r discrete with respect to t if M(x,y,t) < 1 — r 
whenever x,y CY and x ^ y. 


Definition 4.6 Let be a fuzzy metric space and Y C X. Y is called 

a fuzzy uniformly discrete set provided that there exist r £ (0, 1) and t > 0 such 
that Y is fuzzy r discrete with respect to t. 


According to Zorn’s lemma, it is straightforward to show that, by the inclu- 
sion relationship of the sets, X has a maximal subset which is fuzzy r discrete 
with respect to t for all r £ (0, 1) and t > 0. 

Lemma 4.7 Let (X, M , *) be a fuzzy metric space and Y be a fuzzy uniformly 
discrete subset of X. Then Y is a closed set in ( X,tm )■ 
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Proof By assumption, we can find some r o £ (0, 1) and to > 0 such that Y 
is fuzzy ro discrete with respect to to- According to the continuity of *, there 
exists a £ £ (0, ro) such that 

(1 - e) * (1 - e) > 1 - ro- 

Let x Y . To complete our proof, it suffices to prove that there exists a open 
set U of x in X such that U fl Y = 0. For every y, z £ Bm(x , £, y), we have 

M(y,z,t 0 ) > M(x,y, j) * M(x,z, j) > (1 - e) * (1 - e) > 1 - r 0 - 

So Bm{x,s, y) contains at most one point of Y. If Bm{x,£, fl Y = 0, then 
Bm(x ,£ , y) i s the required open set. If Bm(x,£, |)flf = {a}, then, by the 
Hausdorffness of ( X , M, *), we can choose an n £ N such that 

, „ , 11 . 

a f B m (x, -). 

n n 


So we get 

x £ b m (x,£, y) n b m (x, -), 

2 n n 

with 

B m (x,£,y) n B M (x,~, -) f)Y = 0, 

2 n n 

which implies that Bm(x, £, y ) D Bm{x, ^, -) is the required open set. We are 
done. 

Lemma 4.8 Let (A, M, *) be a fuzzy metric space and Y be an uncountable 
fuzzy uniformly discrete subset of X. Then X is not separable. 

Proof Suppose that X is separable. Then we take a countable and dense 
subset A in X. According to assumption, we can find some ro £ (0, 1) and 
t o > 0 such that M(x,y,to) < 1 — r 0 for all x,y GY and x ^ y. According to 
continuity of *, there exists a £ £ (0,r 0 ) such that 

(1 - £) * (1 - £) > 1 - ro- 

Pick a,b £ y, with a^b. We conclude that 

B M {a,£ , n B M (b,£, = 0. 

Indeed, otherwise, we can take a c £ Bm(ci,£, y) fl BM(b,£, y)- Then 

M(a,b,to) > M(a,c, * M(c,b, ^) > (1 - £) * (1 - £) > 1 - r 0 , 

which contradicts M(a,b,to) < 1 — ro- So {B M (y,£, y)\v e is an uncount- 
able and pair-wise disjoint open family. Since A is dense in X, we see that 
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Bm{v, £,|)nA ^ 0 for all y G Y . This shows that A is uncountable, which is 
a contradiction. We complete the proof. 

Lemma 4.9 [8] Let ( X , M, *) be a precompact fuzzy metric space. Then it is 
separable. 

Theorem 4.10 Let be a stationary and F-bounded fuzzy metric 

space. Then ( X , M, *) is precompact if and only if ( Cld(X ),H M , *) is separable. 

Proof Suppose that (X, M, *) is precompact, then, according to Theorem 4.4, 
we deduce that (Cld (X),Hm,*) is precompact. So, by Lemma 4.9, we see that 
(Cld(X),H M , *) is separable. 

Conversely, Let (Cld (X),Hm,*) be separable. Suppose that (X, M, *) fails 
to be precompact. Then there exists an infinite fuzzy uniformly discrete subset 
Y of X. Observe that V{Y) is the set of nonempty subsets of Y . Then T[Y) 
is uncountable. Take A,C £ V{Y). Then, by Lemma 4.7, we see that A, C £ 
Cld(X). Now, for each a £ A and c £ C, we can find r 0 £ (0, 1) such that 

M(a, c) < 1 — vq. 


So 


M(a, C) < 1 — ?’q. 


It follows that 

inf M(a , C) < 1 — r 0 . 

a£ A 

Similarly, we obtain 

inf M(A, c) < 1 — ro- 

cGC 

Hence 

H m (A,C) < l-r 0 < 1- y, 

which implies that V(Y) is a fuzzy uniformly discrete subset of Cld(X). Thus, 
by Lemma 4.8, Cld(X) fails to be separable, which is a contradiction. Conse- 
quently, (X, M, *) is precompact. 

From Theorem 4.2, Theorem 4.4 and Theorem 4.10 we immediately deduce 
the next corollary. 


Corollary 4.11 Let Y be a dense subspace of a stationary and F-bounded 
fuzzy metric space (X, M, *). Then the following are equivalent. 


(i) (X, M,*) is precompact. 

(ii) Fin(Y) is dense in (Cld(X), Hm,*)- 
(Hi) (Cld(X), Hm,*) is precompact. 

(iv) (CM(X),Hm,*) is separable. 
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Semilocal convergence of a modified Chebyshev-like’s 
method for solving nonlinear equations under 
generalized weak condition * 

Lin Zheng i lj 2 


1. School of Statistics and Applied Mathematics, Anhui University of Finance and Economics, Bengbu 233030, China; 
2. Department of Mathematics, Shanghai University, Shanghai 20044.4, China 


Abstract: In this paper, the semilocal convergence of the modified Chebyshev-like’s method 
is established by using recurrence relations under generalized weak condition. We prove an 
existence-uniqueness theorem and give a priori error bound which demonstrates the R-order 
convergence of the method. Moreover, the dynamical behavior of this method is also studied. 
Finally, numerical examples are presented to demonstrate our approach. 

Keywords: Nonlinear equations; Chebyshev-like’s method; Recurrence relations; Semilocal con- 
vergence; A priori error bounds; Dynamics. 


1 Introduction 

A number of problems arisen from scientific and engineering areas often needs to find the 
solution of nonlinear equations in Banach spaces 

F(x) = 0, (1.1) 

where F is a third-order Frechet-differentiable operator defined on a convex subset O of a Banach 
space X with values in a Banach space Y . 

Generally, iterative methods are often used to solve this problem [1]. Newton’s method being 
a second-order method is one of best known of these methods. The convergence of Newton’s 
method in Banach spaces was established by Kantorovich in [2], The convergence of the sequence 
obtained by the iterative expression is derived from the convergence of majorizing sequences. 
This technique has been used by many authors in order to establish the order of convergence of 
the variants of Newton’s methods [3-9]. An alternative approach is developed to establish this 
convergence by using recurrence relations. The approach is also a very popular technique to 

*The work are supported by National Natural Science Foundation of China (11371243, 11301001, 61300048), 
Natural Science Foundation of Universities of Anhui Province (KJ2014A003, KJ2014A223). 

'Corresponding author. 

E-mail addresses: hbzhenglin@126.com. 


1 


354 


Lin Zheng 354-369 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


establish the convergence of iterative methods. For example, it has been successfully applied to 
the convergence analysis of Newton’s method and some high-order methods [10-23]. 

In [9], we introduce a modified Chebyshev-like’s method given by 

X n +1 =x n - I + ^K F (x n ) + ^ Kp{x n ) T n F(x n ), (1.2) 

where T n = [F'^Xn)}^ 1 , K F (x n ) = T n F"(u n )T n F(x n ) and u n = x n - \T n F(x n ). 

By assuming that 

(Al) To exist and ||ro-F(xo)|| < rj, 

(A2) ||r 0 || < p, 

(A3) \\F"(x)\\<M,xen, 

(A4) || F"'(x)\\ < N,x eft, 

(A5) \\F”' (x) - F'" (y)\\ < L\\x - y\\, \/x,yen, 
we have analyzed the senrilocal convergence of the method given by (1.2) by majorizing sequences 
and proved the R-order is improved to four, the computation efficiency and error estimate were 
also given. Numerical applications shows this method can solve some equations successfully. 

But under assumptions (A1)-(A5), we can not study the solution of some equations. Such 
as the nonlinear integral equation of mixed Hanrnrerstein type, which is given by 

m ,.5 

x(s) + '^2 Gi(s,t)Hi(x(t))dt = u(s), se[a,b], (1.3) 

i = 1 Ja 

where —00 < a < b < 00 , u. H, and G*, for i = 1,2, ••• ,m, are known functions and x is 
a solution to be determined. The problem is from the dynamic model of a chemical reactor 
[24], On the condition that H”'(x(t)) is (L*, qi) -Holder continuous in fi, i = 1,2 ,...,m, then 
corresponding operator F:!1C C[0, 1] — > C'[0, 1], 

m 

[F(x)](s) = x(s) + Gi(s,t)Hi(x(t))dt - u(s), se[a,b ], (1.4) 

1=1 Ja 

is such that its third Frechet derivative is neither Lipschitz continuous nor Holder continuous in 
S2 while, for an example, we consider the max-nornr. For this case, 

m 

\\F'"{x) -F"'(y)\\ < ^ L i\\x ~y\\ qi , Li > 0,% G [0,1], (1.5) 

i = 1 

Because of the importance of nonlinear integral equation of mixed Hanrmerstein type, several 
authors [18-20] have considered a mild condition 

II F"\x) - F"'\\ < lo{\\x - j/]]), x, yen, (1.6) 

where co(z) is nondecreasing continuous real valued function for z > 0, such that cv(0) > 0, on 
F"' to study the semilocal convergence of some iterative methods. 

In the paper, the semilocal convergence of the modified Chebyshev-like’s method is estab- 
lished by using recurrence relations under the assumption that F'" satisfies the cv-continuity 
condition (1.6), An existence-uniqueness theorem is also established for the solution along with 
its a priori error bounds. Moreover, the dynamical behavior of modified Chebyshev-like’s method 
is also studied. Finally numerical examples are presented to demonstrate our approach. 
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2 Recurrence relations 


Let xq G ff and the nonlinear operator F : C X — > Y be continuously third-order Frechet 
differentiable where is an open set and X and Y are Banach spaces. We assume that 

(Cl) To exist and ||Fo-F(xo)|| < rj, 

(C2) ||Fo|| < 

(C3) \\F"(x)\\<M,xen, 

(C4) ||F 1/ "(x)|| < N,x G ft, 

(C5) \\F (x) — F (y)|| < cv(||x — y||), V x, y G where u(z) is non-decreasing continuous 
real function for z > 0 and satisfy cv(0) > 0, 

(C6) there exists a non-negative real function ip(t) < 1, such that ui{tz) < for 

t G [0, l], z G (0, Too). 

Notice that condition (C6) is not restrictive, since we can always consider ip(t) = 1, as a 
consequence of to is non-decreasing function, but its interest is to sharp the priori error bounds. 

Firstly we give the following lemma to show an approximation of operator F. which will be 
used in the latter developments. 

Lemma 1 Assume that the nonlinear operator F : C X — > Y is continuously third-order 
Frechet differentiable where f 1 is an open set and X and Y are Banach spaces. Then we have 


F(x n+ 1) 


2 i^Ti) -C (®n)] (Un J'n ) X f ( X n ) ( ]J n X n ) 

T ~F {xn)^y n Xn) F. p(x 7 i) (y n x n ) 

+ f F"(y n + t(x n+ i - y n ))(l - t)dt(x n+ i - y n ) 2 
Jo 


6 


'o 


F"'\x n + -t(y n - x n ) ) - F"'(x n ) dt(y n - x n ) s 


+ u, 


F"\x n + t(y n - x n )) - F"'{x n ) J (1 - t) 2 dt{y n - x n ) 3 

"b / F ( x n + t(y n t ) dt ( y n x n ) (x n _|_i yn)- 

Jo 


(2.1) 


Now we consider the following scalar functions 

, , 1 1 , 

g{t) — 1 + -t + -t , 


(2.2) 


hit) = 


1 


1 - tg{t ) : 
1 


£{t, u, v ) = -t (t + 2t + 5) + — (3t + 5 )tu + 
o 1 z 


h F 3/2 

1 

6 


(2.3) 

(2.4) 


where I\ = <p(^t)dt and I 2 = fy <p(t)( 1 — t) 2 dt. 

Let <h(t) = g{t)t — 1. Since <f>(0) = —1 and <h(l) = 1 > 0, then 4>(t) has at least a zero in 
(0, 1). Let s is the smallest positive zero of the scalar function g(t)t — 1. 

Denote ao = Mf3t 7, 60 = N/3rj 2 , co = w{r])(3r] 2 and do = h(ao)£(ao, bo, Co). Next, some 
properties of the functions g,h,£ defined in (2.2)-(2.4) are given in the following lemma. 
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Lemma 2 Let the real functions g, h and £ be given in (2.2)-(2.4). Then 

(i) g(t) and h(t) are increasing and g(t) > 1 , h(t) > 1 for t £ ( 0 , s), 

(ii) £(t, u, v ) is increasing for t £ ( 0 , s), u > 0 , v > 0 . 

For n = 0, the existence of Tq implies the existence of yo, «o ■ This gives us 


- .Toll = ||r 0 i ? (x 0 )|| < g, 


and 


||«o - .Toll = -||r 0 i ? (To) 


1 

< - 77 . 

“ 3 ' 


This means that yo . uq £ B( To, Ri 7 ), where R = g(ao)/ (l — do). Furthermore, we have 

||ii>(x 0 )|| = ||roF>o)FoF(xo)|| 

< ||ro||||F // MIII|r 0 F(To)|| 

< M/3r/ = ao. 


We can obtain 


|Tl — T 0 || = 


< 


I + 1 -K f (x 0 ) + 1 -K 2 f (x 0 )\\\\T 0 F(x 0 )\\ 


1 


1 


1 + 2 ®o + 2 ®o 


- Toll = d(ao)||do - t 0 || - 


From the assumption do < l//i(ao) < 1> it follows that ti £ B(xo,Rr/). We also have 

1 1 Ti y 0 1 | < 

< — ^ -IldO “To | 


\ K f{ To) + ^^(T0)||||r 0 F(T0)|| 
ao(l + ao) M 


By ao < s and g(ao) < g(s), we have 

||/-r 0 F / (x 1 )|| < ||r 0 ||||F'(To)-F'(Ti)|| 

< M/3 ||xi - Toll < a 0 g(a 0 ) < 1. 

It follows by the Banach lemma that Fi = [F^xi )] -1 exists and 

1 


d < 


1 — aog(ao) 


|F 0 || = M«o)l|r 0 ||- 


By Lemma 1, we can get 
ll^(Ti)|| < 


7? M V I 2 + 7 ?^/ 3 + 7 ) M \\xi - doll 2 

Z D Z 

+X / 1 w{rj)rf + -I 2 w{7/)if + -Nr/ 2 \\xi - y 0 1 
0 Z Z 


Then from (2.7) and (2.8), we have 


a - ^11 = ||r 1 F(T 1 )|| < ||r 1 ||||F(T 1 )|| 

< d 0 1 1 2/0 — t 0 ||. 


(2.5) 


(2.6) 


(2.7) 


(2.8) 


(2.9) 
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Because of g(ao) > 1, we obtain 

||yi - *o 


< \\yi - *i|| + \\xi - soil 

< (g(ao) + do)ri 

< g{a 0 )(l + d^jr] < Rrj, 


which shows y\ £ B(xq,Rt}). 
In addition, we have 


M||ri||||r 1 F(xi)|| < M/t(a 0 )||r 0 ||do||j/o - x 0 \\ = a 0 h(a 0 )d 0 , 
IV||r 1 ||||riF(xi)|| 2 < IV/ l (ao)||ro||dollyo - *o|| 2 = b 0 h(a 0 )d 2 0 , 


( 2 . 10 ) 


( 2 . 11 ) 

(2.12) 


u(\\yi - si||)||ri||||yi - *i|| 2 < /i(a 0 )||r 0 ||a;(do||yo - *o||)dol|yo - *o|| 2 

< c 0 h{a 0 )dlv(d 0 ), (2.13) 

||*2 - *o|| < ||*2 — * 1 1| + ||*1 - *0 || 

< ff(ai)||yi -*i|| + g( a o)\\yo -*oll (2.14) 

< (1 + d 0 )ff(a 0 )||yo ~~ *o II < Ry- 

||/-riF / (x 2 )|| < ||ri||||F'(*i)-F'(* 2 )|| 

< M||r 1 ||||x 2 -*i|| < a 0 h(a 0 )dog{a 0 h(a 0 )d 0 ) < 1, 
and by the Banach lemma, T 2 = [F / (x 2 )] _1 exists and 

||r 2 || < /i(a 0 /i(a 0 )do)||ri||. (2.15) 


Hence x 2 is well defined. 

We now write aoh(ao)do = a\, &oft-( a oMo = b\, coh(ao)d^(p(do) = c\ and define for n > 0 

Cl-n+l — O nh{cin)d n , 

bn+i = b n h(a n )d n , 

2 (2.16) 
Cn + 1 — c n h(a n )d n <p(d n ) , 

dn+l — ^-(®n+l)^(®n+l j ^n+1 > Cra+l) • 

Later developments will require the following lemma, where some properties of the previous 
scalar sequences are given. 

Lemma 3 Let the real functions g,h and l be given in (2.2)-(2.4). If 

0 < oq < s and h(ao)do < 1, (2-17) 


then we have 

(i) h(a n ) > 1 and h{a n )d n < 1 for n > 0, 

(ii) the sequences {a n }, {b n }, {c n } and {d n } are decreasing, 

(iii) g{a n )a n < 1 and h(a n )d n < 1 for n > 0. 
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Our next goal is to guarantee that (1.2) is well defined. To do this, the system of recurrence 
relations given in the next lemma must be satisfied. The proof follows by using a similar way 
that the above-mentioned and invoking the induction hypothesis. 

Lemma 4 Let the assumptions of Lemma 3 and the conditions (C1)-(C6) hold. Then the 
following items are true for all n > 1 : 

(i) There exists T n = [F^x ™)] -1 and ||T n || < /i(a n _i)||r n _i||, 

(ii) || y n - x n \\ = ||T n F(x„)|| < d n -i\\y n -\ - x n _i|| < c?o||j/o - x 0 || < y, 

(hi) M\\T n \\\\T n F(x n )\\ < a n , 

(iv) N\\T n \\\\r n F(x n )\\ 2 <b n , 

(v) ui ( 1 1 y n x n 1 1 ) 1 1 T n 1 1 1 1 y n x n \ \ ' T c n , 

(vi) i - x n \\ < g{a n )\\y n - x n \\, 

(vii) ||y„ - .Toll < Ry and ||x n+ i - x 0 || < g(a 0 ) ^ \\yo ~ t 0 || < Ry, where R = 

3 Semilocal convergence 

We are now interested in proving that sequence (1.2) is convergent. To do this, we will see 
that (1.2) is a Cauchy sequence. We will give some properties of the scalar sequence { a n }, {&«.}, 
{c n } and {d n } in the following lemma. 

Lemma 5 Let the real functions g,h and t be given in (2.2)-(2.4). Let r £ (0,1), then 
g(rt) < g(t),h(rt ) < h(t) and £(Tt,T 2 u,T 2 v) < T 2 £(t,u,v) for t £ (0, s). 

Lemma 6 Under the assumptions of Lemma 3. Let 7 = h(ao)do , 6 = l/h(ao). For n > 0, 
we have 

on 3 n+1 — 1 

a n + 1 < 7 «n < 7 2 «o, (3.1) 

b n + 1 < (V") K < 7 3 " +1_1 5 0 , (3.2) 

( qn\ ^ on+1 -i , . 

7 J c n < 7 d c 0 , (3.3) 

d n +i — b n -^i, T <^7 • (3-4) 

Proof The Lemma will be proved by induction. Since ai = 700 , by the above-mentioned 
assumption, we get 7 < 1. We also get 

h = b 0 h(a 0 )dl < 7 2 b 0 , 


and 

ci = c 0 h(a 0 )dlip(d 0 ) < 7 2 c 0 , 


as cp (do) < 1. 

Suppose (3.1)-(3.3) hold for n = k, then 


®fc+i — akh(cik)dk — a>kh (ofc)^(ctfc, 6^, c^) 

< (7 S ‘"h-,) 2 . (7 3 * _ 

< 7 3L 1 a k -ih 2 (a k -i)( 7 3L 1 ) 2 £(a k -i, b k -i, c fe _i) = 7 s a k . 



6 


359 


Lin Zheng 354-369 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


We also have 


and 


bk + 1 = b k h{a k )d 2 k 7 h 7 (y 3 *) b k , 

c k+ 1 = c k h(a k )d k ip(d k ) 7 c k <p(d k ) < (V*) c k , 


as tp(dk) < 1. Hence 


a k + 1 <7 a k < 7 7 ' 
2 


3 fc+l _ 

1 7“ o-o = 7 2- 


«o, 


b k + 1 < 7 ) h < ['y 


c k+ 1 < 7 c fc < 7 


7 


7 


7 Mo = 7' 


3 fc+1 -l 


■ ■ 7 co = 7 


3 fc+1 — 1 


bo, 


Co- 


Thus (3.1)-(3.3) hold by induction. Furthermore 

. \ ft ft j . / 3 n ~^ — 1 \ ft f 3 n ~L^- — 1 oro + 1 . on+1 1 

d n +i = h(a n+ i)£(a n+ i,b n+ i,c n+ i) < ft 1 7 2 a 0 7 2 a 0 ,7 »o,7 

_ 3 n+i /i(ao)^(ao, &o,cq) _ ^ 3 n+i 


Co 


The proof is completed. 


3.1 Convergence theorem 

Now we give a theorem to show the existence and uniqueness of the solution and the domain 
in which it is located, along with a priori error bounds, which lead to the R-order of convergence 
of iteration ( 1 . 2 ). 

Theorem 1 Let X and Y be two Banach spaces and F : SI C X — ► Y be a third-order 
Frechet differentiable on a non-empty open convex subset SI. g,h,l are defined by (2.2)-(2.4). 
Let ao = M/3r], bo = N /3if and Co = w(r))/3r ] 2 satisfy 0 < ao < s and h(ao)do 7 1, B(x 0 , Rg) G SI 
where R = g(ao )/ (l — do)- Assume that xo G SI and all conditions (C1)-(C6) hold. Then starting 
from xo, the sequence {x n } generated by the modified Chebyshev-like’s method (1.2) converges 
to a solution x* of F(x) = 0 with x n , x* belong to B{xo,Rg) and x* is the unique solution of 
F(x) in B(x 0 , — Rrf) n SI. Moreover, a priori error estimate is given by 

3 n — 1 i 

\\x n - X*\\ < g{a 0 )rjS n 7^~ 1 _ ^ 3 „ , (3.5) 

where 7 = h(ao)do and S = l//i(ao)- 

Proof It is sufficient to show that {x n } is a Cauchy sequence in order to establish the 
convergence of {x n }. 

From Lemma 4 and Lemma 6 , we have 

||®n+l X n \\ 7 g{0‘n)\\yn X n \\ 7 g^CL^dn—i ||j/n— 1 X n — 1 || 

n— 1 

< • • • < g(a n )\\yo - aJoll IJ dj 

j = 0 

n— 1 

3 ri 1 

< MM? n (M ) = MnM" 7^2“ , 

1=0 
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where 7 = h(ao)do < 1 and 5 = l/h(ao) < 1. Hence, 


||^m+n %n\\ — H^m+n ^m+n— 1|| ’ H - ||^n+l %n\\ 

— Q^m+n— l) ||?/m+n— 1 ^m+n— 1|| * * * H" s(®‘ 


n)\\yn %n\ 

3 n — 1 


ora+n-l 1 v -_. 

< £f(a m+n _i )7 2 5 m+n ^ 1 ?? H b g(a n ) 7 ^““ (P 7 

om+n-l_i on _ 1 

< 5(an)<J n [7" 2 < 5 m_1 4 

= 5 (an ) <5 7 2 7 2 


fim -1 7^-7-^ (5+1 


3 n [3 — 1] 


7 - 


By Bernoulli’s inequality, for every real number x > — 1 and every integer k > 0, we have 
(1 + x) k — 1 > kx. Thus, 


3 n_j 

\\x m +n -x n \\ < g(ao)6 n i 2 — 

1 — 7 ^ 0 

It follows that {x n } is a Cauchy sequence. So there exists a x* such that lim x n = x* 

n— >oo 

For m > 1 and n = 0, we get 

1 _ rs , rn fo rn 

\\x m - ®o|| < g{a 0 )— ^7 < Rrj- 

1 — 7 0 

Hence, x m 6 B(xo, /?,//) , for all m > 0. By letting n = 0, m — > 00 in (3.6), we obtain 

II®* — ®o|| < 7 ? 7 . 


(3-6) 


(3.7) 


This shows x* € B(xq,Ri]). 

Now we prove that x* is a solution of F(x) = 0. Since 

||i7®n)|| < ||F / (xo)|| + ||F / (Xn)-F / (x 0 )|| 

< ||F , (x 0 )|| + M||®n - ®o|| 

< \\F\x 0 )W + MR V , 


we can obtain 


\\F(x n )\\ < ||F / (x n )||||r n F(xn)|| < (||F l/ (x 0 )|| + MRr])\\T n F(x r) 


(3.8) 


Since 


n— 1 


|r„F(x n )|| < dn-iWyn-i - x n —i || = ■ • • = H di) < 7<J"7 


i = 0 


by letting n — > 00 , we obtain ||r ri F(x n ) || — > 0, and ||F(x n )|| — > 0 in (3.8). Hence, by the 
continuity of F in H, we obtain F{x*) = 0. 

Now we prove the uniqueness of x* in B(x 0 , — -R 7 ) (7 H. Firstly we can obtain x* G 

B(xq, ■jjjj — Rr j) fl H. Since R = g(ao)/ (l — do) < 1/ao, then we have 

0 / 2 \ 1 

— Rr] = I R 1 7 > — 7 > Rr], 


M(3 


do 


ao 


and then B(x 0 , Rr/) C B(x 0 , — Rrj) (7 H. 
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Let x** be another zero of F{x) in B(x o, — Ry) n lb By Taylor theorem, we have 

0 = F(x**) - F(x*) = [ F'((l -t)x* + tx**)dt(x** -x*). 

Jo 


(3.9) 


Since 


dt 


I \F'((l-t) X * + tx**)-F'(x 0 ) 

o L 

<M/3 [ [(l-t)\\x* -x 0 \\+t\\x** -x 0 \\]dt 

Jo 


< 


M(3 


Rv + M0- R ’ 1 


= 1, 


it follows by the Banach lemma that [ ( ] F'((l — t)x* +tx**^dt is invertible and hence x** = x*. 
By letting m — > oo in (3.6), we obtain (3.5) and furthermore 

ll^-^IISy/s^lh 173 ) 3 "' <3 ' 10) 

This means that the modified Chebyshev-like’s method given by (1.2) is of R-order of convergence 
at least three. 


3.2 R-order of convergence 

Now we consider the following mixed condition 

m 

II F"'(x) - F'"(y) || < ^Li\\x - y\\ qi ,Li > 0 ,qi £ [0,1], x,y £ ft. 

i = 1 

By choosing w(y) = YJiLi( L id Qi ), we have w(ty) = YJJ=\( L ^ CH d q '), since t G [0,1], qi £ [0,1], 
then <p{t) = t p , where p = min{q\, q ^ , • • • , q m }. 

Now we consider that (p{t ) = t p , where p £ (0, 1]. In this situation 

= i ^b dt = b'TT}’ 

and 

/■! i 

h= ip(t)(l — t) 2 dt = -. T7 r. 

Jo :(l+p)(2 + p)(3 + p) 

The sequence {c n } is reduced to 

c n + 1 = c n h(a n )dl +p , n> 1 . 


(3.H) 

(3.12) 


Moveover 

Then 


£(rt, t 2 u, t 2 +p v) < r 3+p £(t, u, u), for r£ (0,1), pG [0,1]. 


&n + 1 

< 

C 3+ „w ^ (3 +p)" +1 -i 

7 1 +p> a n < 7 2 +p ao, n 

IV 

o 

^n +1 

< 

2(3Xv) n l 2[(3+ P )"+ 1 -l] 

7 2(3+p) b n < 7 2 +r b 0 , 

n > 0, 

^n +1 

< 

7 (2 +P )(3 +P )- Cn < 7 (3 +P )»+1-1 Co 

, n > 0 
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Consequently, the new a prior error estimates for iteration (1.2) are: 


. „ / (3+p)"-i 5 n 

X ~ Xn || < g(a 0 )vi 2+p ^(3+p)^ ’ n ^ °> 


so that 


\X — X r 


< 


g{ao)v 

1 

7 2 +p (1 — jS) 



(3 +P) n 


n > 0, 


and the R-order of convergence is then at least 3 + p. 

Remark Notice that w(z) = Lz , L >0, if F'" is Lipschitz continuous in P and the R-order 
of convergence of iteration (1.2) is now at least four. And if F'" is (L,p)-Holder continuous in 
fl, then w(z) = Lz p , L > 0, so that (1.2) is of R-order of convergence at least 3 + p. 


4 Application 


We illustrate the previous study with an application to the following nonlinear integral 
equations. 

Example 1. Consider the mixed Hammerstein type integral equation [24]: 

x(s) = l + ll G(s, t)(x(t ) + x(t) 4 ) dt, s,te [0, 1], (4.1) 

where x € X. Here X = C [0 , 1] is the space of continuous functions on [0, 1] with the max-norm 


||.t|| = max |x(s)| . 

[o,i] 

And the kernel G is the Green function 


G(s,t) 


(1 — s)t, t < s, 
s(l — t), s <t. 


The analysis and computation of these types of equations are justified by the dynamic model of 
a chemical reactor. 

Solving (4.1) is equivalent to solve F(x) = 0, where F:flC C[0, 1] — > C[0, 1], 

i F ( x )]( s ) = x (s) - 1 - ^ J G(s,t)(x(t) 10/3 + x(t) 4 ^)dt, s G [0, 1], (4.2) 

and P is a suitable non-empty open convex domain. Note that the first, second and third Frechet 
derivatives of the operator F are given by 

[F , (x)y\(s) = y(s) - ^ J G(s,t)(^-x(t) r/3 + 4x(t) 3 ^)y(t)dt, (4.3) 

[F"(x)yz\(s) = -^ J G(s,t)(J^x{t) 4/3 + 12x(t) 2 ')z(t)y(t)dt, (4.4) 

[F"' (x)yzu\(s) = ~\J G{s,t)(^~x(t) 1/3 + 24x(t))u(t)z(t)y(t)dt. (4.5) 
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Observe that F'" is neither Lipschitz continuous nor Holder continuous in S7, but the operator 
F satisfies the assumptions of Theorem 1, so that a solution of (4.1) can be approximated by 
(1.2). 

Now we consider H = 11(0,3/2) C X as an open convex nonempty domain and choose 
xo(s) = 1 as an initial approximation solution. One can easily obtain 

||r„|| < 36/25 = (3, ||r 0 F(xo)|| < 3/25 = r,, 

\\F"(x ) || < 1.6815 = M, \\F"'(x)\\ < 1.9946 = N, 

35 

lo(z) = — \fz + z, (p(t) = n, h = 0.5200, I 2 = 0.0964. 

81 

Hence, ao = M/3rj = 0.2906, bo = N (3rj 2 = 0.0414 and cq = <jj(ri)(3rj 2 = 0.0069, so that 


$(ao) = aog(ao) - 1 ~ —0.6550 < 0, and h(ao)do — 0.0564 < 1. 


Besides, the solution x* belongs to B(xo,Rr]) = 11(1, 0.1480 ••• ) C H and it is unique in 
B{ 1,0.6780- -Onfi. 

Finally, we discretize (4.1) to transform it into a finite dimensional problem and we apply 
(1.2) to approximate a solution. This procedure consists of approximating the integral appearing 
in (4.1) by a numerical quadrature formula. We consider the following Gauss-Legendre formula 

,-\ m 

/ v(t)dt ~ Yw iV (ti), 

J o i=i 


where the nodes t t and the weights Wi can be easily computed. 

If we denote Xj = x(tj ), ( j = 1,2, •• • , m), (4.1) becomes the following nonlinear system of 
equations 

Xj = 1 + - ^2a jk (xl° /3 + xi), j = 1,2, ■ ■ ■ ,m, (4.6) 


where 


a jk 


Wktk{ 1 - tj) if k < j, 
w k tj(l-t k ) if k < j. 


Now we apply the method given by (1.2) to compute (4.6) and compare it with the Chebyshev- 
like’s method in [30]. Taking into account that we have previously considered the starting 
function xq(s) = 1, we now choose the vector xq = (1, 1, - - - ,1) T as the initial iterate. All 
computations are carried out with double arithmetic precision. In the tests, we take m = 10, 20 
in (4.6) respectively. Displayed in Tables 1 and 2 is the max-norm of vector functions at each 
iterative step. The stopping criterion that we consider is ||F’(x n )|| 0O < 10~ 15 . 

From the numerical results, we can see that the performance of the method (1.2) is better. 
This means that our method can be of practical interest. 
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Table 1: Results of system (4.6) with m = 10 


n 

Chebyshev-like method 

the method (1.2) 

i 

3.098738e-004 

6.359533e-005 

2 

1.645750e-011 

6.661338e-016 

3 

6.661338e-016 



Table 2: Results of system (4.6) with m = 20 

n 

Chebyshev-like method 

the method (1.2) 

i 

2.956476e-004 

5.838933e-005 

2 

1.313716e-011 

9.992007e-016 

3 

1.443290e-015 


4 

4.440892e-016 



5 Dynamics 

The dynamical analysis of a method is becoming a trend in recent publications [25-28] on 
iterative methods because it allows us to classify the various iterative formulas, not only from 
the point of view of its order of convergence, but also analyzing how these formulas behave 
as function of the initial estimate that is taken. Let us first recall some dynamical concepts. 
Consider a Frechet differential function G : W 1 — > M n . The orbit of x £ M n is defined as: 

x,G(x),G 2 (x),--- ,G p {x ),••• . 

A point Xf is a fixed point of G if G(xf) = Xf. The basin of attraction of Xf is the set of 
points whose orbits tend to this fixed point 

A(xf) = {i 6 I" : G p (x) — ► Xf for p — ■> oo}. 

In this section we study the dynamics of the method (1.2) when applied to the solution of 
a 2 x 2 nonlinear system and compare it with the dynamics of Chebyshev-like’s method in [30]. 
We show that the method is generally convergent and depict the attraction basins. 

Example 2. Consider the following system [29] 

1 11 

fi{x) = 7 ;sin(x ix 2 ) - — x 2 - -xi = 0 

( 2 47T 2 

h(x) = (1 - ^-) (e 2xi - e) + -x 2 - 2exi = 0 

v 47 r v ' i r 

where 0.25 < x\ < 1 and 1.5 < X 2 < 27t. The exact solutions are x* = and x* = 

(0.29945, 2.83693) t . 

For the comparisons, we have run the methods with tolerance 10 -5 , performing a maximum 
of 20 iterations. The starting points form a uniform grid of size 600 x 600 in a rectangle of the 
real plane. The attraction basins have been colored according to the corresponding fixed point. 
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Figure 1: Attraction basins for Chebyshev-like’s method 

Figures 1 and 2 show the attraction basins of the method (1.2) and Chebyshev-like’s method 
in [30], respectively. According to the figure, for any starting point that arise from the red or 
blue regions, the methods are converge to the solution in that region, while starting points from 
other region failed to convergence. The presented basin of attraction show the good performance 
of the method (1.2) as compared to Chebyshev-like’s method in [30]. 

6 Conclusion 

In this paper, the semilocal convergence of the modified Chebyshev-like’s method for solving 
nonlinear equations in Banach spaces is established by using recurrence relations under the 
assumption that F'" satisfies cv-continuity condition. An existence-uniqueness theorem is given 
to show the R-order convergence of the method. Also a priori error bounds is given. From the 
numerical results, we can observe that the performance of our method in this paper is better. 

The dynamical behavior of the method (1.2) has been compared with that of Chebyshev- 
like’s method in [30] . The presented basin of attraction have also confirmed better performance 
of the method (1.2). 
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Abstract 

By using the direct and fixed point methods, we establish the general solution and generalized Hyers-Ulam 
stability of the following sextic functional equation 

f(nx + y) + f{nx - y) + f(x + ny) + f{x - ny) = (n 4 + n 2 )[f(x + y) + f(x - y)\ 

+ 2(n 6 - n 4 - n 2 + l)[/(a;) + f(y)\ 

in random normed spaces. Also, we present an illustrative example with the Lukasiewicz t-norm that can 
be a suitable approximation using this sextic function. 


1. Introduction 

If the values of norms are probability distribution functions, then we have a generalized notion of 
normed space named random normed space, that was introduced by Sherstnev in m and extended by 
Alsina, Schweizer and Sklar in I]. The theory of random normed spaces have significant applications 
in quantum particle physics (see [20J 1 . Also, it has very useful applications in many fields like popula- 
tion dynamics, chaos control, computer programming, nonlinear dynamical system, nonlinear operators, 
statistical convergence, etc. 

On the other hand, one of the most important issues in the theory of functional equations, concerning 
the famous Ulam stability problem is: when a mapping satisfying a functional equation approximately, 
must be close to an exact solution of a given functional equation? 

Ulam [35J in 1940 raised the first stability problem concerning group homomorphisms. Hyers m was 
the first mathematician to present an affirmative partial answer to the question of Ulam for Banach spaces. 
Subsequently, Hyers’ theorem was generalized by Aoki [2] for additive mappings and by Rassias [28J for 
linear mappings by considering an unbounded Cauchy difference. Gavruta m obtained a generalization 
of Rassias’ theorem, which allows the Cauchy difference to be controlled by a general unbounded function. 
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The stability problems of a wide class of functional equations have been investigated by a number of 
authors, and there are many interesting results concerning those problem (see, e.g., (3, XT, 131 EH 
l32H34ll36] h Also by using fixed point methods, the stability problems of several functional equations have 
been extensively investigated by a number of authors (see, e.g., HHZIEIES!). 

The generalized Hyers-Ulam stability of different functional equations in random normed spaces, 
paranormed spaces, quasi-normed spaces and quasi-/3-normed spaces has been studied by many authors 
(see , e.g., p H4ifT8U22U24l ). Park and Lee [23] proved the Hyers- Ulam stability of the following additive- 
quadratic-cubic-quatric functional equation 

f{x + 2 y) + f{x - 2 y) = 4f(x + y) + 4f(x - y) - 6 f(x) + f{2y) + f(-2y) - 4 f(y) - 4 f(-y) (1.1) 

in paranormed spaces. The general solution of quintic and sextic functional equations 

f{x + 3 y) - 5 f(x + 2 y) + 10/(cc + y)~ 10 f(x) + 5 f(x - y) - f{x - 2 y) = 120 y (1.2) 

and 


fix + 3 y) - 6 f[x + 2 y) + 15 f{x + y) - 20 f{x) + 15 fix - y) - 6 fix - 2 y) + f{x - 3 y) = 720 f(y) (1.3) 

was introduced and investigated on the generalized Hyers-Ulam stability in quasi-/3-normed spaces via 
fixed point method by Xu et al. 

The general solution and the generalized Hyers-Ulam stability of the sextic functional equation 

f(nx + y) + f{nx - y) + f{x + ny) + f(x - ny) = (n 4 + n 2 )[f(x + y) + f(x - y)] 

+ 2(n 6 — n 4 — n 2 + l)[/(a:) + f{y)} (1.4) 

in paranormed spaces was discussed by Ravi and Sabarinathan [29]. 

In this paper, we present the general solution and generalized Hyers-Ulam stability of the sextic 


functional equation (1.4) under arbitrary t-norms by direct method and under Min t-norm by fixed point 
method in random normed spaces and provide an example for random normed spaces with the Lukasiewicz 
t-norm, by direct method. 


2. Preliminaries 

Before giving the main result, we present some basic facts related to random normed spaces and 
some preliminary results. We say that / : R — > [0, 1] is a distribution function if and only if it is a 
monotone, nondecreasing, left continuous, inf/(a;) = 0 and sup/(x) = 1. By A + we denote a collection of 
all distribution functions and by D + the set of all distribution functions such that f(x) =0. If a £ Ro, 
then H a £ D + where 

{ 0 if t < a, 

1 if t > a. 
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It is obvious that H 0 > f for all / £ D + . 

Definition 2.1 ([51 [50] ). A mapping T : [0, 1] x [0, 1] — ► [0, 1] is a continuous triangular norm (briefly a 
t-norm) if T satisfies the following conditions: 

1. T is commutative and associative; 

2. T is continuous; 

3. T(a, 1) = a for all a £ [0, 1]; 

4. T(a, b ) < T(c, d) whenever a < c and b < d. 

Typical examples of continuous f-norms are T p (a, b) = ab, Tm{cl, b) = min(a, b) and XI(a, b) = max(a+ 
b — 1,0) (the Lukasiewicz t-norm). 

Recall (see [E, !Tj) that if T is a t-norm and x n is a given sequence of numbers in [0,1], TfL^Xi is 
defined recurrently by Tf =1 Xi = Xi and = T(Tff~^Xi,x n ) for n > 2. 

It is known HU that for the Lukasiewicz t-norm the following implication holds: 

OO 

lim (T z ,)g 1 a: n+ j = 1 4=> VVl - x n ) < oo. 

n—too z — ' 

n—1 

Definition 2.2 ([31]). A random normed space (briefly RN-space) is a triple (A, fi, T) where A' is a vector 
space, T is a continuous t-norm, and p, is a mapping from X into D + such that the following conditions 
hold: 

1. n x (t) = H 0 (t) for all t > 0 iff x = 0; 

2. H a x{t) = ) for all x £ A, t > 0 and a ^ 0; 

3. n x +y(t + s) > H v {s)) for all x,y,z £ X and t, s > 0. 

Definition 2.3 ( [18] ) . Let ( X,/j,T ) be an RN-space. Then 

1. A sequence {x n } in X is said to be convergent to x in X if, for every e > 0 and A > 0, there exists 
a positive integer N such that /r Xri _ x (e) > 1 — A, whenever n> N. 

2. A sequence {x n } in X is called a Cauchy sequence if, for every e > 0 and A > 0, there exists a 
positive integer N such that n Xn - Xm {e) > 1 — A, whenever n > m > N. 

3. An RN-space (A', n, T ) is said to be complete if and only if every Cauchy sequence in A is convergent 
to a point in X. 

Theorem 2.4 ([30]). If (X,/j,,T) is an RN-space and x n is a sequence such that x n — ► x, then 
linin^oo /i Xn (t) = H x {t) almost everywhere. 

Definition 2.5 ([IB] ). Let A be a set. A function d : X x A — ► [0, oo] is called a generalized metric on 
A if it satisfies 

1. d(x, y) = 0 if and only if x = y ; 

2. d{ x, y) = d(y, x) for all x, y £ A; 

3. d(x , *) < d(x, y) + d(y, z ) for all x,y,z £ A. 

We recall a fundamental result in fixed point theory. 

Theorem 2.6 ( [21 IS] ). Let (A', d) be a complete generalized metric space and let J : X — > X be a strictly 
contractive mapping with Lipschitz constant a < 1. Then for each given element x £ A, either 

d(J n x , J n+l x) = oo 

for all nonnegative integers n, or there exists a positive integer no such that 

1. d(J n x, J n+1 x) < oo, Vn > n 0 ; 

2. the sequence {J n x} converges to a fixed point y* of J; 

3. y* is the unique fixed point of J in the set Y = {y £ X\d(J n °x, y) < oo}; 

4- d{y, y*) < Y^d(y, Jy) for all y £ Y . 
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3. Hyers— Ulam stability of the sextic functional equation (1.4) by direct method 


In this section, using the direct method, we prove the generalized Hyers- Ulam stability of the sextic 


functional equation (1.4 1 in complete RN-spaces. Also, we present an illustrative example with the 


(3.1) 


Lukasiewicz t-norm that can be suitable approximation using this sextic function. 

Theorem 3.1. Let X be a real liner space, (Y, p, T) a complete RN-space and f : X — > Y be a mapping 
with /( 0) = 0 for which there is <f> : X 2 — )■ D + (cf>(x,y) is denoted by <f> x l ,) such that 

PD s f(x,y)(t) f 4 > x,y(f')i 

where 

D s f(x, y) := f(nx + y) + f{nx - y) + f{x + ny) + f(x - ny) 

- ( n 4 + n 2 )[f( x + y) + f(x - y)] - 2 (n 6 - n 4 - n 2 + 1 )[f(x) + f(y)\ 
for all x, y G X and t > 0. If 

lim T- 1 (0„ I+m - 1XiO (n 6m+5l t)) = 1, 

m—>o o 

and 

lim (fn m x,nr rl y{n t) = 1 


(3.2) 


(3.3) 


for all x,y € X and t > 0, then there exists a unique sextic mapping S : X — Y satisfying (1.4) and the 
inequality 


Pf{x)—s(x){f) — r ^'i=l{ < Pn i ~ 1 x,o{' 1 ^ t) 


for all x £ X and t > 0. 


Proof. Letting y = 0 in (3.1 ), we get 

Pf(nx)—n G f(x){f) A 0^,0 (2t) A 0x,O if') 


for all x £ X. Then we get 

therefore, 

that is, 


M/ 0 ¥ o_ /(x) (i) > <j> x>0 (n 6 t), 


p f(n k x) jt) > 4>n k x 1 o( n ' t)> 

n 6 fc + 6 ^6 fc 


f J ’f(n k + 1 *) /( n k a:)( l*J_t ) — ^n k X 

n efc+6 n ^ 


(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 


for every k £ N, t > 0, n positive integer, n > 1. As 


, 111 1 

1 > 1 2 H 3 + ••• 4 £ j 

n rU n 3 n K 


by the triangle inequality it follows: 


m— 1 


H f(n™x) _ r, \ (t) > fl 


f (n rn x) 


fc=0 

^ TkLg 1 f(.n k ,) (-jfe+T*)) 

\ „6fc + 6 „6fc n T / 

> TZL- 0 \K k x,o(n 5k+5 t) 

= T™ i , 


(3.9) 
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x £ X, t > 0, and n > 1. In order to prove the convergence of the sequence }> we replace x by 


n J x, and multiplying the left-hand side of (3.9) by " 6j . we get 


A* f(nix) (t) > T™, (cj> n j +i - lx An 6j+5i t)) . 
^wr~ 


(3.10) 


Since the right-hand side of the inequality (3.10) tends to 1 as to and j tend to infinity, the sequence 


{ ~ ^ a ej 0 ' 1 } is a Cauchy sequence. Therefore, we may define 

S(i)= lim lip- 

y ’ j — >oo n 6 i 

for all x € X. 

Replacing x, y by n m x and n m y, respectively, in B then multiplying the right hand-side by 
it follows that 

m D sf(rt rn x, nrn y)(t) — ( t ) n m x,n m y{ n t) 


,.6m > 


for all x,y £ X , and positive integer n, n > 1. Taking the limit as to — > oo we find that S satisfies (1.4), 


that is, S is a sextic map. To prove (3.4) take the limit as m — > oo in (3.9). 


Finally, to prove the uniqueness of the sextic function S', let us assume that there exists a sextic 


function r which satisfies (3.4) and equation (1.4). Therefore 


, t , 


, t , 


~ T( ^)-^ ( 2 ) ’^-4x) ( 2 )) ' 
Taking the limit as j — > oo, we find p r (x)-s{x)(t) = 1- Therefore r = s. 


□ 


Corollary 3.2. Let X be a real liner space and (Y,p,T) a complete RN-space such that ( T = Tm, T p or 
Tl) and f : X — > Y be a mapping satisfying 


h’D s f(x : y) (l) ^ 1 


t+\\x\\ 

for all x £ X, t > 0. Then there exists a unique sextic mapping S : X 

'\x\\ 


(3.11) 


Y satisfying (1.4) and 


Pf{ x) -s(x){t) ft 7^(1 nii+H + ) 


for every x £ X , and t > 0. 
Proof. It is enough to put, 


4*x,y{t) — 1 


t+ X 


for all x, y £ X and t > 0, in Theorem |3.1 


□ 

Corollary 3.3. Let X be a real liner space and (Y,p,T) a complete RN-space such that (T = Tm, T p or 
Ti) and f : X — > Y be a mapping satisfying 

t 


TD s f(x,y)(t) > t + e || Xo ||. 


Xq £ X, t> 0, and s > 0. Then there exists a unique sextic mapping S : X — > Y satisfying (1.4 1 and 

n 5i t 


Rf{x)-s{x)(t)> T °Z i( n5 ^ + ,, ,,)• 
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Proof. It is enough to put, 


<t>x,y{t) — 


t 


t + e\\x 0 \\ 


for all x, y G X and t > 0, in Theorem 3.1 


□ 


Corollary 3.4. Let X be a real linear space and (Y, p,T) a complete RN-space such that ( T = Tm, T p 
or Tif) and let L > 0 and p be a real number with 0 < p < 5 and f : X — > Y be a mapping satisfying 


t L D s f(x,y)^f) ^ 


t + L(\\x\\P+\\y\\P) 


for all a ;,y £ X and t > 0. Then there exists a unique sextic mapping S : X — > Y satisfying (1.4) and 


t 


Tf(x) s(x)(t) > Ti~ ^ n i(p-5 )-p II x ||p) 


for every x € X and t > 0. 
Proof. It is enough to put 


<t>x,y{t) — 


t 


: ’ yW t + L(\\x\\P + \\y\\p) 
for all x, y G X and t > 0, in Theorem |3.1| 

Example 3.5. Let (X, ||.||) be a Banach algebra and 

f max{l — M i0 } if t > 0, 


□ 


Mx(t) = 


1 » 


if t < 0. 


for all x, y G X and t > 0. Let 


fmaxIl- ^M+M .O} if t > 0, 

if i <0. 

We note that <p x , y (t) is a distribution function and Hmj^ 00 <p n j x n 3 y(n° J t) = 1 for all x, y £ X and 
t> 0. 

It is easy to show that (X,fj,,T L ) is an RN-space (this was essentially proved by Mushtari in [2T], see 
also HZ]). Indeed, p. x (t) = 1, Vt > 0 implies ^ = 0 and hence x = 0 for all x G X and t > 0. Obviously, 
= P x (t) for all x G X and t > 0. Next, for all x, y G X and t, s > 0, we have 


p x+y (t + s) = max{ 1 - 


t + s 


[ , 0 } 


= max{l - ||^||,0} 


= max{l — 


t + s 
x 


t + s t + s 
>max{l-|||||-|||||,0} 

= T L (lX X {t),Py(s)). 

It is easy to see that (X, p,,Ti) is complete, for 

Hx- V (t)> !_ lifL-jdi, y x ,yex, 


, 0 } 
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and t > 0 and ( X , ||.||) is complete. Define a mapping / : X — ► X by f(x) = x 6 + ||*||*o for all * £ X, 
where Xq is a unit vector in X. A simple computation shows that 


II f{nx + y) + f(nx - y) + f(x + ny) + f(x - ny ) 

- (n 4 + n 2 )[f(x + y) + /( x - y)} - 2 (n 6 - n 4 - n 2 + 1 )[/(*) + f(y)] || 
= I II nx + y || + || nx - y || + || x + ny || + || x - ny || 

- [n 2 + n 4 )[|| x + y || + || x-y ||] 

-2(n 6 -n 4 ^n 2 + l)[||*|| + ||2/||]| 

<2(n 6 +n + 2)(||*|| + ||2/||)<8n 6 (||*|| + ||2/||) 


for all x,y £ X. Hence HD.f(x,y)(t) > <t>x,y(t) for all x,y £ X and t > 0. Fix * £ A' and t > 0. Then it 
follows that, 


{Tl)T=i (tnw-ixfi (n ej+5i h)) = max | (n 6j+5i h) - l) + 1,0 


k i = 1 


, , 8n 5 ||*|| n 

= max { 1 — — ; — . 0 

n^(n A -l)t 


for all x £ X, n £ N and t > 0. Hence 

lim (T^r (<p n i + i-i x ,o (n 6j+5i h)) = 1 

j— >oo \ / 

for all * £ X and t > 0. Thus, all the conditions of Theorem |3.1| hold. Since 


(Tl)%Li (</>+-+, o (n 5l t)) = max{ 1 


8rt 5 |MI 

(n 4 -l)t’ 1 


for all * £ X and t > 0, we can deduce that S(x) = x 6 is the unique sextic mapping S : X — > X such 
that 


yf(x)-s(x){t) > max{ 1 


8n 5 ||*|| 
(n 4 — l)t ’ 


for all * £ X and t > 0. 


4. Hyers— Ulam stability of the sextic functional equation (1.4) by fixed point method 


In this section, using the fixed point method, we prove the generalized Hyers-Ulam stability of the 


sextic functional equation (1.4) in complete RN-spaces. 

Theorem 4.1. Let X be a real liner space and (Y,p,Tm) be a complete RN-space and f : X — > Y be a 
mapping with /( 0) = 0 for which there is <j> : X 2 — > D + [<f>{x,y) is denoted by (f> x , y ) such that 

4*nx,ny (at) > <f> x , y (t), 0 < a <n 6 , 


and 


ft D s f (x ,y) (^) ^ 4*x,y(j'') 


(4.1) 


for all x, y £ X , and t > 0, where 

D s f(x, y) := f(nx + y) + f(nx - y) + f(x + ny) + f(x - ny) 
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- (n 4 + n 2 )[f{x + y) + f(x - y)] - 2 (n 6 - n 4 - n 2 + l)[/(a;) + f(y)\ 
for all x,y £ X and t > 0. Then there exists a unique sextic mapping g : X — > Y such that 

Tf(x)—g(x)if'} ^ 0x,o(2(n <r)t) 

for all x £ X and t > 0. Moreover, we have 

f(n m x ) 


(4.2) 


g{x) = lim . 


m ~ *-°° n 6m 


Proof. Let y = 0 in (4.1); we get 


for all x £ X and t > 0 and hence 


Consider the set 


/fo/(nx) — 2n 6 /(x) (/) — 4*x,0 (0 


tl f(nx) (t) ^ 02:,o(2n. f). 


(4.3) 

(4.4) 


£:={ 5 :X^F: ff (0) = 0}, 
and the mapping da dehned on E x E by 

ddg, h) = inf {e > 0 : %(*)-/>(*) ( ei ) > <Az,o(2 n 6 f)}, 

for all x £ X, t > 0. Then ( E,dc ) is a complete generalized metric space (see the proof of [T7J Lemma 
2.1]). Now, let us consider the linear mapping J : E — » E defined by 

M*) = 

n° 

Now, we show that J is a strictly contractive self- mapping of E with the Lipschitz constant k = 
Indeed, let g, h £ E be the mappings such that dc(g , h) < e. Then we have 


Tg(x) — h(x)i^l') — 0^c,o(2n t) 


for all x £ X and t > 0 and hence 


, eat 


eat s 


Tjg(x)-Jh(x){ 6 ) — Mzjs) ( 6 ) 


Tg(nx) — h(nx)(. f ^^t) 
> (fnxfii^an^t) 


for all x £ X and t > 0. Since 

$nx,ny(&t') ^ 0 <C OL <C Tl , 

we have 

£Ott . 6 


fJ'Jg(x) — Jh(x) (^g - ) — fixfiV^Tl £), 

that is, 

/i) < e ==> d G (j£, <//&) < —a €■ 

n° 

This means that 

(X 

d G (Jg,Jh) < -=d G (g,h), 
n° 


for all g,h £ E. Next, from 

H f(nx) f^(t) > <f> X fi(2n t), 
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it follows that do(f, J f) < 1. Using Theorem 2.6, we show the existence of a fixed point of J, that is, 
the existence of a mapping g : X — > Y such that g(nx) = n 6 g(x) for all x £ X. Since, for all x £ X and 
t > 0, 

2n 6 t 

^ 1 ''' h , u(x)—v(x)if) — ^x,o( )i 


it follows from dc(J n f,g) — > 0 that lim , 


f{n m x) _ 

771 >CO r, 6 


= g(x) for all x £ X. Also from 


d G (f,g)<Y=i d (f’Jf) 

for all g,h £ E, we have dc{f,g) < , , and it immediately follows that 


f J/ g(x:)-f(x ){ n 6 _ a ^) ^ 0x,o(2n t) 

for all x £ X and t > 0. This means that 

f^g(x)— f(x) (t) ^ ^x,o(2(ir 

for all :r £ X and t > 0. Finally, the uniqueness of g follows from the fact that g is the unique fixed point 
of J such that there exists C £ (0,oo) satisfying 

d’g(x) — f(x) (Ut) ^ t) 

for all x £ X and t > 0. This completes the proof. □ 

Corollary 4.2. Let X be a real liner space, (Y. p, Tm ) « complete RN-space, and f : X — > Y a mapping 
satisfying 


t l D s f(x,y){t) ^ 1 


d 


t+ a: 


(4.5) 


for all x £ X , t > 0. Then there exists a unique sextic mapping s : X — > Y satisfying (1.4 1 and 

'\x\\ 


AV(*)-.(x)(f) ^ 1 2(n 6 — o)t + ||x| 

for every x £ X, t > 0, and n positive integer. Moreover, we have 

f(n m x) 


s(x) = lim 


m — >-oo fi 


6m 


Proof. It is enough to put, 


4 f x,y(j') — 1 


t+M 


for all x £ X and t > 0 in Theorem 4.1 Then we can choose n < a < n 6 and so we get the desired 
result. □ 

Corollary 4.3. Let X be a real liner space, (Y, p, Tm) a, complete RN-space and f : X — > Y a mapping 
satisfying 

»D s f(x,y)(t) ^ ^ii^u, 


xo £ X, t > 0, and s > 0. Then there exists a unique sextic mapping s : X — > Y satisfying (1.4) and 

2 (n 6 — a)t 

/*/(*)-»(*) W > 2 (n e - a)t + £ \\x 0 \\ 
for every x £ X, t > 0, and n positive integer. Moreover, we have 

f (n m x) 


s(x) = lim 


m — >oo ji 


6m 
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Proof. It is enough to put 


<!>x,y{t) — 


t 


t + s\\xo\\ 


for all x € X, and t > 0 in Theorem 4.1 Then we can choose n < a < n° and so we get the desired 
result. □ 


Corollary 4.4. Let X be a real liner space, (Y,h,Tm) a, complete RN-space and f : X — > Y a mapping 
satisfying 


. . L 

VDsf(*,y)W > £ _|_ 0(|| x ||j> + || y ||p) 

for all x,y S X, t > 0, 6 > 0, and 0 < p < 6. Then there exists a unique sextic mapping s : X 


Y 


satisfying (1.4) and 


2 (n 6 — a)t 


> 2(n6 _ a)i + 0 

for every x € X and t > 0. Moreover, we have 

f(n m x) 


x p 


s(a;) = lim 


m — * >0 ° n 6 m 


Proof. It is enough to put 




t 

t + e(\\x\\p + \\y\\P) 


for all x,y € X and t > 0 in Theorem 4.1 
result. 


Then we can choose n p < a < n e and so we get the desired 

□ 
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On convergence theorem of a finite family of 
nonlinear mappings in uniformly convex 

metric spaces 


Atid Kangtunyakarn* 
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Bangkok 10520, Thailand 


Abstract 

In this paper, we introduce the S — mapping generated by a finite family 
of nonexpansive mapping and real numbers in convex metric space by using 
concept of the S — mapping defined by Kangtunyakarn and Suantai [1]. Then, 
we prove convergence of Ishikawa iteration generated by the S — mapping to a 
common fixed point of a finite family of nonexpansive mappings in uniformly 
convex metric space. 

Keywords: Convex metric space; Nonexpansive mapping; S— mapping. 
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1 Introduction 


Throughout this paper, we assume that ( X , d) is a complete metric space and C is 
a nonempty closed convex subset of (A, d ) . A point x is called a fixed point of T if 
Tx = x. We use F(T ) to denote the set of fixed point of T. Recalled the following 
definitions; 

Definition 1.1. The mapping T : C — >• C is said to be nonexpansive if 

d(Tx, Ty) < d(x, y ), Vx, y G C. 

In 1970, Takahashi [ ] introduce the following definition as follows: 

Definition 1.2. Let (A, d) be a metric space. A mapping W : A x A x [0, 1] — v X 
is said to be a convex structure on X if for each (x,y, A) e X x A x [0, 1] and for 
all u G X, 

d(u, W (x, y, A)) < Xd(u, x) + (1 — A )d(u, y). 

*E-mail: beawrock@hotmail.com 
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2 Ishikawa iteration for a common fixed point of a finite... 

We observe that W (x, y, A) = Xx + (1 — A )y is a convex structure on a normed 
linear space. A metric space ( X , d) together with a convex structure W is called a 
convex metric space denoted by (X,d,W). A nonempty subset C of X is said to 
be convex if W (x, y, A) E C for all x,y E C and A E [0, 1] . 

Two classical iteration processes are often used to approximate a fixed point of 
a nonexpansive mapping. The first one is introduced by Mann [ ] and is defined 

as follows: 

x n+ i = a n x n + (1 - a n )Tx n , Vn > 1, 
where x\ E C, {a n } C [0, 1]. 

The second iteration process is referred to as Ishikawa’s iteration process [5] 
which is defined recursively by 

j %n+l — T (1 0 /; j I ' ij r/ 1111 

\ y n = PnXn + (1 - Pn)Tx n , Vn > 1, 


where x\ E C, { a n }, {fi n } C [0, 1]. 

In 2009, Kangtunyakarn and Suantai [1] introduced the mapping generated by 
a finite family of nonexpansive mapping and family of real numbers as follows: 

Definition 1.3. Let C be a nonempty convex subset of real Banach space. Let 
{Tj}^ 1 be a finite family of nonexpanxive mappings of C into itself. For each 
j = 1, 2, ..., N, let atj = (a{, aP 2 , afif) E / x L x L where I E [0, 1] and a\ + «2 + a 3 = 1- 
They define the mapping S : C — ^ C as follows: 

U 0 = /, 

U\ = a\TiUo + ct\Uo + ot\fi 

U 2 = QL~fiT2U\ + Oi^Ul + Q! 3 /, 

C/3 = a\T^U 2 + CH2U2 + 0:3/, 


Un~i = 1 Ttv-iC/jv_ 2 + 1 C/7v-2 + ( T^ r 1 /, 

5 = U N = of T^vC/jv-i + a? U N ^ + of I. (1.2) 


This mapping is called S-mapping generated by Tf, ...., T\r and 01,02, ...,ojv- 
In this paper, by using the concept of the 5— mapping in Definition 1.3, we 
define the S'— mapping generated by a finite family of nonexpansive mappings and 
real numbers in convex metric space. Then, we prove convergence of Ishikawa it- 
eration generated by the S — mapping to a common fixed point of a finite family of 
nonexpansive mappings in uniformly convex metric space. 
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2 Preliminaries 


In this section, we recall some lemmas and definitions to prove our main result 
as follows: 

Definition 2.1. (See [7]) A convex metric space (X,d,W) is said to be uniformly 
convex if for any e > 0, there exists 5 = 5(e) > 0 such that for all r > 0 and 
x,y, z G X with d(z, x) < r, d(z , y) < r and d(x, y) > re, 

d(z,W(x,y , ^)) < (1 — 6)r. 

Lemma 2.1. (See [11], [3]) Let (X,d,W) be a convex metric space. For each 
x, y G X and A, Ai, A 2 G [0, 1], we have the following. 

(i) W (x, x, A) = x, W (x, y, 0) = y and W(x,y, 1) = x. 

(H) d(x,W(x,y, A)) = (1 - A )d(x,y) and d(y, W(x, y, A)) = A d(x,y). 

(in) d(x, y) = d(x, W (x, y, A)) + d(W (x, y, A), y) . 

(iv) |Ai - A 2 | d(x,y) < d(W(x, y, Ai), W(x, y, A 2 )) . 

We say that a convex metric space (X, d, W) has the property: 

(C) if W (x, y, A) = W (y, x, 1 — A) for all x, y G X and A G [0, 1], 

(I) if d(W(x,y, Ai ),W(x,y, A 2 )) < |Ai - A 2 | d(x,y) for all x,y G X and Ai, A 2 G 
[ 0 , 1 ], 

(H) if d(W (x, y, X),W (x, z, A)) < (1 — A )d(y, z) for all x,y, z G X and A G [0, 1], 
(S) if d(W (x, y,X),W (z, w, A)) < A d(x, z) + (1 — A )d(y, w) for all x, y, z,w G X 
and A G [0, 1]. 

Remark 2.2. It is easy to see that the property (C) and (H) imply continuity of a 
convex structure W : X x X x [0, 1] — > X and the property (S) implies the property 
(H). In 2005, Aoyama et al. [3] proved that a convex metric space with property 
(C) and (H) has the property (S). 

In 2011, Phuengrattana and Suantai [8] proved the following lemma as follows; 

Lemma 2.3. (See [8]) Property (C) holds in uniformly convex metric space. 

Remark 2.4. (See [8]) From Lemma 2.3, a uniformly convex metric space (X,d,W) 
with the property (H) has the property S and the convex structure W is also 
continuous. 

Lemma 2.5. (See [6]) Let (X,d,W) be a uniformly convex metric space with 
continuous convex structure. Then for arbitrary positive number e, there exists 
r/ = 77 (e) > 0 such that 

d(z, W (x, y, A)) < (1 — 2 min{A, 1 — A }rj)r 

for all r > 0 and x,y,z G X, d(z, x) < r, d(z, y) < r, d(x, y) > re and X G [0, 1] . 
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Ishikawa iteration for a common fixed point of a finite... 


Lemma 2.6. (See [2], [4]) Let {a n }, {b n } and {<5 n } be sequences of nonnegative real 
numbers satisfying the inequality 

On+i ^ (1 T d n ^a n T b n , ^ 1. 


If 

oo oo 

<5 n < ex;, and b n < oo, 

n = 1 n=l 

t/ien linin^oo a n exists. 


We introduce the following definition to use in the next section. 

Definition 2.2. Let (X,d,W) be a complete convex metric space and C be a 
nonempty closed convex subset of ( X , d, W). Let be a finite family of map- 

pings of C into C. For each j = 1, 2, • • • , N, let a.j = (a{, oP 2 , oc J 3 ) where a \ , a\, a J 3 £ 
[0,11 and oA + al + a{ = 1. For every x £ C , we define the mapping S : 
CxCx[0,l]4Cas follows: 

Uox = x, 

U lX = WiTtU^WiUox^,-^),^), 

-L Qt ^ 

U 2 x = WfaU^WiUwx,-^),^), 

J. 


JV-1 

C/at-i® = W(T N _ l U N - 2 x, W(U N - 2 x,x, 2 N ),a^ 1 ), 

1 — a 1 

a N 

Sx = U N x = W{T N U N - 1 x,W(U N - 1 x,x,—^),a¥). 

-L 

This mapping is called S— mapping generated by T\,T 2 , . . . , Tjv and a\,a 2 , . . . , a/v- 

Lemma 2.7. Let C be a nonempty closed convex subset of a complete uniformly con- 
vex metric space ( X , d, W) with property ( H ). Let {T*}^ 1 6e a /intte family of non- 
expanxive mappings of C into itself with f} i=1 F(Ti) ^ 0 and let aj = (a{, oP 2 , oP 3 ) £ 
I X I x I , j = 1, 2, 3, ..., iV, where I = [0, 1] , crj + a^ + a^ = 1, a{ £ (0, 1) /or all j = 
1, 2, ..., JV — 1, G (0, 1] a^, G [0, 1) /or all j = 1, 2, ..., IV. Let S be the mapping 
generated by T\, ....,Tn and ai,a 2 , ...,otN ■ Then F (S) = f]^ =1 F (Ti) . 


Proof. From Lemma 2.1 and definition of S— mapping, it is easy to see that Hrli — 

F(S). Next, we show that F(S) C f]^L 1 F{Ti). To show this let xq G F(S) and 
q G f|ili F ( T i), we have 


d(q,Sx q) = 


< 


/ a N 

diq,W (T nUn-iXo,W(Un-iXq, xo, - — — ^), cl^) 
V l — a l 


<*id{q, T N U N -ix 0 ) + (1 - af )d ( q, W (U N -ix 0 , x 0 


N\ 


a. 


N 


l-<' 
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< af c%, T n U N -ix 0 ) + (1 - af ) ( 02 N d(q , U N -ix 0 ) 

\ 1 a l 

+ (1 --^)d(q,x 0 )) 

1 - af J 

= af c%, T N U N -ix 0 ) + af d(<?, U N -ix 0 ) + af d(g, x 0 ) 

< (l-a 3 )d(q,U N - 1 x 0 ) + a 3 d(q,x 0 ) 

< (1 - af ) ^(1 - a 3 ~ 1 )d(q, U N - 2 x 0 ) + af _1 d(g, x 0 )^ 

+a 3 d{q,x 0 ) 

= (1 - «f)(l - a 3 ~ l )d{q,U N - 2 x Q ) + af~ 1 (l - a 3 )d(q,x 0 ) 

+afc%,x 0 ) 

= - a 3 )d(q, U N - 2 Xq) + (l - nf^fl - af )c%x 0 ) 

< 

< iflfl - a l)d{q, U 2 X 0 ) + (1 - ifLfl - af )c% x 0 ) 

= nf =3 (l - ^dfaWfalhxoWilhxo^o, ^.faf ) 

+ (l - njf 3 (l - a 3 3 ))d{q,x 0 ) 

< nf =3 (l - af (ald(q, T 2 U x x 0 ) + (1 - af d(g, W(U lX 0 , x 0 , ^ 2 ))) 

+ (l - ifffl - af )d(g,x 0 ) 

( 2 

ald(q,T 2 Uix 0 ) + (1 - af ( 02 2 d(q,Uix 0 ) 

1 — a x 

+(1 - - a2 ^ )d(g,.T 0 ))^ + (l - n£L 3 (l -af)d(g,x 0 ) 

= n^ 3 (l - af ^a?d(g, T 2 U\xq) + a%d(q, Uix 0 ) + a§c%, x 0 )^ 

+ (1 - njlsl 1 - af )d(g, .t 0 ) 

< lff 3 (l - af ^(1 - a§)d(g, E/ix 0 ) + <4d(q, x 0 ))^ 

+ (1 - - af )d(g,x 0 ) 

= n^f 2 (l - af d(g, C/ix 0 ) + (1 - IljLfl - af )c%, x 0 ) 

= nf =2 (l - af d(q, W^UoXo, W(U 0 x 0 , x 0 , j^t), af ) 

+ (l - njf 2 (l - af )d(g,x 0 ) 
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6 Ishikawa iteration for a common fixed point of a finite... 


= n£L 2 (l - a? 3 )d(q,W(TiXo,xo,a\)) + (l - n£L 2 (l - a J 3 ))d(q, x 0 ) 

< n^L 2 (l - a 3 3 )(a\d(q,T ix 0 ) + (1 - ai)d(«?, x 0 )) + (l - II f =2 (l - a J 3 ))d(q,x 0 ) 

< njt 2 (l - oP 3 )d(q, x 0 ) + (l - n^L 2 (l - a 3 3 ))d{q , x 0 ) 

= d(q,x 0 ). (2.1) 


From (2.1), we have 


d(q,Uix 0 ) = d(q,W(Tix 0 ,x 0 ,a\)) = d(q,x 0 ) and d{q,T l x Q ) = d(q,x 0 ). 


Suppose xo / T\xq, then we have d(xo,TiXo) > 0. Choose r = d(q,x o) > 0 and e = 

^ X °’ — 1 — we have d(q,T\Xo) < d(q,x o) = r, d(q,xo) < r and d(xo,TiXo) > re. 
r 

From Lemma 2.5, we have 


d(q,W(Tix 0 ,x 0 ,a\)) < d(q,x 0 ) for a\ G (0, 1). 

This is a contradiction, we have xq G T\xq, that is, xo G F’(Ti). Since xq = T\Xq 
definition of U\ and Lemma 2.1, we have U\Xq = xo, that is, xq G F(U\). From 
( 2 . 1 ) and xq = U\xq, we have 


d(q, U 2 x 0 ) = d(q, W (T 2 x 0 , x 0 , a?)) = d(q, x 0 ) and d(g, T 2 x 0 ) = d(q, x 0 ). 


Suppose xo 7 ^ T 2 xo, then we have d(xo,T 2 xo) > 0. Choose r\ = d(q,x o) > 0 and 
^( X °’ 2X °^. ) we have d(q,T 2 x o) < d(q,x o) = ri, d(q,x o) < ri and d(xo,T 2 xo) > 


e = 


n 


rie. From Lemma 2.5, we have 


d(g, IF(T 2 x 0 ,x 0 ,a 2 )) < d(q,x 0 ) for a? G (0,1). 

This is a contradiction, we have xo = T 2 xo, that is, xo G F(T 2 ). Since xo = T 2 xo 
definition of U 2 and Lemma 2.1, we have U 2 x o = xo, that is, xo G F{U 2 ). 

By continuing on this way we can conclude that xo G F(Ti ) and xo G F(Ui ) for all 
i = 1,2,..., iV — 1. 

Finally, we show that xo G F(T]\r). From definition of S and Lemma 2.1, we have 

a N 

Sx 0 = W (T n U N -ix 0 , W (I/jv-ixo, x 0 , - — ^ ), af ) = IT (Tjvx 0 , x 0 , af ). 

I Cfci 


Since 

0 = d(x 0 ,Sx 0 ) = d(x 0 ,IT(TjvXo,xo,a:f)) = d(T^xo,xo), 
we have xq = Tjyx o, that is, xq G F(Tn). Hence i ? (S') C P|£i F(7)). □ 


387 


Atid Kangtunyakarn 382-391 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.2, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


A. Kangtunyakarn 


7 


Remark 2.8. From Theorem 2.7, we have the mapping S is nonexpansive. To show 
this, let x,y E C. By remark 2.4, we have 


d(Sx,Sy) = 


< 


< 


< 


< 


< 


/ a N 

d f W(T N U N - lX , W(U N - lX , X, Y^v), ) , 

W (T N U N -iy, W(U N -iy, y, of ) J 

d(T]srUN-ix, TnUn-w) 

a N a N 

+(1 - a?)d(W(U N -ix,X' 2 N ),W(U N -iy,y, - — ^)) 

1 — af 1 — of 

oti d(TjvC/jv-ix, TnUn-w) 

( m N n/ N \ 

+(! - oil) ( - — ^d(U N -ix, U N -iy) + (1 - 2 N )d(x, y) ) 

y JL _L OL - ^ J 

aid(U N - ix, U N -iy) + a % d(U N - ix, U N -iy) + a f d(x, y) 

(1 - a% )d(U N -ix, U N -iy) + a f d(x, y) 

(! - ) (( 1 - a»- l )d(U N . 2 x, U N - 2 y) + a^ x d(x, y)) + d{x, y) 

n ^Ln_r(l - al)d{U N - 2 x,U N - 2 y) + (l - njLjv-i(l - oP 3 ))d(x,y) 


= nf =1 (l - 4)d(U 0 x, U 0 y ) + (1 - nf =1 (l - a? 3 ))d(x, y) 
= d(x,y). 


3 Main results 


Theorem 3.1. Let C be a nonempty compact closed convex subset of a complete 
uniformly convex metric space (X,d,W) with property ( H ). Let {Ti}f =l be a finite 
family of nonexpansive mappings of C into itself with H^i A(T,) / 0 and let a.j = 
(a}, « 2 , 03 ) e I x I x I, j = 1, 2, 3, ..., N, where I = [0, 1] , a\ + a\ + a J 3 = 1, a\ £ 
(0, 1) /or all j = 1, 2, ..., N — 1, e (0, 1] a^, £ [0, 1) /or all j = 1, 2, ..., IV. 

LetS be the mapping generated by T\, ....,Tn and a\, a 2 , ajv • Let x\ £ (7 and let 
{x n },{y n } be sequences generated by 


[ x n+1 =W(x n ,Sy n ,'y n ), 

\ y n = W(x n ,Sx n ,fi n ) 

for all n > 1 where { 7 ™}, {fin} are sequences in [ 0 , 1] satisfying 0 <a< 7 n < 6 <l 
and fin( 1 ~ fin) = 00 . Then the sequence {x n } converges to z £ Ht=i T’(Tj). 

Proof. First, we show that inf ng pj d(x n , Sx n ) = 0. Assume that inf ng j.j d(x n , Sx n ) = 
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r' > 0. Let p e nDLi -F(Tj), by nonexpansiveness of S— mapping, we have 

d(p,x n+ 1 ) = d(p,W(x n ,Sy n , j n )) 

< 7 n d(p, x n ) + (1 - 7 n)d(p, Sy n ) 

< 7 nd(p, x n ) + (1 - 7 n)d(p, y n ) 

= J n d(p, X n ) + (1 - 7 n) ( W (x„, /?„)) 


< lnd(p , x n ) + (1 - 7n) ( /3nd(p, x n ) + (1 - /3 n )d(p , 5x n ) 

< d(p,X n )- 


It implies by Lemma 2.6 that lim n _ >00 d(p, x n ) exists. Then, we have linv^oo dip, x n ) ■ 
r" > 0. By nonexpansiveness of S, we have d(p,Sx n ) < d(p,x n ). Since {d(p, x n )} 
is a nonincreasing and inf ne ^ d(x n , Sx n ) = r' > 0, we have 


d(x n ,Sx n ) > r' 


> 


> 


d(p, X n ) 

r' 


d(p, x r 

d(p, Xn 


d(p,x i) 

> 0, Vn e N. 

By Lemma 2.5, there exists rj = v{ ( i(px 1 ) ) > ® such that 

d(p,x n +i) < 'y n d(p,x n ) + (l-'y n )d(p,W(x n ,Sx n ,/3 n ) 

< 7 n d(p,x n ) + (1 - 7n)^(l - 2min{/3 n , 1 - Pn}v)d(p, x n )^ 

= 7 nd(p, X n ) + (1 - 7 n)d(p, x n ) - 2(1 - 7„) min{/? n , 1 - /3 n }iid(p, x n ) 

< 7 n d(p,X n ) + (1 - 7 n )d(p,X n ) - 2(1 - 7n)/?n(l “ f3 n )vd(p, Xn) 

= d(p, Xn) - 2(1 - 7n)/?n(l ~ /3 n )l]d(p, X n ), 

which follows that 

2(1 — b)(3 n (l — I3 n )r]r" < 2(1 - 7„)/3 n (l - Pn)ijd(p, x n ) < d(p, x n ) - d(p, x n+1 ). (3.2) 
From (3.2), it implies that 


k 

2(1 - b )v ^2 Pn{ 1 - Pn)r" < d(p , Xi) - dip , x fe+ i) (3.3) 

n= 1 

for all k > 1. Letting k — > oo in (3.3) and , we have oo < d{p,x i) — r" < oo. 
This is a contradiction, then we have inf^^ d(x n , Sx n ) = 0. Then, there exists a 
subsequence {x nj } of {x n } such that lim :/ _ 5 . 0O d(x nj , S x nj ) = 0. Since C is compact, 
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then there exists a subsequence {x n:jl } of {x nj } and p such that x nj = p. 

From nonexpansiveness of S, we have 

d(p, Sp) < d(p, x nji ) + d(x nji , Sx nji ) + d(Sx nji , Sp) 

< 2 d{jp, x nji ) + d(x nj[ , Sx nji ). 

Taking l — > oo, it implies that p E F(S). From Lemma 2.7, we have p E H^Li F(Ti). 
Since lim^^oo d(p, x n ) exists, we can conclude that {x n } converges top E P| i=1 F{Tf). 

□ 


We can prove the following results by using Theorem 3.1. 

Corollary 3.2. Let C be a nonempty compact closed convex subset of a complete 
uniformly convex metric space (. X,d,W ) with property ( H ). Let T : C — >• C be a 
nonexpansive mappings with F(T ) / 0. Let x\ E C and let {x n },{y n } be sequences 
generated by 

f x n+1 = W(x n ,Ty n ,J n ), 

\ y n = W(x n ,Tx n , f3 n ) 

for all n > 1 where { 7 n }, {/3 n } are sequences in [ 0 , 1 ] satisfying 0 <a< 7 „. < 6<1 
and YlnLi Pn{ 1 — Pn) = 00 . Then the sequence {x n } converges to z E F(T). 


Proof. Put N = 1 in Theorem 3.1, we obtain the desired result. 


□ 
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Abstract 

We study the convergence of implicit midpoint type Picard sequence for strongly 
accretive and strongly pseudocontractive mappings. We have also improved the results 
of some authors. 

2010 Mathematics Subject Classification : 47H06, 47J05, 47J25 
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1 Introduction and Preliminaries 

Let A be a real Banach space with dual E*. A mapping T with domain D(T ) and range 
R(T) in E is called strongly pseudocontractive if and only if for all x,y £ D(T), the 
following inequality is satisfied: 

\\x - y\\ < ||(1 + r)(x -y)~ rt(Tx - Ty) || (1.1) 

for r > 0 and some t > 1. If t = 1 in inequality (1.1), then T is called pseudocontractive. 

* Corresponding author 
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For E . we will denote by J the normalized duality mapping from E to 2 E * defined by 

J(x) = {f* GS* :<*,/*) = ||*|| 2 =||/1 2 }, 

where (•, •) denotes the generalized duality pairing. As a consequence of a result of Kato 
[15], it follows from inequality (1.1) that T is strongly pseudocontractive if and only if 

{(I-T)x-(I-T)y,j(x-y))>k\\x-y\\ 2 (1.2) 

holds for all x, y £ D(T) and for some j(x — y) £ J(x — y ), where k = £ (0, 1). 

Consequently, it follows easily (again from Kato [15] and inequality (1.2) that T is 
strongly pseudocontractive if and only if the following inequality holds: 

\\x - y\\ < ||® -y + s[{I -T- kl)x - (/ - T - kl)y\\ (1.3) 


for all i,|/6 D(T) and s > 0. 

Closely related to the class of pseudocontractive mappings is the class of accretive 
operators. A mapping A with domain D(A) and range R(A) in E is called accretive if the 
following inequality holds: 


\\x-y\\ < \\x - y + s(Ax - Ay)\\ 

for all i,|/6 D(A) and s > 0. Also, as a consequence of Kato [15], this accretive condition 
can be expressed in terms of the duality map as follows: For each x, y £ D(A), there exists 
j(x — y) 6E J [x — y) such that 


(Ax- Ay,j(x-y)) > 0. (1.4) 

Consequently, inequality (1.1) with t = 1 yields that A is accretive if and only if 
T := (I — A) is pseudocontractive. Furthermore, setting A : = (/ — T), it follows from 
inequality (1.3) that T is strongly pseudocontractive if and only if ( A — kl ) is accretive, 
and using (1.4), this implies that T{= I — A) is strongly pseudocontractive if and only if 
the following inequality holds 

(■ Ax- Ay,j{x-y )) > k\\x - y\\ 2 (1.5) 

for all x, y £ D(A) and some k £ (0, 1). Operators A satisfying inequality (1.5) for all 
x,y £ D(A) and some k £ (0, 1) are called strongly accretive. It is then clear that A is 
strongly accretive if and only if T := (/ — A) is strongly pseudocontractive. Thus, the 
mapping theory for strongly accretive operators is closely related to the fixed point theory 
of strongly pseudocontractive maps. We shall exploit this connection in the sequel. 

The notion of accretive operators was introduced independently in 1967 by Browder [2] 
and Kato [15]. An early fundamental result in the theory of accretive operators, due to 
Browder, states that the initial value problem 

du 

— + Au = 0, u(0) = uo (1.6) 

dt 

is solvable if A is locally Lipschitzian and accretive on E. If u is independent of t, then 
Au = 0 and the solution of this equation corresponds to the equilibrium points of the 
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system (1.6). Consequently, considerable research efforts have been devoted, especially 
within the past 15 years or so, to developing constructive techniques for the determination 
of the kernels of accretive operators in Banach spaces (see [3,4,8-12, 14, 16, 17, 19,20,22]). 
Two well known iterative schemes, the Mann iterative method (see [18]) and the Ishikawa 
iteration scheme (see [13]) have successfully been employed. 

In [16], Liu obtained a fixed point of the strictly pseudocontractive mapping as the 
limit of an iteratively constructed sequence with error estimation in general Banach spaces. 

Theorem 1.1. Let E be a Banach space, and let K be a nonempty closed convex and 
bounded subset of E. Let T : K — ► K be a Lipschitzian strictly pseudocontractive mapping. 
If Fix(T ) 0, where Fix(T ) is the fixed point set of T, then {x n } is a sequence in K 
generated by x\ G K , 

x n +i — (1 Qtn)x n T a n Tx n , 
where {a n } is a sequence in (0, 1] satisfying 

OO 

a n = oo, a n — ► 0 n — > oo 

n= 1 

strongly converges to q E Fix(T) and Fix(T) is a single set. 

In [21], Sastry and Babu showed that any fixed point of a Lipschitzian, strictly pseu- 
docontractive mapping T on a closed convex subset K of a Banach space E is necessarily 
unique, and may be norm approximated by an iterative procedure. They also provided a 
convergence rate estimate and removes the boundedness assumption on K , generalizing 
Theorems of Liu. 

Theorem 1.2. Let (E, || • || ),K,T,L and k be as described above. Let q E K be a fixed 
point of T. Suppose that {a n } is a sequence in (0, 1] such that for some q G (0, k), for all 
n G N, 

h x 

a n < — — — While'S ^ a n = oo. 

(L + l)(L + 2-kY ^ 

Fix x\ G K . Define for all n G N, 

Xn+i ■ — (1 (%ri)x n T a n Tx n . 

Then there exists a sequence {fi n } in (0, 1) with each fi n > jr^a n such that for all n G N, 

n 

IK+i - q\\ < _ Pi) 11*1 - <?ll- 

3 = 1 

In particular, {x n } converges strongly to q, and q is the unique fixed point of T. 

The Mann and Ishikawa iteration schemes are global and their rate of convergence is 
generally of the order 0(n~ 2 ). It is clear that if, for an operator U , the classical iteration 
sequence of the form, x n+ \ = Ux n , x'o G D(U ) (the so-called Picard sequence) converges, 
then it is certainly superior and preferred to either the Mann or the Ishikawa sequence 
since it requires less computations and moreover, its rate of convergence is always at least 
as fast as that of a geometric progression. 

In [5,6], Chidume proved the following results. 
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Theorem 1.3. Let E be an arbitrary real Banach space and A : E — >• E be a Lipschitz 
( with constant L > 0) and strongly accretive mapping with strong accretivity constant 
k £ (0, 1). Let x* denote a solution of the equation Ax = 0. Set e := \ ( 1+L ( 3 ^ L _ fc ) ) and 
define A e : E —> E by A e x := x — eAx for each x £ E . For arbitrary xq £ E, define the 
sequence {x n } in E by 

x n+ i = A e x n , n > 0. (1.7) 

Then {x n }^ =0 converges strongly to x* with 

\\x n +i ~x*\\ < S n \\x 0 ~x*\\, 

where <5=1 — ^ke £ (0, 1) is the Lipschitz constant of the operator A. Moreover, x* is 
unique. 

Corollary 1.4. Let E be an arbitrary real Banach space and K be nonempty convex subset 
of E. Let T \ K —> K be Lipschitz ( with constant L > 0) and strongly pseudocontractive 
( i.e ., T satisfies inequality (1.3) for all x, y £ K ). Assume that T has a fixed point x* £ K . 
Set eo := \ ( 1+L ^ 3 k + L-k ) ) ant ^ define T €o : K — ► K by T eo x = (1 — €q)x + e$Tx for each 
x £ K. For arbitrary xq £ K , define the sequence {x n }fL 0 in K by 

— T eo x n , n 0. (1-8) 

Then {x n } converges strongly to x* with 

II *11^ CTZ. || * 1 1 

||x n+ i — X || < 0 ||Xo — x ||, 

where 5 := 1 — \kcQ £ (0, 1). Moreover, x* is unique. 

Recently Ciric et al. [7] presented the following results. 

Theorem 1.5. Let E be an arbitrary real Banach space, A : E — > E be a Lipschitz ( with 
constant L > 0) and strongly accretive mapping with strong accretivity constant k £ (0, 1). 
Let x* denote a solution of the equation Ax = 0. Set e := L ^f+L) ' ^ ^ (0, A:) and define 
A e : E — ► E by A e x := x — eAx for each x £ E. For arbitrary xq £ E, define the sequence 
{x n } in E by 

x n+ \ = A e x n , n > 0. 

Then {x n } converges strongly to x* with 

||x n+ i — x*\\ < e n \\x 0 — x*\\, 

where 6 = 1 — j—^j^ 2 +L) r l ^ (0> !)■ Thus the choice rj = yields 6 = 1— 2 [k+ 2 L( 2 +L)] • 
Moreover, x* is unique. 

Corollary 1.6. Let E be an arbitrary real Banach space, K be a nonempty convex subset 
of E. Let T : K — > K be Lipschitz ( with constant L > 0) and strongly pseudocontractive 
(i.e., T satisfies inequality (1.3) for all x, y £ K ). Assume that T has a fixed point x* £ K . 
Set eo := jvf+n , V £ (0, k ) and define T eo : K — > K by T eo x = (1 — eq)x + eo Tx for each 
x £ K . For arbitrary xq £ K, define the sequence { x n } in K by 

Xn+l — 1 1 (j X n ■ Tl ^ 0. 
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Then {.x n } converges strongly to x* with 


\\x n+ \ — x*\\ < 9 n \\xo — x*\[ f 

where 0 := 1 — V ^ (0, 1)- Moreover, x* is unique. 

However Kang et al. [14] established the following results. 

Theorem 1.7. Let E be an arbitrary real Banach space, A : E — > E be a Lipschitz ( with 
constant L > 1) and strongly accretive mapping with strong accretivity constant k G (0, 1). 
Let x* denote a solution of the equation Ax = 0. Set e := , rj G (0 ,k) and 

define A e : E —> E by A e x n := (1 — e) x n -\ + ex n — eAx n for each x n G E. For arbitrary 
.To G E, define the sequence { x n } in E by 

x n = A f x n , n > 1. 

Then {x n } converges strongly to x* with 

II *ii ^ \ nil *n 

||£ n+ l — X || < A ||Xo — X ||, 

where A = 1 — L+ ^ k _ k J^l +L+k ^ V £ (0,1). Thus the choice r) = | yields A = 1 — 
2 [ 2 L+fc(i+L+fc)j • Moreover, x* is unique. 

Corollary 1.8. Let E be an arbitrary real Banach space ans K be a nonempty closed 
convex subset of E. Let T : K — > K be Lipschitz ( with constant L > 0) and strongly 
pseudocontractive ( i.e ., T satisfies inequality (1.3) for all x,y G K). Assume that T has 
a fixed point x* G K. Set eo := L,+(i+L)(k—r)) > 9 e (0, A;) and define A tQ : K K by 
A eo x n := (1 — eo) x n -\ + eoX' n — eo Ax n for each x n G K . For arbitrary xq G K, define the 
sequence {x n } in K by 

x n = A eo x n , n > 1. 

Then {x n } converges strongly to x* with 


\\x n +i x* || < Ao||x 0 — a;* ||, 

where Ao = 1 — L+ ^ k _ k ^ 1 1+L+k ' ) V £ (0,1). Thus the choice r\ = yields Ao = 1 — 
2[2L+k{l+L+k)\ • Moreover, x* is unique. 

Let H be the Hilbert space. Recently Alghamdi et al. [1] defined the following algo- 
rithm. 

Algorithm 1.9. Initialize x n G H arbitrarily and iterate 

x n +i = (1 - t n )x n + t n T ^!L±p±i^ } n > 0, 
where t n G (0, 1) for all n. 

For the approximation of fixed points of nonexpansive mappings under the setting of 
Hilbert spaces, they provide the following results. 
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Lemma 1.10. Let {x n } be the sequence generated by Algorithm 1.9. Then 

(i) ||x n+ i — p || < \\x n — p || for all n > 0 and p € Fix{T), 

(ii) E^Li tn\\x n - x n+ i \\ 2 < oo, 

(iii) 1 tn( 1 - t n )\\x n - T (^±L) II 2 < oo. 

Lemma 1 . 11 . Let {x n } be the sequence generated by Algorithm 1.9. Suppose that t 2 l+1 < 
at n for all n > 0 and a > 0. Then 

lim \\x n +i - x n \\ = 0. 

n— >oo 

Lemma 1.12. Assume that 

(i) t'n + 1 < at n for all n > 0 and a > 0, 

(ii) limsup, woo t n > 0. 

Then the sequence {.x n } generated by Algorithm 1.9 satisfies the property 

lim ||.x n — Tx n II = 0. 

n— >00 

Theorem 1.13. Let H be a Hilbert space and T : H — > H be a nonexpansive mapping 
with Fix(T ) / 0. Assume that {x n } is generated by Algorithm 1.9, where the sequence 
{t n } of parameters satisfies the conditions: 

(i) t'n+i < at n for all n > 0 and a > 0, 

(ii) limsup, woo t n > 0. 

Then {x n } converges weakly to a fixed point of T. 

In this paper, we study the convergence of implicit Picard sequence for strongly ac- 
cretive and strongly pseudocontractive mappings. We have also improved the results 
of [5-7,14,16,19-21], 


2 Main results 


In the following theorems, L > 1 will denote the Lipschitz constant of the operator A and 
k > 0 will denote the strong accretivity constant of A (as in inequality (1.5)). Furthermore, 
e > 0 is defined by 


k — r] 

L + ^ (1 + L) (k — rj) 


V e (0, As). 


With these notations, we prove the following theorem. 


Theorem 2.1. Let E be an arbitrary real Banach space, A : E —> E be a Lipschitz and 
strongly accretive mapping with strong accretivity constant k € (0,1). Let x* denote a 
solution of the equation Ax = 0. Define A t : E — ► E by A e x n := (1 — e) x n -\ +e :r "~ 1 2 +Xn — 
eA Xn ~ 2 +a; " for each x n £ E. For arbitrary xq £ E, define the sequence {x n }ff =0 in E by 


Xn — A e x n , n ^ 1 . 


Then {x n }f^ =0 converges strongly to x* with 

\\x n +i ~x*\\ < p n 1 1 xq — x*\\, 

where p= 1 - 2L+(fc 2 _ ( ^^ L+fc) V € (0, 1) . Thus the choice rj = § yields p = 1 - 4L+fc ff +L+fc) • 
Moreover, x* is unique. 
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Proof. Existence of x* follows from Theorem 13.1 of [8]. Define T := (/ — A ) where I 
denotes the identity mapping on E. Observe that Ax* = 0 if and only if x* is a fixed point 
of T. Moreover, T is strongly pseudocontractive (satisfies inequality (1.2) since A satisfies 
(1.5), and so T also satisfies inequality (1.3) for all x,y £ E and all s > 0. Furthermore, 
the recursion formula x n = A e x n becomes 


x n = (1 - e)x n -i + eT ( Xn Xn j , n > 1. 


Observe that 

x* = (1 + e)x * + e(J - T - kl)x* - (1 - k)ex* 
and from the recursion formula (2.1) that 


/ 1 , \ , / t rp > T \ x n— 1 + x n . s x n— 1 + x r 

x n -i = (1 + e)x n + e(I — T — kl) (1 - k)e 

+ e A Xn _ l -T( Zr - 1 n +z A ). 


so that 


x n—i - x * = (1 + e)(x n - x*) + e (/ -T - kI) X ' L 1 + X,t - (/ - T - kl)x 

n M f x n—l + x n ^ | 2 ( rp f x n-l + X n ^ ^ 

-(l-OU 2 x l+e U.-1-T I 


Assume that x n ~ x n -i, which yields that Xn 1 2 +x " ~ x n . Replace x " * +x " by x n in 
the second term of right hand side, we get 


x n -i ~ x * = (1 + e)(x n - x*) + e [(/ - T - kl)x n - (/ - T - kl)x*] 

( ( X n —\ + X n *\ , 2 f rp f X n -1 E X r 

-(!-«)' el g X ) +e 2 


This implies, using inequality (1.3) with s = -A— and y = x* that 


x n _i - x 


> (1 + e) (x n - x*) + [(/ - T - £T)x n - (/ - T - kl)x*} 

- (! - K)e x - e x n _i - T I 1 

> (1 + e) | |ain - 3i*|| - (1 - fc)|||x n _i - x* || 

t-\ u\ e \\~. „*n ,2 _ rp ( X n — 1 + X n ^ 

(1 k) 2 ||x n ^|| £ %n — l T ( ^ ) 

= -(1 - A:)|||x n _i - x* || + (l + (1 + k ) ||x„ - x* || 


e 2 X„,-1 - T 


Xn-l T X,' 
2 
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Observe that 


X n - 1 - T 


37,2— 1 "b 


1 1 37,2—1 ~\~T-'x n — 1 || I 


Tx n _i + t 


37,2— 1 “b 37„ 


— 1 1| "b 2 1 1 3^72— 1 37,, | 1 "b 


^dx,,— i y! 


37 , 2—1 ~b x„ 


b T ||x„_ 1 X || ~b 1 1 37,, — 1 1 1 "b L 1 1 X)) — 1 

= L 1 1 737,) — i — 37*|| + i (1 + L) ||x n _l - X r 


37,2—1 "b X,) 


— T 1 1 37,2—1 — 37* || + — (1 + L) e 


and so 


x, 2 _ i - T 


37,2—1 ~b X,' 


< 


Xn- 1 - T 


L 


37,2—1 "b X,' 


37, 2 - 1 - X 


2 7 l-i(l + L)e 

so that from (2.3) we obtain 

(l + (1 - k) 1 1 X,, — i - x* || 

> I 1 + ( 1 + fc ) — I llXr. — X'" II l|X„_l — X" 


e\ n *,, Le z 

2)" Xn X ^ i_i(i + L)e 


Therefore 


and consider 


x„ — x* < 


1 + (1 — k) | + y^t 


Le 2 


(1+L)t 


1 + (1 + k) § 

Le 2 


X„_l - 37 ||, 


1 + (1 — A:) | + 

-*■ o 


P = 


(1 +L)e 


= 1 - 
= 1 - 

= 1 - 


1 + (1 + k) ^ 
e 


1 + (1 + k) 


2 L 


k - 


Le 


1 — \ (1 + L) e 


:V 


1 + (1 + k) 2 

2 (k — rj) 

2 L ~b (k — Tj) (2 -b L -f- k') 


From (2.5) and (2.6), we get 


(2.4) 


(2.5) 


(2.6) 


||x„ — X* II < p||x n _i - X* || 

< • • • < p n \\x 0 — X* II 
-»• 0 

as n — > oo. Hence x n — > x* as n — > oo. Uniqueness follows from the strong accretivity 
property of A. This completes the proof. □ 
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The following is an immediate corollary of Theorem 2.1. 

Corollary 2.2. Let E be an arbitrary real Banach space and K be anonempty closed 
convex subset of E . Let T : K — > K be Lipschitz ( with constant L > 1) and strongly 
pseudocontractive (i.e., T satisfies inequality (1.3) for all x,y £ K). Assume that T has 
a fixed point x* £ K. Set eo := , + J i V ^ (0, A:) and Define A t0 : K — ► K by 

A 0 x n ■= (1 - eo) x n - 1 + e 0 Xn ~ 1 2 +Xr 
define the sequence {x n } in K by 


k—Tj 

L+^(i+L){k-n) ' 

x n -i+x„ _ €q j[ X„-i+x„ j or eac h ^ k p or arbitrary xq £ K, 


x n = A eo x n , n > 1. 


(2.7) 


Then {x n } converges strongly to x* with 

\\x n +l -X II < p 0 \\x 0 -x ||, 

where po = 1 — 2 L+(fc--!?)~( 2 +L+A;) T l e (0, 1) - Thus the choice rj = | yields po = 1 - 
4 L+fc( 2 +L+fc) ~ Moreover, x* is unique. 

Proof. Observe that x* is a fixed point of T if and only if it is a fixed point of T eo . 
Furthermore, the recursion formula (2.7) simplifies to the formula 

x n = (1 - e 0 )x n _i + e 0 Tx n , 

which is similar to (2.1). Following the method of computations as in the proof of the 
Theorem 2.1, we obtain 


\Xn — x < 


1 + (1— + IZT 


Lei 


(l+L)eo 


= 1 - 


1 + (1 + A;) f 
2 (. k — rf) 

2 L T (h — rf) (2 + L + E) 


\x n - l - x 


(2.8) 


rj ||x n _i - x 


Set Po = 1 - 2 L+(k-r,)( 2 +L+k) r l- Tlien from ( 2 - 8 ) we obtain 

||.r„ - a;* || < poll^n-i - ^*|| 

< • • • < p'o\\xo - X* 

-»• 0 

as n — > oo. This completes the proof. 

Remark 2.3. Since L > 1, consider 

2 (k — p) 


□ 


P= 1 - 
= 1 - 


2L + (A; — rj) (2 + L T k) 
k — r] 

L + (k - rj) (1 + L + k ) 

2 


n 


l 


< l - 


2 L + (k — rf) (2 + L + A’) L + (A: — r/) (1 + L + k) 

k — 7] 

L + (A; - rj) (1 + L + k ) 

(. k — r ]) 2 (L + k) rj 

(2 L + (A; — rf) (2 + L + A;)) (L + (A; — r/) (1 + L + A;)) 

9 


(, k — rf) p 
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Thus the relation between Kang et al. [14] and our parameter of convergence, that is, A 
and p, respectively, is the following: 

p < A. 

Our convergence parameter p shows the overall improvement for A, and consequently 
the results of Chidume [5,6], Ciric et al. [7] and Kang et al. [14] are improved. 
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JORDAN HOMOMORPHISMS IN C*-TERNARY ALGEBRAS AND 

J£*-TRIPLES 

MOHAMMAD RAGHEBI MOGHADAM, THEMISTOCLES M. RASSIAS, VAHID KESHAVARZ, CHOONKIL 

PARK* AND YOUNG SUN PARK 


Abstract. In this paper, we investigate Jordan homomorphisms between C*-ternary algebras 
and Jordan derivations on C*-ternary algebras, and Jordan homomorphisms between JB*-triples 
and Jordan derivations on JB*-triples, associated with the following Apollonius type additive 
functional equation 

f(z-x) + f(z — y) = -^f{x + y) + 2f(z- 


1. Introduction and preliminaries 

We say that a functional equation (Q) is stable if any function g satisfying the equation (Q) 
approximately is near to true solution of (Q). 

Also, we say that a functional equation is superstable if every approximately solution is an 
exact solution of it. 

Ternary algebraic operations were considered in the 19 th century by several mathematicians 
such as A. 

Cayley [3] who introduced the notion of cubic matrix which in turn was generalized by Kapra- 
nov, Gelfand and Zelevinskii in 1990 [17]. As an application in physics, the quark model inspired 
a particular brand of ternary algebraic systems. The so-called Nambu mechanics which has been 
proposed by Y. Nambu [19] in 1973, is based on such structures. 

There are also some applications, although still hypothetical, in the fractional quantum Hall 
effect, the non-standard statistics (the anyons), supersymmetric theories, Yang-Baxter equation, 
etc, (cf. [1, 40]). 

The comments on physical applications of ternary structures can be found in [2, 5, 7, 18]. 

A C*-ternary algebra is a complex Banach space A, equipped with a ternary product ( x , y, z ) i->- 
[x, y, z] of A 3 into A, which is C-linear in the outer variables, conjugate C-linear in the middle 
variable, and associative in the sense that [x,y,[z,w,v]\ = [x,[w, z,y\,v\ = [[x,y, z\,w,v\, and 
satisfies |j[x,y,z]|| < ||x|| • ||y|| • ||z|| and ||[x,x,x]|| = ||x|| 3 (see [41]). 

If a CY-ternary algebra (A, [•,•,•]) has an identity, i.e., an element e € A such that x = 
[; x , e, e] = [e, e, x] for all x € A, then it is routine to verify that A, endowed with x o y := [x, e, y\ 
and x* := [e,x,e], is a unital (7*-algebra. Conversely, if (A, o) is a unital C*-algebra, then 

°Keywords: Apollonius type additive functional equation, C*-ternary algebra Jordan homomorphism, Hyers- 
Ulam stability, C*-ternary Jordan derivation, Jl?*-triple Jordan homomorphism, JH*-triple Jordan derivation. 
‘Corresponding author. 

2010 Mathematics Subject Classification. Primary 39B52, 17A40, 46B03, 47Jxx, 46K70, 47B48. 
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[x,y,z\ := x o y* o z makes A into a (7*-ternary algebra. 

A C-linear mapping H : A ^ B is called a C* -ternary algebra homomorphism if 

H([x,y,zfj = [H(x),H(y),H(z)] 

for all x,y,z G A. 

A C-linear mapping J : A — > A is called a C* -ternary derivation if 

d([x,y,z]^ = [5(x),y,z\ + [x,8(y),z] + [x,y,S(z)] 
for all x,y,z G A (see [22]). 

A C-linear mapping H : A — > B is called a ternary Jordan homomorphism if 

H([x,x,xfj = [H(x),H(x),H(x)] 

for all x E A. 

A C-linear mapping 6 : A — > A is called a ternary Jordan derivation if 

d^xxx^j = [5{x)xx\ + [x5(x)x] + [xx8{x)\ 

for all x E A. Suppose that J is a complex vector space endowed with a real trilinear composition 
J X J x J 3 (x, y, z) eA {xy*z} G J which is complex bilinear in (x, z) and conjugate linear in 
y. Then J is called a Jordan triple system if {xy*z} = {zy*x} and 

{{xy*z}u*v} + {{xy*v}u*z} — {xy*{zu*v}} = {z{yx*u}*v} 

hold. 

We are interested in Jordan triple systems having a Banach space structure. A complex 
Jordan triple system J with a Banach space norm || • || is called a J*-triple if, for every x G J , 
the operator x\Dx* is hermitian in the sense of Banach algebra theory. Here the operator xOx* 
on J is dehned by (x\Dx*)y := {xx*y}. This implies that xD.x* has real spectrum <7(aOc*) C M. 
A J*-triple J is called a JH*-triple if every x G J satisfies cr(xDx*) > 0 and |jxDx*|j = ||x|| 2 . 

A C-linear mapping H : J -3 £ is called a JB* -triple homomorphism if 

H([xyz}^J = {H(x)H(y)H(z)} 

for all x,y,z G J . 

A C-linear mapping 5 : J J is called a JB* -triple derivation if 

j({xyz}) = {8{x)yz} + {x5{y)z} + {xy5(z)} 
for all x,y,z G J (see [20]). 

A C-linear mapping H : J -> C is called a JB* -triple Jordan homomorphism if 

H^xxx}^ = {H (x) H (x) H (x)} 

for all x G J . 

A C-linear mapping 6 : J -3 J is called a JB* -triple Jordan derivation if 

d({xxx j') = {5(x)xx} + {x5(x)x} + (xxJ(x)} 
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for all x € J 

The study of stability problems originated from a famous talk given by Ularn [39] in 1940: 
“Under what condition does there exist a homomorphism near an approximate homomorphism?” 
In the next year 1941, Hyers [11] answered affirmatively the question of Ularn for additive map- 
pings between Banach spaces. Th.M. Rassias [25] provided a generalization of Hyers’ Theorem 
which allows the Cauchy difference to be unbounded. 


Theorem 1.1. (Th.M. Rassias). Let f : E — > E' be a mapping from a normed vector space E 
into a Banach space E' subject to the inequality 


II /(* + y)~ f{x) - /(y)|| < e(IMr + ||y|| p ) 

for all x,y £ E, where e and p are constants with e > 0 and p < 1. Then the limit 

f(2 n x) 


L(x) = lim 

n— 

s the uniqut 
\\f{x) -L(x)\\ < 


exists for all x € E and L : E — > E l is the unique additive mapping which satisfies 

2e „ „„ 


x 


2-2 p 1 

for all x G E. Also, if for each x 6 E the function f(tx ) is continuous in t G M, then L is 
M- linear . 


Th.M. Rassias [26] during the 27 th International Symposium on Functional Equations asked 
the question whether such a theorem can also be proved for p > 1. Gajda [9] following the same 
approach as in Th.M. Rassias [25], gave an affirmative solution to this question for p > 1. For 
further research developments in stability of functional equations the readers are referred to the 
works of Gavruta [10], Jung [16], Park [23], Th.M. Rassias [27]— [30] , Th.M. Rassias and Sernrl 
[31], F. Skof [38] and the references cited therein. See also [32, 33, 34, 35, 36, 37] for functional 
equations. 

In an inner product space, the equality 


\z - x'|| 2 + ||x: - y || 2 = -||x - y || 2 + 2 


z — 


x + y 


holds, and is called the Apollonius’ identity. The following functional equation, which was 
motivated by this equation, 

Q(z - x) + Q(z -y) = ^ Q(x - y) + 2Q(z - (1-1) 


is quadratic. For this reason, the function equation (1.1) is called a quadratic functional equation 
of Apollonius type , and each solution of the functional equation (1.1) is said to be a quadratic 
mapping of Apollonius type. Jun and Kim [15] investigated the quadratic functional equation of 
Apollonius type. 

In this paper, employing the above equality (1.1), we introduce a new functional equation, 
which is called the Apollonius type additive functional equation and whose solution of the func- 
tional equation is said to be the Apollonius type additive mapping: 

L(z - x) + L(z - y) = ~L{x + y) + 2L(z- ^^)- 
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In this paper, we investigate Jordan homomorphisms and Jordan derivations in C^-ternary 
algebras, and Jordan homomorphisms and Jordan derivations in JB*- triples. 


2. Jordan homomorphisms between (7*-ternary algebras 

Throughout this section, assume that A is a (7*-ternary algebra with norm || • ||_4 and that B 
is a C*-ternary algebra with norm |j • ||^. 

In this section, we investigate Jordan homomorphisms between (7*-ternary algebras. 

The following lemma was proved in [24], 

Lemma 2.1. Let f : A -a- B be a mapping such that 

f(z-x) + f(z-y) + ^f(x + y) ^ 

for all x,y,z G A. Then f is additive. 

The following lemma was proved in [8]. 

Lemma 2.2. Let f : A — » B be an additive mapping. Then the following assertions are equivalent 

f([x,x,xf) = [f{x),f(x),f(x)} 

for all x € A, and 

f([x,y,z } + [y,z,x\ + [z,x,y]j = [f(x),f(y),f(z)\ + [f(y), f(z), f(x)] + [f(z), f(x), f(y)] 
for all x,y,z G A. 

The following lemma was proved in [6] . 

Lemma 2.3. Let f : A — > A be an additive mapping. Then the following assertions are equiva- 
lent. 

f{[x,x,x]j = [f(x),x,x] + [x,f(x),x\ + [x,x,f(x)\ 

for all x £ A, and 

f([xyz\ + [yzx] + [zxy]^j 

= [f{x), b , c] + [x, f{y),z\ + [x, y , f(z)] + [f(y),z, x] + [y, f(z),x] 

+ [y, z, f(x)] + [f(z),x , y\ + [z, f(x),y\ + [z, x, f(y)\, 
for all x,y,z € A. 


Theorem 2.4. Let r / 1 and 6 be nonnegative real numbers, and let f : A — >• B be a mapping 
such that 

f(z-px) + pf(z-y) + ^f{x + y) b < 2f(z-^^~) ^ (2.1) 

f([x,y,z] + [y,z,x\ + [z,x,y]) - [f (x) , / (y) , / {z)\ - [f(y),f(z),f( x)\ - [f(z),f(x),f(y)\ ^ 

< 0(\\x\\a + Ma + \\4a) 

(2.2) 
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for all fi G T 1 := {A G C | |A| = 1} and all x,y,z G A. Then the mapping f : A -> B is a 
C* -ternary algebra Jordan homomorphism. 

Proof. Assume r > 1. 

Let n = 1 in (2.1). By Lemma 2.1, the mapping / : A -A B is additive. 

Letting y = —x and z = 0, we get 

\\f(-yx) + pf(x)\\ B < || 2/ (0) || s = 0 

for all a : £ A and all /iGT 1 . So 

-finx) + nf{x) = f(-px) + iif{x) = 0 

for all x G A and all y G T 1 . Hence f(yx) = nf{x) for all x G A and all /igT 1 , By the same 
reasoning as in the proof of [21, Theorem 2.1], the mapping / : A — > B is C-linear. 

It follows from (2.2) that 

f([x,y,z\ + [y,z,x] + [z,x,y^j - [f (x) , f (y) , f (z)\ - [f (y) , f (z) , f (x)] - [f (z) , f (x) , f (y)] ^ 



for all x,y,z G A. Thus 

f([x,y,z\ + [y,z,x] + [z,x,y]j = [f (x) , f (y ) , / {z)\ + [f(y), f(z), f(x)] + [f (z) , f (x) , f (y)] 

for all x,y,z G A. Hence the mapping / : A — > B is a (7*-ternary algebra Jordan homomorphism. 
Similarly, one obtains the result for the case r < 1. □ 

3. Jordan derivations on C*-ternary algebras 

Throughout this section, assume that A is a C * -ternary algebra with norm || • m. 

In this section, we investigate Jordan derivations on (7*-ternary algebras. 

Theorem 3.1. Let r / 1 and 9 be nonnegative real numbers, and let f : A -A A be a mapping 
satisfying (2.1) such that 

f([x,y,z\ + [y,z,x\ + [z,x,y]j - [f(x),b,c\ - [x,f(y),z\ - [ x,y,f(z)\ - [f(y),z,x\ 

~ [: V , f(z),x] - [ y , z, f(x)} - [f(z),x, y] - [z, f(x),y\ - [ z , x, f(y)\ (3.1) 

A 

< «(ilii? + n»ii3r + ik«3r) 

for all x,y,z G A. Then the mapping f : A -A A is a C* -ternary Jordan derivation. 
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Proof. Assume r > 1. 

By the same reasoning as in the proof of Theorem 2.4, the mapping / : A — >• A is C-linear. 
It follows from (3.1) that 


f([x,y,z] + [y,z,x] + [z,x,y\j - [f(x),y,z\ - [x,f(y),z\ - [x,y,f(z)\ - [f(y),z,x\ 


~ [y,f(z),x\ - [ y,z,f(x )] - [f(z),x,y] - [z,f(x),y\ - [z,x, f(y)]\\ A 


= lim 8 r 

n— >oo 


f(i x -ff]+i y -fp] + r x ’ y 


8 n 


f(~) ^ - 
J v 2 n n 2 n 5 2 n J 


[A f(V-) A1 

2 n ’ J ' 2 n ’ 2 n 

- 

\— i. fi ±) l 

2n ’ 2 n ’ J v 2 71 ^ 

- 

— Al 

J \ c^n ' ’ 2^ ’ 2 n 

- 

\fL /(A) Al 

277, ’ •/ v 2 n ' ’ 2 n 

' y_ Z_ r,X_T 

2n ’ 2 n ? ^ ' 2 n 

- 

' f(JL\ x If 

J V 2n / ’ 2n ’ 2 n 

- 

'jZ_ jr 

277, ’ «/ v 2?7, ' ’ 2 n 

- 

'j2_ 

2^ ’ 2 n ’ ^ ' 2 n ^ 


o nn , v 

< n lim |^(||x||5-+|| I /||5-+W5-) =0 


A 


for all x,y,z G A. So 

f{[x,y,z\ + [y,z,x\ + [z,x,y]j = [f(x),y,z] + [x,f(y),z\ + [x,y,f(z)\ + [ f(y),z,x\ 
+ [y, f(z),x] + [y, z, f{x)} + [f{z),x, y] + [z, f{x),y } + [z, x, f(y)} 


for all x,y,z 6 A. 

Thus the mapping / : A — > A is a (IT-ternary Jordan derivation. 

Similarly, one obtains the result for the case r < 1. □ 


4. Jordan homomorphisms between JIB*-triples 

Throughout this paper, assume that J is a JB *- triple with norm || • || j and that £ is a 
JlB*-triple with norm || • \\c- 

In this section, we investigate Jordan homomorphisms between JB*-triples. 

Theorem 4.1. Let r / 1 and 6 be nonnegative real numbers, and let f : J -A C be a mapping 
such that 

\\f(z- yx) + yf(z-y) + ^f(x + y)\\ c < \\2f(z- 2 —^-)\\ c , (4.1) 


f({xyz} + {yzx} + {zxy}^j - {f (x)f(y)f (z)} - {f(y)f(z)f(x)} - {f (z) f (x) f (y)} 

< °{\\ x \\j + \\v\\j + Mj) 


(4.2) 


for all y G T 1 and all x,y,z 6 J . Then the mapping f : J -A- C is a JB* -triple Jordan 
homomorphism. 


Proof. Assume r > 1. 

By the same reasoning as in the proof of Theorem 2.4, the mapping / : J — > C is C-linear. 
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It follows from (4.2) that 

f([xyz} + [yzx] + {**»}) - lf(z)f(y)/(z)} - U(y)f(z)f(x)} - [f(z)f(x)f(y ) } 
= lim 8” ft + {S<ZI} + {CTy} 1-{/(£. )/( i!.)/(i.)} 

n—Hx> \2 n .2 n .2 n 2 n .2 n .2 n 2 n .2 n .2 n ) \ jy 2 n 2 n 2 n \ 

c 




. V 8 n 6 >/ Ii 3 r 

< lim ( \\x\\j + 

n—foo 8 nr V 


\j 


+ * 


= 0 


for all x,y,z G J . Thus 

f({xyz} + {yzx} + {zxy}} = {f(x)f{y)f(z)} + {f(y)f(z)f(x)} + {f(z)f(x)f(y)} 

for all x,y,z 6 J . Hence the mapping / : J — > C is a JH*-triple Jordan homomorphism. 
Similarly, one obtains the result for the case r < 1. 


□ 


5. Jordan derivations on J.B*-triples 

Throughout this paper, assume that J is a JU*-triple with norm || • || j. 

In this section, we investigate Jordan derivations on JU*-triples. 

Theorem 5.1. Let r / 1 and 6 be nonnegative real numbers, and let f : J — >• J be a mapping 
satisfying (4.1) such that 

II f{{xyz} + {yzx} + {zxy}) - {f(x)yz} - {xf(y)z} - {xyf(z)} - {f(y)zx} 


~ {yf(z)x} - {yzf(x)} - {f(z)xy} - {zf(x)y} - {zxf{y)} 



(5.1) 


for all x,y,z € J ■ Then the mapping f : J -A J is a JB* -triple Jordan derivation. 

Proof. Assume r > 1. 

By the same reasoning as in the proof of Theorem 2.4, the mapping / : J -A J is C-linear. 
It follows from (5.1) that 


f({xyz} + {yzx} + {zxy}} - {f{x)yz} - {xf(y)z} - {xyf(z)} - {f(y)zx} 
~ {yf{z)x} - {yzf(x)} - {f(z)xy} - {zf{x)y} - {zxf{y)} 

{xyz} {yzx} {zxy} 


= lim 8 

n— >oo 


J 

J 1 xyzj { yzx) j zxy) \ _ r 

^ v 2 n 2 n 2 n 2 n 2 n 2 n 2 n 2 n 2 n ) \ ** ' 2 n 2 n 2 n J 


- i-/(^)-| - {-^/(-)j - \^f{-)-\ 

l 2 n J v 2 n 2 n J l 2 n 2 n J v 2 n ) v K 2 n 2 n 2 n J l 2 n J v 2 n 2 n J 

- i - i n-)-A - i-n-) 1 - \ - i--/(^)i 

t 2 n 2 n J ' 2 n J l J ' 2 71 2 n 2 n J 1 2 n J x 2 n 2 n J 1 2 n 2 n J v 2 n J 


J 


< lim 




\j + \\4 j 


= 0 
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for all x,y,z G J. So f{{xyz} + {yzx} + {zxy}) = {f(x)yz} + {xf{y)z} + {xyf(z)} + {f{y)zx} + 
{yf(z)x} + {yzf(x)} + {f(z)xy} + {zf(x)y} + {zxf{y)} 
for all x,y,z € J . 

Thus the mapping / : J — > J is a JB*- triple Jordan derivation. 

Similarly, one obtains the result for the case r < 1. □ 
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THE GENERIC STABILITY OF KKM POINTS IN PMT SPACES 

M. TATARI, S. M. VAEZPOUR, AND REZA S A AD ATI* 


Abstract. In this paper, we consider the generic stability of generalized KKM points and present a result 
concerning the generic continuity of set-valued mappings in PMT spaces. Then we prove that almost all 
of generalized KKM points of probabilistic upper semicontinuous set-valued mappings defined on compact 
subsets of such spaces are stable in the sense of Baire category theory. Also, we discuss on existence of the 
essential component of generalized KKM points. 

Keywords : KKM point, PMT space, Hausdorff distance, Generic stability, Essential component, Generic 
continuity 


1. Introduction 

In 2003, Yu et.al. Pj, introduced the concept of KKM points of a KKM mapping G : X — > K(X), 
from a bounded complete convex subset X of a normed linear space E into nonempty compact subsets of 
X. By Fort theorem, they prove that if M be the collection of all KKM mappings G , then there exists a 
dense residual subset Q of M such that for each G £ Q , G is essential. They also proved there exists at 
least one essential component of KKM points for each G £ M\ (see also M)- In this paper, we present 
a result concerning generic continuity of set-valued mappings based upon extensions of Fort’s theorems in 
probabilistic metric type spaces. 


2. Preliminaries 


First, let us give the background and auxiliary results which will be needed. For more details see m ei ei 


HE]- 


Definition 2.1. ([9, 10] ) mapping F : (— 00 , 00 ) — » [0,1] is called a distribution function if it is non- 
decreasing and left-continuous with inf x6fi E(:r) = 0 and sup xeR F(x) = 1. If in addition F(0) = 0, then F 
is called a distance distribution function. The set of all distance distribution functions (d.d.f ) is denoted by 
A + . The maximal element for A + in this order is the d.d.f , eo, given by 



if t < 0 , 
if t > 0 . 


Definition 2.2. ([5]) A triangular norm (shorter f-norm) is a binary operation T on [0,1], i.e. , a function 
T : [0, l] 2 -+ [0, 1] which satisfies the following conditions: 

(1) T is associative and commutative; 

(2) T(a, 1) = a for all a £ [0, 1[; 

(3) T(a, b ) < T(c, d) whenever a < c and b < d, for each a , b,c,d £ [0, 1[. 


In particular, a t — norm T is said to be continuous if it is a continuous function in [0, l] 2 . A t — norm is 
called sup-continuous if sup AeA T(a\, b) = T(sup AgA a\, b) for any family {a* : A € A} C [0, 1] and b £ [0, 1]. 
The operatins T R (a, b) = max(a + 6—1, 0), 7 m (a , b) = min{a, b} and T p (a , b ) = ab on [0, 1] are T norms. 


Lemma 2.3. m) Let T be a t—norm. 

(1) If T is left- continuous, then T satisfies sup 0<a<1 T(a, b) = b for all b £ [0, 1] ; 

(2) //sup 0<a<1 T(a, b) = b for all b £ [0, 1] , then T satisfies sup 0<a<1 T{a,a) = 1. 


*The corresponding author. 
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Definition 2.4. A probabilistic metric type space (PMT space) is a triple ( A , F, T), where A is a nonempty 
set, T is a continuous t-norm and F is a mapping from X x X into A + such that, if F x y denote the value 
of F at the pair (x,y), the following conditions hold: 

(PMT1) F x y (t ) = £o (t) for all t > 0 if and only if x = y\ 

(PMT2) F x \ y (t) = F VtX (ty, 

(PMT3) F Xi y(K(s + t)) > T(F x , z (s), F z , y (t)) for any x,y, z £ M , t,s> 0 for some constant K > 1; 

Observe that if AT = 1, then the PMT space is a probabilistic metric space, however it does not hold true 
when K > 1. 

Example 2.5. ( [12] ) Let X be the set of Lebesgue measurable functions on [0, 1] such that J 1 \f(x)\ p dx < oo, 
where p > 0 is a real number. Define 

(0 if t < 0 , 

Fx,y{t) = S r if t > 0 . 

I t+fo \f(x)-9(x)\ p dx)i‘ 

Then (A", F, T p ) is a PMT space with K = 2T . 

In |T2j, the authors proved that every PMT space ( X,F,T ), generated a topology r on A which has as 
a base the family of sets of the form {B x (r,t) : a;£A,0<r<l,f>0}, where B x {r,t ) = {y £ A : 
F x , y {t) > 1 — r} for all r £ (0, 1) and t > 0, and (A, F, T ) is a Hausdorff topological space. In virtue of this 
topology t, a sequence {x n } in (A, F, T) is said to be convergent to x (we write x n — > x or limn-^ x n = x) 
if lim^oo F Xn X (t) = 1 for all t > 0; {x n } is called a Cauchy sequence in (A', F,T) if for any given t > 0 and 
r £ (0, 1), there exists N = N(s, A) £ Z + such that F Xri (£) > 1 — r, whenever n,m > N. Let t > 0 and 
r £ (0, 1], A is said to have a finite (r, f)-net if there exists a finite set S C A such that A C LbeS 
i.e. , for each y £ A there is x £ S such that F XiV (t) > 1 — r. A is said to be totally bounded if for each 

t > 0 and r £ (0,1], A has a finite (r, £)- net. A is said to be probabilistically bounded( P — bounded ) if 

sup t>0 inf x ,yeAF x ,y(t) = 1. Let P(X) denote the class of all nonempty subsets of A. We use the notions: 

(1) Pd(X) = {Y £ P{ X) : Yis closed}-, 

(2) Pbd(X) = {Y £ P( A) : Y is probabilistic bounded}-, 

(3) P cp ( A) = {Y £ P( A) : Y is compact}-, 

(4) Pd M (X) = P cl ( X) 0 Pbd(X) . 

Let $ : A -> A be a mapping. T is said to be closed if 'LA £ P ( ,i{X) for each A £ P c i{ A). It is said to be 
bounded if \LA £ Pm( A) for each A £ Pm (A). 

Lemma 2.6. ([12]) Let ( X,F,T ) be a PMT space. Let A C A. 

(1) A is compact if and only if A is sequentially compact; 

(2) If A is compact, then A is closed and totally bounded; 

(3) If A is totally bounded, then A £ Pbd(X) and A is also totally bounded. 


3. Probabilistic Hausdorff distance type 
Given x £ A, H £ P( A), the ’’probabilistic distance type” from x to B is defined as 

0 if t = 0 , 


P X .B (t) = F B , x (t ) = 


sup s<t sup yg B F XtV (s) if t £ (0, oo) , 


with the convention F x q = 1 — eo- 

Given A, B £ P( A), the ’’probabilistic type distance” from A to B is defined as 

Pa,s(P - FB,A(t) - | supg<t i n f x£A sup yeB F x>y (s) if t £ (0, oo) . 

For convenience, we write Pa,b(s) = inf^g^ sup y6B F x , y (s). Then Fa, B it) = sup s<4 Pa,b(s )• Based on the 
above formulas, we can obtain the following definition. 
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Definition 3.1. ([TB, 14]) Let (X,F,T) be a PMT space and let A,B£ P(X). The probabilistic Hausdorff 
distance type between A and B is a mapping H AB '■ [0; oo) — > [0, 1] defined by 

= supmin{F y 4,B(s), F b , A (s)} 

S<t 

= supminjinf sup F x<y (s), inf sup F x>y (s)}, t£ (0, oo), 

s<t xeA yeB ’ yeB xeA 


where Ha,b(Q) = 0. 


According to the above definition, some results related to the probabilistic Hausdorff distance type can 
be obtained. 


Lemma 3.2. ([13]) Let ( X,F,T ) be a PMT space, Let A,B,C £ P(X),x,y £ X and s,t £ 5ft + . Then 

(1) F XiB (K(s + t)) > T(F x , y (s ), F v , B (t)); 

(2) H XtB (K(s + t)) > T(F x , a (s), H AiB (t)); 

(3) F A , B (K(s + t)) > T(F AiC {s), F c , B {t))- 

Theorem 3.3. Let ( X,F,T ) be a PMT space. Then (Pd,bd{X), H,T) is also a PMT space. 


Proof. The conditions (PMT1) and (PMT2) are obvious. Now, we have to show that the condition (PMT3) 
is satisfied. 

Let A,B,C £ P c i,bd(X). If at least one of these three sets is empty, by Definition (3.1) it can easily be 
verified that the inequality is true. Moreover, if s = 0 or t = 0, the inequality is also obvious. Thus, we 
assume that these three sets are non-empty and t > 0, s > 0. 

Set u < s, v < t. For every x £ A we may assume that sup, ;e/J F x y (u) > 0. Then for each e £ 
(0,sup. ygB F x ^ y (u)) there exists y x £ B such that 

sup F x>y (u) - e < F x>yx (u) . 

y£B 

Moreover, since F is a probabilistic metric type, it follows that 

T (F x ,y{u), sup F XiZ (v)) < sup F XjZ (K(u + v)) , 

zee zee 

for every y £ B and constant K > 0. Thus we can obtain 

T((sup F x ,y(u) - e), inf sup F VtZ (v)) < T(F X: y x (u), sup F Vx!Z (v)) < sup F x>z (K(u + v)) 
v eB y£B ze c zee zee 

By the arbitrariness of e and the continuity of T we have 


T(sup F XjV (u), inf supF^i;)) < sup F XiZ (K(u + v)). 
y& B yeB zee zee 


(3.1) 


Then we have that 


T ( inf sup F XiV (u), inf sup F VtZ {v)) < inf sup F x>z (K(u + v)) , 

xeA y&B y eB zeC xeA zeC 

which implies that 

T(F AiB (u),F BiC (v)) < F a>c (K(u + v)). (3.2) 

In addition, if sup yeB F y ^ y (u) = 0 for every x £ A, then the inequality (1) still holds. So the inequality (2) 
is also true in this case. Analogously, we also obtain that 

T(F BtA (u),F c , B (v)) < F c ,a(L<(u + v)). 

Therefore, we have 

T ( mm{F AtB (u),F BtA (u)},mm{F B> c(v),Fc,B(v)}) 

< min {T(F A>B (u), F b>c (v)),T(F BiA (u), F CtB (v))} 

< min {F A}C (K(u + v)), F c ,a(Lv(u + v))}. 
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Furthermore, we can get 

that 


T 

( 

sup min- 

n<s 


< 

sup ] 

u<s, v<t 


< 

sup 

u-\-v<s-\-t 


v<t 


Then, it follows from the above inequality that 

T(H AiB {s),H BtC (t)) < H A>c (K(s + t)) . 

Hence, we conclude that (P c i,bd(X), H, T) is a PMT space. This completes the proof. 


□ 


As a consequence of Theorem (3.3) and Lemma (2.6) we have the following result. 


Corollary 3.4. Let ( X,F,T ) be a PMT space. Then (P cp , H,T) is also a PMT space. 

Theorem 3.5. Let (X,F,T) be a complete PMT space. Then (P c i,bd(X), H,T) is a complete PMT space. 

Proof. By Theorem ( |3.3| ), {P c i,bd(X), H,T) is a PMT space. Now let {A n }^ =1 C P c i,bd(X), A n — > A with 
respect to H. We shall prove that A £ P c i,bd(X). Take an arbitrary number A £ (0, 1]. By continuity of T, 
we have sup 0<o<1 T(a, a) = 1, applying the Lemma ( |2.3[ ), we have p £ (0, A] and v £ (0, A] such that 

T(1 — //., 1 — yu) >1 — A and T( 1 — z/, 1 — v) > 1 — p. (3-3) 

The convergence of {A n } implies that there exists N £ Z + such that 

Ha,a u (1 ) > 1 — v for all n > N. (3-4) 

Since Am is probabilistically bounded, we have sup t>0 inf XiV& A N Fx,y{t) = 1. Thus, there exists M = M (z/) > 
0 such that F X:V (M /K) > 1 — v for all x, y £ Am- Suppose that u,w £ A are two arbitrary points. From (4) 
it follows that there exists x,y £ Am such that F U}X (1/K) > 1 — v and F WjV ( 1) > 1 — u. Thus, from(3) we 
have 

F u ,y(M + 1) > T(F UtX (l/K),F XiV (M/K)) >T(l-v,l-v)>l-p, 

and moreover, 

F U , W (M + 2) > T(F UtV ((M + 1)/K),F V:W (1/K)) > T(1 - p, 1 - u) > T(1 - p, 1 - p) > 1 - A. 

Hence sup t>0 mi u we A F u>w {t) > inf^^g aF U jW {M + 2) > 1 — A. By the arbitrariness of A, we have 
sup t>0 ini UiW& A F UtW (t) = 1, i.e. , A is probabilistically bounded. Also similar to proof of Theorem 2.2, [13 
we can prove that A is closed. From Theorem (3.3) we see that A is closed. Therefore A £ P c i,bd(X), and 
so the proof is complete. □ 

Theorem 3.6. Let (X. F, T) be a complete PMT space. Then (P cp (X), H,T) is complete PMT space. 


Proof. By Theorem ( |3.3| ), (P c i t bd(X), H, T) is a complete PMT space. By Corollary (3.4) we see that P cp (X) 
is PMT space. Since P cp (X) C P c i,bd(X) , it is enough that P cp (X) is closed with respect to H. 

Suppose that {A n }™ =1 c P cp (X ) , A n — ► A with respect to iL. We shall prove that A £ P cp (X). Choose 
any e > 0 and A £ (0, 1]. By the left-continuity of T and lemma (2.3), we have sup 0<a<1 T(a, a) = 1, and 
then there exists p £ (0, A] such that 

T{l-p,l-p)>l-X. (3.5) 

By the convergence of {A„}, there exists N £ Z + such that 

H A,A n ( |) > 1 - P, for all n> N. 


Since by Lemma (2.6), Am is compact, Am is also totally bounded. Thus, Am has a finite (|,^)-net Sn- 
From this we infer that Sn is a finite (e, A)-net of A. In fact, for each x £ A, it follows the existence of 
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y £ Am such that F xy {^ K ) > 1 — M- F° r such V we can select z £ Sn with F y z ( 2 e K ) > 1 — \x. Hence, from 
(5) we have 

F x , z (e) > T(F x>y (^),F y>z (^)) > T(1 - M , 1 - /x) > 1 - A. 

This shows that Sn is a finite (e, A)-net of A, and so A is totally bounded. From the completeness of 
(. X,F,T ) it follows that A is compact, i.e. , A £ P cp (X). □ 


4. Stability of KKM points 


Stability of solution maps has been intensively investigated recently mmm- In this section, we first 
give some Lemmas and concepts, then we investigate on exictence of essential components and the stability 
of the set of KKM points in PMT space. 

For a set A, we denote the set of all nonempty finite subsets of A by (A). Let A be a nonempty p-bounded 
subset of PMT space ( X,F,T ). Then: 

(1) co (A) = Hl-S C X, B is a closed ball in X such that A C B}; 

(2) A(X) = {A C X, A = co(A)}, i.e. A £ A(A) if and only if A is an intersection of all closed balls 

containing A. In this case, we say that A is an admissible set in X ; 

(3) A is called subadmissible, if for each D C< A >, co(D) C A. Obviously, if A is an admissible subset 
of A', then A must be subadmissible. 

Recall that closed and open balls of X are defined as 

B x [r,t] = {y £ X, F x>y (t) > 1 - r}, B x (r,t) = {y £ X, F XjV (t) > 1 - r} , 

for any x £ A' and 0 < r < 1 and t > 0. Let (A, F. T ) be a PMT space and A a subadmissible subset of X 

and P cp { X) the set of all nonempty compact subsets of X. G : X — > P cp ( A) is called a KKM mapping, if 
for each A £< A >, we have co(A) C G{A). More generally, if G : X — » P cp (X), S : X — ► P cp ( X) are two 
set- valued functions such that for any A £< X >, S(co(A)) C G(A), then G is called a generalized KKM 
mapping with respect to S. If the set-valued function S : X — > P cp ( X) satisfies the requirement that for any 
generalized KKM mapping G : X — ► P cp {X) with respect to S the family {G(s) : x £ A} has the finite 
intersection property, then S is said to have the KKM property. We define 

KKM{X,P cp {X)) := {S : X — > P cp {X ) : S has the KKM property} . 

Thus if S' £ K K M (X , P cp (X)) , then for any generalized KKM mapping G : X — > P cp ( X) with respect 
to S we have 7^ 0 - then such a point x* £ C\ x( z X G{x ), is called the KKM point of G and 

denote by /C(G) the set of all generalized KKM points of G. Let M be the collection of all KKM mappings 
G : X — ► P cp (X ) with respect to S. For each Gi, G 2 £ M define 

^Gi,G 2 (t) = jnf r R r Gi(x),G 2 (a:)(t) , 

where H is the probabilistic Hausdorff distance type defined on all compact subsets of X. Clearly ( M, if, T) 
is a PMT space. 

Lemma 4.1. ( M, if, T ) is a complete PMT space. 


Proof. Let {G„}^° =1 be any Cauchy sequence in M, then for any t > 0 and r £ (0, 1), there exists a positive 
integer k such that ffG„,G m (t) > 1 — r whenever n, rri > k, i.e. 

iel : Ha n(x),G m (x)(t) > 1 -r , 


for any n,m > k. It follows that for each x £ X, {G„}“L 1 is a Cauchy sequence in (P cp (X), Ft, T). By 
Theorem (3.6), there is G : A — > P cp {X) such that f?G„(a;),G(x)(t) > 1 — r for each x £ X. And it is easy 
to prove that inf xe _Y HG n ( x ),G(x)(t) > 1 — r. Suppose that G were not generalized KKM mapping with 
respect to S, then there exist {aq, ...,x m } C X and x £ S(co{xi, ... ,x m }) such that x £ UlLi G(a q). Since 
suPaex H G n (x),G(x)(t) > 1 - r, there is n 2 such that G n (aq) C UlLi B G ( Xi ){r,t) for any n > n 2 . Thus 
x Ui=i G n {xi) for any n > ?r 2 which contradicts the assumption that G n is generalized KKM mapping 
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with respect to S for all n = 1,2, ... . Hence G must be generalized KKM mapping with respect to S, and 
(M, H, T ) is complete. □ 

Now we state some definitions. A set-valued mapping S from PMT space ( X,F,T ), into nonempty 
subsets of a PMT space ( Y,F*,T *) is said to be probabilistic upper (lower) semicontinuous at Xq £ X, 
if for any 0 < r < 1, there exists 0 < r < 1 such that S(x ) C Bs( Xo )(r,t ) (S^cco) C B s( ^ x ^(r,t)) for 
each x £ X with F Xq x > (t) > 1 — r , for t > 0. S is probabilistic continuous at xq £ X if S is both 
probabilistic upper semicontinuous and probabilistic lower semicontinuous at Xq. Also S is said probabilistic 
metric upper semicontinuous at Xq £ X if, for any 0 < r < 1, there exists a neighborhood U of xq such 
that S(U) C Bs( Xo )(r,t) for t > 0. It is easily verified that if S( xq) is compact, then S is probabilistic 
metric upper semicontinuous at xq if and only if S is probabilistic upper semicontinuous at xq. In general 
probabilistic metric upper semicontinuity is a weaker notion than probabilistic upper semicontinuity. On 
the other hand, the set-valued mapping S is said to be probabilistic metric lower semicontinuous at Xq if 
for any 0 < r < 1 there exists a neighborhood U of xq such that S(xq) C B s ^(r,t) for every x £ U and 
t > 0. It is easy to see that if S(x o) is totally bounded, then S is probabilistic lower semicontinuous at Xq if 
and only if S is probabilistic metric lower semicontinuous at xq. However, we can also show that in general 
probabilistic lower semicontinuity is a weaker notion than probabilistic metric lower semicontinuity. 

Also a subset Q in X is called a residual set if it contains a countable intersection of open dense subsets 
of X. A set Q is called nowhere dense in X if int(Q) = 0. If there exists a dense residual set Q of X such 
that S is continuous at each point of Q then we say that S is continuous at most point of X. In this case 
we shall also say that S is generically continuous on X. Result concerning generic continuity of set-valued 
mappings were first considered by Fort in m ■ After Fort’s theorems were published there have been several 
extensions of his original results; see 021 12D] . In the following we will extend Fort’s theorem in PMT space. 

Theorem 4.2. Let ( X,F,T ) be a complete PMT space, (Y, F* , T*) be a PMT space and S : X — > be 

a probabilistic metric upper semicontinuous. Then there exists a dense residual set Q C X such that S is 

probabilistic metric lower semicontinuous at each x £ Q. 

Proof. For each 0 < r < 1 let 

C(r) = {x £ X : V0 < r 0 < rand 0 < r < 1, By £ B x (r ,t), such that B s ^ y )(r 0 ,t) ^ S(x) fort > 0} 

First, we prove that C(r) is a closed set. For any 0 < k < r and 0 < r < 1, let ro < roo < r and 
r 00 — ro = p. Due to the probabilistic metric upper semicontinuity of S , for each z £ C(r), there exists 
0 < r < r such that S(x) C B s ^{r],t) for all x £ B z (r ,t). Then there exists 2 £ C(r)nB z (r ,t) such that 
S(x ) C Bg( z ) (rj, t). From x £ B z (r" ,t), Choose 0 < r" < r" such that B x (r" ,t) C B z (r" ,t). As x £ C'(r), 
it is easy to see that there exists y £ B x {r ,t) C B z (r ,t) C B z (r ,t) such that B s ^(r 00l t) ^ S(x). 
Thus, it follows that B S ( v ){r 0 ,t) D S(z). In fact, if B S ( y )(r 0 ,t) D S(z), then B Bs{y) ^ ro ^{r],t) D B S ( y )(i],t), 
so that Bs( y )(roo,t) ^ S(x). Thus, it follows that Bs( y )(ro,t) ^ S(z). In fact, if Bs( q )(r 0 ,f) D S(z), 

then BB s(y) ( rQ , t ){ri,t) D Bg( z )(r],t), so that I?s(y)(roo, t) D S(x) which contradicts x £ C(r). Thus, it is 

proved that z € C(r) and C(r) is a closed set. Next, we will prove that C(r) is a nowhere dense set, that 
is, to prove that C{r) contains no interior point. If not, let X\ £ C{r) be a interior point of C(r). For 
any 0 < rg < r, choose ro < roo < t and set roo — ro = y. Then there exists 0 < ri < 1 such that 
B Xl (ri,t) C C(r) and S(x ) C Bg^ Xl ^(r],t), V x £ B Xl (r\,t). From X\ £ C(r), it is known that there exists 
%2 G B Xl (ri,t) such that B s ^ X2 ^(r 00l t) ^ S(xi). For x 2 £ B Xl {r^,t) C C(r), choose 0 < r 2 < ^ such that 
B X2 (r 2 ,t) C B Xl (ri,t) C C(r) and S(x ) C Bg^ X2 ^(r],t) for all x £ B X2 {r 2l t). From x 2 £ C(r), there exists 
x-s £ B X2 (r 2 ,t) such that Ss( X3 )(roo, t) ^ S(x 2 ). The rest may be deduced by analogy, thus there exists 

n,r 2 , ...,r n -i,r n , ... such that 0 < r n < 

B Xn (r n ,t) C S a , n _ 1 (r„_i,t) C ... C B X2 (r 2 , t) C B Xl {r ll t) C (7(e) 

and 

S(x) C B s{Xn) (p,f ) , \/x £ B Xn (r n , t) . 
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We also have 

B s(x n+1 )(roo,t) jb S(x n ), n = 1,2,.... 

From the completeness of ( X,F,T ) and the closedness of C(r), it is known that there exists x* G C(r ) and 
x n — > x*. As x* G B Xri (r n ,t) for each n = 1,2,..., we have S(x*) C Bg^ Xn )(r],t). Therefore, (ro, t) C 
B B s(xri) ( v ,t)(ro,t) = B s( Xrl )(roo,t). It follows from B S ( Xn )(r 0 o,t) ^ -S(a; n _i) that B S ( x *)(r 0 ,t) fb S(x n - 1 ). 
In addition, from x n — > x* and the upper semicontinuity of S at x*, for given r o > 0, it is known that 
S(x n - 1 ) C B s(x*)( r o,t) when n is sufficiently large, which is a contradiction. Thus, we can prove that C(r ) 
is nowhere dense. 

Let (0, l) fi be the rational number set in [0, 1], C = U r e(o i) C( r ) an d Q = X\C. From the completeness 
of X and nowhere density of G(r), it is easy to see that G is of first category. Hence, Q is a dense residual 
set and of second category for any 0 < r < 1, choose r G (0, 1) R such that 0 < ro < r. For each x G Q, by 
the definition of Q we have x ^ C(r o). Also by the definition of G(?’o), there exists 0 < r* < ro and r > 0 
such that Bg(y)(r*,t) D S(x) for all y G B x {r , f), and hence Bs( y )(r,t) D S(x). From the arbitrariness of 
0 < r < 1, it is known that S is probabilistic metric lower semicotinuous at x. Therefore, S is probabilistic 
metric lower semicontinuous at each p G Q. 

a 

Because in general probabilistic metric upper semi-continuity is a weaker notion than probabilistic upper 
semicontinuity, the following corollary is obvious. 

Corollary 4.3. Let (X,F,T) be a complete PMT space, (Y, F* ,T*) be a PMT space and S : X — > 2 y be 
probabilistic upper semicontinuous. Then there exists a dense residual set Q C X such that S is probabilistic 
metric lower semicontinuous at each x G Q, and hence S is also probabilistic lower semi-continuity at each 
x G Q. 

For each G G M, K.(G) is the set of all KKM points of G, G — > JC(G) indeed defines a set-valued mapping 
/C : M 2 X 

Lemma 4.4. 1C : M — > 2 X is a probabilistic upper semicontinuous and compact-valued (pusco) mapping. 

Proof. For any G G M, for any sequence {x n }™_ x in K,(G) with x n — » x * , then x n G G(x) for each x G X. 
Since G(x) is compact, then x* G G(x) for each x G X and x* G C\ xeX ^( x ), x * e IC(G). Hence 1C{G) is 
closed, /C(G) C G(x) must be compact. Fix t > 0, suppose that K. were not probabilitic upper semicontinuous 
at G G M, then there exist 0 < r 0 < 1 and a sequence {G„}^ =1 in M with G„ — > G such that for each 
n = 1,2,..., there is x n G /C(G„) with x n ^ B ic(G)( r o,t)- Since x n G /C(G n ), we have x n G Pl^gA' 

For any x G X, since G n (x ) — > G(x), G n (x) ( n = 1, 2, ...) and G(x) is compact, thus Pl^Li G n (x) (J G{x) is 
compact. x n G G n (x), we may assume that x n — > x* , we obtain x* G G(x). Thus x* G f] xe x Gn( x ) an< ^ 
x* G IC{G) C B K(G)( r 0 it) which contradicts the assumption that x n —> x* and x n B K(G)( r Oit) for each 
n= 1,2, ... . Therefore, K. must be probabilistic upper semicontinuous on M. □ 

Definition 4.5. G G M, (1) x G IC(G) is essential if for any 0 < r < 1, there exists 0 < r <1 such that for 
each G G M with H G G ' (t) > 1 — r , there exists x G /C(G ), with F x x > (t) > 1 — r, (2) G is weakly essential 
if there exists x G /C(G) which is essential and (3) G is essential if every x G /C(G) is essential. 

Theorem 4.6. K, : M — > P cp (X) is probabilistic lower semicontinuous at G G M if and only if G is essential. 

Proof. If K. is probabilistic lower semicontinuous at G G M, then for any 0 < r < 1, there exists 0 < r < 1 
such that tC{G) C ^(G')( r ’, *) f° r eac ^ G G M with H GG >(t) >1 — 6. For each x G A(G) there exists 
x £ JC(G ) with F x x '{t) > 1 — r, x is essential and G is essential. Conversely, suppose that G is essential. 
If K, were not probabilistic lower semicontinuous at G, then there exist 0 < r 0 < 1 and a sequence {G„}^ L 1 
in M with G n -A G such that for each n = 1,2, ..., there is an x n G IC{G) with x n G B x ^ Gn ^(ro,t). Since 
/C(G) is compact, we map assume that x n — > x G /C(G). Since x is essential, G n — > G, x n — > x, there is an N 
such that F XntX (t) > 1 — Lf and for all n> N. Hence x n G B K(G n )( r ut) for all n > N which 
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contracts the assumption that x n ^ B^^G n ){ r o, t) for all n = 1,2,... . Hence K. must be probabilistic lower 
semicontinuous at G. □ 


Theorem 4.7. There exists a dense residual subset Q of M such that for each G £ Q, G is essential. 


Proof, by Lemma (4.4), K. : M — >■ P cp (X) is an pusco mapping. By Corollary (4.3), there exists a dense 


residual subset Q of M such that for each G £ Q, K. is probabilistic lower semicontinuous at G. By Theorem 
(4.6), for each G £ Q, G is essential. □ 


Remark 4.8. If G £ Q, by Lemma (4.4) and Theorem ( 4.6 ) , 1C is probabilistic continuous, then for any 


0 < r < 1, there exists 0 < r <1 such that for any G £ M with H G G ' (t) > 1 — r , H^ G ) k(g') (*)>l-r, 


G is stable. 


Now we shall introduce some definitions. For each G £ M, the component of a point x £ IC(G) is the 
union of all connected subsets of JC(G) which contain the point x. Note that components are connected 
closed subsets of /C(G) and are also connected compact. It is easy to see that the components of two distinct 
points K.{G) either coincide or are disjoint, so that all components constitute a decomposition of K.{G) into 
connected pairwise disjoint compact subsets, i.e. , 

IC(G) = |J C a (G) 

aeA 

where A is an index set; for any a £ A, C a {G ) is a nonempty connected compact and for any a, (3 £ A (a ^ /3), 
G a (G) fl Cp(G) = 0. 

Definition 4.9. For each G £ M, let e(G) be a nonempty closed subset of K.(G). Fix t > 0, e(G) is called 
an essential set of IC(G) if for eny 0 < r < 1, there exists 0 < r <1 such that for any G £ M with 
H G ,G'{t) > 1 ~ r , K{G ) 0 B e (G)(r,t) ^ 0. If G a (G), the component of 1C{G) is essential, then C a (G) is 
called an essential component of /C(G) . 


Following theorem is the main result . 

Theorem 4.10. For each G £ M, there exists at least one essential component of K.(G). 


Proof. By Lemma (4.4), 1C : M — > P cp (X) is probabilistic upper semicontinuous, that is for any 0 < r < 1, 
there exists 0 < r < 1 such that for any G £ M with H GG ’{t) > 1 — r , /C(G ) C -Bjc(G)( r >0- Hence 
K.(G ) fj H K (G)( r ; t) 7 ^ /C(G) is essential set of itself. Let 4> denote the family of all essential sets of /C(G) 

ordered by set inclusion. Thus 4> is nonempty and every decreasing chain of elements in <I> has a lower bound 
(because by the compactness the intersection is in <f>) ; therefore by Zorn’s Lemma, $ has a minimal element 
m(G) and m(G) is essential. Suppose that m(G) were not connected. Then there exist two nonempty closed 
sets ci(G), c 2 (G) and two open sets V\ and V 2 such that m(G) = ci(G) (J c 2 (G), Ci(G) C Vi, c 2 (G) C V 2 , 
Vi ft V 2 = 0- Since m(G) is minimal, neither Ci(G) nor c 2 (G) is essential, there exist 0 < r\ < 1, 0 < r 2 < 1 
such that for any 0 < r <1, there exists Gi,G 2 £ M such that Rgi,G 2 (^ ) > 1 — r , Hg,g 2 { j I) > 1 — 
r with jC(Gi)n[Bc l( G)(n,i)] = 0, K.{G 2 ) f][ B c 2 {G) (r 2 , <)] = 0- Denote Wi = Vi n[-B Cl (G)(Ti, t)], W 2 = 
V 2 fi[-B C 2 (G)(T 2 ,i)], then Wi,W 2 are open. Since ci(G) C Hi, c 2 (G) C W 2 , there exists 0 < ro < 1 such 
that lB Cl(G) (n,t)] C Wi, [B C2 ( G )(r 2 ,t)\ C W 2 . Denote W[ = B Cl{G) (r , t), W 2 = B C2(G) (r' : t), we know that 
W x , W 2 are open. Since W 1 (J W 2 = £? Cl (G)ue 2 (G)( r ,t) = B m ^(r , t) D to(G), then there exists 0 < r* < 1 
such that for any G' £ M with H G G > (t) > 1 — r* , K(G' (J W 2 ) 7 ^ 0. We may suppose that r* > a, 

where a = F w > w > (t) > 0. For this r* we can find an r* > r* such that T(1 — r^, 1 — r^) > 1 — r*. Thus for 
0 < r ' < 1 there exist G 


l) 1 


G 2 £ M such that H (; G ^ ( G) > 1 - r f , H G G > (B^) > 1 -r f , /C(G'| ) fj W'i' = 


JC(G') fj W 2 = 0. Note that 


G.Gj 


H, 


Gi ,G. 


,(*) > T (H gA (^)) H gA ( 2 ^) > T{ 1 - T-t, 1 - rt) > 1 - r* 


> a . 
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Now define G : X — > P cp (X) as follows: 

G(x) = [G[ \ W 2 ] f|[Ga \ W[], xeX 

Suppose that G were not a generalized KKM mapping with respect to S, then there exist {aq, ..., x m } C X 
and x € S(co{xi, ...,x m }) such that x ^ (J^li G ( x i)- Since W 1 f]W 2 = 0, then x ^ W 1 or x ^ W 2 - 
Without loss of generality, we may assume that x £ W 1 . Since x £ G 2 (xi) \ W 1 , then x ^ G 2 (xi) for each 
i = 1, x £ U“i G 2 (xi) which contradicts that G 2 G M. Thus G' G M. 

Next we are going to prove that H G > G > (t) > H G > G > (t). Note that 

Hg',^) = lf x H G' (xJ.Cj (*)(*) = 


yeG 1 (x) 


Gi.GfiW = M ff Gi(x),Gi(*)( t ) = i £ n i{f < P min {,.3l/^;w( S )h.3 f ,/^G' lW ( s )}} • 


yeG^x) 


y&G 2 (x) 


For any y G G 1 (a;), if y G G 1 (a;) \ W 2 , then F y Q i (s) = 1; if y G G x (x) \ W 1 , then 

y&G 2 (x) 


inf F n ' , As) > inf F n > , Js) > H n i , ■, n ' , At). 

yeG'(x) V ’ G ^ X)K J - yeG' 2 (x) ~ Gi(*),G a (*)W 

For any y G G'i(x), since W[ f) W 2 = 0, then y £ W[ or y ^ W 2 . If y ^ W 2 , then y G G\(x) \ W 2 , 

F y,G'(x)( s ) = 1; if y G W 2 , then y $ W[, 

F y,G' (x) (®) > F y,G' 2 (x)( S ) \ W 1 = SU P F y,4s)- 

zeG^AW) 

Since F y G / (x) (s) > ^ G ' i(a:) , G ; (x) (s) > H G ^{t) > 1-r*, and when y G Wj, * G W', F tfiZ (s) < FW', W^s) < 
a < r* t thus F y G ^ x) {s) = sup^^ F yjZ (s), F y ^ {x) (s) > F y ^ x) {s) > ™f yeG ' i(x) ^ G ' (x) (s), 1 nf v£ G;(i) f v ,g\x)( s ) > 
mi y€G[(x) F y,G' 2 (x)( s ) ^ ( S )' 

Thus H g , i{x) ^ x) (s) < H G , {x) ^ {x) (t), for any a: G X, # G ' iG ' (f) < Since 

H G ’, G (2Kt ) > T{H G , G[ {t),H G[ G {t)) 

— ^(^g'„g' W’^G'^gW) 

> T(1 — r* , 1 — r f ) > T(1 - r f , 1 - r f ) > 1 - r*, 

/C(G ) d^i U W 2 ] 7 ^ 0- Take a:* G /C(G ) Plt^i U IF 2 ], without losing the generality, we may assume that 
a:* G K(G') p| then a:* ^ G 2 {x) \ W[ for any x G X. Since X{G' x ) P| W[ = 0, then x* ^ A^G^), that is 
x* ^ fixe x Gq(a;). There is x G X such that x* ^ G 1 (i), so x* £ G 1 (i) \ W 2 , x* £ G (x), x* £ X(G ) which 
is a contradiction. Thus, m(G) must be connected. Thus there is a component c ao (G) of /C(G) such that 
m{G) C c ao (G). It is obvious that c ao (G ) is essential which complete the proof. □ 

5. Conclusions 

In this paper, at first we studied probabilistic metric type spaces. Next, we presented a result concerning 
generic continuity of set-valued mappings based upon extensions of Fort’s theorems in these spaces. 
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The essential norm of the generalized integration operator * 
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Abstract: We provide a function-theoretic estimate for the essential norm of the generalized in- 
tegration operator if l from mixed-norm spaces H(p, q , <f>) to Zygmund-type spaces Z p by means of 
the definition of the essential norm of an operator and the properties of the analytic function. 
Keywords Essential norm; generalized integration operator; mixed-norm spaces; Zygmund-type 
space; mean value theorem 

MR(2000) Subject Classification 47B38, 47G10, 47A30, 30D45. 


1 Introduction 


Let ID) = {z £ C : \z\ < 1} denote the open unit disc in the complex plane C, H( D) the linear space 
of all analytic functions on D and S'(B) the set of all analytic self-maps on D. Let g £ H{ ID) and 
ip £ S'(B). The following generalized integration operator: 

/$/(*)= [* f W (<P(Z))9(0dt, z£ B, 

Jo 

has been recently introduced in [23] and considerably studied (see, e.g., [10, 11, 21, 26, 36]). One of 
the reasons is that it provides connections between operator theorem and complex analysis and helps 
us to gain a deep understanding of both areas. Recently, there has a lot of work on some related 
operators on different spaces of analytic functions on the unit disc, see also [1, 6, 20, 28, 29, 30, 31, 32] 
and the related references therein. 

Recall that, for 0 < p, q < oo and <f> normal, let H(p , q , (j)) denote the space of all / £ ff(B) such 
that 



where the integral means M p (f,r) are defined by 

/ 1 / >27r \ 

M q (f, r ) = j \f(re ie )\«de) , 0 < r < 1. 

For 1 < p < oo, the mixed-norm space H (p, q, (f>) equipped with the norm || • Hp,^ is a Banach space 
(see [13, 34]). For related results in the setting of the unit ball, see, for example, [12, 24] and the 

^Foundation item: Supported by the Natural Science Foundation of China (11171285) and the Foundation Research 
Project of Jiangsu Province, China (BK20161158) 
t Email: minliu@jsnu.edu.cn 
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references therein. Given a bounded, continuous and strictly positive function p on D. Let Z lt denote 
the space of all / € H( B) D C(ID>) such that 

sup p(z)\f"{z)\ < 00 . 

zgD 


Under the norm 

ll/IU, = l/(0)l + l/ , (0)| + sup^)|/"(4l> (1) 

zeB 

it is easy to see that Z M is a Banach space. 

Let X and Y be two Banach spaces. T is a bounded linear operator from X to Y . The essential 
norm of T is defined by 

jljT|| e ,^ y = inf{||T-5||^ y }, 

where || • ||x— > y denote the operator norm and the infimum is taken over all admissible compact 
operator S from X to Y . For results on the essential norms of composition, weighted composition and 
some integral operators, see, for instance, [2, 3, 4, 5, 7, 8, 9, 14, 15, 16, 17, 18, 19, 22, 27, 33, 35, 37, 38], 
and the references therein. 

Inspired by the above results, for 1 < p < oo and 0 < q < oo, we provide a function-theoretic 
estimate for the essential norms of the generalized integration operator Igfy: H{p , q. (f>) — > Z M on 
the basis of the characterizations of the boundedness and compactness of the generalized integration 
operator ([10]). The main result is Theorem 3.1. 

Throughout the paper, the letter C denotes a positive constant which may vary at each occurrence 
but it is independent of the essential variables. For two functions A and B , we use the abbreviation 
A Z B if there is a positive constant C independent of A and B such that A < CB. We write 7l x B 
if A Z B Z A. 


2 Some Lemmas 


To prove our main results, we need several lemmas. The next Schwartz-type lemma is proved in a 
standard way, hence we omit its proof. 

Lemma 2.1 Assume that 0 < p, q < oo. Then Ig H (p, q, <j>) — > Z M is compact if and only I^j>: 
H(p, q , (j > ) — > Z ^ is bounded and for every bounded sequence {f m } in H(p , q, </>) which converges to 
zero uniformly on compact subsets of ID as m — > oo, we have Wlg^fm Wz,, — y 0 as m — > oo. 


The following characterizations of boundedness and compactness of the operator Igf^, : H (p. g, </>) — > 
Zg have been essentially proved in [10]. The parts of this work which are relevant here are given in 
the following two lemmas. 

Lemma 2.2 {[10]) Assume that 0 < p, q < oo. Then Ig n ^>: H{p , q , (f > ) — > Z ^ is bounded if and only if 


Mi = sup 

zeB 


p{z)\p'{z)g{z)\ 

<MI^)l)(i-l^)l 2 ) 1 /« +n+1 


< 00 , 


(2) 


and 


Mi = sup 


»{z)W{z)\ 


eD0(|¥>(*)|)(l - k(*)l 2 ) 1/,+ " 


< oo. 


(3) 
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Lemma 2.3 {[10]) Assume that 0 < p, q < oo. Then Ig n ^: H{p , q, <]) — > Z ^ is compact if and only 
if Ig n <l : H{p , q , (f>) — ► Z^ is bounded, 


and 


y h{z)W'{z)g{z)\ 

kWhi 0(k(«)|)(i - Kz)| 2 ) 1/9+n+1 


lim 




IvWI-i <HI<p(z)l)(l - I^WI 2 ) 1/9+r 


= 0. 


( 4 ) 

( 5 ) 


On the basis of the compactness criterion, the following lemma provides a sufficient condition of the 
compactness of the operator Ig]],'. H{p , q, <f>) — » Z M . 

Lemma 2.4 Assume that 1 < p < oo, 0 < q < oo. Then Ig]]: H{p , q, (j>) — > Z ] is compact, if Ig]]: 
H(p, q , <p) — > Z^ is bounded and ||</?||oo < 1- 

Proof. Since Ig]]: H{p , q, ]>) — > Z^ is bounded and ||</?||oo < 1, the conditions (4) and (5) hold, 
Lemma 2.3 implies that the operator Ig]]: H(p, q, <j>) — > Z M is compact. 

The last auxiliary results needed are the following two lemmas. 

Lemma 2.5 {[25]) Let 0 < p, q < oo and f £ H{p, q, <f>). Then for every m £ No, there is a positive 
constant C independent of f such that 


\f (m) {z)\ < C- 


Up, q, <t> 


m)a~\z\ 2 r +1/q 

Lemma 2.6 {[10, P. 384]) Let. 0 < p, q < oo, w € O and 

(1 - \io\ 2 y +t 


z £ 


fiAz) = 


</>(|w|)(l - Uiz)i +t+1 ^ ’ 


z € 


Then fj tU £ H(p, q, <p) {j £ N), where the constant t is from the definition of the normality of the 
function (f>. 


3 The essential norm of the operator Igfy : H(p, q , 0) — >• Z /L 

The following theorem is the main result of the paper. 

Theorem 3.1 Assume that 1 < p < oo, 0 < q < oo, Iffy: H{p, q, (f>) — > Z M is bounded. Then 




e,H(p, q, 4>)^Z„ 


max 


lim 


0-{z)W {z)g{z)\ 


lim 


o{z)\g'{z) | 


]>{\Az)\){i - W{z)\ 2 ) n+1+llq ’ ivwi-i ]>Mz)\){i - W{z)?) n+1 ^ 


Proof. If IMloo < 1, by Lemma 2.4, i]]]: H{p, q, cf) -»• Z M is compact, so \\Ig]]\\ e ,H(p,g,<i>)->z». = 0. 
The result holds. 
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Now assume that ||<^||oo = 1- We first give the lower estimate of 
\\Ig?<p\\e,H( P , q, <t>)^z ■ Let Cj(q,t) = l/q + j + t, j = 1, 2, . . . , n + 2. For a fixed lo e D, set the test 
function 


fu(z) = C n+1 (q,t)f ltU (z) - Ci(q,t)f 2 , u (z) 

(i - M 2 ) 1+t 


Cn+1 (?; t) 


(/>(|w|)(l — UJZ) 1+t+l / , i 


- Ci{q,t) 


(1 - M 2 ) 2 +* 


</>(|u;|)(l — ujz) 2+t+1 /i : 


z e 


By Lemma 2.6, we have f u € H(p, q , </>) and sup ||/ w || Pi < C. By an easy calculation, 

wen 

An) / \ = C n+1 (q,t)C 1 {q,t)C 2 {q,t) ■ ■■C n {q,t)( 1 - H 2 ) 1+t (gT 

W (/>(|w|)(l —LOz) nJrl+t+1 / q 

Ci(q,t)C 2 (q,t)C 3 (q,t) ■ ■■C n+1 (q,t){ 1 - H 2 ) 2+ * (u7) n 

^(|w|)(l -ZZJ2) n+2+t+1 /9 


(6) 


An+l) ( ) = Cl + 1 (q 1 t)C 1 {q,t)C 2 {q 1 t)---C n (qA){l- M 2 ) 1+t M " +1 
Jul [Z) <j>(\u\)(l-Z3z) n +*+ t + 1 /i 

Ci{q,t)C 2 (q,t) ■ ■ ■C n+2 (q,t){ 1 - \u;\ 2 ) 2+t (U)" +1 

<^(|w|)(l — tJ 2 ) n + 3 +t+l /9 

Let {2fc}fc 6 N C D, satisfying lim \tp(z k )\ = 1. Let 

fc— >oo 

fk(z) = fcp( Zk )(z) 

= Cn+i(q,t)(l - \ip(z k )\ 2 ) 1+t Cl (g, 0(1 ~ |y?( 2 fc)| 2 ) 2+ * k e 

(/)(|<p( 2 fe)|)(l - ^( 2 fe) 2) 1+t+1 /4 0 (|</?(z fe )|)(l - ^( 2 fe ) 2) 2+t+1 /9 


( 7 ) 


Then f k € iL(p, q, <j>), sup ||/fc||p, q , ^ < C and {/*,} converges to zero uniformly on compact subsets of 
fceN 

B, so for every compact operator K: H(p, q , <j>) —> Z^, by Lemma 2.1 , one has lim H-ftT/fcHz = 0. 

k — >oo 

Using (6) and (7), we have 


fl n) (v( z k)) =0, fl n+1) (ip(zk)) 


~Ci(q, t)C 2 (q , t) ■ ■ ■ C n+ i(q, t) (y>(z fe )) 
<K\<p(z k )\)(l-\ip(z k )\*) n+1+1/q 


Therefore 


c n 4 




> lirnsup || (jW - x'j fkWzp 


> lim sup f 1 1 Igfyfk 1 1 z^ - \\KfkWz) 

k — >oo ' ' 

> lirnsup ||/^/ fc |b M 

/c — *00 


> 


Cl (g, t)C 2 (q, t) ■ ■ ■ C n+1 (q, t) lim sup 

k—> oo 


p(z k )\<p(z k )\ n+1 • \p'(z k )g{z k )\ 

<j>Mz k )\){i-\ v {z k )\ 2 Y+^/^ 
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thus 


Further, let 


ll4 


g,(p lie, H (p, q , <f>)- 


■>z. > c lim 

" lv »(*)|— 1 


p{z) \ip'(z)g(z)\ 


<i>{\v(z) I) (i - W{z)\ 


2 \n+ 1+1/q ' 


C n + 2 (q,t){ 1 - \<p(z k )\ 2 ) 1+t _ Ci(g,t)(l - |y(z fc )| 2 ) 2 +* ^ N 

4>(\ip(z k )\){l - V 3 ( 2 fe)' 2 : ) 1+ ‘ +1/9 I) (1 - ip{z k )z) 2+t+1 / ( ‘ 1 


Similarly h k G H(p, q, </>), sup \\h k \\ p , q , <f, < C, and 

ke N 


(8) 


h i n) (<p(zk)) 


Cl (q, t)C 2 (q, t) • • • C n {q, t) (q>(z k )^j 
(/){\ip{z k )\) (1 - \ip(z k )\ 2 ) n+1/q 


h k l+1 \v{zk)) = 0. 


It is clear that {h k } converges to zero uniformly on compact subsets of D, Lemma 2.1 implies that 
lim =0 and consequently 

k — »oo '' 


C\\lfi> - K\\ H{p , qA) ^ > limsup II (/W - k) h k \\ Ztl 

> limsup (\\I$h k \\ z - \\Kh k \\ Zft ) 

> limsup \\I$h k \\ Zll 

k—> oo 


> Ci(q, t)C 2 (q, t) ■ ■ ■ C n (q, t) limsup 

k—> oo 

= Ci(q,t)C 2 (q,t) ■ ■■C n {q,t) limsup 

k—> oo 


p(z k )\<p(z k )\ n ■ \g'(z k )\ 

^(k(^)l)(i-l^0l 2 ) n+1/9 

A*(Zfc) • jfl4ffc)l 

^(*0I)(1HP(*0I 2 )" +1/9 ’ 


thus 


114 


g,tp \\e,H(p, q, 


>C lim mWM 


(9) 


By (8) and (9), we get 


/z(V)|y/(2)5(z)| 


max < lim y~>*y~n lim 

i<^(l^)|)(i-l^)IT +1+1/9 i^)^ 1 


Kz) W{z)\ 


l¥>(*)l 

V 

^ Il4^ IU,TY(p, <7, 


<!>{\v{z) I) (1 - Iv?(z) 


'»+!/« 


as desired. 

Next, we intend to give the upper estimate of ||4^lle,ir(p, g,<j>)^z • Since 4"4 H{p, q , <p) — + 
is bounded, then for any / G H(p 1 q, <j)), there is a constant C such that |44/IU„ < C||/|| Pj q< 
Taking test function f(z) = G H(p 7 q, </>), we obtain 

/Vi := sup ^(z) \g'(z)\ < oo. (10) 

z£B 
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If take f(z) = ^rj- G H(p, <h </>), we have 

K 2 := supp(z)\(p'(z)g(z)\ < oo. 
ze d 

For a fixed p £ (0, 1), using the normality of <j> we have 

p{z)\py'{z)g{z)\ _ p{z)\py'{z)g{z)\ 

zeD <t>(p\ip(z)\) (1 - \py(z)\ 2 ) n+ lq zeu 4>{p) (1 - \p\ 2 ) h 


sup t l ( z )\g'( z )\ < h{z)\g'{z)\ <Qo 

4>(p\v(z)\) (l - \ P p{z)\T +1/q m (i - \ P \ 2 ) n+1/q 
By Lemma 2.2, we get H(p, q , </>) — * Z is bounded. Since \ptp{z)\ < p < 1, by Lemma 2.6, 

Ig n p<p'- H(p, Qi <j>) Z/i is compact, thus 


rr/ ,, „ < /(«)_/(«) 

W 1 g,tp\\e,H(p, q, <p)—^Z^ — ± 9, l P ± 9iP l P 


, „ - VX) f\\ z 

II/IIh(p, 9, «<i V 7 UZ r 


H(p, q, 


sup sup p.(z) (i^f - I ( g %f) (z) 

T(p, q, A)<1 ZeB V 


II/IIh(p, q, <£)<1 I X I 

< sup supp(z) f {n+1) (ip(z)) - pf {n+1) (ptp(z)) \<p'(z)g(z)\ 
II/IIh(p, 9, <t >)< i 2 GD 

+ sup sup I / C ” } (v(«)) - f {n) {pv(z))\\g'{z)\ 

I/IIh(p, 9, <M<1 2 GD 


< sup sup p,(z) / (n+1) (^(z)) - pf in+1] {p<p(z)) \\ip'(z)g(z)\ 

II/IIh(p, 9, «<i lvd 2 )l< r 

+ sup sup p(z) & +l Xv{z)) - pf^ n+1 Xpv{z)) W{z)g{z)\ 

II/IIh(p, 9,0)<1 r <l^( 2 )l<l 

+ sup sup p,(z)\f {n) (<p(z))- f( n) {p<p{z))\\g'{z)\ 

II/IIh(p,9,0)<i Wi z )\< r 

+ sup sup ^z)\f^(z))-f^(jH P (z))\\g , (z)\ 

II/IIh(p,«,«<i r <k( 2 )l< 1 

An) , An) r(ra) An) 

• 1 fD T* 2 jD T* ^ 3 p f” "^4 p y 5 

Using the mean value theorem, the triangle inequality, (10), (11) and Lemma 2.5 we have 
4:lr= sup sup n(z) f in+1) {v(z)) - pf (n+1) (pip(z)) \<p , {z)g{z)\ 

ll/IU(p,9, «<t W{z)\< r 


Z)) - f {n+1 Hpv(z)) + ( l 


sup sup 

\\f\\H(p,q, <!>)<! \<p(z)\<r 


< sup sup p)p,(z)\ip'{z)g{z)\ sup \.& +2 \w)\ + sup |/ (n+1) H| 
II/IIh(p,9, «<1 W(z)\<r \M< r \w\<r 


- C(1 ^ (^(r)(l - r 2)n+2+ 1 / 9 + 0( r )(l - r 2 


)n+l+l/g^ ^ 0 (P ^ ■*■)> 
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I t ) p,r= SU P SU P h(z)\f [n) ~ (PT{z))\W (z)\ 

l|/||ff(p, q, <fr)<l \v{*)\< r 

< sup sup (1 - p)p{z)\g'{z)\ sup |/ (n+1) (u;)| 
II/IIj*(p,«,.»<i <r \w\<r 

~ C(1 “ P V(t)(1 -r 2 ) n + l + 1 /‘i ^ ° ^ ^ 


(14) 


and 


r(") _ 

1 2,p,r ~ 

sup sup p(z) & +1 \v(z))-p& +1 \pv(z)) W{z)g{z)\ 

II/IIh(p,<i,«<i r<\v(z)\<l 

< sup sup g(z)\<p'(z)g(z)\ ( f( n+1 \<p(z)) + pf( n+1 \p<p(z)) 

< sup sup p(z)\ip\z)g(z)\ o^^} P ’ ( q ’o 2 \n+i+i/ Q 

+ sup sup t i{z)\ip'{z)g{z)\ oJ^' f l P,CI ;\\ 2 \n+i+i/ q 

ll/|lff(p, g, 0)<1 r <lv’( 2: )l<l MwMIX 1 - \pv(z)\ 2 ) n+1 + 1 /<l 

Cp(z)\ip'(z)g(z) | , _ Cp{z)\if?{z)g{z)\ 


< sup 


<mmi<i </>Mz)\)(i - l^)l 2 )” +1+1/9 ' r<M?)\<l <Kp\<p(z) l)(l - \Mz) I 2 ) n+1+1/ ’ 

g(z)\ip’(z)g(z)\ 


OC sun r~\~nr rram 1 \ 

r<| V W|<l <K\<p(z)\)(i - MzWr+^/o [p h 


(15) 


r(») 

1 4,p,r 


< sup 


sup sup »{z)\f {n) (ip(z))~ f {n) (pip(z))\\g'(z)\ 

\h(p,„, 4 >)< 1 !-<| vj ( z )|<1 

Cp(z)\g'(z)\ 


H (p,,,«<iK|S|< 1 ^(b(*)l)(l - |^(2)| 2 )” +1/9 ' 

Cp{z)\g'{z)\ 


lip, q, <t> 


sup 


H(p,9,«<i r <lvC*)l<l M<P{Z)\)(1 |p^)|2)n + l/ g ' 

A(z)W(z)\ 


II p, q, 


< C sup 


2C r<M?)\<l <j>{\<fi{z)\){l - \<p(z)\ 2 ) n+1 /« 


+ C sup 

r<\<p(z) 

(P-+ !)• 


Kz)W{z) I 


<|¥>(z)|<l <t>{\V>(z)\) (! - \<fi(z) | 2 )” +1/ ® r<|<p(z)|<l <Kpk(z)|)(l - |^(z)| 2 ) n+1 /9 

M*)lff'(*)l 


(16) 


Using the conditions (13-16), let p — > 1 in (12), then let r — ► 1, we have 

ll^g.V l|e,i?(p, q, 4>)^Zp 


<2 C lim 


p(z)\ip'(z)g(z)\ 


+ 2 C lim 


A(z)\g'(z)\ 


IvWHi <MI<^)I )(1 - bO)l 2 )" +1+1/9 IvWI-i 0(|^)|)(1 - |v ^)| 2 ) n+1/9 

mOOIs'^)! 


-< max < lim 


J^lhi <f>{\<p(z ) |)(1 - |^)| 2 )" +1+1/9 ’ bWHi <f>Mz)\){l - |^)| 2 )" +1 /9 
we get the desired result, so we are done. 
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ABSTRACT 

This paper is devoted to study the form of the solutions and the periodicity of the following third order systems 
of rational difference equations 


^n+l — 


Vn-2 


1 yn—2%n—iyn 


y-n+i — 


%n—2 


dzl dz X n —2yn—l%n 


with initial conditions x_ 2 , x_i, xo, y~ 2 , y~ 1 and yo are real numbers. 
Keywords: System of difference equations, Periodic solutions. 

Mathematics Subject Classification: 39A10 


1. INTRODUCTION 

Recently, many researchers have studied systems of difference equations. This concern is due to the importance 
of some systems that can be used in some mathematical models in biology, economics, genetics, psychology, 
populations etc [1-37]. Many articles discuss difference equations systems, for example, Cinar [1] investigated 
the following system 

_ m _ py n 

*^n+ 1 — ? 2/n+l — 

2/n %n—iyn—l 

Elsayed et al. [2] dealt with the solutions of the system of the difference equations 


1 


^n+l — 


%n—pyn—p 


"5 2/n+l — 


n—pyn—p 

~ 1 

n—qyn—q 


and 


%n-\-l — 


1 


•E n—pyn—p^n—f 


% n—pyn—p Zn—p n—qyn—q^n—q 

■5 2 /n+l — — 5 z n -\- 1 — • 


%n—qyn—qZn—q 


% n—ryn—r^n—r 


The behavior of positive solutions of the following system 

Xn— 1 yn—1 

x n + 1 — ; ■ 2/n+l — 


1 d" x n _i y n 


1 d“ yn—l^r, 


has been discussed by Kurbanli et al. [3]. 

I 11 [7] Yalgmkaya studied the sufficient condition for the global asymptotic stability of the following system 


_ tn^n— 1 + a Zn^n—l ~\~ CL 

%n -\- 1 — — j 7 ' ^n+1 — 


tn “b %n— 1 


%n t n — 1 
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In [5] El-Dessoky considered the solutions of the following system 


x n + 1 — 


yn—iyn—2 


x n (il i yn—iyn— 2 ) 


5 2 /n+l — 


x n— l x n— 2 


2/n (^1 d: x n—l x n—2) 


Touafek et al. 


examined the periodic nature and found the form of the solutions of the following system 

x n — 3 2/n— 3 


x n+l 


zbl zb x n -sy n - 1 


5 2 /n+l — 


±1 ± 2/n-3#n-l 


Kurbanli [7] investigated solutions’ behavior for the following 


x n— 1 2/n— 1 

*^n+l — — 7- 2/n+l — 


%n—iyn 1 


yn—l%n 1 


-^n+l — 




Zn—iyn 


El-Dessoky et al. [8] obtained the form of the solutions of the following system 


x n — 1 yn—1 

x n+ 1 — “ j 5 2/n+l — Z j 

1 “b yn x n— 1 1 + x nyn— 1 


•^n+l — 


Zn—r 


x nyr 


We consider in this paper, the solution of the systems of difference equations 

2/n— 2 __ x n — 2 


*^n+l — 


5 2/n+l ill J 

1 yn—2 x n—iyn if d: X n —2yn—l x n 

with initial conditions x_2, x_i, xo, y~ 2, 2/-1 and ?/o are real numbers. 

2. ON THE SYSTEM: X N+1 = 

In this section, we investigate the solutions of the system of two difference equations 

yn—2 x n— 2 


x n -\- 1 — 


-1 5 Vn + 1 — . 5 

1 yn—2 x n—iyn 1 “b x n—2yn—l x n 

where n G No and the initial conditions are real numbers with y- 2 x -iyo 7^ 1 and X- 2 y~iXo 7^ —1. 

The following theorem is concerned with the form of the solutions of system (1). 

Theorem 1. Suppose that {x n ,y n } are solutions of system (1). Then every solution of system (1) are periodic 
with period six and for n = 0, 1, 2, 

XQn—2 — x —2i x 6n— 1 — X —\ , x Qn — x 0 5 x 6n-\-l — 
x 6n+2 — 2/— l(l + x -2y~l x o)> x 6n+ 3 = 


(i) 


y- 2 


(1 - y~2X-iyo) ’ 


2/o 


(l-y_ 2 x_iyo)’ 


and 2/6n-2 = 2/— 2, 2/677-1 = J/-1, 2/6n = 2/0: 2/677+1 — 


®-2 


(1 + a;_22/-l4;o) , 


2/6n+2 = £-i(l — 2/- 2 £-i2/o)) 2/677+3 = 


Xo 


(1 + x_ 22 /-ia:o) ' 


Proof: If n = 0, the result holds. We now assume that n > 0 and that our assumption holds for n — 1. That is, 

y -2 


x 6n— 8 
x 6n— 4 

and 2/6n-8 

2/6n— 4 


— x —2-> x Qn—7 — x —\ , 3?6n_6 — *^0? «^6n— 5 — 


(1 — y~ 2 %-iyo) ’ 


= 2/-l(l + X_ 2 y~lXo), #677-3 = 


2/o 


(1 - 2 /- 2 #-i 2 /o) ’ 


— 2/-2) 2/677-7 = 2/-1) 2/671-6 = 2/0) 2/677-5 = 


#-2 


(1 + a:_ 22 /-i#o) ' 


= £-1(1 — y~ 2 X-iyo), 2/677-3 = 


#0 


(1 +X-22/-iX 0 )' 
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Now it follows from Eq.(l) that 


% 6 n -2 


y&n—l 


3-6 n 


2/6n+l 


j/6rt-5 

1 — y6n-5%6n-4ySn-3 

X-2 

(l+x- 2 y-ix 0 ) 

1 _ ( [(l+x- 2 y-ix 0 )y - ^ + X ~2y~l X o) (l+s_ 2 y_ ia:o )) 

X-2 _ 

(1 + x-2V-ix 0 ) (l - (1 +-^° Xo) ) 

^6n— 4 

1 “1“ ^6n— 42/6n— 3*^6n— 2 

y_i(l +a:_ 2 i/-i^o) 

1 + (y-i(l + x- 2 y-ix 0 ) {1 +x _ x 2 I iXo) x- 2 ) 

2/— i (1 + x_ 2 y-i x o) 

— i — = y- 1> 

l + y-2y~ix 0 

2^ 

y^n— 3 (l+x_ 22 /-ia:o) 

1 — y6n—3 x 6n—2y6n—l 1 — f 7 212 T X oV 1 ^ 

1 ^ (H-sc_ 2 ^_ia:o) 24/— 

x 6n— 2 x —2 

1 "1“ XQ n —2yQn—lXQn 1 "1“ X—2y~\XQ 


Also, we can prove the other relations and so the proof is completed. 


Example 1. We look at interesting numerical example for the system (1) with the initial conditions X -2 = 
0.5, x_i = 0.9, x 0 = 0.2, y _2 = 1.1, y_i = 0.7 and y 0 = 0.3. (See Fig. 1). 


plot of X(n+1 )=Y(n-2)/(1 -Y(n-2)X(n-1 )Y(n)),Y(n+1 )=X(n-2)/(1 +X(n-2)Y(n-1 )X(n)> 



Figure 1. 

Yn - 2 


Wv-2 


3. ON THE SYSTEM: X N+1 = Y N+l = t _ Xn _ 2Yn _ iXn 

In this section, we get the form of the solutions of the system of two difference equations 

Dn — 2 %n — 2 


^n+1 


i Vn + 1 — 1 5 

1 Un— 2 %n— lUn 1 %n— 2 ?/n— l%n 

where n G No and the initial conditions are arbitrary real numbers. 


( 2 ) 
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Theorem 2. Suppose that {x n ,y n } are solutions of system (2). Then for n = 0,1, 2, 


XQn-2 

%6n— 1 

%6n 

•^6n+ 1 

2'6n+2 

•^6n+3 

VGn-2 

VGri—l 

VGn 

V6n+ 1 

V6n+2 

V6n+3 


'tt 1 (1 - (6z)x_ 2 y-iXo)(l - (6 i + 3)x_ 2 j/-ix 0 ) 

3,-2 (1 - (6* + l)a;_ 2 y-ix 0 )(l - (6 i + 4)a;_ 2 t/-ix 0 ) ’ 

tt (1 ^ (6 i + l)y_ 2 x_ij/o)(l - (6 i + 4)y_ 2 a:_iyo) 

33-1 (1 - (6* + 2)y_ 2 a;_i2/ 0 )(l - (6i + 5)y_ 2 a:_iyo) ’ 

tt (1 - (6i + 2)x_ 2 y_ix 0 )(l - (6 i + 5)x_ 2 y_ix 0 ) 

2:0 fj; C 1 - (6* + 3)a:_ 2 y_ia;o)(l - (6 i + 6)x_ 2 y_ 1 x 0 ) ’ 

V - 2 tt (1 - (6z + 3)y_ 2 x_iy 0 )(l - (6i + 6)y_ 2 x_ij/ 0 ) 

(1 - y- 2 x-iy 0 ) W (1 - (6 i + 4)y_ 2 a:_ 1 yo)(l - (6 i + 7)y_ 2 a;_iyo) ’ 

3/— i(l ~ x- 2 y-ix 0 ) t r (1 - (6i + 4)x_ 2 y-ix 0 )(l - (6i + 7)x-2V-\Xq) 
(1 - 2x_ 2 y_ 1 x 0 ) (i _ (6* + 5)a:_ 2 y_ia; 0 )(l - (6 i + 8)a:_ 2 y_i2: 0 ) ’ 

3/o(l - 2y_2X-iyp) (1 - (6 i + 5)y_ 2 x_iy 0 )(l - (6i + 8)y_ 2 a:_iyo) 

(1 - 3y- 2 x-iy 0 ) (l - (6* + 6)y_ 2 :r_iyo)(l - (6* + 9)y„ 2 a;_iyo) ’ 

tt (1 - ( 6 i)y- 2 X-iy 0 ){l - (6 i + 3)y_ 2 x_iy 0 ) 

y_2 M 0 “ ( 6i + l )y- 2 X-iy 0 ){l - (6* + 4)y_ 2 z_iy 0 ) ’ 

tt (1 - (6z + l)x_ 2 y-ix 0 )(l - (6i + 4)s_ 2 y_i3: 0 ) 

V l iLo ^ _ + 2)a;_ 2 y_ia:o)(l - (6* + b)x- 2 y-ix 0 ) ’ 

tt (1 - (6 i + 2)y_ 2 x_iy 0 )(l - (6i + 5)y_ 2 x_iy 0 ) 

2/0 |=o + Z)y-2X-m){l - (6 i + 6)y_ 2 x_iyo) ’ 

x~ 2 TT 1 (1 - (6i + 3)x_ 2 y_ix 0 )(l - (6 i + 6)s_ 2 y_ix 0 ) 

(1 - x_ 2 y_ia;o) T|j (1 - (6i + 4)x_ 2 y_ia: 0 )(l - (6 i + 7)x- 2 y^ 1 x 0 ) ’ 

x-i(l ~y- 2 x-iy 0 ) t~t (1 - (6^ + 4)y_ 2 a:-iy 0 )(l - (6z + 7)y_ 2 a:-iyo) 
(1 - 2y_ 2 x_iyo) (1 - (6* + 5)y_ 2 x_ 1 y 0 )(l - (6 i + 8)y_ 2 x_ 1 y 0 ) ’ 

xo(l - 2x_2y-ix q) tY (1 - (6 i + 5)x_ 2 y_ix 0 )(l - (6 i + 8)s_ 2 y_ix 0 ) 
(1 - 3x- 2 y-ix 0 ) r_~ (1 - (6* + 6)a;_ 2 y_ia; 0 )(l - (6 i + 9)x- 2 y-xx 0 ) ' 


-1 

where Yl Ci = 1 

3=0 

Proof: The result holds for n = 0. Now suppose that n > 1 and that our assumption holds for n — 1. that is, 


#6n— 5 


%6n — 4 


*^6n— 3 


U6n - 5 


J/-2 tt (1 - (6 i + 3)y- 2 x_iy 0 )(l - (6 i + 6)y_ 2 x_iy 0 ) 

(1 - y- 2 x- ij/ 0 ) T|j (1 - (6i + 4)y_ 2 a;_iy 0 )(l - (6* + 7)y_ 2 a:_iyo) ’ 

y- i(l - x- 2 y-ix 0 ) -pr (1 - (6i + 4)x_ 2 y-ix 0 )(l - (6i + 7)x_ 2 y_ix 0 ) 
(1 - 2x-- 2 y-ix 0 ) (1 - (6 i + 5)x- 2 y-ix 0 )(l - (6 i + 8)x- 2 y-!x 0 ) ’ 

3/o(l - 2y~2X-iyo) ynr (1 - (6 i + 5)y- 2 x_iy 0 )(l - (6 i + 8)y_ 2 x_iy 0 ) 

(1 - 3y- 2 X-iyo) Tl. (i _ (6* + 6)y_ 2 a;_iyo)(l - (6* + 9)y_ 2 a;_iy 0 ) ’ 

x~ 2 T-r (1 - (6 i + 3)x_ 2 y_ix 0 )(l - (6i + 6)x_ 2 y_ix 0 ) 

(1 - a;_ 2 y_ia;o) (1 - (6 i + 4)a:_ 2 y_ia;o)(l - (6* + 7)a;_ 2 y_ix 0 ) ’ 
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z~i(l - V- 2 X-iVo) T-r (1 - (6 i + 4)y_ 2 x_ij/o)(l - (6? + 7)y_ 2 x_ij/o) 

(1 - 2y_ 2 x~iyo) 0 “ ( 6i + 5)y~2X-iyo)0- - (6* + 8)y- 2 X- 1 y 0 ) ’ 

3?o(l - 2x- 2 y-ixp) -pr (1 - (6 i + 5)x- 2 y- 1 x 0 )(l - (6 i + 8)s_ 2 y-ix 0 ) 

(1 - 3a:_2y-ia:o) ^ (1 - (6* + 6).T_ 2 y_ia;o)(l - (6* + 9)a:_2y-i2; 0 ) ' 


It follows from Eq.(2) that 


XQn—2 


V6n-5 

1 — U6n-5X6n-4y6n-3 


n — 2 

X-a tt (1— (62+3)x_ 2 y-ixo)(l— (6i+6)x_2?/-ixo) 

(1— x_ 2 y-ixo) II (l-(6i+4)®:_2j/-ia:o)(l-(6i+7)x_2y-iXo) 

i=0 


( 


1 X -2 

(1— »- 22 /-ia:o) 


y-i(l-x_ 2 y-ix 0 ) 
(1 — 2 x_ 2 ?/-lXo) 


I xo(l-2x_ 2 y-ix 0 ) 

\ (l-3x_2y~ixo) 


n — 2 

n 

2=0 
n — 2 

n 

2=0 

n—2 

n 

i=0 


(1 — (6i+3)x_ 2 ?/-ixo)(l — (6z+6)x_ 2 j/-ixp) 
(1— (6i+4)x_2 2/-ixo)(l— (6i+7)x_ 2 y-ixo) 

(l-(6i+4)x_2j/_ix 0 )(l-(6i+7)x_ 2 y-iXo) 

(l-(6i+5)x_23/-ix 0 )(l-(6i+8)x_ 2 y_ix 0 ) 

(l-(6t+5)x_2j/~ix 0 )(l-(6i+8)x- 2 y-ixo) 
(1 — (6i+6)x_ 2 i/— ixo)(l — (6i+9)x_ 2 y_ixo) 


\ 


) 


Yi 2 

X-2 tt (l-( 6 z+ 3 )x- 2 y-ixo)(l-( 6 i+ 6 )x- 2 y-ix 0 ) 

(1-x_23/-ix 0 ) II (l-( 6 i+ 4 )x_ 2 y-ixo)(l-( 6 i+ 7 )x_ 2 y~ixo) 

t=0 

Yi 2 

xgy-i r- 2 tt” (1 — (6z+3)x_ 2 y-iXo) 
(l-3x_ 2 y_ix 0 ) II (1 — (6i+9)x_ 2 j/_ixoi 

i=0 

Yl 2 

x-2 tt ( 1 — ( 6 ?'+ 3 )x_ 2 y-ix 0 )(l— ( 6 i+ 6 )x_ 2 y-ix 0 ) 

( 1 -x_ 23 /-ixo) II (l-( 6 i+ 4 )x_ 2 y-ixo)(l-( 6 i+ 7 )x_ 2 y-ixo) 

i=0 

f 1 x _ 2 jy _ ! X Q \ 

\ ( 1 — ( 6 n— 3 )x _2 3 /-ix 0 ) J 

fi 2 

x-2 tt (l-( 6 ;'+ 3 )x- 2 y-ix 0 )(l-( 6 i+ 6 )x- 2 y-ixo) 

( l — x - 2V - ix 0 ) II (l-( 6 i+ 4 )x_ 2 y-ix 0 )(l-( 6 i+ 7 )x_ 2 y-ixo) 

i=0 

/ 1 — ( 6 ra— 2)x_2j/_ixo A 
\ l-( 6 ra- 3 )x_ 23 y-ixo J 

f~i 2 

x-2 tt (l-( 6 ;'+ 3 )x- 2 y-ix 0 )(l-( 6 i+ 6 )x_ 2 y-ixo) 

( l — x - 2V -\ xo ) II (l-( 6 i+ 4 )x_ 2 y-ix 0 )(l-( 6 i+ 7 )x_ 2 y-ixo) 
y=0 

/ 1 — ( 6 ra— 2)x_2j/_ixo \ 

\ l-( 6 ra- 3 )x_ 2 j/-ix 0 ) 



Then we see that 


XQn— 2 


71 — 1 


= x ~ 2 n 

i = 0 


(l-(Gf)x- 2 y-ix 0 )(l-((ii+3)x-2y-ixo) 

(1 — (6i+l)x_2 2/_ix 0 )(l — (6i+4)x_2j/_ix 0 ) ‘ 


Also, we see from Eq.(2) that 


VOn—l 


XQn— 4 

1 XQ n —4y6n—3XGn—2 

n—2 

y- 1 (l-x- 2 y-ixo) tt (l-(6i+4)x_ 2 y-ixo)(l-(6i+7)x-2^-ix 0 ) 
(l-2x_ 2 y_ix 0 ) II (l-(6i+5)x_ 2 y-ix 0 )(l-(6i+8)x-2!/-iXo) 

i=0 

( y-i(l—x- 2 y-ixo) "n (1— (6y+4)x_ 2 ?/-ixo)(l— (6z+7)x_ 2jy_ixo) ^ 
( l-2x- 2 y-ix 0 ) II (l-(6i+5)x_ 2 i/-ixo)(l-(6i+8)x_23/-ixo) 

*=0 

n—2 

1 _ xq(1 — 2x-23/-ixq) t-t (1— (6y+5)x-2j/-iXo)(l— (6 z+ 8 )x _2 y-ixp) 
(l-3x_ 2 y-ixo) II (l“(6-i+6)x_2!/-ixo)(l-(6i+9)x_2j/-ixo) 

*=0 

TL — 1 

tt (1— (0i)x_ 2 y-ixo)(l— (6-i+3)x- 2 y-ixo) 

\ ' ~ 2 II (l-(6i+l)x_ 2 y-ixo)(l-(6i+4)x_2y-ixo) ) 
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U6n— 1 


n— 2 

y-i(l-x- 2 y-iXo) t~t (1— ( 62 + 4 )x_ 2 y-iXo)(l— (6i+7)x_ 2 y-iXo) 
(1 — 2x_ 2 y_ixo) A A (1 — (6i+5)x_ 2 y_ix 0 )(l — (6i+8)x_ 2 y_ix 0 ) 
*=0 


1 - 


n— 2 

x- 2 x 0 y-i(l-x- 2 y-ix 0 ) rr (l-( 6 i+ 4 )x- 2 y-ixo)(l-( 6 -i+ 7 )x- 2 y_ixo) 
(1 — 3 a:_ 2 y_ixo) A A (l-( 6 i+ 6 )x_ 2 y_ixo)(l-( 6 i+ 9 )x- 2 y-ixo) 

i=0 

TL — 1 

n " ( 1 — ( 6 i)x_ 2 i/-ixo)(l— ( 6 »+ 3 )x _2 2 /-ix 0 ) 

_ (1— ( 6 i+l)»_ 2 l/-ia:o)(l — ( 6 t+ 4 )x_ 2 j/_ia:o) 


\ 

/ 


TL — 2 

y_i(l — x_ 22 /-ix 0 ) tt (l-(6-i+4)x-2y-ixo )(l-(6i+7)x_2y-ixo) 
(l—2x- 2 y-ixo) 11 (l-(6i+5)x_ 2 y-i3:o)(l-(6j+8)x_2y-iXo) 

v.=0 

( n — 2 n — 1 

X-2X0V-1 n (1 - (6* + 4)*-2|/-1 *o) n ( 1 - {&1 +A) X _ 2V _ 1X0 ) 

i = 0 i= 0 

n— 2 

y-i(l-x- 2 y-ix 0 ) T-r (l-(6i+4)x- 2 y-ixo)(l-(6-t+7)x-2y-ix 0 ) 

(l-2x_ 2 y_ix 0 ) 11 (l-(6i+5)x_ 2 y_ixo)(l-(6i+8)x_ 2 y-ixo) 

i=0 

X jxpiy i \ 

l-(6rt-2)x_ 2 y-ixo J 



n— 2 

y_i(l— X— 23 /- 1 X 0 ) tt (1- (6i+4)x_ 2 y_i x 0 ) ( 1- ( 6 -i+ 7 )x _2 j /- 1 x 0 ) 
(1 — 2x_ 2 y_ixo) 11 (l-( 6 i+ 5 )x_ 2 y_ixo)(l-( 6 i+ 8 )x_ 2 y-ixo) 

»=0 

/ 1— (6n— l)x_ 2 y-ixo \ 

\ 1— (6n— 2 )x_ 2 j/_ixo J 


Then 


_ TT (1 - (6 i + l)x_ 2 y-iXo)(l - (6 i + 4)x- 2 y-ix 0 ) 

V6n ~ i V ~ 1 ^ (1 - (6* + 2)x- 2 y-ix 0 )(l - (6 i + 5)x- 2 y-ix 0 ) ' 
Similarly we can prove the other relations. Hence, the proof is completed. 


Lemma 1. If x_ 2 , x_i, Xo, y~ 2 , V-i and yo are arbitrary real numbers and {x n ,y n } are solutions of system (2), 
then the following statements are true: 

(i) If X —2 — 0, y~i 7 ^ 0? 7 ^ then we have xq u —2 2/6n+ 1 — 0 and xg n — 2 / 6 n +3 — *ro? X6n -\- 2 — 2/6n— l — y~ l* 

(ii) If x_i = 0, y_ 2 7 ^ 0, yo 7 ^ 0, then we have x 6n _i = y 6ra+2 = 0 and x 6n+1 = y 6 „_ 2 = y_ 2 , x 6n+3 = y 6n = y 0 - 

(hi) If x 0 = 0, 2/-1 7 ^ 0, x_ 2 7 ^ 0, then we have x 6n = y 6n+ 3 = 0 and x 6 „_ 2 = 2 / 6 n+i = £- 2 , £ 6 n +2 = 2 / 6 n-i = 2 /-i> 

(iv) If y_ 2 = 0, x_i ^ 0, yo 7^ 0, then we have y 6 n -2 = x Sn +i = 0 and x 6n -i = 2/6n+2 = £-i, £ 6 n +3 = yen = Vo- 

(v) If y_ 1 = 0, x 0 7 ^ 0, x _ 2 7 ^ 0, then we have y 6 n-i = x 6 „ +2 = 0 and x 6 „_ 2 = y 6n+ i = x_ 2 , x 6n = y 6n+3 = x 0 . 

(vi) If yo = 0, 2/— 2 7 ^ 0, x_i 7 ^ 0, then we have 2 / 6 « = 2 Ym +3 = 0 and x en -i = y&n +2 = ®-i, £ 6 n+i = 2 / 6 n -2 = 2/— 2 - 
Proof: The proof follows from the form of the solutions of system (2). 


Example 2. We assume the initial conditions x_ 2 = —0.5, X-\ = 0.9, xo = 3, 2/— 2 = 2, 2/-1 = 0.4 and yo = 0.3, 
for the difference system (2), see Fig. 2. 
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plot of X(n+f )=Y(n-2)/(1 -Y(n-2)X(n-1 )Y(n)),Y(rn-1 )=X(n-2)/(1 -X(n-2)Y(n-1 )X(n)) 



Figure 2. 

The following cases can be proved similarly. 


4. ON THE SYSTEM: X N+I = y «+i 

— l+Xjv-2^jv-l^JV 

In this section, we get the solutions of the system of the difference equations 


Xn —2 


^n +1 — 


Vn — 2 


1 yn—2%n—llh 


"5 2/n+l — 


1 X n —2yn—l%n 


(3) 


where n G No and the initial conditions are arbitrary real numbers such that X- 2 y~iXo 7 ^ ±1 and y- 2 X-iyo 7 ^ 

1 ,¥ z I- 

Theorem 3. If {x n ,y n } are solutions of difference equation system (3). Then every solution of system (3) are 
periodic with period twelve and for n = 0 , 1 , 2 , 


•T 12n— 2 

^1277+2 

^1277+4 

Xl 2 n +6 

*T12t7+8 

2/1277-2 

yi2n+2 

2/1277+4 

yi2n+8 


X—2, X\2n—l X— 1, X\2n — *^0: *T12t7+1 

-y- 1( — 1 + X-2V-lXo), Xi2n+3 = 

I 

*Tl2n+5 

£12t7+7 


y-2 


x- 2 {l + x- 2 y-ix 0 ) 

(-1 + x- 2 y-ix 0 ) 
xp(-l + x- 2 y-ixo) 

(l + x- 2 y-ix 0 ) 

— 2/_l(l +X- 2 y-lX 0 ), £ 12 , 1+9 


(1 - y- 2 x-iyo) 
2/o (-1 + 2y~2X-iyo) 

(-1 + y- 2 x-iyo) 

X-l 


(-1 + 2y_ 2 X-iyo) ’ 

_ ~ 2 /- 2 (-l + 2 y- 2 X-iy 0 ) 


(-1 + y-2X-iy 0 ) 

-yo 


(1 - y-2X-iy 0 )' 


y~ 2, yi2n-l — V-l, yi2n — yo, 2/1271+1 — 


X -2 


(-1 + x- 2 y-ixo)' 


-x-i(—l + y-2X-±yo) 
(-l + 2y_ 2 X-iy 0 ) 


2/1277+3 


-Xo 


~2/-2) ?/12n+5 — — 2/-1) 2/1277+6 
x_i(-l + y-2X-iyo) 


(1 + x- 2 y-iXo)’ 


-yo, 2/1277+7 = 


-£-2 


1 + X- 2 y-ix 0 


{-l + 2y_ 2 x-iy 0 ) 


2/1277+9 


£0 


(1 + x- 2 y-ix 0 ) ’ 
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Example 3. Figure (3) shows the behavior of the solution of the difference system (3) with the initial conditions 
X -2 = —0.7, X-i = 1.6, xq = —0.3, y _2 = —0.2, y_ i = —1.9 and y 0 = 1.1. 


plot of X(n+1 )=Y(n-2)/(1 -Y(n-2)X(n-1 )Y(n)),V(n+1 )=X(n-2)/(-1 -i-X(n-2)Y(n-1 )X(n)) 



5. ON THE SYSTEM X N+1 = Yv +1 = 

In this section, we discuss the solutions of the following system of the difference equations 

Vn— 2 3? 7i— 2 


Xn - 2 


^71+1 — 


J 2/n+l 5 

1 Vn— 2%n— iDn 1 %n—2yn—l%n 

where n € No and the initial conditions are real numbers with X-xy-iX^ 7 ^ — 1 , 7^—5 and y- 2 X-iyo 7 ^ ± 1 . 
Theorem 4. Suppose that {x n ,y n } are solutions of system (4). Then every solution of system (4) are periodic 


( 4 ) 


with period twelve and for n = 0 , 1 , 2 , ..., 

X\2n—2 X—2 1 X\2n—1 X— X\2n 


y - 2 


Xl2n+2 

y-i(l + x- 2 y-ix 0 ) 


(1 + 2x-2y~iXo) ’ ( 

Xl2n+5 

X— 1 , #12ti+6 3^0 

, X\ 2n +7 

X\2 n+8 

— 2/— 1 (1 + X- 2 y-iX 0 ) 

Xl2n+9 = 

(1 + 2x- 2 y-ix 0 ) 

yi 2 n —2 

= V- 2j Z/I2n-1 = y-1, 

Vl2n = yo, 

yi 2 n +2 

= -x_i(l - y- 2 X-iyo), 

2/l2rt+3 = 

2/12n+4 

-y- 2 (l + y- 2 X-iyo) 

yi2n+5 = 

(1 - y- 2 a:-iyo) 

-yo(l - y- 2 X-iy 0 ) 

yi 2 n +6 

Vl2n+7 = 

(1 +y- 2 x- 1 y 0 ) 


(l - y-2X-iyo) ’ 

> Xl2n-\-4 X — 2 5 


Ul2n+8 = £-l(l + V- 2 X-iyo), yi2n+9 = 


X\2n+l — 

VO 

1 + y-2X-iy 0 ) 

= -y- 2 

(1 - y_ 2 £-iyo) ’ 

- ~^/0 
(1 + V-2X-iyo) ’ 

2/l2n+l = n . s ! 

(1 + x-2y-ix 0 ) 
-x 0 (l + 2x-2y~ixp) 

(l + x-2y~ix 0 ) 

- y - 1 

(1 + 2a;_ 2 y-ia;o) ’ 

a;_ 2 (l + 2x_ 2 y-i:r 0 ) 

(1 + x_ 2 y-i2;o) 

Xq 


- X-2 


(1 + x- 2 y-ixo)' 


Example 4. Figure (4) shows the periodicity of the solution of the difference system (4) when we put the initial 
conditions x_ 2 = —0.7, X-\ = .6, xq = 5, y_ 2 = —-5, y_ 1 = .18 and yo = 6. 
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plot of X(n+1 )=Y(n— 2)/(1 -Y(n-2)X(n-1 )Y(n)),Y(n+1 )=X(n-2)/(— 1 -X(n-2)Y(n— 1 )X(n)) 



n 


Figure 4. 
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Inequalities For Orlicz mixed Harmonic Quermassintegrals * 
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Abstract: In this paper, we introduce the notion of Orlicz mixed harmonic 
quermassintegrals. The variational formula of harmonic quermassintegrals with 
respect to the Orlicz combination is proved. The Minkowski type inequality and 
the Brunn- Minkowski type inequality are established for Orlicz mixed harmonic 
quermassintegrals. 

Keywords: Orlicz mixed harmonic quermassintegrals, variational formula, 
harmonic quermassintegrals. 

2000 Mathematics Subject Classification: 52A20 52A40. 


1. Introduction 

Associated with a body K e /Cq are its harmonic quermassintegrals, Wo, W\ , ■■ ■ , W n . 
These quermassintegrals were introduced by Hadwiger [6, section 6.4.8], and can be defined 
by letting Wo = V (. K ), W n = co n , and for j = 1, 2 , • • ■ , n — 1, 

Wn-j = ^[f (1.1) 

Yf JGr(n,j) 


Where K |£ denote the image of the orthogonal projection of K onto £. From the Schwarz 
or Hoder inequality, we have 

Wi(K) < Wi{I<). 

Here 0 < i < n, with equality hold if and only if K has constant outer n — /-measure. For 
more details, please see [8,10]. 

Recently, the Orlicz-Brunn Minkowski theory originated with the work of Lutwak, 
Yang and Zhang [11, 12] and Haberl [5]. This theory is much more general than the L p 
Brunn-Minkowski theory(see [2,9,13]), for the development of the Orlicz Brunn Minkowski 
theory, see[3-5, 7, 11-12, 15-16]. Gardner [3] extended the L p Brunn-Minkowski theory to a 
Orlicz Brunn-Minkowski theory. As the same time, Xi, jin and leng[15] defined the Orlicz 
addition and given the Orlicz Brunn-Minkowski inequality. Note that xi use a completely 
different approach technique of Steiner symmetrization, although these results coincide 
with Gardner. 

Following the spirit of Hadwiger, we introduce the Orlicz mixed harmonic quermass- 
integrals as follow: Let K, L e /Cq , <f> € C + , we have, for j = 1, 2, • ■ ■ ,n — 1, 


Uj JGr(n,j) V/Dt(A|£) 


-1 


(1.2) 


’Research is supported by the Natural Science Foundation of China (Grant No. 11471209). 
1 Corresponding author:zbzeng@shu. edu.cn; jilewen2008@163.com. 
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Note that, taking K = L,(j>( 1) = 1, we have K ) = W n -j(K). where V^{K |£) 

denotes the j — dimensional volume of intersection of K with an j— dimensional subspace 
£ C R n . The Grassmann manifold Gr(n,j) is endowed with the normalized Haar measure. 

In Section 3. Using the Orlicz combination, we give the variational formula of harmonic 
quermassintegrals. That is, if K , L £ /Cg, (j) £ C + , then for each j = 1,2, • • • ,n - 1, 
£ e Gr(n,j), 


lim 

fT-S>0+ 


Wn-jjK +(/,£■ L) 
£ 


W n -j(K) 



L)~ l W n - j (K)‘ 2 . 


Orlicz mixing homogeneous quermassintegrals as a generalization of the harmonic ho- 
mogeneous integration. A nature question is whether there is a Minkowski type isoperi- 
rnetric inequality for Orlicz mixing homogeneous quermassintegrals, we give a definite 
answer. 

In the section 4, we prove the following Minkowski type inequality: Let K, L £ /C q , 0 < 
j < n, <f> £ C + . Then 


Wfa n -j(K, L)~ l > W n ^{Ky l (t>{{ 


-l. 


lUn-j(L) 

R-i(iL) 




If <f> is strictly convex, with equality holds if and only if K and L are dilations. 

We also establish the Brunn-Minkowski type inequality for convex bodies. The follow- 
ing Brunn-Minkowski type inequality: Let K,L £ /Cq,0 < j < n, e > 0. Then for any 


Wn-jiK+t 


fc • 


If <f> is strictly convex, with equality holds if and only if I\ and L are dilations. 

In the section 5, We obtain the Brunn-Minkowski type inequality for Orlicz sum 
+ < j,(Ki, K 2 , ■ ■ ■ ,K n ). Let K\,K 2 ,--- , K n £ /Cg £ /Cg, 4> is n > 2 variate functions, 
j = 1, 2, • ■ • , n — 1. Then following inequality hold, 


1>0(( 


Wn-jiKx) 


W n - j (+,p(Ki, A' 2 , • • • ,K n )) 




W n -j(K n ) 


Wn- j (+ <t> (K 1 ,K 2 , ,K n )) 


y/j 


If (j) is strictly convex, with equality holds if and only if Ki,K 2 , • • • , K n are dilations. 


2. Notation and background material 

We collect some basic facts about convex bodies that are needed in our paper. 

2.1. Mixed volumes 

The unit ball in R n and unit sphere denoted by B and S n ~ 1 , respectively. Let Gr(n,j) 
denote the Grassmann manifold of j— dimensional subspaces £ through the origin in R n . 
dnj(£) is the normalized rotation invariant measure on Gr(n,j ) and to emphasize the 
dependence of j . 

The Minkowski addition and scalar product of sets K and L in R n is defined by(see[l]) 
aK + bL = {ax + by : x £ K,y £ L}, for all a, b £ R. (2-1) 

If K , L £ /Cg can be defined as a convex body such that 

h a K+bL(u ) = ahxiu ) + bh L {u ), for all u £ S n ~ 1 . 
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The volume of a Minkowski combination X\L\ + • • • + A m L m of convex bodies L\, . . . , L m 
can be expressed as a homogeneous polynomial of degree n (see [1]): 

V (AiLi + • • • + A m L m ) = V (Ljj, . . . , Lj n )Aj 1 • • • \ n . 

The coefficients V (Lq, . . . , Lj n ) are called mixed volumes of L n , . . . , L* n . 


2.2. Orlicz mixed volumes 


Consider convex function (j) '■ (— oo,0) U (0, oo) — > (0, oo) such that lim^,*, (p(t) = 
oo, lirii^o = 0 . we assume that C be the class of convex function cj) : (0, oo) — >• (0, oo). 
Let C + be the class of convex and strictly increasing functions 4> ■ [0, oo) — >• (0, oo) such 
that linif^oo <f>{t ) = oo, lirn^o </>(£) = 0 . It is easy to conclude from [14, pp. 23-24] that 
(j) G C is continuous on [0,oo), and the left derivative and right derivative (f>' r exists and 
4>[ are positive on ( 0 , oo). 

The Orlicz combination were defined by Gardner [3] and xi [15]. Let a, /3 > 0(not both 
zero) and 4> £ C + , the Orlicz combination a ■ K +0 (3 ■ L given by, for all u £ S n_1 

K-k+^-l{u) = inf{f > 0 : a(f>{ ^ K ^ ^ + < (f)(1)}. ( 2 . 2 ) 

By the definition of Orlicz combination and Orlicz mixed volume, we derive 


h K(u) 

4>{1) = a(p(- 


h ts ( i 


(2.3) 


v 4> {k,k) = 4>{i)v{k) 

V(K +0 e • L) (f>(l) = V<p(K +0 e • L, K ) + eV^K +<p£ ■ L, L ) for all e > 0. (2.4) 

If <j)(i) = t p , p > 1, then the Orlicz combination reduces to the L p combination. Xi [15] 
defined the Orlicz mixed volume V^iK. L) of K , L £ K, ft by 


Vj(K,L) 


Um V(K+te-L)-V(K) 
n £ ^o+ £ 


and obtain the following integral formula of the Orlicz mixed volume: 

V^RXL) = 1 [ l \)h K (u)dS(K,u). 

n J S n- 1 h K (u) 

Jensen’ inequality: Let g be a probability measure in a space X, let U be an open 
convex set in R n . and let <p be a convex real- valued function on U. Assume that g : X — > 
U is measurable and component-wise /r-integrable, and that ip o g is /i-integrable. Let 
zq = f x g(x)dg(x). Then zq £ U and 



V>(g(x))dn(x) > <p( 


x 


g(x)dn(x)). 


If <f> is strictly convex, equality holds if and only if g(x) is constant for g — almost all 
x £ A. (see [4]) 


3. Orlicz mixed harmonic quermassintegrals 
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In this section, We are ready to derive the variational formula of harmonic quermassin- 
tegrals with respect to Orlicz combination. For this aim, the following Lemma is needed. 

According to the proof of lemma 5.2 and theorem 2(see[15]) , we give the following 
Lemma : 

Lemma 3.1 Let K, L E /Cq , (j) £ C + , 0 < .So < 1 and K e = K +</,£■ L . Then for e £ (0, £o]> 
the family of functions { j un q' orm }y bounded on Gr(n,j). 

Lemma 3. 2^ Let K, L £ /Cq , 4> £ C + and j = 1, 2, • ■ ■ , n — 1. Then for each £ £ Gr(n,j ) 
and £ > 0, we have 

(K+4,£-L ) |£ = (1L|£) +</, £ • (L|£). 

Theorem 3.3 If K , L £ /Cq , </> £ C + , then for each j = 1, 2, • • • , n — 1, 


lim 

£— >0+ 


Wn-J (LC +</,£• L) — W n -j (K) _ j 


-W^ n -j(K, L)~ L W n - j {K) 


£ ^(1) 

Proof. By the Lemma 3.1, there exist a positive constant c, such that for all £ £ 


Gr(n,j ) and 0 < e < £q, 


vW(K e \S)-VW(K\£) 


< c. 


Therefore, 


Vincis )- 1 -VW(K\£) 


-l 


VW(K e |£) - F^(/i|£) 


< 


' eVU}(K e \Z)VV}(K\Z) ~ 

Thus, we know that the family of functions ^ } (A| ) — } 0<£ < £o uniformly 

bounded on Gr(n,j) and calculating the limitation 


lim 

£— >0 + 


WHk e |£)-i-fW ( a:|£)-i _ j T/0} 




pointwise on Gr(n,j). It follows from Lebesgue dominated convergence theorem, Lemma 
3.2 that 


lim 

£— >0+ 


W n - j (K+ 4 > £-L)-W n ^{K) 


W n 


lim / 

JGr(n,j) £ ~ ^0 JGr(n,j) 




-1/ v y} mr'd n m- 2 G- / r“(/^,L|£)vv>(;riQ- 2 d W ({) 

J Gr(n,j) 0 /( 1 ,) J Gr(n,j) 


J 




" m 

as desired. 


□ 


4. Brunn-Minkowski type inequalities 


dHj{£) 
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In the section. We establish the Minkowski type isoperimetric inequality for Orlicz 
mixed affine quermassintegrals, on this basis, we obtain the Brunn-Minkowski type in- 
equality with respect to Orlicz combination for Orlicz mixed harmonic quermassintegrals. 
Theorem 4.1 Let K, L e /Cq , 0 < j < n, (f> £ C + . Then 

Wfan-j^K, l)~ i > (4.1) 

W n -j{K) 

If K and L are dilations, then equality holds in (4.1). Conversely, if 4> is strictly convex, 
then K and L are dilations. 

Proof. The condition on K guarantees that W n —j(K) > 0. Since 
W n .j(K) = ^[f V^(K\ 

w j J Gr(n,j) 


£) lrf/q(0 

■’ ^,_ 1 ^ is a probability measure on Gr(n,j). It follows from Jensen’s in- 

equality and Holder inequality that 


W n -j(K) 


W n -j(K) 


-l 


><M 


><K 


Wn-jiK)- 1 

Wn-jiKyV+WWn-jiL) 1 /* . 


Wn-jiK) 


-1 


= <K( 


Wn-j(L) 

W n -j(K) 


f /j )- 


If K and L are dilations, taking K = aL, a > 0, then by Orlicz mixed harmonic 
quermassintegrals and harmonic quermassintegrals, we have following equality holds, 

{ W^ n _j(K : L) i-n = ^ = ^ Wn-j(L) )Vi) 


Wn-j(K) 


W n -j(KY 


conversely, we will show K and L are dilations when (j) is strictly convex. We are divided 
into two cases to prove. 

Firstly, we suppose j = 1. By the define of Orlicz mixed volume, we derive 


u,L\u) _ h L {u) h K (u ) h L (-u ) h K (~u) 

V^(K\u) hx(u) hj({u) + — u) 1 ik{—u ) h,K{u) + hK(—u ) 

Note that, 

Iil(u) h K {u) ^ h L {-u ) h K (~u ) _ H w (L|-u) 

hx{u ) hx(u) + 1ik{—u) hx{—u) hxiu) + Jik{—u ) V'W(.K'lu) 


Since equality hold in inequality (4.1), we know that 
from (j) is strictly convex that 

hiXu) _ h L (-u) 
h’K (u) h K {~u ) 


V^>(A-|u,L|u) 

W 1 >(A'|u) 


wS) - :t follows 
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And by Holder equality condition, we conclude, exist a positive constant b > 0, for any 
u G S n ~ l , such that V^{K\ u ) = bV^(L\u). Consequently, we obtain K and L are 
dilations. 


Now, we suppose 2 < j < n — 1. 


For any £ G Gr(n,j ), we have 


y« } (iY|£,L|0 

VO'}(/Y|0 


0 ( ( ) 1 ^') according to equality hold in inequality (4.1). By the Mimkowski isoperi- 
metric inequality of Orlicz mixed volume, we have, for £ G Gr(n,j ) , K |£ and L |£ are dila- 
tions of each. By Lemma 3.12(see[7]), we derive K and L are dilations for each £ G Gr(n,j ) 


□ 


In Theorem 4.1, we derive the following corollary: 


Corollary 4.2 Let K, L G /Cq , 0 < j < n,p > 1. Then 

W P) 71 -j(K, L)~ l > Wn.jiK)- 1 ^-^^ ) P/ L (4.2) 

W r n-j(-K') 

When p = 1, the equality holds for 2 < j < n — 1 if and only if K and L are homothetic; 
the equality holds for j = 1 if and only if exist a positive constant a such that for u G S” -1 , 
V^{K\u) = aFW(L|«). When p > 1, the equality holds if and only if K and L are 
dilations. 

Now, we obtain the following Brunn-Minkowski type inequality for Orlicz mixed har- 
monic quermassintegrals as follows: 


Theorem 4.3 Let K , L G /Cq , 0 < j < n, e > 0. Then for any 0 £ C + , 


H 1 ) > 0(( 


W n -j(K) 


W n -j(K +$£ ■ L) 


) 1/j ) + ^(( 




W n -j(K + 0 £ • L) 




(4.3) 


If (j) is strictly convex, equality holds in (4.3) if and only if K and L are dilations. 

Proof. Let = K e • L. From Orlicz mixed harmonic quermassintegrals, Orlicz 
combination, the Theorem 4.1 and (2.4), it follows that 


(ST 1 Sarins mwHmr'duio 
<£(1) = — , 

= A-) + J^)- 1 iU-,TO 7 gwl )■/,) 

The equality holds in theorem 4.1, we know that, if K and L are dilations, then equality 
holds in (4.3). Conversely, if 0 is strictly convex, then K and L are dilations. 

□ 

Using Theorem 4.3, we give the following Corollary: 


Corollary 4.4 Let K, L G /Cq , 0 < j < n, £ > 0. Then for any p > 1, 

W n -j(K +</, £ • L)*li > (W n ^(K))P^ + £(W n -j(L)y/i . (4.4) 


When p = 1, the equality holds for 2 < j < n — 1 if and only if K and L are homothetic; the 
equality holds for j = 1 if and only if exist a positive constant a such that for u G S'” -1 , 
V’{ 1 l(.K’|u) = aV^(L\u). When p > 1, the equality holds if and only if K and L are 
dilations. 
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We now derive the equivalence between the inequality (4.1) and the inequality (4.3). 
We have proved Theorem 4.3 by Theorem 4.1. Thus, we only need to prove the inequality 
(4.1) by the inequality (4.3). 

Proof. Let K <p = K e ■ L, by (4.3), the following function 


m = /(( 5 n y (A) ) 1/J ) + e /(( T"y (L) i 1 ^) - m 

is non-positive, then 

m - m = lim 


lim 

£-/0 + 


£ — /0"L 


= lim 

£— / 0 + 


= lim 

£-/ 0 + 


+ H( 


,(( W^(JL) )i/j) _ ,(i) 

j + mu W n -j(L) 1/? - 
£ w n -j (K^y 


K W n -j{K^)- 
W n -j(K) 
K W n - j (K <l> ) 

Wn-j(L) 1/? - 

Wn-jiKfY 


y/j - i 


lim 

£ — /0T 


£ 


Let a = ( 3 ^ k \ ) Vi and a — > 1 as e -A- 0 + , consequently, 

V W n _j(iY 0 ) 


lim 

£-/ 0 + 




' Wn-j (AT) 
'W n _j(iY^) 


)Vi - 1 


lim 

o-/l+ 


</>(«) - <(>(1) 
a — 1 


^(D 


and by theorem 3.3, we have 


( Wn-j(K) 'l/j _ - 

lim W/(iT 0 V = 1 Wfa-j(K,L) i 

^0+ £ ^(1) Wn-j(A') 


lim 

£-> 0 + 


A£1 


W n -j(K) 


which hnishes the proof. □ 

Obviously, We derive the equivalence between the inequality (4.2) and the inequality 
(4.4). 


5. Brunn-Minkowski inequality with respect to n variables 

Gardner in [3] introduced the notion of Orlicz sum: consider a young function 0 : 
[0,oo) n — »• [0, oo), that is for every u £ 5 n_1 n [0, oo ) n ,cf>(tu) is convex and strict- 
ly increasing with (f>( 0) = 0. For K\,K 2 ,--- ,K n £ JCq, exist a unique convex body 
+<j>{K i, K 2 1 • • • , K n ) £ /Cq , the support function defined by 


h+^KuKa,- ,K n ){u) = inf {^ > 0 : <t>( 


h Kl (u) 


h I<2 (u) 


hl<„ (u) , 

A ' 


< l},u £ R r 
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The convex body +<j,(K i, IL 2 , ■ ■ ■ , K n ) is called Orlicz sum of K \ , K 2 , • • • , K n . 
We obtain the Brunn-Minkowski type inequality on above Orlicz sum. 


Theorem 5.1 Let K \ , K 2 , ■ ■ ■ ,K n E K, q E JCq, cf) is n > 2 variate young functions, 
j = 1, 2, • ■ ■ , n — 1. Then following inequality hold, 

! > A,, ^n-i(K,) w W n -j(K n ) h 

W„-j+t (K u K 2 ,--- ,K n ) ’ ' W n -j +*(«!, K 2 ,--- ,K n ) 

If K\ , A 2 , • • • , K n are dilations, then the above equality holds . Conversely, if <f> is strictly 
convex, then K\ , iL 2 , ■ ■ • , K n are dilations. 

Proof. Considering a probability measure v on Gr(n,j), is given by 

MQ- r 4M0- 

Using the same method of theory 4.1 . We have , for all £ E Gr(n,j ) 


!></>(( 


UCi(A'|a 




UO' } (lL n |0 
1 UO'}(AT|C) 




here K = +<f,(K 1 , J\ 2 , • • • , iv n ). 

It follows from Jensen’s inequality that 


1 > f 0 ((^M))i/, . 

Jgtm ’ 

> f (( 0J}(Kil V ■ 


uW(/c|0 

yOljA'IO 




far(nJ, VU} ( K l\S) 1,iVU, ( K \0- 1/i+1 <‘li j (() 

/orfnj) 


Here equality holds according to the equality holds of theorem 4.1, we obtain, if K \ , iL 2 , ■ • • , I\ n 
are dilations, then the above equality holds . Conversely, if (j) is strictly convex, then 
K \ , K 2 , • • • , K n are dilations. □ 

Let 4>i,4>2 £ C + and f 2 ) = </>i(U) + ^ 2 ^ 2 ), Then for every K, L E /C", we have 


1 > M ~ Wn -’ {K) )'») Hh )Vi). 






More generally, taking f 2 ) = , then, for +^,(iL, L) = K e ■ L, we have, 


'K 1 ) > Hi 


W n -j{K) 


W n -j(K +$£ ■ L) 


) 1/j ) + eH( 


W n -j(L) 


W n —j (K +(/,£■ L) 
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ROUGHNESS IN (g 7 , G 7 V^)-FUZZY SUBSTRUCTURES OF 
SEMIGROUPS BASED ON SET VALUED MAPPING 

NOOR REHMAN, SYED INAYAT ALI SHAH, ABBAS ALI, AND RABIA ASLAM 


Abstract. Study of generalized roughness for fuzzy algebraic substrucures 
of semigroups has been initiated. Many different kinds of set valued maps 
are needed to preserve an algebraic substrucure while considering its lower 
and upper approximations. In the present paper generalized lower and upper 
approximations in (E 7 ,E 7 Vg^-fuzzy ideals of semigroups have been investi- 
gated. An (E 7 ,E 7 Vg^-fuzzy subset of a subsemigroup have two parts viz. 
lower and upper parts. Several properties of lower and upper approximations 
have been given for these. To conclud this paper, lower and upper approxi- 
mations for (E 7 , E 7 V^)-fuzzy interior ideals and (C 7 , E 7 Vg^-fuzzy bi-ideals 
have been discussed in semigroups. 


1. INTRODUCTION 

A semigroup is an algebraic structure consisting of a nonempty set S together 
with an associative binary operation. Semigroups are important in many areas of 
mathematics, for example coding and language theory, automata theory, combina- 
torics and mathematical analysis. Zadelr introduced the notion of fuzzy subset in 

P 4 ] • 

The idea of quasi coincidence of a fuzzy point with a fuzzy set which is mentioned 
in [17], played a vital role to generate some different types of fuzzy subgroups, called 
(a, /3)-fuzzy subgroups, introduced by Bakat and Das (see [2]-[4]) . Fuzzy point play 
a vital role in the study of (a, /3)-fuzzy subgroups initiated by Bhakat and Das 
[3], using the combined notions of “ belongingness” and “quasi- coincidence” of a 
fuzzy point with a fuzzy set. Shabir et al. have applied this concept in semi- 
group [20]. Rehman and Shabir initiated the study of (a,/3)-fuzzy substructures in 
ternary semigroups [18]. Jun introduced (e, € Vqfc)-fuzzy subalgebras in BCK /BCI 
algebras [11]. Shabir et al. introduced (€,€ Vqfc)-fuzzy ideals in semigroup [21], 
Rehman and Shabir initiated the study of (€, € Vqfc)-fuzzy substructures in ternary 
semigroups [22]. Shabir and Ah introduced (€ 7 ,€ 7 Vq^j-fuzzy ideal in semigroup 
[23]. Rehman and Shabir initiated the study of (g 7 , G 7 Vq^-fuzzy substructures in 
ternary semigroups [19]. 

Pawlak was the first to discuss rough set with the help of equivalence relation 
among the elements of a set which is a key point to discuss the uncertainty [16]. 
There are at least two methods for the development of rough set theory, the con- 
structive and axiomatic approaches. In rough sets, equivalence classes play an 
important role in the construction of both lower and upper approximations. But 
some times in algebraic structures, it is difficult to find equivalence relations. Many 
researchers have worked on this to initiate rough set without equivalence relations. 

Key words and phrases. Semigroup, Generalized fuzzy roughness, (S 7 ,S 7 Vg^)-fuzzy ideals 
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2 NOOR REHMAN, SYED INAYAT ALI SHAH, ABBAS ALI, AND RABIA ASLAM 

Couso and Dubois in [7] initiated generalized rough set or “T-rough set” with the 
help of a set valued mapping, which is a more generalized rough form of the Pawlak 
rough set. The notion of roughness in fuzzy set introduced by Dubois and Prade 
in [9]. Some researchers applied this concept in [1] and [6]. 

Many researchers have taken interest to apply the concept of roughness in dif- 
ferent algebraic structures (see [5], [8], [12], [15]). Hossini has applied generalized 
rough set in fuzzy algebraic structures (See [13], [14]). However, in the case of 
(G 7 , G 7 Vqs)- fuzzy algebraic structures much attention has not been paid. There- 
fore it is important to study the roughness in generalized fuzzy algebraic structures 
such as in (g 7 , G 7 V^)-fuzzy structures. 

2. Preliminaries 

In this section some basic concepts of fuzzy set, fuzzy point, (g 7 , G 7 V^)-fuzzy 
substructures of semigroup, different types of set valued homomorphism are given. 
Throughout this paper S will denote a semigroup unless specified otherwise 

A fuzzy subset p of S is a function p : S — > [0, 1] . A fuzzy subset /i of S is called 
fuzzy left (right) ideal of S if p{ab) > p(b) (p{ab) > p(a)) for all a,b G S. ^ i is 
fuzzy ideal of S if it is both fuzzy left and fuzzy right ideal of S. 

Definition 1. [17] A fuzzy subset p of S of the form 

= l f e (O’ i] */* = » 

^ ' ' (0 otherwise 

is said to be a fuzzy point with support x and value t and is denoted by Xt- 

Definition 2. [23] Let p, be a fuzzy subset of S. Then p is called an (g 7 , G 7 Vqg)- 
fuzzy subsemigroup of S if the following condition hold: 

(Vx,y g S ) (Vfi,f 2 g ( 7, 1]) (x tl ,y t2 g 7 p -> (^) mi „{t 1 ,* 2 } e 7 vqsp^j 

Theorem 1. [23] Let p be a fuzzy subset of S. Then p is an (G 7 ,G 7 Vqs)-fuzzy 
subsemigroup of S if and only if p (xy) V 7 > min {p (x) ,p(y), 5} for all x,y £ S. 

Definition 3. [23] Let p be a fuzzy subset of S. Then p is called an (g 7 , £ 7 Vqs)- 
fuzzy left ideal of S if the following condition holds: 

(Vx, y G S) (Vt G (7, 1]) (y t G p -> (xy) t G 7 Vqsp) 

Theorem 2. [23] Let p be a fuzzy subset of a semigroup S. Then p is an (g 7 , G 7 Vg^)- 
fuzzy left ideal of S if and only if p ( ab ) V 7 > min {p ( b ) , <5} for all a,b G S. 

Definition 4. [23] Let p be an (G 7 ,G 7 Wqs)-fuzzy subsemigroup of S. Then p is 
called an (g 7 , G 7 Vqs) -fuzzy interior ideal of S if the following condition holds: 

(Vx, a,y G S) {Vt G (0, 1]) (a t G 7 p (xay) t G 7 Vqsp) 

Theorem 3. [23] Let p be an (g 7 , G 7 V qs)-fuzzy subsemigroup of S. Then p is an 
(G 7 , G 7 Vqs)-fuzzy interior ideal of S if and only if p {xay) V 7 > min {p (a) , <5} for 
all x, y and a G S. 

Definition 5. [23] Let p be an (G 7 ,G 7 Vqs)-fuzzy subsemigroup of S. Then p is 
called an (g 7 , G 7 Vqs)-fuzzy bi-ideal of S if the following condition holds: 

{Vx,a,y G S) (Vti,t 2 G (7, 1]) (x tl ,y t2 G 7 p -> {xay) min{ti t2} G 7 Vq 5 p}j 
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Theorem 4. [23] Let /. i be an (g 7 , G 7 Vqs) -fuzzy subsemigroup of S. Then p is an 
(G 7 , G 7 Vqs) -fuzzy bi-ideal of S if and only if p ( xay ) V 7 > min {p (x) , p(y) , < 5 } for 
all x , y and a £ S. 

Definition 6. [23] Let A, p be fuzzy subsets of a semigroup S, we define the fuzzy 
subsets A*, (A A p) ,(XVp)*ofS as follows: 

A* (x) = (A (x) V 7) A S, (A A p)* ( x ) = ((A A p) ( x ) V 7) A 6 
and (A V p)* (x) = ((A V p) (x) V 7) A 5. 

Definition 7. Let A, p be fuzzy subsets of S, we define the fuzzy subsets A°, (A A p )° , 
(A V p)° of S as follows: 

A° (x) = A (a;) V 6, (A A p)° ( x ) = ((A A p) (x) V <$) 
and (A V p)° (x) = ((A V p) (x) V 5) . 

Definition 8. Let T : S — > V (S) be a set valued (SV) mapping. Then T is called 
an SV-homomorphism, ifT (a) T (b) C T ( ab ) for all a,b £ S. 

Definition 9. Let T : S — > V (S) be an SV-homomorphism. Then T is called 
reflexive if a £ T (a) for all a £ S. In this paper reflexive set valued homomorphism 
will be denoted by RSV-homomorphism. 

Definition 10. Let T : S — > V (S) be a set valued (SV) mapping. Then T is called 
a strong set valued (SSV) homomorphism, ifT (a) T (b) =T (ab) for all a,b £ S. 


3. Generalized roughness in (g 7 ,g 7 V^)-fuzzy subsemigroups 

This section deals with generalized roughness in fuzzy sets and the approximation 
of (g 7 , G 7 Vg d ')-fuzzy subsemigroups. We provide an example to show that the lower 
approximation of an (G 7 ,G 7 V q $) -fuzzy subsemigroup of a semigroup S is not an 
(G 7 , G 7 Vqs)- fuzzy subsemigroup of a semigroup S under an SV-homomorphism. 

Definition 11. Let S be a semigroup and T : S — > P (S) be an SV-mapping. Let 
p be a fuzzy subset of S. For every x £ S, we define T -rough lower and T -rough 
upper fuzzy subsets of S by 

T (p) (x)= /\ p (a) and T (p) (x) =\J p (a). 

a(zT(x) a(zT(x) 


Proposition 1. Let T : S — •> P (S) be an SV-homomorphism and p be a fuzzy 
subset of S. If p is an (G 7 ,G 7 \Zqs)-fuzzy subsemigroup of S, then T (p) is an 
(G 7 ,G 7 Vqs)-fuzzy subsemigroup of S. 

Proof. Let a,b £ S and p be an (g 7 , G 7 Vq^-fuzzy subsemigroup of S. Let at. x , bt 2 G 7 
T (p). Then T (p) (a) > t\ > 7 and T (p) (b) > t 2 > 7, where ti,t 2 £ (7, 1 ] • It 
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follows that 


min {fi, t 2 , <5} < T (p) (a) A T (p) ( 6 ) A 5 

= V (/ z ( a; )) A V 

xeT(a) y£T(b) 

= V (A* A ^ (y) A 

x£T(a),y£T(b) 


< 


V ^ (*y) v 7 = V ) V 7 


xeT(a),yeT(b) 


\xyeT(a)T(b) j 


\J p ( z ) J V 7 (where z = xy) 

iz6T(a)T(b) , 


< 


V ( 2 ) ) v 7 = r (m) (at) V 7 . 

z£T(ab) 


This implies that min {fi, t 2 , 5} <T (p) (a 6 ) V 7 . 

If min {ti, t 2 } > 5, then T (/ x ) ( 06 ) > 5. This implies that T (/x) (o 6 )+min {f l5 f 2 } > 
<5+d = 25. Which implies (a 6 ) min ^ ti q$T (p) . If min {ti, t 2 } < 5, then T (/x) (a&) > 
min {ii, t 2 } > 7 . This implies that {ab) min{tiM} G 7 T (/x) . Hence (a&) min{tlM G 7 
Vg^T (/x) . Therefore T (/x) is an (g 7 , G 7 V^)-fuzzy subsemigroup of S. □ 


Proposition 2. Let T : S — > P (S) be an SSV-homomorphism and /x &e a fuzzy 
subset of S. If p is an (G 7 ,G 7 Vqg)-fuzzy subsemigroup of S, then Tft 1 ) an 
(G 7 ,G 7 \Zq$)-fuzzy subsemigroup of S. 


Proof. Let a,b G S and let /x be an (G 7 ,G 7 Vga)-fuzzy subsemigroup of S. Let 
a tl ,b t2 G T(/x) . Then T(p) (a) > 1 1 > 7 and T(ju) ( 6 ) > f 2 > 7 , where t\,t 2 G 
( 7 , 1] . It follows that 


{T (/x) (a6) V 7} = f\ p{z)V 7= /\ /i(z) V7 

zeT{ab) z€T(a)T(b ) 

= A /x (xy) V 7 (where 2 = xy) 

xy£T(a)T(b) 

A (v{x) A p{y) A5) 

x£T(a),y£T(b) 


> 


A (M*)) A A (^(y)) A<5 


u£T(«) 


\y£T(b) 


= T_ (/x) {a) AT (/x) (b) A 5 > min {ti , t 2 , (5} . 


This implies that {T (/x) (a&) V 7 } > min {ti, t 2 , d} . 

If min {ti, t 2 } > 5, tlrenT (p) (ab) > 5. This implies that T (p) (a 6 )+min {ti, t 2 } > 
<5+<5 = 25. Which implies (o 6 ) min ^ ti t2 j q$T (p) . If min {ti,t 2 } < <5, then T (/x) (a&) > 
min{t!,t 2 } > 7 . This implies that (a&) min{tl)t2} G 7 T{p). Hence (a&) min{tlM 
'Lqsff(p) ■ Therefore T_{p) is an (G 7 ,G 7 V^)-fuzzy subsemigroup of S. 
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Remark 1. IfT is an SV-homomorphism, then Tfp) may not he an (e 7 , £ 7 Vqs )- 
fuzzy subsemigroup as seen in the following example. 

Example 1. Consider the semigroup S with the following table: 



a 

6 

c 

d 

a 

a 

a 

a 

a 

5 

a 

a 

a 

a 

c 

a 

a 

b 

a 

d 

a 

a 

b 

b 


Define an SV-mapping T : S — > P (S) by T (a) = {a, b , c,d},T ( b ) = {a, b, c} , and 
T (c) = T ( d ) = {a, b} . Then T is an SV homomorphism. Let p be a fuzzy subset 
of S define by p(a) = 0.5, p (b) = 0.6, /li (c) = 0.6, /i(d) = 0.2. Also T(h){d) = 
T(/^)(6) = T(/z)(c) = 0.5 and T O) (a) = 0.2. Lei a 0 . 2 , 0.3, c o. 36 , <0.15 € TO). 
Then p is an (€o.i, Got Vqo. 3 )-fuzzy subsemigroup of S. But {bb) min , 0 3 0 3 j = (a) 0 3 . 
Since TO) (a) = 0.2 f 0.3. This implies that (a) 0 3 So.iT O) • A Iso T(n)(bb) + 
min {0.3, 0.3} ^ 26. This implies that (a) 0 3 q 0 3 T(ii) . Hence T(/i) is not an 
(Go.i,Go.i Vqo. 3 )-fuzzy subsemigroup of S. 

4. Approximation of some types of fuzzy subsets 

The notion of different types of fuzzy subsets related to (g 7 , G 7 Vgf-fuzzy sub- 
sets of S is given in [23]. In this section we discuss the lower and upper approxi- 
mations of these subsets. 

Proposition 3. Let T : S — > P ( S ) be an SV-homomorphism and let A, /.t be fuzzy 
subsets of S. Then the following hold: 

(i) T(AA M f = T(Af ATM* 

(ii) T (A V pff = T (A)* V T Of . 

Proof, (i) Let x G S. Then 

T( AA/i) (O = \/ (A A nf{z)= \J ((A A p) (z) V 6) 

z£T(x) z£T(x) 

= V ((A)(*)VJ)A(0)(*)V5) 

z£T(x) 

= V ((A)0)v«5)a(0)0)v<5) 

z£T(x) 

= V (WWVJ)A V (WWV'S) 

z(zT(x) zET(x) 

= V A°(*)A V (*) = T ( A )° ( x ) A T (^)° ( x ) • 

z(zT(x) z£T(x) 

(ii) The proof is similar to (i) using Definition 7. □ 

Proposition 4. Let T : S — > P (S) be an SV-homomorphism and let \,p, be fuzzy 
subsets of S. Then the following hold: 

(i) T (A A /if = T (A) 0 A T Of 

(ii) T (A V /if = T (Af V T Of . 
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Proof, (i) Let x € S. Then 

T( AA/i)°(x) = f\ (A A pf{z) = /\ ((A A p) (z) V S) 

z(zT(x) z£T(x) 

= A v <*) A ((m) 0) V 5 ) 

z£T(ir) 

= A PWVi)A(MWVi) 

z£T(:r) 

= A ((ak*)v«j)a A (wwv^ 

2£T(:r) zET(x) 

= A A °W A A ^(X)= r(Af(i)AT(/if(x). 

ZdzT(x ) Z(zT(x) 

(ii) The proof is similar to (i) using Definition 7 . □ 

Proposition 5. Let T : S — > P (S) be an SV homomorphism and let A, p be fuzzy 
subsets of S. Then the following hold: 

(i) TJX A /i)* = TJX)* A T_J)* 

(ii) T (A V At)* = T (A)* V T J)* . 

Proof, (i) Let x € S. Then 

T (A A At)* (x) = \/ (A A At)* (2)= \/ ((A A /t) (2) V 7) A S 

z£T(x) z£T(x) 

= V ((( A ) (*) V *1) A ((m) W V 7)) A 5 

= V ((( A ) ( z ) v 7) A 5 ) A (((at) (2) V 7) A < 5 ) 

zGT(ai) 

- V (((A) (2) V 7) A 5 ) A V (((t 1 ) ( z ) V 7) A 5 ) 

z£T(:r) zET(x) 

= V a *( 2 ) a V M* (z) = r (A)* ( x ) A T (ax)* (x) . 

z(zT(x) zET(x) 

(ii) The proof is similar to (i) using Definition 6. □ 

Proposition 6. Let S be a semigroup and T : S — > V (S) be an SV-homomorphism. 
If X and At are fuzzy ideals of S, then 

T J° A)* (y) < T J)* (y) A T (A)* (y) . 

Proof. Let p and A be fuzzy ideals of S. Then 

(M 0 A) (y) < Jo S){y)= \J {p (a) A S (&)} 

y—ab 

= V {A* (°) A1 } = t (°) ^ p ( ab ) = p(v)- 

y—ab 

That is (At o 5 ) (y) < p J) . Now {J o 5 ) (y) V 7) A S < J ( y ) V 7) A < 5 . This implies 
that J o A)* (yj_< (At)* (y) . Similarly (ax o A)* (y) < (A)* (y) . Hence T J o A)* (y) < 
T (At)* (y) and T J o A)* (y) < T (A)* (y) . 
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Therefore T(/xo A)* (y) < {T (p)* (y) A T (A)* (y ) } . □ 

In general equality does not hold in above proposition. Following example makes 
the situation clear. 

Example 2. Consider the semigroup S of Example 1. Define an SV-mapping T : 
S — > V (S) by T (a) = {a, b,c} ,T ( b ) = {b, c} ,T (c) = {c} and T ( d ) = {d} . Then 
T is an SV-homomorphism. Let A, p be fuzzy subsets of S defined by p, {a) = 
0.4, p (b) = 0.35, /x (c) = 0.2 and p (d) = 0.2 also A (a) = 0.38, A (6) = 0.3, A (c) = 
0.1 = A (d) . Then clearly A and p are fuzzy ideals of S. Also (/x o A)* (a) = 0.36, 
(/x o A)* ( b ) = (/x o A)* (c) = (/x o A)* (d) = 0.1. This implies that T(/xo A)* (a) = 
0.36, T (/x o A)* (6) = T(/xo A)* (c) = T(/xoA)*(d) = 0.1. Hfeo T(/x)*(6) = 0.35 
and T (A)* (6) = 0.3. ThereforeT(poX)*(b) ^ {T (/x)* (6) A T (A)* (fr)} , where 
7 = 0.1 and 5 = 0.36. 

However in case of an idempotent semigroup equality can be shown. 

Proposition 7. Set S' &e an idempotent semigroup and T : S —> V (S) 6e an 
SV-homomorphism. If p and A are fuzzy ideals of S, then 

T(po\)* (y) = T (p)* (y) A T (A)* (y) . 

Proof. From Proposition 6, it is obvious that T (p o A)* (y) < T (/x)* (y)AT (A)* (y) . 
For the reverse inequality, let y € S. It follows that 

T (p)* (y) AT (X)* (y) = \/ (p)* (a) A \/ (A)* (b) 

a£T(y) b£T(x) 

= V (((m) (d) V 7) A d) A V (((A) (6) V 7) A d) 

aGT{y) bGT(y) 

= V (((m) ( a ) V 7) A d) A (((A) (6) V 7) A d) 

aeT{y),beT(y ) 

V (((m) ( a ) V 7) A ((A) (6) V 7)) A d 

abeT(y)T(y) 

V (((m) ( a ) A (A) (6)) V 7) A d 

ab£T(y)T(y) 

< V (((M) (O) a (A) ( 6)) V 7) Ad 

z-abeT(yy) 

= V ( V (M(a)A(A)(&))V 7 J Ad 

z£T(y) \z=ab J 

= V ((m° A) ( 2) V7) A d = 

= V (m 0 A)* (2) = T (p o A)* (y) . 

z&T(y) 

This implies that T (/x)* (y) A T (A)* (y) < T (po A)* (y) . Hence T(/xo A)* (y) = 
T(Ax)*(y)AT(A)*(y). ’ □ 

Proposition 8. Set T : S — > P (S) 6e an SV-homomorphism and let X ,p be fuzzy 
subsets of S. Then the following hold: 
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(i) T(AA M )*=T(A)*AT(m)* 

(ii) T (A V p)* = T (A)* V T (p)* . 

Proof, (i) Let x £ S. Then 

T (A A p)* (x) = / \ (A A p)* (z) = /\ ((AA/i)(z)V 7 ) A <5 

z(zT(x) z(zT(x) 

= A W v 7 ) A ((/*) (X) v 7 )) A 5 

zGT(ic) 

= A W v 7 ) A 6) A (((/z) ( 2 ) V 7 ) A (5) 

z£T(x) 

= A ((( A ) ( z ) V 7 ) A (5) A A ((WWV7)A^) 

z(zT(x ) z(zT(x) 

= /\ \*(z) A /\ l ^{z) = T(\r(x)ATQ i r(x). 

z(zT(x) z(zT(x) 

(ii) The proof is similar to (i) using Definition 6 . □ 

Proposition 9. Let S be an idempotent semigroup and T : S — > V ( S ) be an 
SV -homomorphism. If p and A are fuzzy ideals of S, then 

T{p° A)* (y) = {T (p)* (y) A T (A)* (y)} . 

Proof. The proof is similar to the proof of Proposition 7. □ 

5 . Upper and lower approximations of (e 7 ,e 7 V^-fuzzy ideals of 

SEMIGROUPS 

In this section some properties of upper an lower approximation for fuzzy ideals 
of semigroups are studied. 

Proposition 10. Let T : S — > P ( S ) be an RSV-homomorphism. If p is an 
(€ 7 , € 7 Vqs)-fuzzy left ideal of S, then T (p) is an (£ 1 , £ 7 Vqs) -fuzzy left ideal of 

S. 

Proof. Let a,b £ S and let p be an (€ 7 ,€ 7 Vg^)-fuzzy left ideal of S. Let bt £ 7 
T (p) . Then T (p) (b) > t > 7 , where t £ ( 7 , 1] . It follows that 

min {f, 5} < T(p)(b)R6= \f (p(y))A6 

y£T(b) 

= V (y) A (5) < \/ p (ay) V 7 

y€T(b ) aET(a),y£T(b) 


V M («y) v 7 = V /l (*) v 7 (2 = ay) 


\ay£T(a)T(b), 


yz£T(a)T(b), 


< 


V M (2) V 7 = T (p) (ab) V 7 . 

zET(ab) ) 

This implies that min {t, (5} < {T (p) (ab) V 7 } . 

Hence by Theorem 2, T (p) is an (e 7 , e 7 Vg^-fuzzy left ideal of S. 


□ 


470 


NOOR REHMAN et al 463-473 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


GENERALIZED ROUGHNESS IN (e-y, S-y Vqs )- FUZZY SEMIGROUPS 9 

Proposition 11. Let T : S — > P (S) be an SSV-homomorphism and and p be 
a fuzzy subset of S. If p is an (<E 7 , G 7 Vqs)-fuzzy left ideal of S, then T(p) is an 
(<E 7 , G 7 Vqs)-fuzzy left ideal of S. 

Proof. Let a,b € S and let p be an (g 7 , e 7 Vga)-fuzzy left ideal of S. Let b t £ T (p) . 
Then T ( p ) (b) > t > 7, where t € (7, 1 ] . It follows that 

T(p)(ab)V 7 = /\ p(z)V 7 = A A 4 ( 2 ) v 7 

zeT(ab) zGT(a)T(b) 

= A M O 1 ^) V 7 (where 2: = xy) 

xy&T(a)T(b) 


> A (m(j/)A5)= A (m(2/)) AO' 

J/€T(i>) / 

= T (p) (b) A 0 > min {A, 0 } . 

This implies that T(p)(ab) V7 > min{f, 0 } . Hence by Theorem 2 , T(p) is an 
(G 7 , S 7 V 55) -fuzzy left ideal of S. □ 

Proposition 12. Let T : S — > P (S) be an RSV-homomorphism and p be a fuzzy 
subset of S. If p is an (G 7 ,G 7 Vqs) -fuzzy interior ideal of S, then T (p) is an 
(G 7 , G 7 Vqg)-fuzzy interior ideal of S. 

Proof. It is straightforward. □ 

Proposition 13. Let T : S — > P ( S ) be an SSV-homomorphism and p be a fuzzy 

subset of S. If p is an (G 7 ,G 7 Vqs) -fuzzy interior ideal of S, then T(p) is an 

(<E 7 , G 7 Vqs)-fuzzy interior ideal of S. 

Proof. It is straightforward. □ 

Proposition 14. Let T : S — ► P (S) be an RSV-homomorphism and p be a fuzzy 
subset of S. If p is an (g 7 , G 7 Vqs) -fuzzy bi-ideal of S, thenT (p) is an (g 7 , G 7 Vqs)- 
fuzzy bi-ideal of S. 

Proof. Let a,x,y £ S and let p be an (g 7 , £ 7 Vg5)-fuzzy bi-ideal of S. Let Xt s ,yt p € 7 

T (p) . Then T (p) (x) > t s > 7 and T (p) ( y ) > t p > 7, where t s t p € (7, 1 ] . It 

follows that 


min {t s ,t p ,Sj < {T (p) (x) A T (p) (y) A 6 } = \J p(b) A \J p(d)A 6 

ber(x) deT(y) 

= \/ (l 4 (&) A p ( d ) A 5 ) < \J p (bad) V 7 

b£T(x),d£T(y) b£T(x),aeT(a),d£T(y) 

= V P ^ad) V 7 < \J p (bad) V 7 

badzT (x)T (a) ,d(zT (y) bc(zT (xa) ,d(zT (y) 

= \J p (bad) V 7 < \J p (bad) V 7 

( ba)d(zT(xa)T(y ) ( ba)d(zT((xa)y ) 

= \J p (z) V 7 (where 2 = bad) 

zeT((xa)y ) 

= {T (p) (xay) V 7} . 
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This implies that min {t s , t p , <5 } < T (/i) ((xa) y) V 7. 

Hence by Theorem 4, T (fj,) is an (e 7 , € 7 Vga)- fuzzy bi-deal of S. □ 


Proposition 15. Let T : S — ► P ( S ) be an SSV-homomorphism and /./ be a fuzzy 
subset of S. If n is an (<E 7 , C 7 Vqg)-fuzzy bi-ideal of S, thenTf{p) is an (e 7 , C 7 Vg<s)- 
fuzzy bi-ideal of S. 


Proof. Let a,x,y € S and let p be an (e 7 , € 7 Vg^-fuzzy bi-ideal of S. Let x ts , yt p C 7 
T(/x) . Then T(/i) (x) > t s > 7 and T(p) (y) > t p > 7, where t s t p € (7, 1] . It 
follows that 


((xa)y) V 7 = 


> 


A |“( Z ) V 7= A m(a) v 7 

z(zT((xa)y ) z(zT(xa)T(y ) 

A p((bc)d)\/ 7 (where z = {bc)d) 

( bc)d(zT((xa)y ) 

A p((bc)d)V 7 = A n{{bc)d)v 7 

bc(zT (xa) ,d(zT (y) bcGT (x)T (a) ,d(zT (y) 

A /* (( fc ) v 7 

b£T(x),ceT(a),d£T(y) 

A 0) A M (d) A <*) 

b£T(x),deT(y ) 

A A 4 ( & ) a A p{d) /\8 = T_ (p) ( x ) A T (/x) (j/) /\ (5. 

beT(a) d6T(i/) 


This implies that T(/x) ((era) y) V 7 > min {ti, t-2, 5}. 

Hence by Theorem 4, T(/z) is an (e 7 , € 7 Vgj)-fuzzy bi-ideal of S'. 


□ 


Conclusion; Associative algebras are being studied all over the globe, in partic- 
ular semigroups have attracted many authors and researchers. The (e 7 ,C 7 Vg^)- 
fuzzy algebraic substructures are generalizations of fuzzy algebraic substructures 
and (<E,€E Vgfc)-fuzzy algebraic substructures. In this paper, generalized roughness 
have been studied for (e 7 , G 7 Vga)-fuzzy algebraic substructures of semigroups. It 
is seen that, in order to preserve a particular algebraic substructure in case of its ap- 
proximations, many types of set valued homomorphisms are required. This aspect 
of roughness study in semigroups makes this study more interesting. 
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Abstract. We obtain some equivalence conditions for the convergence of iterative sequences 
for set- valued contraction mapping in CAT( 0) spaces. 


1. Introduction 

Let ( X , d) be a metric space. One of the most interesting aspects of metric 
fixed point theory is to extend a linear version of known result to the nonlinear 
case in metric spaces. To achieve this, Takahashi [32] introduced a convex 
structure in a metric space (X, d ). A mapping W : X x X x [0, 1] -A X is a 
convex structure in X if 

d(u, W ( x , y, A)) < A d(u, x) + (1 — A )d(u, y) 

for all x, y £ X and A £ [0, 1]. A metric space together with a convex structure 
W is known as a convex metric space. A nonempty subset K of a convex 
metric space is said to be convex if 

W(x,y,\)eK 

for all x,y £ K and A £ [0,1]. In fact, every normed space and its convex 
subsets are convex metric spaces but the converse is not true, in general (see, 
[32]). 

Example 1.1. ([15, 16]) Let X = {(xi,X 2 ) £ R 2 : x\ > 0 , X 2 > 0}. 
For all x = (xi,X2 ),y = ( 2/1 , 2 / 2 ) G X and A £ [0,1]. We define a mapping 
W : X x X x [0, 1] A by 

w/ u ,, Axix-2 + (1 - \)ym 

W(z,y,\) = (AX, + (1 - X)y h — - ([ _ ^ 

and define a metric d : X x X — > [0, 00) by 

d(x,y) = \xi - 2/1 1 + |xia:2 - 2/12/2I- 

Then we can show that (A, d,W) is a convex metric space but not a normed 
linear space. 

°2010 Mathematics Subject Classification: 40G05, 41A60, 41A65, 51K05. 

“Keywords: CAT(0) space, geodesic, Hausdorff metric, contraction, fixed point, multi- 
valued mapping, iteration. 
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A metric space A is a CAT( 0) space. This term is due to M. Gromov [10] 
and it is an acronym for E. Cartan, A.D. Aleksandrov and V.A. Toponogov. 
If it is geodesically connected, and if every geodesic triangle in A is at least as 
‘thin’ as its comparison triangle in the Euclidean plane(see, e.g., [2], p.159). 
It is well known that any complete, simply connected Riemannian manifold 
nonpositive sectional curvature is a CAT( 0) space. The precise definition is 
given below. For a thorough discussion of these spaces and of the fundamental 
role they play in various branches of mathematics, see Bridson and Haefliger 
[2] or Burago et al. [1]. 

Let (A, d) be a metric space. A geodesic path joining x £ A to y £ A (or, 
more briefly, a geodesic from x to y) is a mapping c from a closed interval 
[0,1] C R to A such that c(0) = x,c(l ) = y, and d(c(t),c(t')) = \t — t'\ for all 
t, t' £ [0, l ]. In particular, c is an isometry and d{x, y) = l. The image a of c is 
called a geodesic (or, metric ) segment joining x and y. When it is unique, this 
geodesic is denoted by \x, y\. The space (A, d) is said to be a geodesic space if 
every two points of A are joined by a geodesic, and A is said to be uniquely 
geodesic if there is exactly one geodesic joining x and y for each x, y £ A. A 
subset Y C A is said to be convex if Y includes every geodesic segment joining 
any two of its points. 

A geodesic triangle A(xi,x 2 , X3) is a geodesic metric space (A, d) consists of 
three points aq, x 2 ,x% £ A (the vertices of A) and a geodesic segment between 
each pair of vertices (the edges of A). A comparison triangle for the geodesic 
triangle A{x\,x 2 ,x%) in (A ,d) is a triangle A(x\,x 2 ,x^) = A(xi, £2, As) in 
M 2 such that d^2{xi, Xj) = d(xi,Xj ) for i,j £ {1,2,3}. Such a triangle always 
exists(see, [2]). 

A geodesic metric space is said to be a CAT( 0) space if all geodesic triangles 
of appropriate size satisfy the following CAT( 0) comparison axiom. 

Let A be a geodesic triangle in A and let A C M 2 be a comparison 
triangle for A. Then A is said to satisfy the CAT{ 0) inequality if for 
all x, y £ A and all comparison points x, y £ A, 

d(x,y) < d(x, y). 


Complete CAT( 0) spaces are often called Hadamard spaces ^ see [22]). If x, y 1 , 1)2 
are points of a CAT( 0) space and if yo is the midpoint of the segment [y 1 , 1 / 2 ], 
which we will denote by yi ® y2 1 then the CAT(0) inequality implies 

d 2 (^c, < ^d 2 ( x ,yi) + ^d 2 (x,y 2 ) - ^d 2 {y 1 ,y 2 ). 
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This inequality is the (CN) inequality of Bruhat and Tits [3]. In fact, a geodesic 
space is a CAT(0) space if and only if satisfies the (CN) inequality (c/. [2], 
p.163). The above inequality has been extended by Khamsi and Kirk [12] as 

d 2 (z , ax © (1 — a)y) 

„ , (CN*) 

< ad' J (z , x) + (1 — a)d z (z, y) — a(l — a)d z (x , y), 

for any a £ [0, 1] and x,y,z £ X. The inequality (CN*) also appeared in [5]. 

Let us recall that a geodesic metric space is a CAT (A) space if and only if 
it satisfies the (CN) inequality (see, [2], p.163). Moreover, if X is a CAT(0) 
metric space and x, y £ X, then for any a £ [0, 1], there exists a unique point 
ax® {1 — a)y £ [x, y\ such that 

d(z , ax 0 (1 — a)y) < ad(z, x) + (1 — a)d(z, y) 

for any z £ X and [x, y] = {ax © (1 — a)y : a £ [0, 1]}. In view of the above 
inequality, CAT(0) space have Takahashi’s convex structure W (x, y, a) = ax® 
(1 — a)y. It is easy to see that for any x, y £ X and A £ [0, 1], 

d(x, (1 — X)x © Ay) = A d(x, y), 
d(y, (1 - A)x © Ay) = (1 - A )d(x, y). 

As a consequence, 

1 • x © 0 • y = x, 

(1.1) 

(1 — A)x © Ax = Ax © (1 — A)x = x. 

Moreover, a subset K of CAT (A) space X is convex if for any x,y £ K, we 
have [x, y] C K . 


2. Preliminaries 

Let D be a nonempty subset of a CAT( 0) space X. We shall denote by 
CB(D) the family of nonempty bounded closed subset of D. Let be 

the Hausdorff metric on CB(D), i.e., 

H(A, B ) = max < sup dist(a , B), sup dist(b, A) > , A, B £ CB(D), 
laeA b&B J 

where dist(a, B) = inf {d(a, b) : b £ B} is the distance from the point a to the 
set B. 

A multivalued mapping T : D — >■ CB(D ) is said to be a contraction if there 
exists a constant k £ (0, 1) such that 

H(Tx,Ty) < k ■ d(x,y), V x,y £ D. 

A point x is called a fixed point of any mapping T if x £ Tx. We denote by 
F(T) the set of all fixed points of T. 
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Let X be a CAT(0) space, and let {x n } be a bounded sequence in X, for 
x € X we let 


r(x,{x n j) = limsup d(x, x n ). 

n— >• oo 


The asymptotic radius r({x n }) of { x n } is given by 

r{{x n }) = inf {r(x, {x n }) : x £ X} , 

and the asymptotic center A({x n }) of { x n } is the set 

A({x n }) = {x £ X : r(x, {x n }) = r({x n })} . 

It is known that in a CAT(fS) space asymptotic center A({x n }) consists of 
exactly one point (see, e.g., [6], Proposition 7). 


Definition 2.1. ([23]) A sequence {x n } in a CAT(0) space X is said to A- 
converge to x £ X if x is the unique asymptotic center of {u n } for every 
subsequence {u n } of {x n }. In this case one must write 

x n x or A — lim x n = x 

n— >■ oo 

and call x the A-limit of {x n }. 


Remark 2.1. In a CAT(0) space X, strong convergence implies A-convergence. 


Lemma 2.1. ([28]) Let (X, d) be a complete metric space and T : X — > CB(X) 
be a multivalued mapping. Then for any given e > 0 and for any given x, y £ 
X, u £ Tx, there exists v £ Ty such that 

d(u, v) < (1 + e)H(Tx, Ty) 

where H(-, •) is the Hausdorff metric on CB(X). 

Definition 2.2. Let D be a nonempty convex subset of a C AT (0) space X, 
T : D — >• CB(D) be a multivalued mapping. Let {a n },{/3 n } and {7 n } are 
three sequences in [0, 1] satisfying some conditions. 

(1) The sequence of Picard iterates (c/., [30]) is defined by wq £ D, 

LCn+l = n n , (IP) 

where v n £ Tiu n such that 

d{v n+1 ,v n ) < (1 + e)H(Tw n+ i,Tw n ). 

(2) The sequence of Mann iterates (c/., [27]) is defined by uq £ D, 

u n + 1 = (1 - a n )u n © a n 9 n , (M) 

where 9 n £ Tu n such that 

d(9 n+ i,9 n ) < (1 + £)H(Tu n+ i,Tu n ). 
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(3) The sequence of Ishikawa iterates (c/., [11]) is defined by tq G D , 

Sn — (1 Pn)l"n © Pn^ni 
Tn + 1 — (1 )v n © Cy n (7 n , 
where S n G T r n and a n <ETs n such that 

d(5 n +i,5 n ) < (1 + e)H (Tr n+ i,Tr„), 
d(a n+ i,a n ) < (l + £)H(Ts n+ i,Ts n ). 

(4) The sequence of three-step iterates (c/., [13, 14]) is defined by xq G D, 

Zn — (1 Ln ) t’n © ”tnFm 

Un = (1 — fin)%n © Pnfm (TH) 

X n +1 — (1 (%n)x n © QtnVni 
where ji n G Tx n , £ n G Tz n and rj n G Ty n such that 

d^n+l > fl>n) © (1 © £)H{Tx n +\ , Txjf) , 

d{£n+ i,Cn) < (1 + e)H(Tz n+1 ,Tz n ), 
d(r/ n+ 1 ,%) < (1 + e)H(Ty n+ i,Ty n ). 

Another iteration processes and other some results in CAT{ 0) space have 
been studied extensively by various authors(see e.g. [4, 9, 17, 24, 26, 31]). 


Lemma 2.2. ([7]) Let {a n } be recursively generated by 

a n+l — (1 tnjQ'n © b n 

with n > 1, a n > 0, {t n } C [0, 1] and 


OO 

J2 b n < 00 ' 

n= 1 


oo 

y t n = oo. 

n = 1 


Then 


lint a n = 0. 

n— >-oo 


3. Main theorems 

Theorem 3.1. Let (X,d) be a CAT( 0) space and D be a nonempty convex 
subset of X . Let T : D — >• CB(D) be a multivalued contraction mapping with 
k < and F{T) / 0 satisfying Tp = {p} for any fixed point p G F(T). Let 
a constant L satisfying sup. u , gTa , xeD d(p, w ) < L, for all x G D. Let {w n } and 
{x n } be the Picard and three step iterative sequence defined by (P) and (TH) 
respectively and satisfying the following conditions: 

(i) a n , P n , 7 n G [0, 1], V n > 0; 
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(ii) lim^oc fi n = 0; 

(iii) E “=0 a nPn < OO, E^Lo ( 1 “ «n) = OO. 

If w o = xq, then the following statements are equivalent: 

(1) the Picard iterative sequence {w n } A -converegs to x* £ F(T); 

(2) the three step iterative sequence {x n } A-converegs to x* £ F(T). 

Furthermore, x* is the unique fixed point of T . 

Proof. From Nadler [28], there exists a fixed point x* £ F(T). Put 

M' = L + d(p,x o). 

From the contractive of T, we have 


d 2 ( 

x n+1 ,p) = d 2 (( 

;i - 

- a n )x n © a n rj n ,p) 


< 

(1- 

- a n )d 2 (x n , 

p) 

+ 

a n d 2 (r) n ,p) 

-(1- 

Ot>ri)OLnd (t2j ^ 

< 

(1- 

OLn)d (X77,, 

p) 

+ 

a n (H(Ty n , 

Tp)) 2 


< 

(1- 

OCn)d (Xn, 

p) 

+ 

d (y n , 

P) 


< 

(1- 

Ol,n)d {^Xfi , 

p) 

+ 

a n k 2 (d 2 (( 1 

- fin)x 

n © finin’) p)) 

< 

(1- 

OLn)d (x n , 

p) 






+ a n k 2 (( 1 - Pn)d 2 (x n ,p) + find 2 {in, p) - fin if- ~ fin)d 2 (x n , £„)) 

^ (1 cx. n )d~ (x ni p) -j- cx n k (1 Pn)d ( x n ,p ) 

T a n fi n k d (yZ n ,p) Otnfinf 1 fin)k • d ( X n , 

5; (1 otn)d~‘ {x n , p) © (X n (1 fin) • k d {x n ,p) 

+ OLnfin k ((1 'Jn^d {x n ,p) © 'Jnd (©n,p) (1 'Yn) r !nd (Xfii pnf) 

- a n fi n { 1 - fin)k 2 ■ d 2 (x n , £ n ) 

< d 2 (x n ,p ) - anfin'JnX - 7 n ) • fc 4 • d 2 (x n ,p n ), 
for p £ F(T). This implies 

0 ^ Otnfin'YniX d {p^ni Pn) d {x n ,p) d (3©+l ,p). 

Therefore, we have 

d(x n+ i,p) < d(x n ,p). 

By induction, it is easy to see that 

sup {d{p, p n ),d(p, r)n), d(p, £ n ),d(p, x n ), d{p , y n ), d{p, z n )} < M', 

n> 0 

for p n £ Tx n , r/ n £ Ty n and € Tz n , n > 0. By hypothesis, let 
M" = d(p,wo) + d(p,w i) < oo, V p £ F(T). 
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Put 

M = max{M', AT"}. 

From { w n } be the Picard iterative sequence defined by (P), we have 
d{v n ,v n+ 1 ) < (1 + e)H(Tw n ,Tw n -i) 

< (1 +e)k ■ d(w n ,w n - 1 ) 

= (1 + e)k ■ d{v n - 1 , v n - 2 ) 

< (1 + e)k{ 1 + £)H(Tw n -i,Tw n - 2 ) 

< ((1 +£)k) 2 d{w n -i 1 w n - 2 ) ^ 3 ' 1 - 1 


< ((1 + e)k) n d(wi, w 0 ) 

< ((1 + e)k) n M 


for any given e > 0. From {x n } be the three step iterative sequence defined 
by (TH) and (3.1), for each n > 0 

d(x n+ i,w n+ i) = d(( 1 - a n )x n © a n 7/ n , v n ) 

4(1 cn n )d(x n , i / n ) + cx n • d(jj n , v n ) 

< (1 - a n ){d(x n , w n ) + d(w n , i/ n )} ^ 

+ a n k ■ d(y n , w n ) 

< (1 - a n ){d(x n ,w n ) + ((1 +e)k) n M} 

+ a n k ■ d(y n ,w n ), 


and 


d(l)m W n ) — d((l Pn)x n © jdn^nt W n ) 


< 

(1 

fin)d{^X n ) 

W n 

s 

'TX 

+ 

< 

(1 


W n 

) 



0 4 

d(v n , L'n—l)) 

< 

(i 


W n 

) 


^n) 

+ P n ((l + e)k) n M 


d{z n , W n ) — d(( 1 'yn)%n © 7 nl^ni Wn) 

— (^ T n)d(x n , Wn) ~\~ 7n ‘ d{jl n , T'n— l) 

— (1 'Jn)d{x n , Wn) 

+ 7 n fc{c?(x n , W n ) + d(tc n , Uln-l)} 

< (1 - ln)d{x n ,W n ) 

+ 7 n fc{d(x n , tc n ) + ((1 + e)fc) n_1 Af}. 


(3.3) 


(3.4) 
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Substituting (3.4) into (3.3), we get 

d(y n , Wn) 

^ (1 f3 n )d(x n ,w n ) 

+ p n k (1 - 7 n)d(x n , w n ) + 7 nk{d(x n , w n ) + ((1 + e)k) n ~ l M} 

L J (3.5) 

+ Pn(( 1 + s)k) n M 

< (1 - Pn)d(x n , W n ) + Pn((l + s)k) n M 

+ /3 n k{( 1 - 7n(l - k))d(x n , w n ) + 7 n ((l + e)k) n M}. 

Combining (3.5) and (3.2), we can obtain 
d{x n -\. i, w n +i) 

< (1 - a n ){d(x n , w n ) + ((1 + e)k) n M } 

+ a n k (1 - f3 n )d(x n , w n ) + + e)k) n M 

+ /?„&{( 1 - 7 n(l - k))d(x n , w n ) + 7„((1 + s)k) n M j 
= (1 - a n )d(x n , w n ) + (1 - a„)(( 1 + e)k) n M 
+ a n /c(l - P n )d(x n , w n ) + a n p n k(( 1 + e)k) n M (3.6) 

+ a n /3 n fe 2 |(l — 7n(l ~ k))d(x n , w n ) + 7„((1 + e)fc) n Mj 

— 1 Q! n + CLn(l Pn)k Otnfin.k (1 7fi(l &)) d(x n , W n ) 

+ (1 — a n )(( 1 + e)k) n M + at n f3 n k(l + A;7 n )((l + e)k) n A'l 

< (1 - a n (l - k))d(x n , w n ) 

+ {(1 — a n ) + Q!n/3n(l + &7n)}((l + s)k) n M. 

Take 

— diyXniWn ) , t n — Ctn(l k) 

and 

= {(1 — a n ) + a„/3 n (l + &7 n )}((l + e)k) n M 

in (3.6). Since (1 + e)/c < 1, Y)^= 0 a n(3 n < oo and “ a n) < °°> we 

have 

OO OO 

5> = o°. oo. 

n=0 n=0 

By Lemma 2.2, we know that 

A — lim d(x n ,w n ) = 0. 

n— » oo 
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If w n x* G F(T) as n — > oo, by Definition 2.1, we have 
d(x nk ,X*) < d(x nk ,Wn k ) + d(w nk ,X*) 0 
as n — > oo. If x n x* G F(T) as n — > oo, we have 

d(w nk ,x*) < d(w nk ,x nk ) + d(x Uk ,x*) 0 

as n — > oo. Therefore, the equivalence between the statement (1) and (2) was 
proved. Finally, we prove that x* G X is the unique fixed point of T. In fact, 
let x*,y* G X be two fixed points of T. Since T is a multivalued contraction 
with constant 0 < k < 1, we have 

d(x*,y*) < (1 + e)H(Tx*,Ty*) 

< (1 + s)k ■ d(x*,y*). 

Since e is arbitrary, this implies that 

d(x*,y*) = 0 , 


i.e., 

* * 

x = y ■ 

This completes the proof. □ 


If 7 „ = 0 in (TUI), then it reduces to (I). So we can easily prove the following 
corollary. 

Corollary 3.1. Let (X,d) be a CAT(0) space and D be a nonempty convex 
subset of X . Let T : D CB(D) be a multivalued contraction mapping with 
k < and F(T) / 0 satisfying Tp = {p} for any fixed point p G F(T). 
Let a constant L satisfying sup weTx xeD d(p, w) < L, for all x G D. Let {w n } 
and {r n } be the Picard and Ishikawa iterative sequence defined by (P) and (I) 
respectively and satisfying the following conditions: 

(i) a mPn G [0, 1], V n > 0; 

(ii) lim^oc fd n = 0; 

(iii) E“=0 a nPn < OO, E^Lo( 1 “ «n) = OO. 

If w o = r 0 , then the following statements are equivalent: 

(1) the Picard iterative sequence {vj n } A-converegs to x* G F(T); 

(2) the Ishikawa iterative sequence {x n } A-converegs to x* G F(T). 
Furthermore, x* is the unique fixed point of T . 

If fin = 0 in (I), then it reduces to (M). So we can easily prove the following 
corollary. 
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Corollary 3.2. Let (X,d) be a CAT(0 ) space and D be a nonempty convex 
subset of X . Let T : D — >• CB(D) be a multivalued contraction mapping with 
k < and F(T ) / 0 satisfying Tp = {p} for any fixed point p E F(T). 
Let a constant L satisfying sup weTx xeD d(p, w ) < L, for all x E D. Let {u> n } 
and {r n } be the Picard and Mann iterative sequence defined by (P) and (M) 
respectively and satisfying the following conditions: 

(i) a n E [0, 1], V n > 0; 

(ii) E^LoC 1 - «n) = oo. 

If w o = uo, then the following statements are equivalent: 

(1) the Picard iterative sequence {w n } A-converegs to x* E F(T); 

(2) the Mann iterative sequence {x n } A-converegs to x* E F(T). 

Furthermore, x* is the unique fixed point of T . 


4. Some remarks and open problem 

For a real number k, a CAT(k) space is defined by a geodesic metric space 
whose geodesic triangle is sufficiently thinner than the corresponding triangle 
in a model space with curvature k. 

For k = 0, the 2-dimensional model space = Mq is the Euclidean space 
M 2 with the metric induced from the Euclidean norm. For k > 0, M 2 is the 2- 
dimensional sphere -l=§ 2 whose metric is length of a minimal great arc joining 

V & 

each two points. For k < 0, M 2 is the 2-dimensional hyperbolic space -q=H 2 
with the metric defined by a usual hyperbolic distance. For more details about 
the properties of CAT(k) spaces, see [2], [8], [20], [21], [29]. 

Open Problem 1. It will be interesting to obtain a generalization of both 
Theorem 3.1 and Theorem 3.2 to CAT(n) space. 

Open Problem 2. Can Theorem 3.1 be generalized to more than one con- 
tractive, or a commutative or left amenable semigroup S of mappings for which 
the sequence is defined by a strongly left invariant sequence (or net) of finite 
means on 5(see [18], [19], [25])? 
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Abstract 

The purpose of this paper is to introduce the generalized viscosity implicit rules of one asymptotically nonex- 
pansive mapping in Hilbert spaces. We obtain some strong convergence theorems under certain assumptions 
imposed on the parameters. We also apply our main results to solve mixed equilibrium problem in Hilbert 
spaces. A numerical example is also given to support our main results. The results obtained in this paper 
improve and extend many recent ones in this field. 
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1. Introduction 

Let C be a subset of real Hilbert space H. Let F(T) be the set of fixed points of mapping T. We recall 
some basic definitions. 

A mapping / : C — > C is called a strict contraction, if there exists a constant a € (0, 1) such that 

II fix) - f{y ) || <a\\x-y\\, V x,y G C. (1.1) 

A mapping T : C — > C is called nonexpansive if 

\\Tx~Ty\\<\\x~y\\,\/ x,y€C. (1.2) 

A mapping T : C — > C is called asymptotically nonexpansive if there exists a sequence {9 n } C [0, +oo) 
with limjj-^oo 9 n = 0 such that 

\\T n x — T n y\\ < (1 + 0 n ) ||a; — y|| ,Vn > 0, x,y £ C. (1.3) 

It is easy to see that asymptotically nonexpansive mapping contains strict contraction, nonexpansive mapping 
as a special case. 

A mapping A : C — > H is called monotone if 

(Ax — Ay, x — y) > 0, \/x, y £ C. (1.4) 


* Corresponding author. 
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A mapping A : C — > H is called cc-inverse strongly monotone if there exists a positive real number a 
such that 

{Ax — Ay, x — y) > a || Ax — Ay\\ 2 , \/x, y G C. (1.5) 

Recently, viscosity iterative algorithms for finding a common element of the set of fixed point of nonex- 
pansive mappings, the set of solution of variational inequality problem and mixed equilibrium problems have 
been investigated extensively by many authors, see [1-15] and the references therein. For instance, Moudafi[l] 
introduced the viscosity technique for nonexpansive mappings in Hilbert spaces. Xu [2] refined the main 
results of [1] in Hilbert spaces and extended them to more general uniformly smooth spaces. Precisely, he 
proved that the suggested viscosity iterative sequence converges strongly to a fixed point of one nonexpansive 
mapping, which also solves some variational inequality. 

Very recently, the implicit midpoint rule has become a powerful methods for solving ordinary differential 
equations; see [16-22] and the references therein. Xu et al. [20] considered the following viscosity implicit 
midpoint rule: 

x n +i = ot n f{x n ) + (1 - a„)T( Xn + ^ n+1 ), n > 0. (1.6) 

By using contractions to regularize the implicit midpoint rule for nonexpansive mappings, they proved that 
the iterative sequence defined by (1.6) converges in norm to a fixed point of T, which also solves the variational 
inequality: 

{(I-f)q,x-q}>0,x£F(T). (1.7) 

On the other hand, many authors studied the Mann and Islrikawa iterations processes for asymptotically 
nonexpansive mapping in Hilbert spaces or Banach spaces, see [23-30] and the references therein. For 
example, Lou et al. [24] investigated some iterative algorithms for asymptotically nonexpansive mapping on 
a uniformly convex Banach space with uniformly Gateaux differentiable norm. 

In this paper, we introduce a viscosity implicit rules for an asymptotically nonexpansive mapping in 
Hilbert spaces. Under suitable assumptions imposed on the parameters, we obtain some strong convergence 
theorems for finding a fixed point of an asymptotically nonexpansive mapping. We also apply our main 
results to solve mixed equilibrium problem in Hilbert spaces. 

2. Preliminaries 

Let C be a nonempty closed convex subset of H . For all x £ H , there exists a unique nearest point in 
C, denoted by Pcx, such that 

||z - Pcx || < ||ar - y\\ for all y £ C. (2.1) 

In this case, P is called a metric projection of H onto C. It is well known that Pc is a nonexpansive mapping 
of H onto C and satisfies 

{x - y,P c x-P c y) > II P C x - Pcy\\ 2 , Vx,y € H. (2.2) 

Furthermore, Pcx is characterized by the following properties: Pcx £ C and 

(x - P c x, y - P c x) < 0, (2.3) 

||z - y\\ 2 > H® - Pcx || 2 + || y - Pcx || 2 ,Vx £ H, y £ C. (2.4) 

We need the following lemmas for proving our main results. 

Lemma 2.1 ([2]). Assume {a n } is a sequence of nonnegative real numbers such that 

^n+l ^ (1 0^n)n n “|“ S n , TL 0, 

where {a n } is a sequence in (0, 1) and {5„} is a sequence in ffi. such that 

( i ) T,n=0 a n = 00 ’ 

(ii) either limsup„_ >00 < 0 or J2n=i I'M < 00 • 

Then limn-^ a n = 0. 

Lemma 2.2 ([21]). Let T be an asymptotically nonexpansive mapping defined on a nonempty bounded closed 
convex subset C of a Hilbert space H. If {x n } is a sequence in C such that x n —>■ z and Tx n — x n — > 0, then 
z £ F{T). 
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3. Main results 

Theorem 3.1. Let H be a Hilbert space, C a nonempty closed convex subset of H. Let T : C — > C be 
an asymptotically nonexpansive mapping with a sequence {9 n } such that F(T) ^ 0 and f : C C a strict 
contraction with coefficient a £ [0, 1). Pick any Xq £ C. Let {x n } be a sequence generated by 

Xn+i = Oi n f(x n ) + (1 - a n )T n ( Xn + 2 g " +1 ), (3.1) 

where {a n } is a real sequence in [0, 1] satisfying the following conditions: 

(i) kmn— voo 0, o — OO , 

(ii) hm n _ too oc n 0? 

fai) En=l \ a n+l ~OL n | < OO/ 

(iv) Yln=o sup xeC ' 1 1 X' rl+1 a; — T n x\\ < oo, where C is a closed convex subset of C that contains sequence 

• 

Then {x„} converges strongly to a fixed point q of the asymptotically nonexpansive mapping T, which is also 
the solution of the variational inequality 

(( I - f)q, y-q}> 0, for all y £ F(T). 

Proof. First, we show that {x„} is bounded. Indeed, take p £ F(T) arbitrarily, since lim^oo ^ = 0, then 
there exists N £ N such that for all n > N, . Choose a constant M\ > 0 sufficiently large such 

that 

\\x N ~p\\ < M u || f(p) -p\\ < — Mi. 

We proceed by induction to show that ||a;„ — p|| < Mi,Vn > 1. Assume ||x n — p|| < M\, for some n> N. 
We show that ||x n +i — p|| < Mi. We observe 

lkn+i ~p\\ 

= \\a n f(x n ) + (1 - a n )T n { Xn + * n+1 ) - p|| 

= II an(f(x n )-p) + (1 - a n )[T n ( Xn + * n+1 )-p\ || 

< Oi n \\f{x n ) - f(p)\\ +a n \\f(p) -p\\ + (1 - a n )\\T n { Xn + ^ n+1 ) -p|| 

< aa n \\x n -p\\ + a n \\f(p) -p\\ + (1 - a n )(6 n + 1)|| Xn + ^ n+1 - p\\ 

< aa n \\x n — p\\ +a n \\f(p) - p\\ + — — a ' n ^ 9n + ^ ||a; n - p\\ + — — a M( 0n + 1 ' > ||x ra+ i -p|| 


It follows that 


I ii . 1 CX n -\~ ‘2oc n OC ~\~ (1 (%n')9n || II 

Fn+1 -P || < y— 7 z — 7 . \\Xn~p\\ + 

1 + OL n (1 C^n)^n 

ri 2a n (l — a) — 2(1 — a n )0 n 

= I 1 bfo 7i iTm — III*" ~P\\ 


1 -t* cx n (1 a n )9 ri 


1 Oiu (1 QLn)@n 

(1 j || 

< max{||x„ -p||, MM — 


\\f(p)~p\\ 
Wf(p)-P\\ 


- ^ 1_ r 


-p|| + j 


1 F VXn (1 CX^O' 

M 1 ~a) \\f{p)~P\\ 


F (1 ^n)9n 1 TV 


1 — a 


< Mi. 

This implies that {x„} is bounded. 


(3.2) 
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Next, we prove that linp^^ — x n || = 0. It follows from (3.1) that 


||x n+ i - x n || 

= II «„/(*„) + (1 - a n )T n ( Xn + * n+1 ) - a n -if(x n ^ 1 ) - (1 - a n - 1 )T n - 1 ( Xn ~ 1 ^ X ” 


= || a n (f(x n ) - f(x n - 1 )) + (a n - a n _i)/(x n _i) + (1 - a n )[T n ( 

, ( 1 „ \r r n/ X n- l+^ni /-. \ T n/ x n-l + X n s 

+ 0- a n)T ( ) (1 &n—l)T ( 0 ) 


X n + ^n+1 


) -T n ( 


X n —1 + %r< 


+ (1 - an-i)[T n ( Xn - 1 + Xn ) - r"- 1 ( a: "- 1 2 +a: " )]|| 

= ||an(/(*n) - /(*„-!)) + (1 - a n )[r"( a; " + 0 3: " +1 ) - ^( ^-1+^ )] + (an _ an _ l} 


- T"( 


*^n— 1 H - m , _ \ [/nil ( X n— 1 “I - x n \ T n - 1 / *^n— 1 “I - 


L )i + (i — an-i)r(- 


-) — T" _1 (- 


||x n+ i-x n || ||x n -x„_i| 


^ ||x n X n _i|| -p (1 (Xn)(@n “P 1)( 

z z 

+ |a n - a n _i| ||/(x„_ 1 ) - T n ( Xn ~ 1+ Xn )\\ + sup \\T n x — T n_1 x|| 

1 xec' 

_ 2aa n + (1 — ot n )(6 n + 1) M __ __ M , (1 — oi n )(6 n + 1) M __ 

— 2 \\%n %n— 1|| H ^ ||^n+l %n 

+ \a„ - a„_i| M 2 + sup ||T n x — T n_1 x||, 

x&C' 


where M -2 is a constant such that 

t Xn — 1 “P X r 


M 2 = sup ||/(x n -l) — T n (- 

n> 0 ^ 


It follows that 

2 — (1 — a n )(9 n + 1) 


II || ‘ZoiOln + (1 Ol n ){6 n + 1 ) || || . | | f.r 

ll-Tn+l *T n || P) ^ ||*Tn X n — 1| ~P fon C^n— 1| JV 12 

+ sup \\T n x — T n_1 x||. 
xec’ 


This implies 

II X n -^-i x r 


2aa n -p (1 otn){0 n -P 1) .. ,, 

— R 7T wTj , i \ \\ x n ~ X n —i + 

2 - (1 - a n )(0 n + 1) 

|c^n rr n _i| -P 

-fi- 


2 Mo 


2 — (1 — a n )(6 n + 1) 


2 - (1 - a n )(9 n + 1) x€C i 
2[1 - aa n - (1 - a n ){0 n + 1)] 


sup ||T n x - T n ~ l x 
x n - X n —i || + 


2Mi 


Let 


In = 


2 — (1 — a n )(0 n + 1) 

a n - a n _i| + - — -j 2 ,, sup ||T”x - T n_ 1 x ||. 

2- (1 — a n )(9 n + 1) x£C / 

2 [1 - aa„ - (1 - a„)(0„ + 1)] 


2 — (1 — a n )(9 n + 1) 


2 — (1 — a n )(9 n + 1) 


(3-3) 
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We note 

^ _ 2[g»(l - a) + 9 n (a n ~ 1)] 

^ 1 - 9n + Ot n (Q n + 1) 

> 2[a»(l - a) + 9 n (a n - 1)] 

1 — 9 n + ( 9 n + 1) 

Tv) -p 9 n (a n 1) 

1 — a 

^ *T) 9 n P ~ 

By condition (i), we have = 00 ■ Apply Lemma 2.1 to (3.3), we get 

lim ||x n+ i - x n \\ = 0. 

n— Po o 

Next, we prove that lim n _ ) . (X) \\x n — Tx n || = 0. In fact, we have 

Ikn+t - r"( a '" + 2 x " +1 )|| = a n \\f{x n ) - r w ( Xn + 2 r " +1 ) | l 

— > 0 as n — > oo. 

Moreover, we get 
\\x n -T n x n || 

= ||*„ - * n+1 + Z n+1 - T n { X n + X n+1 ) + j, n ^ X n +X n+ i } _ 

< K+i - x n \\ + \\x n+1 - T n ( Xn + * n+ 1 )|| + ||T' n — ±— ) - 

< K+l - *„|| + \\x n +l ~ T n { Xn+Xn+1 )\\ + 0 -^\\x n+1 - X n \\ 

= e ~^\\Xn+l - *n|| + \\Xn+l ~ T n ( ^ + * n+1 ) || . 

Combining (3.4) and (3.5), we can obtain 
lim \\x n - T n x n \\ = 0. 

n— P oo 

We notice 

||x n - Tx n || 

= ||* n - T n x n + T n x n - T n+1 x n + T n+1 x n - Tx n \\ 

< \\x n - T n x n || + \\T n x n - T” +1 a:J + (1 + 0i)||r"* n - x n \\ 

< \\x n - T n x n \\ + sup II T n x - T n+1 x || + (1 + 0r)||T”x n - * n ||. 

x€C' 

By condition (iv) and (3.6), we have 
lim ||x n - Ta: n || = 0. 

n— P oo 

Next, we claim that 

lim sup (q - f(q),q- x n ) < 0, 

n— Poo 

where q = PF(T)f{q)- Indeed, there exists a subsequence { x ni } of {x n } such that 
limsup (q- f{q),q- x n ) = lim (q - f{q),q - x ni ) . 

n — Poo Poo 


(3.4) 


(3.5) 


(3.6) 


(3.7) 


(3.8) 
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Since {x n } is bounded, there exists a subsequence of {x n } which converges weakly to p. Without loss of 
generality, we may assume that x ni — 1 p. From (3.7) and Lemma 2.2, we have p £ F(T). This together with 
the property of the metric projection implies that 

limsup (q~ f(q),q~ x n ) = lim (q - f{q), q - x ni ) = (q - f(q),q-p) < 0. 

n—> oo i—>oo 

Then (3.8) holds. Finally, we show that x n — > q as n — > oo. In fact, we have 

K+ 1 -# 

= ( a n f(x n ) + (1 - a n )T n ( Xn + ^ n+1 ) - q, x n+1 - q) 

= {a n (f( x n ) - q) + (1 - a n )(T n ( Xn + ^ n+1 ) - q), x n+1 - q) 

= ai n {f(x n ) - f(q), x n+ i -q)+ a n (f(q) - q, x n+1 - q) + ( 1 - a n )(T n ( Xn + ^ n+1 ) _ q , Xn+1 - q) 

< aa n \\x n - g|| • \\x n+ i - g|| + (1 - a n )(9 n + l)\\ Xn ^ — -|| • \\x n+1 - q\\ 

+ (f(q) - q,x n + 1 - q) 

<—\\Xn-q\\ +—\\x n+1 -q\\ + - \\x n — q\\ 

+ 4 \\Xn+i-q\\ + 2 \\Xn+i~q\\ +a n (f{q) - q,x n+1 - q), 

which implies 

4-2»q„ -3(1 -q„)(0„ + l) ||^ _^| |2 

< 2 °“” + (1 - 4 a ” Kl ’” + l) |K - if + »„(/(«) - - ,). 


That is 


\\Xn+l~q\\ 2 

2cxa n + (1 — o: n )(9 n + 1) || 1 1 2 . 4a n 

< o bTI , P \\Xn-q\\ +1 x XV, Ufl , ^ {fw-q,x n +i-q) 

4 - 2 aa n - 3(1 - a n )(9 n + 1) 4 - 2aa n - 3(1 - a n )(9 n + 1) 


h 4(a n 0 n T cr n otot n On') in |,2 

= I 1 - t — o , -J IK - q\\ 

4 2aa n 3(1 Qn)\yn T 1) 

(f(q) - q,x n + 1 - ?)• 


4ay 


4 - 2aa„ - 3(1 - a n )(9 n + 1) 


(3.9) 


Put 


4(tTn^n T 0( n ^n) 

4 - 2aa n - 3(1 - a n )(9 n + 1) ' 


We have 


4[0„(a n - 1) + a n (l - a)] 


In = 

1 — 2aa 

n H - 3 0 n (o^ 

> 

4 [0 n ((%n 

— 1 ) + Oi n 



1 + 3a n 

> 

@n{ptn 

1 ) + 1 

> 



1 — a 


~OLri' 


Apply Lemma 2.1 to (3.9), we obtain x n — > q as n — > oo. This completes the proof. 


□ 
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Since nonexpansive mapping is asymptotically nonexpansive, so we obtain the main results of [20] . 

Theorem 3.2. Let H be a Hilbert space, C a nonempty closed convex subset of H. Let T : C — > C be a 
nonexpansive mapping with such that F{T) ^ 0 and f : C — » C a strict contraction with coefficient a € [0, 1). 
Pick any Xq G C . Let {x n } be a sequence generated by 


x n + i = ct n f(x n ) + (1 - a n )T( Xn + ^ n+1 ), (3.10) 

where {a n } is a real sequence in [0, 1] satisfying the following conditions: 

(i) lhlln— Kx> — 0, Ot n OO, 

(Hi) l \ a n+i ~ a n \ < oo or lim^oo = 0. 

Then {s„} converges strongly to a fixed point q of nonexpansive mapping T, which is also the solution of the 
variational inequality 

{{i - f)q, y-q)> o, for all y g f(t). 

Now we give an example that one mapping satisfies condition (iv) in Theorem 3.1. 

Example 3.3. Let T : C — > C be a strict contraction with a constant ft G (0, 1) and let C be a bounded 
subset of C. Then 

|| T n+1 x - T n x || < /3 n || Tx - x\\ < {3 n Ki,\/x G C', 
where K\ is a constant such that K\ = sup xeC /(||ai|| + ||Tx||). It follows that 


s u P \\T n+1 x-T n x\\ <^2f n Ki 


PK! 

I-P 


< 00 . 


Example 3.4. Let C be a nonempty closed convex subset of a Banach space. Define mapping T : C C 
as T n x = (1 + £)x for any x € C . It is easy to see that T is asymptotically nonexpansive mapping in the 
intermediate sense. Let {x n } be a bounded sequence in C , we observe 


\T n+1 Xn — T r 


1 


X n \\ = 


\x n \\ < Iknll < ~^K 2 , 


n(n + 1) 

where K 2 is a constant such that K 2 = sup ra>1 ||a; n ||. Hence we obtain 


OO OO 1 

J] || T n+1 x n - T"ar„|| < ^ \k 2 < 00 . 


4. Applications 


In this section, we apply our main results to solve mixed equilibrium problems. 

Let ip : C —> R be a real- valued function and F : C x C -> R be a bifunction. The mixed equilibrium 
problem is to find x € C such that 


F(x,y) + p(y) - tp(x) > 0,Vy G C. (4.1) 

The set of solutions of (1.1) is denoted by MEP{F , p). If ip = 0, then problem (4.1) reduces to equilibrium 
problem which is to find x G C such that 


F(x,y)>0,VyeC. (4.2) 

We denote the set of solutions of (4.2) by EP{F). 

For solving the mixed equilibrium problem, let us give the following assumptions for the bifunction F, ip 
and the set C([13]): 

(Al) F(x,x) = 0 for all iGC; 


492 


Qian Yan et al 486-496 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


(A2) F is monotone, i.e., F(x,y) + F(y,x) < 0 for any a :,y £ C; 

(A3) for each y £ C, x i— >■ F(x,y) is weakly upper semicontinuous; 

(A4) for each x € C , y >->• F(x,y) is convex; 

(A5) for each x € C , y i— >■ F(x,y) is lower semicontinuous; 

(Bl) for each x € H and r > 0, there exists a bounded subset D x C C and y x £ C such that for any 

z G C\D X , 

F{z , y x ) + <p(y x ) + 1 (y x - z, z - x) < p(z)\ 
r 

(B2) C is bounded set. 

Lemma 4.1 ([13]). Let C be a nonempty closed convex subset of H . Let F be a bifunction from C x C to 
R. satisfying (A1)-(A5) and let p : C ^ M. U {+oo} be a proper lower semicontinuous and convex function. 
Assume that either (Bl) or (B2) holds. For r > 0 and x £ H, define a mapping Tr F,v> ' > : H — ► C as follows. 

T) F ^\x) = | z £C : F(z,y) + <p(y) + ^ (y - z, z - x) > <p(z), V y £ C'j 


for all x £ H . Then the following conclusions hold: 

(1) for each x £ H, Tr F ' v \x) ^ 0; 

(2) T is single-valued; 

(3) Tr F '' p ' > is firmly nonexpansive, i.e., for any x,y £ H, 


T) f ^(x) - T F,<p (y) 


< (T^\x)-T^\y),x-y); 


U) F(T^) = MEP(F,v); 

(5) MEP(F,ip) is closed and convex. 

Theorem 4.1. Let H be a Hilbert space, C a nonempty closed convex subset of H . Let F be a bifunction 
from C x C to R satisfying (A1)-(A5), ip : C R U {+oo} be a proper lower semicontinuous and convex 
function. Assume that either (Bl) or (B2) holds. Let f : C — ► C be a strict contraction with coefficient 
a £ [0, 1). Pick any Xg £ C. Let { x n } be a sequence generated by 


T-n+l A (1 ^n)Z. n , 

z n £C such that F(z n ,y) + <p(y) + \ (y - z n ,z n - u n ) > p(z n ),Mr > 0 ,y£C, (4.3) 


where {a n } is a real sequence in [0, 1] satisfying the following conditions: 

(i) linin^oo CX n 0, cx n 00, 

(in) T,n=i \ a n+i -a n \ <oo or lim rwoo = 0. 

Then {x„} converges strongly to an element of mixed equilibrium problem (4-1), which is also the solution 
of the variational inequality 


{{I - f)q, y-q) > o, for all y £ MEP(F, p). 

Proof. We can rewrite (4.3) as follows: 

x n+ i = a n f(x n ) + (1 - a n )T( F ’ v \ Xn + ^ n + 1 y 

Then we obtain the desired results by Theorem 3.2 easily. □ 
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5. Numerical Examples 

Example 5.1. Let inner product <•,•>: R 3 x M 3 — »• R be defined by 


(*, y) = x ■ y = xx ■ yi + x 2 • yi + x 3 ■ y 3 
and the usual norm ||-|| : K 3 — > R. be defined by 


11*11 



V x= (x 1 ,x 2 ,x 3 ),y= (2/1, 3/2, 2/3) G ® 3 - 


Let T, f : R 3 — > K 3 be defined by 

Tx= i(cc), f(x) = VieR. 


Let a n = n € N and let {i ra } be a sequence generated by (3.10). It is easy to see that F(T) 
Then {a ?„} converges strongly to 0 by Theorem 3.2. 

We can rewrite (3.10) as follows: 

10 n + 1 

+ 50n + 2 ” 

Choosing X\ = (1,3,5) in (5.1), we have the following numerical results in Figure 1 and Figure 2. 


= { 0 }. 

(5.1) 


Figure 1: Figure 2: 
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HERMITE HADAMARD TYPE INEQUALITIES FOR m-CONVEX 
AND (a, m)-CONVEX FUNCTIONS FOR FUZZY INTEGRALS 

M. A. LATIF \ WAJEEHA IRSHAD 2 , AND M. MUSHTAQ 3 


Abstract. In this paper we prove Hermite-Hadamard type inequalities for 
m-convex and (a, m)-convex functions for fuzzy integrals. Some examples are 
also given to illustrate the results. 


1. Main Results 

Let [0, 6], where b > 0, be an interval of the real line R. A function / is said to 
be convex on [0, b] if 

f(tx + (1 - t)y) < tf(x) + (1 - t)f{y), 

holds for all x, y £ [0, 6] and t £ [0, 1] and 

a function / is starshaped with respect to the origin on [0, b] if 

f(tx) < tf{x), 

holds for all x £ [0, b] and t £ [0, 1] ■ 

In [26] G. Toader, (see also [1, 2, 4]) defined m-convexity: another intermediate 
between the usual convexity and starshaped convexity as follow: 

Definition 1. The function f : [0, b] — > R, b > 0, is said to be m-convex, where 
m £ [0, 1] , if we have 

f(tx + m{ 1 - t)y) < tf( x) + m(l - t)f(y) 
for all x, y £ [0, b] and t £ [0, 1] . We say that f is m-concave if —f is m-convex. 

The class of all m- convex functions on [0, b] for which /( 0) < 0 is denoted by 
K m (b). Obviously, for m = 1, m-convexity is the standard convexity of functions 
on [0, b] , and for m = 0 the concept of starshaped functions. 

The following lemmas hold (see [26] see also [1, Lemma A & Lemma B, Page 2]). 

Lemma 1 . [1, Lemma A, Page 2] If f is in the class K m (b ) , then it is starshaped. 

Lemma 2. [1, Lemma B, Page 2] If f is in the class K m (b) and 0 < n < m < 1, 
then f is in the class K n (b). 

From Lemma 2 and Lemma 3 it follows that 

Ki(b) C K m (b) C K 0 {b) 

whenever m £ (0,1) . Note that in the class K\(b) are only convex functions 
/ : [0, b] — > R. for which /( 0) < 0, that is, K\{b) is a proper subclass of the class of 
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2 M. A. LATIF \ WAJEEHA IRSHAD 2 , AND M. MUSHTAQ 3 


convex functions on [0, b\. It is interesting to point out that for any m € (0, 1) there 
are continuous and differentiable functions which are in- convex, but which are not 
convex in the standard sense (see [27]). 

The notion of ?n-convexity was further generalized in the following definition (see 
also [1, 2]). 

Definition 2. [11] The function f : [0, b] — » R, b > 0, is said to be (a, to) -convex, 
where ( a,m ) € [0, l] 2 , if we have 

f(tx + ?n(l - t)y) < t a f{x) + m( 1 - t a )f(y) 
for all x, y £ [0, b] and t € [0, 1]. 

The class of all (a, ?n)-convex functions on [0,6] for which /( 0) < 0 is denoted 

by K“(b). 

If we take (a, to) = (l,m) , it can be easily seen that (a, ?7i)-convexity reduces 
to TO-convexity and for (a, to) = (1, 1) , (a, m)-convexity reduces to the concept of 
usual convexity defined on [0, b] ,b> 0. 

For further results on inequalities related to ?n-convex and ( a , m)-convex func- 
tions we refer the readers to [1, 2, 4]. 

In [4], S.S. Dragomir and G. Toader proved the following Hadamard type in- 
equality for TO-convex functions: 


Theorem 1 . Let f : [0,oo) — > R. be an m- convex function with m € (0,1] . If 
0 < a < b < oo and f £ L 1 ([a, 6]) then 


(2.1) 


1 

b — a 


f{x)dx < min ■ 


f(a)+mf(±) /(6)+m/(%) 
2 ’ 2 


We will see that this inequality does not valid for fuzzy integrals in general. 

To prove our assertion we consider the function / : [0, oo) — » [0, oo), f(x) = ax n , 
n € N, n > 2, a > 0, then / is TO-convex on [0, oo), to € (0, 1]. 


Example 1. Take X = [0,1] and let y be the usual Lebesgue measure on X. Let 

f : [0, oo) — > [0, oo) be defined as /( x) = with m = Now to calculate the 
r 1 2 

Sugeno integral J 0 \dy, consider the distribution function F associated to f on 
[0, 1] then 

F(a) = y ([0, 1] n {/ > a}) = y ^[0, 1] D | y > a| j 
= y ([0, 1] D |.t > V / 3a|^ = 1 — v / 3a 


and we solve the equation 1 — \fikx = a. It can be easily seen that the solution of 
this equation is | — \\fTV, therefore by Remark 1, we have that 


Now 



5 1 

2 _ 2 


V21 « 0.208 71. 


f(a)+mf( ±) 
2 


5 

27 


0.1851852 
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and on the other hand 

f(b)+mf ( — ) 1 

— KrnJ = - « 0.16666667. 

2 6 


Therefore 


,f( a ) + 171 f (m) /(*>)+m/(^) 
2 ’ 2 


6 


0.16666667. 


Which follows that (2.1) is not satisfied in the fuzzy context. 

Now we prove Hdadamard type inequalites like (2.1) but for Sugeno Integral or 
fuzzy integral. 

Theorem 2. Let g : [0, oo) — > [0, oo) be an m- convex function with m £ (0,1] 
such that ?n<?(0) < g(l) and g( 0) < (^). Let g be the Lebesgue measure on 

[0, 1] C [0, oo), then 


(2.2) 


gd/j, < min < 1, 




5(1) 


1 + TO 5 (^) - 5(0) ’ 1 + 5 (1) - mg( 0) 


Proof. Since g is an m-convex function, therefore for x £ [0, 1] and m £ (0, 1], we 
have 

g{x) = g ((1 - a;) 0 + 1 • x) < (1 - x) g( 0) + mxg ( — ) = h(x) 


m 

and hence by (3) of Proposition 1, 

[ gdg < [ ( (1 — x) g(0) + mxg ( — ) ) dg. = [ h(x)dg. 

Jo Jo V \ m J J Jo 

Let F be the distribution function associated to h on [0, 1], then 

F[a) = g ([0, 1] D {h > a}) = g Ao, 1] fl /(l — x) g(0) + mxg ^ — 'j > a 


= fi [0, 1] fl < x > 


« ~ 5(0) 
m 9 (£) - 5 ( 0 ) 


= 1 - 


a - g(0) 


™g(£)-g( o) 


and as a solution of the equation a = 1 ? . 9 J 0 ’ , - , we get 

m s(s)-s( °) 

m 5 ( m ) 


(2.3) a = - ... . 

1 + TO 5 (m) — 5(0) 

Analogously by the m-convexity of g , we also have 

g{x) = g((l-x)0+lx) <m(l- x) g( 0) + xg( 1) = hi(x). 

Arguing smilarly, let Fi be the distribution function accociated to hi on [0, 1], then 

5(1) 


a = 


( ' 2 ’ 4 ^ ~ 1 + 5(1) -W5(0)' 

By (1) of Proposition 1, we have that 

(2.5) f h(x)dg, = f hi(x)dfj. < /x ([0, 1]) = 1. 

Jo Jo 
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The equations (2.3), (2.4), (2.5) and the definition of Sugeno integral give us the 
desired inequality. □ 

A similar results may be stated as follow, however, we leave the details for the 
intrested readers. 

Proposition 1. Let g : [0, oo) — > [0,oo) be an m-convex function with m € (0,1] 
such that mg( 0) > g(l) and g( 0) > mg (^) . Let p be the Lebesgue measure on 
[0, 1] C [0, oo), then 


( 2 . 6 ) 


gdfi < min < 1, 


5 ( 0 ) 


mg (0) 


1 “ m 5 (^) + 5(0) ’ 1 - 5 (1) + TO 5(0) 


Remark 1. Ifm. = 1, then the inequalities (2.2) and (2.6) become those inequalities 
proved in Theroem 1 and Theorem 2 from [3, p. 3] . 

Now we give general cases of Theroem 2 and Theorem 3. 

Theorem 3. Let f : [0, oo) -A [0, oo) be an m-convex function with m G (0, 1] such 
that mg(f^) < g{b) and g(a) < mg(^). Let p be the Lebesgue measure on [a,b\ 
and 0 < a < b < oo. Then 


(2.7) 


gdfi < min < 1, 


m 9(i) ( b-a ) 


( b-a)g (b) 


b- a + mg(±) - g{a)’ b - a + g(b) - mg (^) j ' 


Proof. Since g is an m - convex function m G (0, 1], therefore for x G [a, 6], 0 < a < 
b < oo, we have 


5 0*0 = 5 


1 - 


b — a 


x — a , 

a + • b 

b — a 


< 


b — x 


b — a 

By (3) of Proposition 1, we have 
' b — x 


g(a) + m 


rb r 


gdp < 


b 


g[a) + m 


x — a 

b — a 


x — a 
b — a 


5 — = Hx) 

1 m ' 


5 


(b 

dp = h(x)dp. 
J a 


Let us consider the distribution function F given by 
F(a) = p ([a, b]H {h> a}) 


= P [a, b\ l~l 


b — x 


b — a 


g{a) + m 


x — a 
b — a 


9\ — )> a 


= fi [a, b\ fl < x > 


a {b - a) + mag (^) - bg(a) 


= b~ 


m g (m) — 5( a ) 

a (b - a) + mag (^) - bg{a) 

m g{pi) “5(a) 


and as solution of the equation b — a )+™ a ff ( m ) b 9( a ) _ a 


(2.8) 


m g(i) ( b ~ a ) 

b-a + mg( - g(a) 
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Analogously by the m-convexity of g , we also have 


g{x) = g 


< TO 


1 - 

b — x 

b — a 


b — a 


, a X 

g( — ) + 

TO 


b — a 
x — a 
b — a 


■ b 


g ( b ) = h^x). 


Arguing smilarly, let F\ be the distribution function accociated to hi on [a, b ], then 
(2.9) (6 " a)ff(6) 


a = 


b-a + g(b)-mg(£)' 

Moreover by (1) of Proposition 1, we have 

pb pb 

(2.10) / h(x)dg = / hi(x)dg < g([a,b\) = b — a. 

J a J a 

From (2.8), (2.9), (2.10) and by the definition of fuzzy integral, we obtain (2.7). 
This completes the proof of the Teorern. □ 

Again, we state smilar results like the one proved in Theorem 4, however, the 
details are left to the intrested readers. 

Proposition 2. Let f : [0, oo) — > [0, oo) be an m- convex function with m € (0,1] 
such that mg(-^) > g{b) and g(a) > mg (^) . Let g be the Lebesgue measure on 
[a, b] and 0 < a < b < oo. Then 


( 2 . 11 ) 


gdfi < min < 1, 


(b — a) g (a) 




b-a + g(a) -mg(±)' b-a + mg (^) - g{b) J ' 


Remark 2. If m = 1, then the inequalities (2.7) and (2.11) become those inequal- 
ities proved in Theorem 3 from [3, p. 4]. 


Example 2. Take X = [0,1] and let g be the usual Lebesgue measure on X. Let 
f : [0, oo) — ► [0, oo) be defined as f(x) = x 2 , then f is an m- convex function on 
[0, 1] with mg( 0) < g( 1) and g(0) < mg (^), m € (0, 1]. Now 

m a{^) = i 

1 + m g (th) - g{0) m. + i 

and 

g(l) _1 

1 + g (!) - mg( 0) 2 

Therefore by Theorem 2, we have 

f 1 1 

L*^- 2 - 

Now we give our results for (a, m.)-convex functions 

Theorem 4. Let g : [0, oo) — » [0, oo) be an (a, to )- convex function with a, m € 
(0, l] 2 such that mg( 0) < g(l) and g( 0) < mg (^-). Let g be the Lebesgue measure 
on [0, 1] , then 


(2.12) 


/ gdg< min {1, or, oq} , 

Jo 
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where a\ and an are positive real solutions of the equations a = 1— 

1 _ 

and a =1- ( g^Z^glo ) ) respectively. 


a - 3 ( 0 ) 


Proof. Since g is an (a, rn)-convex function, therefore for x € [a, b] and a, m £ 
(0, l] 2 , we have 

g(x) = 9 ((1 - x ) 0 + 1 • x) < (1 - x a ) 5(0) + mx a g ( — ) = h(x) 


and hence by (3) of Proposition 1, 

J gdp. < J ^(1 — x a )g(0) +mx a g ^ dp. = J h(x)dp. 

Let F be the distribution function associated to h on [0, 1], then 

F(a ) = n ^[0, 1] fl jh > a = p ^[0, 1] n ^ (1 — x a ) g( 0) + mx a g ^ — ^ > a | 

a - g( o) \ 


= h ( [o, i] n ix > ^ 

a - 5(0) 


m g{i r) -3(0), 


= 1 - 


^ m 3 (m) — 3(0) J 

and hence we get the equation 


(2.13) 


a = 1 — 


a -5(0) 


, m 3(^) -3(0)/ 

Analogously by the (a, m)-convexity of 5, we also have 

g(x) = g ((1 - x) 0 + 1 • x) < m (1 - x a ) g{ 0) + x a g( 1) = hi(x). 

Arguing smilarly, let F- t be the distribution function accociated to hi on [0, 1], then 
we have that the following equation: 


a -3(0) 

3 (1) - mg{ 0) 


(2.14) a = 1 - 
By (1) of Proposition 1, we have that 

(2.15) f h(x)dp, = f h\(x)dp < p ([0, 1]) = 1. 

Jo Jo 

The equations (2.13), (2.14), (2.15) and the definition of Sugeno integral give us 
the required inequality. □ 


A similar result can be stated as follow, however, the details are left to the 
intrested reasers: 
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Proposition 3. Let g : [0, oo) — > [0, oo) be an (a, m)- convex function with a, 
7Ti £ (0, l] 2 such that mg( 0) > g( 1) and g(0) > mg (^). Let p be the Lebesgue 
measure on [0, 1] C [0, oo), then 


(2.16) 


/ gdg < min {1, or, a^} 

Jo 


where ot\ and a 2 are positive real solutions of the equations a 
and a = ( TO g(o)Ig(i) ) respectively. 


( g(0)-a' \ 

^g(0)-mg(i) J 


Remark 3. //(a, to) = (1,1), then the inequalities (2.12) and (2.16) become those 
inequalities proved in Theroem 1 and Theorem 2 from [3, p.4] . 

Now in following results we give the general case of the last two results. 

Theorem 5. Let g : [0, 00 ) — ► [0, 00 ) be an (a, m)- convex function with a, m £ 
(0, l] 2 such that mg(-) < g(b) and g(a) < mg ( — ). Let p be the Lebesgue measure 
on [a,b], 0 < a < b < 00 , then 


(2.17) 


/ gdp < min {1, ai, <* 2 } , 

Jo 


where a\ and ai are positive real solutions of the equations a = (b — a) 

'MS) 


1 - 


a - 3(a) 
m s()k)~3(a) 


and a = (b — a) 


1 - 


gO)-mg(^) 


respectively. 


Proof. Since g is an ( a , m)- convex function, therefore for x £ [0, 1] and a, in £ 
(0, l] 2 , we have 


, > , , , x — a \ x — a , 

g{x) =5 1 - 1 ) a + b 


< 1 - 


b — a 
x — a 

b — a 


b-i 


g(a) 


b — a 


TO 


= h(x) 


and hence by (3) of Proposition 1, 


f gdp< f 
/o Jo 


1 - 


x — a 
b — a 


g{a) + to 


x — a 
b — a 


dp = h(x)dp. 
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Let F be the distribution function associated to h on [0, 1], then 
F(a ) = /.< ^[o, b] fl j/i > a 


= H \ [a, b\n< 1 - 


x — a 


b — a 

= /.t I [a, b] fl l x > a + (b — a) 


g(a) + m 


x — a 
b — a 


9 — > a 

TO 


-g(a) 


K m g(^) -g(a) / 


= (b — a) 


1 - 


-5(«) 


™g(^) -5(a) / 

and hence we get the equation 


(2.18) 


= (&-' 


™g(i)~g{a) / 

Analogously by the (a, m)-convexity of g , we also have 


1 - 


-5(a) 


g{x) = 5 (^ 1 - 

< m ( 1 — 


x — a 
b — a 
x — a 
a 


x — a _ 

a + b 

b — a 


b- 


9 


(-) 


x — a 
b — a 


g(b ) = hi(x). 


Arguing smilarly, let Fi be the distribution function accociated to hi on [0, 1], then 
we have that the following equation: 


(2.19) 


a = (b — a) 


1 - 




.ff(b)-mg(£ ) 


By (1) of Proposition 1, we have that 

(2.20) f h(x)dg = f hi(x)dfj, < n([a,b\) = b — a. 

Jo Jo 

The equations (2.18), (2.19), (2.20) and the definition of Sugeno integral give us 
the required inequality. □ 

A similar resutl is stated below, however, the details are left: 

Theorem 6. Let g : [0, oo) — > [0, oo) be an (a, m) -convex function with a, m € 
(0, l] 2 such that mg(zr) > g{b) and g(a) > mg (^). Let /z be the Lebesgue measure 
on [a,b], 0 < a < b < oo, then 

r 1 

(2.21) 


/ gdg < min {1, oq, a 2 } , 

Jo 


where a\ and ai are positive real solutions of the equations a = (b — a) 


g(g)-a 

g(a)-mg[ 


and a = (b — a) 


g(A)~ a ' 

m g( m)“9( 6 ) 


respectively. 
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Remark 4. If ( a,m ) = (1, 1), then the inequalities (2.17) and (2.21) become those 
inequalities proved in Theroem 3 from [3, p.4] . 
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Very true operators on equality algebras 
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Abstract 

In this paper, we introduce the concept of very true operators on equality algebras and 
investigate some related properties of such operators. As an application of properties of 
very true operators on equality algebras, we give a characterization of prelinear equality 
algebras, and discuss the relation between very true operator and internal state operator 
on equality algebras. Moreover, we put forth the notion of very true filter on equality 
algebras and obtain some important results. In particular, using very true filter, we 
characterize the simple very true equality algebras and establish the uniform structures 
on very true equality algebras. 

Keywords: fuzzy higher logic; equality algebras; very true operators; very true filters; 
uniform structures. 


1. Introduction 

Fuzzy type theory [13, 14, 15, 16], whose basic connective is a fuzzy equality was 
developed as a fuzzy counterpart of the classical higher-order logic (type theory in which 
identity is a basic connective, see [9]). Since the truth values for algebra of fuzzy type 
theory is no longer a residuated lattice, a specific algebra called an EQ-algebra [17] was 
proposed. Viewing the axioms of EQ-algebras with a purely algebraic eye it appears 
that unlike in the case of residuated lattices where the adjointness condition ties product 
with implication. By contrast, the product in EQ-algebras is quite loosely related to the 
other connectives, which lead to the product in EQ-algebra may be replaced by other 
similar connectives. Furthermore, the freedom in choosing the product might prohibit 
to find deep related algebraic results. For this reason, a new algebraic structure was in- 
troduced in [11], called equality algebra, which consisting of two binary operations-meet 
and equivalence, and constant 1. It was proved in [12] that any equality algebra has 
a corresponding BCK-meet-semilattice and any BCK-meet-semilattice with (D) has a 
corresponding equality algebras. Apart from their algebraic interest, the general moti- 
vation for equality algebras from the side of logic was to define an algebraic structure 
which (with appropriate extensions) is suitable to axiomatize a large class of substruc- 
tural logics based on an equivalence connective rather than implication. The very first 
step toward this aim has been done in [11], Indeed, the equality algebras could also be 
candidates for a possible algebraic semantics for fuzzy type theory, which lead to the 
study of equality algebra is highly motivated. 


* Corresponding author. 

Email addresses: wjt@stumail.nwu.edu.cn(J.T. Wang), xlxin@nwu.edu.cn (X.L. Xin), 
skywine@gmail.com(Y.B. Jun). 
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In the sense of Zadeh [5]( 1975), fuzzy logic distinguish in broad and narrow sense. In 
narrow sense, fuzzy logic deals with some many valued logic but asks questions different 
from those asked by logicians, who devote to completeness and soundness, etc. Compare 
to narrow sense, Zadeh stress the importance of fuzzy truth values as very true, quite 
true and so on, that themselves are fuzzy subsets of all truth degrees. He always gives 
some examples of handling these fuzzy truth values but seems uninterested in any sort 
of axiomatization. In order to answer the question “ if any natural axiomatization is 
possible and how far can even this sort of fuzzy logic be captured by standard methods 
of mathematical logic “, Hajek[8] introduced the concept of very true operator on BL- 
algebras as a tool for reducing the number of possible logical values in many valued 
fuzzy logic. Consequently, the notion of very true operator has been extended to other 
logical algebras such as MV-algebra [2], Ri-monoid [3] , residuated lattices[10, 20] and 
provided an algebraic foundation for reasoning about fuzzy truth valued of events in 
many valued logic system, which belong to a subclass of substructural logic based on an 
fuzzy implication. 

As for BL-algebras, MV-algebras Ri-monoid and residuated lattices, we observed that 
although they are different algebras they all are essentially particular types of equality 
algebras. Thus, it is natural to generalized the concept of very true operators to equality 
algebras for studying the most general results regarding very true operators in the above- 
mentioned algebras. On the other hand, BL, Lukasiewicz, ML, they are all many valued 
logic system belong to a subclass of substructural logic based on an fuzzy implication. 
However, the logic system corresponding to equality algebra is a fuzzy higher logic, which 
belong to subclass of substructural logic based on fuzzy equality and is different from 
above common many valued logic system that based on fuzzy implication. Moreover, all 
results of this paper may be considered providing an algebraic foundation for reasoning 
about probabilities of fuzzy events for higher fuzzy logic. This is the motivation for us 
to investigate very true operators on equality algebras. 

Based on above consideration, we enrich the language of equality algebras by adding 
a very true operator to get algebras named very true equality algebras. This paper is 
structured in five sections. In order to make the paper as self-contained as possible, 
we recapitulate in Section 2 the definition of equality algebras, and review their basic 
properties that will be used in the remainder of the paper. In Section 3, we introduce 
very true operator on equality algebras and study some properties of them. Also, we 
give a characterizations of a prelinear equality algebras and discuss the relation between 
very true operator and internal state on equality algebras. In Section 4, we investigate 
very true filter of very true equality algebras. In particular, by using very true filter, 
simple very true equality algebras are characterized and the uniform structures on very 
true equality algebras are established. 

2. Preliminaries 

In this section, we summarize some definitions and results about equality algebras 
which will be used in the following and we shall not cite them every time they are used. 

Definition 2.1. [11] An algebra (£,~, A, 1) of type (2, 2, 0) is called an equality algebra 
if it satisfies the following conditions: 

(El) (£, A, 1) is a commutative idempotent integral monoid (i.e., A-semilattice with top 
element 1), 
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(E2) x ~ y = y ~ x, 

(E3) x ~ x = 1, 

(E4) x ~ 1 = x, 

(E5) x < y < z implies x ~ 2 < y ~ z and x ~ 2 : < x ~ y, 

(E6) x ~ y < (x A z) ~ (y A z), 

(E7) x ~ y < (x ~ 2 ) ~ (y ~ 2 ), 

for all x,y,z£ <5. 

In what follows, by £1 we denote the universe of (£,~, A, 1). For any x,y € £, we 
define fuzzy implication as x -A y = x ~ (x A y) and agree that ~ and -A have higher 
priority than A. 

On an equality algebra (£, A, 1) we define x < y iff x A y = x. It is easy to check 
that < is a partial order relation on £ and for all x £ £, x < 1. 

Definition 2.2. [6, 7] Let (£,~, A, 1) be an equality algebra. Then £ is called: 

(1) bounded if there exists an element 0 G £ such that 0 < x for all x € £, 

(2) prelinear if for all x,y 6 £, 1 is the unique upper bounded in £ of the set {(y — > 
x), (x -A y)}. 

Proposition 2.3. [6, 7] If (£,~,A, 1) is a prelinear equality algebra, then (£,<) is a 
lattice, where the join operation is given by x V y = ((x — > y) — > y) A (y — > x) — > x), for 
any x, y 6 £. 

Proposition 2.4. [6, 7] An equality algebra (£,~, A, 1) is prelinear if and only if (x —> 
y) — »• z < ((y — > x) — > z) — > z, for all x,y,z € £. 

Proposition 2.5. [11, 12] In every equality algebra (<?,~, A, 1) the following properties 
hold for all x,y,z G £: 

(!) * y<x-H-y<x— >• y, 

(2) x ~ y = 1 iff x = y, 

(3) x — >■ y = 1 iff x < y, 

(4) x — >• y = 1 and y — >• x = 1 imply x = y, 

(5) 1— >i = x, x->l = l, 1 — >x = l, 

(6) x < y — > x, 

(7) x < (x y) y, 

(8) x — >■ y < (y — > z) — > (x — >■ z), 

(9) x < y -> z iff y < x — >• 2 , 

(10) if x < y, then x < x ~ y, 

(11) x < y imply y — >• x = y ~ x, 

(12) x < y imply y z < x — > z, z x < z — > y, 

(13) If £ is a prelinear equality algebra, then /\ - 6/ (x,; -A y) = Vie/ X * ~ ^ provided that 

both infimum as well as supremum exist. 

Definition 2.6. [11] Let (£,~,A, 1) and (£ / ,~>,n,l / ) be two equality algebras and / : 
£ — )• £ 7 be a mapping. We call / a homomorphism if the following conditions hold for 
all x, y G £\ 
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(1) / (x A y) = f(x)nf(y), 

(2) f{x ~y) = f{x ) f{y). 

The following theorem provides a connection of equality algebras with a special class 
of BCK-algebras with meet. 

Theorem 2.7. [4, 11, 12] The following two statements hold: 

(1) For any equality algebra (£,~,A, 1), the structure 'h(T) = {£,A,— A 1} is a BCK- 
meet-semilattice, where — > denotes the implication of £, 

(2) For any BCK(D)-meet-semilattice ( B , A, —A 1), the structure &{B) = {B, A, -H-, 1) is 
an equality algebra, where «->■ denotes the equivalence operation of B. Moreover, the 
implication of &{B) coincide with — A that is, x -» y = x GY (x A y). 

Let {£, ~, A, 1) be an equality algebra. A nonempty set F is called a filter of £ if it 
satisfies: (1) x G F, x < y implies y G F, (2) x G F, x ~ y G F implies y G F. One 
can prove that the set of filters of an equality algebra coincide with the set of filter of 
its underlying BCK-algebra. A filter F of an equality algebra £ is proper if F / L A 
proper filter is called maximal if it is not strictly contained in any other proper filter of 
£. We will denote by F{£) the set of all filter of £. Clearly, {1}, £ C F{£) and F{£) 
is closed under arbitrary intersections. As a consequence, (F{£), C) forms a complete 
lattice. An equality algebra (£,~, A, 1) is calle a simple if F{£) = {{1},<?}. (see [4, 12]) 

Definition 2.8. [4, 11, 12] Let (£, ~, A, 1) be an equality algebra. A subset 9 C £ x £ is 
called a congruence of £ if it is an equivalence relation on £ and for all x\,yi,x 2 ,y 2 G £ 
such that (.Ti,yi), ( 012 , 2 / 2 ) G 9 the following hold: 

(1) (xi A x 2 ,yi A y 2 ) G 9, 

(2) (xi ~ x 2 ,yi ~ y 2 ) G 9. 

Let F be a filter of £. Define the congruence relation =p on £ by x =f y if and only 
if x ~ y G F. The set of all congruence class is denote by £/F, i.e. £/F = { [a:] | cc G £}, 
where [x\ = {x G £\x =f y}- Define •, — ^ on £/F as follows: \x\ • [y\ = [x A y\, 
[x\ [y\ = [x y\. Therefore, (£/F, •,—*•, [1]) is an equality algebra which is called a 

quotient equality algebra of £ with respect to F. (see [4]) 

In what follows, we review some notions about uniformity which will be necessary in 
the following section. 

Let A be a nonempty set and U, V be any subset of X x X. Defined U oV = {(x, y) G 
X x X\ for some z G X,(z,y ) G U and {x,z) G V}, U ~ 1 = {(x,y) G X x X\ (y,x) G U}, 
A = {(x,x) G A x X\x G X}. 

Definition 2.9. [1, 18, 19] By an uniformity on A we shall mean a nonempty collection 
K of subsets of A x A which satisfies the following conditions: 

(Ul) AC U for any U G K, 

(U2) If U G K, then t/" 1 G K, 

(U3) If U G K, then there exists a V G K such that V o V C U, 

(U4) If U, V G K, then U HV G K, 

(U5) If U G K and U C V C A x A then V G K, 

The pair (A ,K) is called an uniform structure (uniform space). 
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3. Very true operators on equality algebras 

In this section, we introduce the notion of very true operators in an equality algebras 
and investigate some related properties of such operators. Also, we give characteriza- 
tions of prelinea equality algebras and discuss relations between very true operators and 
internal state operators on equality algebras. 

Definition 3.1. Let £ be an equality algebra. The mapping r : £ — > £ is called a very 
true operator if it satisfies the following conditions: 

(VE1) r( 1) = 1, 

(VE2) t(x ) < x, 

(VE3) t(x) < tt{x ), 

(VE4) t(x ~ y) < t(x) ~ r(y), 

(VE5) t(x A y) = t(x) A r{y). 

The pair (£, r) is said to be very true equality algebra. 

Note. (1) Such a proliferation of logics deserves some explanation. Since 1 is con- 
sidered as the logical value absolutely true. First note that (VE1) means that absolutely 
true is very true, which is the standard axiom obtain the classical logic. (VE2) means 
that if <p is very true then it is true. (VE3) says that very true of very true is very true, 
which is a kind of necessitation with respect to very true connective. (VE4) means that 
if both tp and <p ~ V’ are very true then so is i/>, that means the connective r preserve 
modus ponens based on fuzzy equality ~. (VE5) says that if both ip and V’ are very true 
then so is conjunction ph'ip, one can easily to check that (VE5) is sound for each natural 
interpretation in equality algebra. Indeed, the order in equality algebra is lattice order, 
that is the conjunction A is interpreted as the lattice meet A. 

(2) Although equality algebras belong to some subclasses of substructural logics based 
on fuzzy equality rather than on fuzzy implication, we define very true operators on them 
in the way which is in accordance with traditional definitions in residuated lattices. In 
fact, a very true operator on residuated lattice was introduced by Vychodil [10] in 2005 
as a mapping r : £ — > £ satisfying conditions (VE1)-(VE3) in Definition 3.1 and (VE4’) 
t(x -a y) < t(x) -a r{y). We know that residuated lattices are special cases of equality 
algebras satisfying the residuated law. In residuated lattice, fuzzy equality ~ can be 
defined by x ~ y = (x -A y) A (y -A x). From (VE4) and (VE5), one can obtain that the 
connective r always preserve modus ponens based on fuzzy implication. Based on (VE4’) 
and the isotonicity of very true connective r, one can easily obtain t(x y) = t((x -A 
y) A (y -A x)) < t(x -a y) A r(y -A x) < (r(x) -A r(y)) A (r(y) -A t(x)) = t(x) ~ r(y), 
thus the (VE5) hold. From this point of view, the very true equality algebra essentially 
generalize residuated lattice with very true operator. Thus, it is the most general logic 
algebras with very true in the existing ones founded in the literature, at least to the 
authors knowledge. 

Now, we will give some important examples to illustrate above definition is existing 
and meaningful. 

Example 3.2. For every equality algebra £ there exist at least two very true operator. 
One is the identical mapping tq(x) = x for any x G £, and the other is defined by 
7~i (1) = 1 and r i (x) = 0 for any x < 1. It is evident that if r is a very true operator on 
£, we have T\ (x) < t{x) < tq(x). Thus these tq ,ti are extremal. 
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Example 3.3. Let £ = {0, a,b, 1} with 0 < a < b < 1. Consider the operation ~ and 
— > given by the following tables: 


r^j 

0 

a 

b 

1 

-A 

0 

a 

b 

1 

0 

1 

a 

0 

IT 

0 

1 

1 

1 

1 

a 

a 

1 

a 

a 

a 

a 

1 

1 

1 

6 

0 

a 

1 

b 

b 

0 

a 

1 

1 

1 

0 

a 

& 

1 

1 

0 

a 

b 

1 


Then (£,~,A,1) is an equality algebra in [4]. Now, we define r(0) = 0, r(a) = a, 
r(6) = a, t( 1) = 1. One can easily check that r is a very true operator on £. However, 
t is not a endhomomorphism on £ since r(a ~ 6) = a / 1 = r(a) ~ r(6). 

Next, we present some useful properties of very true operator on equality algebras. 

Proposition 3.4. Let (£, r) be a very true equality algebra, then for any x, y, z € £ we 
have, 

(1) If <5 is a bounded equality algebra, then r(0) = 0, 

(2) t(x) = 1 if and only if x = 1, 

(3) tt(x) = t(x), 

(4) t(x -a y) < r(x) -a r(y), 

(5) x < y implies r(x) < r(y), 

(6) r(x) < y if and only if t(x) < r(y), 

(7) r(£) = Fix T , where Fix T = {i£ £|r(x) = x}, 

(8) Fix T is closed under A, 

(9) If y < x, then r(x) -A r(y) = t(x) ~ r(y), 

(10) r(x ~ y) < t(x) -» r(y), 

( 11 ) t(x ~ y) < {x Az) ~ (yAz), 

(12) If t(£) = £, then r = ids, 

(13) Ker(r) = {1}, where Ker(r) ={i£ £|r(x) = 1}, 

(14) Ker(r) is a filter of <5, 

(15) t(x) = x or t(x) and x are not comparable, 

(16) If £ is linearly order, then r = ids- 

Proof. (1) Applying (VE2), we have r(0) < 0 and hence r( 0) = 0. 

(2) If r(x') = 1 for some x G £ then by (VE2), 1 = t(x) < x giving x = 1. The 
converse follows by (VE1). 

(3) Applying (VE2) and (VE3), we have tt(x) = t(x). 

(4) By (VE4) and (VE5) we have t(x — > y) = t(x A y ~ x) = t(x A y) ~ r(x) < 
r(x) A r(y) ~ r(x) = r(x) —>■ r(y). 

(5) If x < y , then x — > y = 1. It follows from (VE1) and (4) that t(x) r(y) = 1. 
Therefore, t(x) < r(y). 

(6) Assume that t(x) < y, we have tt(x) < r(y). By (3), we get tt(x) = r(x). Thus 
r(x) < r(y). Conversely, suppose that r(x) < r(y), we have r(x) < r(y) < y. 

(7) Let y € t(£), so there exists x G £ such that y = t(x). Hence r(y) = tt(x) = 
t(x ) = y. It follows that y 6 Fix T . Conversely, if y G Fix Tl we have y G r(£). Therefore, 
t(£) = Fix r . 

(8) By (VE5), we obtain that Fix T is closed under A. 
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(9) Since y < x, we have r(y) < r(x) and r(x) — * r(y) = r(x) ~ r(x) Ar(y) = r(x) ~ 

t(v)- 

(10) By Proposition 2.5(1) and (4), (5), we have r(x y) < r(x -+y) < t(x) -a r(y). 

(11) By (E6) and (VE2), one can obtain it very easy and hence we omit the process 
of this proof. 

(12) For any x £ £, we have x = t(x o) for some xo £ £. By (3), we have r(x) = 
t(t(x o)) = t(x o) = x. Therefore, r = ids- 

(13) Assume that x £ £ but i / 1 such that r(x) = 1. Applying (VE2), we have 
1 = r(x) < x and hence x = 1, which is a contradiction. Therefore, Ker(r) = {1}. 

(14) It is easy to check it and hence we omit the process. 

(15) Assume x£f such that r(x) / x and r(x) and x are comparable. Then r(x) < x 
or x < t(x), from (3), (5), we have r(x) < r(x), which is a contradiction. 

(16) It follows from (15) directly. 

From the above Proposition 3.4, one can see that r(£) is closed under the operation 
A. However, the following example shows that r(£) is not a subalgebra of £ since it is 
not closed under ~ in general. 

Example 3.5. Let £ = {0 ,a,b,c, 1} with 0 < a < b, c < 1. Consider the operation ~ 
and — > given by the following tables: 



0 

a 

b 

c 

1 

-> 

0 

a 

b 

c 

1 

0 

1 

0 

0 

0 

IT 

0 

1 

1 

1 

1 

1 

a 

0 

1 

c 

b 

a 

a 

0 

1 

1 

1 

1 

b 

0 

c 

1 

0 

b 

b 

0 

c 

1 

c 

1 

c 

0 

b 

0 

1 

c 

c 

0 

b 

b 

1 

1 

1 

0 

a 

b 

1 

b 

1 

0 

a 

b 

c 

1 


Then (£, ~, A, 1) is an equality algebra. Now, we define r(0) = 0, r(a) = a , r(6) = a, 
t(c) = c, t(1) = 1. One can easily check that r is a very true operator on £. However, 
t(£) is not a subalgebra of £ since a ~ c = b £ t{£). 

Although the t(£) is not necessary a subalgebra of an equality algebra in general, 
while it forms an equality algebra after redefined its fuzzy equality, which reveals the 
essence of the fixed point set. 

Theorem 3.6. Let (£,t) be a very true equality algebra. Then (t(£), A, 1) is also 
an equality algebra, where x y = r(x ~ y) for all x, y 6 t(£). 

Proof. Now, we will show that (r(£), A, 1) is an equality algebra. 

For (El), we show that (r(£),A, 1) is a semilattice with 1 as the greatest element. 
From Definition 3.1(5), we have that t(£) is closed under A. Therefore (r(£),A) is a 
semilattice. For all x £ t(£), one can easily check that x A 1 = x. Thus, 1 is the greatest 
element in t(£). 

For (E2), we will show that x ^ y = y x. It is easy to prove. 

For (E3), we will show that x x = 1. Applying (VE1), we have r(l) = 1 and hence 
x x = t(x ~ x) = t(1) = 1. 

For (E4), we will show that x 1 = x. Since x £ r(£), we have r(x) = x and hence 
x 1 = r(x ~ 1) = t(x) = x. 

In the similarly way, we can show that (E5)-(E7) hold. 

Combine them, we obtain that (t(£), A, 1) is an equality algebra. 
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Note. In fact, it is easily checked that (r(£), A,~», 1) is an equality algebra, where 
t(x) r(y) = t(x ~ y). Furthermore, we also obtain that if t(x) r{y) = 1, then 
t(x) = r(y). Indeed, if r(x),r(y) G Fix T , by above Theorem 3.6, r(x) r(y) = 
t(t(x) ~ r(y)) = t(x) ~ r(y). Thus t(x) ~ r(y) = 1, and we have t(x ) = r(y) by 
Proposition 2.5(3). 

In what following, we will give an analogy first isomorphism theorem related to very 
true operator on equality algebras, which will be used in the next section. 

Theorem 3.7. Let (£,r) be a very true equality algebra and (r(£), A, 1) be an 
equality algebra. Then the following properties hold: 

(1) t : £ — > t(£) is a homomorphism, 

(2) The mapping to : £/Ker(r) — > r(£) defined by ro([x]) = r(x) is a isomorphism. 

Proof. (1) It follows from (VE1) and (VE5) in Definition 3.1 that r(l) = 1 and r(xAy) = 
t(x) Ar(y). Moreover, from the above Note, we have r(x) r(y) = t(x ~ y). Therefore 
t : £ — > t(£) is a homomorphism. 

(2) Assume that [x] = [y\ and hence (x, y) G Ker(r). Then x ~ y G Ker(r), that 

is, r(x ~ y) = 1. From the above Note, we have r(x) r(y) = 1 and (r(£), A, 1) 

is an equality algebras and so r(x) = r(y). Therefore, To is well defined. Now, we will 
show that To is a isomorphism. First, we will show that to is a homomorphism. From 
(1), we have t 0 ([x] [y]) = r 0 ([x ~ y]) = t(x ~ y) = t(x) r{y) = r 0 ([x]) r 0 ([y]). 

Moreover, we have t 0 ([x] • [y]) = t 0 ([x A y]) = t(x Ay) = t(x) A r(y) = t 0 ([x]) A r 0 ([y]). 
Clearly, to([ 1]) = 1. Hence To is a homomorphism. Next, we will show that to is 
one to one. From the above Note, if ro([x]) = To([y]) then t(x) = r(y) and hence 

t(x) r(y) = t(x ~ y) = 1, that is means (x, y) G Ker(x) and hence [x] = [y\ and so to 

is one to one. Furthermore, since t is onto, To is onto. Combine them, we obtain that to 
is a isomorphism. 

As an application of the properties respect to very true operators, we give a char- 
acterization of prelinear equality algebras. For obtaining this important result, we need 
the following theorem. 

Theorem 3.8. The following conditions are equivalent in each very true equality alge- 
bra (£, t): 

(1) t(x — »• y) < (x A z) — > (y A z), 

(2) r(y) <z-A(yAz), 

(3) r(y) < u -A {u A (z -A (y A z)). 

Proof. (1) => (2) Assume (1) holds. From Proposition 2.5 (1) and Proposition 3.5 (11), 
we have t(x -> y) < ((1 A z) ~ (y A z)) < ((1 A z) — > (y A z)) = z -> (y A z). 

(2) =>• (3) Assume (2) holds. By (VE3), we get r{y) < rr(y) < r(z -A (y Az)), which 
implies, by (2) again, r(y) < u — > (u A (z —>■ (z A y))). 

(3) =4- (2) Taking u = 1, we obtain that (2) holds. 

(2) =£• (1) Assume (2) holds. By (3), we have t(x -A y) < (xA z) -A ((x -A y)A(xAz)). 
Thus, t(x — > y) < (x A z) -A ((x — > y) A x A z). Furthermore, from Proposition 2.5(12), 
we have t(x — > y) < (x A z) — > ((x -A y) A x A z) < (x A z) -A (y A z). 
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Conditions for an equality algebra to be a prelinear equality algebra is gave via very 
true operator on equality algebra. 

Theorem 3.9. The following conditions are equivalent in each very true equality alge- 
bras: 

(1) £ is prelinear, 

(2) r(x V y) = t(x) V r(y), 

(3) r( x -> y) V r(y x) = 1, 

(4) t((x -> ?/) — > z) < T(y — > x) -> z) z. 

Proof. (1) => (2) Assume that £ is prelinear equality algebra. By(VE5) and Proposition 
2.3, we obtain, for all x,y £ L, r(x V y) = t((x — > y) — > y) A r((y x) — > x). By 
Proposition 3.4(5) and (VE3), we get t(x V y) < r((x -a- y) -> (t(x) V r(y))) A (r(y — > 
x ) — > (t(x) V r(y))). Hence by Proposition 2.5(13), we obtain r(x V y) < (r(x — >• 
2/)) V (r(y — >• x)) — >• (t(x) V r(y)) and hence r(x V y) < r(x) V r(y). The other inequality 
easily by Proposition 3.4(5). 

(2) => (3) straightforward. 

(3) => (4) This follows exactly by a proof similar to the proof of the equivalence 
between prelinearity and (x — > y) — > z < ((y — > x) — > z) — > z) in Proposition 2.4. 

(4) => (1) Taking very true operator r = ids anc l direct from Proposition 2.4. 

Note. We know a BL-algebras is an prelinear quality algebra satisfies the divisibili- 
ty. From the above theorem, one can check that the very true prelinear equality algebra 
essentially generalize BL-algebras with very true operator, which introduced by Hajek [8] 
in 2001 as a mapping r : £ — > £ satisfying conditions (VE1)-(VE3), (4) in Proposition 
3.5 and (2) in Theorem 3.9. 

In what follows, we will give a relationship between very true equality algebras and 
sate (morphism) equality algebras, which was introduced by L.C. Ciungu [4] to providing 
an algebraic foundation for reasoning about probabilities of fuzzy events of a large class 
of substructural logics based on an fuzzy equality. 

Definition 3.10. [4] An equality algebra with internal state or state equality algebra is 
a structure (£, a) = (£, A, ~, cr, 1), where (£, A, ~, 1) is an equality algebra and a : £ — > £ 
is a unary operator on £, called internal state or state operator, such that for all x, y G £ 
the following conditions are satisfied: 

(1) <r(x) < cr(y), whenever x < y, 

(2) <r(x ~ x A y) = <t((x ~ x A y) y) ~ v{y), 

(3) a(cr{x) ~ cr(y)) = <t(x) ~ a{y), 

(4) a(a(x) A a(y)) = a(x) A a(y). 

Definition 3.11. [4] Let (£, A ~, 1) be an equality algebra. A state morphism operator 
on £ is a map cr : £ — > £ satisfying the following condition for all x, y G £: 

(1) cr(x ~ y) = cr(x) ~ a{y), 

(2) cr(x A y) = a(x) Acr(y), 

(3) <t(<t(x)) = cr(x). 

The pair (£, a) is called a state morphism equality algebra. 


515 


Jun Tao Wang et al 507-521 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Theorem 3.12. [4] Any state morphism on a linearly ordered equality algebra 8 is an 
internal state on 8. 

Theorem 3.13. Let (8, r) be a very true equality algebra. Then the following conditions 
are equivalent: 

(1) ( S,t ) is a state morphism equality algebras, 

(2) r = ids. 

Proof. (1) =4> (2) We note that ( 8,t ) is not only a state morphism equality algebras 
but also a very true equality algebras. In order to prove this important result, we need 
some useful result. First, we will prove that x < y implies t(x) < r(y). Assume that 
x < y, then r(x) < r(y). If r(x) = r(y), then t(x — > y) = r(x) — > r(y) = 1. By 
Proposition 3.4(13), we have y — > x = 1 and hence y < x, which is a contraction to 
x < y. Now, we will show that t(x) = x for all x £ 8. By (VE2), we have t(x) < x. 
Assume that r{x) / x, then t(x) < x and hence tt(x) < t(x). Thus t(x) < t(x), which 
is a contradiction. Therefore, r = ids- 
(2) => (1) straightforward. 

Theorem 3.14. Let (. 8,t ) be a very true linearly order equality algebra. Then the 
following conditions are equivalent: 

(1) (8,t) is a state equality algebras, 

(2) r = ids ■ 

Proof. It follows from Proposition 3.4(16), we can easily to obtain this result. 

4. Very true filters in very true equality algebras 

In this section, we introduce very true filters of very true equality algebras and obtain 
some important result of them. In particular, using very true filter, we give a charac- 
terization of simple very true equality algebras and construct the uniform structures on 
very true equality algebras. 

Definition 4.1. Let (8,r) be a very true equality algebra. A nonempty subset F of 8 
is called a very true filter of ( 8 , r) if F is a filter of 8 such that if x e F. then t(x) € F 
for all x € 8. 

Example 4.2. Let (£, r) be a very true equality algebra. Then Ker(r) ={i£ X\ t(x) = 
1} is a very true filter of ( 8,r ). 

Example 4.3. Consider the Example 3.3, one can easily check that the very true filter 
of ( 8 , t) are {1}, {a, b , 1} and 8. On the other hand, one can see that {6, 1} is not a very 
true filter of (8, t), but it is a filter of 8, that is to say, not every filter is very true filter. 

As an application of very true filters, we give a characterizations of simple very true 
equality algebras. For obtaining this important result, we need the following proposition. 

Proposition 4.4. Let (8, r) be a very true equality algebra. 

(1) If F is a filter of t(8), then r _1 (F) is a very true filter of (8, r), 
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(2) If F is a very true filter of (£, r), then r(F) is a filter of r(£). 

Proof. (1) Suppose that F is a filter of t(£). If x, x ~ y G t~ 1 (F). Then t(x),t(x ~ 
y) G F. Since r[x ~ y) < r(x) ~ r(y) and r(x) ~ r(y) G F, thus r(y) G F, that is 
y G r _ 1 (F). Let x,y G £ such that x G r _1 (F) and x < y. Then t(x) < r(y). Since 
t(x) G F and r(y) G r(£), we can obtain that r(y) G F, that is y G r _ 1 (F). Obviously, 
1 G t~(F). Therefore r -1 (F) is a filter of £. 

If x G r _1 (F), then r(x) G F, so tt(x) = r(x) G F, that is, r(x) G r _1 (F). 
Therefore, r _1 (F) is a very true filter of (£, t). 

(2) First, we have r(F) = FHt(£). Indeed, if x G FHt(£), then x = r(x) as x G r(£), 
and r(x) G r(F) as x G F. Thus, we have x G r(F). It follows that F n r(f) C r(F). 
Conversely, if y G r(F), then there exists x G F such that y = r(x). Since F is an very 
true filter of (5, r), we obtain y = r(x) G F. Therefore, r(F) = Fn r(£). 

If x, x y G r(F) = FHt(£), then r(y) G FHt(£) = r(F) and hence y G r(F). On 
the other hand, if x G r(F) = F O r(£), y G r(<?) such that x < y, then y G F O r(f’) = 
t(F). Therefore, r(F) is a filter of t(£). 

Now, we introduce simple very true equality algebras and give a characterizations of 
it via very true filter. 

Definition 4.5. A very true equality algebra (£,r) is called simple very true if it has 
exactly two very true filter: {1} and £. 

Example 4.6. For each equality algebra £ . (£, ti) is a simple very true equality algebra, 
where ri(l) = 1 and ri(0) = 0 if x < 1. 

Theorem 4.7. Let (5, r) be a very true equality algebra. Then the following are equiv- 
alent: 

(1) (£, t) is a simple very true equality algebra, 

(2) t(£) is a simple equality algebra. 

Proof. (1) (2) Let F be a filter of t(£) and F / {1}. It follows from Proposition 

4.4(1) that t - 1 (F) is a very true filter of (. £,t ). Since (. £,t ) is very true simple, we have 
that r _1 (F) = {1} or r _1 (F) = £. Notice that F C t^ 1 (F) (if x G F, then r(x) = x, 
that is, x G r _1 (F), we obtain that r _1 (F) ^ {1}. Thus, r _1 (F) = £. Then 0 G r _1 (F), 
that is, 0 = t(0) G F. So we obtain that F = r(£). Therefore, t(£) is simple equality 
algebra. 

(2) => (1) Let F be a very true filter of (£,r) and F ^ {1}. By Proposition 4.4(2), 
we obtain that r(F) is a filter of r(£). Since r(£) is simple equality algebra, we obtain 
that r(F) = {1} or r(F) = £. Since Ker(r) = {1}, we have F / {1}. Thus, r(F) = £ . 
Then 0 G r(F), that is, 0 G F. It follows that F = £. Therefore ( £,r ) is a simple very 
true equality algebra. 

Note. The above theorem brings a method of how to check a very true equality 
algebra is simple very true. As an application of above theorem, one can easily check 
that the very true equality algebra in example 4.6 is simple very true since t(£) = {0, 1} 
is a simple equality algebra. 

For any very true filter F of (, £,r ). Defined by rp : £/F — y £/F as a mapping 
t f([x}) = [t{x)\. 
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Proposition 4.8. Let (£, r) be a very true equality algebra and Fbea very true filter 
of very true equality algebra (£, r). Then Tp is a very true operator on £/F. 

Proof. First, we will prove that Tp is well defined. Indeed, assume that [x] = [y] for 
x,y G £. Then (x, y) G=_f, i.e., x ~ y G F. Since F is a very true filter and hence 
t(x ~ y) G F. Now, applying (VE4) of Definition 3.1, r(x V ) < r(x) ~ r(y) G F. 
Thus (r(x),r(y)) G F and [r(x)] = [r(y)j. The rest of the proof is easy: 

(VE1) Tp ( [1] ) = [r( 1)] = [1], 

(VE2) t f ([x}) = [r(x)] < [x], 

(VE3) t f ([x]) = [r(x)] < [tt(x)] < t f t f ([x]), 

(VE4) t f {[x] ~ [y]) = [r(x ~ y)} < [r(x) ~ r(y)] = t f {[x\) ~ Tp([y]), 

(VE5) t f ([x\ A [y]) = [t(x A y)\ = [t(x) A r(y)] = r F ([x]) A r F ([y]). 

Combine them, one can obtain that ( £/F,t f ) is a very true equality algebra. 

Proposition 4.9. In the very true equality algebra {£ / Ker{r),T Ker f T ^) we have: 

(1) [x] < [y] iff r(x ~ x A y) = 1 iff r(x -A y) = 1, 

(2) [x] = [y] iff t(x ~ y) = 1. 

Proof. (1) Applying the definition of £/Ker{r ) we get: [x] < [y] iff [x] • [y] = [x] iff 
[x] = [x A y] iff [x] — *■ [x A y\ = [1] iff [x ~ x A y\ = [1] iff x ~ x A y G Ker(r) iff 
t(x ~ x A y) = 1 iff t(x -a y) = 1. 

(2) We have [x] = [y] iff [x] — *■ [y] = [1] iff [x ~ y] = [1] iff x ~ y G /ier(r) iff 
t(x ~ y) = 1. 

Definition 4.10. Let ( £,t ) be a very true equality algebra and 0 be a congruence on 
£. Then 6 is called a very true congruence on (£,t) if (x, y) G 6 implies (r(x),r(y)) G 0 
for each x, y G £. 

Example 4.11. Consider the Example 3.4, one can see that R = {{0, 0}, {a, a}, {6, 6}, 
{1, 1}, {a, 6}, {6, a}, {a, 1}, {1, a}, {1, b}, {6, 1}} is a very true congruence on a very true 
equality algebra (£,t). 

Theorem 4.12. Let ( £,t ) be a very true equality algebra. Then there is a one to one 
correspondence between its very true filters and its very true congruences. 

Proof. Suppose that 6 is a very true congruence relation on (£,r). Clearly Fg = {x G 
£\(x, 1) G 9} is a very true filter of (£, r). Now given x G Fg, we have (x, 1) G y and hence 
(t(x), 1) = (t(x),t(1)) G 6 and therefore r(x) G Fg. This proves that Fg is a very true 
filter on (£, r). Conversely, let Fbea very true filter. Then 0 F is a very true congruence 
on very true equality algebra, since for each (x, y) G d F , we have x ~ y G F. Since F is a 
very true filter and hence r(x ~ y) G F. By (VE4), we have r(x) ~ r(y) G thus dp is 
an very true congruence of (£, r). It can be easily shown that gh(9) = 9 and hg(F ) = F, 
for all very true congruence 8 and very true filter F of (. £,r ). 

As another applications of very true filter on very true equality algebra, we consider 
the uniformity structure on a very true equality algebra. 
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Theorem 4.13. Let ( £,t ) be a very true equality algebra and A be a very true filter 
of (£,t). Define Up = {(x,y) G £ x £\t{x) ~ r(y) G A} and A"* = {Uf\F is a very true 
filter of (£,t)}. Then K* satisfies the conditions (Ui)-(U 4 ). 

Proof. Now, we will show that I\* satisfies the conditions (Ui)-(U 4 ). 

(Ui) Let Up G K* and (x,x) G A. Since x ~ x = 1 G A, we have (x, x) G Ap. 
Therefore (Ai) holds. 

(U 2 ) Note that (x, y ) G L/ /v if and only if t(x) ~ r(y) € F if and only if r(y) ~ r(x) G 
F if and only if (y, x ) G Up if and only if (x, y) G Up 1 . Thus Up 1 = Uf G A"*. Therefore 
(U 2 ) is true. 

(U 3 ) Let £(A) = {A a |A a C A} be the collection of very true filters contained in F. 
Clearly, E(A) is not empty. Let G be the very true filter generated by U a A a . Then 
Uq C K*. It is sufficient to show that Up 0 Up C Uf- If (x,y) G Up ° Up, then there 
exists z G £ such that (x,z) G Up, and (z,y) G Uq- It follows from (E7) in Definition 
2.1 that (. x,y ) G Up- that is, r(x) ~ r(y) G G. Since G is the minimal very true filter 
containing U a A a and U a A a C F, it follows that GCA. Thus t(x) ~ r(y) G A and hence 
(x, y) £ Uf. Therefore Ac o Up C Ap is true. 

(U 4 ) This will from the observation that Up n Uf = UppF for all Up , Up G K* . 
Indeed, if (. x,y ) G Lg fl Uf- Then (x,y) G Ag and (x, y) G Ap, which implies r(x) ~ 
r(y) G G and r(x) ~ r(y) G A. Thus r(x) ~ r(y) G GnA and hence (x,y) G UppF- 
Similary, we can show that UfhG A UfUUg, whence UfdG = ApPlAc. This completeness 
the proof. 

Theorem 4.14. Let (<?, r) be a very true equality algebra. Define K = {A & £ x£\Uf C 
A, for some Uf G A*}. Then AT satisfies a uniformity on (£,t) and hence the pair 
((£,t),K) is a uniform space. 

Proof. Using Theorem 4.13, we can show that A satisfies the conditions (Ai) — (A 4 ). 
Now, we will show that it satisfies (A 5 ). If A G I\ and A C V C £ x £. Then there exists 
a Uf G A'* such that Uf C A C V, which implies that V G K. Therefore , ((£, r), A) is a 
uniform space. 

For x G <5 and A G A, we define 

A[x] = {y G £|(x,y) G A}. 

Theorem 4.15. Let (£,r) be a very true equality algebra. Define T = {G C £\tx G 
G, 3A G A, A[x] C G}. Then A is a topology on (A, r). 

Proof. It is clear 0 G T and £ € T. Also from the nature of that definition, it is clear 
that T is closed under arbitrary union. Finally to show that T is closed under finite 
intersection, let G, W G A and suppose x G G n W. Then there exist A and V G K such 
that A[x] C G and V[x] CW. Let N = A n V, then N G A. Also A[x] C A[x] n V[x] 
and hence AT[x] C G n W, thus G n W G A. Therefore A is a topology on (£, r). 

Note We denote the uniform topology obtained by an arbitrary family A, by T\ and If 
A = {A}, we denote it by Ap. 

Theorem 4.16. Let (£, r) be a very true equality algebra. For each x G £, the collection 
Ar = {A[x]|A G A'} forms a neighborhood base at x, making (£,t) a topological space. 
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Proof. We note that x £ U[x] for each x. Since U\[x\ n U 2 [x\ = (U\ n C/ 2 ) [x], which 
means that the intersection of neighborhoods is a neighborhood. Finally, if U[x] £ U x 
then there exists a IF £ A' such that W o W C U by (C/ 3 ). Then for any y £ W[x], W[y], 
so this property of neighborhoods is satisfied. 

Theorem 4.17. Let (£, r) be a very true equality algebra and (£,T K er ( T )) be a compact 
topological space. Then t(£) is finite. 

Proof. Since £ = U{Uf[x]\x £ £} and (£. Tp-) is a compact topological space. Thus there 
exist xi,X 2 ■ ■ ■ ,x n £ £ such that £ = U Up\xj\. Now, let x be a arbitrary element of £. 
By Theorem 3.7, r : £ — > x(£) is a homomorphism and by the Note after the Theorem 
3.6, (r(£),~'», 1) is an equality algebra, hence we have t(Uf[x]) = {r(y)\y £ Uf[x}} = 
{T(y)\(r(x),T(y) £ 0 F } = {r{y)\r{x) ~ r(y) £ F} = {r(y)|r(x) = r(y)} = {r(x)}. Thus 
t(Uf[x]) = (r(x)} and so Fix r = UC/^[xj] = (r(xi), • • • ,r(x n )}, that is, r(£) is finite. 

Corollary 4.18. Let (£, r) be a very true equality algebra and (£ ,T Ker ^) be a compact 
topological space. Then t(£) is a compact subset of £. 

Proof. It follows from Theorem 4.17 directly and hence we omit it. 

5. Conclusion 

As we mentioned in the introduction, the study of equality algebras is motivated by 
the goal to develop appropriate algebraic semantics for fuzzy type theory, so a concept of 
fuzzy type theory should be introduced based on these algebras. In this paper, motivating 
by the previous research on very true residuated lattice, very true MV-algebras and very 
true BL-algebras, we extended the concept of very true operators to the more general 
fuzzy structures, namely equality algebras. We introduce and study very true equality 
algebras and prove some new results regarding these structures. The aim of this paper 
is to provide an algebraic foundation for fuzzy type theory. Since the above topics are of 
current interest we suggest further directions of research: 

1 . Characterize very true filter generated by a subset of an very true equality algebra 
in terms of fuzzy equality operation. 

2. Define and characterize subdirectly irreducible very true equality algebras. 

3. Establish the logic system corresponding to very true equality algebra and prove 
the soundness and completeness theorem of this logic. 
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Abstract 

In this paper, a system of accretive inclusions is proposed and a splitting iter- 
ative method is investigated for solutions of proposed system of operator inclusion 
problems. Under suitable conditions on the parameters, strong convergence of our 
splitting iterative method is established in a reflexive Banach space. 
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1 Introduction 

In the area of nonlinear analysis, the theory of accretive operators is an important and 
developing field [3, 4] . The class of accretive operators is firmly connected with equations 
of evolutions found in the heat, wave, Schrodinger and similar other equations [5]. Many 
problems in operations research and mathematical physics can be written as variational 
inequalities, equilibrium problems or operator inclusions with accretive operators [2, 10, 
17] ' 

Let H be a real Hilbert space whose inner product and norm are denoted by (•, •) and 
|| • ||, respectively. One popular method for solving the following inclusion problem: 

find z G H such that 0 G Az, (1.1) 

* Corresponding author 
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where A : H 2 H is an m-accretive operator, is the proximal point algorithm, which 
was proposed by Martinet [15, 16] and generalized by Rockafellar [20, 21]. Rockafellar [20] 
proved the weak convergence of the sequence {x n } defined by 

x n +i = Jr n x n , n G N (1.2) 

to an element of solution set of problem (1.1). The weak and strong convergence of the 
sequence { x n } defined by (1.2) have been extensively discussed in Hilbert and Banach 
spaces (see [7, 28, 29, 30, 31] and the references therein). The proximal point like methods 
for finding solutions of problem (1.1) have been studied by Lehdili and Moudafi [12] and 
Tossings [26] in Hilbert spaces and by Sahu and Yao [23] in Banach spaces. 

Many nonlinear problems arising in applied areas such as image recovery, signal pro- 
cessing, and machine learning can be mathematically modeled in form of inclusion problem: 

to find z G C such that 

0 e(A + B)z, (1.3) 

where C is a nonempty closed convex subset of H, A : H — » 2 H and B : C — > H are 
monotone operators. For instance, a stationary solution to the initial value problem of the 
evolution equation 

dv, 

0 G — + Fu, u 0 = u( 0) 
ot 

can be recast as (1.3) when the governing maximal monotone F is of the form F = A + B, 
see, for example, [13]. 

The central problem is to iteratively find the solution of the inclusion problem (1.3) 
when A and B are two monotone operators in a Hilbert space H . One method for finding 
solutions of problem (1.3) is splitting method. A splitting method for (1.3) means an 
iterative method for which each iteration involves only with the individual operators A 
and B, but not the sum A + B. Splitting methods for linear equations were introduced 
by Douglas and Rachford [8] and Peaceman and Rachford [18]. Extensions to nonlinear 
equations in Hilbert spaces were carried out by Kellogg [9] and Lions and Mercier [13] (see 
also [22, 27]). 

In this paper, we are interested in the following system of operator inclusion problems: 

find z £ C such that 0 G (A, + Bi)z , i G A^r := {1, 2, • • • , N}, (1.4) 

in the framework of a Banach space X, where N > 1 is a positive integer, C is a 
nonempty closed convex subset of X, Ai : X — ► 2 X is an m-accretive operator such 
that a eAjv -D(Aj) C C and Bi : C — > X an operator. The inclusion problem (1.4) is more 
general in nature. For instance, if Bi is the operator constantly zero for all i G Aw, the 
problem (1.4) reduces 

find zGC such that 0 G AiZ, i G A^r. (1.5) 

The purpose of this paper is to introduce a forward-backward splitting method to 
solve the system of operator inclusion problem (1.4) in a Banach space. We prove strong 
convergence of iterative sequences generated by our algorithm. In Section 2, we give 
duality mappings, nonexpansive mappings and their properties and accretive operators 
and their properties. In Section 3, we introduce a forward-backward splitting method and 
state main theoretical result of the paper. Our iterative method improves and generalizes 
the corresponding results of inclusion problem (1.5). 
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2 Preliminaries 

2.1 Duality mappings 

A continuous strictly increasing function ip : M + — ► R + is said to be a gauge if <^(0) = 0 
and lim^oo <p(t) = oo. The mapping J v : X — >■ 2 A "* defined by 

J U X ) = {j G : ( x >J) = IMIlb'lk lb'll* = ^(IM|)}, x G X, 

is called the duality mapping with gauge p>. In the special case where <p(t) = t, the duality 
mapping =: J is the classical normalized duality mapping. In the case ip{t) = t p ~ ] , 
p > 1, the duality mapping =: J p is called the generalized duality mapping and it is 
given by 

Jp{x) := {j € : (x,j) = ||z|| ||j||*, ||j||* = |M| p-1 }, x G X. 

Note that if p = 2, then J 2 = J is the normalized duality mapping. By ip we always mean 
a gauge and by $ the corresponding function defined by 

$>(t) = f ip(s)ds. 

Jo 

For a smooth Banach space X, we have 

$(||z + y||) < $(||®||) + (y,J<p(x + y)) for all x, y G A; (2.1) 

or considering the normalized duality mapping J, we have 

\\x + y || 2 < ||.x|| 2 + 2 (y, J(x + y)) for all x, y G A. 

2.2 Nonexpansive mappings 

Let C be a nonempty subset of a Banach space A and T:C->Ia mapping. T is said 
to be nonexpansive if 


|| Tx — Ty|| < ||x — y\\ for all x, y G C. 

The set of fixed point of T is denoted by Fix(T). 

The following result was proved by Kirk [11]. 

Lemma 2.1. (Kirk [11]) Let A be a reflexive Banach space and let C be a nonempty 
closed convex bounded subset of A which has normal structure. Let T be a nonexpansive 
mapping of C into itself. Then T has a fixed point. 

A subset C of a Banach space A is called a retract of A if there exists a continuous 
mapping P from A onto C such that Px = x for all x in C. We call such P a retraction 
of A onto C. It follows that if a mapping P is a retraction, then Py = y for all y in the 
range of P. A retraction P is said to be sunny if P(Px + t(x — Px)) = Px for each x in 
A and t > 0. If a sunny retraction P is also nonexpansive, then C is said to be a sunny 
nonexpansive retract of A. 

The following lemmas will be useful for our main result. 
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Lemma 2.2. ([1, Corollary 5.6.4]) Let A be a Banach space with a weakly continuous 
duality mapping : X — > X* with gauge function tp. Let C be a nonempty closed convex 

subset of X and T : C — ► C an nonexpansive mapping. Then / — T is demiclosed at 

zero, that is, if {x n } is a sequence in C which converges weakly to x and if the sequence 
{x n — Tx n } converges strongly to zero, then x — Tx = 0. 

Lemma 2.3. ([6]) Let X be a strictly convex Banach space. Let C be a nonempty closed 
convex subset of X and let N > 1 be a positive integer. For each i G Ajv, let T) : C — ► C 
be a nonexpansive mapping such that P| ieAjv 0. Let C (0, 1) such 

that YliLi Si = 1. Then the mapping is nonexpansive with Fixflffl^ =l 5iTi) = 

C\ieA N Fix ( T i)- 

Lemma 2.4. Let C be a convex subset of a smooth Banach space X , D a nonempty subset 
of C and P a retraction from C onto D. Then the following are equivalent: 

(a) P is a sunny and nonexpansive. 

( b ) (x — Px, J(z — Px )) < 0 for all x G C, z G D . 

(c) (x — y, J(Px — Py )) > || Px — Py || 2 for all x, y G C. 

Lemma 2.5. Let X be a reflexive Banach space which has a weakly continuous duality 
map Jtp. Let C be a nonempty closed convex subset of X and T : C —> C a nonexpansive 
mapping such that Fix(T) 0 . Then Fix(T ) is the sunny nonexpansive retract of C. 

The property (A f) alludes to the fact that in order to solve the system of operator 
inclusions (1.4). 

Definition 2.6. ([22]) Let C be a nonempty closed convex subset of a Banach space X. 
An operator B : C — > X is said to satisfy the property (A f) on (0, 7 x,b) if there exists 
7 x,B £ (0, 00], depends on X and B, such that / — fB : C — > C is nonexpansive for each 
£ ^ (0, Tx,b)- 

Remark 2.7. For a nonexpansive mapping T : C — > C with B = I — T , the average 
mapping T w = I — wB is always nonexpansive for each w G (0, 7 x,b), where 7 x,B = L 

2.3 Accretive operators 

Let A be a real Banach space. For an operator A : X — > 2 X , we define its domain, range 
and graph as follows: 

D(A) = {x G A : Ax + 0 }, 

R(A) = \J{Az : ^ G D(A)}, 

and 

G(A) = {(x, y) G A x A : x G D(A), y G Ax}, 

respectively. Thus, we write A: A — > 2 X as follows: A C A x A. The inverse A -1 of A is 
defined by 

x G A _1 y if and only if y G Ax. 

The operator A is said to be accretive if for each a 7 G D(A) and y* G Ax t (i = 1,2), 
there exists j G J(a:i — xfl) such that (y\ — ij 2 ,j) > 0. An accretive operator A is said 
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to be maximal accretive if there is no proper accretive extension of A and m-accretive if 
R(I+A) = X, where I stands for the identity operator on X (It follows that R{I+rA ) = X 
for all r > 0). If A is m-accretive, then it is maximal accretive, but the converse is not 
true in general. If A is accretive, then we can define, for each A > 0, a nonexpansive 
single-valued mapping J : R( 1 + AA) — > D(A) by 

J* = (I + \A)-\ 

It is called the resolvent of A. It is well known that if A is an m-accretive operator on a 
Banach space X , then for each A > 0, the resolvent = (I + AA ) -1 is a single-valued 
nonexpansive mapping whose domain is entire space X. An accretive operator A defined on 
a Banach space X is said to satisfy the range condition if D(A) C R(1 + AA) for all A > 0, 
where D(A) denotes the closure of the domain of A. It is well known that for an accretive 
operator A which satisfies the range condition, A _1 (0) = Fix(J^) for all A > 0. We also 
define the Yosida approximation A r by A r = (/ — J^)/r. We know that A r x £ AJfi-x for 
all x £ R(I + rA) and ||A r x|| < \Ax\ = inf{||y|| : y £ Ax } for all x £ D(A) fl R(I + rA). 
We also know the following [25]: For each A, n > 0 and x £ R(I + A A) fl R{I + jiA) , it 
holds that 

\\J\X “ J a x \\ ^ ^ A ^ ll x “ J t X \V 

Lemma 2.8. ([22]) Let C be a nonempty closed convex subset of a Banach space X, 
A C X x X an accretive operator such that D{A) CCC flt>o + i-A) and B : C — > X 
an operator such that Zer(A+B) / 0 and B has the property (J\f) on (0, 7 x,b), where 7 x,b 
is a constant depends on X and B. For r £ (0,7x,s), define an operator J^' B : C — > C 
by 

J^' B x = (I — rB)x , x £ C. 

Then the following statements hold. 

[a) J r is nonexpansive. 

(b) Fix{J^ B ) = Zer(A + B). 

Lemma 2.9. ([24]) Let { x n } and {y n } be bounded sequences in a Banach space X and let 
{fin} be a sequence in [0, 1] with 0 < liminf, woo fi n < limsup, woo fi n < 1. Suppose that 

X n +1 = (1 - fin)x n + finVn for all n £ N 


and 

limsup(||y n+ i - y n || - \\x n+ i - x n \\) < 0. 

n— xx) 

Then lim n _ >0O \\y n - x n \\ = 0. 

Lemma 2.10. ([14]) Let {a n } and {c n } be two sequences of nonnegative real numbers and 
let {b n } be a sequence in M satisfying the following condition: 

a n + 1 < (1 - a n )a n + b n + c n for all n £ N, 

where {a n } is a sequence in (0, 1]. Assume that Y^=i °n < 00 . Then the following state- 
ments hold: 
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(a) If b n < Ka n for all n £ N and for some K > 0, then 

n 

a n+ 1 < S n ai + (1 — S n )K + Cj for all n £ N, 

j = i 

where S n = n”=i(i — ttj ) and hence {a n } is bounded. 

(b) If OL n = oo and limsup, woo jf- < 0, then {a n y^ =l converges to zero. 

3 Main results 

Now we are ready to prove our main result for solving the system of operator inclusions 
(1.4) in the framework of Banach space. 

Theorem 3.1. Let X be a strictly convex and reflexive Banach space which has a weakly 
continuous duality map J v . Let C be a nonempty closed convex subset of X and let N >1 
be a positive integer. Let f : C — >• C be a contraction mapping with Lipschitz constant kf. 
For each i £ A tv, let Ai : X — >■ 2 X be an m-accretive operator such that P| igAjv D(Ai) C C 
and B. t : C —> X an operator such that § := P|,- gA;v Zer {-^i + -B*) / For eac h * G A n, 
let Bi has the property (M) on (0, r yx,B i ), where is a constant depends on X and Bi. 

Let {a n }. {fln} and {'J n } be real number sequences in (0,1) and let be a real 

number sequence in (0, 1) for each i £ A^r satisfying the following conditions : 

(Cl) a n + (3 n + 7 n = Yh=i s n,i = 1 for all n£ N, 

(C 2) lim^oo a n = 0 and Y^=\ a n = oo, 

(C3) 0 < liminf, woo fJ n < limsup, woo fJ n < 1. 

(C 4) lim, woo S Uji = Si £ (0, 1) for all i £ A N . 

Let {x n } be a sequence in C generated by the following splitting iterative method: 

N 

Xn +1 — OL n f{Xjf) T Pn^n 4“ hn ^ ^ b n .iJ r f (I ViB)x n for all n £ N, (3-1) 

n= 1 

where {ri}i £ x N is a set of positive real numbers. Then {x n } converges strongly to x* £ C, 
which is the unique solution to the following variational inequality: 

to find z £ Zer(Ai + Bi) such that ((/ — f)z , x — z) > 0 (3.2) 

iG Ajv 

for all x £ fl-igA^ z er(Ai + Bi). 

Proof, (a) Define T = J2iLi (I ~ D-B). From Lemmas 2.3 and 2.8, we see that T is 
nonexpansive with Fix(T) = P| igA Zor(A t + Bi). From Lemma 2.5 shows that § is the 
Sunny nonexpansive retract of C. Let Q§ be the sunny nonexpansive retraction of C onto 
S. It follows that Qsf is a contraction. Hence there exists a unique fixed point x* £ C of 
Qs.f- From Lemma 2.4 that the variational inequality problem (3.2) has a unique solution 
x* £ C. 

( b ) We proceed with the following steps: 

Step I: { x n } is bounded. 
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From (3.1), we have 


1 1 2 -n+i ~x*\\ < a n \\f(x n ) 


X*\\ +Pn\\x n X* || +7 n 


N 


Y S ^ J ^ J 


riB)x n - x* 


< kfa n \\x n X* || +a n \\f(x*) -x*\\ + p n \\x n X* || 

N 

+ In Y 8n,i || Jri i 1 - r iB)x n ~X*\\ 

1=1 

< kfa n \\x n - x*\\ + a n \\f(x*) - x*\\ + (1 - a n )\\x n - x* 
= (1 - (1 - kf)a n ) \\x n - x*\\ + a n \\ f(x*) - x*\\ 


< max 

< max 


x r i — x 


|| 2 + - x* 


II 

1-kf 

\\f( x *) — x * 


1 -k 


/ 


Thus, { x n } is bounded. 

Step II: ||x n +i — x n \\ — > 0 and \\x n — Tx n \ 
Set y n = Eli - riB)x n . Note 


0 as n —y oo. 


llZ/n+l Un || — 


N 


N 


< 


+ 


^ ^ ^n+1 A N B) J' n , \ ^ ( d ri j J r .' ( / ViB^X n 

i = 1 i= 1 

N N 

Y K+uJri {I - r iB)x n+ i - Y E+l.i^t ( J - r i B ) 

■ 1 7=1 

N N 

Y <Wl,7 Jrii 1 ~ r iB)x n - Y ~ nB)x n 


1=1 


i= 1 


i=l 


N 


<Y 6 n+iA\Jri{I - r t B)x n+1 - J%{I - nB )s 

i = 1 

N 


+ II y~fora+M - SnAJrii 1 ~ r i B )x r 

i = 1 

N 

— ||^n+l %n\\ ^ ^ l^n+1,2 &n,i\ 


i=l 


From (3.1), we have 


^n+1 


Qt-nf (p^n) H - @n%n 'YnVn 

@n%n (1 @n)Zni 


where 

7 E - [^n/(^n) “1“ TnJ/n] • 

J- Pn 

7 
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Hence 


Zn+ 1 Z n — a [cLi+l/^n+l ) T 7n+l2/n+l] 1 a [&nffan) “1“ 7n2/n] 


1 Ai+l 

1 

1 — Pn+1 

1 

” 1 - Pn 

CLi+1 
1 — Ai+l 


1-A, 

[cLi+l/^n+l ) 4“ (1 C^n+l fin+\)Un+\\ 

[(%nf{x n ) H - ( 1 O^n ~ Ai)?/n] 

OL 

\f( x n+ 1) — Vn+l] — Z 7T" [f{Xn) — Un ] 4~ 2M+1 — Un- 
J- P»i 


Note 


ll^n+l Z n \\ X 


Q4i+1 
1 — /?n+l 


||/0n+l) - y n+ i| 


Q r 


l- A 


< 




■||/(®n) - Vn\\ + IAn+1 “ 7n|| 

-\\f(x n ) - y n || 


iV 


“1“ H^n-l-l 1 1 4~ ^ ^ |^n-|-l,i $n, i\ | J - r - *' ( I TiB)x ri 


i = 1 


Thus, we have 


lkn+1 - -nil - IK+1 “®n|| < ||/(^n+l) ~ j/n+1 1| + ^ ll/forO ~ Vn\ 

J- Pn+1 J- Pn 

N 

+ J2K+i,i-6 n ,i\\\Jn(I-riB) 


X r , 


i = 1 

From the conditions (CT)-(C4), we get 

limsup(||z n+ i - z n || - ||.T n+ i - x„||) < 0. 

n— xx) 

From Lemma 2.9, we obtain that 

lim ||z n — .x n || = 0. 

n— xx 

Since x n+1 - x n = (1 - /3 n )(z n - x n ), we have 

ll^n+1 - x n \\ = (1 - /3 n )\\z n - x n \\ < || z n - x„|| -> 0 as n -> oo. 

Observe that 

\\xn Tx n || T ||.T n .x n+ i|| T H.Tjj-i-i Tx„|| 

i; IAn ®n+l|| T ^n\\f{x n ) Tx n || 4" / 3 n \\x n Tx n || 


+ 7n 


N 


- nB)x r 


1=1 


^ \\x n ^n+l|| “1“ ^n||/(^n) ^"3?n|| H“ /3n||^n Tx T[ 


N 


+ 7n ^2 \$n,i - A| - r iB)x r 


i = 1 
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which implies that 

(1 /^n)||*Tn Tx n \\ | X n 31n+l|| + CX n \\f(x n ') Tx n || 

N 

T 7 n ^ ' 1 8n,i \ \ X i^)x n || • 

i= 1 

Thus, we have 

lim ||.x n — Tx n II = 0. 

n— > oo 

Step III: {x n } converges strongly to x* . 

Take a subsequence {x ni } of {x n } such that 

lim sup(/(a?*) - x*, J v (x n - x*)) = lim {f(x*) - x * , J v (x ni - x*)). 

Tb ^ oo i^oo 

Since X is reflexive, we may further assume that x ni — *■ z for some z G C. It follows from 
Lemma 2.2 that z £ Fix{T). From the weak continuity of the duality mapping and 
(3.2) we obtain that 

lim sup(/(x*) - x*, J v (x n - x *)) = lim (f(x*) - x * , J^{x ni - x*)) 

Tb ^ oo i^oo 

= { f ( x *) -x*,j tp (z-x*)) 

< 0. 

From (2.1) and (3.1), we have 

$(IK+i -®*ll) 

— $( II ®n/(>Tn) T Pri/Xn T r )nVn X ||) 

< $(11 a n (f(x n ) - f(x*) +Pn{x n - X*) +7 n (y n - X *) + a n (f(x*) - x*)||) 

< $(|| a n (f(x n ) - f(x*) +(3 n (x n - x*) +7 n {y n ~ z*)ll) 

+ a n (f(x*) - x*, J (p (x n+ 1 - x*)) 

< $(a„|| f(x n ) - f(x *) || +Pn\\x n - a;* II + InWVn -x*||) 

+ a n (f(x*) - x*, J ip (x n+ 1 - x*)) 

< $((1 - (1 - kf)a n )\\x n - a;* ||) + a n (f(x*) - x* , J v (x n+ 1 - x*)} 

<(!-(!- kf)a n )®(\\x n - a;* ||) + a n (f(x*) - x* , J ip (x n+ 1 - a;*)). 

Noticing that limsup n _ >0O (/(a:*) — x*, J lf (x n+ \ — x*)) < 0 and Ylr^=i a n = oo. Therefore, 
we conclude from Lemma 2.10 that $(||x n — ad||) — > 0, that is, { x n } converges strongly to 

x*. □ 

Theorem 3.1 is more general in nature due to the property (A f) of operators Bi , there- 
fore, we are able to derive the some new and known results from it. To demonstrate the 
wide range of applicability of our convergence theory, a few examples are detailed below. 
In particular for Bi = 0, we immediately obtain an improvement upon Qing and Lv [19, 
Theorem 2.1] as follows: 
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Corollary 3.2. Let X be a strictly convex and reflexive Banach space which has a weakly 
continuous duality map J f. Let C be a nonempty closed convex subset of X and let N > 1 
be a positive integer. Let f : C —*■ C be a contraction mapping with Lipschitz constant kf. 
For each i G An, let Ai : X — ► 2 X be an m-accretive operator such that P| ieAjv ^{A} C C 
such that n?;eA<v Let {a n }. {f3 n } and {"in} be real number sequences in (0, 1) 

and let {S n ,} be a real number sequence in (0, 1) for each i G Ajy satisfying the conditions 
(Cl) -((74) .' 

Let { x n } be a sequence in C generated in the following iterative process: 

N 

%n+i — ex n f{x n ) A (3 n x n -\- " ^ dn,iJ r f x n for all n G N, 

n = 1 

where {r}i £ is a set of positive real numbers. Then {x n } converges strongly to x* G C, 
which is the unique solution to the following variational inequality: 

to find z G n A i 1 (0) such that ((/ — f)z, x — z) > 0 

iE Ajy 

for all x G flieAjv A rl ( 0 )- 

Theorem 3.3. Let X be a strictly convex and reflexive Banach space which has a weakly 
continuous duality map J v . Let C be a nonempty closed convex subset of X and let N >1 
be a positive integer. Let f : C — > C be a contraction mapping with Lipschitz constant kf. 
For each i G An, let Ai : X 2 X be an m-accretive operator such that fljeA^ L>[A} C C 
and Ti : C —> C a nonexpansive with Bi = I — T* such that S := flieAjv Zer(Ai + B} } 0. 

Let {a n },{fl n } and {7 n } be real number sequences in (0,1) and let {<5 n ,i} be a real 
number sequence in (0, 1) for each i G A n satisfying the conditions (C1)-(C4). 

Let { x n } be a sequence in C generated in the following iterative process: 

N 

Xn + 1 — cy n f{x n ) H~ flnXn H - "in } ( d n fJ r f {I riB}x n for all n G N, 

n= 1 

where {rjjjgAjv a se t of positive real numbers. Then {x n } converges strongly to x* G C, 
which is the unique solution to the following variational inequality: 

to find *G P| Zer(Ai + B} such that ((/ — f)z , x — z) > 0 
iE Ajv 

for all x G fl^A^ Zer ( A i + B}. 

Proof. Note each 7) is nonexpansive with Bi = I — Ti. It follows from Remark 2.7 that 
the average mapping T$ = I — wBi is always nonexpansive for each w G (0, 7 x,b}, where 
Jx,Bi = I- Therefore, Theorem 3.3 follows from Theorem 3.1. □ 
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Sidi-Israeli Quadrature Method for Steady-State 
Anisotropic Field Problems by Direct Domain 

Mapping* 

Xin Luo * .Jin Huang* Tai-Song Xiong§ 


Abstract 

In this paper, the two-dimensional steady-state anisotropic field problems 
are transformed into the Laplace equation by direct domain mapping, and 
then the Sidi-Israeli quadrature method is applied to solve the weakly singu- 
lar boundary integral equation of the Laplace equation. Especially, the kress’s 
variable transformation is used for the polygon case in order to improve the ac- 
curacy by smoothing the singularities of the exact solution at the corner points 
of the boundary. The convergence and error analysis of numerical solutions 
are given by use of collective compact theory. At last, numerical examples are 
tested and results verify the theoretical analysis. 

Keyword. Boundary integral equation, singularity, variable transforma- 
tion, convergence 


1 Introduction 


Consider an anisotropic medium in domain Q E R 2 bounded by its boundary 1 = 
UJL j Fj (m > 1) which may consist of m segments each being sufficiently smooth ( 
in the sense of Liapunov ). In the absence of heat sources, the equation governing 
steady-state heat conduction with Dirichlet condition can be described as (see as 
[ 1 , 2 , 5 ]) 


a- 


ulx 


K 


13 dxidxj 


= 0, (i,j — 1, 2), 


( 1 . 1 ) 


u(x) = g, 


x g r, 
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where u represents the temperature, and n = denotes the thermal con- 

ductivity matrix which satisfies the symmetry (fiq 2 = k 2 i) and positive-definite (|k| = 

K\\K 22 — k 12 > 0) conditions. 

Using the following coordinate transformation [2] 


- V\*\ - K 1'2 

X\ = — X\, X 2 = X2 Xi, 

K 11 «11 


( 1 . 2 ) 


Eq. (1.1) can be written as the ’isotropic’ Laplacian form in a mapped plane in the 
transformed x ~ system 


d 2 u(x) d 2 u(x ) 

dx\ dx\ 


x = (aii, x 2 ) € Q! . 


(1.3) 


Then by single-layer potential theory [8], Eq. (1.3) can be converted into the following 
weakly singular boundary integral equation (B1E): 


1 

2n 



v(x ) In \x 


y\ds £ 


g(y), yer', 


(1.4) 


where T' is the boundary of the transformed domain O'. The solution of Eq. (1.4) 
exists and is unique as long as Cy> ^ 1, where Cy> is the logarithmic capacity [11, 12]. 
As soon as v(x) is solved from (1.4), the solution u(x) of the problem (1.3) can be 
calculated by the following 


u{y) 


1 

2n 



v(x ) In \x 


y|ds£, 


y G n'. 


(1.5) 


Finally, using the inverse transformation of (1.2) 


,! i / . , ' l ' i ; 

V\ K \ 


x 2 = x 2 + 


K 12 „ 



( 1 . 6 ) 


we can obtain the solution u(x) of the problem (1.1). 

As far as we know, the most popular numerical methods for engineering prob- 
lems include, for example, the finite element method (FEM) [17], the finite difference 
method (FDM) [15], and the boundary element method (BEM) [11, 12]. The for- 
mer two, used frequently in numerical modeling, are referred to as domain solution 
techniques and require full discretization of the whole domain and are often compu- 
tationally costly and mathematically tricky in the volume mesh generation [1], The 
BEM has been recognized as an efficient computational method that only the bound- 
ary needs to be modeled and owing the high approximation. For the application of 
BEM for the steady-state anisotropic heat conduction problems (1.1), various types of 
elements, namely constant, continuous and discontinuous linear elements and contin- 
uous and discontinuous quadratic elements has been investigated in the literature [5]. 
In this article, the Sidi-Israeli quadrature formula [3] is applied to calculate weakly 
singular integrals. Especially for the case of closed curved polygons T', we use the 
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Kress’s variable transformation [4] to overcome the corner singularities and improve 
the accuracy at the boundary corners. 

This paper is organized as follows: in Section 2, the convergence and error analysis 
are carried out based on the theory of collectively compact operators [6, 7] for closed 
smooth boundaries. The Kress’s variable transformation is introduced to overcome 
the corner singularities for curved polygons in Section 3. Numerical examples are 
provided to verify the theoretical results in Section 4, and some useful conclusions 
are made in Section 5. 


2 Sidi-Israeli quadrature method for boundary in- 
tegral equation on smooth domain 

Suppose that the boundary T' (= dfl') to be a smooth closed curve and assume that 
the curve T 7 can be parameterized by y(t) = ip(t) = </> 2 (£)) : [0, 2n) — > <9fT. 

Then Eq. (1.4) can be written as 

1 f 2n 

g(s ) = J ' In |y?(s) - (p(t)\v(t)dt, (2.1) 

where v(t) = \(p'(t)\v((p(t)) and g(t ) = g((p(t)) are periodic functions with period 2n. 

In order to achieve high accuracy for numerical computation of finite-range in- 
tegrals with weakly singular kernels, the following lemma about Sidi’s quadrature 
formula is introduced. 

Lemma 2.1. [3] Assume that the functions H\(t, r) and H 2 (t, r) are 2 i times dif- 
ferentiable on [0, 27 t]. Assume also that the functions H(t, r) are periodic with period 
T = 2n, and that they are 2 i times differentiable on R = (— 00 , oo)\{r + kT}'^ = _ 00 . 
If a(t, t ) = Hi(t, r)ln|t — r\ + H 2 (t , r), then 

71 1 ^ 2tt 

Qn[a(t, r)] = h y ^ a(tj, r) + r)h + ln(— )H 1 (t j , r)h, h = — , tj = jh, 

z — J 2 7r n 

3 = 0 

tj^T 

and 

E n [a(t, t)]=2J2 ~ q t 2 h r))h 2ti+1 + O (h 2<? ), as h -> 0, 

M— 1 

where £(z) is a Riemann function [9, 13] and E n [a(t,r)\ = a(t,r)dt — Q n [a(t,r)]. 
Dehne the integral operator 

p2it 

(Lv)(s) = / l(s,t)v(t)dt, (2.2) 

Jo 

with the kernel 

(K s >t) = -^ ln k(«) - <p(t) |, 
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and construct the Nystrom operator by the Sidi’s quadrature formula 

7 7 ^ 1 C\ 

(■ L h v)(s ) = [ln(— ) + ln| ¥ /(s)|]u(» + h l(s, tj = jh, h = 

3=0 

tjJ^S 

Let V h = span{eo(s), ei(s), • • • ,e n (s)} C C[0,27t) be a piecewise linear function 
subspace with nodes {sj}” =0 , where ej(s) is the basis function satisfying Ci(sj) = Sij. 

Define a prolongation operator P h : 91" — > and a restricted operator satisfying 

f p h v = v -e, v= (u 0 , • • • , v n ), e = (e 0 , ■ • • , e n ) G 9T\ 

1 = (u(s 0 ), • • • , v(s n )) e 9T\ veC[ 0.27T). 

Then Eq. (2.1) and its approximation equation are 

{ Lv = g 
\ L h v h = Q h g 

where and the entries are 


hj ~ 


hl(si,tj), i^j, 
-|. ln (SLM). ! = J . 


Dehne the following integral operator 


with the kernel 


r2i r 


(A 0 u)(s) = / a 0 (s,f)u(t)dt, 




— — In 1 2e — 1 / 2 si n — — - 
2vr 1 2 


(2.3) 


Let L — Aq = Ai, then the integral equation (1.4) can be split into a singularity part 
and a compact perturbation part 


A 0 v + Aiv = g, (2.4) 

where (Aiu)(s) = (i>(.),ai(s, .))^2 with the kernel 

ai{s,t) = < 

{ -^ ln (e 1/2 |^'( s )l)> s-t = 2nZ. 

Now we construct the approximations of Aq and A\. For the logarithmically 
singular operators A 0 , by the Sidi’s quadrature formula [3], we can construct the 
Fredholm approximation 


n — 1 

(4> u )( s ) = h ao(s, tj)v(tj), (2.5) 

3=0 
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where 


Qo(®j tj) 


1 ,e~ l/2 h, 

in s = tj , 

2n k 2n j j ’ 


( 2 . 6 ) 


which has the following error bounds: 

21-1 V 


- ovx*) = — E %#l^(s)] (2 '‘ ) 

T 2-j (2/f)! 


/i 2#i+1 + 0(h 21 ). (2.7) 




For the integral operators A 1 with periodic kernels, we can construct the Nystrom 
approximation by the trapezoidal rule [8], 


n — 1 

( A i v )( s ) = h ai ( S) tj)v(tj) j = 0,1, - •• ,n- 1, 

i=0 


which has the error bounds O (h 21 ), l E N. 
Consider the discrete approximation of (2.4) 


K + AW = g\ 


( 2 . 8 ) 


where v h = ,v*_ l ) T , A% = M^, tj)]^i 0 , A\ = [ai(s*, ^]Jhi 0 , and g h = 

(g(ip(so)), ■ ■ ■ ,g((p(s n - i))) T . Obviously, (2.8) is a linear equation system with n 
unknowns. Once v h is solved from (2.8), the solution of (1.5) u(y) (y E IF) can be 
computed by 


u 


(y) = ln l £ ( s 0 ~y\- 


i = 0 


From (2.6), we have 


A* = - 


h 

2n 


i" («-**) 


In 2e 2 sin | 
In 1 2e - ^ sin || ln(e _ TA-) 


ln|2e 2 sin 
In | 2 e _ 2 sin 


In 2e 2 sin 


(n— l)h I 


In 2e 2 sin 


{n—2)h I 


(2.9) 


(n— l)h I 

2 I 

(n—2)h 


(2.10) 


2 l “I— 2 1 " M e ~ 2 P) 

By [10], we know that ||(vl|)~ 1 || < cn. Hence the Eq. (2.8) is equivalent to 
(. E h + P h (A h Q )~ 1 Q h A h l )v h = P h (Aq)- 1 Q h g h , 
where E h is the identity operator. 

Lemma 2.2. The operator sequence |p fi '(H.|) _1 (5 /l yl| : C 3 [0,2tt) — ■> C[ 0,27t)| i 
uniformly bounded and 

P h (A h 0 )~ l Q h A 0 ^ L 


is 
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P 

where — > denotes the pointwisely convergence and I is the embedding operator . 

Proof. Let v G C 3 [0, 2n) and v h be the solutions of the auxiliary equations A 0 v = g 
and AqV }i = Q h g respectively, where 


AA 1 he~ 1/2 

A h 0 Q h v = A h 0 v{ti) = h^a^(si,tj)v(tj) - — In ( 2l j ) v &)» 

3=0 ^ 7! ' 

j+i’ 

and 

p2tt 

Q h g = g(si)= a 0 (si,t)v(t)dt. 

Jo 

From (2.7), we obtain that 

Q"g - A k 0 Q h v = o (ft 3 ), 


II Q h g - A k „Q h vh = (n(0 (ft 3 )) 2 )i = O (hi ). (2,11) 

By (2.11), the following holds 

il<A - (Ai)- 1 Q l 'A 0 v\\ 2 = \\Q h v - (/ft" Vslh 

= 11 Q h v-v% 

= iK^S)-mg(Q A «- ^>ii 2 
< {WA^v - V )|| 2 

= l\\A%Q h v - Ay\\ 2 

= - 4<Alh = O (hi), 

the proof of Lemma 2.2 is completed. □ 

Theorem 2.3. Assume that Oil' is a simply smooth and closed curve, Q h is a 
restricted operator and P h is a prolongation operator with nodes {s;}” =0 , then the 
operator sequence {P h (A q)~ 1 Q h A^} is collectively compactly convergent to A^ l Ai in 
C[ 0,27t), that is, 

P h (A h o y 1 Q h A h l ^ Aq 


Proof. Since ( P h (A%)~ 1 Q h )(P h A } lQ h ) = ( P h (A^)- 1 Q h A 0 )((A 0 y 1 P h A^Q h ), we 


get 


ikf' , K)- i (?'‘)(p'‘a;q'‘)|| < iip'>(2i;)- 1 <3'*2i 0 |i„, 3 |i(2i 0 )- 1 p'‘2ifQ'‘ii3,„. 

From [10] and by Lemma 2.2, we have (A 0 ) _1 P h A^Q h —>■ Aq 1 A 1 and P h {A^)~ l Q h A 0 — 
L The proof of Theorem 2.3 is completed. □ 
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Replacing (y4.q) — 1 , Ap, A J, v h and g h by (A Q h )~ l = P h {Ao)~ 1 Q h , Aq = P h AQQ h 

, Ai = P h A^Q h , v h = P h v h and g h = P h (AQ)~ 1 Q h g h , respectively. Then (2.10) can 
be written as 

(E h + (ioVTV = g h ■ (2.12) 

Theorem 2.4. Assume that diY is a simply smooth and closed curve, v and v h 
are the solutions of (2.4) and (2.12), respectively, x t G C 6 [0, 2n) and g(s) G C* 5 [0 , 2i r), 
then the following holds 

(«'‘-”)|„,„. = 0(V). (2.13) 

Proof. By the trapezoidal rule, the asymptotic expansion holds [10] 

(g - /)!,.„ = V-PWU, + o (A 5 ), (2.14) 

with <^i(s) = — (/(— 2)g”(s)/n . Using (2.7) and (2.14), we can obtain 

= g h - P h U 15 + A\)Q h v I..., 

= s h - [((4) + A ) v - h 3 P h Q h <p 2 )\^ H + O (A 5 ) I 

= (g h - s)L„ + h s P' , Q h p„„ + O (A 5 ) 

= A 3 ^^! + O (A 5 ), 

where <^ 2 (s) — — £ (— 2)v'\s)/tt, and ip(s) — <fi(s) + ^ 2 (s). From Theorem 2.3, we 
have 

(E h + (Uj-MtKi. - «*)| <=sj = A 3 (i 0 '‘)- 1 F>'*QV( S )| < . <1 + O (A 5 ). (2.15) 

Since (E h + (A 0 fe ) _1 Ai) _1 is uniformly bounded, we immediately get 

(^-^| s=Si = 0(h 3 ). (2.16) 

□ 

3 Corner singularity and convergence analysis 

Definition 3.1. [14] A real- valued function 7 is said to be a sigmoidal transformation 
if the following conditions are satisfied: 

(i) 7 G CUfO, 1] U C 00 ^, 1) with 7(0) = 0; 

(ii) 7(x) + 7(1 — x) — 1, 0 < x < 1; 

(iii) 7 is strictly increasing on [0, 1] and its derivative 7' is strictly increasing on 
[0,1/2] with 7 '(0) = 0. 
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Kress ’s variable transformation 


Figure 1: y r transformation 


The Kress’s variable transformation is an example of ’’algebraic” sigmoidal trans- 
formations, which was first proposed by Kress [4]. The function 7 , defined on [0,1] 
by 

70) = f(x)/(f(x) + /(I - x)), 


where 

f(x) = (. x + cB 3 (x )) r , 


here r > 1, c is a constant to be determined and B 3 is the Bernoulli polynomial of 
degree 3 defined by 

B 3 (x) := x(x — l/2)(x — 1). 


If we choose c = — 8 (l/r — 1/2), then we have 


7 rft) 


gift) 

© 2 ft) 


mr 

(9(t)) r + (9(2 tt - 2v rt)) r ' 


[ 0 , 1 ] — [ 0 , 1 ], 


r > 1 , 


(3.1) 


where 9(t) — (£ — |)(1 — 2 1) 3 + ^(2 1 — 1) + The plots for is shown in Figure 1. 

Assume that T 7 = U^h i r / ? ( q > 1 ) be the boundary of a polygonal domain fl 7 in 
m 2 , r 7 e cf 2 t+ 1 {q= 1, m, t G IV), and let g q = g L, . Define the boundary integral 

^ 1 Q 

operators on F^ , 


(L pq v q )(y) = J^v q (x)ln\x-y\ds £ , y = (y!,y 2 ) er' p (p, q = 1, ..., m). (3.2) 

Then Eq. (1.4) can be converted into a matrix operator equation 

Lv = G, (3.3) 

where L = [l P q]™ q = 1 , G = (, gi(y ), ..., ^ m (y)) T and v = (vi(x), ..., v m (x)) T . Assume 
that T' q can be described by the parameter mapping: x q (s) = (p(s) = ((p g i (s), ip g 2(s)) 

8 


541 


Xin Luo et al 534-555 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 

: [0,1] — ■> r q with |<^(s)| = [|^gi(s)| li + |<^ 2 ( s )| 2 ] 1//2 > 0- I 11 order to degrade the 
singularities at corners, we apply the Kress’s variable transformation to (3.3) and 
give the following decomposition of L pq , 

Lpq Aq ( pp) “b A±(p q y 


The operators A)(pp) and A\( pq ) are singular and compact operators respectively, and 
their Nystrom approximation are 

{ (Ao(pp)W p )(t) = f ( 0 1 ao(pg)(t, r)w p (r)dr, t G [0, 1], 

{A o[ pp) w p)(t) = h P Y^j = i a 0 (pp)(t,Tj)w P (Tj) - h p In \e~ 1/2 h p \w p (t), h p = 1 /n p , 


where 


A l{pq) (w q )(t) = f* a H p q) (t, T)iu q (r)dr, t e [0, 1], 

h n i 

( A i(pq) w< i ) (*) = h i E a i(w)(*> Tj' W r i), t e [°. !], r i = jh P , Q = !, •••, nr, 
l=i 

a o(pp)( t > T ) = -^-ln|2e“ 1/2 sin7r(f-r)|, 


ni(pq) (ij 7") 


1 , I^pW-^( t )I 

In i 777T y — as p = q, 

2n |2e 1 / 2 sin7r(f — r)| 

1 

- 7T ln I £ pW “ ^( r )l as P ± 

2 71 


Xq(t) = (¥>,l(7r(*)),¥>«2(7r (*))), 

«>«(*) = n ? (^(7 r (f)))|^(7 r (f))|7;(f). 


Then Eq. (3.3) and its discrete equations are 


( A 0 + Ai)X\ — G, 
(Aft + A^)W h = G h . 


where 


Ao — 

diag(A 0( ii), 


W = 

(wi, ■■■ ,W m 

,f, G = 

W h = 

«(fl),..., 

w i i {t ni ), ... 

A h - 

diag(vlj ( 1 11) , 

4 hm \ 

^ 1 0(m?n)/' 

A\ = 

\ A hq 

\- A Hj)q)\p,q=li 

yt/l 

J A( Pq ) “ 
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The operator is an isometry operator from (H r [ 0, l]) m to (H r+1 [ 0, l]) m [11, 12]. 

In addition, from [10], we know that A^ qq ^ and A 1 / are invertible, and ||(y1q^) _1 || = 

0(n q ) and 1 1 (^4g ) 1 1 = O^h^), where || • || denotes the spectral norm. Hence Eq. 

(3.4) is equivalent to 

f {E + A- 0 l A l )W = A-, l G = G 

\ (E h + (A'/)- 1 A/)W h = G h . { J 

Obviously, the second equation of (3.5) is a system of linear equations with n 
(= Y,™ =1 nj) unknowns. Once W h is solved by (3.5), the solution u(y) (y G O') can be 
computed by 

m np 

u h (y) = -—J2J2 h p ln \ £ pq^ ~ y\K^\ w i^- 

p= i <?=i 

Let the function v q (t) = t aq </> q {t) (0 > a q > —1/2), where (j) q (t) is differentiable 
enough on [0, 1] with (f) q { 0) ^ 0. From Taylor’s formula we have 

v q (t) = Y ^ 9 ,^ t j+aq + 0{t l+aq+l ) as t -*• 0 + (3.6) 

j=o 3 ' 

and 

OO 

q'(t) ~ as t — ^ 0 + , and do > 0. (3.7) 

3=0 

By substituting (3.6) and (3.7) into the expression of w q (t ), then the function w q (t) 
can be expressed by 

w g (t) = Ci0 g (O)t r( -“' J+1 ^ 1 (l + 0(t)) as t —> 0 + , (3.8) 

where C\ is a constant independent of t. 

Similarly, let the function v q (t) = (1 — t) aq (/) q [t) (0 > a q > —1/2), where <f> q (t) 
is differentiable enough on [0, 1] with (f> q (l) ^ 0. Then the function w q (t) can be 
expressed by 

w q (t) = c 2 (f> q (l)(l- t) r(aq+1) ~ 1 (1+0(1 -t))) as t->l“, (3.9) 

where C2 is a constant independent of t. 

Remark 1 The function v q (t) has singularities at endpoints t — 0 and t — 1 [16], 
but w q (t) has no singularities by Kress transformation at t — 0 and t — 1. 

Lemma 3.2. Let 

ai{pq){t,r) = a 1{pq) (t,r)y r (t), 7 > 1, r p nr 9 ^0, (3.10) 

then ai(pg)(£, t) is smooth on [0, l] 2 . 

Proof. By using the continuity of Oi( pp )(t,r) and the boundness of 7 ' r (t), we can 
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immediately complete the proof for the case p — q. Let T p _i n T p = P p = (0, 0) and 
(3 P G (0, 27t) be the corresponding interior angle. Since ip p - i(l) = y? p _i(0), the kernel 
a i(p-i ,p)(t,r) have singularities at the points (f , r) = (0,1) and (t,r) = (1,0). For 
convenience of analysis, we only discuss the case in that (t,r) = (1,0). If (t,r) y 
(1, 0), we write 

t ) = r) + S 2 (t, t)), (3.11) 

where 

Si(t, t) = ^'(t) ln(|y? p _ 1 (t)| 2 + |v ? P ( r )| 2 ) 


and 


S 2 (t,T) = y(t) ln[l - 2|<^ p _ 1 (t)||<^ p (r)| cos/? p _i/(|i^ p _i(t)| 2 + \p P {r)\ 2 ) . 


Since 

2|v? p _i(t)||^ p (T)| cos (3 p -i/ ( | (p p -i(t ) | 2 + \(pp(r)\ 2 ) < 1, 
the function S 2 (t,r ) and its first derivative are bounded. Noting that 

7? ) (0)=7? ) (1) = 0, k = 0,..., 7 , 

we have 

l¥>? } (0)| = I^C 1 )! = °, p = p-lorp, k = 1, •••,7- 
Let (t, t) G [e/2, e] x [1 — e, 1 — e/2] for all e > 0, we have 

|Si(f,r)| = 0(e r_1 |lne|), 
so Si(t,r ) is also bounded. In addition, from 


^itr) 


< 0(i' 


-i y\M r )\K-iMT))\\y r (T)\ 


\<p P -i(t)\ 2 + \<P p (t )\ 2 

= 0(e r_1 )0(e 2r_2 ) /0(e 2r ~ 2 ) = 0(e r " 1 ), 

we know dai( -^P t,T ' ) j s a ] so continuous in (C[0, l]) 2 . The proof of Lemma 3.2 is com- 
pleted. □ 

Suppose that 

t„ = {v + l)/2 for — 1 < v < 1, 


so that — 1 < v < 1 with f 0 = 1/2 and L = 1. The offset trapezoidal rule Qn’^f with 
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transformation j r , n £ N, — 1 < v < 1 is defined by 


( y n - 1 


n 


fMU + Q/ n )h'r(U + Q/ n ), -i < v < i, 


Qr 1 / = { 


j = 0 

n— 1 


- fMjMWrti/n), u= 1 . 

/ i 


3 = 1 


At the same time, we define the truncation error / by 

77/ := 1/ - «!r'/- 

Let us assume that near x = 0 we can write 


lr{x) = C 0 (r)x r ( 1 + ^ d k (r)x k ). 


(3.12) 


(3.13) 


fe=i 


Theorem 3.3. [14] Assume that / is holomorphic at both 0 and 1, and / r (r) : = 
/( 7 r (r)) 7 ' (r), 0 < r < 1 can be continuous into the strip S' such that 

(i) f r {r) is continuous in S and holomorphic in int(S); 

(ii) f r (t ) = o(exp(27m\Rz\)) as Rz — > oo in S, uniformly with respect to Rz. 

For any sigmoidal transformation 7 r of order r > 1 and for —1 < v < 1 then for 
n » 1 

(27m) r ^°’ r] / ~ 2c 0 (r)r(r + l)(/(0) + /(l)) x {cos(r7r/2)(l - 2 1_r )C(r) 

— sin(r7r/2)(r + l)di(r)(l — 2~ r )((r + l)/(27rn)} + 0(l/n mil ^ 2,r ' ) ), 

(3.14) 


and 


(27 Tn) r E^’ r] f ~ 2c 0 (r)r(r + l)(/(0) + /(!)) x {cos(rvr/2)C(r) 


(3.15) 


— sin(r7r/2)(r + l)di(r)<C(r + l)/(27rn)} + 0(l/n mm( - 2 ’ r ' ) ). 

Theorem 3.4. [14] Suppose / is defined on S by 

f(z) = z a ( 1 — z) l3 g(z) for a , (3 > 1, (3.16) 

where g is holomorphic on S, real on [0, 1] and such that g(0) ^ 0, g( 1) ^ 0. Let y r 
be a sigmoidal transformation of order r, r > 1. Then for n » 1 

n r E [ n' r] f ~ 4(«, r, n)g{ 0) + J_„(/?, r, n)fif(l), 

where the strip S of the complex plane dehned by 

S := {A : 0 < x = IZz < 1, — oo < y = Iz < oo}, 
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and 

J v {ct,r,n) : = -r(c 0 (r)) 1+a {((l - r(a + l),t v ) 

+ (a + 1 + l/r)di(r)((-r(a + 1 ),t u )/n}/n ra . 

and 

t- u — 1 — t u , for — 1 < v < 1. 

Remark 2 If we choose r — 3 for 7 r , then 73 ~ O ( t 3 ) and di(r) = 0. In addition, 
if f3 — 0, we have 

E^f ~ c 0 = min{r, ( a + l)r}. (3.18) 

For the Nystrom approximation operator ^l pq) of the integral operator ^4i( p(? ), we 
have the error bounds [8] 

(A l{pq) w q ){t)-{A\^ q) w q ){t) = O {K r ) ) for = T q or r p nr ? = 0, r G N, (3.19) 
and 

A l{pq) [w q ){t) - (A^wgXt) = o (h u ), for r p nr ? e {P q }, ( 3 . 20 ) 

where u = min{r, ( a + l)r}. 

For the approximate operator ^( pp) of the logarithmically singular operator A 0 ( pp ) , 


h 


(Kipp^p)^) = ln l 2e V2 sin7r ^ “ T i)\ w p( T i) 


i=i 


hrn 


~2n^ ln \ 2e 1/2h p\ w P^} (® = 1 ’ 


which have the error bounds [3] 


(3.21) 


2£-l 


( A 0 l Pq ) w p)(f) - (A) <pp)W p )(t) = -- y [w p (t)} (2fi) h^ +1 + 0{hf), t G {R}, 

W u=l 


where £'( t ) is the derivative of the Riemann zeta function. 
From (3.21), we can obtain 


A h P - ^p 

°(pp) 2 t r 


ln( 


H^h) 

m l e-i/2/2 > 
sin((n p — l)7r/i p ) ' 


m t sin(nhp) ) 
ln ( P l/2/0 ) 


'%) 


ln(> 


ln( sin (( n p~ 1 ) 7r V 

ln( 


sin((n p — 2)irhp ) ' 


eV2/ 2 


e 1 / 2 /2 


ln( 


sin((n p — 2)nhp) > 


ln( — 


1/2 / 


Define the subspace Co[0, 1] = {v(t) G C[0, 1] : v(t) / 7 3 (7rf) G C[0,1]} of the 
space C[0, 1] with the norm ||u||* = max 0 <t<i |u(t)/7 3 (7rt)|. Let S hp = span{ej(f), 
j = 1, ..., n p } C Co[0, 1] be a piecewise linear function subspace with the basis nodes 
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{U}”= 1; where ej(t) are the basis functions satisfying e P j(t P i ) = S ]t . Also define a 
prolongation operator I hp : ?R. Hp — > S hp and a restricted operator R hp : Co[0, 1] — > 
satisfying 

f p h P V = Y™ p =1 v pj e pj (r), v = (v pU - • • , v pnp ) G 9T\ 

1 Q hp v = (v(t p i), • • • ,v(r pnp )) E 9T\ v E C[ 0,2tt). 

For the properties of A^ p p ,, we have the following lemma from [10]. 

Lemma 3.5. The operator sequence {P hp (A h ^ pp) )~ l Q hp A 0 ( pp ) : C 2 [ 0, 1] — » C[0, 1]} 
is uniformly bounded and 

p hv Kuy 1( ^ hvA ow ^ j - ( 3 - 22 ) 

If |p — L/| 1 or ra — 1, by the definition of Ai^ pq ) we know the kernel au pq )(t, r) 

of the operator A^ pq ) and its derivatives of higher order are continuous . 

Lemma 3.6. Let T 7 = U^h i r^ satisfy Cf' ^ 1, and also let 


A q 
pq) ~ 


A hq 

(w)’ 

A hq 

(w)’ 


V' p = Y' q or T' p n T' q = 


r; n p e «}, 

where the kernel ai( p(? )(L r ) of A x ( pg ) is dehned by (3.10). Then under the transfor- 
mation (3.1), we have 

ll(4 ) (pp ) r 1 4^ ) |ko<M (3.23a) 

and 


ph ’KUy lQh ’ A Um) “ ill C[0, 1| -a C[0, 1], (3.23b) 


where M is a constant. 

proof. From [10] and by Lemma 3.2, ai( pg )(f,r) and di ( pq )(t,T) are continuous on 
(C 2 [0, l]) 2 , and then we have (3.23a). Using the results of Lemma 3.5, and by 


< II ^(^p)) 1 Q hp Ao(p P )\\o,2\\(A 0 ( pp )) 1 ^l(pg)l 1 2,0 

<C, 


~)h v { A h P 


1-1 a h q 


where C is a constant. Thus, we complete the proof of Lemma 3.6. □ 

Consider the following discrete equation 

(. E h + P h (A h 0 Y l Q h A h l )W h = P h (A^)- 1 Q h G h , (3.24) 

where P h =diag(P hl , ... } P hm ) and Q h =diag(Q ft ' 1 , ...,Q hm ). 

Theorem 3.7. Assume T 7 = U^h i r^ satisfy Cr> ^ 1, and r 7 y (q = 1, ..., m ) are 
smooth curves. Then we have 


P h (A^)~ 1 Q h A f l c '' 


4-1 


A\. 


(3.25) 
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Proof. Let B — {z : fjz|| < l,z E (C[0, l]) m } be the unit ball in the space 
V = (C[0, l]) m , and 

= ,*<?} 

are multi-parameter sequences. Also let max /a/' — r 0 as n 2 — * oo. Choosing 
the sequence { Z h , h E H} C 0 and 


satisfying 


From 


P h (A^)~ 1 Q h = 


and 


P A\Q = 


'lhi ) Zm.h)i 

Zqh 

) ) 5 Q 

max max max \z!P(t)/ 73 

l<p<m0<9<Hp0<f<l ™ 

(lTt)\ < 1 . 


ph 2 ( Ah.2 \-l 
1 ^0(22)1 

Q h > 

p/u 4 ft i 
-U /1 1 (2 1 )h: 

ph 2 4*2 p /12 

i- 21 -^ 2 ) q/ 

ph 2 4 ft 2 f)h.2 
1 ^1(22)^ 

ph , 
ph, 

. P k, A (m ,>Q h ' 

P h, A%„ 2)Q ,a 

P hr 


■ ,m, 


(3.26) 


phm f A^m \ 1 (~)Hn 
1 (mm)/ ^ 


phmj^ra Q 

1(1 m) ^ 


h m ~\ 


hm A h"n 


l l(2 m) 


Q h 


phm /\hm p) 


we have 


p h iA'; l >-'(> h A ! ;o h z ll = 


E”i P^(A^n ) y 1 Q hl Kh,)Q K Z,h 

E” 1 a* 2 ( a;> 22| ) - 1 a;* 2 ,)Q*' 

L E” i Z,„ 


If r; n r' = 0, from Lemma 3.6 we obtain 


If r' n r' ^ 0, using Lemma 3.5 and Lemma 3.6, and by 


(3.27) 


I php ( A o ( PP ) )” 1 A\ q {pq) Q hq Z qh \\ 0 = \\P h p (A h 0{pp) ) " 1 Q hp A\ q {pq) Q hq Z qh /j 3 (nt)\\ 0 




0,3 ^^ 1 0(pp)^ 1 l(p<j') 1 1 3,0 | |Q Zqh > 


(3.28) 
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we can find an infinite subsequence in {P h p(A^ pp ^)~ 1 Q hp A^ pq ^Q hq Z q h} which con- 
verges as h — > 0. Hence, there exists an infinite subsequence Hi C H such that 
(3.28) converges, As above, there exists an infinite subsequence {Hi, l = 1, • • • ,m} 
such that {P h (A^)~ 1 Q h A 1 l, h G H m } is a convergent sequence in the space V = 
(C 0 [0,l]) m . This shows that {P h (Aq ) _1 Q h A k } is a collectively compact sequence, 
and P h (A^)~ l Q h A k is pointwisely convergent to Aq X A\. The proof of Theorem 3.7 
is completed. □ 

Similar to Theorem 2.4, we have the following theorem. 

Theorem 3.8. Assume T' = U ™=i^' q satisfy C T > ^ 1, g q — g\ r > q G C & (T' q ), then 
when we choose an appropriate number r in (3.18) such that u > 3, there exists a 
vector function <f> = ($i ; ..., <3> m ) r G (Co[0, l]) m independent of h = (hi, ..., h m ) T such 
that the following multi-parameter asymptotic expansions hold at nodes 

w~w h = diag (hi , ..., h 3 m )<Y + 0(h 5 max )e, (3.29) 

where /i max = max!< g < m h q , and e = (1, 1, • • • , 1) T is a rn dimensional vector. 

4 Numerical experiments 

In this section, two numerical examples are presented to verify the efficiency of the 
Sidi-Israeli quadrature method for anisotropic heat conduction problems. 

Suppose that e n = | u — u n | be the errors by Sidi-Israeli quadrature method using 
n boundary nodes, and let r n = log 2 (e n / e n / 2 ) be the error ratio. 

Example 1. [5] Consider the steady state heat conduction in an anisotropic 

material in the two dimensional disc fl of radius unity. The thermal conductivity 
tensor is chosen to be Kn = 5.0, K\ 2 = k 2 i = 2.0, and /t 2 2 = 1.0. Dirichlet boundary 
conditions corresponding to the analytical solution u(x i, x 2 ) = x\/h — x\x 2 + X\X 2 + 
x\/2> are applied to the whole boundary T = {(x\,x 2 )\x\ + x\ = 1}. Under the 
transformation (1.2), the physical domain is distorted into an oblique ellipse il' with 
the boundary T' = {(ii!, x 2 )\($xi) 2 + (x 2 + 2aii) 2 = 1} on the mapped plane, as shown 
in Fig. 2. The computed values at the interior points Pi = (0.2, 0.2), P 2 = (0.4, 0.4) 
and Ps = (0.6, 0.6) using different boundary nodes are listed in Table 1, from the 
numerical results we can see that r n ~ 3. 

In addition, the numerical solution u of the interior points along the line x 2 = X\ 
are computed, where Xi = \/2/2 p and p = —0.9 : 0.05 : 0.9. The plots of computed 
errors are shown in Figure 3 to Figure 5. 

Example 2. Consider a square domain with the boundary Y = Y2 q =i where 
r i = {(xi,0) : 0 < xi < 1}, r 2 = {(l,x 2 ) : 0 < x 2 < 1}, T 3 = {(xi,l): 0< 

Xi < 1}, and r 4 = {(0,x 2 ) : 0 < x 2 < 1}. The invariant coefficients are chosen 
to be K \ i = 1, K 12 = 0.5, and k 22 = 1. The Dirichlet condition are applied to 
the T is u(x i, x 2 ) = ^xf + XiX 2 — x 2 + 2. Let each boundary r g (q — 1, • • • , 4) be 
divided into 2 k (k — 4, • • • , 10) segments. The physical domain and the ’isotropic’ 
mapped domain (parallelogram) are shown in Fig. 6. In order to overcome the 
singularities at the corners, we use Sidi-Israeli quadrature method with the Kress’s 
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Table 1: The errors for u at the points Pi = (0.2, 0.2), P 2 = (0.4, 0.4) and P 3 = 
( 0 . 6 , 0 . 6 ) 


n 

2 5 

2 s 

2 7 

2 8 

2 9 

2 10 

2 11 

e„(Pi) 

8.633E-4 

2.420E-5 

3.672E-6 

4.589E-7 

5.735E-8 

7.169E-9 

8.961E-10 

r n (Pi) 

- 

5.517 

2.720 

3.000 

3.000 

3.000 

3.000 

^n(P 2 ) 

1.533E-3 

9.791E-6 

6.180E-6 

7.621E-7 

9.525E-8 

1.191E-8 

1.488E-9 

r n (P 2 ) 

- 

7.291 

0.644 

3.020 

3.000 

3.000 

3.000 

e n{Pz) 

2.377E-3 

1.532E-3 

7.495E-5 

3.283E-7 

9.447E-8 

1.178E-8 

1.472E-9 

r n (P 3 ) 

- 

0.6324 

4.355 

7.835 

1.797 

3.004 

3.000 




Figure 2: Left: The physical domain Right: The mapped domain IT. 




x coordinate of the points (n = 2 5 ) x coordinate of the points (n = 2 6 ) 


Figure 3: Left: Errors for u by 2 5 boundary nodes; Right: Errors for u 
by 2 6 boundary nodes. 
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x coordinate of the points (n = 2 7 ) 


1.8 1 1 1 1 1 1 1 1 

1.6 - 
1.4 - 
1.2 - 

o 1 ' 

« 0.8 - 

0.6 - 
0.4 - 
0.2 - 

<>1 y — — i — — 

- 0.8 - 0.6 - 0.4 - 0.2 0 0.2 0.4 0.6 0.8 

re coordinate of the points (n = 2 8 ) 


Figure 4: Left: Errors for u by 2 7 boundary nodes; Right: Errors for u 
by 2 8 boundary nodes. 




Figure 5: Left: Errors for u by 2 9 boundary nodes; Right: Errors for u 
by 2 10 boundary nodes. 
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Figure 6 : Left: The physical domain Right: The mapped domain LY . 

variable transformation 73 for this problem. The computed values at the interior 
points P\ = (0.1, 0.1), P 2 = (0.3, 0.3) and P 3 = (0.5, 0.5) using n (= 4 x 2 k ,k = 
4, • • • ,10 nodes are listed in Table 2, from the numerical results we can also see that 
r n « 3. 

I 11 addition, the numerical solution u of the interior points along the line x 2 = X\ 
are computed, where aq = p and p = 0.1 : 0.02 : 0.9. The plots of computed errors 
are shown in Figure 7 to Figure 9. 

Table 2: The errors for u at the points P\ = (0.1, 0.1), P 2 = (0.3, 0.3) and P 3 = 
(0.5, 0.5) 


n 

2 4 

2 5 

2 6 

2 7 

2 8 

2 y 

2 lo 

e„(Pi) 

1.154E-4 

1.254E-5 

1.565E-6 

1.956E-7 

2.444E-8 

3.055E-9 

3.819E-10 

r n (Pi) 

- 

3.202 

3.002 

3.000 

3.000 

3.000 

3.000 

e„(P2) 

1.158E-4 

1.445E-5 

1.805E-6 

2.256E-7 

2.820E-8 

3.525E-9 

4.406E-10 

Tn(P 2 ) 

- 

3.003 

3.001 

3.000 

3.000 

3.000 

3.000 

en(P 3 ) 

1.198E-4 

1.495E-5 

1.869E-6 

2.336E-7 

2.919E-8 

3.649E-9 

4.561E-10 

r„(P 3 ) 

- 

3.002 

3.001 

3.000 

3.000 

3.000 

3.000 


5 Conclusions 

In this paper, the Sidi-Israeli quadrature method is used to solve the boundary in- 
tegral equations of steady state anisotropic heat conduction problems on the two- 
dimensional domain with smooth boundaries and polygons respectively. Especially, 
in order to provide a good accuracy in the solution near the singular points, the 
Kress’s variable transformation is used for the weakly singular integral equations of 
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Figure 7: Left: Errors for u by 4 x 2 5 boundary nodes; Right: Errors 
for u by 4 x 2 6 boundary nodes. 




Figure 8: Left: Errors for u by 4x2' boundary nodes; Right: Errors 
for u by 4 x 2 8 boundary nodes. 




Figure 9: Left: Errors for u by 4 x 2 9 boundary nodes; Right: Errors 
for u by 4 x 2 10 boundary nodes. 
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problems (1.1). The numerical results show that the presented algorithm has a high 
accuracy of O (n -3 ), which coincides with our theoretical analysis. 
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Hyers-Ulam stability of an additive set-valued functional 

equation 

Gang Lu, Jun Xie, Choonkil Park* and Yuanfeng Jin* 


Abstract. In this paper, we define the following additive set-valued functional equation 
f{2x + 3 y - z) + f(2y + 3 z - x) + f(3x + 2 z - y) 

= f(x + y) + f(y + z) + /( x + z) + /( 2x) + f(2y) + f(2z) 
and prove the Hyers-Ulam stability of the above additive set-valued functional equation. 


1. Introduction and preliminaries 

The stability problem of functional equations was originated from a question of Ulam [28] concerning 
the stability of group homomorphisms. Hyers [6] gave a first affirmative partial answer to the question 
of Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [2] for additive mappings and by 
Rassias [19] for linear mappings by considering an unbounded Cauchy difference. A generalization of the 
Rassias theorem was obtained by Gavruta [5] by replacing the unbounded Cauchy difference by a general 
control function in the spirit of Rassias’ approach (see [1, 4, 5, 7, 8, 14, 15, 20, 21, 22, 23, 24, 25, 26, 27]). 

It is easy to show that if / : R — »• R is a solution of the inequality 

\f(x + y) — fix) — f{y)\ < £ (1.1) 

for some e > 0 then there exists a linear function g( x) = mx,m G R, such that | f(x) — <7(2) I < e for all 
iel. 

The inequality (1.1) can be written as the form 

f(x + y)~ f{x) - f{y) G B( 0, e), 
where B(0,s) := (—£,£). Hence we have 

f(x + y) + Bi 0, e) C /( x) + H( 0, e) + fiy) + B{ 0, e) 
and denoting by F(x) = fix) + 5(0, e), x G R, we get 

Fix + y) C Fix) + F{y),x, y G R 

and 

gix) G Fix). 

Let Y be a real normed space. The family of all closed and convex subsets, containing 0, of Y will 
be denoted by ccz(Y). 

°2010 Mathematics Subject Classification: 54C60, 39B52, 47H04, 49J54. 

°Keywords: Hyers-Ulam stability, additive set-valued functional equation, closed and convex subset, 
cone 

* Corresponding authors. 
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Hyers-Ulam stability of an additive set-valued functional equation 
Let A, B be nonempty subsets of a real vector space X and A a real number. We define 
A -\- B = {x (E X : x — cl -P b, a £ -1 ■ b £ B }, 

XA = {x £ X : x = A a, a £ A}. 

Lemma 1.1. ([13]) Let A and p be real numbers. If A and B are nonempty subsets of a real vector 
space X , then 

A (A + B) = XA + XB, 

(A + p)A C AA + p.B. 

Moreover, if A is a convex set and A/i > 0, then we have 

(A -P yf)A — XA -P pA. 

A subset dCXis said to be a cone if A + A C A and A A C A for all A > 0. If the zero vector in X 
belongs to A, then we say that A is a cone with zero. 

Set-valued functional equations have been extensively investigated by a number of authors and there 
are many interesting results concerning this problem (see [3, 10, 11, 12]). 

2. Stability of the set-valued functional equation (1) 

In this section, let X be a real vector space, A C X a cone with zero and Y a Banach space. 

The following theorem is similar to the results of [16] and [18] 

Theorem 2.1. If F : A — > ccz(Y ) is a set-valued map satisfying 


F(2x + 3 y — z) + F(2y + 3z — x) + F{ 3x + 2z — y) 

C F(x + y) + F(y + z) + F(x + z) + F(2x) + F(2y) + F(2z) 


(2.1) 


sup {diam(F(x)) : x € A} < +oo 

for all x,y,z £ A, then there exists a unique additive mapping g : A — > Y such that g{x) € F{x). 


Proof. Take an element x £ A. Letting y = z — x vn (fl.l) and using Lemma 1.1, we get 

3F (4a; ) C 6F(2a;). (2.2) 

Replacing 2x by 2 n x in (2.2), we obtain 

F (2 n+1 x) C 2 F (2 n x) 

and 

F(2 n+1 x) ^ F( 2 n x) 

2n+l — 2 n 

Denoting by F n (x) = ,x £ A, n £ N, we obtain that (F n (x)) n > o is a decreasing sequence of 

closed subsets of the Banach space Y . We have also 

diam{F n (x)) = —diam ( F ( 2 n x )) . 
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Taking account of sup {diam(F(x)) : x £ A} < +oo, we get 

lim diam{F n {x)) = 0. 

n—*o o 

Using the Cantor theorem for the sequence (F n (x)) n > o, we obtain that the intersection n n >oF n (x) is a 
singleton set and we denote this intersection by g{x) for all x £ A. Thus we get a mapping g : A — > Y 
and g(x) € F 0 (x) = F(x) for all x € A. 

We now show that g is additive. For all Xi £ A, i = 1, 2, • • • ,N and n £ N, 

F n (2x + 3 y — z) + F n [2y + 3z — x) + F n (3x + 2z — y) 

F{2 n (2x + 3y- z)) | F(2 n (2y + 3z - x)) | F{2 n (3x + 2z - y)) 

~ 2 " + 2 n + 2 n 

F{2 n (x + y)) + F{2 n {y + z)) + F(2 n (x + z)) + F(2 n (2x)) + F{2 n (2y)) + F(2 n {2z)) 

- 2 n 
— F n (x + y) + F n (y + z) + F n (x + z) + F n (2x) + F n (2y ) + F n (2z). 


By the definition of g , we obtain 

g(2cc + 3y — z) + g{2y + 3z — x) + g(3x + 2 z — y) 

OO OO OO 

= P| F n (2x + 3 y - z) + P F n (2y + 3z - x) + P F n ( 3x + 2 z - y) 

n—0 n — 0 n—0 

oo 

c p {F n (2x + 3 y — z)+ F n (2y + 3 z - x) + F n { 3x + 2 z - y)} 

n—0 

oo 

U P {F n (x + y) + F n (y + z) + F n (x + z) + F n (2x) + F n (2y) + F n (2z)} 

n—0 

and g(xi) £ F n (xi). Thus we get 

\\g{2x + 3 y- z)+ g(2y + 3 z - x) + g{ 3x + 2 z - y) 

-g{x + y)- g(y + z)~ g{z + x)~ g{ 2x) - g{2y) - g(2z)\\ 

< diam ( F n (x + y)) + diam ( F n (y + z)) + diarn (. F n ( x + z)) + diam (F n (2a;)) 
+diam. (F n (2 y)) + diam ( F n (2 z)) 


which tends to zero as n tends to oo. Thus 

g[2x + 3 y — z) + g(2y + 3z — x) + g{3x + 2z — y) 

= g(x + y)+ g(y + z)+ g( x + z) + g(2x) + g(2y) + g(2z) 


(2.3) 


for all x,y,z £ A. 

Letting x = y = z = 0in (2.3), we have 3g(0) = 6^(0). Thus g{ 0) = 0. Letting x = y = z in (2.3), we 
get g{2x) = 2 g{x) for all x £ A. And letting y = z = 0 in (2.3), we have 


g{~x) + g(3x) = 2g(x) = g(2x) 


(2.4) 


for all x £ A. Letting 2 = —x, y = 2a; in (2.4), we get 

g{z) + g(y - z) = g(y) (2.5) 

for all y,z £ A. Letting y = 0 in (2.5), we have g{—z) = — g(z ) for all z £ A. Hence 

g(y ~ z ) = g(y) + g{-z) 
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for all y,z £ A. That is, g is an additive mapping. □ 
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Topological spaces induced by fuzzy prime ideals in .BCC-algebras 
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Abstract. In this paper, we construct a topological space on the set of all fuzzy prime ideals of a commutative 
BCC- algebra X , and we discuss fuzzy prime ideals in commutative BCC-algebras. 

1. Introduction 

In 1966, Imai and Iseki ([7]) defined a class of algebras of type (2,0), called BCK-algebras which generalized the 
notion of an algebra of sets with the set subtraction as the only fundamental non-nullary operation, and also the 
notion of implication algebras ([8]). The class of all BCA"-algebras is a quasi- variety. Iseki posed an interesting 
problem whether the class of BCA'-algebras is a variety. That problem was solved by Wronski ([11]), who proved 
that BCA"-algebra do not form a variety. In connection with this problem, Kornori ([9]) introduced the notion 
of BCC-algebras, and Dudeck ([1, 2]) redefined the notion of BCC-algebras by using a dual form of the original 
definition in the sense of Kornori. In [5], Dudek and Zhang introduced a new notion of ideals in BCC-algebras and 
described some connections between such ideals and congruences. Dudek and Jun ([3]) considered the fuzzification 
of ideals in BCC-algebras. Dudek, Jun and Stojakovic ([4]) described fuzzy BCC-ideals and its image. In this 
paper, we define a topology on the set of all fuzzy prime ideals of a commutative BCC- algebra X and the resulting 
space, denoted by A-spec(A), and obtain some related properties. 

2. Preliminaries 

By a BCC-algebra ([6]) we mean a nonempty set X with a constant 0 and a binary operation “ * ” satisfying 
axioms: for all x,y,z £ X, 

(I) ((x * y) * (z * y)) * (x * z) = 0, 

(II) 0 * a; = 0, 

(III) x * 0 = x, 

(IV) x * y = 0 and y * x = 0 imply x = y. 

For brevity, we also call X a -BCC-algebra. In X we can define a binary relation “ < ” by x < y if and only 
if x * y = 0. Then < is a partial ordering on X. The relation “ < ” is called a BCC-order on X. A non-empty 
subset A of a BCC-algebra X is called a subalgebra of X if x * y € S for all x,y £ S. 

In a BCC-algebra X, the following hold: for any x, y,z £ X, 

(2.1) x * x = 0, 

(2.2) (x * y) * x = 0, 

(2.3) x<y=>x*z<y*z, 

^Correspondence: +82 33 248 2011(phone), +82 33 256 2011(fax) (K. S. So). 
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(2.4) x<y=>z*y<z*x. 

Any BCA'-algebra is a BCC- algebra, but there exist BCC-algebras which are not BCA'-algebras (cf. [2]). 
Note that a BCC- algebra is a BCA^-algebra if and only if it satisfies: 

(2.5) (x * y) * z = (x * z) * y , for all x,y, z £ X. 

Definition 2.1 ([5]). Let X be a BCC-algebra and I / 1 C I. I is called an ideal (or a BCK-ideal) of X if it 
satisfies the following conditions: 

(i) 0 € I, 

(ii) x *y, y £ I imply x £ I for all x , y £ X. 

Theorem 2.2 ([5]). In a BCC-algebra X, every ideal of X is a subalgebra of X. 


Definition 2.3 ([5]). Let A be a ne'e-algebra and l/f Cl. / is called a BCC-ideal of X if it satisfies the 
following conditions: 

(i) 0 £ /, 

(ii) (x * y) * z £ I and y £ I imply x * z £ I, for all x,y,z £ X. 


Lemma 2.4 ([5]). In a BCC-algebra X, any BCC-ideal of X is an ideal of X. 
Corollary 2.5 ([5]). Any BCC-ideal X of a BCC-algebra X is a subalgebra of X. 


Remark. In a BCC-algebra, a subalgebra need not be an ideal, and an ideal need not be a BCC-ideal in general 
( see [2, 4]). 

We now review some fuzzy logic concept. Let A be a BCC- algebra. A fuzzy set y in A is a function 
y : X — > [0,1]. The set y t := {x £ X\y{x) > t}, where t € [0,1] is fixed, is called a level set of A. By 
Im(y) we denote the image set of y. A fuzzy set y : X — > [0, 1] is called a fuzzy subalgebra ([3]) of A if 
y{x * y) > min{y(x) , y(y)} for all x,y £ X. 


Definition 2.6. For t £ [0, 1], fuzzy point x t is a fuzzy subset of A such that 


x t (y) ■■= 


if y = x, 
iiyjlx. 


Definition 2.7 ([3]). A fuzzy set y in a .BCC-algebra A is called a fuzzy BCK-ideal if 

(i) y( 0) > y(x) for all x £ X, 

(ii) y{x) > min{^(:r * y), y(y)} for all x,y £ X. 


Lemma 2.8 ([3]). Let X be a BCC-algebra and y be a fuzzy BCK-ideal of X. 

(i) if x * y = 0, then y{x) > y(y) for any x, y £ X, 

(ii) y{x * y) > min{^(a: * z), y(z * y)} for all x,y,z £ X. 


Definition 2.9 ([3]). A fuzzy set y in a BCC-algebra A is called a fuzzy BCC-ideal if 

(i) y{ 0) > y(x) for all x £ X, 

(ii) y{x * z) > min{^((a; * y) * z), y(y)} for all x,y,z £ A. 
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On fuzzy spectrum of a BCC-algebra 
Any fuzzy BCC- ideal is a fuzzy BCK- ideal in BCC-algebras. 

Lemma 2.10 ([4]). If p is a fuzzy BCC-ideal of a BCC-algebra X, then, for any x,y,z G X, 

(i) x < y implies p{y) < p(x), 

(ii) p{x *y)= p{0), then p{x) > p(y), 

(iii) h(x *y)> p{x), 

(iv) p{x *y)> min{p(x), p{y)}, 

(v) p{x *{y* z )) > min {p{x),p{y), p{z)}, 

(i) p((x * y) * (x * z)) > p(z * y). 

Proposition 2.11 ([3]). A fuzzy set p in a BCC-algebra X is a fuzzy BCK{BCC , resp.)-ideal ( subalgebra , resp .) 
if and only if for every t € [0, 1], the level subset pt is either empty or a BCK {BCC, resp.)-ideal ( subalgebra , 
resp.) of X. 

Theorem 2.12. If I is an ideal of a BCC- algebra, then the characteristic function \i '■ X — > [0, 1] of I, is a fuzzy 
ideal of X with / = X xi , where X Xl =: {x € X\xi{x) = X/(0). 

Proof. It is easily checked that \i is a fuzzy ideal of X. Given an ideal I, we have 

X xi =i x e X \xi(x) = Xi(0)} 

={x G X\ xi(x) = 1} 


3. Toplogical Spaces by fuzzy prime ideals 

Theorem 3.1. Let X be a BCC-algebra and let {?7i}{;eA} be a family of fuzzy BCK{BCC , resp.)-ideals of X. 
Then (l^AVi is a fuzzy BCK{BCC , resp.)-ideal of X. 

Proof. Straighforward. □ 

If ft is a fuzzy subset of a BCC-algebra X, then the ideal generated by p which is denoted by (p) is defined as 
follows: 

(p) = n{?y \p C 77,77 is a fuzzy BCC{BCK, resp.)-ideal of X}. 

For all x, y in a BCC-algebra X, y * {y * x) is denoted by x A y. A BCC-algebra X is said to be commutative 
([2]) if x * {x * y) = y* (y* x), for all x, y G X, i.e., x Ay = y Ax. If X is a commutative BCC-algebra, then it is 
easy to check that 

x Ay < x and x Ay < y. (*) 

A proper ideal P of a BCC-algebra X is said to be prime if for all ideals A, B of X such that AB C P, either 
A C P or B C P, where 

AB = {aA b\a G A, b G B}. 


In what follows, let X be a BCC-algebra, unless otherwise specified. 
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Definition 3.2. Let p and 77 be two fuzzy subsets of X. Then the fuzzy set prj is defined by 

m{x) = supjmin {g(y), rj(z)} \x = y A zj. 


Clearly, since x A x = x, each a; £ I is expressible as x = y A z for some y,z £ X. 

Definition 3.3. A non-constant fuzzy ideal p of X is said to be fuzzy prime if for all fuzzy ideals 9, a such that 
9a C p, either 9 C p or a C p. 

Lemma 3.4. Let p and p be two fuzzy BC K(BCC , resp.)-ideals of X. Then pp C p n 77 . 

Proof. Let x € X such that x = a A b for some a,b £ X and let /a, p be fuzzy BCK(BCC , resp.)-ideals of X. Then 
p(a) < p{a A b ) = p(x) and p(b) < p(a A b) = r](x) from Lemma 2.10-(i). Hence min{/x(o), 77 ( 6 )} < (g C\ p)(x). 
Thus gp(x) < (p l~l p){x). □ 

Let Y be the set of all fuzzy prime ideals of X. Let V(6) := {p £ Y\9 C p}, where 9 is any fuzzy subset of X. 
Put Y{9) =Y \ V(9), the complement of V(9) in Y. 

Lemma 3.5. If 9 is a fuzzy subset of X, then V((a)) = V(a). In particular, V((xp)) = V{xp) for any fuzzy point 
xp of X. 

Proof. Clearly, V(a) C V((ct)). Now, let p € V((a)) = {p £ Y\{a) C p). Then we have (a) C p. Since a C (a), 
we have a C p which implies that p £ V(a). Thus V((a)) C V(a). □ 

Theorem 3.6. Let t = {Y{9)\9 is a fuzzy BCK(BCC)-ideal ofX}. Then the pair (' Y,t ) is a topological 
space. 

Proof. Consider the fuzzy ideals 9 and er of Y defined by 9{x) := 0 and a(x) := 1 for all x £ X. Then V(9) = Y 
and V(a) = 0 so that 0,1* £ t . Now let 9 X and 9 2 be two fuzzy BCK(BCC )- ideals of X. We show that 
V{Q\) U V{9 2 ) = V{9\C\ 9 2 ). To do this, if g £ V(6i) U V{9 2 ), then g £ V{6\) or p £ V(9 2 ), i.e. , 9\ C p or 
9 2 C p and hence 9\ fl 9 2 C p. Therefore p £ V{9\ Cl 9 2 ). Thus V(9±) U V(9 2 ) C V(9± H 0 2 ). On the other 
hand, if p £ V{9\ Cl 9 2 ), then 9\ fl 9 2 C p. By Lemma 3.4, 9\9 2 C 9\ fl 9 2 C p and 9\9 2 C p. Since p is a fuzzy 
prime ideal of X, 9i C p or 9 2 C p. Hence p £ V(9{) U V(9 2 ). Therefore V{6\ n 9 2 ) C V(9\) U V(9 2 ) and hence 
V{Q\) U V(9 2 ) = V(6i fl 9 2 ). Thus Y(9i) C\Y(9 2 ) = Y(9\ n 9 2 ), i.e., r is closed under finite intersection. 

Now we will prove that if {d;}j 6 a is a family of fuzzy BCK{BCC)-ide&\ of X, then 


Let p £ Y . Then we have 


nieAV(6 i ) = V((U ieA 6 i )). 


p £ V(9i),\/i £ A &i C g,\/i £ A 


(**) 


p £ P((UigA^i})- 

Therefore (**) holds. Thus rij 6 AP(0j) = l*((Uj e A^i))- This proves that r is closed under arbitrary union. Thus 
(Y, r) is a topological space. □ 
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The topological space (Y, r) described in Theorem 3.6 is called a fuzzy spectrum of Y or F -spectrum of Y and 
is denoted by E-spec (Y). 

Theorem 3.7. Let (Y, r) be a topological space. Then the subfamily B = {Y(xp)\x £ X, (3 £ (0,1]} of r is a 
base for t. 

Proof. It is enough to show that for all Y(9) £ r and p £ Y(9) there exists Y(xp) £ B such that p £ Y(xp) and 
Y(xp) C Y(9). To do this, if Y(0) £ t and p £ Y(9), then 9 <£. p. Hence there exists x £ X such that 9(x) > p(x). 
If 9{x) = (3, then 

p £Y (xp). (1) 

If a £ V (9) is an arbitrary element, then o(x) > 9{x) = j3 = xp(x), which implies that xp C o. Therefore 
a £ V{xp) and hence V(9) C V(xp). Thus we have 

Y{x 0 ) C Y(9). (2) 

By (1) and (2), the proof is complete. □ 

4. Fuzzy prime ideals of commutative BCC-algebras 

Proposition 4.1. Let p be a fuzzy BCK (BCC)-ideal of a BCC-algebra X. Then X M := {x £ X\p(x) = p(0)} 
is a BCK (BCC) -ideal of X. 

Proof. Straightforward. □ 

If p is not a fuzzy BCA'(BCC)-ideal of a BCC-algebra X, then Proposition 4.1 need not be true as shown in 
the following example. 

Example 4.2. Let X be a BCC-algebra with the following table: 


* 

0 

1 

2 

3 

4 

5 

0 

0 

0 

0 

0 

0 

0 

1 

1 

0 

0 

0 

0 

1 

2 

2 

2 

0 

0 

1 

1 

3 

3 

2 

1 

0 

1 

1 

4 

4 

4 

4 

4 

0 

1 

5 

5 

5 

5 

5 

5 

0 


Then (X;*,0) is not a BCA'-algebra, since (2 * 1) * 4 = 1 ^ 0 = (2 * 4) * 1. Let S := {0,1,2, 3,4} and 

T := {0,1,2}. Then S' is a BCC-ideal of X and T is a BCC-subalgebra of X , but not a BCAT-ideal of X, 

since 3*2 = 0 £ T and 3 ^ T ([5]). Let p : X — > [0, 1] be a map defined by p( 0) = p( 1) = p( 2) = 1 and 
p( 3) = p( 4) = p( 5) = Then p is not a BCAT-ideal, since \ = p( 3) < min{p(3 * 2),p(2)} = 1. X M = {0, 1,2} 
is not a BCAT-ideal of X, since 1 = 3 * 2 £ X M and 2 £ but 3 ^ X^. Dehne a fuzzy subset v in X 

by jz( 0) = i/(l) = i/(5) = 0.9 and z/(2) = v(T) = i/(4) = 0.3. Then v is not a fuzzy BCC-ideal of X , since 

i/(4 * 2) = i/(4) = 0.3 < min{z/((4 * 5) * 2) = v(l * 2) = i/(0) = 0.9, i/(5) = 0.9} = 0.9. But X„ = {0, 1, 5} is not a 
BCC-ideal of X , since (4 * 5) * 0 = 1, 5 £ X v but 4*0 = 4^ X v . 

A proper ideal P of a BCC-algebra X is said to be s-prime if 

x A y £ P <t=> x £ P or y £ P, for all x,y £ X. 
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Definition 4.3. Let A be a commutative BCC- algebra. A non-constant fuzzy BCAT-ideal (or fuzzy ideal) p of 
A is said to be s-prime if for all x, y £ X, either p{x Ay) = p(x) or p{x Ay) = p{y). 

Lemma 4.4. A non-constant fuzzy set p of a commutative X is a fuzzy s-prime ideal of X if and only if for each 
t £ [0, 1], pt is either empty or an s-prime ideal of X if it is proper. 

Proof. Suppose that p is a fuzzy s-prime ideal of X. For each t £ [0, 1], assume that p t 0 and x Ay £ p t , 
where x,y £ X. Then p{x Ay) > t. Since p is a fuzzy s-prime ideal of X, we obtain p(x Ay) = p(x) > t or 
p{x Ay) = p(y) > t. Hence either x £ pt or y £ p t . Thus p t is an s-prime ideal of X. 

Conversely, if p is not an s-prime ideal of X , then p(x Ay) / p{x) and p(x Ay) ^ p(y) for all x,y £ X. Let 
x Ay £ pt for all x, y £ X. Then p[x A y) > t. Since p is not an s-prime ideal of X, we obtain p(x) < t and 

p(y) < t. Hence a ’ £ pt and y pt , which is a contradiction. □ 

Lemma 4.5. Let p be a fuzzy prime ideal of a BCC-algebra X. Then for any t £ [0, 1], pt is either empty or a 
prime ideal of X if it is proper. 

Proof. Let t £ [0, 1] and p t ^ 0 . By Proposition 2.11, p t is a BCK-ideal of X. Now let A, B be two ideals of X 
such that 

AB C p t = {x £ X\ p(x) > t}. 

If we define the fuzzy subsets 8 := xa and a := \b, then it is easy to show that 8a C p , which implies 8 C p or 

cr C p. since p is a fuzzy prime ideal of A. It follows that A C p t or B C p t . □ 

Lemma 4.6. Let X be a commutative BCC-algebra X. If z < x and z < y for all x,y,z £ A, then z < x Ay. 

Proof. Since z < x and z < y, we have z * x = 0 and z * y = 0. Then z = z*0 = z*(z*x) = x * {x * z) and 
z = z*0 = z*(z*y) = y * (y * z), since A is commutative. Hence z = x * (x * z) = x * (x * (y * (y * z))) < 
x*(x*y) = yAx = xAy. This competes the proof. □ 

A .BCC-algebra A is said to be positive implicative ([2]) if for any x,y,z £ A, (x * y) * z = (x * z) * (y * z). 

Lemma 4.7. Let X be a positive implicative BCC-algebra which is commutative. Then a proper ideal P of X 
is an s-prime ideal of X if and only if P is a prime ideal of X. 

Proof. Suppose that P is an s-prime ideal such that AB C P for some ideals A, B of A. In order to prove that 
A C P or B C P, let us assume that neither A C P nor BCP. Then there exist a £ A, b £ B such that a P 
and b P. Since a A b £ AB and AB C P, we have a A b £ P. Since P is an s-prime ideal of A, a £ P or b £ P, 
which is a contradiction. Thus AB C P implies A C P or B C P. 

Conversely, suppose that for any ideals A, B of A, AB C P implies A C P or B C P. We prove that P is an 
s-prime ideal of A. Let a A b £ P, where a,b £ X. Put A(a) := {x £ X\x < a } and A(b) := {y £ X\y < b}. 
Clearly, 0,a £ A(a). Let x * y,y £ A(a). Then x * y < a and y < a. Since A is positive implicative, we have 
(x * y) * a = (x * a) * (y * a) = (x * a) * 0 = x * a = 0. Hence x £ A(a). Therefore A{a) is a BCAT-ideal of A. 
Similarly, A(b) is a BCK-ideal of A. We claim that A(a)A(b) C P. Let x £ A(a) and y £ A{b). Then x < a and 
y < b. Since A is commutative, we obtain x Ay < x. Since (A, <) is a partially ordered set, we have x Ay < a. 
Similarly, x Ay < b. By Lemma 4.6, we obtain x A y < a A b and a A b £ P. Since P is a BCA'-ideal, x Ay £ P. 
Hence A(a)B(b) C P. By hypothesis, A(a) C P or A(b) C P. Since a £ A(a),b £ A(b ), we have a £ P or b £ P. 
Thus P is an s-prime ideal of A. □ 
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Theorem 4.8. Let p be a fuzzy prime ideal of a BCC-algebra X. Then X M is a prime ideal of X. 

Proof. Clearly, X f = p^(o). By Lemma 4.5, X ^ is a prime ideal of X. □ 

Theorem 4.9. Let p be a fuzzy prime ideal of a positive implicative BCC-algebra X which is commutative. 
Then p is a fuzzy s-prime ideal of X . 

Proof. Let p be a fuzzy prime ideal of X. By Lemma 4.5, pt is a prime ideal of X . Using Lemma 4.7, pt is an 
s-prime ideal of X . It follows from Lemma 4.4 that p is a fuzzy s-prime ideal of X. □ 

The following example shows that the converse of Theorem 4.9 does not hold. 

Example 4.10. Let X := {0,e} be a set with the following table: 


* 

0 

e 

0 

0 

0 

e 

e 

0 


Then (X;*,0) is a positive implicative BCC-algebra which is commutative. Define the fuzzy subset p of X by 
p( 0) = 0.7, p(e) = 0. Clearly p is a fuzzy s-prime ideal of X. Now consider the fuzzy ideals a and 9 of X which 
are defined by o(x) = \ for all x G X and 6{e) = 0, 0(0) = 1. Then we have a9 C p but a (£ p and 9 p. Thus 
p is not a fuzzy prime ideal of X. 

Theorem 4.11. Let X be a commutative BCC-algebra. Then I is an s-prime ideal of X if and only if xi JS a 
fuzzy s-prime ideal of X. 

Proof. Suppose that / is an s-prime ideal of X. By Theorem 2.12, \i is a fuzzy ideal of X. Since / is proper, \i 
is a non-constant function. Let x, y £ X. If x £ I or y £ /, then x A y £ I. Hence Xi( x A y) = 1 = Xi( x ) V Xiiu)- 
If x I and y ^ /, then x A y I. Hence Xi( x A y) = 0 = xi x ) V Xi(y)- Thus \i is a fuzzy s-prime ideal of X. 

Conversely, since / = X Xl , if Xi is a fuzzy s-prime ideal of X, it follows by Lemma 4.4 that / is an s-prime 
ideal of X. □ 

Corollary 4.12. Let X be a positive implicative BCC-algebra which is commutative. Then P is a prime ideal 
of X if and only if Xp iS a fuzzy prime ideal of X. 

Proof. Let P be a prime ideal of X. Then xp is a fuzzy ideal of X. Now let 9, a be two fuzzy ideals such that 
9a C xp- We shall show that 

9 C xp or er C xp- (* * *) 

If (* * *) does not hold, then there exist x,y £ X \ P such that 9(x) > 0 and a(y) > 0. By Lemma 4.7, we have 
x A y £ P. Since 9a C xp, we have 

0 < min{0(a:), a(y)} < 9a(x A y) < Xp( x A y). 

In other words, x Ay £ P, which is a contradiction. Hence (* * *) holds. 

Conversely, let Xp b e a fuzzy prime ideal. By Theorem 4.9, Xp is a fuzzy s-prime ideal. By Theorem 4.11, P 
is an s-prime ideal of X. By Lemma 4.7, P is a prime ideal of X. □ 
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RIESZ FUZZY NORMED SPACES AND STABILITY OF A LATTICE 
PRESERVING FUNCTIONAL EQUATION 

CHOONKIL PARK, EHSAN MOVAHEDNIA*, SEYED MOHAMMAD SADEGH MODARRES MOSADEGH, 

AND MOHAMMAD MURSALEEN 


Abstract. The main objective of this paper is to introduce and to study fuzzy normed Riesz spaces. 
By the direct method, we prove the Hyers-Ulam stability of the following lattice preserving functional 
equation in fuzzy Banach Riesz space 


A /2 (/( t x V r/y) - rf(x) V yf(y),t) > J\Ti(ip(TX V rjy,TX A rjy),t) 

where (X,Afi), (Y A/ 2 ) are fuzzy normed Riesz space and fuzzy Banach Riesz space, respectively; and 
(p : X X X —> X is a mapping such that 


for all r, y > 1 and o G [0, 1). 




x y\ 
t’ vJ 


1. Introduction 

Riesz spaces are named after Frigyes Riesz who first defined them in [1] . Riesz spaces are real vector 
spaces equipped with a partial order. Under this partial order the Riesz space must satisfy some axioms, 
including the axiom that it is a lattice. 

For the basic theory of vector lattices (Riesz spaces) and Banach lattices and for unexplained termi- 
nology we refer to [2, 3, 4]. 

In 1984, Katrasas [5] defined a fuzzy norm on a linear space to construct a fuzzy vector topological 
structure on the space. Later, some mathematicians have defined fuzzy norms on a linear space from 
various points of view [6, 7]. In particular, Bag and Samanta [8], following Cheng and Mordeson [9], 
gave an idea of a fuzzy norm in such a manner that the corresponding fuzzy metric is of Kramosil and 
Miclralek type [10]. They also established a decomposition theorem of a fuzzy norm into a family of 
crisp norms and investigated some properties of fuzzy normed spaces. 

A classical question in the theory of functional equations is the following: When is it true that a 
function which approximately satisfies a functional equation V must be close to an exact solution of 
T>1 If the problem accepts a solution, we say that the equation V is stable. The first stability prob- 
lem concerning group homomorphisms was raised by Ulam [11] in 1940. In 1941, Hyers [12] solved 
this stability problem for additive mappings subject to the Hyers condition on approximately additive 
mappings. The result of Hyers was generalized by Rassias [13] for linear mapping by considering an un- 
bounded Cauchy difference. The stability problems of several functional equations have been extensively 
investigated by a number of authors, and there are many interesting results concerning this problem 
([14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24, 25]). Recently, considerable attention has been increasing to 
the problem of fuzzy stability of functional equations. Several fuzzy stability results concerning Cauchy, 
Jensen, simple quadratic, and cubic functional equations have been investigated [26] [31]. 

In this paper, Riesz fuzzy normed spaces are defined and the stability condition are verified. 


2010 Mathematics Subject Classification. 54A40, 46S40, 39B52. 

Key words and phrases, fuzzy normed Riesz space; fixed point; Hyers-Ulam stability; lattice preserving functional 
equation. 
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2. Preliminary estimates 

A non empty set M. with a relation “<” is said to be an ordered set whenever the following conditions 
are satisfied : 

1. x < x for every x £ A4. 

2. x < y and y < x implies that x = y. 

3. x < y and y < z implies that x < z. 

If, in addition, for all x,y € M either x < y or y < x, then M is called a totally ordered set. Let A 
be subset of an ordered set M. x € M is called an upper bound of A if y < x for every y £ A. z € M 
is called a lower bound of A if y > z for all y £ A. Moreover, if there is an upper bound of A, then A 
is said to be bounded from above. If there is a lower bound of A, then A is said to be bounded from 
below. If A is bounded from above and from below, then wc will briefly say that A is order bounded. 

An order set (Al, <) is called a lattice if any two elements x, y £ AA have a least upper bound denoted 
by x V y = sup(x, y) and a greatest lower bound denoted by x A y = inf (a:, y). 

A real vector space £ which is also an ordered set is an ordered vector space if the order and the 
vector space structure are compatible in the following sense: 

1. If x, y € £ such that x < y, then x + z < y + z for all 0 £ £. 

2. If x, y £ £ such that x < y, then ax < ay for all a > 0. 

(£, <) is called a Riesz space if (£, <) is a lattice and ordered vector space. 

A norm || • || on Riesz space £, is called a lattice norm if ||x|| < ||y|| whenever |x| < \y\. In the latter case 
(f, || • ||) is called a normed Riesz space. 

(£, || • j|) is called a Banach lattice if for all x, y £ £ 

1. (£, || • ||) is a Banach space. 

2. £ is a Riesz space. 

3. || • || is a lattice norm. 

Example 2.1. Suppose that X is compact Hausdorff space. We denote by C{f£) the Banach space of all 
real continuous functions on X . Let “< ” be a point-wise order on C(/C), / < g if and only if f(t) < g(t ) 
for all t £ K . It is easy to see that (C(/C), <) is a Banach lattice. 

Let £ be a Riesz space and let the positive cone £ + of £ consist of all x £ £ such that x > 0. For 
every x £ £ let 

x + = x V 0 x~ = —x VO |x| = x V — x . 

Let £ be a Riesz space. For all x,y,z £ £ and a £IZ the following assertions hold 

1. x + y — xVy + xAy , — (x V y) = —x A y. 

2. x + (y V z) = (x + y) V (x + z) , x + (y A z) = (x + y) A (x + z). 

3. |x| = x + + x~ , \x + y\ < \x\ + |y|. 

4. x < y is equivalent to x + < y + and y~ < x~ . 

5. (x V y) A z = (x A y) V (y A z) , (x A y) V z = (x V y) A (y V z). 

A Riesz space £ is Archimedean if x < 0 holds whenever the set {nx : n £ N} is bounded from 
above. 

Definition 2.1. [21 Let X and y be Banach lattices. A mapping T : X -A y is called positive if 
T(X+) = {T{\x\) :x£ X} cy+. 

Theorem 2.1. [3] For an operator T '■ X — » y between two Riesz spaces the following statements are 
equivalent: 

1. T is a lattice homomorphism. 

2. T(x + ) = T{x) + for all x £ X . 

3. T{x Ay) = T{x) AT(y). 

4. If x A y = 0 in X, then T{x) A T{y) =0 holds in y. 
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5. T(\x\) = \T{x)\. 

Definition 2.2. [4] Let X and y be Banach lattices and let T : X -A y be a positive mapping. We 
define 

(Pi ) lattice homomorphism functional equation: 

T(MVM)=T(M)VT(M); 

(P 2 ) semi-homogeneity: for all x £ X and every number a € 1Z + 

T{a\x\) = aT{\x\). 

Remark 2.1. [4] Given two Banach lattices X and y, let a positive mapping f : X — ► y satisfy the 
property (’Pi). Then the following statements are valid. 

1. f(\x V y\) < f(\x\) V /(|y|) for all x,y £ X. 

2. The semi-homogeneity implies that /( 0) = 0. 

3. / is an increasing operator, in the sense that if x,y £ X are such that \x\ < \y\, then /(|x|) < f{\y\). 

3. Main results 

Definition 3.1. Let (X, <) be a Riesz space. A function M : X x 1Z — ► [0, 1] is called a Riesz fuzzy 
norm on X if for all x,y £ X and all s,t £lZ 

(A/)) Af(x, t) = 0 for t < 0 ; 

(A/ 2 ) x = 0 if and only if Af(x, t) = 1 for all t> 0 ; 

(A/ 3 ) A f(cx, t) = A f(x, t/\c\) if 0 ; 

(A/ 4 ) Af( x + y,t + s ) > min {Af(x, t),Af(y, s)} ; 

(A/ 5 ) A f(x, .) is a non-decreasing function of R and 

lim t -> 00 A r(x,t) = 1 ; 

(A r%) for x ^ 0, Af(x , .) is continuous on R ; 

(A/ 7 ) A f(x,t) >A f{y,t) whenever \x\ < \y\. 

Then (X , <, A/”) is called a Riesz fuzzy normed space. 

Example 3.1. Let (X, <, ||.||) be a normed Riesz space. One can easily verify that for each k > 0 , 

t + k\\x\\ ift> ° 

0 ift< 0 

defines a Riesz fuzzy norm on X . 

Note that (A/i) — (A f%) have been checked in [ 8 ]. We show that (A/ 7 ) is satisfied. Suppose that |x| < \y\ 
for all x,y £ X. Then ||x|| < ||y|| since (X,<, || • ||) is a normed Riesz space. So 

t t 

t + k\\x\\ ~ t + k\\y\\ 

and so 

A f(x,t) > A f{y,t) 

for all t > 0 and k > 0. Therefore, (X, <,Af) is a Riesz fuzzy normed space. 

Example 3.2. Let (X,<, ||.|| ) be a normed Riesz space. We define 

ift< INI 

ift > ||z||. 
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It is very easy to show that (X, <, A f) is a Riesz fuzzy normed space. 

Remark 3.1. Convergent and Cauchy sequences in Riesz fuzzy normed space are same as in fuzzy 
normed space. 

Definition 3.2. Let (X,<,Af) be a fuzzy normed Riesz space. A sequence {x n } in X is said to be 
convergent if there exists an x £ X such that lim n ^. oc J\f(x n — x,t) = 1 for all t >0. In this case, x is 
called the limit of the sequence {x n } and we denote it by 

Af — linin^oo Af(x n — x, t) = x. 

Definition 3.3. Let (X,<,Af) be a fuzzy normed Riesz space. A sequence {x n } in X is said to be 
Cauchy if for each e > 0 and each S > 0 there exists an Hq G N such that 

A f{x m -x n ,5) > 1 - e (m, n > n 0 ). 

Definition 3.4. Let (X,<,Af) be a fuzzy normed Riesz space. A sequence y n in X is called order fuzzy 
convergent to y as n — > oo if there exists a sequence x n f 0 in X as n — > oo and 

A f{y n ~y,t)> A f{x n ,t) 

for all n € N. We write y = of — lim„_ ) . 00 y n . 

It is well-known that every convergent sequence in a fuzzy normed Riesz space is Cauchy. If each 
Cauchy sequence is convergent, then the Riesz fuzzy norm is said to be complete and the fuzzy normed 
Riesz space is called a fuzzy Banach Riesz space. 

Theorem 3.1. Let (X,<,Af) be a fuzzy normed Riesz space and let {x n },{y n } be sequences in X such 
that 


Then 


x = of — lim x n 

n—too 


and y = of 


lim y n . 


x n + y n 
x n V y n 
X n a y n 


of — lim x + y, 

n—t oo 

of — lim x V y, 

n—to o 

of — lim x Ay. 

n—too 


Theorem 3.2. Let (X,<,Af) be a fuzzy normed Riesz space. Then lattice operators are continuous. 


Proof. Assume that 

lim A f(x n - x, s) = 1 lim^oo A f(y„ - y,t) = 1 

n—>o o 

for all t,s > 0. Therefore, 

A I(x n A y n - x A y, t + s) = A f(x n A y n - x n A y + x n A y - x A y, t + s) 

> min{A f(x n A y n - x n A y,t),Af(x n Ay — x Ay, s)} 

> min {Af(y n -y,t),M(x n -x,s)}. 


So 


lim N(x n A y n — x A y, t + s) = 1. 

n— >■ oo 

It is easy to see that the other lattice operations are continuous. 


(3.1) 


□ 


Theorem 3.3. Every fuzzy normed Riesz space is Archimedean. 
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Proof. Let (X,<,Af) be fuzzy normed Riesz space. We show that X has Archimedean properties. 
Suppose that x, y £ X + and nx < y for all n € N. 

A f(nx, t) > A f(y, t ) t > 0 

and so 


Af ( x, — ) > A f(y, t) t > 0. 


Therefore, 


and 


A f(x, t ) > A f(y, nt) t > 0 


Af(x,t)>Af(n 1 y,t) t> 0. 

Since n€ Nis arbitrary as n -> oo, we have x = 0. Hence X has Archimedean properties. □ 

Theorem 3.4. Let (£,<,Af) be a fuzzy normed Riesz space. Then the positive cone £ + is closed. 
Proof. Assume that x n € £+ 


lim Af ( x n — x, ^ ) = 1 for all f > 0, x € £ . 


By Theorem 3.2, we have 


lim Af ( x n V 0 — x V 0, - ) = 1 for all f > 0, x € £. 


So x n V 0 = x n since x n £ £+. Therefore, 


t 


lim Af \ x n — x V 0, - = 1 for all t > 0, x € £ 


and hence by (A/ 4 ), we get 


Af (x — x V 0, t) > min Af ( x n — x V 0, - ) , Af ( x n — x, - 


for allt > 0 and x £ £. Two terms on the right hand side of the above inequality tend to 1 as n — » 00 , 
and so x = x V 0. Hence x £ £+. Thus the proof is complete. □ 

Theorem 3.5. Let (£, <,Af) be a fuzzy normed Riesz space. For every increasing convergent sequence 
{x n } C £ 

lim Af(x n — u, t) = 1 for all t > 0, 

n— >• 00 

where u = sup{x n : neN). 

Proof. Suppose that {x„} is an increasing convergent sequence and 

lim A f(x n — x, t) = 1 for all t > 0 and all n £ N. (3.2) 

n— >00 

For every m > n, we have 

Xm X n £ £+ . 

It follows from Theorem 3.4 that x — x n > 0 and x n < u < x for all n £ N. So by (N 7 ) 

Af(x n — x, t) < Af(x n — u, t) for all t > 0. 

Therefore, as n — > 00 , we have limn^oo Af(x n — u,t) = 1 and hence u = x. This completes the proof. □ 

Definition 3.5. The sequence {x n } is called uniformly bounded if there exist e £ £ + and a n £ l 1 such 
that x n < a n ■ e. 
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Definition 3.6. Let (£,<,Jf) be a fuzzy normed Riesz space. Then £ is called uniformly complete if 
sup{£r=i %i ■ neN) exists for every uniformly bounded sequence x n C £+. 

Theorem 3.6. Every fuzzy Banach Riesz space is uniformly complete. 


Proof. Let (£, <,A f) be a fuzzy Banach Riesz space and {x n } C £+ be a sequence such that x n < a n e 
for a suitable sequence {a„} € l 1 and some e G £ + . We show that sup {£” =1 Xi : n G N} exists. We set 


Vn= x i+ x 2 + ... + x n and b n 


OO 

£ a T 

j=n + 1 


By (3.3) and (A/ 7 ) we have 


A ffy n +p Vnit) — 


> 


A/"(x n +i + • • • + x n + p , t ) 

OO 

A f(^2a n+j ■ e,t) 

3= 1 

A f(b n ■ e,t) 


(3.3) 


for all t > 0. As n — > 00 , we get 


lim A f(y n + P ~ Un,t) = 1 . 

n — >-oo 

So (y n ) is a Cauchy sequence in fuzzy Banach Riesz space and therefore there exists y G £ such that 
y n — y. Since y n is increasing and convergence sequence, by Theorem 3.5, we have 

lim A f(y n - Vy n ,i) = 1 

n—>o o 

that is, y n — sup{£^. 1 x* : n G N}. Using a unique limit we have 

OO 

y = su p{£ Xi : n G N}. 

Thus the proof is complete. □ 


Definition 3.7. Let {£,<,J\f) be a fuzzy normed Riesz space. A C £ is solid if 

(1) / G A if and only if \ f\ G A; 

(2) ifO<fGA and g G £+ then f A g G A. 


Definition 3.8. Every solid subset I of £ is called an ideal in £. 


Definition 3.9. An ordered closed ideal is referred to as a band. 


Theorem 3.7. Let (£,<,A f) be a fuzzy normed Riesz space. Then the closure of every solid subset of 
£ is solid. 


Proof. Let A C £ be solid and f G A. We show that |/| G A. There exists {/„} G A such that 
fn — /• It follows from ||/„| - |/|| < | f n - f \ and (A f 7 ) that 

M(\fn\-\f\,t) > M(\fn-f\,t) 

= Af(fn-f,t) 

for all n G N and t > 0. Therefore, |/„| |/| as n tends to infinity. Hence |/| G A, since A is solid 

and f n G A. Conversely, assume that |/| G A. Then there exists f n G A+ such that f n — |/|. By 
(3.2) we have 

fn A f / A \f\ — f. 


574 


CHOONKIL PARK et al 569-579 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


RIESZ FUZZY NORMED SPACES 

Therefore, / € A, since /„ A / € A. 

Now, assume that 0 < / G A and g G £ + . There exists a sequence {/„} € A+ such that f n — f. 
Hence by (3.2) 

fn A g f A g. 

So /„ A g € A. Since /„ G A and A is solid, / A g € A. □ 

Theorem 3.8. Let (£,<,A f) be a fuzzy normed Riesz space. Then every band in £ is closed. 

Proof. Suppose that B is a band and assume that {/„} C B is a sequence such that /„ — M / for some 
f £ £. It follows from (3.2) that 

\fn\ A |/|-^ |/| 

asn-> oo. For every n £ N, let 

5n = (l/n| V---V|/i|)A|/|. 

Then {g n } is an increasing sequence and 

9n — (|/n| A |/|) V ... V ( | /]_ | A |/|). 

So \f n \ A |/| <g„< \f\. Therefore, by (A/ 7 ) we have 

Af(\f\ -9n,t) >Af(\f\ - \fn\ A I/I, i) 

for all t > 0. Hence g„ — |/| as n — > 00 . □ 

4. HYERS-ULAM STABILITY OF LATTICE HOMOMORPHISMS IN FUZZY NORMED RlESZ SPACES 

Using the direct method, we prove the Hyers-Ulam stability of lattice homomorphisms in fuzzy Banach 
Riesz space as below. 

Theorem 4.1. Let f be a positive operator from a fuzzy normed Riesz space to a fuzzy Banach 

Riesz space (3/, A/ 2 ) such that 

M 2 {f{rx V gy) - rf(x) V gf{y),t) > Mi{ip{rx V ijy, tx A gy), t) (4.4) 

for all x,y £ X and t > 0. Here (p : X x X — » X is a mapping such that 

V(x,y) < 

for all r, rj > 1 and for which there are a number a € [0, 1) and a unique positive operator T '■ X -A y 
satisfying the properties (V\) and (V 2 ) for x £ X + and the inequality 

M- 2 {T{x) - f(x),t ) >Mi(v(x,x), T J ,t). 

T 

Proof. Putting y = x and t = rj in (??), we have 

M 2 (f(TX) — Tf(x),t) > Ml(<p(TX,TX),t) 

> Mi(T a p(x,x),t) 

= Ml i^p{x,x), ^ 

Therefore, 

M 2 (J^f(.Tx) - f{x),T a ~ l t S j > Mi(ip(x,x),t)- (4.5) 
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Now, replacing x by tx in (4.5) and using the assumption that ip(rx,Tx) < r a ip(x,x) and the property 
(A 3 ) and (A/ 7 ) of Definition 3.1, we obtain 

A /2 ^/(r 2 x) - /(ra;),T“ _1 ^ > N\(v{TX,Tx),t) 

> Af!(T a tp(x,x),t) 

= A fi(v(x,x%^ 

Hence 

A /2 ^/(r 2 a;) - i/(rx),r 2a!_2 ^ > A/i (ip(x,x),t). (4.6) 

By comparing (4.5) and (4.6) and using property (A/ 4 ), we obtain 

A / ' 2 (^/( r 2 *)-/(*),(’-“" 1 +T 2 (a " 1 ) )i) > A ri(<p(x,x),t). (4.7) 

Again, replacing x by tx in (4.7), we have 

A /2 (“y/( r3;r ) — “/( Ta: )j (r 2(a_1) +r 3(a_1) ) /) > J\fi(ip(x,x),t). (4.8) 

By comparing (4.5) and (4.8) and the property (A/ 4 ), we obtain 

A /2 (^^/(t 3 #) — /( a; )> (r (a_1) + r 2(a_1) + r 3(a_1 /) t) > Afi(<p(x,x),t). 

With this process, we obtain 


A2 ;/(r"x) -/(.r).X' A ' ( “ U/ > M(^(*,a:),t) 


fc=l 


for all n G N. If m E N and n > m > 0, then n — m G N. Replacing n by n — m in (4.9), we get 

/ n—m \ 


(4.9) 


(4.10) 


fc=i 


By replacing a; by r m a; and using (A/ 7 ), we obtain 


/ n-m \ 

^-/(r»*) - — /(r™*), — E T^-Vt) > J\fi(tp{ r m x,T m x),t) 


> A /i(r mo V(*,aO,*) 

= A/i (<^(a;,a;),-| 


It follows that 

^ h,/(*)-^/(^),^ E ^ (Q_1) M > M (¥>(*, s),i). (4-11) 

\ /c— m+1 / 

Let c > 0, and let e be given. Since limt^oo J\Ti(ip(x, x), t) = 1, there is some to > 0 such that 

A/i(<p(a;, a;), t) > 1 — e. 

Fix t > t 0 - The convergence of series YlkLi r fc ^ a_1 / guarantees that there exists some no > 0 such that, 
for each n > m > no, the inequality 

n 

r fc ^ a_1) < c 

k=m -\- 1 
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holds. It follows that 


S £ r‘<— )j) 

' / V k=m + 1 / 


Hence 


/ (r n x) 


> Afi(ip(x,x),t) > 1 — e. 

is a Cauchy sequence in fuzzy Banach Riesz space (y,Af 2 ) and thus this sequence 


converges to some T(x) £ y. It means that 


T{x) =Ni- lim 

n—>o o 7 " 


Furthermore, by putting m = 0 in (4.11), we have 


A/i ( — f{r n x) - /(a;),^r fc(Q 1} f J > Ni(<p(x,x),t). 


k - 1 


So 


A /2 — f(T n x) - f(x),t) > Ni[w(x,x), 


ELi 


Af 2 {T(x) - f(x),t) > A/i ( y>(x, x), — — /). 


As n — >■ 00 , we have 


Next, we show that T satisfies (Pi). Putting r = 77 = r n in (4.4), we get 

A /2 (/ (r n x V t"j/) — T n f(x) V T n f(y),t) > A/i (y(r"a; V T n y,r n x Ar n y,t) 

> A/i (ip(xVy,xAy),^ 


Substituting a; with r n a: and y with T n y in this last inequality, one can get 
A/2 (/(t" (r n x V T n y)) - r"/(T n x) V r"/(r n y), t) 

> A/i f <p(T n a; V r"y, r”a: A r n y, - 


> A/i U(iVi/,j;Aj/), 


r 2noc 


which yields 




The term on the right-hand side of the above inequality tends to 1 as n — > 00 . By Theorem 3.2, we 
obtain 

M 2 (T(xVy)-TxVTy,t) > 1. 

This means that 

T(xVy) = TxVTy , 

consequently, the property (Pi) holds. 

Next, we show that T{rx) = tT{x) for all x £ X + and r > 1. In fact, in the inequality (4.4), choose 
rj = r, y = 0 and substitute 2 "r for r and consider Remark 2.1. 

A /2 (/ ( 2 "ra; V 0 ) — 2 n rf(x) V 0 , t) > A/i (y? { 2 n rx, 0 ) , t) 
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for all a; € X. Now we replace x with 2 n x. Consequently, by (2.1) 

M 2 


> M(*.(4”r*,0),t) 


Therefore, 


Mo 


/ (4 n ra:) r/(2"z) 


> M\ (4 na T a ip (x, 0) ,t) . 


> Mi (4" (a_1) r a y> (x, 0),tj . 


The term on the right-hand side of the above inequality tends to 1 as n — > oo. Thus 

T{tx) = t(Tx) 

for all x £ X + . 


□ 


Theorem 4.2. Let X,y be Banach lattices and p : [0, oo) — ► [0, oo) be a continuous function. Consider 
a positive map f : X — > y for which there are numbers v £ R and 0 < r < 1 such that 

« ( /(« w v m) - « (gv v v) , o (4.i2) 


p(a) V p{/3) 

for all x,y £ X and a,(3 £ R + . Then there exists a unique positive mapping T : X — » y which satisfies 
the properties (’Pi), (V 2 ) and the inequality 

2vx 


M -2 (F(\x\) — T(\x\),t) > Ml 
Proof. Putting a = j3 = 2 and x = y in (4.12), we get 


2 - 2 




M 2 ( /( 2\x\) 2p(2)/(1 fJi ^ 2 fj 2)/(N) , t. ) > Ml {yx \t) 


p(2) V p{2) 

for all x £ X and r £ [0, 1). Therefore, 

M 2 {f(2\x\)-2f{\x\),t) > Mi(vx r ,t), 

^2 Q/(2|x|) -/(|a;|),/) > M 1 (nx r ,2t). 

The rest of the proof is similar to the previous one. 


□ 


5. Conclusion 

In the classical Riesz space theory, Banach lattice requires more attention. In the present research 
work, we briefly introduced and studied the fuzzy normed Riesz spaces. Thus we think that there are 
many open problems and applications in this new research area. For example we will introduce M-space, 
L-space and order unit in fuzzy normed Riesz spaces in our future research work. 
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M. A. ALGHAMDI 1 , N. O. ALSHEHRI 2 , AND N. M. MUTHANA 3 


Abstract. The notion of bipolar fuzzy BCK-submodules are introduced, and 
some characterizations of bipolar fuzzy BCK-submodules are given. The con- 
ceopt of homomorphic images and preimages of bipolar fuzzy BCK-submodules 
are investigated. Normality and completely normality of bipolar fuzzy BCK- 
submodules are discussed. 


keywords: bipolar fuzzy BCK-submodule, normal (completely normal) bipolar 
fuzzy BCK-submodule, maximal bipolar fuzzy BCK-submodule. 


1. Introduction 

In the traditional fuzzy sets, which presented by Zadelr [8] in 1965, the mem- 
bership of elements are expressed in degrees ranging from 0 to 1. The membership 
degree 0 is assigned to elements which do not satisfy a corresponding property to 
the concerned fuzzy set. It is of interest to know whether these elements are sat- 
isfying a counter-property of our fuzzy set, but the restriction of the membership 
degrees to the interval [0,1] led to a great difficulty in doing this. For this reason, 
Lee [7] introduced the concept of the bipolar-valued fuzzy sets as an extension of 
the fuzzy sets. In the case of bipolar-valued fuzzy sets, the membership degrees 
range is increased from the interval [0,1] to the interval [-1,1]. The representation of 
bipolar-valued fuzzy sets express the difference of contrary elements from irrelevant 
elements. 

The notion of bipolar- valued fuzzy subalgebra and bipolar- valued fuzzy ideal was 
introduced by Lee [6]. 

H. A. S. Abujabal, M. Aslam and A. B. Thaheem [1], introduced the notion 
of BCK-modules as an action of BCK-algebra over a commutative group. The 
concept of fuzzy BCK-submodules was introduced by M. Bakhshi [2], where he 
characterized the fuzzy BCK-submodules and provided some operations of it. 

In this paper, we apply the notion of bipolar-valued fuzzy set on BCK-modules 
and introduce the notion of bipolar- valued fuzzy BCK-submodules. Then we present 
some characterization of bipolar-valued fuzzy BCK-submodules by means of posi- 
tive f-level cut and negative s-level cut. Moreover, a certain form of bipolar fuzzy 
BCK-submodules is derived from a given BCK-submodule. We investigate the 
homomorphic image and preimage of the bipolar-valued fuzzy BCK-submodules 
under some conditions. The later work is devoted to discuss the normality and 
completely normality of bipolar fuzzy BCK-submodules. A maximal bipolar fuzzy 
BCK-submodule is defined and its range is specified quit so. Many examples are 
given to illustrate our concepts and results. 


l 
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2. Preliminaries 

In this section we review some definitions and results regarding BCK-algebras, 
BCK-modules and bipolar fuzzy sets. 

By a BCK-algebra, we mean an algebra ( X , *, 0) of type (2, 0) satisfying the 
following axioms: 

(I) ((x * y) * (x * z))(z * y) = 0, 

(II) (x* (x*y))*y = 0, 

(III) x * x = 0, 

(IV) 0 * x = 0, 

(V) x * y = 0 and y * x = 0 implies x = y, for all x,y,z £ X. 

Let (X, *,0) be a BCK-algebra. Then X is a partially ordered set with the 
partial ordering < defined on X by: x < y if and only if x * y = 0. X is said to 
be bounded if there is an element 1 £ X such that x < 1 for all x £ X. X is said 
to be commutative (implicative) if x A y = y A x (x * (y * x) = x) for all x, y £ X 
where x A y = y * (y *x). 

Definition 2.1[1] Let X be a BCK-algebra. Then by a left X-module (abbre- 
viated X-module), we mean an abelian group M with an operation X x M — > M 
with (x, m) i— > xm satisfies the following axioms for all x, y £ X and m, n £ M, 

(1) (x A y)m = x(ym ), 

(2) x(m + n) = xm + xn, 

(3) 0m = 0. 

Moreover, if X is bounded and At satisfies 1 m = m, for all m £ At, then At is 
said to be unitary. 

Example 2.2 Any bounded implicative BCK-algebra X forms an X-module, 
where "+ "is defined as x + y = (x * y) V (y * x) and xy = x A y. 

A subgroup N of an X-module M is called submodule of At if N is also an 
X-module. 

Theorem 2.3 [2] A subset TV of a BCK-module At is a BCK-submodule of At 
if and only if n\ — 712 , xn £ N for all 111 , 112 , n £ N and x £ X. 

Definition 2.4 [1] Let At,N be modules over a BCK-algebra X. A mapping 
/ : At — > N is called an X-homomorphism if 

(1) /(mi + m 2 ) = /(mi) + /(m 2 ) 

(2) f(xm) = xf{m) for all mi,m 2 ,m £ At, x € X. 

A BCK-module homomorphism is said to be monomorphism (epimorphism) if 
it is one to one (onto). If it is both one to one and onto, then we say that it is an 
isomorphism. 

Let X be the universe of discourse. A bipolar valued fuzzy set <f> of X is an 
object having the form 


d> = {(x; 4 >+ (a:), $ (x)) | x £ X} 

where d> + : X — > [0,1] and : X — > [—1,0] are mappings. The positive 
membership degree 4> + (a:) denotes the satisfaction degree of an element x to the 
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property corresponding to a bipolar -valued fuzzy set <f> = {(a;; <k + (x), <k~(x)) | x £ 
X}, and the negative membership degree <k“(x) denotes the satisfaction degree of 
x to some implicit counter-property of $ = {(x; <k + (x), $~(x)) | x £ X}. 

For the sake of simplicity, we shall use the symbol $ = (X: <k + , <k _ ) for the 
bipolar-valued fuzzy set <h = {(x; <k + (x), <k“(x)) | x £ X}, and use the notion of 
bipolar fuzzy sets instead of the notion of bipolar-valued fuzzy sets. 

For a bipolar fuzzy set $ = (X; <k + , <k~) and (t, s ) £ [0, 1] x [—1, 0], we define 

P($;f) = {x£X \ $+(x) > t}, 

X(<k;s) = {x6l|$“(x)<s} 

which are called the positive t-level cut of <k = (X; <f> + , <k~) and the negative 
s-level cut of $ = (X, <k + , <k“), respectively. For k £ [0, 1], the set 

L($; k) = P(<f>; k) fl iV($; -k) 

is called the k-level cut of $ = (X; <k+, <k“) (see [6]). 

If $ = (X; <k + , <f> _ ) and \k = (X; 'F + , 'I* - ) are bipolar fuzzy sets defined on X, 
then the union and the intersection of $ and 'b are bipolar fuzzy sets of X defined 
as follows: 

$ U 'F = (X; ($ U 'k) + , (<k U \k)“) and <k n <k = (X; (<3> n >k) + , (<& n 'k)“), re- 
spectively, where 

(<b U >k) + (x) = max {<f> + (x) , \k + (x)} , (<k U ik) _ (x) = min {$“ (x) , 'k - (x)} , 
and 

(<b n 'F) + (x) = min |<f> + (x) , 'k + (x)} , (<b fl \k) _ (x) = max {<h~ (x) , \k~ (x)} , 
for all x £ X. 

Definition 2.5 [3] Let $ = (X; <b + , <b _ ) and \k = (X; \k + , ik - ) be bipolar fuzzy 
sets of X. If \k+ (x) > <b + (x) and \k _ (x) < <k _ (x) for all x £ X, then we say 
that ik = (Xj’k+j’k - ) is a bipolar fuzzy extension of <& = (X; <k + , <k~) (simply <k 
is subset of \k) and we write <f> C \k. 


In what follows, X will denote a bounded BCK-algebra and M, N are X-modules 
unless otherwise specified. 

3. Bipolar Fuzzy BCK-Submodules 

In this section applying bipolar fuzzy sets theory to BCK-modules, we introduce 
the notion of bipolar fuzzy BCK-submodules and discuss their properties. 

Definition 3.1 A bipolar fuzzy set $ = (M; <& + ,<b _ ) of a BCK-module M is 
said to be a bipolar fuzzy BCK-submodule if it satisfies: 

(BFS1) $ + (rni + 7712 ) > min{$ + (mi), <k+(m 2 )} and 
$"(mi + m 2 ) < max{$ _ (mi), dm (m 2 )}, 

(BFS2) <h + (— m) = <k + (m) and <&“(— m) = $“(m), 

(BFS3) <f> + (xm) > <k + (m) and <b _ (xm) < $ _ (m). 
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For the sake of simplicity, we shall use the symbols BT{M) and BXS(M) for the 
set of all bipolar fuzzy sets of M, and the set of all bipolar fuzzy BCK-submodules 
of M, respectively. 

Example 3.2 Let X = P(Z) with * defined by A * B = A fl B c and 0 is the 
empty set 0, then X is a BCK-algebra. M = Z z = {/ | / : Z — > Z}, considered 
with the traditional addition of maps and 0 is the zero map, is an abelian group. If 
we define an action of X on M by Af = \a! ; then M forms an X-module. Define 
a bipolar fuzzy set $ = (M ; <I> + , $“) on M by 


r i if / = o, 

0 otherwise, 


and 

Then <& is 

Example 


$-(/) = / 1 lf -^ 
y [ 0 otherwise. 

a bipolar fuzzy BCK-submodule of M. 

3.3 Let X = {0, a, b , c, d} and consider the following table: 


* 

0 

a 

b 

c 

d 

0 

0 

0 

0 

0 

0 

a 

a 

0 

a 

0 

a 

b 

b 

b 

0 

0 

b 

c 

c 

b 

a 

0 

d 

d 

d 

d 

d 

d 

0 


Tab. 3.1 


Then (X, *, 0) is a commutative BCK-algebra which is not bounded. The subset 
M = {0, a, b, c} of X along with the operation + defined by Table 3.2 is an abelian 
group. Table 3.3 shows the action of X on M [xm = x Am). Consequently, M 
forms an X-rnod ule. 


+ 

0 

a 

b 

c 

0 

0 

a 

b 

c 

a 

a 

0 

c 

b 

b 

b 

c 

0 

a 

c 

c 

b 

a 

0 


Tab. 3.2 


A 

0 

a 

b 

c 

0 

0 

0 

0 

0 

a 

0 

a 

0 

a 

b 

0 

b 

b 

b 

c 

0 

a 

b 

c 

d 

0 

0 

0 

0 


Tab. 3.3 


Now let $ = (M; $ + , $ ) be a bipolar fuzzy set on M defined as follows: 


M 

0 

a 

b 

c 

$+ 

1 

0.7 

0.7 

0.7 

<1* ' 

-0.8 

-0.6 

-0.6 

-0.6 


Tab. 3.4 
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Then $ = (M; <i> + , <&“) is a bipolar fuzzy BCK-submodule of M. 

Theorem 3.4 A bipolar fuzzy set <f> = (M; <f> + , <&“) G BXS(M) if and only if 

(i) <f> + (2:777) > <f> + (m) and <l> _ (a;m) < <& _ (m), 

(ii) <f> + (mi — m 2 ) > min{<f> + (mi), 4 >+ (m-2)} and 

— m2) < max{<l> _ (mi), <f> _ (777,2)} for all m,mi,m2 G M and x G X. 
Proof Let <f> = (M;< f> + ,$ _ ) G BXS(M), then 


$ + (mi - m 2 ) > min{<l) + (mi), $ + (— m 2 )} 

= min{<l) + (mi), $ + (m 2 )}, 

4> _ (mi — m 2 ) < max{<l) _ (mi), m 2 )} 

= max{d)~(mi), $“(m 2 )}. 

Conversely, assume that (i) and (ii) are satisfied. Put x = 0 in (i), then 4>+(0) > 
<f>+(m), and d>~(0) < 4> _ (m) for all m G M. So using (ii), we have 


4> + (— m) = 4> + (0 — m) > min{4> + (0), 4> + (m)} > $ + (m), 

4> + (m) = 4> + (0 — (— m)) > min{<£> + (0), 3> + (— m)} > <f> + (— m), 

which implies that 

<f> + (— m) = <f> + (m). 

Moreover, 

4 >+ (mi+m2) = 4 >+ (mi — (— m2)) 

> min{$ + (mi), $ + (— m 2 )} 

= min{$ + (mi), <f> + (m 2 )}. 

We can verify that $“(— m) = $“(m) and $"(mi+m 2 ) < max{$ _ (mi),$“(m 2 )} 
by similar argument. 

Theorem 3.5 A bipolar fuzzy set $ = (M; 4> + , <f> _ ) G BTS(M ) if and only if 

(i) <f> + (0) > <& + (m) and $“(0) < $“(m), 

(ii) <& + (xirrii — X 2 rri 2 ) > min{ < f >+ (mi), 4> + (m2)} and <&~{x\mi — T 21712 ) < 
max{<l> _ (mi), $ _ (m 2 )} 

for all m, mi,m 2 G M and X\,X 2 G X. 

Proof Let $ = (M; $+, <h~) G BJ r S{M) and let m, m,i, m 2 G M and X\, X 2 G X. 
(i) is already shown in the proof of Theorem 3.4. Moreover, 


and 


& + (ximi — 2:21712) 


> min{4> + (2: 1 mi), <1> + ( 2 : 21712 )} 

> min{4> + (mi), <I> + (m 2 )}, 


*1) (2:1ml — 2; 2 m 2 ) 


< max{$ (2:1ml), <f> (2:21712)} 

< max{$”(mi), $^( 1772 )}. 


Now, let $ = ( M ; <f> + , <f> _ ) be a bipolar fuzzy set of M. Assume that (i) and (ii) 
hold. Let m, mi, m 2 G M and x G X, then <f> + ( 2 : 771 ) = <& + (xm — 0) = 4> + ( 2:117 — 
0 m) > min{$ + (i77)), 4> + (m)} = 3> + (m), and <h - (2:m) = 4>“(2:m — 0) = $“( 2:771 — 
0m) < max{$”(m)), $“(m)} = $“(m). Now 
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$ + (rni— m 2 ) = $ + (lmi — l?n 2 ) > min{$ + (mi), i> + (m 2 )}, and m 2 ) = 

d> _ (lmi — U 712 ) < max{$ _ (mi), $”(m 2 )}. Using Theorem 3 . 4 , 4 > = 
is a bipolar fuzzy BCK-submodule of M. 

Theorem 3.6 Let $ = ( M ; 4> + , 4> _ ) G BT(M). Then $ G BFS(M) if and only 
if 0 7 ^ P( ( i>; t) and 0 7 ^ iV($; s) are submodules of M for all (t, s ) G [0, 1] x [— 1, 0]. 

Proof Assume that $ = (M; <E> + ,<J> - ) G BtFS(M) and (t,s) G [0,1] x [—1,0] be 
such that 0 7 ^ P(4>;f),0 7 ^ iV(<&;s). Let m, mi, m 2 G P($;i) and m' ,m'i,m' 2 G 
N(<&\ s) and x G X. Then 


4> + (toi — m 2 ) > min{$ + (mi), $ + (m 2 )} > t, 

$ _ (m^ — m' 2 ) < max{4>~(m / 1 ), $ _ (m' 2 )} < s. 

i.e. mi — m 2 G P(4>; t) and m' x — m' 2 G N($; s). 

Further, 


4) + (a;m) > <F + (m) > t, 

< $~(m / ) < s. 

Thus we have xm G P(4>;f) and xm' G N($;s). Hence P(4>;f) and N($;s) are 
submodules of M. 

Conversely, assume that 0 7 ^ P(4>;f) and 0 7 ^ AT($; s) are submodules of M 
for all (t, s) G [0,1] x [—1,0]. For m, m! G M, let to = min{$ + (m), $ + (m')} 
and s 0 = max{$“(m), 4> _ (m')}. Then m,m/ G P(<t>;f 0 ) and m,m/ G A^(4>;s 0 ). 
Since P(4>;f 0 ) and iV($;so) are submodules of M, then m — ml G P(<f>;t 0 ) and 
m — ml G AT($; so), which means that 

4> + (m — m') >to = min{4> + (m), 4> + (m / )}, 

and 

— m') < so =max{$ _ (m),$“(m')}. 

Now, let 4> + (?n) = U, $ _ (m') = si and x £ X. Then m G P(4>,ti) and m' G 
7V(<f>; Si) which implies that xm G P(<F;fi) and xm' G 7V(<f>;si). i.e. <f> + (a;m) > 
t-[ = $ + (m), and <&~(xm') <s\ = $ _ (m'). Thus by Theorem 3 . 4 , <F G BtFS(M). 

Corollary 3.7 If 4> = (M; $+, <f>~) G BtFS(M), then the intersection of a non- 
empty positive t - level cut and a non-empty negative s-level cut of 4> = (M ; <F + , <F~) 
is a submodule of M for all (t, s) G [0,1] x [—1,0]. In particular, the non-empty 
k - level cut of 4> = (M; $ + , $ _ ) is a submodule of M for all k G [0, 1]. 

The union of a non-empty positive t-level cut and a non-empty negative s-level 
cut of 4> = (M; 4> + , 4> _ ) G BtFS(M) is not a submodule of M in general as seen in 
the following example. 

Example 3.8 Let X = {0, a, b, c, d, 1} with a binary operation * defined on 
Table 3 . 5 . For the subset M = {0, a, c, d} of X, define an operation + as x + y = 
(x * y) V (y * x) . It follows by Table 3.6 that (M, +) is an abelian group. M is an 
X-module according to Table 3 . 7 . 
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* 

0 

a 

b 

c 

d 

i 

0 

0 

0 

0 

0 

0 

IT 

a 

a 

0 

0 

a 

0 

0 

b 

b 

a 

0 

b 

a 

0 

c 

c 

c 

c 

0 

0 

0 

d 

d 

c 

c 

a 

0 

0 

1 

1 

d 

c 

b 

a 

0 



Tab. 3.5 




+ 

0 

a 

c 

d 



0 

0 

a 

c 

d 



a 

a 

0 

d 

c 



c 

c 

d 

0 

a 



d 

d 

c 

a 

0 



Tab. 3.6 


A 

0 

a 

c 

d 

0 

0 

0 

0 

0 

a 

0 

a 

0 

a 

b 

0 

a 

0 

a 

c 

0 

0 

c 

c 

d 

0 

a 

c 

d 

1 

0 

a 

c 

d 


Tab. 3.7 

Define a bipolar fuzzy set on M by the following table: 


M 

0 

a 

c 

d 

$+ 

0.9 

0.6 

0.4 

0.4 


-1 

-0.5 

-0.7 

-0.5 


Tab. 3.8 


We can easily check that <E> = (X; <f> + ,<f> - ) is a bipolar fuzzy BCK-submodule 
of M. The positive 0.5-level cut is P(4>; 0.5) = {0, a}, and the negative —0.7-level 
cut is 7V($; — 0.7) = {0,c}. It is clear that P(4>;0.5) U AT($; — 0.7) = {0, a, c} is 
not a submodule of M. Furthermore, P(<E>;0.6) U _/V(<I>; — 0.6) = {0,a, c} is not a 
submodule of M. 


A sufficient condition for P(d>; k) U N(&; —k) to be a submodule of M is given 
in the next theorem, without this condition, P($; k) U N(Q;—k) need not be a 
submodule of M as we have already seen. 

Theorem 3.9 If <f> = (M; <F + , $“) £ BTS(M) such that 


(*) <f> + (m) + <f> _ (m) > 0, 

or 

(**) <I> + (m) + &~(m) < 0, 

for all m £ M, then the union of a non-empty positive fc-level cut and a non-empty 
negative — fc-level cut of 4> = (M; $ + , $“) is a submodule of M for all k £ [0, 1]. 
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Proof Let A £ [0, 1] such that P($; k) ^ 0 and TV(< f>; — k ) yT 0 . Then they are 
submodules of M by Theorem 3.6. Let x £ X and m, mi,ra 2 £ P($; A)UTV($; — k). 
If m £ P(d>; k), then 

xm £ P($; k) C P($; k) U TV($; —A:). 

If to G AT(<f> — , — Ac) , then 

xm £ TV(< I>; —k) C P(d>; A) U TV(<I>; —A). 

Now we shall prove that mi — m 2 G P(<f> + ; A) U TV(<I> _ ; —k). We have the following 
three cases: 

i. mi, m 2 £ P(d>; k ), 

ii. mi, m 2 £ -ZV(< f>; —A), 

iii. mi G P($;A), to 2 G TV($; — A). 

Case i. implies that 

TOi — to 2 G P(d>; A) C P(<f>; A) U TV(<1>; —A). 

Case ii. gives 

mi — to 2 G TV($; —A) C P(< F; A) U TV(<F; —A). 

In case iii. <I> + (toi) > A and c I > ~(to 2 ) < —A. If we consider (*), then <f> + (m 2 ) + 
$"(m 2 ) > 0 which means that <F + (to 2 ) > A and so 

TOi — to 2 G P(<F; A) C P(<F; A) U TV(d>; —A). 

If we consider (**), then <F + (toi) + (toi) < 0 implies that <F _ (toi) < —A. Hence 

mi — to 2 G TV($; —A) C P(d>; A) U TV(<F; —A). 

Therefore P($; A) U TV(<I>; — A) is a submodule of M. 

For a bipolar fuzzy set $ = (M ; <f> + , <F _ ) and an element m £ M, we shall write 
<F (to) = (a, j3) in the meaning of <F + (to) = a and (to) = (5. 

Theorem 3.10 Let M be a module over a BCK-algebra X and 0 7 ^ N C M. 
Suppose that $ = (M ; , <F _ ) is a bipolar fuzzy set on M defined as follows: 

$( m ) = / (“’TO if mGiV ’ 

' ( (/?, 5) otherwise, 

where ( a , 7 ), (/?, <5) G [0, 1] x [— 1, 0] with a > /3 and 7 < S. Then $ = (M ; <F + , <F _ ) 
is a bipolar fuzzy BCK-submodule of M if and only if TV is a submodule of M. 

Proof Assume that $ = (M; <F+, <I> _ ) G BJ r S(M) and we shall prove that TV is 
a submodule of M. Let n G TV and x £ X. Then <f> + (a;n) > <I> + (n) = a > ft which 
implies that <F + (:rn) = a i.e. xn £ TV. 

Now let m, n 2 G TV, then <F + (?ri) = <F + (n 2 ) = a and <F + (ni — n 2 ) > min{$ + (m), 
tp - 1 - (rz 2 )} = a > /3 and this gives >I> + (ni — n 2 ) = a i.e. ni — n 2 £ TV. Hence TV is 
a submodule of M. 

Conversely, let TV be a submodule of M and let to, mi, m 2 G M and x £ X. We 
shall prove that & + (xm) > <f> + (m) and <f>~(a;m) < <F _ (m). If to G TV, then xm £ TV 
and we obtain 

<& + (xm) = a = 3> + (to), 

and 

<&-{xm) = 7 = <F~(to). 
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If m (ji N, then <f> + (m) = f 3 and <f> _ (m) = 5 . So we have 

<£> + (:rm) > /? = d> + (m) 

and 

< S = d>~(m). 

To show that 

d> + (mi— m2) > min{>I> + (mi), d> + (m,2)} and (mi — m2) < max{<f> _ (mi), d>”(m.2)}, 

we consider the following cases: 

i. mi , m2 G IV, 

ii. mi, m2 N, 

iii. mi € N, m 2 ^ N. 

For case i. we have mi — m2 G N and so 

d >+ (mi — m2) = a = min{$ + (mi), $ + (m2)} 

and 

$~(mi — m2) = 7 = max{$'(mi), d>“(?7i2)}. 

For case ii. and iii. we have 


<f> + (mi — m 2 ) > P = min{d> + (mi), <E» + (^tzs) } 

and 


$ (mi — m2) < S = max{<f> (mi), <f> (m2)}. 
Therefore $ = (M; d>+, $") G BTS{M). 


For a submodule N of M, denote by <&n = (M, <h^-,$ Ar ) the bipolar fuzzy set 
defined in the theorem above with (0,7) = (1, —1) and (/3, <5) = (0, 0). 


Example 3.11 Let / : M — > N be a homomorphism of BCK-modules. We 
know that ker / and I mf are submodules of M and N respectively. So dVr/ = 
(M ; d>,} er/ , <F“ r/ ) and d' i m / = (IV; f ) are bipolar fuzzy BCIC-submodules. 

Definition 3.12 Let / : M — > N be a BCK-module homomorphism and let 
d> G BTS{M). Then the homomorphic image /(d>) = (IV; /(<f> + ), /($“)) of $ under 
/ defined as follows: 


and 


/(d>+)(n) 


sup d> + (m) if / _1 (n) 7^ 0, 

mef ~ 1 (n) 

0 if / -1 (n) = 0, 


/($ )W 


inf d> (m) if / 1 (?r)^0, 
mef ~ 1 (n) 

0 if / -1 (n) = 0. 


Theorem 3.13 Let / : M — > N be a BCK-module epimorphism. If $ = 
(M; <f> + , d> _ ) G BTS(M), then the homomorphic image /(d>) G BTS(N). 

Proof According to Theorem 3.6, it is sufficient to prove that P(/(d>);t) and 
IV(/(<h); s) are submodules of TV for all ( t , s) G [0, 1] x [—1, 0] satisfying P(/(<f>); t) 7 ^ 
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0, TV(/(4>);s) ^ 0. Let no,ni,n 2 € P(/(<f>);t) and x G X. Since / is an epimor- 
phism, then there exist mo G / _1 (no),mi G / _1 (ni),m 2 G / _1 ( n 2 ) such that 
<&+(mj) > t, i = 0, 1, 2. Now 

/($ + )(a;no) = sup > $ + (m 0 ) > <& + (m 0 ) > t, 

m £/ — 1 (xn) 

and 

/(<f> + )(m — ri 2 ) = sup d> + (m) > $ + (mi— m 2 ) > min{d> + (mi), d> + (m 2 )} > t. 

mef- 1 (ni—n 2 ) 

Which implies that a;no,ni — 712 G P(/($);f). Therefore P(/(4>);f) is a sub- 
module of AT for all t G [0,1]. Analogously, we can verify that TV(/($);s) is a 
submodules of TV for all s G [—1,0]. This completes the proof. 

Definition 3.14 Let / : M — > TV be a homomorphism of BCK- modules, and 
= ( TV ; 4/ + , 4/ _ ) be a bipolar fuzzy set of TV. Then the preimage of T, f ~ 1 (\ &) = 
(M; f“ 1 (\E ,+ ), f~ 1 (\ l/ - )), is the bipolar fuzzy set on M given by f -1 ('f f+ )(m) = 
$+( /(m)), /"H^Xm) = tf“(/(m)) for all m G M. 

Theorem 3.15 Let / : M — > TV be a homomorphism of BCK-modules, and \E' = 
(TV; 4'+, 4/ _ ) G BJ 7 S(N), then the preimage / _1 (\E') = (M; / _1 (4 ,+ ), / _1 (4/ _ )) 

G BTS(M). 

Proof Suppose that 1 ? = (TV; T + , T~) G BTS(N) and / is a homomorphism of 
BCK-modules from M to TV. Then for all mi, m 2 G M, we have 


/ _1 (4' + )(mi - m 2 ) = ^ + (/(mi — m 2 )) = 4 ,_ (/(mi) — /(m 2 )) 

> min{4/ + (/(mi)), 4/ + (/(m 2 ))} 

= m in{/ _1 (^ + )(TOi),/ _1 (^ + )(m 2 )} 
Moreover, let x G A and m G M. then 


/ 1 (4' + )(a;m) = 4' + (/(a;m)) = \f r+ (a;/(m)) 

> ^ + (/(m)) = / _1 (^ + )(m). 

Analogously, we have 

/~ 1 (1' - )(mi - m 2 ) < max{/ _1 (4/ _ )(mi), / _1 (\t ,_ )(m 2 )} 

and 

/ _1 (4'“)(a;m) < max/ _1 (\I/ _ )( TO )- 

Hence, /~ 1 (4') = (M; / _1 (’L + ), / _1 ( V I , ~)) is a bipolar fuzzy BCK-submodule of 
M. 

Theorem 3.16 Let / : M — > TV be an epimorphism of BCK-modules. If 
IP = (TV;4/ + ,4 ,_ ) is a bipolar fuzzy set on TV such that the preimage /“ 1 (4/) = 
(M ; /” 1 (^ ,+ ), / -1 (* - )) e BTS(M), then 4- G BTS(N). 

Proof Let /~ 1 (4/) = (M; / _1 (4 f+ ), / _1 (4'')) be a bipolar fuzzy BCK-submodule 
on M and let / : M — > TV be an epimorphism. For n 0 ,ni,n 2 G TV, there exist 
mg, mi, m 2 G M such that /(mo) = no, /(mi) = ni, and f(jri 2 ) = ri 2 - 
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Now 

^ + (n 1 -n 2 ) = '& + {f{m 1 -rn 2 )) = f~ 1 ('S> + )(m 1 -m 2 ) 

> min{/ _1 (^ + )(mi),/ _1 (^ + )(m 2 )} 

= min{^ + (/(m 1 ),\E' + (/(m 2 ))} 
min{\l> + (ni), \l/ + (n 2 )} 

and 

^ + (a;no) = V + (f(xm 0 )) = f~ 1 {'H + ){xm 0 ) > / _1 (^ + )(m 0 ) = ^ + (/(m 0 )) = ^ + (n 0 ), 
for all x G X. By similar argument, we have 


- n 2 ) < max{'f~(jii), v f'"(n 2 )}, 

and 

^ ~{xn 0 ) < ^~(n 0 ). 

This finishes the proof. 

For a bipolar fuzzy set <f> = (M; <f> + , <f> _ ), we define to be the set of all 
elements m G M with <f>(m) = <f>(0). 

Proposition 3.17 If = (M; <f> + , $ ) G BTS(M), then is a submodule of 

M. 

Proof Clearly ^ 0, since 0 € M$. Let m,mi,m 2 € Af$ and x G X. Then 
<f> + (0) > $ + (a;m) > <f> + (m) = <f> + (0) 

i.e. <I) + ( xm ) = <f> + (0). Similarly, d>~ (xm) = <j> _ (0) and so xm G M$. Further- 
more, 

$ + (0) > <f> + (mi — m 2 ) > min {<f> + (mi) , 3> + (m 2 )} = <f> + (0) , 

which means ( E >+ (mi — m 2 ) = <f> + (0). Analogously, <I>~ (mi — m 2 ) = <f> _ (0). 
Hence mi — m 2 G AL$. Therefore M<j, is a submodule of M. 

Definition 3.18 If $ (0) = (1, —1) for <f> = (Af; <f> + , <f> _ ) G BJ r S(M), then <f> is 
said to be normal. 


Theorem 3.19 Let $ = (Af; <f> + , <f>“) G BTS(M). The normalization <f> = 
(M ; <f> + , 4> _ ) of <f) defined by <f>+ (m) = $ + (m) + l — <b + (0) and <f>~ (m) = <b _ (m) — 
1 — (0), for all m G M, is normal bipolar fuzzy BCK-submodule of M containing 

<&. 

Proof Clearly, <f> + (m) > $ + (m) and <f>~ (m) < <f> _ (m) for all m G M. i.e.<f> C 
<f>. Now let m, mi,m 2 G M and x G X. Then 

$ + (a;m) = $ + ( xm ) + 1 — 3> + (0) > <f> + (m) + 1 — d> + (0) = <l + (m), 

and 


<I> + (mi — m 2 ) 


= <f) + (mi — m 2 ) + 1 — d> + (0) 

> min {$ + (mi) , <b + (m 2 )} + 1 — <f> + (0) 

= min {$ + (mi) + 1 — <F + (0) , $ + (m 2 ) + 1 — <E> + (0)} 
= min |$ + (mi), $ + (m 2 )} . 


590 


M. A. ALGHAMDI et al 580-596 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.3, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


12 M. A. ALGHAMDI 1 , N. O. ALSHEHRI 2 , AND N. M. MUTHANA 3 

Analogously, $ ~{xm ) < (& _ (m) and <I _ (toi — m 2 ) < max $“( 7712 )}. 

Hence 4> £ BFS(M). Moreover, 

< 1 + ( 0 ) = $+ ( 0 ) + 1 - $+ ( 0 ) = 1 , 

and 

$- ( 0 ) = $-( 0 ) - 1 - ( 0 ) = - 1 . 

Which means that is normal. 

Let S(M) (respectively Af(M)) denote the set of all submodules (respectively, 
normal bipolar fuzzy BCK-submodules) of M. We define functions F : S(M) 
— > Af(M) and G : Af(M) — > S(M) by F (N) = $jv and G (<&) = M$. Then 
GF = 1 5( m) and FG ($) = F (M*) = C $. 

Note that S(M) (respectively Af(M)) is a poset under the set inclusion (respec- 
tively, bipolar fuzzy set inclusion). 

Theorem 3.20 If N, K £ S(M), then ‘hjvnir = 'h ,y fl $A) that is, F(N fl K) = 
F (N) n F (K). If $, T e 7V(M), then M* n * = n M*, that is, G($flf) = 
G($)nG(f). 

Proof Let m £ M. If to £ N fl K , then <&NnK(m) = (1, —1). From m £ N and 
m £ K it follows that $N(m) = $a'(tu) = (1,-1). Hence 

($ w n $ K ) + (m) = min{$+ (m) , $+ (m)} = 1 = (m) , 

and 

($iv n <I>a) (tn) = max{$^ (m) , (to)} = -1 = ( m ) • 

If m ^ A" fl AT, then to ^ IV or m £ K. Thus 

(®n n $ K ) + (to) = min{<f>^ (to) , (to)} = 0 = (to) , 

and 

($at n $a) _ (tn) = max{$)( (to) , (to)} = 0 = ^ nK (to) . 

Therefore ^nhk = H and so F(N fl K) = F ( N ) fl A (A'). Now let <I>, 'L £ 

J V(M). Then 

= (to e M | (<& n 'h) + (to) = 1 , ($ n T) _ (to) = — 1 } 

= {to € M | min{<f> + (to) , T + (to)} = 1 , max {$“ (to) , \I/ _ (to)} = — l} 

= {m £ M | <f> + (to) = T + (to) = 1, <f>~ (to) = (to) = — 1} 

= {m £ M | <h + (to) = 1, <f> _ (to) = — 1} n 
{to £ M | 'F + (to) = 1, (to) = — 1} 

= {m £ M | >I>(to) = $ (0)} n {to £ M | (to) = 'F (0)} 

= n Mvp, 

that is, G (<h fl ’F) = G ($) fl G('F). This completes the proof. 

Proposition 3.21 Let <F = (M; <f> + , <f> _ ) be a non-constant normal bipolar fuzzy 
BCK-submodule which is maximal in (A /"(M), C), then $ takes only a value among 
(0,0), (1,0), (0,-1) and (1,-1). 

Proof Let <F = (M; <F + , $ ) be a non-constant maximal element in (A /"(M), C). 
Since $ is normal, then $ (0) = (1, —1). Let to 0 £ M be such that <F + (toq) 7 ^ 1. 
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Then $ + (mo) = 0. Otherwise, 0 < <F + (mo) < 1. Consider ik = (M, 'F + ,\I/ ) 
defined by 

T + (m) = ^(<h + (to) + i m o )), v k~ (m) = ^($~ (m) + (mo)), 


for all m £ M. Clearly 
T + (mi — m2) = 

> 


T is well defined. Let m, mi, m 2 £ M, then 
^($ + (mi - m 2 ) + $ + (m 0 )) 

-(nnn{$ + (mi ),$ + (m 2 )} + $ + (mo)) 

min{^($+(mi) + <f> + (m 0 )), ^( < f ,+ (m 2 ) + $ + (m 0 ))} 
min {\k + (mi) , \I/ + (m 2 )} , 


and 

H f + (xm) = |($ + (m) + $ + (mo)) 

> ^($ + (m) + $ + (m 0 )) 

= (m) . 

By similar argument, we can show 

H/ - (mi — m 2 ) < max{T“ (mi) , if - (m 2 )}, 


and 


T (xm) < \k (m) . 

Hence, \k € BTS(M). Clearly, T is non-constant and by Theorem 3.19, ik = 
(M, ’L+, fk _ ) £ J\f(M). Now for all m £ M, we have 


and 


<k+ (m) = T+ (m) + 1 - T+ (0) 

= ( m ) + <k + (mo)) + 1 - ^(<f> + (0) + <k + (mo)) 

= -(1 + <k + (m)) > <k + (m) , 

(m) = \k _ (m) — 1 — if - (0) 

= ^(^" (m) + (mo)) - 1 - (0) + <k~ (m 0 )) 

= ^($“( to )- 1 ) 

< <k“ (m) . 


Furthermore, 

(wo) = ^(1 + <f> + (mo)) > <k + (to 0 ) . 

This means that <f> is a proper subset of fk, which contradicts the maximality of $ 
in AT (M). Thus the possible values of <k + are only 0 and 1. Likewise, we can show 
that 0 and —1 are the only possible values of <f> _ . Therefore, $ takes only a value 
among (0, 0) , (1, 0) , (0, —1) and (1,-1). This finishes the proof. 
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For d> = (Af; <f> + , $“) £ BTS(M), consider the following sets: 

= {to £ Af | $ + (m) > 0, d> _ (to) < 0} = Af, 

Af^ 1,0 ^ = { m £ Af | d> + (m) > 1, <f> _ (m) < 0} = {to G Af | d> + ( m ) = 1}, 

11 = {to G M | $ + (to) > 0, d?“ (to) < —1} = {to G M | d>~ (to) = — 1}, 


Af4 1,_1) = {to G Af 

= {to g m 

Clearly, we have the relations 


$ + (to) > 1, $ (to) < —1} 
$ + (to) = 1, d>“ (to) = —1}. 


Af, 




C Af, 


(i,o) 




C Af, 


(o,o) 


Af. 


(i,-i) 


C M„ 


(o,-i) 


C Af* 


(°,o) M (i,o) nM (o,-i) _ A/r( i , i) 


= Afi 


Definition 3.22 A normal bipolar fuzzy BCK-submoclule $ = (Af;d> + ,d> ) is 
said to be completely normal if there exists m G M such that d> (to) = (0, 0). 

Example 3.23 Let TV be a proper submodule of Af. Then = (Af; $)^) 

is completely normal bipolar fuzzy BCK-submodule. 


Denote by C(M) the set of all completely normal bipolar fuzzy BCK-submodules 
of Af. Note that C(M) C VV’(Af) and the restriction of the partial ordering ” C ” 
of Af(M) gives a partial ordering of C{M). 


Theorem 3.24 A non-constant maximal element of (A/"(M), C) is also a maximal 
element of ( C(Af), C). 

Proof First, we show that if $ = (Af;d> + ,d> _ ) is a non-constant maximal el- 
ement of (7V(M), C),then <f> £ C(M). Suppose that there is no to G Af with 

d>(m) = (0,0) i.e. Af* 0,0 ^ — ^ 1,0 *UM|, 0rl *j = 0. Since $ is non-constant 
normal, then d> assumes the value (1,0) or (and) (0, —1) at some points in Af and 
so we have the following cases: 

i. A4 1,0) - m4 1,_1) ^ 0, ,_1) = 0. 

ii. ^ 0, a4 1,0) - = 0. 

iii. a 4 1,0) - 7 ^ 0, a 4°’ _1) - Mg’- 1 ' ^ 0. 

For case i. let 


d> (to) = 


(1,-1) ifTOGM^ 1 '- 1 ), 

(1,-1) ifmGMf’-M^. 


For case ii. let 


d/ (m) = 


For case iii. let 


df (m) = 


(1,-1) if to G 1} , 

(i,-i) if m G a4°’- i) -a 4 i ’- 1) . 

(1,-1) if m G a4 1,-1) , 

(1,-|) ifmGM4 1 ’ 0) -A4 1 ’- 1) , 

(|,-1) ifmG a4°’- 1) -A4 1 ’” 1) . 


Noting that M^’ 1 \ M^’°\ and Af ^°’ 1 - > are submodules of Af, it is not difficult to 
show that d/ = (Af; d/ + , df - ) G BTS(M) in each case, obviously, d/ is non-constant 
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normal and <I> C 'F. But this contradicts the fact that d> is non-constant maximal 
in (A/”(M),C). Thus $ should has the value (0,0) at some points m £ M and 
so $ £ C(M). Now let $' £ C(M) such that $ C <3> / . It follows that <& C 
in Af (M). Since $ is maximal in (Af (M ) , C) and since <f>' is non-constant, then 
d> = Therefore $ is maximal in (C, (M) , C). 

Definition 3.25 A bipolar fuzzy set $ = (M; $ + , $“) £ BJ 7 S(M) is said to be 
maximal if it satisfies: 

(i) $ is non-constant 

( ii ) $ is maximal element in (7V(M),C). 

Theorem 3.26 A maximal bipolar fuzzy BCK-submodule is completely normal 
and equivalent to its normalization. 

Proof If $ = (M; <f> + , <f> - ) is a maximal bipolar fuzzy BCK-submodule of M, 
then <f> is non-constant maximal in ( N(M ), C) and so it is maximal in (C (M ) , C). 
So for some m £ M , 

0 = l> + (to) = <I> + (to) + 1 — <b + (0) , 

0 = $“ (to) = (to) — 1 — (0) . 

Which implies that 

$+ (to) = $ + ( 0) - 1 < 0, 

(to) = ( 0) + 1 > 0. 

Since $ + (to) > 0 and <I>~ (to) < 0, then $ + (0) = 1 and (0) = —1. Therefore 
d> = and so $ is completely normal. 

Now we arrive at one of our main theorems 

Theorem 3.27 A maximal bipolar fuzzy BCK-submodule takes exactly the 
values (1, —1), (0, 0). 

Proof Assume that <& = (M; <F + , <f>~) is a maximal bipolar fuzzy BCK-submodule. 
Then $ takes a value among (0, 0) , (1, 0) , (0, —1) and (1, —1) and it is completely 
normal. So M^ 0 ’ 0) — ^M^’ 05 U M^ 1 ^ 0. The subsets — M^’ 11 and 

M i°’ 15 — M^’ 11 of M are empty. If not, then we have the following cases: 

i. a4 1,0) - a 4 1,_1) ^ 0, = 0 

ii. m 4° ,_1) - ’ _1) ± 0, m£’ 0) - a 4 1,-1) = 0 

iii. a 4 1,0) - a 4 1,_1) ^ 0, Mf" 1} - Mg'- 1 ' ± 0 

For case i. let 

f (1,-1) ifmeM^, 

* (m) =\ (1, -1) if TO e m£’ 0) - Mi 1 ’" 15 , 

[ (0,0) if m£ a 4°’ 0) - Mi 1,0) . 

For case ii. let 

( (1,-1) if me Mi 1 ’- 15 , 

* (™) = { (5,-1) if m £ a 4°’ _1) - Mi 1 ’" 15 , • 

1 (0,0) if me Mi 0 ’ 05 -Mi 0 ’" 15 . 
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For case iii. let 

(1,-1) if m e 

(1,-1) ifrneJl^' 01 -^ 1 *, 

4 ' (, " ,= (1,-1) if me 

(0,0) if m e lt4°’ 0) - (m£' 0) u . 

In each case, U/ is non-constant completely normal bipolar fuzzy BCK-submodules 
containing <E>. A contradiction. Hence ' 0) — = 0 and 1 — 

= 0, i.e. $ does not assume the values (1,0) and (0,-1) at any point in 
M. Therefore $ takes exactly the values (0, 0) and (1, —1). 

Clearly M lf = M$, for <& € Af(M). We are thus led to the following result. 

Corollary 3.28 If $ = (M; $ + , is a maximal bipolar fuzzy BCK-submodule, 

then 'I>m<„ = 'h- 

Theorem 3.29 For a maximal bipolar fuzzy BCK-submodule <f> = (M; <f> + , <f> _ ), 
is a maximal submodule of M. 

Proof Let $ = (M; <f> + , <f> _ ) be a maximal bipolar fuzzy BCK-submodule and 
suppose that N is a proper submodule of M such that C N. Consider the 
normal bipolar fuzzy BCK-submodule = (M; If is a proper 

submodule of N then $ is proper subset of T ,v • A contradiction. Hence M<j> is a 
maximal submodule of M . 


4 . Conclusion 

The notion of bipolar-valued fuzzy set was introduced by K. M. Lee in 2000. 
Since then, bipolarity has been applied to various algebraic structures by many 
researchers. In this paper, we have applied the notion of bipolar-valued fuzzy sets 
to BCK-modules. We have characterized our new concept "bipolar fuzzy BCK- 
submodule " in several ways. Next, the homomorphic images and pre images of 
bipolar fuzzy BCK-submodules were discussed. The remainder of the paper was 
focused on the normal and completely normal bipolar fuzzy BCK-submodules which 
guided finally to the concept of maximality. 
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and Carleson type measure 
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Abstract. In this paper, we study the zeros of functions in weighted Dirichlet space 
and a class of Carleson type measure. 

MSC 2000: 30199, 30H99 

Keywords: Zero, weighted Dirichlet space, Carleson measure. 


1 Introduction 

Let D denote the open unit disk in the complex plane C, 90 its boundary and H( D) 
the space of all analytic functions in D. For a £ D, let cr a be the automorphism of 
D exchanging 0 for a, namely cr a (z) = , z £ D. Let H°° denote the space of 

bounded analytic function. 

Throughout this paper, we assume that K : [0, oo) —> [0, oo) is a right-continuous 
and nondecreasing function. An / £ H (D) is said to belong to the weighted Dirichlet 
space, denoted by D K , if (see, e.g., [24]) 

\\f\\l K = l/(0)| 2 + f \f'(z)\ 2 K (1 - M 2 ) dA(z) < oo, 

Jd 

where dA(z) is the normalized Lebesgue measure on D. Clearly, D k is a Hilbert 
space. When K(t) = t s , 0 < s < oo, the space Dk gives the usual Dirichlet type 
space D s . In particular, if s = 0, this gives the classical Dirichlet space V. We 
refer to [16, 19, 20] for the space D s . The space D k has been extensively studied. 
For example, under some conditions on K, Kerman and Sawyer [11] characterized 
Carleson measures and multipliers of D k in terms of a maximal operator. Aleman [1] 
proved that each element of the space Dk can be written as a quotient of two bounded 
functions in the same space. See [2, 3, 8, 14, 18, 24] for more results on weighted 
Dirichlet spaces. 

We say that Z = {z n } C D is a zero set of an analytic function space X defined 
on D if there is a f £ X that vanishes on Z and nowhere else. Describing the zero sets 
for an analytic function space is a difficult problem. See [4, 5, 6, 13, 17, 21] for more 
information about this topic. 

Let /i denote a positive Borel measure on D. For a subarc / C 90, let S(I) be the 
Carleson box based on I with 

S(I) = {z € D : 1 - |/| < \z\ < 1 and fv £ /}. 

LI 
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If I = <90, let S(I ) = D. Let 0 < s < oo. We say that /i is a ( K , s)-Carleson measure 
on D if 


/can K{\I\)\I\ S 


< oo. 


Here and henceforth sup /c9D indicates the supremum taken over all subarcs / of 90. 
We say that /r is a vanishing (iv, s)-Carleson measure, if 


lim , 0. 

I/HO A'(|7|)|7|- 


If K(t)t s = t, then we get the classical Carleson measure and vanishing Carleson 
measure, respectively. Carleson measure was firstly introduced in [4] by Carleson and it 
has many applications, such as in the interpolating sequence, <9-equations, composition 
operators and integral operators. Hence Carleson measure is a very important tool 
for the function theory, harmonic analysis and operator theory. For more results on 
Carleson measure and its’ generalization, we refer to [7, 10, 12, 22, 23, 25], 

Recently, Pau and Pelaez [13, Theorem 1] gave a nice characterization of zero sets 
of Dirichlet spaces D s (0 < s < 1). Motivated by [13, Theorem 7], in this paper we 
study the zero sets of the space Dk • Moreover, we will characterize (K , s)-Carleson 
measure and vanishing ( K , s) -Carleson measure. In particular, we will characterize 
vanishing ( K , s)-Carleson measure by functions in the space D ^ . 

Throughout this paper, we assume that I\ (0) = 0 such that 


<Pk{s) 


ds < oo 


( 1 ) 


and 

Vk{s) 

h — ds < oo, (2) 

s z 

where 

= sup K(st) / K(t), 0 < s < oo. 

0<t<l 

In this paper, the symbol / ss g means that / < g < /. We say that / < g if there 
exists a constant C such that / < Cg. 



2 Zero sets 


In order to study the zero sets of the Dk space, we define the space Sk, which consists 
of those f € H (D) such that 


ii* = i/(°)i 2 + su p / 

aen Jo K ( P 

V t-LI 


dA(z) < oo. 
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We say that a positive Borel measure p on D is a Carleson measure for Dk if there is 
a positive constant C such that 

f \f(z)fdn(z)<C\\f\\l K 
Jo 


for all / € Dk- 

We also need the following results. 

Lemma 1. [11] Let K be increasing, concave and lim x ^o x/ Kix) = 0. Then, // is a 
Carleson measure for Dk if and only if there exists a constant C > 0 such that 


f p(S(J)) 2 

1 1 9eJci K (l'^l)l'^l 


dO < Cp{S(I)), 


for all arcs I C <90. Here the supremum is taken over all closed arcs J C I. 

Remark 1. From [9, Lemma 2.3], we known that if K satisfy (1) and (2), there ex- 
ists A 3 , such that A 3 is increasing, concave, lim x _,.o x/K${x) = 0 and A9j(i) w 
K(t), 0 < t < 00 . As in [9], let c £ (0, 1) be a small constant such that and -^y 
are nondecreasing functions when 0 < t < 1 , moreover 

Vk(s) < s 1_c , s > 1 (3) 


and 


<Pk(s) <s c , s< 1. 


(4) 


Lemma 2. Suppose that K satisfy (1) and (2). Then f £ Sk if and only if 

sup f | ^ dA(z) < 00 . (5) 

ICdOJS(I) K (\ I \) 

Proof Assume that / £ Sk- For any I C <9D, let b = (1 — | I\)rj £ D, where p is the 
center of I. Then 


Thus, 


1 - | 6 | w \l-bz\ « \I\, z £ S(I). 

K (t ^w) * ^ (|7|) ’ 2 e S W- 


Therefore, 



K{l~\z\ 2 ) 

K{\I\) 


dA(z) < 


< 




.^(i-N 2 ) 

— 6z| s 

-IH 2 


K 


if 


dA{z) 


sup 

aGD . 




( F-g-P 

V 1 -M 2 


K 


dA{z) < 00 , 
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which implies the desired result. 

Conversely, assume that (5) holds. Without loss of generality, we can assume |a| > 
1/2. Let I be a subarc of 90 such that | I n \ = 2 n \I\, n = 0, 1, 2..., N— 1 and In = 90. 
Then we have 


|i - a v \ 2 
1 ~ l«| 2 


|L|, V G I, 


and 


|1 ~ ar l\ 2 

i-H 2 


2 2n \I\, r}€ln+i/I n , n = 0, 1, 2 ..., N — 1. 


Since K satisfy (1) and (2), by Remark 1 we obtain 


l / , (*)| 2 g / 1 1 ifxW ) 


K 


(\± z az£\ 

V i-LI 2 ) 


< 


\ 1 
E K( 92« 


\f(z)\ 2 K(l-\z\ 2 )dA(z) 


K{2 2n \I\) J s(2 n + 1 I)\S(2 n I) 

\f'( z )\ 2 K(l — \z\ 2 )dA(z) 


K(\I \ ) 


*S(2I) 




^ “ K(2 n+1 \I\) 
K(2 2n \I\) 


+ T>k( 2 ) 


<^ 2 (l-n)c + 2 l-c < ^ 
n = 1 


Here c is defined in Remark 1. Hence / £ ,S'/v • 


□ 


From Lemma 2, we can easily obtain the following corollary. 

Corollary 1. Suppose that K satisfy the conditions (1) and (2). Then f £ Sk if and 
only if\f'(z)\ 2 K(l — \z\ 2 )dA(z) is (K, Q)-Carleson measure. 


Let M(Dk) denote the space of multipliers of Dk , that is, 

M(D k ) = {g€ H( D) : gf £ D K for all / £ D K }. 

Theorem 1. Suppose that I\ satisfy the conditions (1) and (2). Then M(Dk), Sk IT 
H°°, Sk and Dk have the same zero sets. 


Proof. Since AI(Dk) Q Dk- we have any zero sets in M(Dk) is zero sets in Dk- 
Next we prove that any zero set in Dk is zero set in M (Dk)- 

Suppose that ||/||z>j<- = 1- Let {zk} be the zeros of /. Fix Zq £ D such that 
f(zo) f 0. Set wq = \\R Z \f D an d w j = 0 ( j > 1), where 


RzM 


1 + 


E 

n = 1 




j > 0. 
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From [3, Lemma 3.1], we know that R Zj (z) is the reproducing kernel of I) k space at 
Zj. Then, for each n > 1 and oo,ai, E C, we have 


n n 

EE CLidji 1 - WiWj)(R Zi ,R Zj ) 

i — 0 j = 0 


E a i^ z 3 

3=0 


2 


Dk 


E a 'i R‘ z i 

3=0 


2 


Dk 


l a o| 2 |/( 2 o)| 2 


n 

(/; a 3^j) 


3=0 


2 

> o. 


Combine with Lemma 3.2 of [3], we know that Dk has Pick property. Thus, there 
exists F n £ M(Dk) with \\Fn\\M(D K ) — 1 suc h t ^ at 


Fn(z 0 ) - and F n (zj) = 0 (j = 1, ..., n). 

\\Rz 0 \\d k 

Then, for all n, we have ||F„|| H oo < \\F n \\ M ( DK) < 1. So {F n } n > i is a normal 
family, the limit function F is also a multiplier with ||.F||m(,Dk) — 


F{* o) 


/(z o) 
\\Rzo\\d k 


7^0 


and 


F(zj) 


0 ( j = 1, ..., n). 


By /-property of Dk space (see [15]), we have every function / £ Dk, there exist 
F £ AI(Dk) with the same zero set. That is, Dk and M(Dk) have the same zero 
sets. 

Note that Sk IT fT°° C Sk C Dk- We only need to prove that M(Dk) C 
Sk n H°° . Suppose that / £ M(D K ). From [3, Theorem 4.6], we known that 
|/'(2)| 2 A'(1 — \z\ 2 )dA{z) is a Carleson measure for Dk- Let |/| = | J| in Lemma 1, 
that is, if /r is a Carleson measure for Dk, we can deduce that /.t( S(I )) < Ks(\I\) Ri 
K(\I\). Thus, 



\f'(z)\ 2 K(l-\z\ 2 )dA{z)<K(\I\). 


Combine with Lemma 2, we deduce that / £ Sk- Notice that M(Dk ) Q H°° (see [3, 
Theorem 4.6]). That is, M(D K ) C S K D H°°. □ 


3 Carleson type measure 

In this section, we give a characterization for ( K , s)-Carleson measure and vanishing 
(AT, s ) -Carleson measure. 

Theorem 2. Suppose that AT satisfy the conditions (1) and (2). Let p be a positive 
Borel measure on B, 0 < s < oo such that s + c > 1. Then p is a (AT, s)-Carleson 
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measure if and only if 


sup 

aeD 


1 


(i-l«l 2 ) 8 

|1 — az\ 2s 


dfj,(z) < oo. 


(6) 


Proof Suppose that (6) holds. For any I C <90, let b = (1 — \I\)( £ D, where ( is the 
center of I. Then, for any 2 £ S(I), we have 


1 — |6| » |1 — bz\ ~ |I| and K(1 - \b\ 2 ) « A'(|/|). 


Therefore, 


P(S(I)) 

K(\i\m s 


<. 


a-i&i 2 ) 


2\s 


'm-mJsiD ii - bz\ 2s 


■dfi{z) 


< 


1 

i 


(iH&l 2 ) 8 

|1 — bz\ 2s 


d/j.(z) 


£ ”Ka'(i-I«P) 


(1-H 2 )* 

|1 — az\ 2s 


d/j,(z) < oo, 


which implies that /z is a ( K , s)-Carleson measure by the arbitrary of I. 

Conversely, assume that /z is a ( K , s)-Carleson measure. Without loss of generality, 
we assume |a| > |. Let /„ be the arc on <90 such that ^ is the center of I n and 

\I n \ = yl( ra_1 ) (1 — |a|), where 1 < A < 2 » , n = 1, 2, ..., N, where N is the smallest 
integer such that — |a|) > 1. Since 


2\s 


(i-H 2 ) 

|1 - dz\ 2s ~ A 2 ( n ~ 1 ) s ( 1 - |a|) s ~ A 2ns { 1 - |a|) s 


< 


< 


z£S(I n )\S(I n - 1 ), 


and 


_ a (n-l)s-ns , A (Vl ( ^(1 |q|)) < ■(„_ l)(l-c) 

YF-(l-|a|) s ’ K(l — |a| 2 ) 


we obtain 


(1-I«| 2 ) 


2\s 


N 


d/i(z) < 


\In\ S K{\I n \) 


K( 1 - \a\ 2 ) Jo |1 - az\ 2s f ' w “ ^ H 2 -(l - |a|)*iT(l - |a| 2 ) 

A ns ATl-|a| 2 ) 

n — 1 x 11/ 

<E 


n=l 

<oo. 


A n 


n= 1 


A n 


Here we used the fact that s + c > 1. 


□ 
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Theorem 3. Suppose that K satisfy the conditions (1) and (2). Let p be a positive 
Borel measure on D, 0 < s < oo such that s + c > 1. Then p is a vanishing ( K , s)- 
Carleson measure if and only if 


lim -rr- 

|a|— >1 K{ 1 - 


(i-H 2 ) s 

|1 — az\ 2s 


dp{z) = 0. 


(7) 


Proof. First we assume that p is a vanishing ( K , s)-Carleson measure. For any e > 0, 
there is a p > 0 such that for all arcs / C c© with |/| < p, such that 


KS(I)) 

mm\* 


< e. 


Assume a = re 1 6 and r > 1 — rj. Let I ^ C <9D such that e™ is the center of 1^ and 
\Irf\ = rj. Then 


|1 — az\ 2s 


dp(z) =: Mi + M 2 , 


where 


and 


2\s 


Mi =: 


Ib\s(i v ) 


(i-H 2 ) 

77r 1 2 s 


1 — az 


dp{z) 


m 2 = : i 


Suppose that e l 6 is also the center of {/„}, \I n \ = A n 1 (1 — |a|), A > 1, n = 
1, 2, TV — 1 and N is the smallest integer such that |/jv| > p. Let I 0 = (f>. Note that 


2\s 


< 


1 


We have 


|1 -dz\ 2s ~ A 2ns ( 1 - |a|) s ’ 

(i-N 2 ) s 


zeS(i n )\S(i n _i). 


N 


m 2 < e / m -\L d m 

S(I n )\S(In-l) I 1 — az \ 2 ' 


<r 1 V m(In)\S(In-l)) , p(S(I v )\S(I N _ i)) 


'(1-I«l) s 


n—1 

N 


A 2n 


+ 


A 2Ns {l- |a|) s 


^ 1 \ ’ P(S(I n )) 


A 2r 


Note that < e and \I n \ = A n 1 (1 — |a|), using the fact that ) < 


7 
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t 1 c , t. > 1, we deduce that 


Mi < 


< 


< 


< 


1 ML(\I n \)\I n \ s 

(! - i«d s hi 

* eK(A"-\l-\a\)) 

^ K{ 1 - |a|)A" s + s 1 


l a l) 


N 

E^ n_1 ) 

n— 1 
N 


eK(l - |a|) 

y|ns+s 


eE ^ ( ”“ 1)(1_c) “" s_s ^( 1 ^ H ) S M<{1 - | a |). 

n— 1 


( 8 ) 


Now, we estimate Mi. Since 1 1 — az\ > r], z S D\5(/^), and notice the fact that -^y 
is a nondecreasing function when 0 < t < 1, we obtain 


Af /t(D) (1- |a|) 5 

1 111 

fl _ | r .|U-c+s-l+c 

< 1 | h K{ 1 - |a|) < (1 - |a|) s+c - 1 i^(l - |a|). (9) 

AT(1 - |a|) 


From (8) and (9) we see that (7) holds. 

The proof for another side is similar to Theorem 2. Thus, we omit the details. □ 


Finally, we give another characterization of vanishing ( K , s)-Carleson measure by 
using functions in Dk- 

Theorem 4 . Suppose that K satisfy the conditions (1) and (2). Let p be a positive 
Borel measure on D, 0 < s < oo such that s + c > 1. Let {g n } be a bounded sequence 
in Dk such that g n — ^ 0 uniformly on compact subset of D as n — > oo. Then p is a 
vanishing ( K , s)-Carleson measure if and only if 


lim sup 

n ^°° aGD 


\9n(a)\ 2 


(i-M 2 ) 8 

|1 — az\ 2s 


dp(z) = 0. 


( 10 ) 


Proof First we assume that // is a vanishing (K . s)-Carleson measure. Following the 
proof of Theorem 3, for any given e > 0, we may find k > 0 such that 


sup 

aGoynu 


1 

K{1 - |a|) 


a -M 2 r 

|1 — az\ 2s 


dp(z) < e, 


where O k = {z £ D : \z\ < k}. Since 


\g(z) I < 


llflll Dk 

y/K{l-\z\Y 

8 


g e d k , 
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we obtain 


sup 

aGB\D^ 


\g n (a)\ 
1 


2 (! — l« 




|1 — az\ 


dfi(z 


~ sup IFTi Tit 

aGB\lu - M) 


|1 — az\ 2s 


dn(z) < e. 


( 11 ) 


Also, since g n — > 0 uniformly on compact subsets of D, we see that for n sufficiently 
large. 


sup 

aeBC 


\9n(a)\ 2 


(i-H 2 ) 8 

|1 — az\ 2s 


dn(z) < e sup 

aeBii 


(i-H 2 ) a 

|1 — az\ 2s 


dfi{z) < e. 


( 12 ) 


From (11) and (12) we see that (10) holds. 

Conversely, assume that (10) holds. For a G D, it is easy to check that 

9a( z ) — 77 _ \ njT- , in e ^K- 

(1 - az)\jK (1 - |a|) 

For any /„ Q dD such that \I n \l as n — > oo, let a n = (1 — \I n \)e l8n £ D, where e l8n 
is the center of It is easy to check that {g„ n } is a bounded sequence in I) k and 

cja n —> 0 uniformly on compact subsets of D as n — > oo. By (10), we have 


lim sup 

n ^°° QgD 


\9a n (z)\ 2 


(i-H 2 r 

]1 — az\ 2s 


dg,(z) = 0. 


Thus, 

l[m iTTs [ \9a n {z)\ 2 Mz) = 0 . 

n-s-oo |i n | s J S ( In) 

Notice the fact that \g an ( z)\ 2 > K ^ r i, , we get 


v(S(i n )) 

^(|/n|)|/„| S 


as n oo, 


as desired. □ 
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Smarandache fuzzy .BC7-algebras 


Sun Shin Ahn 1 and Young Joo Seo *’ 2 

department of Mathematics Education, Dongguk University, Seoul 04620, Korea 
2 Research Institute for Natural Sciences, Department of Mathematics, Hanyang University, 

Seoul, 04763, Korea 


Abstract. The notions of a Smarandache fuzzy subalgebra (ideal) of a Smarandache BCI-algebra, a Smarandache 
fuzzy clean(fresh) ideal of a Smarandache BCI-algebra are introduced. Examples are given, and several related 
properties are investigated. 


1. Introduction 

Generally, in any human field, a Smarandache structure on a set A means a weak structure W on A such that 
there exists a proper subset B of A with a strong structure S which is embedded in A. In [4], R. Padilla showed 
that Smarandache semigroups are very important for the study of congruences. Y. B. Jun ([1,2]) introduced the 
notion of Smarandache BCI-algebras, Smarandache fresh and clean ideals of Smarandache BCI-algebras, and 
obtained many interesting results about them. 

In this paper, we discuss a Smarandache fuzzy structure on BCI-algebras and introduce the notions of a 
Smarandache fuzzy subalgebra (ideal) of a Smarandache BCI-algebra, a Smarandache fuzzy clean (fresh) ideal of 
a Smarandache BCI-algebra are introduced, and we investigate their properties. 

2. Preliminaries 

An algebra (A; *,0) of type (2,0) is called a BCI-algebra if it satisfies the following conditions: 

(I) (Va;, y,z £ A)(((x * y) * (x * z)) * (z *y) = 0), 

(II) (Vx, y € A)((x * (x * (x * y)) * y = 0), 

(III) (Vx € A)((x * x = 0), 

(IV) (Vx, y £ X)(x * y = 0 and y * x = 0 imply x = y). 

If a .BCT-algebra X satisfies the following identity; 

(V) (Vxe A)(0*x = 0), 

then X is said to be a BC K -algebra. We can define a partial order “ < ” on A by x < y if and only if x * y = 0. 
Every BCI-algebra A has the following properties: 

(ai) (Vx G A)(x * 0 = x), 

(ai) (Vx, y,z £ A)(x < y implies x*z<y*z,z*y<z*x). 

A non-empty subset I of a BCI-algebra A is called an ideal of A if it satisfies the following conditions: 

(i) 0 £ I, 

(ii) (Vx £ X)(\/y £ I)(x *y £ I implies x £ I). 

°* Correspondence: Tel: +82 10 9247 6575 (Y. J. Seo). 
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Definition 2.1. ([1]) A Smarandache BCI-algebra is defined to be a BCI- algebra A in which there exists a 
proper subset Q of X such that 

(i) 0 G Q and \Q\ > 2, 

(ii) Q is a BCA'-algebra under the same operation of X. 

By a Smarandache positive implicative (resp. commutative and implicative ) BCI-algebra , we mean a BCI- 
algebra X which has a proper subset Q of X such that 

(i) 0 G Q and \Q\ > 2, 

(ii) Q is a positive implicative (resp. commutative and implicative) BCAT-algebra under the same operation 
of X. 

Let (X; *, 0) be a Smarandache .BCI-algebra and if be a subset of X such that 0 € H and \H\ > 2. Then H 
is called a Smarandache subalgebra of X if ( H ; *, 0) is a Smarandache BCI-algebra. 

A non-empty subset I of X is called a Smarandache ideal of X related to Q if it satisfies: 

(i) 0 G I, 

(ii) (Va G Q)(Vy £ I)(x * y £ I implies x G I), 

where Q is a BCII-algebra contained in X. If I is a Smarandache ideal of X related to every BCICalgebra 
contained in X , we simply say that I is a Smarandache ideal of X. 

In what follows, let X and Q denote a Smarandache BCI-algebra and a BCA^-algebra which is properly 
contained in X, respectively. 

Definition 2.2. ([2]) A non-empty subset I of X is called a Smarandache ideal of X related to Q (or briefly, a 
Q-Smarandache ideal) of X if it satisfies: 

(ci) 0 G I, 

(C 2 ) (Va G Q)(Vy £ I)(x * y £ I implies x £ I). 

If I is a Smarandache ideal of X related to every BCA"-algebra contained in X, we simply say that I is a 
Smarandache ideal of X. 

Definition 2.3. ([2]) A non-empty subset I of A is called a Smarandache fresh ideal of X related to Q (or briefly, 
a Q-Smarandache fresh ideal of A) if it satisfies the conditions (ci) and 
( 03 ) (Va;, y,z £ Q)({(x * y) * z) £ I and y * z £ I imply x * z G I). 

Theorem 2.4. ([2]) Every Q-Smarandache fresh ideal which is contained in Q is a Q-Smarandache ideal. 

The converse of Theorem 2.4 need not be true in general. 

Theorem 2.5. ([2]) Let I and J be Q-Smarandache ideals of X and I C J. If I is a Q-Smarandache fresh ideal 
of A, then so is J. 

Definition 2.6. ([2]) A non-empty subset I of A is called a Smarandache clean ideal of A related to Q (or briefly, 
a Q-Smarandache clean ideal of A) if it satisfies the conditions (ci) and 

(C 4 ) (Va ,y £ Q){z £ I) ((a * (y * a)) * z £ I implies a G I). 
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Theorem 2.7. ([2]) Every Q-Smarandache clean ideal of X is a Q-Smarandache ideal. 

The converse of Theorem 2.7 need not be true in general. 

Theorem 2.8. ([2]) Every Q-Smarandache clean ideal of X is a Q-Smarandache fresh ideal. 

Theorem 2.9. ([2]) Let I and J be Q-Smarandache ideals of X and I C J. If I is a Q-Smarandache clean ideal 
of X, then so is J. 

A fuzzy set /i in X is called a fuzzy subalgebra of a BC /-algebra X if y(x*y) > min{/r(ai), y{y)} for all x,y £ X. 
A fuzzy set y in X is called a fuzzy ideal of X if 

(Fi) y(0) > y(x) for all x € X, 

(F 2 ) y(x) > min{y(x * y), y(y)} for all x,y £ X. 

Let y be a fuzzy set in a set X. For t € [0, 1], the set y t := {x € X\y(x) > t} is called a level subset of y. 


3. Smarandache fuzzy ideals 


Definition 3.1. Let A be a Smarandache BCI-algebra. A map y : X — > [0, 1] is called a Smarandache fuzzy 
subalgebra of X if it satisfies 
(SFi) y{ 0) > y(x) for all x G P, 

(SF 2 ) y{x * y) > min{^(a:), y(y)} for all x,y £ P, 

where P C X, P is a BCK- algebra with \P\ > 2. 

A map y : X — ► [0, 1] is called a Smarandache fuzzy ideal of X if it satisfies {SF\) and 
( SF 2 ) y{x) > min{/.t(a; * y), y(y)} for all x,y £ P, 

where P C X, P is a BCK- algebra with \P\ > 2. This Smarandache fuzzy subalgebra (ideal) is denoted by yp, 
i.e., yp : P — > [0, 1] is a fuzzy subalgebra(ideal) of X. 


Example 3.2. Let X := {0, 1, 2, 3, 4, 5} be a Smarandache FCJ-algebra ([!]) with the following Cayley table: 


* 

0 

1 

2 

3 

4 

5 

0 

0 

0 

0 

3 

3 

3 

1 

1 

0 

1 

3 

3 

3 

2 

2 

2 

0 

3 

3 

3 

3 

3 

3 

3 

0 

0 

0 

4 

4 

3 

4 

1 

0 

0 

5 

5 

3 

5 

1 

1 

0 


y{x) := 


Define a map y : X — > [0, 1] by 

'0.5 if x e {0,1, 2, 3}, 

0.7 otherwise 

V. 

Clearly y is a Samrandaclre fuzzy subalgebra of X. ft is verified that y restricted to a subset {0, 1, 2, 3} which is 
a subalgebra of A is a fuzzy subalgebra of A, i.e., 0 , 1 , 2 , 3 } : {0, 1, 2, 3} — > [0, 1] is a fuzzy subalgebra of A. Thus 

y : X — > [0, 1] is a Smarandache fuzzy subalgebra of A. Note that y : X — > [0, 1] is not a fuzzy subalgebra of A, 
since y( 5 * 4) = y{ 0) = 0.5 min{/z(5), /z(4)} = 0.7. 
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Example 3.3. Let X := {0, 1, 2, 3, 4, 5} be a Smarandache PCP-algebra ([1]) with the following Cayley table: 


* 

0 

1 

2 

3 

4 

5 

0 

0 

0 

0 

0 

4 

4 

1 

1 

0 

0 

1 

4 

4 

2 

2 

2 

0 

2 

4 

4 

3 

3 

3 

3 

0 

4 

4 

4 

4 

44 

4 

0 

0 


5 

5 

4 

4 

5 

1 

0 


Define a map y : X — > [0, 1] by 


K x ) 


0.5 if x €{0,1,2} 
0.7 otherwise 


Clearly y is a Samrandaclie fuzzy ideal of X. It is verified that y restricted to a subset {0, 1, 2} which is an ideal of 
X is a fuzzy ideal of X, i.e., ^{ 0 , 1 , 2 } : {0, 1, 2} — »• [0, 1] is a fuzzy ideal of X. Thus y : X — ► [0, 1] is a Smarandache 
fuzzy ideal of X. Note that y : X — y [0, 1] is not a fuzzy ideal of X, since y(2) = 0.5 min{/z(2*4) = y( 4), y( 4)} = 

M(4) = 0.7. 


Lemma 3.4. Every Smarandache fuzzy ideal yp of a Smarandache BCI-algebra X is order reversing. 

Proof. Let P be a PCIv-algebra with PCX and |P| >2. If x, y £ P with x < y, then x *y = 0. Hence we have 
y(x) > min {n(x * y),y(y)} = mm{y(0 ),y{y)} = y(y). □ 

Theorem 3.5. Any Smarandache fuzzy ideal yp of a Smarandache BCI-algebra X must be a Smarandache 
fuzzy subalgebra of X. 

Proof. Let P be a BCK- algebra with PCX and |X| > 2. Since x * y < x for any x,y £ P, it follows from 
Lemma 3.4 that y(x) < y{x *y), so by ( SF 2 ) we obtain y(x * y) > y(x) > min{/r(ai * y), y(y)} > min{/r(a;), y(y)}. 
This shows that y is a Smarandache fuzzy subalgebra of X, proving the theorem. □ 


Proposition 3.6. Let yp be a Smarandache fuzzy ideal of a Smarandache BCI-algebra X. If the inequality 
x * y < z holds in P, then y{x) > min{/.i(a:), y(z)} for all x,y,z C P. 

Proof. Let P be a BCK- algebra with PCX and |P| > 2. If x * y < z in P, then (x * y) * z = 0. Hence we 
have y(x * y) > min{/z((a; * y) * z), y(z)} = min{/i(0), y(z)} = y{z). It follows that y(x) > min{^(a; * y),y(y)} > 
min {y(y),y{z)}. □ 

Theorem 3.7. Let X be a Smarandache BCI-algebra. A Smarandache fuzzy subalgebra yp of X is a Smaran- 
dache fuzzy ideal of X if and only if for all x,y £ P, the inequality x * y < z implies y{x) > min {y(y), y{z)}. 


Proof. Suppose that yp is a Smarandache fuzzy subalgebra of X satisfying the condition x * y < z implies 
y{x) > min{/z(y), y{z)}. Since x * (x * y) < y for all x,y £ P, it follows that y(x) > min{/r(a: * y),y(y)}. Hence 
yp is a Smarandache fuzzy ideal of X. The converse follows from Proposition 3.6. □ 

Definition 3.8. Let X be a Smarandache PCI-algebra. A map y : X — > [0, 1] is called a Smarandache fuzzy 
clean ideal of X if it satisfies (S'Pi) and 

( SF 3 ) y{x) > min{/.t(a: * (y * x)) * z), y(z)} for all x,y,z £ P, 
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where PCX and P is a BCK-algebia, with |P| > 2. This Smarandache fuzzy clean ideal is denoted by pp, i.e. , 
/ip : P —>■ [0, 1] is a Smarandache fuzzy clean ideal of X. 


Example 3.9. Let X := {0, 1, 2, 3, 4, 5} be a Smarandache BCI-algebra ([2]) with the following Cayley table: 


* 

0 

1 

2 

3 

4 

5 

0 

0 

0 

0 

0 

0 

5 

1 

1 

0 

0 

0 

0 

5 

2 

2 

1 

0 

1 

0 

5 

3 

3 

4 

4 

4 

0 

5 

4 

4 

4 

4 

4 

0 

5 

5 

5 

5 

5 

5 

5 

0 


H(x) := 


Define a map /i : X — > [0, 1] by 

'0.4 if x e {0,1, 2, 3} 

0.8 otherwise 

v 

Clearly p is a Samrandache fuzzy clean ideal of X, but p is not a fuzzy clean ideal of X, since /i(3) 
min{/<((3 * (0 * 3)) * 5),/i(5)} = min{/i(5), /i(5)} = /i(5) = 0.8. 


0.4 > 


Theorem 3.10. Let X be a Smarandache BCI-algebra. Any Smarandache fuzzy clean ideal / ip of X must be a 
Smarandache fuzzy ideal of X. 


Proof. Let X be a BC A^-algebra with PCX and |P| > 2. Let /ip : P — ► [0, 1] be a Smarndache fuzzy clean 
ideal of X. If we let y := x in ( SF 3 ), then p{x) > min{/i((a; * (x * x)) * z),p(z)} = min{/i((a; * 0) * z),p(z)} = 
min {p(x * z) , p(z)} , for all x,y,z G P. This shows that /i satisfies ( SF 2 )• Combining (SF\), / ip is a Smarandache 
fuzzy ideal of X 1 proving the theorem. □ 


Corollary 3.11. Every Smarandache fuzzy clean ideal pp of a Smarndache BCI-algebra X must be a Smaran- 
dache fuzzy subalgebra of X. 


Proof. It follows from Theorem 3.5 and Theorem 3.10. 


□ 


The converse of Theorem 3.10 may not be true as shown in the following example. 

Example 3.12. Let X := {0, 1, 2, 3, 4, 5} be a Smarandache .BCI-algebra with the following Cayley table: 


* 

0 

1 

2 

3 

4 

5 

0 

0 

0 

0 

0 

0 

5 

1 

1 

0 

1 

0 

0 

5 

2 

2 

2 

0 

0 

0 

5 

3 

3 

3 

3 

0 

0 

5 

4 

4 

3 

4 

1 

0 

5 

5 

5 

5 

5 

5 

5 

0 


Let /ip be a fuzzy set in P = {0, 1, 2, 3, 4} defined by /i( 0) = p(2) = 0.8 and /i(l) = /i(3) = /i(4) = 0.3. It is easy 
to check that /ip is a fuzzy ideal of X . Hence /i : X — > [0, 1] is a Smarandache fuzzy ideal of X. But it is not a 
Smarandache fuzzy clean ideal of X since /i(l) = 0.3 min{/i((l * (3 * 1)) * 2),/i(2)} = min{/t(0), /z(2)} = 0.8. 

Theorem 3.13. Let X be a Smarandache implicative BCI-algebra. Every Smarandache fuzzy ideal /ip of X is 
a Smarandache fuzzy clean ideal of X . 
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Proof. Let P be a BCK-algebra with PCX and |P| > 2. Since A is a Smarandache implicative BCI- algebra, 
we have x = x * (y * x) for all x, y G P. Let yp be a Smarandache fuzzy ideal of X. It follows from (SF 2 ) that 

y{x) > min{/i(a: * z),y(z)} > min{^((x * (y * x)) * z), y(z)}, for all x,y,z £ P. Hence yp is a Smarandache clean 

ideal of X. The proof is complete. □ 

In what follows, we give characterizations of fuzzy implicative ideals. 

Theorem 3.14. Let X be a Smarandache BC I -algebra. Suppose that yp is a Smarandache fuzzy ideal of X. 
Then the following equivalent: 

(i) yp is Smarandache fuzzy clean, 

(ii) y{x) > y(x * (y * x)) for all x,y £ P, 

(iii) y{x) = y(x * (y * x)) for all x,y £ P. 

Proof, (i) => (ii): Let yp be a Smarandache fuzzy clean ideal of X. It follows from {SF 3 ) that y(x) > min{/z((x * 
{y * x)) * 0),y(0)} = minima; * (y * x)), y{ 0)} = y(x * (y * x)), Vx, y £ P. Hence the condition (ii) holds. 

(ii) => (iii): Since A is a Smarnadache BCJ-algebra, we have x * (y * x) < x for all x,y £ P. It follows from 
Lemma 3.4 that y(x) < y{x * (y * x)). By (ii), y(x) > y(x * (y * x)). Thus the condition (iii) holds. 

(iii) => (i): Suppose that the condition (iii) holds. Since yp is a Smarandache fuzzy ideal, by (SF 2 ), we have 

y{x * (y * x)) > min{/i((x * (y * x)) * z),y(z)}. Combining (iii), we obtain y(x) > min{^((x * (y * x)) * z),y(z)}. 
Hence y satisfies the condition (SF 3 ). Obviously, y satishes (SFi). Therefore y is a fuzzy clean ideal of A. Hence 
the condition (i) holds. The proof is complete. □ 

For any fuzzy sets y and v in A, we write y < v if and only if y(x) < v{x) for any x £ X. 

Definition 3.15. Let A be a Smarandache HCJ-algebra and let yp : P [0,1] be a Smarandache fuzzy 

SCI-algebra of A. For t < y{ 0), the set y t := {x £ P\y(x) > t} is called a level subset of yp. 

Theorem 3.16. A fuzzy set y in P is a Smarandache fuzzy clean ideal of X if and only if, for all t £ [0, 1], yt is 
either empty or a Smarandache clean ideal of A. 

Proof. Suppose that yp is a Smarandache fuzzy clean ideal of A and y t 7 ^ 0 for any t £ [0,1]. It is clear 
that 0 £ y t since y{ 0) > t. Let y((x * (y * x)) * z) > t and y{z) > t. It follows from (SF 3 ) that y{x) > 

min{^((x * (j/ * x)) * z), y(z)} > t, namely, x £ y t . This shows that y t is a Smarandache clean ideal of A. 

Conversely, assume that for each t £ [0, 1], y t is either empty or a Smaranadclie clean ideal of A. For any x £ P, 
let y(x) = t. Then x £ y t . Since y t ( ^ 0) is a Smarandache clean ideal of A, therefore 0 £ y t and hence y( 0) > 
y(x) = t. Thus y{ 0) > y(x) for all x £ P. Now we show that y satisfies ( SF 3 ). If not, then there exist x' , y' , z' £ P 
such that y(x') < min {y((x' * (y' * z')) * z'), y(z')}. Taking to := \{y(x’) + min{/x((x' * (y' * z’)) * z'), y(z')}}, we 
have y(x') < t 0 < min{/x((x / * (y' * z’)) * z'),y(z')}. Hence x’ £ y to , (x' * (y' * x')) * z £ y to , and z' £ y to , i.e., 
yt 0 is not a Smaracindaclie clean of A, which is a contradiction. Therefore, yp is a Smarnadche fuzzy clean ideal, 
completing the proof. □ 

Theorem 3.17. ([2]) (Extension Property) Let X be a Smarandache BCI-algebra. Let I and J be Q- 

Smarandache ideals of X and I C J C Q. If I is a Q-Smarandache clean ideal of A, then so is J. 

Next we give the extension theorem of Smarandache fuzzy clean ideals. 
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Theorem 3.18. Let X be a Smarandaclie BCI-algehra. Let y, and v be Smarandache fuzzy ideals of X such 
that /I < v and y{ 0) = J'(O). If y is a Smarndache fuzzy clean ideal of X, then so is v. 

Proof. It suffices to show that for any t £ [0, 1], v t is either empty or a Smarandache clean ideal of X. If the level 
subset v t is non-empty, then y t 0 and ht C v t . In fact, if x £ yt, then t < y{x)\ hence t < v{x), i.e, x £ v t . So 
y t C v t . By the hypothesis, since y is a Smarandache fuzzy clean ideal of X, y t is a Smarandache clean of X by 
Theorem 3.16. It follows from Theorem 3.17 that v t is a Smarandache clean ideal of X. Hence v is a Smarandache 
fuzzy clean of X. The proof is complete. □ 


Definition 3.19. Let X be a Smarandache BCT-algebra. A map y : X — » [0, 1] is called a Smarandache fuzzy 
fresh ideal of X if it satisfies (SFi) and 
(SFs t) y(x * z) > min{/x((a; * y) * z),y(y * z)} for all x,y,z £ P, 

where P is a BCK- algebra with PCX and \P\ > 2. This Smarandache fuzzy ideal is denoted by yp, i.e., 
yp : P — ► [0, 1] is a Smarandache fuzzy fresh ideal of X. 


Example 3.20. Let X := {0, 1, 2, 3, 4, 5} be a Smarandache PCI-algebra ([2]) with the following Cayley table: 


* 

0 

1 

2 

3 

4 

5 

0 

0 

0 

0 

0 

0 

5 

1 

1 

0 

1 

0 

1 

5 

2 

2 

2 

0 

2 

0 

5 

3 

3 

1 

3 

0 

3 

5 

4 

4 

4 

4 

4 

0 

5 

5 

5 

5 

5 

5 

5 

0 


Define a map y : X — > [0, 1] by 


h(x) := 



Clearly y is a Samrandache fuzzy fresh ideal of X. But 
0.5 nrin{/x((2 * 5) * 4), /x(5 * 4)} = /x(5) = 0.9. 


if x £ {0,1,3}, 
otherwise 

it is not a fuzzy fresh ideal of X , since /i(2 * 4) = /z( 0) = 


Theorem 3.21. Any Smarandache fuzzy fresh ideal of a Smarandache BCI-algebra X must be a Smarandache 
fuzzy ideal of X. 


Proof. Taking z := 0 in ( SF 4 ) and x * 0 = x, we have y{x * 0) > min{/x((a; * y) * 0 ),/x(y * 0)}. Hence y(x) > 
min {n(x * y) , n(y)} . Thus {SF 2 ) holds. □ 


The converse of Theorem 3.21 may not be true as show in the following example. 

Example 3.22. Let X := {0, 1, 2, 3, 4, 5} be a Smarandache PCI-algebra ([2]) with the following Cayley table: 


* 

0 

1 

2 

3 

4 

5 

0 

0 

0 

0 

0 

0 

5 

1 

1 

0 

0 

0 

1 

5 

2 

2 

1 

0 

1 

2 

5 

3 

3 

1 

1 

0 

3 

5 

4 

4 

4 

4 

4 

0 

5 

5 

5 

5 

5 

5 

5 

0 


625 


Sun Shin Ahn et al 619-627 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Sun Shin Ahn 1 and Young Joo Seo 2 


Define a map /t : X — > [0, 1] by 

j 0.5 ifxe{0,4}, 

/t(x) := < 

I 0.4 otherwise 

Clearly /i(x) is a Samrandache fuzzy ideal of X. But /i(x) is not a Samrandache fuzzy fresh ideal of X, since 
/t(2 * 3) = /i(l) = 0.4 min{/i((2 * 1) * 3) , /x(l * 3)} = min{/i(l * 3), /i(0)} = /i( 0) = 0.5. 


Proposition 3.23. Let X be a Smarandache BCI-algebra. A Smarandache fuzzy ideal / ip of X is a Smarandache 
fuzzy fresh ideal of X if and only if it satisfies the condition p(x *y)> /i((x * y) * y) for all x,y £ P. 

Proof. Assume that /ip is a Smarandache fuzzy fresh ideal of X. Putting z := y in ( SF 4 ), we have y{x * y) > 
min{/i((x *y)* y),n(y * y)} = min{/i((x * y) * y),/i( 0)} = /z((x * y) * y), Vx,y £ P. 

Conversely, let /ip be Smarandache fuzzy ideal of X such that p(x *y) > /t((x *y)*y). Since, for all x,y,z £ P , 
((x * z) * z) * (y * z) < (x * z) * y = (x * y) * z, we have /i((x * y) * z) < /i(((x * z) * z) * (y * z )). Hence 
/t(x * z) > /i((x * z) * z) > min{/t(((x * z) * z) * (y * z)), y(y * z)} > min{/i((x * y) * z), y(y * z)}. This completes 
the proof. □ 


Since (x * y) * y < x * y, it follows from Lemma 3.4 that /t(x * y) < /t((x * y) * y). Thus we have the following 
theorem. 


Theorem 3.24. Let X be a Smarandache BCI-algebra. A Smarandache fuzzy ideal gp of X is a Smarandache 
fuzzy fresh if and only if it satisfies the identity 

fi(x * y) = /t((x * y) * y), textfor all x,y £ X. 


We give an equivalent condition for which a Smarandache fuzzy subalgebra of a Smarandache .BCI-algebra to 
be a Smarandache fuzzy clean ideal of X . 

Theorem 3.25. A Smarandache fuzzy subalghebra yp of X is a Smarandache fuzzy clean ideal of X if and only 
if it satisfies 

(x * (y * x)) * z < u implies p(x) > min {p(z) , p(u)} for a llx, y,z,u £ P. (*) 


Proof. Assume that /ip is a Smarandache fuzzy clean ideal of X. Let x,y,z,u £ P be such that (x* (y*x)) *z < u. 
Since /i is a Smarandache fuzzy ideal of X, we have /i(x *(y*x)) > min {p(z), p(u)} by Theorem 3.7. By Theorem 
3. 14- (iii) , we obtain /t(x) > min{/t( 2 ), p(u)}. 

Conversely, suppose that /ip satisfies (*). Obviously, /tp satisfies {SFi), since (x* (y* x)) * ((x * (y* x)) * z) < z , 
by (*), we obtain /i(x) > min{/t((x * (y * x)) * z),p(z)}, which shows that /ip satisfies (SF 3 ). Hence /ip is a 
Smarandache fuzzy clean ideal of X. The proof is complete. □ 
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Abstract. In this paper, we introduce the notions of Fibonacci (co-)derivative of real-valued functions. We find 
general solutions of the equations A (f(x)) = g(x) and (A + /)(/( x)) = g{x). 

1. Introduction 

The theory of Fibonacci-numbers has been studied in many different forms for centuries and the literature on the 
subject is consequently incredibly vast. The most amazing qualities of these numbers is the variety of mathematical 
models where they play some sort of role and where their properties are of importance in elucidating the ability of 
the model under discussion to explain whatever implications are inherent in it. Atanassov et al. [1] and Dunlap [2] 
provided general and fundamental surveys on the theory of Fibonacci numbers. Hyers-Ulam studied the stability 
of Fibonacci functional equations [5]. Han et al. [3] discussed Fibonacci sequences in both several groupoids and 
groups. The present authors [6] introduced the notion of generalized Fibonacci sequences over a groupoid, and 
investigated these in particular for the case of a groupoid containing idempotents and pre-idempotents. 

Han et al. [4] studied Fibonacci functions on the real numbers R, i.e. , functions / : R — » R such that for all 
x € R, f{x + 2) = /( x + 1) + f(x), and they developed the notion of Fibonacci functions using the concept of 
/-even and /-odd functions. The present authors [7] studied Fibonacci functions using the (ultimately) periodicity 
and also discussed the exponential Fibonacci functions. Especially, given a non-negative real-valued function, the 
present authors obtained several exponential Fibonacci functions. 

In this paper, we introduce the notions of Fibonacci (co-)derivative of real-valued functions. We find general 
solutions of the equations A (f(x)) = g{x) and (A + I)(f(x)) = g(x). 

2. Preliminaries 

A function / defined on the real numbers is said to be a Fibonacci function ([4]) if it satisfies the formula 

f(x + 2) = f(x + 1) + f(x) 

for any x G R, where R (as usual) is the set of real numbers. 

Example 2.1. ([4]) Let f(x) := a x be a Fibonacci function on R where a > 0. Then a x a 2 = f(x + 2) = 
f(x + 1) +f(x) = a x (a+ 1). Since a > 0, we have a 2 = a+ 1 and a = 1+ if^ . Hence f(x) = ( l+ ^ ) x is a Fibonacci 
function, and the unique Fibonacci function of this type on R. 

If we let uq = 0, u\ = 1, then we consider the full Fibonacci sequence: • • • ,5, —3, 2, — 1, 1, 0, 1, 1, 2, 3, 5, • • • , i.e., 
w_ n = (— l) ra « n for n > 0, and u n = F n . the nth Fibonacci number. 

°* Correspondence: Tel: +82 33 248 2011, Fax: +82 33 256 2011 (K. S. So). 
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Example 2.2. ([4]) Let {u n }'^L_ 00 and be full Fibonacci sequences. We define a function /( x) 

by f(x) := Uy x J + Vy x \t, where t = x - [x\ G (0, 1). Then f(x + 2) = Uy x+ 2 j + Vy x+2 \t = uyy x \ +2 ) + V(|*J+2)* = 
(uy y x \+iy +uy x i ) + (ifoaj+i.) + Vy x i )t = f(x + 1) + f{x) for any x G R. This proves that / is a Fibonacci function. 

Note that if a Fibonacci function is differentiable on R, then its derivative is also a Fibonacci function. 

Proposition 2.3. ([4]) Let f be a Fibonacci function. If we define g(x) := f(x + t) where (gR for any x G R, 
then g is also a Fibonacci function. 

For example, since f(x) = ( 1+ ^ ) x is a Fibonacci function, g(x) = ( 1+ 2 v ^ ) z+t = ( 1+ 2 ^ ) t fi x ) is also a Fibonacci 
function where t G R. 


3. Fibonacci derivatives 

Let / : R — > R be a real-valued function. We shall consider the expression 

(A/)(x) := f{x + 2) - f(x + 1) - f(x) 

to be the Fibonacci derivative of f(x). For example, if $ := 1+ 2 'A , then f(x) = yields (A f)(x) = $ a:+2 — 
<j) :c + 1 — — $ — 1) = 0. If / is any Fibonacci function, then (A f)(x) = 0 for all x G R and conversely. 

Note that if A / = A g, then f — g is a Fibonacci function. 

Example 3.1. If /( x) := ax + b , then 

A(ax + b) = [a{x + 2) + 6] — [a(x + 1) + 6] — [ax + 6] 

= —ax + (a — b) 

and A (b) = —6, A(x) = —x + 1. 

Simultaneously we shall also consider the Fibonacci co-derivative of /, denoted (A + /)(/), by the formula 

(A + I)(f){x) = A (/) + f(x) = f{x + 2) - f(x + 1) 

Thus for example, if f(x) = ax + b, then (A + I) (ax + b) = [a(x + 2) + b] — [a(x + 1) + b] — [ax + b] = a, which 
coincides with ^ (ax + b) . 

We pose a question: what is the “anti-derivative” of a function / : R — > R, i.e. , given / : R — > R, find 
g : R — > R such that A g = f. For example, A(—x — 1) = [— (x + 2) — 1] — [— (x + 1) — 1] — [—x — 1] = x. Hence 
the Fibonacci anti-derivative of x is — x — 1 + ip where (p is a Fibonacci function. 

Proposition 3.2. Fibonacci functions are fixed points for Fibonacci co-derivative operator A + I. 

Proof. Let f(x) be a Fibonacci function. Then (A f)(x) = 0 and hence (A + I)(f)(x) = (A f)(x) + f(x) = 

fix). □ 

Proposition 3.3. If (A + I)(f)(x) = 0, then (A 2 f)(x) = f(x). 

Proof. If (A + I)(f)(x) = 0, then (A f)(x) = —f(x). It follows that (A 2 f)(x) = A (-f(x)) = (—f)(x + 2) — 
(~f)(x + 1) - (~f)(x) = — (A/)(x) = ( f (x)) = f(x). □ 
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Example 3.4. Suppose that A / = x 2 and f(x) = ax 2 + bx+c. Since A(a: 2 ) = — x 2 + 2x + 3 and A(x) = — x+l, 
we obtain 


x 2 = A (ax 2 + bx + c) 

= a A (a; 2 ) + b A (x) + A(c) 

= — ax 2 + (2a — b)x + (3a + b — c) 

It follows that a = —1,6= —2 and c = —5, i.e., A(— x 2 — 2x — 5) = x 2 . Thus, the general Fibonacci anti-derivative 
of x 2 is —a: 2 — 2x — 5 + ip where p is a Fibonacci function. 


Example 3.5. Suppose that A / = a: 3 and f(x) = ax 3 + bx 2 + cx + d. Since A(a; 3 ) = —x 3 + 3x 2 + 9x + 7, we 
obtain A(— a: 3 — 3a: 2 — 15a: — 31) = a: 3 as in Example 3.4. 

Theorem 3.6. Let A f n = x n and let /o, /i, • • • , f n - 1 be determined to yield particular solutions for A/*, = x k 
(k = 0, 1, • • • , n — 1). Then 


k = 0 


fn = ~X n + E ( ^ ) I 2 "”" - !]/* + 


where ip is a Fibonacci function. 


Proof. Let A /„ = x n and let f n = — x" + Q n ( x) where Q n (x) is a polynomial of x of degree n — 1. Then 

z" = A(/ n ) 

= A (-x n + Q n {x)) 

= — A (x n ) + A(Q n (x)) 

= —[(a; + 2) n — (a; + 1)" — x n ] + A(Q n (x)) 


It follows that A(Q n (x)) = (a;+2)" — (x+l) n = ( ? ) [2 n fc — l]a; fc . Assume /o, /i, • 

/c 


to have a particular solutions for A/*, = x k (k = 0, 1, • • • ,n— 1). Then 


, f n — i are determined 


fk 


A (Q„(x)) = J2( H k ) [2 n ~ k ~l] A 

n-1 s \ 

= a (E ! I 2 ” - * - !]A) 


/c— 0 


It follows that Q n (x) = ( ? ) [2 n — 1]/*. + <p for some Fibonacci function cp. Hence f n = — x n + Q n (%) = 

/c 


E£o( l ) [2" _fc — 1]/^ + ip. 


□ 


630 


Hee Sik Kim et al 628-635 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Hee Sik Kim, J. Neggers and Keum Sook So* 

Example 3.7. In the above examples it was known that fo = —1 + <p, fi = —x — 1 + if, / 2 = — x 2 — 2x — 5 + f 
and /*3 = —x 3 — 3x 2 — 15x — 31 + where if is a Fibonacci function. We compute Qi(x) as follows: 


Qa(x) = Y ( /! ) [2 4_fe - !]A + <p 

b—n \ / 


= 15/ 0 + 28A + 18/ 2 + 4/ 3 + f 
= 15( — 1) + 28(— a: — 1) + 18(— a; 2 — 2a; — 5) 

+4(— a; 3 - 3a: 2 - I5x - 31) 

= —4a: 3 - 30a; 2 - 124a: - 257 + if 

This shows that = —a: 4 + Q±(x) + ip = —a; 4 — 4a: 3 — 30a; 2 — 124a: — 257 + if where if is a Fibonacci function. 

Theorem 3.8. Given a polynomial g{ x) := do + a±x H h a n x n , we have a particular solution for A(f(x)) = 

g(x) as f{x) = ao/o + ai/i + • • • + a„/„, where A /*, = x k (k = 0, 1, • • • , n) and a general solution f(x) + f{x) 
where A (<f(x)) = 0. 


Proof. It follows immediately from Theorem 3.6. 


4. Fibonacci co- derivatives 

Let us consider the problem (A + 7) fc (/( x)) = x n . We have (A + 7)(1) = A(l) + 7(1) = 0, (A + I)(x) = 
A(x) + I(x)(—x + 1) + x = 1 and (A + I)(x 2 ) = A(x 2 ) + I{x 2 ) = 2x + 3. Using Theorem 3.6, we obtain the 
following proposition. 

Proposition 4.1. The Fibonacci co-derivative of x n is 

n-i , \ 

(A + I){x n ) = Yj ( k )[2 n - k -l}x k 

k—0 ' ' 

Proof. Using Theorem 3.6, we obtain 

(A + I)(x n ) = A(x n ) + I(x n ) 

= (x + 2) n -(x + l) n 
= A(Q n (x)) 

= £ ( l) P"-‘ - i]Y, 

k = 0 k / 

proving the proposition. 
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Example 4.2. If we let n := 4 in Proposition 4.1, then 

(A + I)(x 4 ) = ^(M[2 4 - fc -l]x fc 

k = 0 ' ' 

= ( l ) (2 4 - l)x° + ( , ) (2“ - 1)*' + ( J ) (2 2 - l)a 


= 4x 3 + 18x 2 + 28x + 15 


It follows that A(a: 4 ) = — x 4 + 4x 3 + 18a: 2 + 28a; + 15. 

Consider now (A + /) 2 ( 1) = (A + /)[( A + J)(l)] = (A + /)( 0) = 0 and (A + I) 2 (x) = (A + J)[(A + /)( a: 2 )] 
(A + I)(2x + 3) = 2. Similarly we obtain (A + I) 2 (x 3 ) = (A + I)[3x 2 + 9x + 7} = 6x + 18. 

Using Proposition 4.1, we obtain the following formula. 

Proposition 4.3. For any natural number n, we have 

(a + i) 2 (x n ) = e E ( n k )( k i ) - w k ~ j - ^ 

k=0j=0 ' J \ J J 


Proof. Using Proposition 4.1, we obtain the following. 


(A + J) 2 ( x n ) = (A + J)[E ( ” ) (2™- fc - l)x k ] 


n— 1 


= E 


k = 0 
n— 1 fc— 1 

EE 

k — 0 j» — 0 


k-1 

(2"- fc -l)E 

j=o 


(2 k ~ j - l)a 


(2 n ~ k - l)(2 fe A - l)a: j 


□ 


Example 4.4. We compute (A + I) 2 (a: 4 ) as follows. 


(A + /) 2 (a: 4 ) 


(A + /) [4a; 3 + 18a; 2 + 28a: + 15] 

4(A + I){x 3 ) + 18(A + I){x 2 ) + 28(A + /)( x) 
+15(A + J)(l) 

12a; 2 + 72a: + 110 
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Upon checking Proposition 4.3 when n = 4, we find that 

(A + /) 2 0r 4 ) = 


3 k - 1 / 

EE 

:)( 

J ) (2 4 - fc - l)(2 fc - J - l)x* 

k—0j—0 ' 


0 / A ' 

E 

1=0 v 

)(;: 

t-H 

1 

1 

CN 

i — i 

i 

CO 

CM 


)(r 

\ (2 2 - 1)(2 2 A - l)x j 

J 

1=0 v 


t(i 

1=0 v 

CO 

j (2 1 - l)(2 3 ~ j - l)x j 


= 28a; 0 + 54a; 0 + 36a; + 28a; 0 + 36a; + 12a: 2 


= 12a; 2 + 72a; + 110 


Next, we want to obtain an exact analog of Theorem 3.6 for the Fibonacci co-derivative A + 1. 

Example 4 . 5 . Let fi(x) := ax 2 + bx + c be a polynomial satisfying (A + I)(fi(x)) = x. Then x = (A + 
I)(ax 2 + bx + c) = 2ax + 3 a + b. It follows that 2a = 1,3a + b = 0, i.e., a = \,b = — § and c is arbitrary. 
Hence (A + I)(^x 2 — |x + c) = x where c is a constant. Similarly, we may find a polynomial ) satisfying 
(A + /)(/ 2 (a;)) = x 2 , i.e., (A + /)(| a; 3 — |x 2 + ^ x + d) = x 2 where d is a constant. In this fashion, we obtain a 
polynomial f n (x ) = ^p[X n+1 + q n +i(x ) which can be determined so that (A + I){f n (x)) = x n where q n+ ±(x) is 
a polynomial of degree n. 

Theorem 4 . 6 . Given a polynomial g(x) :=ao + aiX-| \-a n x n , a particular solution for (A + 1) (/(x)) = g(x) 

as f(x) = ao/o + ai/i H — • + a„/„ is obtained, where f n (x ) = A- j-x" +1 + q n+ i(x) where q n+ i(x ) is a polynomial 
of degree n. 

Proof. The proof is similar to the proof of Theorem 3.8. □ 


5. Solving the equation (A + /)™(/(x)) = q(x) 

Consider (A + 7)(/(x)) = (A + I)(g(x)). It means that (A + /)(/( x) — g{x)) = 0, i.e., (/ — g)(x + 2 ) — (/ — 
g)(x + 1) = 0 for all x G R. This shows that there exists a map ip : R — » R with if>( x + 2) = if{x + 1) for all x € R 
such that / = g + ip- If we let EU := {'0|(A + I)(ip(x)) = 0, Vx e R}, then Bx consists of all functions p : R — 1 R 
such that p is periodic of period 1. This means that 

ip € Bi 4=+ ip(x + 1) — tp(x) = 0, \/x € R 

Hence general solution of (A + /)"(/(x)) = q{x) is {p(x) +4>(x) | A ( p(x )) = q(x),ip(x) G Bi} = {p{x) +ip(x) | A 

(p(x)) = q(x), ip{x + 1) = ip(x),Vx € R}. Consider (A + I) 2 (f(x)) = q(x). Let p(x) be a polynomial in R[x] such 
that (A + /) 2 (p(x)) = q(x). Then (A + I) 2 (p(x)) = (A + I) 2 (f(x)). It follows that (A + /) 2 (/(x) —p(x)) = 0, i.e., 
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there exists a polynomial if{x) € R[x] such that f(x) — p(x) = ip(x) and (A + J) 2 (if(x)) = 0. This means that 
(A + /)[( A + I)(4>{x))\ = 0, i.e. , (A + I)(ip(x)) € Bi. If we let B 2 := {<p(x) £ R[x] | (A + I)(ip(x)) £ Bi}, then 

<p{x) £ B 2 4=> (A + I)(<p(x)) £ Bi 

4=^ 3h(x) £ Bi such that (p(x + 2) — ip(x + 1) = h(x) 

4=> h(x + 1) — h(x) = 0, <p(x + 2) — ip(x + 1) = h(x) 

4==> <p(x + 2) — 2ip(x + 1) + <p(x) = 0 

Hence the set of all general solutions of (A + I) 2 {f{x)) = q(x) is {p{x) + ip(x) \ (A + I) 2 (p(x)) = q(x),ip(x) £ 
B 2 } = (p(x) + ip(x) | (A + I) 2 (p(x)) = q(x),ip(x + 2) — 2if)(x + 1) + ip(x) = 0,\/x £ R}. Similarly, if we let 
B 3 := {<p{x) | (A + I)(ip(x)) £ B 2 }, then B 3 = {ip £ R[x] | ip(x + 3) — 3 tp(x + 2) + 3 p(x + 1) — <p(x) = 0}. We 
generalize this fact as follows: 

Lemma 5.1. If we let B„ := {<p(x) \ (A+7)(<p(x)) £ B n _i}, then B ra = {ip £ R[x] | ]O" =0 ^ ^ tp(x+n— r) = 

0, Va; £ R}. 

Theorem 5.2. Given a polynomial p(x) £ R[x], there exists a polynomial q n (x) £ R[x] such that (A + 
I) n (ln{x)) = p(x), and its general solution f(x) is of the form q n (x) + <p{x) where tp(x) £ B„. 

Proof. It follows from Theorem 4.6 and Lemma 5.1. □ 


6. Concluding remark 


Given Theorem 3.6 and the fact the <p(x) = 0 is a Fibonacci function, a particular solution to the Fibonacci 
derivative equation A /„ = x n , is given iteratively by the formula: 


fn = -x 


n 



[2"- fc - 1 }fk 


where if we set fo = 1, we obtain a sequence of polynomials of degree n for /„, n = 0, 1,2, •••. From the 
structure of the formula we may surmise the existence of many combinatorial properties of the sequence. Also 
upon rewriting: 

n 

fn ^ ^ , A nn — 1, 

1=0 

the coefficients Ai n , thought of as analogs of binomial numbers, should illustrate a great number of combinatorial 
relations among themselves as well as with other families, including the binomial numbers (coefficients). Since 

[2 n-fc — l\x k exhibits a “similar” form, we expect there to be confirmation of the 
claim made above in a multitude of ways, above and beyond what has already been illustrated. 


(A + /)(*") = ££o( £) 
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7. Future works 

Given what has been done in this paper, it is clear that very much remains to be done. Thus, a much more 
detailed study of functions of the F(x) type, as described above, remains to be done. Furthermore, as pointed 
out in the concluding remarks, there is much to be done still in completing the combinatorial grammar which is 
associated with the solution of a particular kind to the equation A m f mn = x n , of which some cases have been 
looked at above, but for which very significant gaps still remain to be explored. Also, as usual in this type of 
research, the law of natural growth of problems prevails, i.e. , as one problem is successfully resolved, novel gaps 
noted present themselves for consideration and no finality is in sight (nor expected) for the area of study touched 
upon in this case as well, to the benefit of those engaged in furthering knowledge of this (as well as any other) 
subject. 
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A NOTE ON SYMMETRIC IDENTITIES FOR TWISTED 
DAEHEE POLYNOMIALS 

JONGKYUM KWON 1 AND JIN- WOO PARK 2 -* 


Abstract. In this paper, we consider the twisted Daehee numbers and poly- 
nomials. We investigate some new and explicit symmetric identities for the 
twisted Daehee polynomials arising from p-adic invariant integral on Z p . 


1. Introduction 

Throughout this paper, Z p , Q p , and C p will respectively denote the ring of p- 
adic rational integers, the field of p-adic rational numbers and the completions of 
algebraic closure of Q p . The p-adic norm is defined |p| p = 

Let f(x) be a uniformly differentiable function on Z p . Then the p-adic invariant 
integral on Z p is defined by 


f(x)dp 0 (x) 


Thus, by (1.1), we get 


lim 

N—> oo 


Y f(x)dp, 0 (x+p N Z p ) 

x—0 


i pN ~ l 

lim — rr Y f(x). 

oo P N ^ ’ 


n = 0 


( 1 . 1 ) 


fi{x)du 0 (x)~ [ f(x)du 0 (x) = f'( 0), 

J z„ 


where fi(x) = f(x + 1) (see [1, 4, 9]). 
From (1.2), we can derive 


p 71—1 

fn{x)du 0 {x) - / f(x)du 0 {x) = Y f'( 0) ( n e 
•tZp 0 


(1.2) 


(1.3) 


where f n (x) = f(x + n) (see [1, 5, 6]). 

As is well known, the Bernoulli polynomials are defined by the generating func- 
tion to be 

°° 4.71 

e xt = Y B n{x) — , (see [1, 2, 4]). (1.4) 

' n! 

71=0 

When x = 0, B n = B n ( 0) are called the Bernoulli numbers. 
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For n € N, let T. p be the p-adic locally constant space defined by 


T„ = U C v n = lim C v n , 

n> 1 n-> oo F 


where C p n = |w|w p " = 1 } is the cyclic group of order p n . 

It is well known that for £ € T p , the twisted Bernoulli polynomials are defined 
as 


t 


£e 4 - 


-\ e xt = J2B n:i {x) — , (see [1, 2]). 


n — 0 


(1.5) 


When x = 0, B n ^ = B n ^( 0) are called the twisted Bernoulli numbers. 

For t € C p with \t\ p < p-p- 1 , the Daehee polynomials are defined by the gener- 
ating function to be 

lo g(i+t) g ^ (see [1, 2, 4 - 14, 16,17]). (1.6) 

z ' nl 


t 


n — 0 


When x = 0, D n = D n { 0) are called the Daehee numbers. 
From (1.4) and (1.6), we can derive the following equation: 


oo oo 

Y l B n{x)— = YZ D n ( X )— 7 ( e ‘ - !) 

z ' nl z ' ml 


n = o 


m = 0 
oo / n 


(1.7) 


= YZ I H D m {x)S 2 {n,m) j — , 

n — 0 \m=0 / 

where S 2 (n,m) is the Stirling number of the second kind which is given by the 
generating function to be 

1 °° j-n 

— (e* - l) m = YZ S 2 {n,m) — , (see [3, 15]). 
ml nl 


By (1.7), we get 

n 

B n (x) = YZ D m{x)S 2 (n,m), (n > 0). 

m— 0 

From (1.4), we have 

oo oo 

YZ D n{x)—. = YZ B ™( x ) — y( 1 °g( 1 + t )) m 

z J Til Z ' 777 , ! 


(1.8) 


n— 0 


m! 


(1.9) 


m — 0 
oo / n 

= YZ\Y1 B m{x)Si(n, m) ) 

n— 0 \m = 0 / 

where S\(n,m) is the Stirling number of the first kind which is defined by falling 
factorials as follows: 


(x)o = 1, (x) n = x(x — 1) • • • (x — n + 1) = YZ ^i( n > ( n e N), 

1=0 

Thus, by (1.9), we get 

n 

Dn(x) = YZ B m (x)S\ (n, to), (n > 0). (1.10) 


m—0 


637 


JONGKYUM KWON et al 636-643 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


SYMMETRIC IDENTITIES FOR TWISTED DAEHEE POLYNOMIALS 3 

From (1.2), we derive Witt’s formula for Daelree polynomials as follows: 



log(l +t) 
t 


(i+tr 


n — 0 


t n 
n ! 


( 1 . 11 ) 


Thus, by (1.11), we get 


/ (x + y) n du 0 (y) 

J lip 


D n (x), (n > 0), (see [8]). 


( 1 . 12 ) 


Now, we consider the twisted Daehee polynomials defined by the generating 
function to be 


log(l + ft) (1 + y )x = g (s ee [5, 13, 14]). (1.13) 

^ n = 0 n ‘ 


When x = 0, D n ^ = D n ^( 0) are called the twisted Daehee numbers. 

In [5] , authers define twisted A-Daehee polynomials which are given by the p-adic 
invariant integral on Z p to be 


f (l+^+^fo) 

J 


Alog(l + ft) 

(1 + ^) A -1 


(l + ^) A:c 


oo 


E 

n — 0 


t n 

D n,\,d X )- V 


(1.14) 


In the special case, A = 1,£ = 1, we note that D, i,i,i(a;) = D n (x). When x = 0, 
then D n \ ^ = 0) are called twisted A - Daehee numbers. 

Recently, several authors have researched twisted Daehee polynomials in the 
several areas (see [5, 13, 14]). In this paper, we investigate some explicit and new 
symmetric identities for the twisted Daehee polynomials which are derived from 
the p-adic invariant integral on Z p . 
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2. Symmetric identities for the twisted Daehee polynomials 

Let t € C p with \t\ p < p - ^. Now, we consider the following p-adic integral on 
Z p . From (1.3), we easily get 

n— 1 

=MTTffl5 (1 + {,) ‘ log(1 + « ,) 

n — 1 

= ^(i + ^) z 


1=0 

n — 1 oo / n— 1 N 

= EE E i m Si(n, m) 

i = 0 n— 0 \m— 0 y 

oo ( n n— 1 

= E E Si(n,rn)^* m 

n— 0 \m— 0 2—0 

Then, by (2.1), we get 


£ n t" 


n\ 


£ n t n 


n\ 


i ‘ 




oo / n 


= EE E Sl { n i m ) s m{n- 1) 


t n r 


n = 0 \m = 0 


(2.1) 


(2.2) 


where for given positive integer fc, Sk(n) = 0 fc + l fc + 2 fc H — • + n k . 

From (1.2) and (1.3), we have 

nfz p 0 +&) x du 0 (x) 

= f Zp O + W n+x du 0 (x) 

oo ( k \ £nj-k 

= E IE Si(k,m)S k (n-l)\ 

k = 0 \m = 0 / 

We recall that Cauchy numbers are defined by the generating function to be 


(2.3) 


t 


= E<- 


log(l + 1) n\ 


(2.4) 


By (2.3) and (2.4), we get 


EE (Dm,t(k) — D m ^) Ck-r 


k = 0 \m=0 
oo / /c— 1 


jfc\ \ t* 
fc! 


(2.5) 


= E ( E ‘ S ' 1 ( fc_ 1 ,m)5 fc _i(n- i) 


k—0 \m= 0 
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From (2.5), we have 

£ ( yi (Ara,$(fc) — Dm,j)Ck-m ( 1 J 

k _i° (2.6) 

= Y Si(k — l,m)S k -i(n — 1), (k gff,n?N). 

m— 0 

Therefore, by (2.6), we obtain the following theorem. 

Theorem 2.1. For k,n eN, we have 

1 / k , k \ \ fc— i 

^ I y: {D m ,j{k) - D m ,z)Ck-m ( ) J = Y^jk- 1, m)Sk-i(n - 1). (2.7) 

\m— 0 ' ' / m=0 

Now, we consider symmetric identities for the twisted Daeliee polynomials. Let 
wi,W 2 € N. Then, we easily see that 


((i+gt)"i-i) ((i+;t)"2-i) 

WlW 2 log(l+£t) 

((l+Jt)"!" 2 -!) (2.8) 

log(l + £t)((l T^f)™ 1 ™ 2 - 1) 

((l + ^) u ' 1 - i)((i + Ct) u ' 2 - l' 


We consider the following double p-adic invariant integral on Z p as follows: 

4, fzj 1 + ^t) WlXl+W2X2+WlW2X d/j,o(xi)d/a,o(x 2 ) 

~ f Zp (l + {t)^*d Mo (x) ( , 

log(l + £f)(l + &) W1W3X ((1 + £t) WlW2 - 1) 

~~ ((1 + ^) W1 - l)((l + ^) u ' 2 - 1 ) ' 

From (1.2) and (1.3), we have 

mf Zp (i + {t)*duo(x) k 

f Zp (l+tt) WlX du 0 (x) ^ 


= Y ( ^2 - 1 ) 


l— 0 \m= 0 


From (2.10), we get 


I = (j^f z (i + at) w ^ +w ^diio(x 1 ) ] j ^ 


\W! „ 

1 

(] 

Wi 


1 

oo 

V 


w l fY 1 + &) W2X2 d Vo{x 2 ) 
J z {l + Zt)^ W2 *dflo{x) 


n — 0 \i— 0 


fc— 0 \m — 0 
n—i 
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On the other hand, by (2.10), we get 


1= — 
\ W 2 


/„"*< H t 

1 / oo i\ / oo k ck+k \ 

= — w™Si(k,m)Sm(w 2 - 1))^- ) 

2 \ i— 0 / \k—0 m—0 ' ) 


oo / n 


1^2 


n— 0 \i— 0 


yEE Di, W2 ^(wix) ^2 w™Si{n - i,m)S m {w 2 - 1) 




m—0 


( 2 . 12 ) 


Therefore, by (2.9), (2.11) and (2.12), we obtain the following theorem. 
Theorem 2.2. For w\,w 2 eN and n G N U {0}, we have 

1 n / \ n—i 

5Z ( n ) D hwi,d W 2*) - 1) 

i=0 W m—0 

1 n / \ n—i 

= — 5Z ( n J Di,W2,t(wi%) 5Z 1). 

U ’ 2 i= o m=n 


m=0 


Remark. 


By replacing t by ^ (e* — 1) in (1.14), we get 

00 j-n 00 1/1 

Ew ^ rEW ' iihl ''- 1 ! 


n— 0 


n— 0 

00 / n 


= 5Z 55^ n -S 2 (n,m)£) mi A,f(a:) 


n— 0 \m — 0 


Thus, by (2.13), we have 

n 

A n B n (x) = y] C n S 2 (n,m)D mi x^(x), (■ n > 0). 

m—0 

By replacing t by log (t + in (1.5), we have 

°° j.n °° -I / / -j a 

=Y, B ^ x )- } ( 1 o s ( t + J 

n = 0 * ' ' 

oo oo 

= Y,B„(x)Y,Si(l,‘> 


n — 0 


A&) 


n—0 

oo 


l=r 


= 51 U" Z] B m (x)Si(n,m) -. 

n=0 \ m=0 / 

Thus, by (2.15), we get 

n 

£,~ n D n ^{x) = ^2 B m (x)Si(n,rn), (n > 0). 


(2.13) 


(2.14) 


(2.15) 


(2.16) 


m—0 
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From (2.9), we note that 
T ( (1 + &) w ' w * x /' , 


w 1 J z„ 


(l+^r^d/xo^i) 


wi fzj 1 +&) W2X2 diio{x 2 ) 

J z (1 + £,t) WlW2X d[io(x) 


a+^r 


^1 7z. 


f z ^E(i+^r 2 ') 


= {mL (e 1 (i+^) u,i(w2x+ ^ 

. UIl-l r. 

= — V / (i + ^)- l( - 1 ^-+i#t d/Uo (xi) 

Wl 7 z„ 


/" 1 n , w 2 \ ft" 

=E — E ^,« n , 5 ® 2 n — o — j -- 

\ wi wi / n! 


z — V wi z — " 

n —0 \ 1 J=0 


(2.17) 

On the other hand, we obtain the following equation by the symmetric property 
of p-adic invariant integral on 7L V as follows: 


(i + 


W 2 J Z„ 


(1 +^t) w ^d^{x 2 ) 


W 2 f Zp (l + £t) WlXl d/i 0 (xi) 

J z (1 + &)™^dLio(x) 


= (i L (1 + & W2X2d ^ x ^ ( E a + (1 + #)“ 

= (j^J z (i+^r 2X2 ^o(* 2 )j (E( 1+ ^) W2(W1X+S|i) ) 


d^o{x2) 


i E 2 . f 

=— y / (i+£tr 2( * 2+wi * + s%oOr 2 ) 

w 2 ^ A p 

_°°_ ( i E 2 " 1 9/1 \ cn+n 

= E ( E D n,w 2 ,d W l X + — o ) — -■ 

v W2 W2 y n! 

(2.18) 

Therefore, by comparing the coefficients on the both sides of (2.17) and (2.18), 
we obtain the following theorem. 

Theorem 2.3. For w\,wz eN and n > 0, we have 

1 Wl ~ l f u>2 \ 1 W2 ~ 1 ( Wl \ 

^ ' hD n Wl ^ ( xr 2 x T ~l J ^ ' dD n w 2 ^ ( w\X T l J . 

Wi ^ V Wl d W2 f ^ 0 V w 2 y 

Corollary 2.4. For Wi,w 2 G N and n > 0, we have 

wi — 1 n / \ 

E E (w 2 x + ^Zj Si(n,m) 

;=0 m =0 ' 1 2 

102 — 1 n ✓ \ 

= E w™ _1 -8m f Wicr H -ZJ Si(n,m). 
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ABSTRACT 

The main objective of this paper is to study the local and the global stability of the solutions, the periodic 
character and the boundedness of the difference equation 

. | I cx n ~ 2 

x n+ \ — ax n + bx n - 1 + -r — — , 

P + dx n _2 

where the parameters /3, a, a , b, c and d are positive real numbers and the initial conditions a:_ 2 , X-\ and 
Xq are positive real numbers. Some numerical examples will be given to illustrate our results. 

Keywords: Difference equations, Stability, Boundedness, Periodic solutions. 

Mathematics Subject Classification: 39A10 


1. INTRODUCTION 

Difference equations or discrete dynamical systems are diverse field which impact almost every branch of pure and 
applied mathematics. Every dynamical system x n+ i = f{x n ) determines a difference equation and vice versa. 
Recently, there has been great interest in studying difference equations systems. One of the reasons for this is 
a necessity for some techniques which can be used in investigating equations arising in mathematical models 
describing real life situations in many applied sciences. The theory of discrete dynamical systems and difference 
equations developed greatly during the last twenty-five years of the twentieth century. Applications of discrete 
dynamical systems and difference equations have appeared recently in many areas. The theory of difference 
equations occupies a central position in applicable analysis. There is no doubt that the theory of difference 
equations will continue to play an important role in mathematics as a whole. Nonlinear difference equations of 
order greater than one are of paramount importance in applications. Such equations also appear naturally as 
discrete analogues and as numerical solutions of differential and delay differential equations which model various 
diverse phenomena in biology, physiology, ecology, engineering, physics, economics, genetics, probability theory, 
psychology and resource management. It is very interesting to investigate the behavior of solutions of a system 
of higher-order rational difference equations and to discuss the local asymptotic stability of their equilibrium 
points. Systems of rational difference equations have been studied by several authors. Especially there has been 
a great interest in the study of the attractivity of the solutions of such systems [1-33] . 

Many research have been done to study the global attractivity, boundedness character, periodicity and the 
solution form of nonlinear difference equations. For example, Agarwal et al. [2] looked at the global stability, 
periodicity character and found the solution form of some special cases of the difference equation 


x n+i — a + 


dx n — lX n — k 
b—CXn—s 


n = 0, 1, ..., 
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where a, b, c, d and the initial conditions X- r , X- r+ i, ..., X-\ , Xq are positive real numbers, while Xi ^ b/c 
for i = — r, — r + 1, 0 where r = max{7, k, s}. 

Hamza and Morsy in [3] investigated the global behavior of the difference equation 

x n+1 =a+^k L , n = 0, 1, 


where the parameters a, k £ (0, oo) and the initial values X-± and Xo are arbitrary positive real numbers. 

Elsayed et al. [4] studied the global stability character and the periodicity of solutions of the difference 
equation 

, b-\-CXn _ l 1 

*^n+ 1 — CLX n dJ reXn _ 1 i — 0, 1, 

where the parameters a, b, c, d and e are positive real numbers and the initial conditions x_i and Xq are positive 
real numbers. 

Zayed et al. [5] studied the behavior of the following rational recursive sequence 



i=0 


where the coefficients A, a i} and the initial conditions x_k+i , •••; *-i, x 0 are positive real numbers, 
while k is a positive integer number. 

Also, in [6] Zayed et al. obtained the global behavior of the difference equation 


x ’ l -‘ 

x n -\-i ^ , Ti — 0 , 1 , 2 , ..., 

B+y A Xn-i 
i=0 

where the coefficients B , aj, (3 i and the initial conditions X-k, X-k+i, ..., X-i, Xq are arbitrary positive real 
numbers, while k is a positive integer number. 

In [7] El-Moneam investigated the periodicity, the boundedness and the global stability of the positive solu- 
tions of nonlinear difference equation 

^n+l Ax n -\- Bx n —k -p Cx n -i -\r Dx n —(j -(- dxn t^—ex^^i 1 ^ 

where the coefficients A, B, C, D, b, d, e £ (0, oo), while fc, l and s are positive integers and the initial conditions 
*_ s , ..., X-i,..., x-k,..., X-i, Xo are arbitrary positive real numbers such that k < l < s. 

Yalgmkaya [8] investigated the global behaviour of the difference equation 

*n+ 1 = Ot - p , 71 0, 1, ..., 


where the parametere a, k £ (0, oo) and the initial values are arbitrary positive real numbers. 

Elabbasy et al. [9] studied the dynamics, the global stability, periodicity character and the solution of special 
case of the recursive sequence 


Xn+l — ax n cx^-dx^-l’ 71^0, 1, ..., 

where the initial conditions *_i, Xq are arbitrary real numbers and a, b, c, d are positive constants. 

El-Owaidy et al. [10] investigated local stability, oscillation and boundedness character of the difference 
equation 


X n _|_i — O' 



71 = 0, 1 , ..., 
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under specified conditions. 

Elsayed [ 11 ] studied some qualitative behavior of the solutions of the difference equation 

x n+1 = ax n + CXn b _ x d l n _ 1 - n = 0, 1, 


where the initial conditions x_\ , xq are arbitrary real numbers and a, b, c, d are positive constants with 
cx o — d: r_i / 0 . 


Elsayed and El-Dessoky [ 12 ] investigated the global convergence, boundedness, and periodicity of solutions 
of the difference equation 


x n -\-i — ax n - s 


+ 


dXn-l+eXn-k ’ 


n = 0, 1, ..., 


where the parameters a, b, c, d and e are positive real numbers and the initial conditions X- t , X- t +i , ..., X-\, Xq 
are positive real numbers where t = max{s, l, k}. 


This paper aims to study the global stability character and the periodicity of solutions of the difference 
equation 

_ . , . a + CXn-2 _n 1 

x n _|_i — ax n + bx n — i /Q i 7 5 ^ — 0 ? I? •••? (1) 

P + dx n - 2 


where the parameters a, b, c, d, a and (3 are positive real numbers and the initial conditions X -2 , X-\ and Xo 
are positive real numbers. 


2. SOME BASIC PROPERTIES AND DEFINITIONS 

In this section, we state some basic definitions and theorems that we need in this paper. 
Let I be some interval of real numbers and let 


F :I 3 -> /, 


be a continuously differentiable function. Then for every set of initial conditions X- 2 , X-\, Xq £ I, the difference 
equation 

Xji+l F(x n , X n _i, , X n —2 ), (2) 

has a unique solution {x n }™ = _ 2 - 
Definition 1 . (Equilibrium Point) 

A point x £ I is called an equilibrium point of Eq. ( 2 ) if 

x = F(x, x, , x). 


That is, x n = x for n > 0, is a solution of Eq. (2) , or equivalently, a; is a fixed point of F. 

Definition 2.1. (Stability) 

(i) The equilibrium, point x of Eq. ( 2 ) is locally stable if for every e > 0, there exists 6 > 0 such that for all 
X-2, X-i, xo £ I with 

|a:_2 —x\ + \x-i — x\ + |x 0 — x\ < 5 , 


we have 


|a: n — *| < e for all n > —k. 


(ii) The equilibi'ium point x of Eq. ( 2 ) is locally asymptotically stable if x is locally stable solution of Eq.( 2 ) and 
there exists 7 > 0, such that for all x_ 2 , £_i, x 0 £ I with 


|a:_2 - a: | + |a:_i - x\ + |x 0 - x\ < 7 , 


we have 


lim x n = x. 

n—> 00 
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(in) The equilibrium point x of Eq.(2) is global attractor if for all X- 2 , x-\, x 3 £ I, we have 

lim x n = x. 

n—> oo 

(iv) The equilibrium point x of Eq.(2) is globally asymptotically stable ifx is locally stable, and x is also a global 
attractor of Eq.(2). 

(v) The equilibiium point x of Eq.(2) is unstable ifx is not locally stable. 

Definition 2.2. (Boundedness) 

A sequence {x n }ffL_ 2 is said to be bounded and persists if there exist posiyive constants m and M such that 

m < x n < M for all n > —2. 


Definition 2.3. (Periodicity) 

A sequence {x n }%f_ 2 is said to be periodic with period p if x n+p = x n for all n > —1. A sequence {x n })(L _2 is 
said to be periodic with prime period p if p is the smallest positive integer having this property. 

The linearized equation of Eq.(2) about the equilibrium x is the linear difference equation 


dF( x, x, 
dx n 


x ) 

Un + 


dF(x, x , , 

dXn-l 



dF(x, x, , 

dXn-2 


x) 

Vn—2 • 


( 3 ) 


Now, assume that the characteristic equation associated with (3) is 

p{ A) =PoA 2 +P 1 X + P 2 = 0, 


where 


Po = 


dF(x, x, , x) 
dx n 


Pi = 


d Fix, x, , x) , dF(x, x , , x) 
and p 2 = 


dx n -i 


dx n -2 


Theorem A [18]: Assume that p-i £ R, i = 1, 2, 3. Then 

\Pl\ + \P2\ + \P3\ < 1, 


is a sufficient condition for the asymptotic stability of the difference equation 


( 4 ) 


X n+3 + PxXn+2 + p 2 X n +l + PzX n = 0. 


Theorem B [19]: Let g : [a, 6] 3 — ► [a, b ], be a continuous function, where 3 is a positive integer, and [a, b\ is an 
interval of real numbers and consider the difference equation 


Xn+l 9{Xm X n —2)' (b) 

Suppose that g satisfies the following conditions: 

(i) For every integer i with 1 < i < 3, the function g(z±, z 2 , z 3 ) is weakly monotonic in Zi, for fixed z\, z 2 , 2 : 3 . 

(ii) If m, M is a solution of the system 

m = < 7 ( 7711 , m 2 , 777 . 3 ) and M = g{M\, M 2 , M 3 ), 
then 77 i = M, where for each 7 = 1, 2, 3, we set 


777,; = 


777 if g is non-decreasing in Zi 
M if g is non-increasing in Zi 


and 


M, = 


M if g is non-decreasing in Z{ 

?77 if g is non-increasing in 2 , 

Then, there exists exactly one equilibrium point x of the difference equation (5), and every solution of (5) 
converges to x. 
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3. LOCAL STABILITY OF THE EQUILIBRIUM POINT OF EQ.(l) 

In his section, we study the local stability character of the equilibrium point of Eq.(l). 

Eq.(l) has equilibrium point and is given by 


x = ax + bx + 


a + cx 
P + dx ’ 


or 


d(l — a — b) x 2 + (p — pa — (3b — c)x — a = 0. 

Then if a + b < 1, the only positive equilibrium point of Eq.(l) is given by 

_ (pa + pb+ c — P) + \J {pa + pb + c — /3) 2 + 4ad(l — a — b) 

X 2d(\ — a — b) 

Theorem 3.1. The equilibrium x of Eq. (1) is locally asymptotically stable if and, only if 

(P + dx) 2 > 


2 ^ | cP — da\ 


(1 — b — a) 


( 6 ) 


Proof: Let / : (0, oo) 3 — » (0, oo) be a continuous function defined by 


f(u, v, w) = au + bv + 


a + cw 
P + dw 


Therefore, 

So, we can write 


df(u,v,w) df(u,v,w) k df(u,v,w) (c/3 — da) 


du 


dv 


dw (p + dw) 2 ' 


df(x,x,x) df(x,x,x) , df(x,x,x) (cP — da) 

= ST =b=P2, 3^ = =»' 


du dv 

Then the linearized equation of Eq.(l) about x is 

Vn + 1 PlVn — l - P2Vn ~ P3Vn-2 = 0, 

It follows by Theorem A that, Eq.(l) is asymptotically stable if and only if 

\P\\ + \p 2 \ + \P3\ < 1 - 

Thus, 

1 w - *•> I + 1 (.| < i, 


and so 


(c/3 — da) 


(P + dx) 2 


< 1 — b — a, 


(P + dx) 2 
| c/3 — da | < (P + dx) 2 (l — b — a), 


or 


| c/3 — da | 
(1 — b — a) 


< (P + dx) 2 . 


The proof is complete. 


( 7 ) 


( 8 ) 
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Example 1. The solution of the difference equation (1) is global stability if a = 0.55, b = 0.3, c = 0.8, d 
0.5, a = 7 and (3 = 2 and the initial conditions x_ 2 = 4, x_i = 9 and x 0 = 0.3 (See Fig. 1). 


x(n+l)=ax(n)+bx(n-l)+(alfa+cx(n-2))/(beta+dx(n-2)) 



n 


Figure 1. Plot the behavior of the solution of equation (1). 


4. EXISTENCE OF BOUNDED AND UNBOUNDED SOLUTIONS OF EQ.(l) 

Here we look at the boundedness nature of solutions of Eq.(l). 

Theorem 4.1. Every solution of Eq.(l) is bounded if a + b < 1. 

Proof: Let {x n }ffL_ 2 be a solution of Eq.(l). It follows from Eq.(l) that 


%n+l 


OL T CX n — 2 

x n+1 = ax n + bx n - 1 + ^ = ax n + bx n - 1 + 


Then 


x n+1 < ax n + bx n - 1 + -r + 


(3 + dx n _ 2 

OL CX n _ 2 


(3 + dx n _ 


OL C 

a . , ax n + bx n - 1 + -T + - 

(3 dx n - 2 (3 d 


By using a comparison, the right hand side can be written as follows 

OL C 

Un + 1 = a Un + bVn-1 + ~n + ~^l 


^ CX n _2 
2 (3 + dx n _2 

for all n > 0. 


and this equation is locally asymptotically stable if a + b < 1, and converges to the equilibrium point y 
ad + c/3 

(3d( 1 — a — b) 


Therefore 


lim sup.T„ < 

n — >oo 


ad + c(3 
(3d( 1 — a — b) 


Hence, the solution is bounded. 

Theorem 4.2. Every solution of Eq.(l) is unbounded if a >1 or b > 1. 
Proof: Let {x n }^L_ 2 be a solution of Eq.(l). Then from Eq.(l) we see that 


■ t | I 2 

x n -\-i — ox n T bx n — i T — ■ ~ > OjX n 

(3 + dx n - 2 


for all n > 0. 


The right hand side can be written as follows 


Un + 1 — O-Vn ^ Vn — R 2/0 ? 
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and this equation is unbounded because a > 1, and lim y n = oo. Then by using ratio test {x n }^L_ 2 is 

n — >oo 

unbounded from above. 

Similarly from Equation (1) we see that 

x n+ i = ax n + bx n - 1 + ^ + cx n -2 > j )Xn _ i f or a n n > 0. 

/ 3 + dx n - 2 

We see that the right hand side can be written as follows 

Un + i = by n - 1 =>• y 2n - i = b n y- 1 and y 2n = b n y 0 , 

and this equation is unbounded because b > 1, and lim ?/2n-i = lim y 2n = oo. Then by using ratio test 

n — >oo n — »oo 

{xn }n > ——2 is unbounded from above. 

Example 2. Figure (2) shows that behavior of the solution of the difference equation (1) is boundedness if 
we take a = 0.3, b = 0.1, c = 0.8, d = 0.5, a = 7 and (5 = 2 and the initial conditions x_ 2 = 4, x-\ = 9 
and x 0 = 0.3. 


x(n+l)=ax(n)+bx(n-l)+(alfa+cx(n-2))/(beta+dx(n-2)) 



Figure 2. Show the boundedness of the solution of equation (1). 


Example 3. Figure (3) shows the behavior of the solution of the difference equation (1) is undounded when 
we put a = 1.5, b = 0.8, c=2, d = 3, a = 6 and (5 = 5 and the initial conditions a;_ 2 = 0.4, x-\ = 0.9 
and x 0 = 0.3. 


x(n+l)=ax(n)+bx(n-l)+(alfa+cx(n-2))/(beta+dx(n-2)) 



Figure 3. Show the unboundedness of the solution of equation (1). 
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5. GLOBAL ATTRACTIVITY OF THE EQUILIBRIUM POINT OF EQ.(l) 

In this section, the global asymptotic stability of Eq.(l) is studied. 

Theorem 5.1. The equilibrium point x is a global attractor of Eq.(l) ifa + b< 1. 

Proof: Suppose that ( and 77 are real numbers and assume that g : [£, rj\ 3 — > [£,f?] is a function defined by 

rv -I- cm 

g{u, v, w) — au + bv + . 

p + aw 


Then 


dg(u,v,w) _ dg(u,v,w) _ dg{u,v,w) 
du a ’ dv ' dw 


(c/3 — da) 
(/3 + dw) 2 


Now, two cases must be considered : 

Case (1): Let c/3 — da < 0, then we can easily see that the function g(u,v,w) increasing in u, v and 
decreasing in v. 

Let (to, M) be a solution of the system M = g(M, M,m) and m = g(m,m, M). Then from Eq.(l), we see 


that 


„ , , , , „ , a + cm 

M = aM + bM + 

(3 + dm 


, a + cM 

to = am + bm + — — 

/3 + dM 


or 


M(l-a-b) 


a + cm 
/3 + dm 1 


m(l — a — b) 


a + cM 
/ 3 + dM ’ 


then 

(3(1 — a — b)M + d(l — a — b)Mm = a + cm, (3(1 — a — b)m + d( 1 — a — b)mM = a + cM. 
Subtracting we obtain 

(M — m){(3(l — a — b) + c} = 0, 
under the condition a + b < 1, we see that 

M = m. 


It follows by Theorem B that a: is a global attractor of Eq.(l). This completes the proof of the theorem. 

Case (2): Assume that c/3 — da > 0 is true, then we can easily see that the function g(u, v, w) increasing in 
u, v, w and decreasing in v. 

Let (to, M) be a solution of the system M = g(M,M,M) and m = g(m,m,m). Then from Eq.(l), we see 


that 


M = aM + bM + 


a + cM 
(3 + dM ’ 


m = am + bM + 


a + cm 
(3 + dm ’ 


or 


then 


M(1 — a — b) 


a + cM 
(3 + dM ’ 


m(l — a — b) = 


a + cm 
(3 + dm 1 


(3(1 — a — b)M + d(l — a — b)M 2 = a + cM, 
(3(1 — a — b)m + <2(1 — a — b)m 2 = a + cm. 


Subtracting we obtain 

(3(1 — a— b)(M — to) + d( 1 — a — b)(M 2 — m 2 ) 
(M — m){d( 1 — a — b)(M + to) + (3(1 — a — b) — c} 

under the condition a + b < 1 and (3(1 — a — b) > ewe see that 


c(M — to) 
0 , 


M = m. 


It follows by Theorem B that a: is a global attractor of Eq.(l). 
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6. EXISTENCE OF PERIODIC SOLUTIONS 

In this section we investigate the existence of periodic solutions of Eq.(l). The following theorem states the 
necessary and sufficient conditions that this equation has periodic solutions of prime period two. 

Theorem 6.1. Eq.(l) has positive prime period two solutions if and only if 

(i) \f)(b — 1) — (/3a + c)] 2 (b — a — 1) + 4a{/3(l — b)[ft(b — 1) — (/3a + c)] + aad} > 0. 


Proof: Firstly, suppose that there exists a prime period two solution 

-,P,Q,P, Q,-, 


of Eq.(l). We will show that Condition (i) holds. 
From Eq.(l), we get 


and 

Therefore, 

and 


p = aq + bp + 

q = ap + bq + 


a + cq 
ft + dq' 

a + cp 


/3+ dp 

ftp + dpq = aftq + adq 2 + ftbp + bdpq + a + cq, 
/3 q + dpq = aftp + adp 2 + ftbq + bdpq + a + cp. 


Subtracting (10) from (9) gives 

P(p ^q)+ ad(p 2 - q 2 ) = f3b(p - q) - /3a{p - q) - c{p - q). 

Since p / q, it follows that 


P + q = 


/3 (b — a — 1) — c 
ad 


Again, adding (9) and (10) yields 


f3(p + q) +2dpq = (aft + /3b)(p + q) + ad(p 2 + q 2 ) + 2bdpq + 2a + c{p + q), 
ad(p 2 + q 2 ) = ft(p + q) + 2 dpq - (aft + f)b)(p + q) - 2bdpq -2a- c(p + q) 

ad(p 2 + q 2 ) = (ft — aft — ftb — c) (p + q) + 2 dpq — 2bdpq — 2a. 

By using (11), (12) and the relation 

p 2 + q 2 = (p + q) 2 - 2 pq for all p,q € R, 

we obtain 

ad((p + q) 2 — 2 pq) = (ft — aft — ftb — c)(p + q) + 2 dpq — 2bdpq — 2a 


(/36 ~^/~ c) - 2 adpq = + 2d pq - 2 bdpq - 2a 


Then, 


pq = 


ft(b — l)[/3(b — 1) — (fta + c)] + aad 
ad 2 (b — a — 1) 


( 9 ) 

( 10 ) 


( 11 ) 


( 12 ) 


(13) 
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Now it is obvious from Eq.(ll) and Eq.(13) that p and q are the two distinct roots of the quadratic equation 

2 /3(& — a — 1) — c P(b — 1 ) [/3 ( 6 — 1) — (/3a + c)] + aad 

ad ad 2 {b — a — 1) 

ad e-(0b-0a-0- c)t - Kb - 1Mb ~ l) ~ {I3 \ +C)] + md ’ 0, (L 

d{b — a— 1) 


and so 


m - i) - (Ha + c)f + MW-DI4(t-_i)-(4<. + c)l + »»d} > 0i 


[/ 3(6 — 1) — (/3a + c)] 2 (b — a — 1) + 4a{/3(6 — l)[/3(6 — 1) — (/3a + c)] 4- aad} > 0. 
for a + 1 < b then the inequalities (i) holds. 

Conversely, suppose that inequality (i) is true. We will prove that Eq.(l) has a prime period two solution. 
Suppose that 

_ ^ + C 


A-C 


where ( = J A 2 + ^gg±^and A = (3(b - 1) - (/3a + c). 


LC1C S ^ V ^ -T- (6— a— 1) ^ 

We see from the inequality (i) that 


A 2 (b — a — 1) + 4a [/3A(b — 1) + aad] > 0, 


which equivalents to 


2 4a [/3A(b — 1) + aad] 


(b — a — 1) 


Therefore p and q are distinct real numbers. 


We would like to show that 


It follows from Eq.(l) that 


X-2 = p, X-i = q and Xq = P- 


X\ = x _2 = d and x 2 = x_\ = p. 


xi=ap + bq+^f p =a[ — 


Dividing the denominator and numerator by 2 ad we get 




P+ d ) 


Xi = a 


A + A — 2 ada + c (A + (/) 


2 ad J 2adj3 + d {A + C) 


Multiplying the denominator and numerator of the right side by 2 ad/3 + d {A — £) and by computation we obtain 


xi = q. 


Similarly as before, it is easy to show that 


x 2 =p. 
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Then by induction we get 

% 2 n =P and Xin+i = q for all n> — 2. 

Thus Eq.(l) has the prime period two solution 

-,p,q,p,q,-> 

where p and q are the distinct roots of the quadratic equation (14) and the proof is complete. 

Example 4. Figure (4) shows the period two solution of equation (1) when a = 0.2, 6 = 5, c = 0.4, d = 5, a = 

0.7 and j3 = 0.2 and the initial conditions x _2 = p, X-\ = q and Xq = p since p and q as in the previous theorem. 


x(n+l)=ax(n)+bx(n-l)+(alfa+cx(n-2))/(beta+dx(n-2)) 



Figure 4. Plot the periodicity of the solution of equation (1). 
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Abstract 

We generalize the tensor product for operators to the Tracy-Singh 
product for operator matrices acting on the direct sum of Hilbert spaces. 

This kind of operator product is compatible with algebraic operations and 
order relations for operators. It follows that this product preserves many 
structure properties of operators. 

Keywords: tensor product, Tracy-Singh product, operator matrix, Moore- 
Penrose inverse 

Mathematics Subject Classifications 2010: 15A69, 47A05, 47A80. 

1 Introduction 

In scientific computing, we consider a matrix to be a two-dimensional array 
for stacking data. A processing of such data can be performed using matrix 
products. One of extremely useful matrix products is the Kronecker product. 
For any complex matrices A £ M m ,n(C) and B £ M pq ( C), the Kronecker 
product of A and B is given by the block matrix 

A®B = [, OijB ]y € M mp ,nq{ C). 

Equivalently, A <§) B is the unique complex matrix of order Trip x nq satisfying 

(A® B)(x®y) = Ax®By (1) 

for all x £ C" and y £ C q . This matrix product has wide applications in math- 
ematics, computer science, statistics, physics, system theory, signal processing, 
and related fields. See [2, 5, 6, 12] for more information. 

‘Corresponding author. Email: pattrawut. ch@kmitl.ac.th 
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Kronecker product was generalized to the Tracy-Singh product of partitioned 
matrices by Tracy and Singh [10]. Let A = [Ay] £ M m>n ( C) be a partitioned 
matrix with Ay of order m, x nj as the (i, j)tli submatrix where JT = m 
and ^2j rij = n. Let B = [Bki] € M p _ q (C) be a partitioned matrix with Bki of 
order pk x qi as the (fc, Z)th submatrix where Y2kPk = P aR d Qi = 9- The 
Tracy-Singh product of A and B is defined by 

AMB = [[A ij ®B kl ] kl ]..€M mPtnq (C), 


where each block Ay & Bki is of order m ipk x rij qi . This kind of matrix prod- 
uct has several attractive properties in algebraic, order, and analytic points of 
views; see, e.g., [3, 8, 9, 10]. The Tracy-Singh product can be applied widely in 
statistics, econometrics and related fields; see, e.g., [9, 10]. 

As a natural generalization of a complex matrix, we consider a bounded 
linear operator between complex Hilbert spaces. The tensor product of Hilbert 
space operators can be viewed as an extension of the Kronecker product of com- 
plex matrices. Using the universal mapping property in the monoidal category 
of Hilbert spaces, the tensor product of A £ B (71,71') and B £ B(/C,/C') is the 
unique bounded linear operator from HQ)1C into H' ® 1C such that for all x £ B 
and y £ 1C, 


(A (E> B)(x <S> y) = Ax® By. (2) 

A fundamental property of tensor product is the mixed product property: 

{A® B)(C ® D) = AC ® BD. (3) 

The theory of tensor product of operators has been continuously developed in 
the literature; see, e.g., [4, 11]. 

From the previous discussion, it is natural to extend the notion of tensor 
product for operators to the “Tracy-Singh product” of operators. We shall pro- 
pose a natural definition of such operator product. It turns out that this product 
is compatible with algebraic operations and order relations for operators. One 
of the most attractive properties, the mixed product property, also holds for 
Tracy-Singh products. It follows that this product preserves attractive prop- 
erties of operators, such as being invertible, Hermitian, unitary, positive, and 
normal. Our results generalize the results known so far in the literature for both 
Tracy-Singh products of matrices and tensor products of operators. 

This paper is organized as follows. In section 2, we introduce the Tracy- 
Singh product for operator matrices and deduce its algebraic properties. In 
section 3, we show that the Tracy-Singh product is compatible with various 
kinds of operator inverses. We investigate the relationship between Tracy-Singh 
products and operator orderings in Section 4. 
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2 Tracy-Singh products and algebraic operations 
for operators 

In this section, we introduce the Tracy-Singh product of operators on a Hilbert 
space. Then we will show that this product is compatible with addition, scalar 
multiplication, adjoint operation, usual multiplication, power, and direct sum 
of operator inverses. 

Throughout this paper, let TL, TL' , JC and JC be complex Hilbert spaces. 
When X and y are Hilbert spaces, denote by M(X,y) the Banach space of 
bounded linear operators from X into y, and abbreviate M(X, X) to B(A’). 

The projection theorem for Hilbert spaces allows us to decompose 

n m q p 

n = 0^-, w = 0?4 K = 0/C,, Kf = 0/C' fe 

i= 1 i=l l-l fe= 1 

where each TLj,TL'. i ,Tii,K! k are Hilbert spaces. Such decompositions are fixed 
throughout the paper. For each j = 1, . . . , n, let Ej be the canonical embedding 
from TLj into TL , defined by 

Xj (0, ...,0,^,0, ...,0). 

Similarly, let F/ be the canonical embedding from /C; into K, for each l = 1, . . . , q. 
For each i = 1, . . . , m and k = 1, . . . ,p, let P[ : TL' — > and Q' k : 1C —t K! k be 
the orthogonal projections. Thus, each operator A G B("H, H’) and B G B(/C, K.') 
can be expressed uniquely as operator matrices 

A = .A.,j;0 : and B = \B kl ]™ =1 

where Aij = P^AEj and Bki = Q' k BFi for each i,j,k,l. 

Definition 1. Let A = G B and B = [B w ]£’j =1 G B {1C, 1C) 

be operator matrices defined as above. We define the Tracy-Singh product of A 
and B to be the operator matrix 

AMB = [[^®B W ] W ].. (4) 

n q m p 

which is a bounded linear operator from ©© TLj ® ICi to ©©7f' ® /C',.. 

j = 1 1=1 i= 1 k = 1 

Note that if both A and B are lxl block operator matrices i.e. m = n = 
p = q = 1, then their Tracy-Singh product A H B is just the tensor product 
A® B. 

Next, we shall show that the Tracy-Singh product of two linear maps induced 
by two matrices is just the linear map induced by the Tracy-Singh product of 
these matrices. Recall that for each A G M m>ra (C) and B G M p ^ q { C), the induced 
maps 


L A :C n ^ C m , Ax and L B : C 9 — > C p , y ^ By 
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are bounded linear operators. Using the universal mapping property, we identify 
C" 0<C« with C nq = M n>q ( C) together with the canonical bilinear map ( x , y) H x 
x®y for each (x, y ) £ C n xC 5 . It is similar for C m 0 C p . 

Lemma 2. For each A £ and B £ M Ptq (C), we have 

La® Lb = L a ® b . (5) 

Proof. For any x®y£ C” 0 C 9 , we obtain from the mixed product property of 
the Kronecker product (1) that 

(L a ® L B )(x®y) = L A (x) 0 L B (y) = L A (x)®L B (y) 

= Ax® By = (A® B)(x®y) 

= (A® B)(x 0 y) = L A ^ B (x®y). 

Thus, by the uniqueness of tensor product, La 0 L B = L A ^ B . □ 

Proposition 3. For any complex matrices A = [ Ay ] and B = [ Bki \ partitioned 
in block-matrix forms, we have 

L a ML b = L a ^ b . (6) 

Proof. Recall that the (i, j)th block of the matrix representation of La is the 
matrix A t] . It follows from Lemma 2 that 

L a ^L b = [[L Aij ® L Bkl ] kl ].. = L A ..^ Bkl ^ = L a ^ b . 

□ 

The next proposition shows that the Tracy-Singh product is compatible with 
the addition, the scalar multiplication and the adjoint operation of operators. 

Proposition 4. Let A £ B ( / H,'H') and B,C £ B(/C,/C') be operator matrices, 


and let a £ C. Then 

(aA)MB = B) = Al®(aB), (7) 

(A^B)* = A* MB*, (8) 

AM(B + C) = AMB + AMC, (9) 

(B + C)MA = BMA + CMA. (10) 


Proof. Since each (i,j)th block of a A is given by (aA)ij = aAij, we get 

(aA)MB = [[(aAij) ® B k i] kl ].. = [[a(A i:j 0 B u )] u \ .. = a(AMB). 

Similarly, A Kl (aB) = a(A H B). Since A* = [AF]^ and B* = [B* k \ki for all 
i,j, k, l , we obtain 

(A Kl B)* = [[A ji ®B kl \* k ^.. = [ [Aji 0 Bf k ] fc; ] = A* MB*. 

The proofs of (9) and (10) are done by using the fact that ( B + C)ki = Bki+Cu 
for all k,l together with the left/right distributivity of the tensor product over 
the addition. □ 
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Properties (7), (9) and (10) say that the map (A, B) i-g A E3 B is bilinear. 

Proposition 5. Let A = [A i: j\ G B (H,H') and let B G B (1C, 1C) be operator 
matrices. Then 


AM B = [ A i:j M B] t . 


An ^ B 
Ami ^ B 


Ain ® B 
A mn IEI B 


That is, the ( i , j) th block of AM B is just Aij El B, regardless of how to partition 
B. 


Proof. It follows directly from the definition of the Tracy-Singh product. □ 

Remark 6. It is not true in general that the ( k,l)th block of AM B is AMBu- 

When H = Hi ® H 2 and K, = K. 1 ® K, 2 , the direct sum of Ai G B(Hi,/Ci) 
and A 2 G 3(1(2, /C 2 ) is defined to be the operator 


Ai ® A 2 


A 1 0 

0 A 2 


G B (H,/C). 


The next result gives a relation between the direct sum and the Tracy-Singh 
product. 

Proposition 7. The Tracy-Singh product is right distributive over the direct 
sum of operators. That is, for any operator matrices A, B and C, we have 


(A® B)MC = (AMC)®(BM C). 


Proof. It follows from Proposition 5 that 


(A® B)MC 


'AMC 

OBC' 


'AMC 

0 


BMC 


0 

BMC 


(AM O® (BMC). 


( 11 ) 


□ 


It is not true in general that the Tracy-Singh product is left distributive over 
the direct sum of operators. 

The next theorem shows that the Tracy-Singh product is compatible with 
the ordinary product of operators. This fundamental property, called the mixed 
product property , will be used many times in later discussions. 

Theorem 8. Let and K." be complex Hilbert spaces. Let A = 

[MTjh e B c = [r, g m(h,h% b = [b w ]£? =1 g b (icx") 

and D = [-Dfc/]fc* =1 6 B(/C,/C') be operator matrices partitioned so that they are 
compatible with the decompositions of the corresponding Hilbert spaces. Then 

(AMB)(CMD) = ACMBD. (12) 
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Proof. Using block multiplication of operators and the mixed product property 
of the tensor product (3), we have 


(A H3 B)(C HD) = [[ A tj ® B kl ] kl ] ... [[Cy 0 D kl ] kl ] .. 

n q 

- EE 


n q 

EE (Ai a C a j ® B k pDpi') 


n 

^ ^ A-ioiCa.j 


Q 

E BkpDpi 

,ot= 1 


_/ 3 =1 


= AC [x] BD. 


□ 


Corollary 9. For any operator matrices A £ B (PL) and B £ B(/C), we have 

( A H B) r = A r B B r (13) 

for any r £ N. 

In the rest of section, we investigate structure properties of operators under 
taking Tracy-Singh products. Recall that an operator T £ B (fH) is said to 
be involutary if T 2 = I, idempotent. if T 2 = T, an isometry if T*T = I, a 
partial isometry if the restriction of T to a closed subspace is an isometry, or 
equivalently, TT*T = T. 

Corollary 10. Let A £ B (fH) and B £ B(/C). If both A and B satisfy one of the 
following properties, then the same property holds for AMB : Hermitian, unitary, 
isometry, co-isometry, partial isometry, idempotent, involutary, projection. 

Proof. Applying Theorem 8 and Proposition 4, we get the results. □ 

If A and B are skew- Hermitian operators, then A E3 B is Hermitian. Recall 
that an operator T £ B (H) is said to be nilpotent if there is a positive integer k 
such that T k = 0. The smallest such integer k is called the degree of nilpotency 
of T. If A € B (fH) and B £ B(/C) are nilpotent operators with degrees of 
nilpotency r and s, respectively, then A E3 B is also nilpotent with degree of 
nilpotency not exceed min{r, s}. 


3 Tracy-Singh products and operator inverses 

Next, we discuss the invertibility of the Tracy-Singh product of operators. Recall 
that an operator A £ B is said to be regidar if there is an operator 
A~ £ B (1C, It) such that AA~ A = A. The operator A~ is called an inner 
inverse of A. An operator X £ B(/C,"H) is said to be an outer inverse of A if 
XAX = X. 
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Proposition 11. Let A £ and B £ B(/C,/C'). 

ft) If A and B are left invertible with left inverses A and B respectively , then 
AM B is left invertible and AM B is its left inverse. 

(ii) If A and B are right invertible with right inverses A and B respectively, 
then AM B is right invertible and AM B is its right inverse. 

(Hi) If A and B are regular with inner inverses A~ and B~ respectively, then 
AM B is regular with A~ H3 B~ as its inner inverse. 

(iv) If A and B have A~ and B~ as their outer inverses respectively, then 
AM B has A~ H3 B~ as its outer inverse. 

Proof. It follows from Theorem 8 and the facts that lx M Iy = Ix®y for any 
Hilbert spaces X and y. □ 

As a consequence of (i) and (ii) in Proposition 11, we obtain the following 
result. 

Corollary 12. Let A £ B("H) and B £ B(/C). If A and B are invertible, then 
AM B is invertible and 


(AM By 1 = A- 1 MB- 1 . (14) 

Next, we consider a kind of operator inverse, called Moore-Penrose inverse. 
Recall that a Moore-Penrose inverse of A £ B (H,K.) is an operator At £ 
B(/C,"H) satisfying the following Penrose conditions ([7]) 

(i) At is an inner inverse of A ; 

(ii ) ^ is an outer inverse of A ; 

(iii ) AAt is Hermitian ; 

(iv) AtA is Hermitian. 

It is well known that the following statements are equivalent for A £ B("H,/C) 
(see e.g. [1]): 

(i) a Moore-Penrose inverse of A exists ; 

(ii) a Moore-Penrose inverse of A is unique ; 

(iii) the range of A is closed. 

Theorem 13. Let A £ 8(77,%') and B £ B(/C,/C'). If A and B have closed 
ranges, then 

1. the range of AM B is closed ; 

2. (AMB ) t = At MB*. 
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Proof. Since the ranges of A and B are closed, the Moore-Penrose inverses A^ 
and B t exist and are unique. Making use of Theorem 8 and Proposition 4, we 
can verify that A' S3 B' satisfies the following Penrose equations: 

(i) (A E B)(A j/ E B^)(A MB) = AM B 

(ii) (A* E fit)(A E S)(At E fit) = At M 

(iii) ((A E B)(A* E St))* = (A E B)(At E B*) 

(iv) ((At E St)(A E B))* = (At E £t)(A ^ b). 

Hence, a Moore-Penrose inverse of A E .B exists and it is uniquely determined 
by At E £?t . It follows that AM B has a closed range. □ 

The results in this section indicate that the Tracy-Singh product is compat- 
ible with various kinds of operator inverses. 

4 Tracy-Singh products and operator orderings 

Now, we focus on order properties of Tracy-Singh products related to algebraic 
properties. 

Theorem 14. Let A G B (H) and B G B(/C). 

(i) If A, B ^ 0, then A E B ^ 0. 

(ii) If A,B > 0, then A E B > 0. 

Proof. Assume A, B ^ 0. Using Theorem 8 and property (8), we obtain 
AEB = A^A^ EB^fls = ^EB^A^EB^j 
= |A3EBjJ ^A^Efdj ^ 0. 

Consider the case A, B > 0. We have immediately by (i) that A E B ^ 0. By 
Corollary 12, AM B is invertible. This implies that A E B > 0. □ 

The next result provides the monotonicity of Tracy-Singh product. 
Corollary 15. Let A 1; A 2 G B (H) and Bi,B 2 G B(/C). 

(i) If Ai > A 2 > 0 and B x ^ B 2 ^ 0, then A\ E B± ^ A 2 E B 2 . 

(ii) If Ai > A 2 > 0 and Bi > B 2 > 0, then AjEBi > A 2 M B 2 . 

Proof. Suppose that Ai ^ A 2 > 0 and B\ > B 2 ^ 0. Applying Proposition 4 
and Theorem 14 yields 

A\ E B\ — A 2 E B 2 = A\ E Bi — A 2 E B\ -f- A 2 E B\ — A 2 E B 2 
= (Ar — A 2 ) E + A 2 E )Bi — B 2 ) 

> 0. 

The proof of (ii) is similar to that of (i). □ 
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Abstract 

We show that the Tracy-Singh product of Hilbert space operators is 
continuous with respect to the operator-norm topology. The Tracy-Singh 
product of two nonzero operators is compact if and only if both factors 
are compact. We provide upper and lower bounds for certain Schatten 
p- norms of the Tracy-Singh product of operators. It turns out that this 
product is continuous with respect to the topologies on norm ideals of 
compact operators, trace class operators, and Hilbert-Schmidt class oper- 
ators. Thus the Tracy-Singh product preserves such classes of operators. 

Keywords: tensor product, Tracy-Singh product, operator matrix, compact 
operator, Schatten p-class operator 

Mathematics Subject Classifications 2010: 47A80, 47A30, 47B10. 

1 Introduction 

In matrix theory, one of useful matrix products is the Kronecker product. Recall 
that the Kronecker product of two complex matrices A £ M m ,„ (C) and B £ 
M P ,q(C) is given by the block matrix 

A®B = € M mp , ng (C). 

This matrix product was generalized to the Tracy-Singh product by Tracy and 
Singh [3]. Let A = [Ay] £ M m<n ( C) be a partitioned matrix with Ay as the 
(i,j)th submatrix. Let B = [ B^i \ £ M Piq (C) be a partitioned matrix with Bki 
as the (k, Z)th submatrix. The Tracy-Singh product of A and B is defined by 

AMB = \[Aij®B kl \ J.. £M mp , nq (C). 

‘Corresponding author. Email: pattrawut. ch@kmitl.ac.th 
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This kind of matrix product has several attractive properties and can be applied 
widely in statistics, econometrics and related fields; see e.g., [3, 5, 7, 8, 9]. 

The tensor product of Hilbert space operators is a natural extension of the 
Kronecker product to infinite-dimensional setting. Theory of Hilbert tensor 
product has been continuously investigated in the literature; see, e.g., [2, 4, 10]. 
It is well known that the tensor product is continuous with respect to the 
operator-norm topology. Moreover, on the norm ideals of compact operators 
generated by Schatten p-norrn for p = 1,2, oo, the tensor product are also 
continuous. Recently, the tensor product for operators was generalized to the 
Tracy-Singh product for operator matrices acting on the direct sum of Hilbert 
spaces in [6]. This kind of operator product satisfies certain pleasing algebraic 
and order properties. 

In this paper, we discuss continuity, convergence, and compactness of the 
Tracy-Singh product for operators in the operator-norm topology. Then we ob- 
tain relations between Tracy-Singh product and certain analytic functions. We 
also investigate the Tracy-Singh product on norm ideals of compact operators 
generated by certain Schatten p-norms. In fact, this product is continuous with 
respect to the Schatten p-norrn for p = 1,2, oo. Estimations by such norms for 
Tracy-Singh products are provided. It follows that trace class operators and 
Hilbert-Schmidt class operators are preserved under this product. 

This paper is organized as follows. In section 2, we give preliminaries on 
Tracy-Singh products for operators on a Hilbert space. In section 3, we establish 
analytic properties of the Tracy-Singh product in the operator-norm topology. 
We investigate the Tracy-Singh product on the norm ideals of compact operators 
generated by certain Schatten p-norms in Section 4. 

2 Preliminaries on Tracy-Singh products for op- 
erator matrices 

Throughout, let H, H' , JC and K.' be complex Hilbert spaces . When X and 
Y are Hilbert spaces, denote by B(A, Y) the Banach space of bounded linear 
operators from X into Y , and abbreviate B(X, X) to B(X). 

In order to define the Tracy-Singh product, we have to fix the decompositions 
of Hilbert spaces, namely, 

n m q p 

n = 0^, W = 0?4 AC = 0/Q, AC' = 0/C' fc 

j = 1 i — 1 l—l k = 1 

where each 'Hj,'H’ i ,K.i,lC' k are Hilbert spaces. For each j = l,...,n and l = 
1 , ,q, let Ej : TLj H and Fi : AC; — > K, be the canonical embeddings. For 
each i = 1, . . . , m and k = 1, . . . , p, let P' and Q' k be the orthogonal projections. 
Thus, each operator A € B (%,%') and B in B(AC,AC') can be expressed uniquely 
as operator matrices 

^4 = and B = [B kl ]™ =l 
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where Ay = P.-AEj : TLj — > and Bki = Q' k BF[ : K-i -Y K! k for each i,j,k,l. 
We define the Tracy-Singh product of A and B to be a bounded linear operator 
from 0'*’/Li Tdj ® /C; to ® K' k represented in the block-matrix form 

as follows: 

AM B = [[Ay ® B k i ] kl ] „ . 

When m = n= p = q= 1, the Tracy-Singh product AM B becomes the tensor 
product A® B. 

Lemma 1 ([6]). Fundamental properties of the Tracy-Singh product for opera- 
tors are listed below (provided that each term is well-defined): 

1. The map (A, B) ^ AM B is bilinear. 

2. Compatibility with adjoints: (A Hi?)* = A* M B* . 

3. Mixed-product property: (AM B)(C M D) = AC H BD. 

4. Compatibility with powers: (A H B) r = A r M B r for any r G N. 

5. Compatibility with inverses: if A and B are invertible, then AM B is 
invertible with (AM B) -1 = A -1 MB ~ 1 . 

6. Positivity: if A ^ 0 and B ^ 0, then AM B ^ 0. 

1. Strictly positivity: if A > 0 and B > 0, then A H B > 0. 

8. If A and B are partial isometries, then so is AMB. Recall that an operator 
T is a partial isometry if and only if the restriction of T to a closed 
subspace is an isometry. 

3 Analytic properties of the Tracy-Singh prod- 
uct 

In this section, we establish some analytic properties of the Tracy-Singh product 
involving operator norms. These properties involve continuity, convergence, 
norm estimates, and certain analytic functions. We denote the operator norm 

by II • Hoc- 

In order to discuss the continuity of the Tracy-Singh product, recall the 
following bounds for the operator norm of operator matrices. 

Lemma 2 ([1]). Let A = [Ay]"^’l 1 G B ((H) be an operator matrix. Then 

n n 

n~ 2 £ II Ay ||^o < \\A\\l < ]T ||Ay||^. (1) 

i,j= 1 i,i=l 

Lemma 3. Let A = [Ay]"^_ 1 G B ((H) be an operator matrix and let (A r )^. 1 
be a sequence in M(R) where A r = [A,y' l ]"’lb 1 for each r G N. Then A r — k A if 

(r) 

and only if Ay — > Aij for all i,j = 1 ,n. 
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Proof. It is a direct consequence of Lemma 2. □ 

The next theorem explains that the Tracy-Singh product is (jointly) contin- 
uous with respect to the topology induced by the operator norm. 

Theorem 4. Let A = [Ay] G B (H) and B = [Bki\ G B(/C) be operator matrices, 
and let (A r )^_ 1 and {B r ) c ^f 1 be sequences in B("H) and B(/C), respectively. If 
A r — y A and B r — y B , then A r ^ B r — ^ A ^ B . 

(r) 

Proof. Suppose that A r —>■ A and B r — » B. By Lemma 3, we have Ay — >• Ay 

(r) 

and B kl — > Bf-i for each i,j,k,l. Since the tensor product is continuous, we 
have 

Ay^ B k ^ — > Ay ® Bki 

for each i,j , k , l. It follows that A r Kl B r A IE] B by Lemma 3. □ 

The next theorem provides upper/lower bounds for the operator norm of the 
Tracy-Singh product. 

Theorem 5. For any operator matrices A = [Ay]™]” =1 G B (H) and B = 
[ A fc*]jM= l e we have 

— IIAHoollBIU < HAKIBHoo < ngllAHoollBlloo. (2) 

nq 

Proof. It follows from Lemma 2 that 

\\A®B\\l < EE HAy®^||L = ££ llAyll^H^IlL 

k,l i,j k,l i,j 

= (Ell A bHL)(Ell^H-) < M 2 ||A||L||i3||^. 

i,j k,l 

We also have 

\\A®B\\l > (n g )- 2 EEH A ^^H- = M- 2 EEH A b'll~ll^l| 2 oc 

k,l i,j k,l i,j 

= (ng)- 2 (E ll A hllL)(Ell^H-) > («ff)- 2 ||A||2 0 || J B||2 0 . 

i,j k,l 

Hence, we obtain the bound (2). □ 

Theorem 6. Let A G M(fH). 

(i) If f is an analytic function on a region containing the spectra of A and 
IMA, then 

f(IMA) = IMf(A). (3) 

(ii) If f is an analytic function on a region containing the spectra of A and 
AMI, then 

f(AMI) = f(A)MI. (4) 
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Proof, (i) Since / is analytic on spectra of A and IMA, we have the Taylor 
series expansion 


f{z) = ^ ~Z a rZ r ■ 

r= 0 

It follows that 

oo oo 

f{A) = J2 a r Ar and f{IMA) = ^a r (IB4) r . 

r=0 r— 0 

Making use of the bilinearity of Tracy-Singh product and Theorem 4 yields 

OO OO 

f{IMA) = ^a r {IMA r ) = ^{IMa r A r ) 

r— 0 r— 0 

oo 

= IM^2a r A r = IMf{A). 

r— 0 

Similarly, we obtain the assertion (ii). □ 

Theorem 7. Let A £ B(H) and B £ B(/C) be positive operators. For any a > 0, 
we have 

{AMB) a = A a MB a . (5) 

Proof. First, note that A HI? is positive by property (6) of Lemma 1. It follows 
from the property (4) in Lemma 1 that for any r,seN, 

(AiHB?) 8 = A r MB r = {AM B) r , 

and thus {AM B)^ = A* H B*. Now, for a > 0, there is a sequence {q n ) of 
positive rational numbers such that q n -£ a. It follows from the previous claim 
and the continuity of Tracy-Singh product (Theorem 4) that 


{A H B) a = lirn {A H B) Qn = lim H B qn 

n— >oo n— >oo 

= lim A Qn H lim B qn = A a MB a . □ 

n— >oo n—> oo 

Corollary 8. Let A £ B("H) and B £ B(/C) be strictly positive operators. For 
any real number a, we have 

{AM B) a = A a MB a . (6) 

Proof. Note that A H B is strictly positive by property (7) of Lemma 1. For 
a < 0, it follows from Theorem 7 and the property (5) in Lemma 1 that 

{AMB) a = [{AMB)- 1 ]- 01 = (T^r 1 )" 0 

= (A -1 ) -Q H {B~ l )~ a = A a MB a . □ 
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Corollary 9. Let A £ B ( / H,TL r ) and B £ B(/C,/C'). Then 

\AMB\ = \A\ E \B\. (7) 

Proof. Applying Lemma 1 and property (5), we get 

\AMB\ = pSB)*(i§B)]s = [(A*MB*)(AMB)]^ 

= (A* A Kl B*B)i = (A*A)^ M(B*B)i = \A\®\B\. □ 

Recall the polar decomposition theorem: for any A £ B("H,/C), there exists a 
partial isometry U such that A = U\A\. The next result is a polar decomposition 
for the Tracy-Singh product of operators. 

Corollary 10. Let A £ M(H, TL') and B £ B(/C, 1C). If A = U\A\ and B = V\B\ 
are polar decompositions of A and B, respectively , then a polar decomposition 
of AM B is given by 

AMB = (UMV)\AM B\. (8) 

Proof. Let U and V be partial isometries such that A = U\A\ and B = V|B|. 
It follows from Lemma 1(3) and Corollary 9 that 

AMB = U\A\MV\B\ = (U MV)(\A\M \B\) = (UMV)\AMB\. 

Note that U IE V is also a partial isometry, according to property (8) in Lemma 
1. Hence, the decomposition (8) is a polar one. □ 

4 Tracy-Singh products on norm ideals of com- 
pact operators 

In this section, we investigate the Tracy-Singh product on norm ideals of B (TL). 
Recall that any proper ideal of B(77) is contained in the ideal 5^, of compact 
operators. For any compact operator A £ B(' H), let (sj(A)))^ 1 be the sequence 
of decreasingly-ordered singular values of A (i.e. eigenvalues of |A|). For each 
1 ^ p < oo, the S chat-ten p-norm of A is defined by 



If ||A|| p is finite, we say that A is a Schatten p-class operator. The Schatten 
co-norm is just the operator norm. For each 1 ^ p ^ oo, let S p be the Schatten 
p-class operators . In particular, <Si and S 2 are the trace class and the Hilbert- 
Schmidt class, respectively. Each Schatten p-norm induces a norm ideal of B('H) 
and this ideal is closed under the topology generated by this norm. 

Lemma 11. Let A = [Aij] £ B(H) be an operator matrix. Then A is compact 
if and only if Ay is compact for all i,j. 


670 


Arnon Ploymukda et al 665-674 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


A. Ploymukda, P. Chansangiam, Wicharn Lewkeeratiyutkul 


Proof. If A is compact, then A y - = P.-AEj is also compact for each i,j due to 
the fact that Soo is an ideal of B("H). Conversely, suppose that A tJ is compact for 
all i , j. Recall that a bounded linear operator is compact if and only if it maps a 
bounded sequence into a sequence having a convergent subsequence. Let (x r ) r fL 1 
be a bounded sequence in H = ® " =1 K,;. Write x r = [ x ^ x ... x^} T £ 
©'Li Pi for each r £ N. Consider 


Ah •• 

A\n 


'x ( r iy 


AiiXr 1 ^ + • • 

1 • + A ln xi ^ 

_A n i 

A 

/ 1 nn_ 


x (n) 


A n iXr ■* + • ' 

,.14 r (") 


For each l = 1,2 since (xi^)'ifL 1 is bounded, the sequence (A i jXr' > )'^L 1 
has a convergent subsequence, namely, (Ay . Hence, 


A\lXr^ + • • • + AinxiJ 


A 


ilXrk 


+ • • • + A nn x 


(n) 

rk 


is a desired convergent subsequence of {Ax r )fS =1 . □ 

Lemma 12 ([1]). Let A = [Aij]™'™ =1 be an operator matrix in the Schatten 
p-class. 

(i) For 1 ^ p ^ 2, we have 


£ \\M\l < \\A\\l < n 4 /^- 2 £ ||Ay|| 2 . (9) 

*iJ=l i,j — 1 


(ii) For 2 ^ p < oo, we have 

n n 

n 4 / p -2 £ p ..||2 ^ p ||2 ^ £ l | A y -|| 2 . 

*,J=1 *iJ=l 


( 10 ) 


Lemma 13. Let 1 ^ p < oo. An operator matrix A = [Ay] £ B (H) is a 
Schatten p-class operator if and only if Aij is a Schatten p-class operator for all 


Proof. This is a direct consequence of the norm estimations in Lemma 12. □ 


Lemma 14. Let 1 ^ p ^ oo. Let A = [Ay]"’JLi be an operator matrix in 


the class S p and let (A r ) < ^L 1 be a sequence in S p where A r = 


A, 


each r £ N. Then A r 
i,j = l,-..,n. 


A in S p if and only if A 


(r) 


i,j = 1 


for 


A^ in S p for all 
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(r) 

Proof. Lemma 13 assures that Aij and A).- belong to S p for any i,j = 1 , ,n 
and r € N. Consider the case 1 ^ p < 2. Suppose that A r — >• A in S p . For any 
fixed i,j £ {1, we have from the estimation (9) that 

n 

Il4 r) -^'llp < E W^-AiiWl < \\Ar-A\\l. 

i,j = 1 

(r) (r) 

Hence, A\d A^ in S p . Conversely, suppose A\d A^ in S p for each i,j. 
Lemma 12 implies that 

n 

\\A r -A\\l < n^~ 2 E 

*)j=i 

Hence, A r — > A in S p . The case 2 < p < oo and the case p = oo are done by 
using the norm estimations (10) and (1), respectively. □ 

Next, we discuss compactness of Tracy-Singh product of operators. 

Lemma 15 ([10]). Let A £ B('H) and B £ B(/C) be nonzero operators. Then 
i® B is compact if and only if both A and B are compact. 

Theorem 16. Let A £ B (H) and B £ B(/C) be nonzero operator matrices. 
Then AM B is compact if and only if both A and B are compact. 

Proof. Write A = [A, :j ] and B = [B^i], For sufficiency, suppose that A and B 
are compact. By Lemma 11, we deduce that Aj,j and Bu are compact for all 
i,j,k,l. It follows from Lemma 15 that A t j ® B^i is compact for all i,j,k,l. 
Lemma 11 ensures the compactness of AM B. For necessity part, reverse the 
previous procedure. □ 

The following theorem supplies bounds for Schatten 1-nornr of the Tracy- 
Singh product of operators. 

Theorem 17. For any nonzero compact operator A = [Aij]"’’J^ 1 £ B (H) and 
B = [Afcj] |’jL 1 £ B(/C), we have 

^WMiWBh < \\AMBW, < nqWAUBW,. (11) 

Hence, AM B is trace-class if and only if both A and B are trace-class. 

Proof. Suppose that both A and B are nonzero and compact. Then the operator 
A Kl B is compact by Theorem 16. It follows from the norm bound (9) that 

\\AMB\\ 2 < (ng) 2 EEH^i®^||? = (ng) 2 E E^ HiII B hIIi 

k,l i,j k,l i,j 

= (ng) 2 (EPb ll?)(Ell^ll?) < (m) 2 \\A\\l\\B\\ 2 . 

i,j k,l 
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We also have 

\\a®b\\i > EE ii^^u? = EEii^HiII b «iIi 

k,l i,j k,l i,j 

= (E ll^illi)(£l |B *‘Hi) > M- 2 ||A||f||i?||?. 

i,j k,l 

Hence, we obtain the bound (11). □ 

Theorem 18. For any nonzero compact operator matrices A £ B {%) and B £ 
B(/C), we have 

\\AMB\\ 2 = \\A\\ 2 \\B\\ 2 . (12) 

Hence, AM B is a Hilbert- Schmidt operator if and only if both A and B are 
Hilbert- Schmidt operators. 

Proof. Since both A and B are nonzero and compact, the operator A IEI B is 
compact by Theorem 16. Write A = [Ay] and B = [ B k i ]. Then by Lemma 
12(ii), we have 

\\A®B\\l = EE 1 1 Aij ® Bki 1 1 

k,l i,j k,l i,j 

= (E M) (Eii^iil) = uwimi 

i,j k,l 

Hence, we get the multiplicative property (12). □ 


The final result asserts that the Tracy-Singli product is continuous with 
respect to the topology induced by the Schatten p-norrn for each p £ {1, 2, oo}. 


Theorem 19. Let P € {1,2, oo}. If a sequence (A r )^ =1 converges to A and a 
sequence (B r )'^L 1 converges to B in the norm ideal S p , then A r IEI B r converges 
to AM B in S p . 

Proof. Write A = [Ay] and B = [B k i], In the viewpoint of Lemma 14, it suffices 
to show that Ay^ 8 B$ — > Ay 8 B k i in S p for all i,j , k, l. Since A r — k A and 

B r — >• B in S p , we have by Lemma 14 that Ay-* — k Ay and — > B k i for all 

i,j, k , l. It follows that 


II- 4 !? 


<B 


(r) 

kl 


Ay (8) B kl \\ p = \\A { [) 8 B $ - Aj } 8 B kl + aJ } 8 B kl - Ay 8 B kl \\ p 

< u4 r) ® (4 } - B ki)\\v + ii(4 r) - Aa) ® B u\\v 
= n4 r) iip ii b h B ki\\p + n4 r) ^ A bii P ii^Hp 

l|Ay||p • 0 + 0 • ||_B;y||p = 0. 


Hence, Ay-* 8 B^ -k Ay 8 B ki in S p for all i,j,k,l. □ 
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ON THE RADIAL DISTRIBUTION OF JULIA SET OF 
SOLUTIONS OF f" + Af + Bf = 0 

JIANREN LONG 

Abstract. The paper is devoted to study the dynamical properties of 
solutions of f" + A(z)f + B(z)f = 0, where A(z) is nontrivial solution 
of w" + P(z)w = 0, P(z) is a polynomial, B(z ) is a transcendental entire 
function of lower order less than | . The lower bound of the size of the 
radial distribution of Julia sets of infinite order solutions of the equation 
are obtained. Another proof of the result in [9] is discussed in which the 
modified Phragmen-Lindelof principle is needed. 


1. Introduction and main results 


For a function meromorphic / in the complex plane C, the order of 
growth, lower order of growth and the convergence exponent of zero-sequence 
of / are given respectively by 


p(f) = lint snp 

r— » oo 


log + T(rJ) 
log r 


5 


p(f) = lim inf 

r— » oo 


log + T(rJ) 
log r 


and 

log + ^(r,}) 

A(/J = hmsup — . 

r— >oo log T 

In what follows, we assume that the reader is familiar with standard notation 
and basic results in Nevanlinna theory of meromorphic functions, such as 
T(r, /), m(r, f) and N(r,f), see [10, 12, 23] for more details. 

We define the nth iterate of meromorphic function / as follows: 


f°(z)=z,f 1 (z) = f(z),...,r(z) = f(r- 1 (z)), new, n > 2. 


The Fatou set F(f) of transcendental meromorphic function / is the sub- 
set of C where the iterates {f n (z )}^ =1 of / form a normal family, and its 
complement J(f) = C \F(f) is called the Julia set of /. It is well known 
that F(f) is open and completely invariant under /, and J(f) is closed and 
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non-empty, see [4] . We also need the following notations and definitions. For 
a < (5 and r e (0, oo), set 

S(a,(3 ) = {z : a < arg z < /?}, 

S(a,(3, r ) = {z : \z\ < r,a < arg z < /3}, 

S(r,a,/3 ) = {z : \z\ > r, a < arg z < /3}. 

Let F denotes the closure of F C C. Given 9 G [0, 2tt), if S(0 — e, 9+e)r\J(f) 

is unbounded for any small £ > 0, then the ray argz = 6 from the origin is 

called the radial distribution of J(f). Define 


A (/) = {9 e [0, 2n) : arg z = 9 is the radial distribution of J(/)}. 


Obviously, A (/) is closed and so measurable. Let m(A(/)) denotes the 
linear measure of A (/). What can we say according to m(A(/)) of any 
meromorphic function / in C? It is interesting topic, many results have been 
obtained by several authors. Baker [1] considered the radial distribution of 
the Julia set and constructed an entire function with infinite lower order 
whose Julia set lies in a horizontal trip. Qiao [16] proved that if / is a 
transcendental entire function of finite lower order, then 


m ( A (/)) 


= 2tt, M/) < 1/2, 

> 7 T/n(f), M/) > 1/2. 


Later, some observations on radial distribution of the Julia sets of transcen- 
dental meromorphic functions with finite lower order were made; see, for 
example, [25] and [17]. It seems that there are few work done on the case 
of meromorphic functions of infinite order. Recently, Huang-Wang [8, 9] 
studied the radial distribution of the Julia sets of entire functions of in- 
finite lower order by using the tool of differential equations, i.e., for any 
nontrivial solutions / of (1.2) below, a lower bound of m(A(/)) is obtained. 
Zhang-' Wang- Yang [24] also studied the radial distribution of the Julia sets 
of entire soutions / of (1.2), a lower bound of m(A(/)) is obtained when 
the coefficient A(z) and B(z) satisfy different conditions with [8, 9]. Our 
idea of this paper comes from [24], a new lower bound of m(A(/)) is found 
when A(z) and B(z) satisfy new conditions which are different with the 
conditions of [24], 

Our starting point is a result which is related to the growth of solutions 
of (1.2). 


Theorem 1.1 ([14]). Let A(z) be a nontrivial solution of the equation 
(1.1) w" + P(z)w = 0, 
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where P(z) = a n z n + ••• + a 0 ,a n ^ 0, and let A(A) < p(A). Let B(z) 
be a transcendental entire function with p(B) < |. Then every nontrivial 
solution of the equation 

(1.2) f" + A{z)f + B(z)f = 0 

is of infinite order. 


The following result shows that m(A(/)) has a lower bound when A(z) 
and B(z) satisfy the conditions of Theorem 1.1. 

Theorem 1.2. Let A(z) and B(z ) be given as in Theorem 1.1. Then every 
nontrivial solution f of (1.2) satisfies m(A (/)) > A^_ 

To state the following results, the definition of accumulation lines of 
zero-sequence is needed, which can be found in [13, 18, 21, 22], 


Definition 1.3. Let / be a meromorphic function in C, and let arg z = 9 E 
[0, 27t) be a ray from the origin. We denote, for each e > 0, the convergence 
exponent of zero-sequence of / in the region S(9 — £, 9 + e, r) by A e, £ (f) and 
by A .<?(/) = lim A <?, £ (/). That is, 

£-S>0+ 


A *(/) 


lim lim sup 

£^•0+ r— >-oo 


log + ne- £ ,e+e(r , 0, /) 
logr 


where ng_ £) g +£ (r } 0, f) is the number of zeros of /, counting multiplicity in 
S(6 — e, 9 + e, r). 


The ray argz = 9 is called an accumulation line of the zero-sequence 
of / if A g(f) = p(f). By Lemma 2.1 below, we know that the number of 
accumulation lines of zero-sequence of nontrivial solutions of (1.1) less than 
or equal to n + 2 and the set of the accumulation lines of zero-sequence of 
nontrivial solutions of (1.1) is the subset of {arg z = 9j, 0 < j < n + 1}, 
where 9j = L e ^ w p e a nontrivial solution of (1.1), where P(z) = 

a n z n + • • • + cto is a polynomial of degree n > 1, let p(w) denotes the number 
of the rays arg z = 9j, j — 0, 1, . . . , n + 1, which are not accumulation lines 
of zero-sequence of w. 


Remark 1.4. It follows from Lemma 2.1 that p(w) must be an even number 
for every nontrivial solution w of (1.1). 

Theorem 1.5. Let A(z) be a nontrivial solution of (1.1), and the number of 
accumulation lines of zero-sequence of A(z) strictly less than n + 2. Let B(z) 
be a transcendental entire function with p(B) < \. Then every nontrivial 
solution f of (1.2) satisfies p(f) = oo arid m(A (/)) > A^. 
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Furthermore, we study the radial distribution of Julia set of the deriva- 
tives of nontrivial solutions of (1.2). 

Theorem 1.6. Let A(z) and B(z ) be given as in Theorem 1.1. Then every 
nontrivial solution f of (1.2) satisfies m (A(/) fl A(/l fc l)) > where 

k > 1 is an integer. 

By using similar reasoning in proving Theorems 1.5 and 1.6, we have the 
following result. 

Theorem 1.7. Let A(z) and B(z ) be given as in Theorem 1.5. Then every 
nontrivial solution f of (1.2) satisfies m (A(/) fl A(/l fc l)) > A^, where 
k > 1 is an integer. 

Applying Theorems 1.6 and 1.7, we immediately obtain the following 
corollaries. 

Corollary 1.8. Let A(z) and B(z ) be given as in Theorem 1.6. Then 
m (A(/( fc ))) > ~^2 f or every nontrivial solution f of (1.2), where k > 1 
is an integer. 

Corollary 1.9. Let A(z) and B(z ) be given as in Theorem 1.7. Then 
m (A(/W)) > ~^2 f or every nontrivial solution f of (1.2), where k > 1 
is an integer. 

Obviously, we can obtain Theorems 1.2 and 1.5 from Theorems 1.6 and 
1.7, however, we need the results of Theorems 1.2 and 1.5 in proving The- 
orems 1.6 and 1.7. So we will give the proofs of Theorems 1.2 and 1.5 in 
Sections 3 and 4, respectively. 

2. Auxiliary results 

In this section, we will give some auxiliary results for proving our theo- 
rems. To this end, we introduce following notations. Let / be an entire func- 
tion of order p(f) G (0, oo). For simplicity, set p(f) = p and S = S(a,f3). If 
for any 6 G ( a , (3), 

y l°g log \f( r e ie )\ 

hm = p, 

r— Kx> 7* 

then we say that / blows up exponentially in S. If for any 6 G 

v log log | f(re ie ) I" 1 
hm , = p, 

r— Kx) 7* 

then we say that / decays to zero exponentially in S. 

The following lemma, originally due to Hillc [11, Chapter 7.4], which also 
be found in [6, 19], plays an important role in proving our results. 
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Lemma 2.1. Let w be a nontrivial solution of (1.1), where P(z ) = a n z n + 
• • • + ao, a n ^ 0. Set 6j = 2 ' y7r ^^ a ’ 1 ' 1 and Sj = S(9j,9j + 1 ), where j = 
0, 1, 2, . . . , n + 1 and 6 n+ 2 = 9 0 + 27r. Then w has the following properties. 


(i) In each sector Sj, w either blows up or decays to zero exponentially. 

(ii) If, for some j , w decays to zero in Sj, then it must blow up in Sj- 1 
and Sj + i. However, it is possible for w to blow up in many adjacent 
sectors. 

(iii) If w decays to zero in Sj, then w has at most finitely many zeros in 
any closed subsector within Sj - 1 U Sj U Sj + \. 

(iv) If w blows up in Sj- 1 and Sj, then for each e > 0, w has infinitely 
many zeros in each sector S(9j — e,9j + e), and furthermore, as 
r — > oo, 


n 


( S(9j - e,9j +e,r),0,w) = (1 + o(l)) 


2UP 


nfn + 2) 


n+2 

T 2 


where n(S(9j—e, 9j+e, r), 0, w ) is the number of zeros ofw, counting 
multiplicity in S{9j — e, 9j + s, r). 


Before stating the next lemma, for E C [0, oo), we define the Lebesgue 

linear measure of E by m (E) = J E dt , and the logarithmic measure of 

F C [1, oo) is mi (F) = f F y- The upper and lower logarithmic density of 

F C [1, oo) are given by 

mlFn [l,rl) 

log dens(h ) = lim sup 

r ^oo log r 

and 

log dens(F) = lim inf nil (^ n fell ; 

r^-oo log T 


respectively. 

The following result is due to Barry [3]. 


Lemma 2.2. Let f be an entire function with 0 < p(f) < 1, and denote 
m(r ) = inf log|/(z)| and M(r) = sup log \f (z ) |. Then, for every a G 

M= r \z\=r 

W), 1 )> 


log dens ({r G [1, oo) : m(r ) > M(r) cos 7ra}) > 1 


M/) 


a 


We say that an open set is hyperbolic if it has at least three boundary 
points in C = C U {oo}. Let lb be a hyperbolic open set in C. For an 
a G C\W, define 


Cw{a) = inf{AwO)|£ ~ a \ ■ z: G W}, 
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where A w( z ) is the hyperbolic density on W. We know that if every compo- 
nent of W is simply connected, then CV(a) > The following result was 
proved in [25, Lemma 2.2], 

Lemma 2.3. Let f be an analytic in S(r 0 ,9i,9 2 ), let U be a hyperbolic 
domain and f : S(r 0 ,9i,9 2 ) — > U. If there exists a point a G dU\{oo} such 
that Cjj{a) > 0, then there exists a constant l > 0 such that, for sufficiently 
small e > 0, one has 

\f(z)\ = 0(\z\ l ), z G S(r 0 ,9 1 + e,9 2 - e), |z| ->■ oo. 

The following lemma is related to the Nevanlinna theory in an angular 
domain. To the end, we recall some notations and properties of Nevanlinna 
theory in an angular domain, see [5] for more details. Let / be meromorphic 
in S(a,j3), where 0 < a < (3 < 2 ti. Then we have 

, . pr 1 fU! . dt 

A a,y(r, f) = - / (— - ^r){log + \f(te ia )\ + log + \f{te lfi )\}— , 

7i j i z r z 

o u rfi 

B a ,y(r, f) = — log + \f{te lv )\ sino;(^ - a)d(p, 
nr u J a 

1 I L \cj 

C a ,p{r,f) = 2 ^ )sinu(9 n -a), 

K\b n \<r 1 n| 

where c o = and b n = \b n \e ldn are poles of / in S(a, /3) appearing accord- 

ing to their multiplicities. The sectorial Nevanlinna characteristic is defined 
by 

Sa,p(r, f ) = A a fi(r , /) + B aiP (r, f) + C a> p(r, /). 

We denote the order of / in an angular domain S(a,f3 ) by 

m v log + S a ,p(rJ) 

v a ,/ 3 {j) = hm sup — . 

r^-oo T 

The definition of an R— set is needed, which can be found in [12]. Set 

OO OO 

B(z n , r n ) = {z : \z-z n \ < r n }. If < oo and z n — >■ oo, then B(z n , r n ) 

n = 1 n — 1 

oo 

is called an R— set. Clearly, the {|z| : z G B(z n ,r n )} is of finite linear 

n=l 

measure. 

The next lemma shows an estimation for the logarithmic derivative of 
analytic functions in an angular domain. It is a combination of results in 
[15, 21] and [8, Lemma 7], which can be found in [9, Lemma 2.2], 

Lemma 2.4. Let z = re 1 '®, r$ + 1 < r, and a < if < (3, where 0 < (3 — a < 
2i r. Suppose that n > 2 is an integer and that f is analytic in S(r 0 ,a,/3 ) 
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with <J a ,p(f) < oo. Choose a < a± < /3i < /3. Then, for every £j G (0, ^ 2 aj ), 
j — 1, 2, . . . , n — l, outside a set of linear measure zero with 
j- 1 j - 1 

a 3 = a + ^2 £ s, Pj=0~ j = 2,3,... ,n — 1, 

S=1 5=1 

t/iere exist Jl > 0 and M > 0 only depending on f,e i, , £ n -i and S(a n _ i, 
/3 n _i), and not depending on z, such that 

< Kr M (sin kfip — a)) -2 


m 

/(*) 


and 


/ (n) ( 


/(*) 


n— 1 


-2 


< Kr M sin k pip — a) sin k Ej {ip — a 3 


3 = 1 


for all z G <S'(a n _i, /3 n -i) outside an R—set H, where k = and k £j = 

- r JI — , j = 1, 2, ... , n — 1. 
ft— J ’ ’ ’ 


3. Proof of Theorem 1.2 

Set d = ^2- Suppose on the contrary to the assertion that there exists a 
nontrivial solution / of (1.2) with m(A(/)) < d. We aim for a contradiction. 
Set rj — d — m(A (/)). Since A(/) is closed, then S = [0, 27t)\A(/) consists 
of at most countable many open intervals. Therefore, we choose finite many 
open intervals R = (ctj,/^), i = 1,2, which satisfy [cq,/^] C S and 

m(S'\U™ 1 /i) < For the sector domain S(ati,/3i), and for sufficiently large 
Tj, we have 

(ai, fa) n A (/) = 0, S(ri,ai,Pi) flJ(/) = 0. 

This shows that, for each i = 1,2,*** , m, there exist the corresponding ?y 
and unbounded Fatou component U t of F(f), such that S'(r i , a^, {df) C U t 
(see [2]). In boundary of U t , we take an unbounded and connected section 
7 i C d Ui, then the mapping / : S(ri,ai,/3i ) — * C\yi is analytic. According 
to the choose of 7 j, we know that C\7, is simply connected, thus for any 
a G 7j\{oo}, C'c\ 7l (a) > |. In every S(ri,ati, /%), applying Lemma 2.3 to /, 
there exists a positive constant h such that 

|/(z)| = Oflzl 11 ), zGU^aj + E.ft-E), \z\ -)• 00, 
where 0 < £ < min{^A-, }, i = 1, 2, . . . , m. Hence we immediately get 
Sa i+ e, pi-sir, f) = 0(1), i = 1, 2 , . . . , m, 
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and then <r ai+£i( g i _ £ (/) is finite. Applying Lemma 2.4, there exist two con- 
stants M > 0 and K > 0 such that 

I f (k \z) 


(3.1) 


M 


< Kr M , k—1,2, 


for all z G U™ 1 5'(r *, on + 2s, — 2s), outside a R— set H . 

Set 0j = and Sj = {z : 9j < arg z < 9j + 1 }, j — 0, 1, 2, . . . , n + 

1, if j = 71 + 1, set 9j + 1 = 9 0 + 27 r. Since A (A) < p(A), by Lemma 2.1, there 
exists at least one sector of the n + 2 sectors, such that A(z) decays to zero 
exponentially, say Sj 0 = {z : 9j 0 < aigz < 9j 0+ 1 }, 0 < jo < n + 1. This 
implies that for any 9 G (9 j0 + s, 9j 0+ 1 — s), 

log log — 1 

(3.2) 


lim 

r— » oo 


|A(re 4< 


71 + 2 


logr 


Set = {d G [0, 27r) : re 10 G Sj 0 (s)}, where Sj 0 (e) = {z : 9j 0 + s < a.rgz < 
9 jo+ 1 - s}, then m (S' jo ) = 9 jo+1 - s - [9 jo + s) > d - Thus 


m(5j 0 ("15)= m (S' jo \(S' jo D A (/))) > m(S' o ) - m(A (/))) > > 0 


So, 


nr 


(+ n (U™,/,)) = m(S' 0 n S) - m(S' 0 n (s\ u™ , /,)) 
> f - m(S\ U”, /,) 

>I>°- 


Thus, there exists an open interval I lQ = (a, f3) C R C S', such that 


i = 1 


(3.3) m (S' j0 n J *o) > ^ > 0 
By equation (1.2), we get 

(3.4) |S(z)| < 


/"(*) 


/(*) 


+ 1^)1 


/'(*) 


/(*) 


We divide into two cases to S(z) for finishing the proof. 

Case 1. 0 < fJ,(B) < By Lemma 2.2, there exists a set E * C [1, oo) 
with log dens (-Ej*) > 1+y^p, where a 0 = , L;* = {r G [1, oo) : m(r) > 

M(r)cosnao}, m(r) = inf log | £>(;?) |, M(r) = sup log \B(z)\. Hence there 

M= r \z\=r 

exists a constant Rq > 1, such that 


(3.5) 


\B{z)\> exp (r^ (B) - e ) 
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for all \z\ = r E Ei = Aj(\[0, R 0 ). Then there exists a sequence of points 
{r s e i9 } outside H, 9 G /*„, r s G E\ satisfying r s — > oo as s — > oo, such that 
(3.1), (3.5) hold for z = r s e ld , and 

(3.6) liin ‘° el ° S P(^>l = >1+2 

s-> oo log r .5 2 

It follows from (3.1), (3.4), (3.5) and (3.6) that 

exp (r^ B) ~ £ ) < A>f (1 + o(l)) 


for sufficiently large s. Obviously, this is a contradiction. 

Case 2. p(B) = 0. By Lemma 2.2, there exists a set E 2 C [1, 00 ) with 
logdens(£’ 2 ) = 1, such that for all z satisfying \z\ — r G E 2 , we have 

(3.7) log \B{z)\ > 'y log 

where A4(r,B) = max|i?(^)|. It follows from (3.3) and (3.7), there exists a 

\ Z \=r 

sequence of points {r s e t6 } outside H, 6 G I lQ , r s G E- 2 satisfying r s — > 00 as 
s — y 00 , such that (3.1), (3.6) and (3.7) hold for z = r s e ld . We deduce from 
(3.1), (3.4), (3.6) and (3.7) that 

(3.8) M(r s , B)^ < Krf (1 + o(l)) 


for sufficiently large s. However B(z) is a transcendental entire function, we 
have 


(3.9) 


lim inf 

r— » 00 


log M (r, B) 
logr 


= 00. 


We get a contradiction from (3.8) and (3.9). This completes the proof. 


4. Proof of Theorem 1.5 

We begin by recalling a lemma on logarithmic derivative due to Gun- 
dersen plays an important role in proving Theorem 1.5, it can be found in 

[7]- 


Lemma 4.1. Let f be a transcendental meromorphic function of finite order 
p(f). Let £ > 0 be a given real constant, and let k and j be integers such 
that k > j > 0. Then there exists a set E\ C [0, 2n) of linear measure zero, 
such that if if 0 G [0, then there is a constant R 0 = Roi'fio) > 1 su °h 

that for all z satisfying arg z = V’o and \z\ > Rq, we have 


/“W 


< I ^|( fc -l)(P(/)- 1+£ ) 
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Firstly, we prove that every nontrivial solution of (1.2) is of infinite 
order. To the end, suppose on the contrary to the assertion that there exists 
a nontrivial solution / of (1.2) with p(f ) < oo. We aim for a contradiction. 
Set 0j = and S 3 = {z : 9j < arg z < Oj+i}, j — 0, 1, 2, . . . , n + 1, 

if j — n + 1, set 9j+i = 9 0 + 27t. Since p(A) > 2, by Lemma 2.1, there 
exists at least one sector of the n + 2 sectors, such that A(z) decays to zero 
exponentially, say Sj 0 = : 0j o < arg z < 9j 0+ 1 }, 0 < jo < n + 1. That is, 

for any 9 G (0 JO , 9 J0+1 ), we have (3.2) holds. 

In the following, we divide into two cases to B(z). 

Case 1. 0 < l-i(B) < |. By using the similar reasoning as in the case 1 
of proof of Theorem 1.2, we have (3.5) holds for all \z\ — r G E\ , where 
log dens(£ , 1 ) > 1 - a 0 = ^ B \ + 2 • 

Applying Lemma 4.1, there exists a set A 2 C [0, 2n) of linear measure 
zero, such that if ipo G [0, 27t)\E 2 , then there is a constant i?o = Rofyo) > 1 
such that for all z satisfying arg z = 'ipo and \z\ > Rq, 


(4.1) 


f {k \z) 

f{z) 


< \z\ Mf \ 


k 


1 , 2 . 


Thus, there exists a sequence of points z s = r s e l 6 with r s — > oo as s — > oo, 
r s G E] and 9 G (9j 0 ,9j 0+ i)\E 2 , such that (3.2), (3.5) and (4.1) hold. It 
follows from (1.2), (3.2), (3.5) and (4.1) that 


(4.2) 


exp (rf B) - £ ) < \B(r s e id )\ 


< 

< r 


f"{r s e 


i0\ 


f(r s e ie 
f (/) (l + o(l)) 


+ | A(r s e 


i& )\ 


f'(r s e ie ) 
f(r s e ie ) 


for sufficiently large s. Obviously, this is a contradiction for arbitrary small 
e. Hence we have p(f) = oo for every nontrivial solutions / of (1.2). 

Case 2. p(B) = 0. By Lemma 2.2, there exists a set E% C [0, oo) with 
logdens(A 3 ) = 1, such that for all z satisfying \z\ — r G E 3 , we have (3.7) 
holds. Thus, there exists a sequence of points z s = r s e l6 with r s — > oo as 
s — y oo, r s G E 3 and 9 G (9j 0 ,9j 0+ i)\E 2 , such that (3.2), (3.7) and (4.1) 
hold. Therefore, we deduce from (1.2), (3.2), (3.7) and (4.1) that 

(4.3) M(r s , B)ir < r 2 s pu \ 1 + o(l)) 

for sufficiently large s. But B(z) is a transcendental entire function, we have 
(3.9) holds. We obtain a contradiction from (3.9) and (4.3). So, p(f) = oo 
for every nontrivial solutions / of (1.2). 

Secondly, we can prove m(A (/)) > by using the similar reasoning 
in proving Theorem 1.2, we omit the details. This completes the proof. 
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5. Proof of Theorem 1.6 

Set d = ~^2 • Suppose on the contrary to the assertion that there exists 
a nontrivial solution / of (1.2) with m(A(/) D A (Z^)) < d. We aim for 
a contradiction. Set rj — d — m(A (/) D A By using the idea as in 
proving Theorem 1.2, in order to finish the proof, we need find an open 
interval / = (a,0) C A (/^) c , 0 < (3 — a < d, such that 

(5.1) m (A (/) n s; n /) > 0, 

where A (/A)) c = [0, 27r)\A(/( fc )), S' jo is defined as in the proof of Theo- 
rem 1.2. First, we claim that 

(5.2) m (S' 0 \A(/)) = 0. 

If it is not true, then there exist 0o £ A(/) c and C > 0 satisfying 

(5.3) m ((0o - C, 0o + C) n (S' jo \A(f))) > 0. 

Since arg z = 0 O is not the radial distribution of J(f), there exists a constant 
r 0 > 0 such that 

S{r 0 ,<f> 0 - C,0o + C) n J{f) = 0- 

It follows that there exists an unbounded component U of Fatou set F(f), 
such that S(r 0 , 0 O — C, 0 o + C) C U. In boundary of I/, we take an unbounded 
and connected set 7 C dU, then the mapping / : S'(r o ,0 o — C> Ao + C) ~ ^ 
C\y is analytic. Since C\y is simply connected, then, for any a G 7\{oo}, 
we get C'cYy(a) > |. For any 0 < C, < |, applying Lemma 2.3 to / in 
S(r o, 0o - C,0o + C), we get 

(5-4) \f(z)\ = 0(\z\ h ), z e «S(r o ,0 o - C + <£o + C “ f)» kl ^ 

where /1 is a positive constant. Hence we get 

^o— C+^i^o+C— /) ^(1), 

and then <r^ o _^ + ^0 o+ ^(/) is finite. Applying Lemma 2.4, there exist two 
constants M > 0 and K > 0 such that (3.1) holds for all z G S(r 0 , 0 O — C + 
2£, 0o + C — 2^), outside a 1?— set H . Since £ is arbitrary small, from (5.3), 
we have 

m((0 o -C + 2£,0o + C-2£)ri5' o ) >0. 

By the similar reasoning as in the cases 1 and 2 of the proof of Theorem 1.2, 
then there exists a sequence of points { r s e u ^}, where 0 G (0o — C + 2£, 0o + 
( — 2£) and r s — >■ 00 as s — >■ 00, such that (3.5), (3.6) and (3.7) hold for z = 
rye* A Combining (1.2), (3.1), (3.5), (3.6) and (3.7), we get a contradiction. 
Therefore, (5.2) is valid. 
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We know that m(A(/)) > d from Theorem 1.2. It follows from the 
definition of S' ]Q and Lemma 2.1 that m(5'' o ) > d — 2e for any small e > 0. 
From this and (5.2), we have 

(5.5) m(A(/)nS'„) >d-\. 

Since A (/^) is closed, then A (/T')) c consists of at most countable many 
open intervals. We can choose finite many open intervals I t such that 


Since 


cA(/ (t) ) c , m A(/(*>) c \Q/i 


i=l 


< 7 1 

4’ 


i — 1, 2, . . . , m. 


then 


m(A(Z) n S' K n (1J /,)) + rn(A (/) n S' M n A(/«)) 

i= 1 

= in (a (/) n S' K n (A (/<*>) u (Q ii))J >i-\, 


A(/) n s; n ([J h) J 

>d-|-m(A(/)ns' 0 nA(/ w )) 
>d-|-m(A(/)nA(/« t >)) = |>0. 



Thus, there exists an open interval / J( 
that 


(<X,P) C \Jli C A(/( fc )) c , such 
1=1 


m(A(/)ns;n/J>^>o. 

Thus (5.1) is valid. From (5.1), we know that there are 0 O and ( > 0, such 
that (0o - C» 0o + C) C I jo , and m(A (/) nS'^ n (0o - (, 0 O + 0) > 0. Then 
there exists fo > 0, such that S(f o, 0o — C, 0o + C) Fl J(f^) = 0- By using 
similar reasoning as in proving (5.4), for any 0 < £ < |, we have 

(5.6) |/ (fe) (z)| = 0(|z|' 2 ), z G S(F o ,0o-C + £,0o + C-O, |*|->oo, 


where / 2 is a positive constant. 

Fix r*e^*, where r* > fo and 0* G (0o — C + £>0o + C~ 0> and for any 
z = refo G S(Fq, 0o — C + ^0o + C — 0- Take a simple Jordan arc in 
5(fo, 0o — C + 0o + C — 0 which connects rye^* to rye^ along |z| = r* 
and connects rye 1 * to re 1 ^ along arg z = 0. It follows from (5.6) and Cauchy 
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integral formula that 

|/' t - 1| ( z )| < f |/<*>(z)||dz| + c k < 0(|z| ,a+1 ), |z| -> oo. 

Jlz 

Similarly, 

\f (k - 2 Hz)\ < f |/<‘- 1 >(z)||<(z|+c l _ 1 <0(|z| k+2 ), |z|-Mx>. 

J'Yz 

By induction, we have 

\f(z)\< [ \f(z)\\dz\+ci<0(\z\ h+ % \z\ ^oo, 

where q, i — 1, 2, . . . , k, are positive constants. Therefore, 

and then < oo. Applying Lemma 2.3, we know that (3.1) 

holds for all z G S(f o, 0o — C+2£, 0o+C — 2^), outside a A— set H . By applying 
similar reasoning as in the cases 1 and 2 of the proof of Theorem 1.2, we 
can get a contradiction. Therefore, we have 

m(A(/)nA(/W)) >d. 

This completes the proof. 


6. Annex remarks 


In [9] , Huang and Wang proved the following result by using the spread 
relation and Polya peaks of meromorphic functions. 


Theorem 6.1. Suppose that Ai(z), i — 0, 1, . . . , k — 1, are entire functions 
satisfying p(Af) < p(A 0 ) < oo, j = 1, 2, . . . , k — 1. Then every nontrivial 
solution f of the equation 

( 6 . 1 ) + A k ^{z)f^ + • • • + A»(z)f = 0 

satisfies m(A (/)) > min{27T, 

In this section, we will give a simple proof of Theorem 6.1 than origi- 
nal way which is given in [9], which rely heavily on the following modified 
Phragmen-Lindelof principle. 


Lemma 6.2 ([20]). Let f be an entire function of lower order p(f) € [|,oo). 
Then there exists a sector domain S(a,f3 ) = {z : a < arg z < (3} with 
(3 — a > where 0 < a < (3 < 2 tt, such that 


lim sup 

r— »■ oo 


log log \fir e )\ 

logr 


> Kf) 


for all the ray arg z = 6 e (a, (3). 
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Another proof of Theorem 6.1. We divide into two cases to finish our 
proof. 

Case 1. /li(Aq) > We need prove that m(A(/)) > for every 

nontrivial solution / of (6.1). To the end, suppose on the contrary to the 
assertion that there exists a nontrivial solution / of (6.1) with m(A(/)) < 
Set S = (0, 27t)\A(/). By Lemma 6.2 to A Q (z), there exists a sector 
domain S(a,j3 ) with (3 — a > , such that 

(6.2) , im logics 

r->oo log r 

for any 6 G (a, (3). 

Since m(A (/)) < and f3 — a > then there exists a sector 

domain S(a',(3'), such that a < a' < /3' < f3 and ( a',/3 ') C S. Then for any 
a' < 9 < (3 ' , we have (6.2) holds. For the sector domain S(a',(3'), it is easy 
to see that 


(<*', f3’) n A (/) = 0, S{r , a', f3') n J(/) = 0 


for sufficiently large r. This implies that there exists ro > 0 and unbounded 
Fatou component U of F(f) such that S(r 0 , a', (3') C U. We take a un- 
bounded and connected section 7 of dU, then the mapping / : S(r 0 , a', f3') — > 
C\y is analytic. Since we have chosen 7 such that C \7 is simply connected, 
for any a G 7 \{oo}, we have C*c\ 7 (a) > \. Applying Lemma 2.3 to /, there 
exists a positive constant l such that 


(6.3) \f(z)\ = 0(\z\ l ), z G S(r 0 ,a' + e,/3' - e), |^| — > 00 , 


where 0 < £ < - ~ a . Thus we immediately obtain <S' a , +e, / 9 , -e( J ', /) — 0 ( 1 ), 
and then a a i +e! pi_ e (f) < 00 . Applying Lemma 2.4, there exist two constants 
M > 0 and K >0, such that 


(6.4) 


f {j \< 




< Kr 


M 


j = 1 , 2 , ...,k, 


for all z G S(a' + 2e, (3' — 2e), outside a R— set H . 

Let max {p(Aj)} = rp and 5 G (77 + e, p(A 0 ) — 2s) be a constant. Since 

i<4<fc— 1 

p(Aj) < p(A 0 ), j = 1, 2, . . . , k — 1 , then there exists a constant r\ > r 0 , such 
that for any \z\ — r > r\, we have 


(6.5) |A j (^)| < exp(/), j = 1,2, ...,k- 1. 


Thus there exists a sequence of points z n = r n e l61 outside H , r n — > cxd as 
n — >■ 00 , a' < 9 < / 3 ', such that (6.2), (6.4) and (6.5) hold. It follows from 
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(6.1), (6.2), (6.4) and (6.5) that 


( 6 . 6 ) 


exp ( r MAo)- £ ) < \A 0 (r n e ie )\ 


< 


/( fc )(r n e ?e ) 
f(r n e id ) 


+ •’•'+ \ Ai{r n e ie )\ 


— Kr^ {k — 1) exp(r^). 


f'(r n e ie ) 

f(r n e id ) 


Obviously, this is a contradiction for sufficiently large n. 

Case 2. /i(A 0 ) < \. We need prove that m(A (/)) = 2tt for every nontriv- 
ial solution / of (6.1). Suppose on the contrary to the assertion that there 
exists a nontrivial solution / of (6.1) with m(A(/)) < 27T. Then, by similar 
reasoning as in case 1 above, there exist (a, (3) C [0, 27 t)\A(/) and constant 
r 0 > 1 such that S(r 0 ,a,/3) C F(f), and (6.3) holds for z G S(r,a+£, /3 —e). 
Hence we have S a+£j p- £ (r, f ) = 0(1), and then a a+£ ^- e (f) < oo. Applying 
Lemma 2.4, we see that (6.4) holds for all z G S(r,a + 2 e,(3 — 2e) outside 
a A— set H . 

Since n(A 0 ) < 4, applying Lemma 2.2 to A 0 (z), there exists a set C 
[1, cxd) with logdens(-E^) > 1 — where cio = l,{A ^ +2 , El = {r G [1, oo) : 
m(r) > M(r ) cos7ra 0 }> rn(r) = inf log |A 0 (^)|, and M(r) = sup log |A 0 (^)|. 

\A-r |z| r 

Thus, there exists a constant i? 0 > 1 such that 
(6.7) |A 0 (^)| > exp(r MAo) - £ ) 

for all \z\ — r E Ei — £J*\[0, i?o]. Thus, there exists a sequence of points 
z n = r n e ie outside H , r n — > oo as n — > oo, a < 9 < f3, such that (6.4), (6.5) 
and (6.7) hold. It follows from (6.1), (6.4), (6.5) and (6.7) that 

exp (r£ (Ao) - £ ) < Kr™(k - l)exp(rfj. 


Obviously, this is a contradiction for sufficiently large n. This completes the 
proof. 
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Common Fixed Point Results for the Family of Multivalued 
Mappings Satisfying Contractions on a Sequence in Hausdorff 

Fuzzy Metric Space 
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Abstract: The aim of this paper is to establish common fixed point results 
on a sequence contained in a closed ball for family of multivalued mapping in 
complete fuzzy metric space. Simple and different technique has been used. 
Example has been constructed to demonstrate the novelty of our results. Our 
results unify, extend and generalize several results in the existing literature. 
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ball; family of multivalued mappings; Hausdorff fuzzy metric space. 


1 Introduction and Preliminaries 

The notion of fuzzy sets was first introduced by Zadelr [5]. Kramosil et al. [10] 
introduced the concept of fuzzy metric space and obtained many fixed point 
results. Later on many authors [7, 8, 9, 11] used this concept and prove many 
fixed point results using the different contractive conditions. Lopez et al. [11] 
discuss the method for constructing a Hausdorff fuzzy metric on nonempty com- 
pact subsets of a given fuzzy metric space. 

Sometimes, it happens that the fixed point of a mapping exists, but the con- 
traction does not hold. Recently, Shoaib et al. [1, 2, 3, 4, 6, 13] obtained the 
necessary and sufficient conditions for the existence of a fixed point of such 
self mapping. In this paper, we prove the existence of a common fixed point 
of a family of such multivalued mappings which are contractive on a sequence 
contained in a closed ball instead of the whole space, by using the concept of 
Hausdorff fuzzy metric space. We also present an example to support our re- 
sults. 

Definition 1.1 [7] A binary operation * : [0, 1] x [0, 1] — > [0, 1] is said to be a 
continuous t-norm if it is satisfies the following conditions: 

i) * is associative and commutative; 

ii) * is continuous; 

iii) a * 1 = a for all a G [0, 1] ; 

iv) a * b < c * d whenever a < c and b < d for each a, b,c,dG [0, 1]. 

Definition 1.2 [10] The 3-tuple is said to be a fuzzy metric space 

if X is an arbitrary set, * is a continuous t-norm, and A is a fuzzy set on 
X 2 x [0, oo), satisfying the following conditions for all x,y,z G X and t, s > 0: 
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FI) F(x,y, 0) = 0; 

F2) F(x, y,t) = 1 if and only if x = y; 

F3) F(x,y,t) = F(y,x,t ); 

F4) F(x, z,t + s)> F(x, y, t) * F(y, z, s); 

F5) F(x,y, .) : (0, oo) — > [0, 1] is left-continuous. 

Example 1.3 [7] Let (X,d) be a metric space. Define a*b = ab and 

, , kt n 

F i x ,y,t) = 7 TFT: u D 

kt n + ma{x, y) 

for all x, y £ X and k,m,n £ R + . Then (X, F, *) is a fuzzy metric space. 
Definition 1.4 [9] Let (X, F, *) be a fuzzy metric space. Then, we have 

i) A sequence {x„} in X is said to be convergent to a point x € X denoted 
x n — > x, if lim F[x n ,x,t) = 1 for each t > 0. 

n—> oo 

ii) A sequence {x n } in X is said to be a Cauchy sequence, if lim F(x n , x n+p , t) = 

n—> oo 

1 for each t > 0, p > 0. 

iii) A fuzzy metric space (X, F,*) in which every Cauchy sequence is convergent 
is called a complete fuzzy metric space. 

Definition 1.5 [11] Let (X, F. *) be a fuzzy metric space. Define a function 
H fm on C'o(X) x C'o(X) x (0,oo) by 

H F m(A, B, t) = min < inf F(a, B , t), inf F(A, b, t) \ , 

[_oGA b£B ] 

for all A,Bg Co(X) and t > 0, where C”o(X) is the collection of all nonempty 
compact subsets of X. 

Definition 1.6 [7] Let (X, F. *) be a fuzzy metric space. Then, 

Bf(x, r, t) = {y e X : F(x, y,t) > 1 - r } 

and 

B F {x, r, t) = {y € X : F(x, y,t) > 1 - r} 

are called open and closed balls respectively, with centre x € X and radius r for 
0 < r < 1, t > 0. 

Lemma 1.7 [11] Let (X, F, *) be a complete fuzzy metric space. Then, for 
each a G X, B € C'o(X) and for all f > 0 there is b Q £ B such that 

F(a, b Q , t) = F(a,B,t). 


Lemma 1.8 [12] Let (X, F, *) be a complete fuzzy metric space. ( Co{X),H F m , *) 
is a hausdorff fuzzy metric space on Cq(X). Then, for all A,Bg C'q(X), for 
each a € A and for all t > 0 there exists b a G B , satisfies F(a, B , t) = F(a, b a , t ), 
then 

H FM {A, B,t) < F(a, b a , t). 
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2 Main Results 

Let (X,F, *) be a fuzzy metric space, Xq £ X and let {Sp : (3 € fl} be a family 
of multivalued mappings from X to Cq(X). Then, there exists aq £ S a x o 
for some a £ fl, such that F(xq, S a Xo, t) = F{xo,x\,t), for all t > 0. Let 
X 2 £ SbX\ be such that F(x i, Sjaq, t) = _F(aq, aq, f). Continuing this process, we 
construct a sequence x n of points in X such that x n +± £ S 7 x n , F{x n , S 7 x n , t) = 
F(x n ,x n+ i,t), for all t > 0. We denote this iterative sequence {XSp{x n ) : (3 £ 
fl} and say that {XSp(x n ) : f3 £ 0} is a sequence in X generated by Xo- 
Theorem 2.1 Let (X,F,*) be a complete fuzzy metric space, where * be a 
continuous t-riorm, defined as a*a > a or a*b = min{a, b}. Let (Cq(X), Hfm , *) 
be a Hausdorff fuzzy metric space on C 0 (X), { Sg : /3 £ 0} be a family of 
multivalued mappings from X to Cq(X) and {XSp{x n ) : (3 £ fi} be a sequence 
in X generated by xo- Assume that, for some 0 < Ojj < k < 1, for all t > 0, 
Xo £ X, for all x,y £ Bp(xo,r,t) fl {XSp(x n ) : (3 £ O}, with i/y and for all 
i,j £ fl with i ^ j , we have 


H FM (SiX,Sjy,aijt ) > F(x,y,t) (2.1) 

and, for some t > 0 

F(x 0 ,x 1 , (1 - k)t)) > 1 - r. (2.2) 

Then, {XSp(x n ) : (3 £ 0} is a sequence in Bp(xo,r,t) and {XSp{x n ) : (3 £ 
f2j —> z £ Bp(xo,r,t). Also, if (2.1) holds for z, then there exists a common 
fixed point for the family of multivalued mappings {Sp : /? £ 11} in Bp(xo,r,t). 
Proof: Let {XSp(x n ) : /3 £ fl} be a sequence in X generated by x 0 . If x$ = aq, 
then Xq is a common fixed point of S a for all a £ fl. Let Xq ^ X\ and by Lemma 
1.8, we have 

F(xi,x 2 ,t) > H FM (S a x 0 ,S b xi,t). 

By induction, we have by Lemma 1.8, we have 

F(x n , x nF i , t) £. H F m {.S iX n —\ , SryXji , t ) . (2.3) 

First, we will show that x n £ B F (xo,r,t). By (2.2), we get 

F(xo,xi,t) = F(x 0 , S a x 0 ,t) > F(x 0 ,xi, (1 - k)t) > 1 - r 
F(x 0 ,x 1 ,t) > 1-r. 
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This shows that x\ £ B F (xo,r,t). Let X2 , ••• , Xj £ B F (xo,r,t). Now, we have 
F(xj,x j+ 1 ,t) > H FM {SsXj-i,Sr,Xj,t) > F(xj-i,Xj, — — ) 

&5, v 

> H FM (S p Xj_2, SgXj-i, — — ) (by Lemma 1.8) 

&5,rf 

t 

> F{Xj-2,Xj-i, ) 

> F(xj- 2,Xj-i, p) > .... > F(x o,xi, ~l~) 

F(xj,Xj + i,t) > F(x 0 ,x i,p) ( 2 . 4 ) 

Now, 

F{xq , Xjp\ , t) ^ F(xq , Xj-|_i , ( 1 )t) 

> F(xo, aq, (1 — fc)i) * F(xi, X2, (1 — k)kt) * .... 
*F(xj,Xj+ 1, (1 — k)kH ) 

> F(xo, xi, (1 — fc)i) * F(xo, a;i, (1 — k)t) * .... 

*F{x o, xi, (1 - k)t) (by ( 2 . 4 )) 

> 1 — r * 1 — r * *1 — r = l — r 

F(x 0 ,x j+ i,t) > 1 — r. 

This implies that Xj+i £ B F (xo,r,t). Now, inequality ( 2 . 4 ) can be written as 
F(x n ,x n+ 1 ,t) > F(xo,x 1: ( 2 . 5 ) 

Let n,m £ N with m > n. Assume that m = n + p, we have 

F{x n , x n _)_p, t) ^ F(x n , x n _j_r, (1 F)t) ^ F( K x n j r \^x n ^.p^kt) 

> F(x n ,x n+ 1, (1 - k)t) * H FM (SjX n ,S k x n+p -i,kt) 

kt 

> F(x n ,x n+ 1, (1 - fc)i) * F(x n ,x ra+P _i, ) 

®j,k 

^ F{x n -) %n -\- 15 (1 %n-\-p— 1? 

> F(x n ,x„ + i, (1 - fc)t) * F(x„,x n+ i, (1 - fc)t) 

*F(x 

n+1 5 *^n+p— l? (1 - fc)t) 

A F(x n , x n _|_r , (1 /c)t) * F(x n , x n _j_r , (1 /c)t) 

*H F M(SjX n , Six n j r p—2 1 kt ) 

> F(x n ,x n+ i, (1 - fc)t) * F(x„,x n+ i, (1 - fc)t) 

cv kt \ 

*£n+p — 2 5 / 

a 3,l 

F(x n ,x n+P ,t) > F(x n ,x n+ 1 ,(l-k)t)*F(x n ,x n+ 1 ,(l-k)t) 

*F{x n , x nFp — 2, t). 
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Using the above, we have 



A F(x n , x nF i , (1 fc)t) * F (x n , x n _|_i , (1 &)t) * 

> F(x„,a;„ + i, (1 - k)t) * F(x n ,x n+1 , (1 - k)t) * 

F{Xjii %n-\- I5 (1 

(1 — k)t. (1 — k)t. 

> F(x 0 ,xi, kn ' ) *F(x 0 ,X!, y kn J )*...* 


F(x 0 ,x 1 , kn ) (by (2.5)) 

F{Xm 

(1 — k)t. 

> F(x 0 ,x 1, ). 

As, we have 

lim F(x, y, t) = 1 for all a:, y £ X. 

t—> OO 

In particular 

(l-fc)t 

F(xo, x\, ) = 1 as n -> 00. 

r 

By using above, we get 


F(x n ,x m ,t ) = 1 as n — > oo. 

Hence, {. XSp(x n )} is a Cauchy sequence in Bp(xo,r,t). As every closed ball in 
a complete fuzzy metric space is complete. So, Bp{xo,r,t) is complete. Then, 
there exists z € Bp{x q, r, t), such that x n — > z as n — » oo. Now, for some q £ f2, 
we have 

F(z, S q z, t) > F(z, x n , (1 — k)t) * F( x n , S q z , kt). 

By Lemma 1.8, we have 

F(z,S q z,t ) > F(z,x n , (1 - k)t) * H FM (S r x n -i, S q z, kt) 

kt 

> F(z,x n ,(l-k)t)*F(x n - 1 ,z, ) 

> F(z,x n ,(l- k)t)*F(x n _ 1 ,z,t). 

Letting n — > oo, we have 


F(z, S q z, t) > 1 * 1 = 1. 

This implies that z € S q z. Hence, z € fl S„z. This completes the proof. 

geo 

Let (X, F, *) be a fuzzy metric space, Xo € X and let S' be a multivalued map- 
ping from X to Cq(X). Then, there exists x\ € Sx o, such that F(xq, Sxq, t) = 
F(xo,Xi,t), for all t > 0. Let a: 2 € Sx\ be such that F(xi, Sx\, t) = F{x 1 , * 2 , t). 
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Continuing this process, we construct a sequence x n of points in X such that 
x n +i G Sx n , F(x n , Sx n ,t) = F(x n ,x n +i,t), for all t > 0. We denote this itera- 
tive sequence {X5 (t„)} and say that is a sequence in X generated 

by Xq. 

Corollary 2.2 Let (X,F,*) be a complete fuzzy metric space, where * be a 
continuous t-norm, defined as a*a > a or a*a = min{a, b}. Let (Cq(X), Hfm , *) 
is Hausdorff fuzzy metric space on C 0 (X), Xo G X, S : X —> Cq(X) be a mul- 
tivalued mapping and {XS(x n )} be a sequence in X generated by x 0 - Assume 
that for some k G (0, 1) t > 0, and x a G X, we have 

Hfm{Sx , Sy, kt) > F(x, y, t ) for all x, y G Bp{x o, r, t) fl (X5'(a; rl )} (2.6) 


and 

F(x o, Sx o, (1 — k)t)) > 1 — r 

Then, {XS(a:„)} is a sequence in Bp{ X q, r, t ) and —> z £ Bf(xq, r, t). 

Also, if (2.6) holds for z, then there exists a fixed point for S in Bp{xo,r,t). 
Proof: By using the similar steps as we have used in Theorem 2.1, it can be 
proved easily. 

Corollary 2.3 Let (X,F,*) be a complete fuzzy metric space, where * be a 
continuous f-norm, defined as a * a > a or a * a = min{a, 6}. Let xq G X and 
S : X — » X be a self mapping. Assume that for some k G (0, 1), t > 0 and 
x Q G X, we have 

F(Sx,Sy,kt) > F(x,y,t) for all x,y G Bp(xo,r,t) 


and 

F(x 0 , Sx o, (1 - k)t)) > 1 - r. 

Then S has a fixed point in Bp(xo,r,t). 

Example 2.4 Let X = [0, 5] and rf:AxA-»Rbea complete metric space 
defined by, 

d(x, y) = \x — y\ for all x, y G X 

Denote a*b = ab or a*b = min{a, 6} for all a,b G [0, 1] and F(x, y, t) = t+d * x y ) 
for all x, y G X and t > 0. Then, we can find that (X, F, *) is a complete 
fuzzy metric space. Consider the multivalued mappings Sp : X — » C'q(X) where 
(3 = a, 1, 2, 3, • • • . defined as, 

{ Im] ^ ^ [0,1] 

, where n = 1 , 2, ■ ■ ■ , 

,5] 

if x G [0, 1] 
if x G (1,5] 


S n x = 


[2 nx, 3na;] if x G (1 


and 


S„x = 


r x hx i 
L 3 ’ 12 J 

[2x, 3cc] 
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Considering, Xq = \ and r = f. then, B F (xo,r,t) = [0, |]. Now, 

F(x 0 ,S a x 0 ,t) = F{^,S a ^,t) = 

F( Xl ,S lXl ,t) = F (^,S 1 ^t)=F(^^,t) 

So, we obtain a sequence { XSp{x n )} = {^, ^55 5 ---} i n X generated by 

xo . Now, for x = 4, y = 5, k = ai >a = | and t = 1, we have 


H fm (Si 4, S a 5, -) = 
o 

^(4,5,1) = 


^ 5 “ 5 ’ & F(Sl4 ' b ' l } 

1 =^=0.5 


= 0.22 


1 + |4 — 5| 2 


So, we have 


i* FM 0Si 4 ,S a 5,-)^F(4,5,l) 


So, the contractive condition does not hold on X. Now, for all x, y € B F (x 0 , r, t)C I 
{AS^a:,,)}, we have 


H FM (S n x,S a y,kt) 


H fm (Sx, Sy, kt) 


min < inf F(a,S a y,kt), inf F{S n x,b,kt) 

( a^iSnX beS a y 

min<j inf i^(a, -t), inf F([— , — ], 6, 5 f) 

laes n * v 3 12 6 J bes aV u 3n 2n J 6 ' 

a: 5 m 5 , 1 y 5 , 

^ ( 2^’ 12’ 3’ 6 t} 

( 5/6 )* 


(5/6)* 


(5/6)* + |x/3 - y/3 ’ (5/6)* + |y/3 - z/3| 

(5/6)* t 

" =F(x,y,t) 


> 


(5/6)* + |a;/3 — y/3| *+|a:-y| 


So, the contractive condition holds on B F (xo, r, t) fl |X5^(a; n )}. Also, for * = 1, 
we have 

F(xq, Xi, (1 — k)t)) = 


Hence, all the conditions of above theorem are satisfied. Now, we have {XSp(x n )} 
is a sequence in B F (xo,r,t), and {JS^Tn)} — > 0 £ B F (xo,r,t). Moreover, 
{Sp : (3 = a, 1, 2 • • • } has a common fixed point 0. 
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ADDITIVE-QUADRATIC p-FUNCTIONAL INEQUALITIES IN 
NON-ARCHIMEDEAN BANACH SPACES 

CHOONKIL PARK 1 , JUNG RYE LEE 2 , AND DONG YUN SHIN 3 * 

Abstract. Let 

+\f( x ~V)+ ~x)~ f(x) - f(y), 

M*f(x,y): = 2/ (^) + /(^) + /(^) -/(,)-/(,). 

We solve the additive-quadratic p-functional inequalities 

\\Mif(x,y)\\ < \\pM 2 f(x,y)\\, (0.1) 

where p is a hxed non- Archimedean number with \p\ < 1, and 

\\M 2 f(x,y)\\ < \\pM 1 f(x,y)\\, (0.2) 

where p is a fixed non- Archimedean number with \p\ < |2|. 

Furthermore, we prove the Hyers-Ulam stability of the additive-quadratic p-functional inequalities 
(0.1) and (0.2) in non- Archimedean Banach spaces. 


1. Introduction and preliminaries 

A valuation is a function | • | from a field K into [0, oo) such that 0 is the unique element having 
the 0 valuation, |rs| = |r| • |s| and the triangle inequality holds, i.e., 

\r + s| < |r| + |s|, Vr, s £ K. 

A field K is called a valued field if K carries a valuation. The usual absolute values of M and C are 
examples of valuations. 

Let us consider a valuation which satisfies a stronger condition than the triangle inequality. If 
the triangle inequality is replaced by 

\r + s| < max{|r|, |s|}, Vr, s £ K , 

then the function | • | is called a non- Archimedean valuation, and the field is called a non- 

Archimedean field. Clearly |1| = | — 1| = 1 and \n\ < 1 for all n £ N. A trivial example of a 
non-Archimedean valuation is the function | • | taking everything except for 0 into 1 and |0| = 0. 

Throughout this paper, we assume that the base field is a non-Archimedean field, hence call it 
simply a field. 

Definition 1.1. ([8]) Let A be a vector space over a field K with a non-Archimedean valuation 
| • | . A function || • || : X -A [0, oo) is said to be a non-Archimedean norm if it satisfies the following 
conditions: 

2010 Mathematics Subject Classification. Primary 46S10, 39B62, 39B52, 47S10, 12J25. 

Key words and phrases. Hyers-Ulam stability; non-Archimedean normed space; additive-quadratic p-functional 
inequality. 
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(i) ||x|| = 0 if and only if x = 0 ; 

(ii) || || = |r|||x|| (r G K,x G X); 

(iii) the strong triangle inequality 

Ik + 1 /II < max{||x||, ||y||}, \/x,y G X 

holds. Then (X, || • ||) is called a non- Archimedean normed space. 

Definition 1.2. (i) Let {x n } be a sequence in a non-Archimedean normed space X. Then the 
sequence {x n } is called Cauchy if for a given e > 0 there is a positive integer N such that 

1 1 %n 1 1 + £ 

for all n,m > N. 

(ii) Let {x n } be a sequence in a non-Archimedean normed space X. Then the sequence {x n } is 
called convergent if for a given e > 0 there are a positive integer N and an x G X such that 

| \x n — x|| < £ 

for all n > N. Then we call x G X a limit of the sequence {x n }, and denote by lim n _^ oc x n = x. 

(iii) If every Cauchy sequence in X converges, then the non-Archimedean normed space X is 
called a non-Archimedean Banach space. 

The stability problem of functional equations originated from a question of Ulam [19] concerning 
the stability of group homomorphisms. The functional equation f(x + y) = f(x) + f(y) is called 
the Cauchy equation. In particular, every solution of the Cauchy equation is said to be an additive 
mapping. Hyers [7] gave a first affirmative partial answer to the question of Ulam for Banach spaces. 
Hyers’ Theorem was generalized by Aoki [2] for additive mappings and by Rassias [12] for linear 
mappings by considering an unbounded Cauchy difference. A generalization of the Rassias theorem 
was obtained by Gavruta [ 6 ] by replacing the unbounded Cauchy difference by a general control 
function in the spirit of Rassias’ approach. The functional equation / = \ f ( x ) + \f{y) is 

called the Jensen equation. 

The functional equation f{x + y) + f(x — y) = 2 f(x) + 2 f(y) is called the quadratic functional 
equation. In particular, every solution of the quadratic functional equation is said to be a quadratic 
mapping. The stability of quadratic functional equation was proved by Skof [18] for mappings 
/ : E\ — > E 2 , where E\ is a normed space and £2 is a Banach space. Cholewa [5] noticed that 
the theorem of Skof is still true if the relevant domain E\ is replaced by an Abelian group. The 
functional equation 2/ +2 = f( x )+f(v) called a Jensen type quadratic equation. The 

stability problems of various functional equations have been extensively investigated by a number 
of authors (see [1, 3, 4, 10, 11, 13, 14, 15, 16, 17, 20, 21]). 

In Section 2, we solve the additive-quadratic p- functional inequality (0.1) and prove the Hyers- 
Ulam stability of the additive-quadratic p- functional inequality (0.1) in non-Archimedean Banach 
spaces. 

In Section 3, we solve the additive-quadratic p- functional inequality (0.2) and prove the Hyers- 
Ulam stability of the additive-quadratic p- functional inequality (0.2) in non-Archimedean Banach 
spaces. 

Throughout this paper, assume that X is a non-Archimedean normed space and that Y is a 
non-Archimedean Banach space. Let |2| 7 ^ 1. 
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2. Additive-quadratic /afunctional inequality (0.1) in non- Archimedean normed 

spaces 

Throughout this section, assume that p is a fixed non- Archimedean number with \p\ < 1. 

In this section, we solve the additive-quadratic p- functional inequality (0.1) in non- Archimedean 
normed spaces. 

Lemma 2.1. 

(i) If an odd mapping f : X — >• Y satisfies 

\\Mif{x,y)\\ < \\pM 2 f(x,y)\\ (2.1) 

for all x, y G X, then f : X Y is additive. 

(ii) If an even mapping f : X — »• Y satisfies (2.1), then f : X -A Y is quadratic. 

Proof, (i) Assume that / : X -> Y satisfies (2.1). 

Since / is an odd mapping, /( 0) = 0. 

Letting y = x in (2.1), we get 

||/(2z)-2/(s)|| <0 

and so /( 2x) = 2 f(x) for all i£l. Thus 

/ (f ) - !/<*) (2.2) 

for all x € X. 

It follows from (2.1) and (2.2) that 

\\f(x + y) - f{x)~ f{y)\\ < p (2f ~ f(x) - f(y)j 

= \p\\\f(x + y) ~f(x) -f(y)\\ 

and so 

f{x + y) = f(x) + f(y) 

for all x, y E X. 

(ii) Assume that / : X — >• Y satisfies (2.1). 

Letting x = y = 0 in (2.1), we get 

||/(0)|| < 112^/(0)11 = |2| - |p| - ||/(0)||. 

So / (0) = 0. 

Letting y = x in (2.1), we get 

l 2 f{2x)-2f(x) <0 

and so /( 2x) = 4 f{x) for all x G X. Thus 

/ (f ) = \m (2.3) 

for all x G X. 
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It follows from (2.1) and (2.3) that 


\f(x + y) + J f(x - y) - f(x) - f(y) 


< 


P\ 2/ 

1 


x + y 


+ 2 / 

1 


x-y 


- f(x) - f(y) 


2 f(x + y) + -f(x -y)~ f{x) - f{y) 


and so 


for all x, y G X. 


= \P\ 

f(x + y) + f{x -y) = 2 f{x) + 2f(y) 


□ 


We prove the Hyers-Ulam stability of the additive-quadratic /3-functional inequality (2.1) in non- 
Archimedean Banach spaces for an odd mapping case. 

Theorem 2.2. Let r < 1 and 9 be nonnegative real numbers and let f : X Y be an odd mapping 
such that 


\\Mif(x, y)|| < \\pM 2 f(x,y)\\+e(\\x\\ r + \\y\\ r ) 
for all x,y G X . Then there exists a unique additive mapping A : X -> Y such that 


2/9 

\\f( x ) - A(x)\\ < w \\x\ 


(2.4) 

(2.5) 


for all x € X . 


Proof. Since / is an odd mapping, /( 0) = 0. 

Letting y = x in (2.4), we get 

11/(2®) - 2f(x)\\ < 26\\x\\ r 

for all x G X. So ||/(x) — 2/ (|)|| < |J F 0||a;|| r for all x G X. Hence 


27 


- 2 m f 


< max 


x 

2 m 

x 


( 2 . 6 ) 


(2.7) 


27 ( § ) - 2' + 7 


X 


= max <y 1 2 


/ ( 2* ) - 2/ 


2 i+i 

x 


2 m ~ 1 f 


2 i+i 
m— 1 


\m—l 


— - 2 m f — 

— 1 / J \ om 


\2 m ~ 1 J ^ \2 m J 


< max 


29 


| |2| r ^+ r ’ ’ |2|^(^-!)+r J ^^II X H |2|(r-l)Z+' 


for all nonnegative integers m . and l with m > l and all x G X. It follows from (2.7) that the 
sequence {2 ”/( Jr)} is a Cauchy sequence for all x G X. Since Y is complete, the sequence {2 n /(^r)} 
converges. So one can define the mapping A : X — > Y by 

A{x) := lim 2 n /(— ) 

v ’ naoo J y 2 n 

for all x G X. Moreover, letting l = 0 and passing the limit m — > oo in (2.7), we get (2.5). 
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It follows from (2.4) that 

]\MiA(x,y)\\ = lim |2| 


M\f ( — , — 


2 n 2 r - 


< lim |2| n |p| , , 

— n->o o 1 1 In || J \2 n 2 n 

= I p\ \\M 2 A(x,y)\\ = \\pM 2 A(x, 




r \T0 /n 
+ lim — — ( x 

n-> oo 2 \ nr V 


for all x, y E X. So 


\\MiA(x,y)\\ < \\pM 2 A(x,y)\\ 

for all x, y G X. By Lemma 2.1, the mapping A : X — > Y is additive . 

Now, let T : X — > Y be another additive mapping satisfying (2.5). Then we have 

x 


\\A(x)-T(x) || = 

< max 


2 q A — — 2 q T — 
2<i 


2 q A 


- 2 q f - 

J l 2 q 


X 


24 


2 q T — _ 2 4f _ 

\ 0/7 J \ 0/7 


29 


< 


26» 


|2|(r- 1 )g+r 1 


which tends to zero as q — > oo for all x E X. So we can conclude that A(x) = T(x) for all x E X. 
This proves the uniqueness of h. Thus the mapping A : X — > Y is a unique additive mapping 
satisfying (2.5). □ 

Theorem 2.3. Let r > 1 and 0 be nonnegative real numbers and let f : X Y be an odd mapping 
satisfying (2.4). Then there exists a unique additive mapping A : X — > Y such that 


0/4 

\\f(x) - A(x)\\ < 


( 2 . 8 ) 


for all x E X . 

Proof. It follows from (2.6) that 


/(*) - 2-^ 2x ) 


< 


for all x E X. Hence 


<max{ 4/( 2 l x)-^t I /(2 ,+1 i) 
/ (2‘x) - \j (2'«x) 


= max 


< max ■ 


1 

\W l 


I Ir 


2 

| 2 |r(m— 1) 


1 

2 m ~ 

1 


’ |9|m— 1 


26 


p (r~A - ^ 

f (2 m-1 x) - if (2 m x) 


|2|'+i’ ’12 


|(n»— 1)+1 | 26, H ;r ll | 2 |(l-r)J+l 


for all nonnegative integers m and l with m > l and all x E X. 
The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


Now, we prove the Hyers-Ulam stability of the additive-quadratic p- functional inequality (2.1) in 
non- Archimedean Banach spaces for an even mapping case. 
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Theorem 2.4. Let r < 2 and 9 be nonnegative real numbers and let f : X -A Y be an even mapping 
satisfying (2.4). Then there exists a unique quadratic mapping Q : X -^-Y such that 


||/(x)-Q(x)||<|L±20||x| 


(2.9) 


for all x G X. 


Proof. Letting x = y = 0 in (2.4), we get ||/(0)|| < |p|||2/(0)||. So /( 0) = 0. 
Letting y = x in (2.4), we get 

1 


:/( 2x) - 2 f{x) 


< 26\\x\ 


for all x G X. So || f(x) — 4/ (|)|| < jJ|L2$||x|| r for all x G X. Hence 


47(K7)-4 m /(^ 


2 l 

< max 


(2.10) 


( 2 . 11 ) 


4 7(|)- 4 ' +1 /( 


X 


= max ||4| z 


/ ( ) - 4 / 


2 i+i 
x 


< max ■ 


M. 
\2\ rl ’ 


|4| m_1 
’ \2\ r ( m ~ 1 ) 


2 i+i 

U 

I 121 


4 m -! f 

•• ,| 4| m_1 / 

20||xH' r = 


x 


29 


2 m— 1 
X 

2 m-l 

121 „ 


-4 m / 


x 

2 m 

— 4/ { — 

J i 2 m 


X 


| 2 |( r-2 ) / | 2 | 

for all nonnegative integers m and l with m > l and all x G X. It follows from (2.11) that the 
sequence {4 n /(^r)} is a Cauchy sequence for all x E X. Since Y is complete, the sequence {4 n /( J)r)} 
converges. So one can define the mapping Q : X — > Y by 


Q(x) := lim 4 n /(-^) 

^ v ’ IH oo J y 2 n 

for all x G X. Moreover, letting l = 0 and passing the limit rn 
It follows from (2.4) that 


oo in (2.11), we get (2.9). 


\\MiQ(x,y)\\ = 


lim |4| r 

n— 


M\f I — , — 

± J \ On ‘ On 


< 


lim 1 4 1 I I 
n—>oo 1 11 


2 n 2 n 
x 

2 n 1 2 n 


Mif ( — , — 


+ lim 


|4| n 9, 


n^-oc 2 


|xir + 


= \p\\\M 2 Q(x,y)\\ 


for all x, i/Gl. So 

\\MiQ(x,y)\\ < \\pM 2 Q{x,y)\\ 

for all x, y G X. By Lemma 2.1, the mapping h : X — > Y is quadratic. 

Now, let T : X — > Y be another quadratic mapping satisfying (2.9). Then we have 


||Q(x)-T(x)|| = 
< max 


21 


4 ff Q h=r -4«T - 


21 


21 


4^7 -4V - 


2i 


x 


21 


4 q T[— - 4 q f — 

\ r\n J \ Orr 


21 


< 


| 2 |(r- 2 )g+i 


-29 ||x| 


which tends to zero as q — > oo for all x G X. So we can conclude that Q(x) = T(x) for all x G X. 
This proves the uniqueness of Q. Thus the mapping Q : X — > Y is a unique quadratic mapping 
satisfying (2.9). □ 
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Theorem 2.5. Let r > 2 and 6 be positive real numbers, and let f : X -A Y be an even mapping 
satisfying (2.4). Then there exists a unique quadratic mapping Q : X — >■ Y such that 

2/9 

\\f(x)-Q(x)\\ < ^jiMr 

for all x 6 X . 

Proof. It follows from (2.10) that 

/(*) - \f ( 2x ) 

for all x € X. 

The rest of the proof is similar to the proof of Theorem 2.4. □ 

3. Additive-quadratic ^-functional inequality (0.2) 

Throughout this section, assume that p is a fixed non- Archimedean number with \p\ < |2|. 

In this section, we solve the additive-quadratic /9-functional inequality (0.2) in non- Archimedean 
norrned spaces. 

Lemma 3.1. 

(i) If an odd mapping f : X — > Y satisfies 

\\M 2 f{x,y)\\ < \\pM 1 f(x,y)\\ (3.1) 

for all x, y G X, then f : X —tY is additive. 

(ii) If an even mapping f : X -A Y satisfies /( 0) = 0 and (3.1), then f : X -A Y is quadratic. 

Proof, (i) Assume that / : X —*Y satisfies (3.1). 

Letting y = 0 in (3.1), we get 

2/ (!) _/ HI -° (3,2) 

and so / (f ) = \f(x) for all x € X. 

It follows from (3.1) and (3.2) that 

\\f(x + y)~ f(x)~ f(y)\\ = 2f - f(x) - f(y) 

< \p\\\f(x + y) - f(x) - f(y)\\ 

and so 

f{x + y) = f(x) + f(y) 

for all x, y E X. 

(ii) Assume that / : X — > Y satisfies (3.1). 

Letting y = 0 in (3.1), we get 

4/ (!) _/ HI -° (3,3) 

and so / (|) = \ f(x) for all x G X. 
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It follows from (3.1) and (3.3) that 

l,f(x + y) + ^f(x -y)- f(x) - f(y) 

<\p\ \f( x + y) + \f( x - y) - f(x) - f(y) 

and so 

f{x + y) + f(x ~y) = 2 f(x) + 2 f(y) 
for all x, y G X. □ 

We prove the Hyers-Ulam stability of the additive-quadratic p-functional inequality (3.1) in non- 
Archimedean Banach spaces for an odd mapping case. 

Theorem 3.2. Let r < 1 and 6 be nonnegative real numbers, and let f : X — »• Y be an odd mapping 
such that 

\\M 2 f(x,y)\\ < WpMJix^W + e(\\x\\ r + ||y|n (3.4) 

for all x,y G X. Then there exists a unique additive mapping A : X — > Y such that 

\\f(x) - A(x)\\ <e\\x\\ r (3.5) 

for all x € X . 

Proof. Since / is an odd mapping, /( 0) = 0. 

Letting y = 0 in (3.4), we get 

2 /(|)-/(i)||<f»INr (3.6) 

for all x £ X. So 




for all nonnegative integers m and l with m > l and all x € X. It follows from (3.7) that the 
sequence {2 n /( Jr)} is a Cauchy sequence for all i£l. Since Y is complete, the sequence {2 n /( Jr)} 
converges. So one can define the mapping A : X — > Y by 

A(x) := lim 2 n f( — ) 

K ’ n—yoo JK 2 n 

for all i£l, Moreover, letting l = 0 and passing the limit m — > oo in (3.7), we get (3.5). 

The rest of the proof is similar to the proof of Theorem 2.2. □ 
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Theorem 3.3. Let r > 1 and 6 be positive real numbers, and let f : X -A Y be an odd mapping 
satisfying (3.4). Then there exists a unique additive mapping A : X — > Y such that 


\\f(x)-A(x)\\< 


x 


(3.8) 


for all x e X . 

Proof. It follows from (3.6) that 

for all iel, Hence 


/(*) - 


< 


\2\ r 6 , 




(3.9) 


< max ■ 


{|?/( 2 , *)-^/( 2' +1 *) 


= max 


< max ■ 


1 
2 l 

1 

2? 

\2\ rl 


2 l + 1 

/(2'x)-l/(2«x) 

| 2 |r(m— 1) 


1 


2 m ~ 

1 


| 2| m_1 


i/( 2m ^)-^/( 2m *) 

/(2”-L)-1/(2”i) 


|2|*+i : 


|2|(m- 1 )+! 


2| r 0||sir = 


\2\ r e 


2| ( 1 ~ r )H 1 


for all nonnegative integers m and l with m . > l and all x G X. It follows from (3.9) that the 
sequence {^f(2 n x)} is a Cauchy sequence for all x £ X. Since Y is complete, the sequence 
{^f(2 n x)} converges. So one can define the mapping A : X — > Y by 

A(x) := lim ^/(2 n .x) 


for all x 6 X. Moreover, letting l = 0 and passing the limit m->oo in (3.9), we get (3.8). 
The rest of the proof is similar to the proofs of Theorems 2.2 and 3.2. 


□ 


Now, we prove the Hyers-Ulam stability of the additive-quadratic p - functional inequality (3.1) in 
non- Archimedean Banach spaces for an even mapping case. 

Theorem 3.4. Let r <2 and 6 be nonnegative real numbers, and let f : X Y be an even mapping 
satisfying (3.4). Then there exists a unique quadratic mapping Q : X Y such that 

||/(*)-QOr)||<0||z|r (3.10) 


for all x e X. 


Proof. Letting x = y = 0 in (3.4), we get ||2/(0)|| < |p|||/(0)||. So /( 0) = 0. 
Letting y = 0 in (3.4), we get 


4/ 




< 6\\x\ 


(3.11) 
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for all x € X. So 


47(§)-4 ra /(^ 


< max 

= max 




< max 


]4T 

2\ rl ’ 


|4|rri — 1 
2|r(m-l) 


elixir 


e 

2| (r-2)i 


(3.12) 


for all nonnegative integers m and l with m > l and all x € X. It follows from (3.12) that the 
sequence {4 n /( Jr)} is a Cauchy sequence for all x G X. Since Y is complete, the sequence {4 n /( J;)} 
converges. So one can define the mapping Q : X — > Y by 

Q(x) := lim 4 n /( — ) 

^ v ' n—>oo J y 2 n 

for all x € X. Moreover, letting l = 0 and passing the limit m— loo in (3.12), we get (3.10). 

The rest of the proof is similar to the proof of Theorem 2.2. □ 


Theorem 3.5. Let r > 2 and 6 be positive real numbers, and let f : X Y be an even mapping 

satisfying (3.4). Then there exists a unique quadratic mapping Q : X such that 

u/to - own < JpiMr (3.i3) 

for all x £ X . 


Proof. It follows from (3.11) that 


/(*) - |/( 2x ) 


< 


\2\ r e 

W 1 


for all x G X. Hence 


}/(2V) - T/(2”>z) 


< max 


= max 


< max ■ 


1 

4* 

1 

w 


2 l+1 x 


f H - ( 

/(*)- }/( 2 ' +1 d 


1 

4 m- 

1 


1 


’ |4| m -! 




1 


- 4 /( 2 ™*) 


|ri 


| 2 | r # 


|4| 


/ + 1 ’ 


| 2 |r(m— 1) 1 

|4|(m-l)+l ” 2 = 2 1 (2— r-)Z+2 


(3.14) 


for all nonnegative integers m and l with m > l and all x 6 X. It follows from (3.14) that the 
sequence {Jr/( 2 n x)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence 
{ Jr/( 2 n x)} converges. So one can define the mapping Q : X -A Y by 

Q(x) := lim -7/( 2 n x) 

v ' n— >00 4 ” J v ' 

for all i£l, Moreover, letting l = 0 and passing the limit m — > 00 in (3.14), we get (3.13). 

The rest of the proof is similar to the proofs of Theorems 2.2 and 3.4. □ 
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Differential equations associated with the generalized Euler 
polynomials of the second kind 
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Abstract : In this paper, we study linear differential equations arising from the generating functions 
of the generalized Euler polynomials of the second kind. We give explicit identities for the second 
kind Euler polynomials. 

Key words : linear differential equations, the second kind Euler numbers, generalized Euler poly- 
nomials of the second kind. 
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1. Introduction 


Recently, many mathematicians have studied in the area of the Bernoulli numbers, Euler num- 
bers, Genocchi numbers, and the second kind Euler numbers(see [1, 2, 3, 4, 6, 7]). The generalized 
Euler polynomials £ n (x)(n > 0) of the second kind, were introduced by Ryoo(see [5, 6]). The 
generalized Euler polynomials £ n {x) of the second kind are defined by the generating function: 


F = F(t, x) 


2e* 

e 2t + 1 


X 


^2^n{x) 

71=0 


t n 

n\ 


( 1 . 1 ) 


We recall that the classical Stirling numbers of the first kind S\(n, k) and S 2 (n, k) are defined by 
the relations(see [8]) 

71 71 

(x) n = ^2Si(n,k)x k and x n = Y S 2 (n, k)(x) k , (1.2) 

k—0 k - 0 

respectively. Here (x) n = x(x — 1) • • • (x — n + 1) denotes the falling factorial polynomial of order n. 
The numbers S 2 (n, to) also admit a representation in terms of a generating function 


^ j-n 

Y S 2 (n,m) — 

' n! 


( e t _ ]_)m 

m\ 


(1.3) 


We also have 

°° J.71 

Si (n, to) — 
n\ 

n=m 

If x is a variable, we use the following notation: 


(log(l+t)) m 

m\ 


< x >k= x(x + 1) • • • (a: + k — 1), 




00 / \ 


(1.4) 


(1.5) 


Nonlinear differential equations arising from the generating functions of special polynomials are 
studied by many authors in order to give explicit identities for special polynomials(see [3, 4]). 
In this paper, we study linear differential equations arising from the generating functions of the 
generalized Euler polynomials of the second kind. We give explicit identities for the generalized 
Euler polynomials of the second kind. 
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2. Differential equations associated with the generalized Euler polynomials of the 

second kind 

In this section, we study linear differential equations arising from the generating functions of 
the generalized Euler polynomials £ n (x) of the second kind. 

Let 

F = F(t,x ) = 


2e 4 


e 2t + 1 


Then, by (2.1), we have 


2e‘ 


= x 


2e 4 


2e 4 


2e‘ 


pi 1 ) = ^-F(t, x) = -j- , 

dt dt \e 2t + 1 

= xF(t, x) — xF{t , x + l)e*, 

pi 2 ) = ^Lpi 1 ) = x F{t, a:)^ — xF^\t, x + 1 )e t — xF(t, x + l)e* 
dt 

= x ( xF(t , x) — xF(t, x + l)e 4 ) 

— x ((a; + l)F(t, x + 1) — (x + 1 )F(t, x + 2)e*) e* — xF(t, x + l)e f , 

= x 2 F(t, x) — ( 2x 2 + 2 x)F(t, x + l)e 4 + x(x + 1 )F(t, x + 2)e 2t , 

and 

F ® = x 2 F^\t, x) — (2x 2 + 2 x)F^ l \t, x + l)e* — (2a; 2 + 2a ;)(f, x + l)e t 

+ x(x + 1 )F < ~ 1 ^ ( t , x + 2)e 2t + 2a;(a; + 1 )F(t, x + 2)e 2t 
= x 3 F(t, x) — (3x 3 + 6x 2 + 4x)F(t, x + l)e 4 
— (3a; 3 + 9a; 2 + 6 x)F{t,x + 2)e 2t — (a; 3 + 3a; 2 + 2x)F(t,x + 3)e 3t . 
Continuing this process, we can guess that 

F ( n ) = ( ‘L 

dt 


N 


F(t,x) 

= a i( N > x )F{t, x + i)e u , ( N = 0, 1, 2, . . .). 


N 


i = 0 


Taking the derivative with respect to t in (2.4), we have 

dFW 


]?(N+1) _ 


dt 


N 


N 


= cii{N, x)ie lt F(t, x + i) + ^ a*(7V, x)e lt F^ (t, x + i) 


i = 0 
N 


i = 0 


7V+1 


= ca{N, x){x + 2 i)e lt F{t, x + i) — a*_i(./V, x)(x + i — 1 )e lt F(t, x + i). 

i — 0 i — 1 

On the other hand, by replacing N by ./V + 1 in (2.4), we get 

JV+1 

p(N+i) = a,i(N + 1 , x)e it F(t, x + i) 


i = 0 


By (2.5) and (2.6), we have 


N 


AT+1 


di(N , a;) (a; + 2 i)e lt F(t, x + i) — ^ a,;_i(.ZV, x)(x + i — 1 )e lt F(t, x + i) 


*= o 


i=l 


JV+l 


= aj(iV + 1, x)e lt F(t, x + i). 


(2.1) 


(2.2) 


(2.3) 


(2.4) 


(2.5) 


( 2 . 6 ) 


(2.7) 


i=0 
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Comparing the coefficients on both sides of (2.7), we obtain 

a 0 (N + l,x) = xa 0 (N, x), aw+i (N + 1, x) = —(a: + N)o,n(N, x), 

and 

a,i {N + 1, x) = (x + 2i)ai(N, x) — (x + i — l)a.j_i(A r , x), (1 < i < N). 

In addition, by (2.2) and (2.4), we get 

F (o) = F^(t,x) = a 0 (0, x) = F(t,x). 

Thus, by (2.10), we obtain 

ao(0, x) = 1. 

It is not difficult to show that 

l 

xF(t, x) — xF(t, x + l)e 4 = ^ a*( 1, x)e lt F(t , x + i) 

2=0 

= a 0 (l, x)F(t, x) + ai(l, x)F(t, x + l)e*. 

Thus, by (2.12), we also get 


ao(l,x) = x, ai(l, x) = — x. 


From (2.8), we note that 


do (N + 1, a:) = xdo{N, x) = • • • = a; JV+1 oo(0, x) = a ,Ar+1 , 


and 


a N+ i(N + 1, x) = —(x + N)a N (N , x) = • • • 

= (— l) w+1 (a: + N){ x + N — 1) • • • (x + l)ai. 

For i = 1, 2, 3 in (2.9), we get 

N 

ai(N + 1, x) = —x^^(x + 2 • l) k ao(N — k, x), 


k - o 


N-l 


a 2 


(N + 1, x) = — (ar + 1) (x + 2 • 2) k a\{N — k, x), 


and 


fc= o 

N —2 


ao(N + 1, x) = —(a; + 2) (x + 2 • 3) k d2{N — k, x). 


fc= o 


Continuing this process, we can deduce that, for 1 < i < N, 


N+l-i 


i{N + l,x) = —(x T * - 1) ^2 {x + 2 • i) k di-i(N - k,x). 


k—0 

Here, we note that the matrix di(j,x)o<i,j<N is given by 

y.2 


N 


/A 

X 

X 

x u 

x 1 ' \ 

0 

(-1) < X >1 




0 

0 

(— l) 2 < X >2 


0 

0 

0 

(-1) 3 < X >3 


VO 

0 

0 

0 

■ ■ ■ (-1) N < X >N ) 


(2.8) 

(2.9) 

(2.10) 

( 2 . 11 ) 

(2.12) 

(2.13) 


(2.14) 


(2.15) 
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Now, we give explicit expressions for a* (TV + l,x). By (2.14) and (2.15), we get 

N 

a±(N + l,x) = — x ^2 ( x + 2) kl ao{N — k\,x) 

/ci— 0 

N - 1 

= -xJ2( x + 2 ) kl x N ~ kl 


ki—0 


N—l 


a 2 


(TV + 1, x) = — (x + 1) ^2 {x + 2 ■ 2) k2 ai(N - fc 2 , x) 


k 2 —0 


N—l 


= (— l) 2 x(x + 1) ^(x + 2-2) fe2 (x + 2) fc C 

k 2 —0 


,N—k 2 — ki — l 


and 


a 3 (N + 1) 


N—2 


= ~(x + 2) ^2 (x + 4) fe3 a 2 (TV - k 3 , x) 

fc3=0 

= (-l) 3 x(x + l)(x + 2) 

N—2 N-k 3 -2 N-k 3 -k 2 - 2 

x (x + 2- 3) fcs (x + 2 ■ 2) k2 (x + 2) kl x N ~ ka ~ k2 ~ kl ~ 2 . 

/c3— 0 k 2 — 0 ki =0 

Continuing this process, we have 

ffli(JV+l) 

N— i+1 N— ki— i+1 N—ki &2— i+1 i /o 1f)l 

= (— i)* < x >i J2 ••• n(-+20^— ; 

ki= 0 /cj_ i — 0 k\ — 0 Z=1 

Therefore, by (2.16), we obtain the following theorem. 

Theorem 1. For TV = 0, 1, 2, ... , the linear functional equations 

N 


G£r) 


e lt F 


have a solution 


F = F(t,x) = 


2e ; 


t \ * 


where 


a 0 (N,x ) = x^, 

a N (N,x ) = (-l) w < x >jv, 

JV— i N—ki—i N—ki k 2 —i i 

ai(N) = {-If < x >i H H 11^ + 2; ) 

ki—0 ki— 1=0 /ci — 0 Z=1 

(1 < i < N - 1). 


ki ^N—ki — ki-i k 2 — k\—i 


From (1.1), we note that 


/ j \ N oo fc 

F(N) = \di) = ^2 £k+N ^k\- 

' ' k = 0 


(2.17) 
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From Theorem 1 and (2.17), we can derive the following equation: 




k—0 


N 


= $>(*, x)t 


i = 0 
N 


t \ x+i 


2e t \ 


0 2t . 




= j2< N > x ) Y ik u J2 Sk ( a 


t k 


2—0 

oo / N k 


t k 

i k - i i > uix + u- 
k\J \ Z-^ kK ^ >k\ 

\k = 0 / \k = 0 / 


U di(N,x)i k l £i(x + i )\— . 


= EEE /M "^ 

k = 0 \i — 0 1=0 

By comparing the coefficients on both sides of (2.18), we obtain the following theorem. 
Theorem 2. For k = 0, 1, . . . , and N = 0, 1, 2, . . . , we have 


(2.18) 


N k 


S k +N{x ) = YY[ i ) a.i(N,x)i k l £i(x + i), 
i=o /= o ' ' 


(1.19) 


a 0 (N,x) = x N , 

a N (N, x) = ( -1) N < x >jv, 

N—i N—ki—i N—ki k^—i i 

ai (N) = (— iy < x >i Y, Y ■■■ EZ + 

ki= 0 ki- 1=0 ki=0 1=1 


Let us take k = 0 in (2.19). Then, we have the following corollary. 
Corollary 3. For N = 0, 1, 2, ... , we have 

N 

£n{x) = y ^aj(N, x). 
i = 0 


The first few of them are 

£ 0 {x) = 1, 

£i(a) = 0, £^ = — x , 

£3 (a) = 0, £4 (a) = 2x + 3a 2 , 

£5 (a) = 0, £q{x) = —16a; — 30a; 2 — 15a; 3 , 

£ 7 {x) = 0, £ s (a) = 272a; + 588a; 2 + 420a; 3 + 105a; 4 , 

£9 (a;) = 0, £10 (a;) = -7936a; - 18960a 2 - 16380a 3 - 6300a 4 - 945a 5 . 

For TV = 0, 1,2,..., the linear functional equations 

= (l>w*> (^)' e ") F 

have a solution 

F = F(, ' x) = (^Ti) ■ 
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- 4-20 2 4 


Figure 1: The surface for the solution F(t,x ) 


Here is a plot of the surface for this solution. In Figure 1 (left) , we plot of the surface for this solution. 
In Figure 1 (right), we shows a higher- resolution density plot of the solution. 

The author has no doubt that investigations along this line will lead to a new approach em- 
ploying numerical method in the research field of the generalized Euler polynomials of the second 
kind to appear in mathematics and physics(see [5, 6, 7]). 
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Chlodowsky Variant of Bernstein-Schurer Operators Based on 
(p,q)-Integers 


Eser Gemikonakli ■ Tuba Vedi-Dilek 


Abstract In this paper, we introduce the Chlodowsky variant of Bernstein-Schurer opera- 
tors based on (/?, q) -integers. By obtaining first few moments of these operators, we prove 
well-known Korovkin-type approximation theorems in different function spaces. We also 
compute the error of approximation by using modulus of continuity and Lipschitz-type 
functionals. Moreover, we study the generalization of the Chlodowsky variant of Bernstein- 
Schurer operators based on (p,g)-integers and investigate their approximations. Finally, nu- 
merical results are presented in detail. 

Keywords (p.q (-integers, q-Bernstein operators, q-Bernstein-Schurer operators. 


1 Introduction 


The classical Bernstein-Chlodowsky operators were defined by Chlodowsky [4] as 


r=0 


r) \b n 


. i - . 


bn 


where the function / is defined on [0,°o) and (b n ) is a positive increasing sequence with 

b n 

b n — y 00 and > 0 as n — >• oo. 

n 

In 2008, Karsh and Gupta [9] defined q-analogue of Chlodowsky operators as follows: 




L J q 


k n—k — 1 


V ii 


5=0 


bn 


0 < x < b n 


where (b n ) has the same properties of Bernstein-Chlodowsky operators. 
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In 1987, Lupa§ [11] defined the g-based Bernstein operators and obtained the Korovkin- 
type approximation theorem. Over the past several years, there has been a considerable 
amount of research on the q-based operators (see [2], [3], [7], [12], [13], [16], [17], [20], [21], 
[22], [24]). To date, the focus of published work has been largely on (p,q) based operators. 

In 2015, (/?, (^-analogue of Bernstein operators were introduced by Mursaleen et al [14] 
as 


Bn,p,q (/;*) - „(„—!) Yj 

p^r- k= o L 


t(t-i) 1 

p- x n (/-<a)/ 

p,q 5=0 


Ik] 


PA 


p k n [n] 


PA 


For 0 < q < p < 1, the (p,q) -numbers are given as [6] 


= 


p k - q k 
p-q ' 


For each k E No the (p,g)-factorial is represented by 

M \ _ \[k\\k— 1] ••• W]ik= 1,2,3, ..., 
1 W \ 1 , k = 0 


xE [0, 1]. 

(1.1) 


and (/?, ^-binomial coefficients are defined as 


n _ L"J p,q- 

k \ P , q ~ 

where n > k > 0. Note that, as it is introduced in [18], the operators are reduced to the 
(/-Bernstein operators for p = 1 in Eq.(l.l). 

Recently, the (p,^)-analogue of Berntein-Schurer operators have been introduced by 
Sidharth and Agrawal [1] as 


k(k-l) 

B n , s (f\p,q;x) = 2^p 2 
k = o 


2 


n + s 
k 




X) 


n+s—k 

PA 


f 



M pJ 


where / G C [0, 1 + s] , s E Nq and nGl 


Corollary 1 If we use the properties of{p,q) integers, we have 


■k/p 


and 



— pk(n-k) 



This paper is structured in the following way; 

The next section introduces the Chlodowsky variant of Bernstein-Schurer operators based 
on (/>,</)-integers and investigate the moments of the operator. Section 3 discusses sev- 
eral Korovkin-type theorems in different function spaces. In section 4, we obtain the order 
of convergence of the Chlodowsky variant of Bernstein-Schurer operators based on ( p,q )- 
integers by means of Lipschitz class functions and the first modulus of continuity. Section 5 
provides the generalization of the Chlodowsky variant of Bernstein-Schurer operators based 
on (/>,</)-integers and investigate their approximations. Finally, in section 6, numerical re- 
sults to illustrate the contribution of the Chlodowsky Variant of Bernstein-Schurer Operators 
based on (p; q)-integers are presented. 


2 
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2 Construction of the Operators 


We construct the Chlodowsky variant of Bernstein-Schurer operators based on (p, g)-integers 
as 


C n ,s (f,p,q-,x) 


( 2 . 1 ) 


k=0 




n-k L "-lp,q 


k(k- 1) (»+5-l)(»+5) 


n + s 
k 


pm 


k n+s—k — 1 

n 

j = 0 


where n,seN,0<r< b„ andO <q< p< 1. Note that, in case p=l inEq.(2.1), Chlodowsky 
variant of Bernstein-Schurer reduces to the Chlodowsky variant of g-Bemstein-Schurer op- 
erators. 

First of all, we obtained the following lemma and used it throughout the paper. 

Lemma 1 Let C, us (/; p,q',x) be given in Eq.(2.1). Then we get, 

(i) C„ iS (l;p,q;x) = 1. 


(h) C„.s ( t;p,q;x ) = — - n — 
P S ['An, a 


{Hi) C n , s (t 2m ,p,q;x) = 


P q[n+s~\\p, q [n+s\p,q 2 , P" 

r 1 2 X I 

M PA 


[n+s\ 




-b n x, 


(iv)C n , s {{t — x);p, q;x) 


( \- n + s \p, q \ 

\p s K, ) 




( v)C n , s ((t-x) 2 \p,q\x ) = 


P 2s q[n + s-\\ pA [n + s] pA _^[n + s\ 


*pm 


*pm 


ip,q 


n n—s— 1 


+ 1 ] x 2 + - 


[n+s + t x 


] PM 


Proof Applying the Corollary 1 , we have 


*(*-1) (n+*-l)(«+*) 

2 2 


n-\-s 

k 


C n ,s(Up,q-,x) = YjP 
k = o 

_ 2 )( " +l) p k(n+ S -k ) 


J p,q 


v ) (l-x) 

u n 


n+s—k 

PM 


k = 0 
= l 


n + s 
k 


U/p 


b n 


Ai ii 


) n+s—k 
<t/p 


when 0 < — < 1 . 

P 

Using the linearity of the operators and Corollary 1 with some basic calculations, we 
can obtain the assertions (ii), (iii). Then, from (i) and (ii), we have 


C n ,s{(t ~x);p,q\x) 


C n , s ( t\p,q\x ) -xC„ iS ( t\p,q\x ) 


\p s K, ) 


x. 


It is known that 

C n ,s ((? -x) 2 -,p,q;x) = C„ t s{x 2 ;p,q-,x) - 2 xC, hS (x\p,q\x) + x 2 C n , s (l;p,q-,x). 

Hence, the result proposed is acquired. 
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Lemma 2 For the second central moment we obtain the following estimate 


sup C„ tS ((t-x) 2 ',p,q-,x ) 

0<X<b n 


< 


A-2s 


<l[nfs-l]„ a [n + s\ p „ + p n 5 *[" + 4 


■ -2 


[n + s\ 


+ 1 \b„ . 


3 Korovkin Type Approximation Theorem 

In this section, we give Korovkin-type approximation theorem for the Chlodowsky variant 
of Bernstein-Schurer operators based on (p.p) -integers. Let us denote C p as the space of all 
continuous functions f, which satisfies the following condition. 

I/Ml < M/p M I — °° < X < °o. 

Therefore, C p is a linear normed space with the norm 

ll/llp= su p 

— P I X j 

Theorem 1 (See [ 10] ) There exists a sequence of positive linear operators Q n , acting from 
Cp to Cp , satisfying the conditions. 


lim \\Q n (l;x)~ 1|| =0 

tl—> oo r 

(3.1) 

lim ||<2n(0M-0llp =0 

n—> oo r 

(3.2) 

lim 1 \Q n ( (j) 2 ;x ) -0 2 =0 

n—foo 11 v 7 1 1 h 

(3.3) 

where (/) (x) is continuous and increasing function on (-»,“) 

such that lim <p (x) = ±°° 


X— 

and p (jc) = 1 + 0 2 and there exists a function f* G C p for which lim | Q n f* — /* ||p >0. 

The following theorem has been given in [10] and can be used in the investigation of ap- 
proximation properties of C„,s (/;<?;*) in weighted spaces. 

Theorem 2 ( See[10] ) The conditions Eqs. (3.1), (3.2) and (3.3) imply lim ||Q„/ — /|L =0 

oo r 

for any function f belonging to the subset C p ofC p for which 

limM 

P M 

exists finitely. 

Particularly, choosing p (jc) = 1 + x 2 and performing Theorem 2 to the operators 

C„,j (/; p, q;x) if 0 <x<b„ 


Q„(f;p,q-,x) = 

we can state the following theorem. 


/ M if [0 ,b„] 


4 
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Theorem 3 For all f 6 C 1 ? 2 we have 

\Qn{f\q n \x) - f {x)\ 
lim sup j 2 1 = 0 

<x<b„ l+ x 

provided that q := (q„), p := ( p n ) with 0 < q„ < Pn < 1, lim 9 ,, = 1, lim p„ = 1 and 

n — >00 n — >00 

b„ 

lim T-r = 0 fli n -1 00, 

n->°o 

Proof In view of Theorem 2, by using Lemma 1 (i), (ii) and (iii) we get the following 
inequalities, respectively, 

— 1 ) x 


and 


VfW?,? / 


\Qn{t\p ni q n -,x)-X | 

SUP 1+^ -oS,„ (1+, 2 ) 


< 


0 <X<b n 

n + s] 


- 1 


P l n \ 


sup 

0 <x<b n 


\Qn ( t 2 \p n ,q n \X ) ~ X 2 


1 +x 2 


< sup 

0 <x<b n 


( [«+*]/, 


-1 x z + 


.2 , P" ' ‘[»+*U 




b, ,x 


(1 +x 2 ) 


< 


'TY!"-!) + " 


n—s— 1 


«+4 


j m 


is satisfied since lim q n = 1 , lim = 1 and 0 as n — > °o. 

n—>°° n —>° o |/q 

Lemma 3 Let B be a positive real number independent ofn and f be a continuous function 
which vanishes on Assume that q := (q„), p := ( p n ) with 0 < q n < p n 4 1. lim p" = 

» 00 

b 2 

N <°°, lim q" = K <°° and lim = 0. 77;en we have 

n->° o B— »°° [/?] 

lim sup |C„, i (/;p„,?„;A;)-/(jc)| = 0 . 

n_> °°0 <x<b„ 

Proof From the hypothesis on /, one can write |/(x)| < M (M > 0). For arbitrary small 
e > 0 , we have 


/ P 


-k , 


- /(x) 


< £ + 


2 M 

w 


p-‘-^ bn -x 


where x G [0, &„] and 8 = 5 (e) are independent of With the help of the following equality 

2 


n+s 


E k 

fc =0 


W n.fl , \ *(*-!) _ (n+.'-l)(n+j) 


n-/t L ‘P,q 


bn~ X P 


1 ‘p,q 
= c„,s (f;p,q;x), 


n + s 
k 


p,q 


k n+s—k— 1 

L) n (P- 1 + 

7=0 


5 


721 


Eser Gemikonakli et al 717-727 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.4, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


we get by Theorem 3 and Lemma 1 that 

SU P \C n , s {f-,P,q-,x)-f(x)\ 

0 <x<b n 


2 M 

- £+ 5^ 


bl 


p - S g[n + s-\} pq [n + s] pq + | \ 2 | P" * [” + ^,^ 2 








Since — > 0 as n — > we have the desired result. 

n 


4 Order of Convergence 


In this section, we compute the rate of convergence of the operators in terms of the elements 
of Lipschitz classes and the modulus of continuity of the function. Now, we give the rate of 
convergence of the operators C, M in terms of the Lipschitz class LipM (y) , for 0 < y < 1. 
Let Cb[ 0,°°) denotes the space of bounded continuous functions on [0,°°). A function / £ 
Cb[ 0,°°) belongs to LipM (y) if 

\f{t)-f{x)\<M\t-x\ y (f,*e[0,oo)) 

is satisfied. 

Theorem 4 Let f £ Lip^if) 

\C„, ( f;p,q;x ) - f(x ) | < M (A„ (x)) r/2 


P 2s q[n + s-\} [n + s\ [n + s] 


lp ’ qL p,q — 2 ' ,p ’ q +l \x 2 +- +—^b n x. 


p n s l [n + s\ 


where X nq (x) = 

J p.q / L' "J p.q 

Proof Considering the monotonicity and the linearity of the operators, and taking into ac- 
count that / G Lipniiy) 

\C„,s (. f;p,q;x)-f(x)\ 


> f ^-1 n n k(k— 1 ) (n+s— l)(n+s) 

= 1 1 (Ap n - k T^ L b n )-f(x)p±r A --^^ 


k = 0 


n + s 
k 




n+s 

< E 

L=0 


t*L 


&(&— 1 ) (n+s— 1 ) (n+s) 


ft + S 

A: 


p,q \ w / 7=0 

& n+s— A— 1 




fc(fc-l) (n+s— l)(n+s) 


A=0 L J p,q 


n + s 
k 


++)■ 

p,q \° n / 7=0 V l7 «/ 


2 2 

Using Holder’s inequality with p — - and g = , we get by the statement (Lemma 2) 

7 2 — y 

-,2 *(*-!) (»+»-!)(>■+») / V. \ kn+s-k-l 


< M I M>" ‘ xY p ’r 7 

L— 0 ( 

fc(fc-l) (n+s— l)(n+s) 




ft + s 

k 


r) n UWf 


7=0 


* Mz 


x [p- 


n + s 
k 


T 1 i i x 

1] p' - q 1 1+2 

7=0 V ' 
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< M 


n+s \]A 


2 k(k- 1) _ (/?+$- 1) (n+s) 


k = 0 


n + s 
k 


J p,q 


k n+s—k — 1 

n 

7=0 


n+s 

(Dp 

£=0 


*(A:— 1) («+5-l)(«+5) 

2 


ft + S 

k 


pm 


2-1 


k n+ s—k — 1 

f) n (p'-i+)i+ 

j = 0 



y 

2 


= Af [C n>J f (V - x) 2 ;/?, #;x) ] z 
<M(A„, 9 (x))z 7 . 


Now we give the rate of convergence of the operators by means of the modulus of 
continuity which is denoted by co(f\8). Let / E Cb[ 0,°°) and x > 0. Then the definition of 
the modulus of continuity of / is given by 

CO(/;S) = max \f(t)-f(x)\. (4.1) 

|f— *|<S 

t,jce[0,°<>) 

It is following that for any 5 > 0 the following inequality 

l/W-/Cy)l<®Cf;5)(^^+i) ( 4 - 2 ) 

is satisfied ([5]). 

Theorem 5 If f E Cb [0,°°), we have 

\C„, s (f-,p,q-,x)-f(x)\ <2 co ^/; \J K :P , q (x)^ 


where ©(/;•) is modulus of continuity off which is defined in Eq.(4.1) and X, hq (x) be the 
same as in Theorem 4. 

Proof By triangular inequality, we get 


|C, M (f;p,q;x)-f(x) I 


I f(P n 

k=0 


[kl 


'b„ )p~ 


n + s 
k 


pm 


k n+s—k — 1 


n+s 

<L 

k = 0 


{f{P 


[*], 


n-k L *PM 


bn)~f(x) 


k(k- 1) _ (w+,s-l)(n+.s) 


P 


n + s 
k 


J PM 


7—0 

X 

bn 


n [pf-tfjri-fi- 


k n+s—k— 1 

1 1 ( p' - q 1 

7=0 


bn 


Now, using Eq.(4.2) and Holder inequality, we can write 

| C n , s (f;p,q;x)-f(x)\ 

L pi y 

Un A 1 k(k- 1) (n+s-l)(n+s) 

+ ! (o(f+)p^ ^ 



, , . . "+ Kk-l) [,,+s - !)(«+*) 

= (0(f+)Y jP 2 2 

k = 0 


n + s 
k 


, «>(/;*) "£ 

k k—0 


[kl 


n-k n p,q 


n 


b n —x 


PA 


1 PA 

k(k-l) (n+s-l)(n+s) 


k n+s—k— 1 

n 

7=0 


n + s 
k 


pJ _ qJ 


k n 4 v k 1 

n ( p’-q 1 

7=0 


n + s 
k 


b, 

k n+ s—k — 1 

II ( p j - q 1 

7=0 


7 
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= co(/;A) 


+ 


®(/;A) 1'^'/ ,,-k^ k \p,q. \ t(t-i) („+,-!)(„+,) 


X> 


-b„- x p 


n + s 
k 


PA 


kn+s-k - 1 / 

n (^-?v 

/=o V ° n 


1/2 


= ®(/;^) + — { c «x (0-*) 2 ) ■ 

Now, choosing A,, ? (x) same as in Theorem 4, then we have 


\C n , s {f;p,q;x)- /(x)| <2 co /;,/A„, m (x) . 


5 Generalization of the Chlodowsky Variant of g-Bernstein-Schurer-Stancu 
Operators 


In this section, we introduce generalization of Chlodowsky variant of Bernstein-Schurer 
operators based on (p,</)-integers and this provides us to obtain approximate continuous 
functions on more general weighted spaces. For x > 0, consider any continuous function 
ft) (x) > 1 and define 


G f (t)=f(t) 


1 + t 
®(0 ' 


Let us consider the generalization of the C ns (/; p,q\x) as follows 
L„ (f;p,q;x) 


ft) (x) 

1 +x : 


n+s 


L G f p 


k = 0 


[*L 


n-k ^ ip, q 


\n 


PA 


b n P 


k{k- 1) (n+s-l)(n+s) 


n + s 
k 


k n+ s—k — 1 

n ( p 1 - q J 

7=0 


where 0 < x < b n and ( b n ) has the same properties of Chlodowsky variant of g-Bernstein- 
Schurer-Stancu operators. 

Theorem 6 For the continuous functions satisfying 

lint — - \ = Kf < °°, 

X~>°° CO (X) 


we have 


\L n (f-p,q-x)-f(x)\ 
lim sup J : -+■ — 1 = o. 

n_> “0 <x<b„ ® (x) 


Proof Clearly, 

L„ (f',p,q',x)—f(x) 


ft) (x 

1 X 


n+p 


k = 0 


. [*L 


2 1 EG, 


fc(£-l) _ (n+.y-l)(n+.y) 


n+s— k— 1 

n 

7=0 


pl _ ql ) _ G / & 


n + s 
k 


J PA 
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thus 

\L n (f;p,q;x)-f(x)\ \C„ iS (G f ;p,q;x) -G f (x) | 

o <x<b„ ®w 0<x<b„ l+- v 

By using \f(x)\ <Mf(o(x ) and continuity of the function /, we get that G/ (x) I <Mf ( I +jr) 
for x > 0 and Gf (jc) is continuous function on [0,°°). Thus, from the Theorem 1 we get the 
result. 

Finally note that, the operators L„ (/; p,q;x) reduces to C, M (G/; p,q\x ) by taking w(x) = 
1+x 2 . 


6 Numerical Results and Discussions 


In order to show the effectiveness and accuracy of C„ )S (/; p, q;x ) to f(x) with different values 
of parameters, numerical results are presented in this section. Sensitivity analysis is carried 
out to minimise the error of approximation of C„, s (f;p,q',x) to the function f(x) = 1 — 
cos (4e x ) for minimum n and s values by taken into account different p and q values. 

In Figure 1, C„, s (/; p,q\x) results are given as a function of x for different n values. To 
minimise the error of the approximation of C n s (/; p,q\ x) to f(x), two different sequences 

f 1 77 - 4 

b n = 1 T log( ) and b„ = — = are considered respectively. It is evident that the 

n+12 n- + 18n 

C„,j(/; p',q',x) converges to f(x) for both sequences as the value of q and p approaches to- 


wards 1, while s = 2. However, using b n = 1 +log( 


n + 12 


for C, hs (/; p,q;x ) rather than 


n" + 4 

b n = results better approximation results. Therefore, the effect of increasing n 

n~ + 1 8/z 

further than 20 is less evident for x < 0.5 for the convergence of C n s (/; p. q\x) to the func- 
tion f{x). On the other hand, it is required to increase the value of n further than 50 for 
x > 0.5 in order to have more accurate results for each sequences. Comparative results are 
given in Table 1 and Table 2, for the errors of the approximation of C„ iS (/; p,q\x) to /( x), 
considering each sequences for different n values. 


X 

/to 

\f{x)-C 2 o, 2 {f\p,q\x)\ 

\f{x)-C 30 , 2 (f;p,q:x)\ 

|/to- c 5o,2 (/;p.«to | 

|/(*)-C 80 ,2 C f;p,q;x ) 

0.1 

1.2876 

0.0460 

0.0310 

0.0190 

0.0125 

0.2 

0.8276 

0.0720 

0.0432 

0.0207 

0.0090 

0.3 

0.3657 

0.0543 

0.0200 

0.0049 

0.0172 

0.4 

0.0494 

0.0180 

0.0411 

0.0544 

0.0595 

0.5 

0.0482 

0.1369 

0.1224 

0.1050 

0.0933 

0.6 

0.4642 

0.2913 

0.1998 

0.1280 

0.0898 

0.7 

1.1997 

0.4942 

0.2723 

0.1210 

0.0489 

0.8 

1.8665 

0.7628 

0.3627 

0.1242 

0.0224 

0.9 

1.9157 

0.9275 

0.3925 

0.1406 

0.0521 


( T 4 \ 

Table 1 Errors of approximation C B , S (/; p,q',x) to fix) Is = 2,b„ = — — ,p = 1 ,q = 0.98 J 


Figure 2 demonstrates the convergence of C„ iS (f',p,q;x) to f(x ) but this time consid- 
ering different p and q values, when n = 50 for bn = 1 + log(- 


|j j-). In Figures 2(a), and 
2(b), as q values are increased, the errors of the approximation of C, M (/; p,q',x) to f(x) is 
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3 r 1.7 ovr 





Fig. 1 Convergence of C n>5 (/; p. q\x ) for different n values 


X 

/ M 

|/W-C 20 ,2 (f;p,q;x)\ 

|/M -C 30 , 2 

\f{x)-C 50 ,2 (f;p,q;x)\ 

|/W-C 8 o ,2 (f\P,q\ x) 

0.1 

1.2876 

0.0459 

0.0317 

0.0196 

0.0130 

0.2 

0.8276 

0.0721 

0.0427 

0.0204 

0.0089 

0.3 

0.3657 

0.0546 

0.0156 

0.0088 

0.0198 

0.4 

0.0494 

0.0173 

0.0520 

0.0644 

0.0663 

0.5 

0.0482 

0.1358 

0.1390 

0.1203 

0.1040 

0.6 

0.4642 

0.2903 

0.2187 

0.1412 

0.0993 

0.7 

1.1997 

0.4947 

0.2650 

0.1157 

0.0461 

0.8 

1.8665 

0.7665 

0.3110 

0.0825 

0.0045 

0.9 

1.9157 

0.9361 

0.2897 

0.0640 

0.0038 


Table 2 Errors of approximation C n , s (/; p,q',x) to f(x) 



2,b, 


l+log( 


n + 12 


),p = 1,9 = 0.98 


minimised for x < 0.5 andx > 0.8 for any given p values. On the other hand, the results show 
that decreasing q values has an effect on the convergence of C n , s (/; p,q\x) which provide 
better approximate results for x > 0.6 and x < 0.8 (See Table 2). 




Fig. 2 Convergence of C„, s (/; p. q'.x) for different p and q values 
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Abstract 

This paper study the dynamical behavior of a general HIV-1 infection model under the effect of Highly 
active antiretroviral therapies (HAART). The model includes three types of infected cells (i) long-lived 
productively infected cells which live for long time and creat small amount of HIV-1 particles, (ii) latently 
infected cells which do not creat HIV-1 until they have been activated (iii) short-lived productively infected 
cells which live for long time and creat large amount of HIV-1. The model incorporates humoral immune 
response and general nonlinear forms for the incidence rate of infection, the generation and removal rates 
of all compartments. The nonnegativity and boundedness of the solutions of the model as well as global 
stability of the steady states are studied. The global stability are established using Lyapunov method. Using 
MATLAB we conduct some numerical simulations to confirm our results. 

Keywords: HIV-1 infection; HAART; global stability; humoral immune response; latency; viral reservoirs 


1 Introduction 

Human immunodeficiency virus type 1 (HIV-1) infects the CD4 + T cells which play the central role in the 
immune system of the human body. HIV-1 causes gradual depletion in the concentration of the uninfected CD4 + 
T cells which decreases the efficiency of the immune system against other infections. During the last decades, 
substantial efforts have been paid to propose treatment strategies for HIV-1 [1], [2]. Highly active antiretroviral 
therapies (HAART) which combines two classes of antiviral drugs, reverse transcriptase inhibitor (RTI) and 
protease inhibitor (PI), can rapidly decrease the concentration of the HIV-1 and increase the concentration of 
the healthy CD4 + T cells in the plasma. However, HAART can not eradicate the HIV-1 completely due to the 
presence of viral reservoirs such as latently infected cells. Mathematical modeling and analysis of the dynamics 
of HIV-1 are helpful in understanding the virus dynamics and improving diagnosis and treatment strategies 
[3]- [23] . Modeling the HIV-1 dynamics with latent infection has been studied by several researchers [24]-[29] . 
The HIV-1 dynamics model with latently infected cells consists of four compartments: uninfected CD4 + T cells, 
latently infected cells, actively infected cells and free HIV-1 particles [24]. 


x = p — dx — (1 — e r )f3xv, 

(1) 

w = h( 1 — e r )/3xv — (a i + Si)w, 

(2) 

y = (1 - h){ 1 - £ r )(3xv + aiw - S 2 y, 

(3) 

v = N6 2 y - S 4 v, 

(4) 


where x, w, y, v represent the concentrations of the uninfected CD4+ T cells, latently infected cells, actively 
infected cells and free HIV-1 particles, respectively, p > 0 is the replenished rate of uninfected CD4 + T cells from 
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body’s sources such as bone marrow and thymus. The parameters d, Si, 62 and £4 are the death rate constants 
of the uninfected CD4 + T cells, latently infected cells, actively infected cells and HIV-1 particles, respectively. 
The uninfected CD4 + T cells become infected by viruses with infectivity (3. The efficacy of the RTI drugs is 
given by e r , where e r € [0, 1]. The latently infected cells are activated at rate a\w. The parameter N is the 
average number of HIV-1 particles generated in the lifetime of the actively infected. A fraction h £ (0, 1) of 
infection events result in latent infection. The global stability analysis of model (l)-(4) has been studied by 
Wang et al. in [26]. 

As reported in [24], [ 2 ] and [30] three are two types of productively infected cells, the first is short-lived 
productively infected cells which live for short time and produce liight numbers of HIV-1 particles, and the 
second is the long-lived productively infected cells which live for long time and produce small numbers of HIV- 
1 particles. Long-lived productively infected cells can be seen as another reservoirs which a major obstacle 
to eliminate the HIV-1 completely by HAART. Model (l)-(4) has been modified by including: (i) mitotic 
proliferation of the uninfected CD4 + T cells, (ii) three types of infected cells, latently infected cells (w), short- 
lived productively infected cells (y), and long-lived productively infected cells (u) [30]. 


x = p — dx + px { 1 ) — (1 — £ r )(Pl + 82 + Pz) xv -> 

\ ^max / 

(5) 

w = (1 — e r )P ixv — (cti + S i)w, 

(6) 

y = { 1 - £r)P 2 XV + Cl\W - S 2 y, 

(7) 

U = (1 — £ r )p 3 XV — S 3 U, 

(8) 

v = (1 — £ p )NS 2 y + (1 — £ P )MS 3 U — S 4 V. 

(9) 


Uninfected CD4 + T cells can be produced by proliferation of existing healthy cells in the body. The parameter 
p > 0 is the maximum proliferation rate of uninfected cells. The parameter a; max > 0 is the maximum level 
of uninfected cell concentration in the body. If the concentration arrives at £ max , it should decreases. The 
parameters 82 and (>3 are the death rate constants of the short-lived productively infected cells and long-lived 
productively infected cells, respectively. The uninfected CD4 + T cells become infected by viruses with infectivity 
Pi + (3 2 + /3 3 . The efficacy of the PI drugs is given by e p , where e p € [0, 1]. The parameter M is the average 
number of HIV-1 particles generated in the lifetime of the long-lived productively infected cells. 

In model (5)-(9) we note the following (i) the infection rate is given by bilinear incidence which may not 
describe the virus dynamics accurately, (ii) the death rate of all compartments, the production rate of viruses 
and the latent-to-active transmission rate are given by linear functions, however, these rates are generally not 
known, (iii) the effect of immune response has been neglecting. The aim of this paper is to propose an HIV- 
1 infection model which improves model (5)-(9) by taking into account the humoral immune response and 
by assuming that the intrinsic growth rate of uninfected CD4 + T cells as well as the death rate of HIV-1 and 
infected cells are given by general nonlinear functions. We study the qualitative behavior of the proposed model. 
The existence and global stability of all the steady states of the model is established. Lyapunov functionals and 
LaSalle’s invariance principle are used to prove the global stability of the model. 
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2 Mathematical HIV-1 dynamics model 

Based on the above discussion we formulate a general nonlinear HIV dynamics model with humoral immunity. 


The model can be considered as a generalization of several existing HIV-1 models. 

x = tt(x) - (1 - £ r )(P 1 + ]3 2 + /? 3 )£(x, v), (10) 

w=(l- e r )/?i£(x,x) - (ai + (11) 

V = (1 - £ r )P 2 £,{x,v) + aigi(w) - S 2 g 2 (y), (12) 

u = (1 - e r )/3 3 t;(x,v) - S 3 g 3 (u), (13) 

v = {l- e p )NS 2 g 2 {y) + (1 - e p )M8 3 g 3 {u) - Sig^v) - qgi(v)g 5 (z), (14) 

i = rg A (v)g 5 (z) - S 5 g 5 {z), (15) 


where z represents the concentration of the B cells. Function 7r(x) represents the intrinsic growth rate of 
uninfected CD4 + T cells accounting for both production and natular mortality. The viruses are neutralized at 
rate qg$(z)g4{v) and die at rate S^g^v), where q and 64 are positive constants. The B cells are activated at rate 
rg 3 {z)g4{v) and die at rate S 3 g 3 (z). All the parameters are positive. Let us define /?, = (1 — £ r )Pi, i = 1,2,3, 
N = (1 — e p )N and M = (1 — e p )M. Functions 7 r, £, gi, i = 1, ..., 5 are continuously differentiable, moreover, 
they satisfy some hypotheses: 

(HI), (i) there exists Xo such that 7r(xo) = 0, 7r(x) > 0 for x £ [0, &o), 

(ii) 7 r'(x) < 0 for x G (0, 00), 

(iii) there are b > 0 and b > 0 such that 7r(x) < b — bx for x € [0, 00). 

(H2). (i) £(x, v) > 0 and £(0, v) = £(x, 0) = 0 for x,v £ (0, 00), 

(ii) 9 i< dx V) > °> di< dv V) > 0 and di dv’ 0) > 0 for a11 x > v e (°. °°)> 

(iii) > 0 for x £ (0, 00). 

(H3). (i) flTj (77) > 0 for r] £ (0, 00), gj( 0) = 0, j = 1,...,5 

(ii) 9j (v) > 0 for 77 £ (0,oo), j = 1,2, 3, 5, g\{if) > 0, for 77 £ [0,oo), 

(iii) there are ay > 0, j = 1, ..., 5 such that gj{ri) > otji 7 for 77 £ [0, 00). 

(H4) ' ^ (5^) - ° fOT V G (0,00) - 

3 Basic properties 

In this section we study the basic properties of model (10)-(15). The non-negativity and boundedness of the 
solutions of the model will be established in the next theorem: 

Theorem 1. Let Hypotheses (H1)-(H3) be hold true, then there exist a set 

A = {(x, w, y, u, v, z) £ K> 0 : 0 < x, w, y, u < «i, 0 < v < n 2 , 0 < z < k 3 J 

which is positively invariant with respect to system (10)-(15), where K\, k 2 and k 3 are positive numbers. 
Proof. First, we show that K® 0 is positively invariant for system (10)-(15) as: 

X U=o= tt(0) > 0, 

w \ w =o= Pi£( x ,v) > 0 for x, x G [0, 00), 

y \y=0= /3 2 £(x,v) +a 1 gi(w) > 0 for x, w, v £ [0, 00), 
u\u= 0= /3 3 £,i x , v ) > 0 for x,v £ [0, 00), 

v |„ =0 = NS 2 g 2 (y) + M8 3 g 3 (u) > 0 for y,u £ [0, 00), 

Z U=o= 0. 
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Hence, all the state variables of system (10)-(15) are non-negative. 

Let T\(t) = x(t) + w(t) + y(t) + u(t), then 

Ti = 7 t(x) - Sigi(w) - S 2 g 2 (y) ~ 8 3 g 3 (u) 

< b — bx — 8 \ct\w — S 2 a 2 y — S 3 a 3 u. 

< b — <ji (x + w + y + u) = b — ctiTi, 

where <Ji = min{6, 5\a.\, 6 2 a 2 , 5303}. Hence, Ti(f) < if Ti(0) < K\, where K\ = — . The non-negativity of 
x(t), w(t ), y(t) and u(t) implies 0 < x(t),w(t), y(t),u(t) < m, if 0 < x(0) + w(0) +y(0) + u(0) < K\. Moreover, 
we let T 2 (t) = v(t) + ® z(t ). Then 

T 2 = N5 2 g 2 (y) + MS 3 g 3 (u ) - S 4 g 4 {v) - —g 5 (z) 

r 

qS 

< NS 2 g 2 (K 1 ) + MS 3 g 3 («i) - S 4 a 4 v -a 5 z 

r 

< N5 2 g 2 (n i) + MS 3 g 3 (n i) — <j 2 T 2 , 

where a 2 = minj^aq, 65015 }. Hence, T 2 (t) < k 2 if X^O) < k 2 , where k 2 = 2 -9-( T ) + 39 s{ 1 ) ^ 

C2 

non-negativity of v(t) and z(t) implies 0 < v(t) < n 2 and 0 < z(t) < k 3 if 0 < u(0) + ^z( 0) < k 2 , where 
rn 2 

k 3 = . 

q 

Theorem 2. Suppose that Hypotheses (H1)-(H4) are valid, then there exist two bifurcation parameters IZq 
and IZi with IZq > 1Z\ > 0 such that 

(i) if TZq < 1, then the system has only one positive steady state So G A, 

(ii) if TZ\ < 1 < Tl 0 , then the system has only two positive steady states S 0 € A and Si € A, 

O 

(iii) if Tli > 1) then the system has three positive steady states S 0 € A, Si € A and S 2 € A. 

Proof. Let S(x,w,y,u,v,z) be any steady state of (10)-(15) satisfying the following equations: 


0 = 7r(x) - (/?! + p 2 + P 3 )t{x, v), 

(16) 

0 = /3i£(x,v) - (ai + 8 i)gi(w), 

(17) 

0 = /3 2 £(x, v) + aigi(w) - 8 2 g 2 (y), 

(18) 

0 = P 3 €( x > v ) ~ S 393{u), 

(19) 

0 = N 8 2 g 2 (y) + MS 3 g 3 (u) - S 4 g 4 {v) - qgi{v)g 3 {z ), 

(20) 

0 = rg 4 (v)g 5 (z) - S 5 g 5 (z). 

(21) 


From Eq. (21) we have two possible solutions, g 3 (z) = 0 and g 4 (v) = S 5 /r. Let us consider the case g 3 (z) = 0, 
then from Hypothese (H3) we get z = 0. Hypothese (H3) implies that g~ , i = 1, ..., 5 exist, strictly increasing 
and 5j _1 (0) =0. Let us define 


9{x) = g x 


Pi 


y{x) = g 3 1 ( y\A x ) ) . 


P(ai + <5i) 
P3 
83P 


tt(x) , ip(x) = g 2 


-1 ( a 1P1 + (°i + h)P 2 


8 2 P{a,i + <5i) 


7r(x) 


(x) = 94 1 


(22) 


where ft = ft 1 + p 2 + P 3 and 7 = JV (° 1 + ^ 01 +^^2 1+ (°i+ { i 1 . Jt follows from Eqs. (16)-(21) that: 


w = 0 (x), y = ij)(x), u = /z(x), v = t(x). 


(23) 


Obviousely, 0{ x),ip(x), y,(x),£(x) > 0 for x € [0, xo) and 0(x 0) = ip{xo) = y(xo) = £(x 0) = 0. From Eqs. (16), 
(22) and (23) we obtain 

7£(x,f(x)) - gi{l{x)) = 0. (24) 
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Eq. (24) admits a solution x = x 0 which gives the infection- free steady state S 0 (x 0 , 0, 0, 0, 0, 0). Let 


^i{x) = - 9^{x)) = 0. 


It is clear from Hypotheses (HI) and (H2) that, 4'i(0) = — g 4 {£{<S)) < 0 and ’I'i(xo) = 0. Moreover, 


^'1 (^o) = 7 


d!j{xo, 0) 

dx 


■ £'{xo) 


<9£(x 0 ,o) 


dv 


- g' 4 (0)£'{x 0 ). 


We note from Hypothese (H2) that = 0. Then, 


^1 (xo) = (f(x o )g' 4 (0) 


( 7 dtjjxp, 0 ) 

U(o) dv 


From Eq. (22), we get 


^1 (%) 




( 7 dtj( x o, 0 ) 

754 ( 0 ) dv 


Therefore, from Hypothese (HI), we have 7r'(xo) < 0. Therefore, if ^yo) ^ > 1> then ^(xo) < 0 and there 

exists X\ G (0, Xq) such that d'i(xi) = 0. Hypotheses (H1)-(H3) imply that 


w\ = 9{x\) >0, yi = ip{ x 1 ) > 0, ui = /x(xi) >0, v\= i{x\) > 0. (25) 

It means that, a humoral-inactivated infection steady state Si(xi,Wi,yi,Ui,Vi,0) exists when g '|o) ^ a^’°' > > 1- 
Let us dehne 

v _ 7 dt;(xp, 0) 

0 si( o) dv ’ 

The other solution of Eq. (21) is 34 (^ 2 ) = — which yields x 2 = g 4" 1 ^ — > 0- Substituting v = V 2 in Eq. (16) 

and letting ^(x) = 7 r(x) — /3£(x, v 2 ) = 0. According to Hypotheses (HI) and (H2), T 2 is strictly decreasing, 
T 2 (0) = 7r(0) > 0 and T 2 (xo) = — /3£(xo,x 2 ) < 0. Thus, there exists a unique x 2 € (0, xo) such that VI/ 2 (x 2 ) = 0. 
It follows from Eqs. (20) and (23) that, 


w 2 = 0(x 2 ) >0, y 2 = 4>{x 2 ) >0, u 2 = y(x 2 ) > 0, 



> 0 , 


^2 = g 5 1 



f £,{x 2 ,V2) 
V 54 M 



Thus, z 2 > 0 when 

’ z 1 94 (v 2 ) 


> 1. Now we define the paramater IZi as: 


54 (^ 2 ) 


If Tli > 1, then Z 2 = g 5 1 ^y(7£ 1 — 1)^ >0 and exists a humoral-activated infection steady state 
S 2 (X2,W2,y2,U2,V2,Z2). 

o 

Now we show that So €E A, Si € A and S 2 € A. Clearly, So € A. Now we show that Si € A. We have 
Xi € (0,x 0 ), then from Hypothese (HI) we obtain 


0 = 7t(xq) < 7r(xi) < b — 6 x 1 . 


It follows that 


b b 

0<Xi< = < = Ki. 

b <Ji 
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From Hypothese (H 3 ) and Eqs. ( 22 )-( 23 ), we get the following: 


ot\Wi < giCuq) = 
=> 0 < w\ < 


Pi 


(3{ai + < 5 i) 

Pi b 


Tr{xi) < 


P(ai + < 5 i) 


7r(0) < 


Pib 


P{ai + < 5 i) 


p ,b b 

< -Tp-r- < — < K1, 


pai(ai + <5i) pctidi a\5\ 


/ s «i/ 3 i + (ai + ( 5 i)/ 3 2 , . aipi + (a\+5i)p 2 

a 2 yi < 52(2/1) = — ITTh 7r (°) 

oiP(ai+oi) 02 p(ai+oi) 

< {aiPi + (ai + Si)P 2 )b (ai + #i)(/3i + /3 2 )& 

^(ai+^i) < 5 2 / 3 (ai + i 5 i) 5 2 


0 < 2/1 < 


o: 2 5 2 


< «1, 


. /3o /3o /?,& b 

a,w < »(«,) = < 5^(0) < 53 < 5 


0 < Ml < 


C 13 A 3 


< Kl, 


Eq. ( 20 ) implies that 


S 4 a 4 v 4 < S 4 g 4 {v i) = NS 2 g 2 {yi) + MS 3 g 3 (u 4 ) < N5 2 g2{^i) + Md 3 g 3 (K 4 ) 
n . . N6 2 g2(Ki) + M8 3 g 3 (m) 

=> 0 < Mi < < K 2 . 

04Q:4 

We have 2:1 = 0 then, SjfA. 

It is clear that 0 < x 2 ,w 2 , y 2 , w 2 < k 4 . Next we show that 0 < m 2 < k 2 and 0 < z 2 < k 3 when IZi > 1. From 
the steady state conditions of S 2 we have, 


£454(^2) + 554(^2)55(^2) = NS 2 g2{y2) + MS 3 g 3 (u 2 ). 


Then if K 4 > 1 we get 


and 


<5454(^2) < N8 2 g 2 (y 2 ) + MS 3 g 3 (u 2 ) 


=» S 4 a 4 v 2 < N5 2 g2(n 1) + M6 3 g 3 (n 1) 


=>■ 0 < v 2 < 


N5 2 g2{n 1) + M5 3 g 3 (ni) 
S 4 a 4 


< k 2 , 


554(^2)55(22) < N5 2 g 2 (,y2) + MS 3 g 3 (u 2 ) 
, 5<X 


— a 5 z 2 < N6 2 g2(n 1 ) + M5 3 g 3 (K 4 ) 
r 

r[N6 2 g 2 {Ki) + M5 3 g 3 (K 4 )] 

0 < z 2 < ~ < k 3 . 

qd 5 a 5 


O 

Then, S 2 G A. Clearly from Hypotheses (H 2 ) and (H 4 ), we have 


54(^2) 


< 7 lim 

t> —>•()+ 


Z(X2,V) 
54 (v) 


7 dgpr 2 ,0) 7 9g(:r o ,0) 
54(0) dv 5 4 (0) 9m 


4 Global properties 

In this section, we established the global stability of the three steady states by of system ( 10 )-( 15 ) by constructing 
suitable Lyapunov functions. 
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Theorem 3. Suppose that Hypotheses (H1)-(H4) are valid and 1Z 0 < 1, then So is globally asymptotically 
stable in A. 

Proof. Define 


lim — - — '—t- drj + k\w + k 2 y + k^u + k 4 v + k$z, 
v^0+ €{r),V) 


where 


P\k\ + P 2 k 2 + 03^3 = P, 

k 2 = Nk 4 , 


(oi + Si)k\ = a 4 k 2 , 

k3 = Mk 4 , qk 4 = rk 5. 


The solution of Eqs. (27) is given by 

aiN/3 


, _ , N/3 , Mp , p , qP 

kl — — r~, — TT> - Ti *4 — — r, «5 — T~ ■ 

704(01 + 01) 704 704 704 rjo 4 


We evaluate along the solutions of (10)-(15) as: 

€(xo,v) 


dt 

dW 0 

dt 


= 11— lim 


«->o+ £(x,v) 


{n(x) - P£(x,v)) 


+ &i (P^(x,v) - (oi + 8i)gi{w)) + k 2 {P 2 £{x,v) + a 4 g 4 (w) - S 2 g 2 (y )) 

+ k 3 {P 3 ^(x , v ) - hg 3 (u)) + k 4 ( NS 2 g 2 (y ) + MS 3 g 3 (u) - S 4 g 4 (v) - qg 4 (v)g 5 (z)) 
+ k 5 (rg 4 (v)g 5 (z) - S 5 g 5 (z)). 

Collecting terms of Eq. (29) and using 7r(x 0 ) = 0, we obtian 


dW 0 

dt 


= (ir(x) — tt(xq)) ( 1 — lim 


£(zo,u) 


< — 7r(xo)) ^1 — lim 

= (tt(x) - 7r(x 0 )) ^1 - 
= (n(x) - 7r(x 0 )) (l ~ 


«->o+ £(x,v) 
€(xo,v) 


(26) 


(27) 


(28) 


(29) 


JJ-S-0+ £(x,v) 
dtj{x o ,0)/dv 
d£(x, 0)/dv 
d((x o ,0)/dv 
d£(x, 0)/dv 

From Hypotheses (HI) and (H2), we have 


1 r 1 lim - k 4 5 4 ) g 4 {v) - k 5 S 5 g 5 (z) 

g 4 [v) v^o+ £{x,v) 

lim ^ ^ lim ^ X °’ V ) - k 4 8 4 ) g 4 (v) - k 5 S 5 g 5 {z) 


H- k 4 .fi 4 . 


0 + g 4 (v) v^o+ £(x,v) 

P d£(x 0 ,0) 


k 4 S 4 g 4 (0) dv 
k 4 S 4 (n 0 - l)g 4 (v) - k 5 S 5 g 5 (z). 


- 1 54 (u) - k 5 8 5 g 5 (z) 


(30) 


(tt(x) - 7r(x 0 )) 


d£{xo,0,0)/dv \ < 

d£(x, 0,0) /dv J ~ 


Therefore, if Tlo < 1, then < 0 for x,v,z € (0, 00 ). Moreover, = 0 if and only if x(t) = xo, v(t) = 0 
and z(t) = 0 for all t. It easy to show that, the largest invariant set r 0 C V = {(x,w,y,u,v, z) : = 0} is 

the singlton {So} [31]. LaSalle’s invariance principle provide that So is globally asymptotically stable. □ 
Lemma 1. Let IZ3 > 1 and Hypotheses (H1)-(H4) are satisfied, then 


sgn(JZ\ — 1) = sgn(v 1 — v 2 ) = sgn(x 2 — x 4 ). 


Proof. Using Hypotheses (HI) and (H2), that for x 4 ,x 2 ,vi,v 2 > 0, we get 


(xi - x 2 ) (tt(x 2 ) - 7r(xi)) > 0, (31) 

(x 2 - x 4 )((;(x 2 ,v 2 ) - £(xi, v 2 )) > 0, (32) 
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(v 2 - Hi) (€(x 1 ,V 2 ) - ZixfyV i)) > 0, 


and from Hypothese (H 4 ), we obtain 


(id - v 2 ) 


f £,{xi,v 2 ) _ £(xi,m) 
V 52(^2) 32(17) 


> 0. 


( 34 ) 


First, we show that sgn(v 1 — v 2 ) = sgn(x 2 — 27). Suppose that sgn{v 2 — 17) = sgn{x 2 — 27). Using the steady 
states conditions of S\ and S 2 we obtain 

tt(x 2 ) - tt(xi) = /? [£(27, v 2 ) - £(27, 17)] = /3 [(£(27, v 2 ) - £(27,17)) + (£(27,17) - £(27, 17 ))] . 

Therefore, from inequalities ( 31 )-( 33 ) we obtain sgn{x 2 — 27) = sgn(x\ — x 2 ), which is a contradiction, hence, 
sgn (17 — v 2 ) = sgn (27 — 27 ) . Using Eq. ( 25 ) and the definition of 1 Zi we get 


Tlx - 1 = 7 


( £(27,17) _ £(27,17) 
V 34(17) 34(17) 


= 7 


1 ,ct s c( ^ . £(27,17) £(27,17) 

I — (£( 27 , v 2 ) - £(27, 17 )) + — . 

L 34 ( 17 ) 34 ( 17 ) 34 ( 17 ) J 


Thus, from Eqs. ( 32 ) and ( 34 ) we obtain sgn(JZ\ — 1 ) = sgn{v 1 — v 2 ). 

Theorem 4. Suppose that Hypotheses (H 1 )-(H 4 ) are satisfied and IZi < 1 < 1Z 0 , then Si is globally 
asymptotically stable in A. 

Proof. We introduce Lyapunov function 


W; L = X — Xi — 


£( Xl,V 1) 


+ k 3 \ u — Ui - 


£(i?,n 1) 

U 

33(111) 


drj + ki w — w\ — 


9i{wi) 


33 (? 7 ) 


drj 1 4 - /C4 v — v\ — 


31(3) 
j 34 (m) 

J 34(3) 


dii + k 2 y-yi- 


32(31) 

32(1?) 


dr] 


Vl 


di] + k 5 z, 


and evaluate along the trajectories of ( 10 )-( 15 ): 


eifU-i 

dt 


= 1- 


+ k 2 ^1 — 

+ Tci f 1 — 


j{Xi,Vi) 

£,{x,Vi) 

32(31) 
32(3) 
34(111) 


(tt(x) - P£{x,v)) + fci ( 1 - 


3 i(mi) 

3 i(m) 


(/?i£(®,h) - (ai +d 1 )g 1 (w)) 


{P 2 £{x,v) + ai3i (in) - S 2 g 2 (y )) + k 3 ( 1 - 


33 (m) 

33(11) 


(■ N6 2 g 2 (y ) + M6 3 g 3 (u) - S^g^v) - 334(11)35(2)) 


(0 3 €(x,v) - S 3 g 3 {u)) 


34(11) 

+ h (rg4(v)g 5 (z) - S 5 g 5 (z)) . 

Collecting terms of Eq. ( 35 ) and applying 7r(xi) = f3^(x\,V\) we get 


dW x 

dt 


= (7 t ( x ) - 71(27)) 1 - 


£( 27 , Hi) 
£(z,Hi) 


+ K{x 1, 111) 1 - 


£ 0 * 7 , hQ 

£(z,m) 


+ / 3 £(x,v) ^ 1,1 ^ - kiP x^x^v) 91 ^ 1 } +fci(oi + 61)31 (wi) - k 2 / 3 2 ^(x,v)- 2 ^ 


- k 2 a 3 


€(x,vi) 

32(31)31 i w ) 


3 i(m) 


32(3) 


32(3) 


+ k 2 S 2 g 2 (31 ) - k 3 /3 3 £(x,v ) 9 + k 3 6 3 g 3 (u 1) - kiN5 2 g 2 (y) C -^ Vl ^ 


33(11) 


34(11) 


, 34 (m) 


- k 4 M6 3 g 3 (u ) — — - fc 4 <5 4 34(ii) + M434 (hi) + *7334 ^1)35(2) - k 5 S 5 g 5 (z). 
34(11) 

Utilizing conditions of the steady state Si, we obtain 

(ai + 61)31(117) = /?i£( 27, Hi), *76232(31) = (*7/3 i + * 7/? 2 )£0 z 7, Hi), 
6333(111) = /? 3 £(xi,hi), *76434^1) = /3£0*7,hi), 


( 35 ) 


( 36 ) 
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then, we have 


dWi 

dt 


= (n(x) - 7r(xi)) ( 1 - 


' K{X1,V!) 


j(x\,vi) 
Hi) 

€( x , v ) _ 9i { v ) 

£(a:,Hi) 54 (hi) 


+ P€(x\,vi) 1 - 


t(xi,vi) 

£{ x , Vi ) 

- k 4 p 4 £,(x x , Vi) ^ x ' v ^ 9 ^ Wl ^ + k 1 p 1 £(x 1 ,v 1 ) 
£(2:1,111)51(111) 


1 act \ £>(x,v)g 2 {yi) a . s 52(2/1)51 M a , 1 a \ct \ 
- K2P2KKX 1, 111)77 7 7 T - kipi£,{x\,v\) — -j-r — - — r + (k 1 p i + fc 2 /? 2 )£(xi,iii) 


t{xi,v 1 )g 2 (y) ‘ ’ 52(5)51(^1) 

- k 3 P 3 €(x x , v x ) ^ X ' v) ^\ + k 3 p 3 ^(x 1 ,v 1 ) - (k 1 fi 1 + k 2 / 3 2 )£,{x 1 ,v 1 ) 
£(2:1,111)53(11) 


52(5)54(^1) 

52(5i)54(w) 


- k 3 / 3 3 £(x i,vi 


, 53 (w)54 (wi) 


53(«l)54(v) 
Equation (37) can be simplified as: 


dW 4 

dt 


= (tt(x) - 7r(xi)) ( 1 - 


£(ah,iii) 


+ / 3 £(xi,iii) + k 5 r ( 54(111) - — ) g 3 (z). 


P£,(x 1 ,v 1 )g 4 (v) / £(x,u) _ £(a:,iii) 
£(2 :, v )£( x , iq)) V 54(11) g 4 (v 4 ) 


(Z(x,v) - £(x,vi)) 


+ kifii£(Xi,Vi) 

+ k 2 / 3 2 €(xi,v 1 ) 

+ k 3 P3((Xi,Vi) 


5 - 

4- 

4- 


£(a:,tii) 

£(2:1,111) _ ((x,v)g 1 (w 1 ) _ 52 (51)51 M _ 52(5)54(^1) _ 54(h)£( 2:, m) 
£(a:,tii) £(ah,«i)5i(«i) 52(5)51(^1) 52(51)54^) 54(«i)^(x,u)J 
^(ari, vi) £(2;, v)g 2 {yi) 52(5)54(^1) g 4 {v)^{x,v 1) 


£(a:,tii) £(24,111)52(5) 52(51)54(1^) 54(111)^(2:, u)J 

£(24,111) £(2;, 11)53(111) 53(11)54(111) 54(11)^(21, 1’l) 


?(21,11l) ^(2:1,111)53(11) 53(111)54(11) 54(111)^(2:, 11) 

+ k 3 v (54(111) - 54(112)) 55(2)- 

Hypotheses (HI), (H2), (H4), Lemma 1 and the condition IZi < 1 imply that 


(7r(x) - 7r(Xi)) ( 1 - 
£(21,11) £(x,m) 


54(11) 54(114) 


£(21,111) 

(£(21,11) - £(2;, ill)) < 0, 
54(111) - 54(112) < 0. 


(37) 


(38) 


It is known that the arithmetical mean is greater than or equal to the geometrical mean. It follows that for all 
x,y,v,z > 0 we have < 0 . Clearly, the largest invariant set r 0 C T = {(x,w,y,u,v,z) : = 0 } is the 

singlton {Si}. By LaSalle’s invariance principle, Si is globally asymptotically stable. □ 

Theorem 5. Let 1 Z 4 > 1 and Hypotheses (H1)-(H4) are satisfied, then S 2 is globally asymptotically stable 

O 

in A. 

Proof. Define a Lyapunov functional 


W 2 = x — x 2 — 


£(2:2,112) 


+ fc 3 11 — it 2 — 


£( 5 , 112 ) 

U 

53(112) 


dg + k\ w — w 2 — 


53 ( 5 ) 


dg + k 4 11 — u 2 — 



dg + k 2 y - 92- 


52(52) 

92(d) 


dg 


dg \ + k 5 I z — z 2 — 


95(22) 

55 ( 5 ) 


dg 
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Calculating along the solutions of model (10)-(15), we get 


dW 2 

dt 


= 1 - 


+ k 2 ^1 — 
k 4 ( 1 — 


£(*2, *2) 
£(*,*2) 
52(2/2) 


(ir(x) - /3£(x,*)) + fci ( 1 - 


51(1*2) 


+ A ^5 (1 — 


52(2/) 

54 (*2) 
94 (*) 
9b(z2) 
9b{z) 


9i(w) 

(/3 2 £(*,*) + a 1 g 1 (w) - 5 2 g 2 (y )) + k 3 ( 1 - 


(/ 3 i£(*,*) - (01 + 61)51(1*)) 
53(112)' 


93 («) 

( N 6 2 g 2 (y ) + M 6 3 g 3 (u) - (5 4 54(^) - 994 {v)g 3 {z)) 

( rg4{v)g 5 {z ) - 6555(2)) ■ 


(/6 3 £(*, *) - S 3 g 3 {u)) 


Collecting terms of Eq. (39) and applying 7 t(x 2 ) = /3£(x 2 ,* 2 ) we get 


dWi 

dt 


= (7r(x) - 7 t(x 2 )) 1 - 


£(*2, *2) 
£(*,*2) 


+ /3£(*2, v 2 ) f - 


£(*2, *2) 
£(*,*2) 


+ /?£(*, - fci/3i£(*,*) g1 ^ +k 1 (a 1 +S 1 )g 1 (w 2 ) 

£(*,*2) gi(w) 

1 a a \ 52(2/2) , 52(2/2)51 M 

- k 2 p 2 ^(x, v) — - k 2 ai 


k 2 S 2 g 2 {y 2 ) - k 3 / 3 3 £(*,* 


53(112) 

53(11) 


+ k 3 S 3 g 3 (u 2 ) - k 4 NS 2 g 2 {y ) g4 ^ - k A M5 3 g 3 {u ) g4 ^ - /c 4 <5 4 5 4 (i;) + £ 46454 (*2) 

54(h) 54(n) 

+ k 4 qg 4 (v 2 )g 5 (z) - k 5 S 5 g 5 (z) - k 5 rg 5 (z 2 )g 4 {v) + k 5 S 5 g 5 (z 2 ) 

Using the following steady state conditions for S): 

(<H + 61)51(1*2) = /3 i£(* 2, u 2 ), k 2 d 2 g 2 (y 2 ) = {k 1 /3 1 + k 2 fi 2 )£(x 2 ,v 2 ), 

^353(112) = / 3 3 £(* 2 ,* 2 ), At 4 ( 5 4 54 (112) = / 3 £( x 2 , v 2 ) - ^4555(^2)54(112), 


(39) 


we obtain 


6W2 t ( \ ( \\( 1 €(^2, 112) \ x A £(*2, *2) 

— = (*(*) - » fe) ) (_! - j + «ta, «) (1 - 

\£(*,*2) 54(112)/ £(*2, 112)51 (m) 

, « *■/ >. £(*,11)52(2/2) ... , 52 ( 52 ) 5 i(m) , ,, „ . , « x t / x 

' kM { X 2 - V 2 ) aK , wtew “ W!|,! ’ K, atw + (feft + 

- ' : ,j A’ ' ~ '' ( + h^3^2,V2) 

?(* 2 ,H 2 ) 53 (ll) 

- (fci/?i + M 2 )£(*2,H2) g 2 S ?/) f ( r! - k 3 p 3 ^( x 2 , v 2 ) 93 [ U " >9 ^ V2 \ + / 3 £(* 2 ,n 2 )- 


52(52)54(11) 


53(112)54(11) 


(40) 


Equation (40) can be simplified as: 


dW 2 

dt 


(t r(x) - 7 t(x 2 )) ^1 
fci/3i£(x 2 ,* 2 ) 5- 
k 2 fi 2 £(x 2 ,v 2 ) 4- 
k 3 P 3 £(x 2 ,v 2 ) 1 4 — 


_ £(*2,112 A /?£(*2, 112)54(11) / £(*,11) 

£(*,112) / £(*,n)£(*,n 2 )) V 54(11) 

£(*2,112) _ £(*,11)51(1112) _ 52(52)51(1*) 
£(*,*2) £(*2, *2)51(1*) 52(5)51(1*2) 

£(*2, *2) _ £(*,*)52(52) _ 52(5)54(112) 
£(*, * 2 ) £(*2, *2)52(5) 52 (52)54 (*) 

£(*2, *2) _ £(*,11)53(112) _ 53(11)54(112) 
£(*,*2) £(*2, *2)53(u) 53(«2)54(*) 


52(5)54(*2) _ 54(*)£(*,*2) ~ 
52(52)54(*) 5 4 (* 2 )£(*,*)_ 

5 4 (*)£(*, *2) ' 

54(*2)£(*,*). 

5 4 (*)£(*,* 2 ) ~ 

54(*2)£(*,*)_ ’ 


(41) 


According to Hypotheses (HI), (H2) and (H4) and the relation between the geometrical and arithmetical means 
we get < 0. Clearly, the largest invariant set r 0 C T = {(x, 1*, 5, u, *, 2) : = 0} is the singlton {S 2 }. 

By LaSalle’s invariance principle <S 2 is globally asymptotically stable. □ 
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5 Numerical simulations 


We now perform some computer simulations on the following application: 


( X \ (1 - S r )f3xv 

x = p — dx + px \ 1 , 

V Imax/ l + THX + r) 2 V 

(42) 

(1 - £ r )PiXV 

W = (a 1 + d I)w, 

1 + r]ix + rj 2 v 

(43) 

(1 - £ r )/3 2 xv 

y=, l , +a 1 w d 2 y , 

1 + p\X + rj 2 v 

(44) 

(1 - £r)p3XV 

U = 1 , , 03 U, 

1 + PiX + p 2 V 

(45) 

v = (1 — £ p )N6 2 y + (1 — £ p )M5 3 u — 84 V — qvz, 

(46) 

z = rvz — 8 $z. 

(47) 


We assume that p < d. In this application, we consider the following specific forms of the general functions: 


n(x) = p — dx + px ( 1 — 


t(x,v) = 


XV 


9i(0) = 0, * = !,"•, 5. 


1 + r/ix + r] 2 v 

First we verify Hypotheses (H1)-(H4) for the chosen forms, then we solve the system using MATLAB. Clearly, 
7r(0) = p > 0 and n(x 0 ) = 0, where 


x 0 = ( p - d + (p - d) 2 + 


4 pp 


We have 


Tt'{x) = - d + p < 0. 


(48) 


Clearly, -k(x) > 0, for x G [0, Xq) and 


7 t(x) = p — (d — p)x — p < p — (d — p)x 

^max 

Then Hypothese (HI) is satisfied. We also have £(x,v) > 0, £(0,f) = £(x, 0) = 0 for x,v G (0, oo), and 
d£(x,v) v (1 + 8 v) d£(x,v) x(l + tjix) 3£(x, 0) x 


dx 


(1 + r]ix + r] 2 v) 2 ’ 


dv 


(1 + rjix + 172V) 


2 ’ 


dv 


1 + rj\X 


Then, > 0, > 0 and > 0 for x,v G (0, oo). Therefore, Hypothese (HI) is satisfied. In 


addition 




xv 


1 + pix + i) 2 v 1 + ipx 

fd£(x, 0)V 1 


xv d£(x,0) 

< = v 


V dv 


(1 + rjix) 2 


dv ’ 
> 0 for all x > 0. 


It follows that, (H2) is satisfied. Clearly Hypothese (H3) holds true. Moreover, 


d f£(x,v) 


~V2X 


< 0. 


dv \ gi(v) J (1 + pix + r) 2 v) 

Therefore, Hypothese (H4) hold true and Theorems 3-5 are applicable. The parameters TZq and 7Zi for this 
application are given by: 

(1 — £ r )(l — £ P ) { AT(a.i/3 1 + (ai + 6i)/3 2 ) + M/3 3 (ai + <5i)} xq 


TZq — 

= 


A 4 (ai + <5i) I + 771 CC 0 ’ 

(1 — e r )(l — £p) {lV(a + ( a i + ^ 1 )^ 2 ) + M(3 3 (ai + <5i)} x 2 


84(0,1 + < 5 i ) 


1 + 1^X2+ V2V2 
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Now we are ready to perform some numerical simulations for system (42)-(47). The data of system (42)-(47) 
are provided in Table 1. 

• Effect of the drug efficacy on the stability of the steady states 

Now we verify our theoretical results given in Theorems 3-5 by numerical simulation. To discuss our global 
results we choose three different initial conditions: 

IC1: (a:(0), w(0),y(0), u(0), v(0), z(0)) = (900,10,12,60,40,1-6). 

IC2: (a;(0), w(0), 2/(0), u(0), v(0), z(0)) = (700, 7, 8, 30, 25, 1.0). 

IC3: (a;(0),w;(0), 2/(0), u(0),u(0), 2(0)) = (500,4,5,10,15,0.6). 

Let us address three scenarios for three different groups of the parameters e r , e p and r. 

Scenario (I): In this case we choose e r = 0.6, £ p = 0.6 and r = 0.001 which gives = 0.4941 < 1 and 
7li — 0.4430 < 1. Therefore, based on Theorems 2 and 3, the system has unique steady state, that is Sq and it 
is globally asymptotically stable. As we can see from Figures 1-6 that the concentration of the uninfected CD4 + 
T cells is increased and approached its normal value before infection that is Xq = 1083.9, while concentrations 
of the other compartments converge to zero for all the three initial conditions. This case corresponds to the 
uninfected state where the HIV-1 is removed from the plasma. 

Scenario (II): By taking e r = 0.2, e v = 0.5 and r = 0.001. With such choice we get, TZ\ = 0.9351 < 
1 < 7^o = 1.2352. Consequently, based on Theorems 2 and 4, the humoral-inactivated infection steady state 

51 is positive and is globally asymptotically stable. Figures 1-6 confirm that the numerical results support 
the theoretical results presented in Theorem 4. It can be observed that, the variables of the model eventually 
converge to Si = (309.165, 13.2492, 15.4574, 94.0263, 72.0754, 0.0) for all the three initial conditions. This case 
corresponds to a chronic HIV-1 infection in the absense of immune response. 

Scenario (III): £ r = 0.2, e p = 0.5 and r = 0.003. Then, we calculate Tlo = 1.2352 > 1 and 
IZi = 1.19604 > 1. According to Lemma 1 and Theorem 3, the humoral-activated infection steady state S2 
is positive and is globally asymptotically stable. We can see from Figures 1-6 that, there is a consistency 
between the numerical results and theoretical results of Theorem 5. The states of the system converge to 

5 2 = {820.603,5.8629,6.8401,41.6079,26.6667,1.1762) for all the three initial conditions, in the same time 
frame. In this case the humoral immune response is activated and can control the disease. 

• Elfect of the HAART on the basic reproduction number: 

Let us define the overall HAART effect as e e = £ r + £p — £ r £p [9]. If £ e = 0, then the HAART has no effect, 
if £ e = 1, the HIV-1 growth is completely halted. Consequently, the parameter 1Z 0 is given by 

(1 — £ e ) {Al(ai^ 1 + (aq + <fi)/3 2 ) + -^/^(ai + 61)} x 0 
° (£e) ~ <$4 (a i+<5i) 1+ W 

We note that, the value of 1Zo{£e) does not depend on the values of the parameters q , r and 85 . This means 
that, humoral immune response can play a significant role in reducing the infection progress but do not play a 
role in clearing the HIV-1 from the body. Since the goal is to clear the HIV-1 from the body, then we have to 
determine the drug efficacies that make lZ 0 (£ e ) < 1 for system (42)-(47). Now, we calculate the critical overall 
treatment effect £ c J lt (i.e, the minimum overall treatment effect required to stabilize the system around the 
infection- free steady state). Let 1Za(£ e ) < 1 , then 


crit 


< £ e < 1, 


■ crit 
e 


= max 



fto(O) — 1 ] 

fto(0) J 


Figure 15 shows the effect of the HAART on the basic reproduction number lZo{e). We note that, if £^ rlt < £ e < 
1, then lZ 0 (£ e ) < 1 and Sq is globally asymptotically stable. Moreover, if 0 < £ e < £^ rlt , then Sq is unstable. 
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Table 1: The values of the parameters of example (42)- (47). 


Parameter 

Value 

Parameter 

Value 

Parameter 

Value 

Parameter 

Value 

P 

10 

<5i 

0.02 

A 

0.0625 

P 

0.08 

d 

0.01 

<^2 

0.36 

A 

0.0625 

N 

62 

V 

0.008 

<5.3 

0.031 

ai 

0.2 

M 

30 

*^max 

1200 

<54 

3.0 

Vi 

1 

£y, £p 

Varied 

q 

0.5 

A 

0.0625 

m 

1 

r 

Varied 



Figure 1: The concentration of uninfected CD4 + T 
cells for system (42)-(47). 



Time 

Figure 2: The concentration of latently infected 
cells for system (42)-(47). 




Time Time 


Figure 3: The concentration of short-lived produc- 
tively infected cells for system (42)-(47). 


Figure 4: The concentration of long-lived produc- 
tively infected cells for system (42)-(47). 
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Time 


Figure 5: The concentration of free virus particles 
for system (42)-(47). 



Time 


Figure 6: The concentration of B cells for system 
(42)-(47). 



Figure 7: The basic reproduction number as a function of the overall treatment effect e e of system (42)-(47). 
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Ideal theory of pre-logics based on the theory of falling shadows 

Young Bae Jun 1 and Sun Shin Ahn 2 ’* 

1 Department of Mathematics Education, Gyeongsang National University, Jinju, 52828, Korea 
2 Department of Mathematics Education, Dongguk University, Seoul 04620, Korea 

Abstract. Based on the theory of a falling shadow which was first formulated by Wang [8], a theoretical approach 
of the ideal structure in pre-logics is established. The notions of a falling subalgebra, a falling and a positive 
implicative falling ideal of a pre-logic are introduced. Some fundamental properties are investigated. Relations 
among a falling subalgebra, a falling ideal and a positive implicative falling ideal are stated. Characterizations of 
falling deals and positive implicative falling ideals are discussed. 


1. Introduction 

In the study of a unified treatment of uncertainty modelled by means of combining probability 
and fuzzy set theory, Goodman [3] pointed out the equivalence of a fuzzy set and a class of random 
sets. Wang and Sanchez [7] introduced the theory of falling shadows which directly relates 
probability concepts to the membership function of fuzzy sets. Falling shadow representation 
theory shows us a method of selection relied on the joint degree distributions. It is a reasonable 
and convenient approach for the theoretical development and the practical applications of fuzzy 
sets and fuzzy logics. The mathematical structure of the theory of falling shadows is formulated 
in [8]. Y. B. Jun and C. H. Park [5] discussed the notion of a falling fuzzy subalgebra/ideal 
of a BCK/BCI- algebra. Y. B. Jun and M. S. Kang [4] established a theoretical approach 
for defining a fuzzy positive implicative ideal in a BCK - algebra based on the theory of falling 
shadows. I. Chajda and R. Halas [2] introduced the concept of a pre-logic which is an algebra 
weaker than a Hilbert algebra (an algebraic counterpart of intuitionistic logic) but strong enough 
to have deductive systems. Y. B. Jun and S. S. Ahn [1] defined the notion of pseudo- valuations 
(valuation) on pre-logics and induced a pseudo-metric by using a pseudo-valuation on pre-logics. 

In this paper, we introduce the notions of a falling subalgebra, a falling ideal and a positive 
implicative falling ideal of a pre-logic. We investigate some fundamental properties. Also we give 
relations among a falling subalgebra, a falling ideal and a positive implicative falling ideal. We 
establish characterizations of falling ideals and positive implicative falling ideals. 

2. Preliminaries 

°2010 Mathematics Subject Classification: 06F35; 03G25; 08A72. 

°Keywords: falling shadow; falling subalgebra; falling ideal; positive implicative falling ideal. 

* The corresponding author. Tel: +82 2 2260 3410, Fax: +82 2 2266 3409 
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We recall some definitions and results (see [1, 2, 6]). 

Definition 2.1. ([2]) By a pre-logic, we mean a triple (X; *, 1) where X is a non-empty set, * is 
a binary operation on X and 1 G X is a constant such that the following identities hold: 

(PI) (Vx G X) (x*x = 1), 

(P2) (Vx G X) (l*x = x), 

(P3) (Vx G X) (x * (y * z) = (x * y) * (x * z)), 

(P4) (Vx, y, z E X) (x * (y * z) = y * (x * z)). 

In what follows, let X denote a pre-logic unless otherwise specified. 

Lemma 2.2. ([2]) Let X be a pre-logic. Then the following hold: 

(a) (Vx G X) (x * 1 = 1); 

(b) (Vx , y E X) (x*(y*x) = 1); 

(c) an order relation < on X dehned by 

(Vx, y E X) (x < y if and only if x * y = 1) 

is a quasiorder on X (i.e., a reflexive and transitive order relation on X); 

(d) 1 < x for all x E X implies x — 1. 

Remark 2.3. ([2]) The quasiorder < of Lemma 2.2(c) is called the induced quasiorder of a 
pre- logic X. 

Lemma 2.4. ([2]) Let < be the induced quasiorder of a pre-logic X and let x,y,z E X . If x < y, 
then z * x < z * y and y * z < x * z. 

Definition 2.5. ([2]) Let X = (X; *, 1) be a pre-logic. A non-empty subset D of X is called a 
deductive system of X if the following conditions hold: 

(dl) 1 G D, 

(d2) if x E D and x * y E D, then y E D. 

Definition 2.6. ([2]) Let X be a pre-logic. A non-empty subset / of X is called an ideal of X if 
the following conditions are satisfied: 

(11) x E X and y E I imply x * y E I; 

(12) x E X and y\, y 2 E I imply (y 2 * (yi * x)) * x E I. 

Lemma 2.7. ([2]) Let X be a pre-logic and < its induced quasiorder. The the following hold: 

(a) (Vx, y E X) (x * ((x *y)*y) = 1), 

(b) (Vx, y,z E X) ((y * z) * ((x * y) * (x * z)) = 1), 

(c) if D is a deductive system of X, a E D, and a <b, then b E D. 
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Ideal theory of pre-logics based on the theory of falling shadows 

Theorem 2.8. ([1]) A non-empty subset I of a pre-logic X is an ideal of X if and only if it 
satisfies the following two conditions: 

(IT) (1 £ I); 

(12') (Vx, 2 : e X)(\/y El) (x * (y * z) e I ^ x * z E I). 

Definition 2.9. ([6]) A non-empty subset / of a pre-logic X is a positive implicative ideal of X 
if it satisfies (II') and 

(13) (Vt/, 2 e X){\/x el) (x * ((y * z) * y) e I => y e I). 

Theorem 2.10. ([6]) Every positive implicative ideal of a pre-logic X is an ideal of X. 

We now display the basic theory on falling shadows. We refer the reader to the papers [3, 4, 
5, 7, 8] for further information regarding the theory of falling shadows. 

Given a universe of discourse U, let 3?{U) denote the power set of U. For each u e U, let 

u := {E | u e E and E C U}, (2.1) 

and for each E e ^(U), let 

E := {u | u e E}. (2.2) 

An ordered pair is said to be a hyper-measurable structure on U if SB is a cr-field 

in &(U) and U C dS. Given a probability space (Q,£/,P) and a hyper-measurable structure 
(fP{U),3§) on U, a random set on U is defined to be a mapping £ : 12 — >■ fP(U) which is 
measurable, that is, 

(VC e 38) (r'(C) = {(X I U e fl and £(w) eC}e^). (2.3) 

Suppose that £ is a random set on U. Let H(u) := P[oj \ u e £(a>)) for each u e U. Then H is a 
kind of fuzzy set in U. We call H a falling shadow of the random set £, and £ is called a cloud of 
H. 

For example, (12, P ) = ([0, 1], &/, m), where stf is a Borel field on [0, 1] and m is the usual 
Lebesgue measure. Let H be a fuzzy set in U and H t := {u e U \ H{u) > t) be a t-cut of H. 
Then £ : [0, 1] — » £P(U), t i-> H t is a random set and £ is a cloud of H. We shall call £ defined 
above as the cut-cloud of H (see [3]). 

3. Falling subalgebras and falling ideals 

Definition 3.1. Let (12 ,&/,P) be a probability space, and let £ : 12 — y &{X.) be a random set, 
where X is a pre-logic. If £(cu) is a subalgebra (resp. ideal) of X for any to e 12 with £(cv) ^ 0, 
then the falling shadow H of the random set £, i.e., H(x) = P(u> \ x e £(c o)) is called a falling 
subalgebra (resp. falling ideal) of X. 

In what follows, let H denote a falling shadow of the random set £ : 12 — y &(X). 
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Example 3.2. (1) Let X := {1, a, b, c, d} be a set with the following Cayley table: 


* 

1 

a 

b 

c 

d 

1 

1 

a 

b 

c 

d 

a 

1 

1 

b 

c 

d 

b 

1 

a 

1 

c 

c 

c 

1 

1 

b 

1 

b 

d 

1 

1 

1 

1 

1 


Then (A";*,l) is a pre-logic (see [ 6 ]). Let (hi, P) = ([0,1], g/,m) and define a random set 
£ : fl — y P?(X) as follows: 

{ {1, a, b} ifcu G [0, 0.6) 

0 if oo G [0.6, 0.7), 

X if co G [0.7,1], 

Then the falling shadow H of £ is both a falling subalgebra of X and a falling ideal of X. 

Define a random set 17 : D — > P?(X) as follows: 

{ 0 if co G [0,0.3), 

{1 ,b,c} if co G [0.3, 0.8), 

X if oo G [0.8,1], 

Then 17(00) is a subalgebra of X for all u G il with 17(00) ^ 0, but not an ideal of X, since 
(b * (a * a)) * a = (b * 1) * a = 1 * a = a ^ {1,6, c}. Hence the falling shadow H of £ is a falling 
subalgebra of X, but not a falling ideal of X. 

For a probability space (0, &/, P ) and any element a; of a HCC-algebra X, let 

Q(x]f) := {co G fl | x G £(<u)}. (3.1) 

Then Q(x] £) G sf . 

Lemma 3.3. If H is a falling subalgebra of a pre-logic X, then (Vx G X) (f }(x; £) C 0(1; £)) . 

Proof. If Q(x]£) = 0, then it is clear. Assume that fi(x;£) 7 ^ 0 and let co G D be such that 
oo G Q(x\£). Then x G £(cu), and so 1 = x * x G £(00) since £(c 0) is a subalgebra of X. Hence 
co G fl(l; £), and therefore D(ai; £) C 0(1; £) for all x G X. □ 

Proposition 3.4. Every falling ideal of a pre-logic X is a falling subalgebra of X. 

Proof. Let Pf be a falling ideal of X. Then £(00) is an ideal of X for any 00 G D with £(cu) 7 ^ 0. 
Let x, y G f(c 0). Using (II), we have x * y G £(oo). Hence £(cv) is a subalgebra of X. Thus H is a 
falling subalgebra of X. □ 
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The converse of Proposition 3.4 is not true in general (see Example 3.2). We provide a char- 
acterization of a falling ideal. 

Theorem 3.5. Let X be a pre-logic. Then H is a falling ideal of X if and only if the following 
conditions are valid: 

(i) (Vx, y £ X) (fl(x *(y*z);f) D fl(y; f) C fl(x * z; 0 ) , 

(ii) (Vx £ X) (fi(x; 0 C fi(l; f )) • 

Proof. Assume that H is a falling ideal of X. For any x, y, z £ X, if oj £ fi(x * (y * z)\ £) fl fl(y; £), 
then x * (y * z) £ £(cu) and y £ £(c o). It follows from (12') that x * z £ £(cu) since £(cv) is an ideal 
of X. Hence oj £ fi(x * z\ £). Therefore fl(x *(y*z)',^) fl fl(y; £) C fi(x * z\ £), for any x,y, z £ X. 
Thus (i) is valid. The second condition (ii) follows from Lemma 3.3 and Proposition 3.4. 

Conversely, suppose that two conditions (i) and (ii) are valid. Let x,y,z £ X and u 6 O be 
such that x * (y * z) £ £(u) and y £ £(c u). Then oj £ fl(x * (y * z); £) and oj £ fl(y; £). If follows 
from (i) that oj £ h2(x * 2 ;£). Hence x * z £ £(cu). Now, assume that x £ flu) for every x £ X 
and for all oj £ fl. Then to £ fi(x;£) C f2(l;£) and so 1 G £(cu) for all u 6 O. Therefore £(u>) is 
an ideal of X for all to £ fl with £(cu) ^ 0. Hence H is a falling ideal of X. □ 

Theorem 3.6. Let X he a pre-logic. Then H is a falling ideal of X if and only if the following 
conditions are valid: 

(i) (Vx, y £ X) (fl(y; f) C fl(x *y;£), 

(ii) (Vx, y,z £ X) (fl(x; f) D fl(y, 0 C fi((x * (y * z)) * z; £)) . 

Proof. Assume H satisfies two conditions (i) and (ii). Let x,y £ X and w G O such that y £ £(cu). 
Then u> £ fl(y, £). Using (i), we have oj £ fi(x *?/;£). Hence x * y £ £(cu). Now, let x,y,z £ X 
and u £ fl such that x, y £ fioj). Then oj £ fl(x) f) and oj £ fl(y; £) and so oj £ H(x; f) fl fl(y; £). 
It follows from (ii) that oj £ Q((x * (y * z)) * z;£). Hence (x * (y * z)) * z £ f(oj) and so £(cv) is 
an ideal of X. Therefore Pf is a falling ideal of X. 

Conversely, suppose that FT is a falling ideal of X. Let x, y £ X and u G O be such that 
oj £ f Then y £ f(oo). Since £(cv) is an ideal of X, we have x * y £ f(oj). Hence 
oj £ fi(x *?/;£). Therefore (i) is valid. For any x,y,z £ X, if oj £ fl(x;£) fl O (y/; ^ ) , then 
x £ £(cu) and y £ £(cu). Since £(u;) is an ideal of A", we get (x * (y * z)) * z £ f(oj). Therefore 
oj £ fl((x * (y * z)) * z;£). Thus (ii) is true. □ 

Proposition 3.7. Every falling ideal of a pre-logic satisfies the following assertions: 

(i) (VxGX)(O(x;0CO(l;0), 

(ii) (Vx, y £ X) (ft(x; 0 C fl((x * y) * y, £)) , 

(iii) (Vx, y £ X) (x < y =» H(x; f) C fl(y- £)) . 

Proof, (i) Using (PI) and Theorem 3.6(i), we have f2(x;£) C fi(l;£). 
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(ii) Taking x := x,y := 1, and z := y in Theorem 3.6(h) and using (P2) and (i), we get 
n(x] 0 = fi(x; 0 n fi(l; f) C Pl((x * (1 * y)) *y;£) = ft((x *y)*y;£). 

(iii) Let x,y G X be such that x < y. Then x * y = 1. Using (P2), we have fl(x;£) C 

tt((x*y) *y,£) = ft(l *j/;f) = Sl(y,Q. □ 

Lemma 3.8. Every falling ideal of H of a pre-logic X satisfies the following property: 

(Vx, y G I)(fi(x*?/;()nn(x;() C ft(j/;f)). (3.2) 


Proof. Using (PI), (P2), and Theorem 3.6(h), we have Pl(x * y;£) D 0(ar; ^ ) C Q(((x * y) * (x * 
y)) *y\£) = fi(i *y\£) = fi(y; 0 for all x,y e x. □ 

Corollary 3.9. Let X be a pre-logic. Then Pf is a falling ideal of X if and only if it satisfies the 
condition (3.2) and 

(i) (VxGl)(fi(x;0CO(l;0). 

Proof. Assume that Pf is a falling ideal of X. Using Proposition 3.7, (i) holds. By Lemma 3.8, 
the condition (3.2) holds. 

Conversely, suppose that H satisfies two conditions (3.2) and (i). Using (3.2), we have f l(y * 

(x * z); f) fl Q(y\ f) C ft(x **;£)■ Using (P4), we have fl(x * (y * z); f) fl Q(y; f) C Q(x *z;g). By 

Theorem 3.5, Pf is a falling ideal of X. □ 

Lemma 3.10. For any falling ideal H of a pre-logic X, the following are equivalent: 

(i) (Vx, y G X) (fi(x * y, 0 n fl(x; f ) C Q(y; f )) • 

(ii) (Vx, y,z G X) (fi(z * (y * z); f) n fi(z *y;£) C ft(x * z\ £)) . 

Proof. Assume that ff satisfies (i). For any x,y,z G X, using (P3), we have (2(x * (y * z);f) fl 
12 (x * y;£) = 12 ((x * y) * (x * z); f) fl 12 (x * y; £)) C O(o: * z; £). Thus (ii) is valid. 

Conversely, suppose that fl satisfies (ii). Putting x := 1 in (ii) and using (P2), we have 
Pl(y * z; f) n n(y- f) = 12(1 *(y* z)); 0 n 12(1 * y; £)) C 12(1 * z; f) = fl(z; £)• Thus (i) is true. □ 

Proposition 3.11. Let X be a pre-logic. Then Pf is a falling ideal of X if and only if the 
following conditions are valid: 

(i) (VxGX)(O(x;0CO(l;0). 

(ii) (Vx, y, z G X) (12(x *(y*z);£) n 12(x *y;£) C 12(x * Z ; £)) • 

Proof. It follows from Corollary 3.9 and Lemma 3.10. □ 

Corollary 3.12. Every falling ideal Pf of a pre-logic X satisfies the following property: 

(Vx,y G X)(12(x* (x*j/);f) C 12(x*j/;f)). 
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Proof. Putting x x, z y and y x in Proposition 3.11(ii), we have fl(a; * (x * y);£) = 
Q(x * (x * y); £) fl 0(1; £) = Q(x * (x * y); £) fl Pl(x * x] £) C f l(x * y\ £), for all x, y G X. □ 

4. Positive implicative falling ideals 

Definition 4.1. Let (ft,£/,P) be a probability space, and let £ : fl — >■ &(X) be a random set, 
where X is a pre-logic. If £(cu) is a positive implicative ideal of X for any ui G fl with £(u;) 0, 

then the falling shadow H of the random set £, i.e., H(x) = P(uj \ x G £(cv)) is called a positive 
implicative falling ideal of X. 

Example 4.2. Let X = {1, a, b, c, d} be a pre-logic as in Example 3.2. 

(1) Consider a random set f as in Example 3.2. Then the falling shadow H of £ is a positive 
implicative falling ideal of X, since {l,a, 6 } is a positive implicative ideal of X. 

(2) Define a random set 77 : O — ^ PP(X) as follows: 

{ 0 if u G [0,0.3), 

{1,6} if u G [0.3, 0.7), 

X if u G [0.7,1], 

Note that J := {1, b} is an ideal of A" but not a positive implicative ideal of X since b*((a*d)*a) = 
b*(d*a) = b*l = l£j and b G J but a ^ J. Hence H is a falling ideal of X, but not a positive 
implicative falling ideal of X. 

Proposition 4.3. Every positive implicative falling ideal of a pre-logic X is a falling ideal of X. 

Proof. Straightforward by Definition 4.1 and Theorem 2.10. □ 

The converse of Proposition 4.3 is not true in general (see Example 4.2(2)). 

Theorem 4.4. Let X be a pre-logic. Then Pf is a positive implicative falling ideal of X if and 
only if Pf satisfies the following two conditions: 

(i) (V*GX)(fi(*;0Cfi(l;0), 

(ii) (Vx,y,z G X)(C2(x*((y*z)*y);€)n{2(x;£) C ft(j/;f)). 

Proof. Assume that Pf satisfies two conditions (i) and (ii). Let x G £(cv) for every x G X and for 
all u G O. Then c 0 G fl(x;£) C fl(l;£) and so 1 G £(cv). Let x,y,z G X be such that x G £(cu) 
and x * ((y * z) * y) G £(u;). Then c 0 G 0(x; £) and u> G (2(x * ((y * z) *?/);£). Using (ii), we have 
l 0 G 0(y;£). Hence y G £(cu) and so £(u>) is a positive implicative ideal of X. Therefore H is a 
positive implicative falling ideal of X. 

Conversely, suppose that Pf is a positive implicative falling ideal of X. The first condition (i) 
follows from Proposition 3.7 (i) and Proposition 4.3. For any x, y, z G X, if u> G Pl(x * [fy * z) * 
y)\ f ) flO(i;(), then x*((y*z)*y) G £(u) and x G £(cv). Since £(u;) is a positive implicative ideal 
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of A", we have u> G Ll(y; £). Therefore Q(x * {{y * z) * y); £) D Q(x]£) C Q(y; £) for any x,y, z G X. 
Thus (ii) holds. □ 

Theorem 4.5. Let H be a falling ideal of a pre-logic X. Then the following are equivalent: 

(i) H is a positive implicative falling ideal of X. 

(ii) (Vx,y G X )(Ll((x*y) *x;£) C 

Proof. Assume that H is a positive implicative ideal of X. Putting x := 1 ,y : = x, and z := y in 
Theorem 4. 4(ii), we have fl(l*((x*y)*a;); flT2(l; £) = Q((x*y)*x; ^ ) flO(l; £) = Q((x*y)*x; £) C 
f2(a;;£). Hence (ii) holds. 

Conversely, suppose that a falling ideal H satisfies (ii). By Lemma 3.8, for any x,y,z G X, we 
have Q(x * [fy * z) * y )\ £) fl Ll(x; f) C fl((y * z) *y,f) C Ll(y; f). By Theorem 4.4, H is a positive 
implicative falling ideal of X. Thus (i) is true. □ 

Corollary 4.6. Any positive implicative falling ideal of a pre-logic X satisfies the following 
property: 

(Va?, j/ G X)(Q((x*y) *y;£) C fi((j/*x) *x;f)). 


Proof. Since x < (y*x)*x for all x,y G X , it follows from Lemma 2.4 that ((y*x)*x)*y < x*y. 
Then {x *y) *y < (y * x) * ((x * y) * x) = (x * y) * ((y * x) * x) < (((y * x) * x) *y) * ((y * x) *x). 
By Proposition 3.7(iii) and Proposition 4.5, we have f l((x*y) *?/;£) C Q((((y*x) *x)*y)* ((y * 
x) * x)]f) C Q((y * x) * x] £), for any x, y G X. This completes the proof. □ 
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QUADRATIC p-FUNCTIONAL EQUATIONS IN 
NON-ARCHIMEDEAN BANACH SPACES 

CHOONKIL PARK, GANG LU, YINHUA CUI, AND MING FANG* 


Abstract. In this paper, we solve the quadratic p-functional equations 

f{x + y) + f{x -y)- 2 f(x) - 2 f(y) = p ^4/ ( + f (x - y) - 2 f(x) - 2 f{y)j ,(0.1) 

where p is a fixed non-Archimedean number with \p\ < |2|, and 

4 / (“yy ) + / ( x ~ y) ~ 2 /( x ) - 2 f(y ) = p(f( x + y) + f( x -y)~ 2 fi x ) - 2 fiy))i 0- 2 ) 

where p is a fixed non-Archimedean number with \p\ < |2|. 

Furthermore, we prove the Hyers-Ulam stability of the quadratic p-functional 
equations (0.1) and (0.2) in non-Archimedean Banach spaces. 


1. Introduction and preliminaries 

A valuation is a function | • | from a field K into [0, oo) such that 0 is the unique 
element having the 0 valuation, |rs| = |r| • |s| and the triangle inequality holds, i.e., 

| r + s\ < |r| + |s|, Vr, s e K. 

A field K is called a valued field if K carries a valuation. The usual absolute values of 
M and C are examples of valuations. 

Let us consider a valuation which satisfies a stronger condition than the triangle 
inequality. If the triangle inequality is replaced by 

| r + s\ < max{|r|, |s|}, Vr, s G K, 

then the function | • | is called a non-Archimedean valuation, and the field is called 
a non-Archimedean field. Clearly 1 1 1 = | — 1 1 = 1 and \n\ < 1 for all n G N. A trivial 
example of a non-Archimedean valuation is the function | • | taking everything except 
for 0 into 1 and |0| =0. 

Throughout this paper, we assume that the base field is a non-Archimedean field, 
hence call it simply a field. 

Definition 1.1. ([8]) Let A be a vector space over a field K with a non-Archimedean 
valuation | • j. A function || • || : A* —>■ [0, oo) is said to be a non-Archimedean norm 
if it satisfies the following conditions: 

2010 Mathematics Subject Classification. Primary 46S10, 39B62, 39B52, 47S10, 12J25. 

Key words and phrases. Hyers-Ulam stability; non-Archimedean normed space; quadratic p- 
functional equation. 
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(i) ||a;|| = 0 if and only if x = 0; 

(ii) ||rx|| = |r|||x|| (r G K,x G X); 

(iii) the strong triangle inequality 

\\x + y\\ < max{||x||, .\\y\\}, \/x,y <E X 

holds. Then (X, || • || ) is called a non- Archimedean normed space. 


Definition 1.2. (i) Let {x n } be a sequence in a non-Archimedean normed space X. 
Then the sequence {xn\ is called Cauchy if for a given e > 0 there is a positive integer 
N such that 

1 1 ■!' n ]| — ^ 


for all n, m > N. 

(ii) Let {x n } be a sequence in a non-Archimedean normed space X. Then the 
sequence {x n } is called convergent if for a given e > 0 there are a positive integer N 
and an x G X such that 

\\x n — ar|| < £ 

for all n > N. Then we call x G X a limit of the sequence {a: n }, and denote by 
lim n _ >0O x n = x. 

(iii) If every Cauchy sequence in X converges, then the non-Archimedean normed 
space X is called a non-Archimedean Banach space. 


The stability problem of functional equations originated from a question of U- 
lam [18] concerning the stability of group homomorphisms. The functional equation 
f(x + y) — f(x) + f(y) is called the Cauchy equation. In particular, every solution of 
the Cauchy equation is said to be an additive mapping. Hyers [7] gave a first affirma- 
tive partial answer to the question of Ulam for Banach spaces. Hyers’ Theorem was 
generalized by Aoki [2] for additive mappings and by Rassias [11] for linear mappings 
by considering an unbounded Cauchy difference. A generalization of the Rassias the- 
orem was obtained by Gavruta [6] by replacing the unbounded Cauchy difference by 
a general control function in the spirit of Rassias’ approach. 

The functional equation f(x + y) + f(x — y) = 2 f(x) + 2 f(y) is called the quadratic 
functional equation. In particular, every solution of the quadratic functional equation 
is said to be a quadratic mapping. The stability of quadratic functional equation was 
proved by Skof [17] for mappings / : Ei — > E 2l where E\ is a normed space and 
E 2 is a Banach space. Cholcwa [5] noticed that the theorem of Skof is still true if 
the relevant domain Ei is replaced by an Abelian group. The functional equation 
4 / + (x — y) = f(x ) + f(y) is called a Jensen type quadratic equation. The 

stability problems of various functional equations have been extensively investigated 
by a number of authors (see [1, 3, 4, 9, 10, 12, 13, 14, 15, 16, 19, 20]). 

In Section 2, we solve the quadratic p-functional equation (0.1) and prove the Hyers- 
Ulam stability of the quadratic p-functional equation (0.1) in non-Archimedean Banach 
spaces. 

In Section 3, we solve the quadratic p-functional equation (0.2) and prove the Hyers- 
Ulam stability of the quadratic p-functional equation (0.2) in non-Archimedean Banach 
spaces. 
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Throughout this paper, assume that X is a non-Archimedean normed space and 
that Y is a non-Archimedean Banach space. Let |2| ^ 1. 

2. Quadratic p-functional equation (0.1) in non-Archimedean normed 

spaces 

Throughout this section, assume that p is a fixed non-Archimedean number with 

IpI < |2|. 

In this section, we solve the quadratic p-functional equation (0.1) in non-Archimedean 
normed spaces. 

Lemma 2.1. If a mapping f : G — >• Y satisfies /( 0) = 0 and 

f(x + y) + f(x-y)-2f(x)-2f(y) (2.1) 

= p (4/ (yy ) + f(x-y)~ 2 fix) - 2 f(y)^ 

for all x,y E G, then f : G — >• Y is quadratic. 

Proof. Assume that / : G — » Y satisfies (2.1). 

Letting y — x in (2.1), we get /( 2x) — 4 f{x) = 0 for all x G G. Thus 

/ (f) = (2.2) 

for all x G G. 

It follows from (2.1) and (2.2) that 

f(x + y) + f(x y) 2 f( x ) - 2 f( y ) 

= P (4/ (-y^) +f(x-y)~ 2 f(x) - 2 f(y)^j 
= p(f(x + y) + f(x y) 2 f(x) - 2 f( y )) 

and so 

f(x + y) + f(x -y) = 2 f(x) + 2 f(y) 

for all x, y G G. □ 

Now, we prove the Hyers-Ulam stability of the quadratic p-functional equation (2.1) 
in non-Archimedean Banach spaces. 

Theorem 2.2. Let r <2 and 6 be nonnegative real numbers and let f : X — > Y be a 
mapping satisfying 

f(x + y) + fix y) 2 fix) - 2 f{y) - p ^4 / ^ yy) + f ix - y) - 2 fix) - 2 f(y)^ 

<0(iMr+Nn ( 2 . 3 ) 

for all x,y G X. Then there exists a unique quadratic mapping Q : X — > Y such that 

ii/(u-qmii< j|pwr (2T 

for all x G X. 
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Proof. Letting x — y — 0 in (2.3), we get —2/(0) = pf( 0). Since \p\ < |2|, /( 0) = 0. 
Letting y — x in (2.3), we get 


for all x G X. So 


11/(2®) — 4/(x)|| < 26\\x\\ r 
f(x) — 4/ < j4L0||a;|| r for all x G X. Hence 


(2.5) 



for all nonnegative integers m and l with m > l and all x G X. ft follows from (2.6) 
that the sequence {4 ”/(/r)} is a Cauchy sequence for all x G X. Since Y is complete, 
the sequence {4 n /( Jr)} converges. So one can define the mapping Q : X — > Y by 

Q(x) := lim 4 n /(-^-) 

v ’ n—too JK 2 n 

for all x G X. Moreover, letting / = 0 and passing the limit m — > oo in (2.6), we get 
(2.4). 

It follows from (2.3) that 

'x + y' 


Q(x + y) + Q (x - y) - 2 Q(x) - 2 Q(y) - p 4Q 


+ Q (x — y) — 2 Q(x) - 2 Q(y) 


= lim |4| r 


/ 


-P 4/ 


x + y 


x + y 
2 n 

+ f 


+ f 

x-y 


x 


2 / — - 2 / — 
^ V Or) ^ V Or) 


® - y 


-2/[M-2/ A 


y 


2 n+1 

for all i,!/G A". So 
Q(x + y) + Q(x-y)-2Q(x)-~2Q(y) = p[4Q 


< lim g (||xir + \\y\\ r ) = 0 

— n-^oo 2 \ nr V ^ 


x + y 


+ Q (x — y) — 2 Q(x) - 2 Q(y) 


for all x,y G X. By Lemma 2.1, the mapping h : X — > Y is quadratic. 

Now, let T : X — > Y be another quadratic mapping satisfying (2.4). Then we have 


\\Q(x)-T(x)\\ = 

x 


< max 


4 q Q 


2* 


4 q Q 

-"(D 


4 q T 


4 q T 


-‘■'X) 


< 


1 2 1 ( r_ 2 L+' 


r^lkir, 


which tends to zero as q — * oo for all x E X. So we can conclude that Q(a;) = T(x) 
for all x G A". This proves the uniqueness of Q. Thus the mapping Q : X — > Y is a 
unique quadratic mapping satisfying (2.4). □ 
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Theorem 2.3. Let r > 2 and 6 be positive real numbers, and let f : X — > Y be a 
mapping satisfying (2.3). Then there exists a unique quadratic mapping Q : X — * Y 
such that 

\\f(x) -Q(x)\\ < ^\\x\\ r 

for all x e X. 

Proof. It follows from (2.5) that 

1 2 $ 

f(x)--f( 2x) < j^llxir 

for all x G X. 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

3. Quadratic p-functional equation (0.2) 

Throughout this section, assume that p is a fixed non- Archimedean number with 
|p| < |2|. 

In this section, we solve the quadratic p-functional equation (0.2) in non- Archimedean 
norrned spaces. 

Lemma 3.1. If a mapping f : G — >■ Y satisfies /( 0) = 0 and 

4/ + / (^ - y) - 2 /(^) - 2 /(y) (3-1) 

= p{f{x + y) + f(x y) 2 f(x) - 2/ (y)) 
for all x,y G G, then f : G — >• Y is quadratic. 

Proof. Assume that / : G — > Y satisfies (3.1). 

Letting y — 0 in (3.1), we get 

4/ (|) = f(x) (3.2) 

for all x G G. 

It follows from (3.1) and (3.2) that 

f(x + y) + f(x ■ y) 2 f(x) - 2 f(y) 

= 4/ (^y^) +f(x-y)~ 2 f(x) - 2/(2/) 

= p(f(x + y) + f(x y) 2 f(x) - 2 f(y)) 

and so 

f(x + y) + f{x - y) = 2 f(x) + 2 f(y) 

for all x,y e G. □ 

Now, we prove the Hyers-Ulam stability of the quadratic p-functional equation (3.1) 
in non- Archimedean Banach spaces. 
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Theorem 3.2. Let r < 2 and 6 be nonnegative real numbers, and let f : X — > Y be a 
mapping satisfying 

4 / (“y^) + f( x ~y)~ 2 f( x ) ~ 2 f(y) - p(f( x + y) + f( x -y)- 2 /(^) - 2 f(y)) 

< <?(ikii r + \\y\n (3-3) 

for all x,y G X. Then there exists a unique quadratic mapping Q : X — * Y such that 

\\f(x) -Q(x)\\ <9\\x\\ r (3.4) 

for all x G X. 

Proof. Letting x — y — 0 in (3.3), we get /( 0) = 2p/(0). Since \p\ < |2|, /( 0) = 0. 

Letting y — 0 in (3.3), we get 

| 4 /(§)-/w|< <w (3 ' 5) 

for all x G X. So 



for all nonnegative integers m and l with m > l and all x G X. It follows from (3.6) 
that the sequence (4 n /(^)} is a Cauchy sequence for all x G X. Since Y is complete, 
the sequence {4 n f(^)} converges. So one can define the mapping Q : X — > Y by 

Q(x) := lim 4 n f( — ) 

v ’ n— >oo J K 2 n 

for all x G X. Moreover, letting l = 0 and passing the limit m — > oo in (3.6), we get 

(3-4). 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Theorem 3.3. Let r > 2 and 6 be positive real numbers, and let f : X — > Y be an even 
mapping satisfying (3.3). Then there exists a unique quadratic mapping Q : X — >• Y 
such that 

ii/(u-«wii<!TYr (3U 

for all x G X . 

Proof. It follows from (3.5) that 

f( x ) ~ ^ ^plM| r 
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for all x G X. Hence 

i/(2-x) - G./(2 ">x) 


< max 


{|| If i 2 '*) ~ Jnf { 2 ‘ + ' x ) 


= max 


< max 


4 * 

1 

w 

121 


/ (2'x) - \f (2 l+l x) 


4" 

|2| r (m-l) 
|4|i+l’ " ' ’ |4|(m-l)+l 


| 4m- J 

1 

’ |4| m— 1 


(3.8) 

l/(2"-T)-i/(2™x)||} 

/ (2”-T) - (2 m x) 


rl 


\2\ r 9\\x\\ r = 


121 r e 


|2|(2-r)i+2 


X 


for all nonnegative integers m and l with m > l and all x G X. ft follows from (3.8) 
that the sequence f(2 n x )} is a Cauchy sequence for all x G X. Since Y is complete, 
the sequence {^/( 2 n x)} converges. So one can define the mapping Q : X — > Y by 

Q(x) := lim — /( 2 n x) 

for all x G X. Moreover, letting / = 0 and passing the limit m — > 00 in (3.8), we get 
(3.7). 

The rest of the proof is similar to the proofs of Theorems 2.2 and 3.2. □ 
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Abstract 

To reduce the computational cost and storage requirement of global general- 
ized minimal error(GLGMERR) method, in this paper, we propose a truncated 
version of GLGMERR method, which is termed as incomplete global generalized 
minimal error method. The proposed approach uses only a few rather than all of 
the prior computed matrices in recurrences to generate the next matrix. More- 
over a quasi-minimum error solution is obtained as well. Finally, we present the 
numerical results by comparing with the traditional global GMERR method in 
CPU time and storage requirements to show the effectiveness and advantages of 
our method. 

Key words :matrix equation; incomplete global generalized minimal error. 

AMSC(2000 ): 65F10, 49M15, 65H10, 15A24 


1 Introduction 

Consider the following problem: 

Ax {i) = b (i) ,i = 1,2, ••■s, (1.1) 


*This research was supported by National Natural Science Foundation of Chi- 
na(11501200, 11601152, 11501525) and National Natural Science Tianyuan Foundation of Chi- 
na(11626238), the Natural Science Foundation of Henan Province(16A110018,17All0037,15All0050), 
the Key Scientific Research Project of colleges and universities in Henan Province(No.l5Al 10045), 
Growth Funds for Scientific Research team of NCWU(320009-00200), Youth Science and Technology 
Innovation talents of NCWU(70491), Doctoral Research Project of NCWU(201119). 

T Corresponding author. E-maihzhuoer2008@sohu.com. 
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where A is a n x n unsymmetric matrix, x^\ are all n x 1 real vectors, s < n. In our 
daily life, sometimes we have to solve this problem. Therefore, it is of importance that 
researchers are interested in the study of the numerical solutions, algorithms design 
and software development for solving problem (1.1). 

Krylov subspace method, as one of the effective method for solving Ax = b, can be 
used to solve s linear systems one by one. However, when the order of A is large, it is 
not enough to use this method to solve this problem. Therefore, we have to find the 
other new method to solve it. It should be noticed that when all I:/' 1 ' 1 do impact on the 
whole system, the problem (1.1) can be rewritten as 

AX = R, (1.2) 

where X = [xW, x^, •••x^] T , B= [//b, b^, •••M S )] T . 

In the past decades, some related works have been achieved to solve the problem 
(1.2). In 1999, Jbilou [1] et al proposed the global Arnoldi method and moreover, they 
proposed global FOM and GMRES methods based on global Arnoldi method, which 
extended the Krylov subspace method. Among all Krylov subspace methods, GMERR 
method is one of the most effective methods, because it can minimize the error norm 
of this method on Krylov subspace. The literature [2] presented the global GMRES 
method for solving unsymmetric linear systems, which maps the initial residual matrix 
to the Krylov subspace. In some sense, global GMERR and global GMERS [1] methods 
have similar structures. 

The global generalized minimal error(GMERR) algorithm is an effective Krylov 
subspace method to solve the linear equations with multiple right-hand sides. As the 
global GMERR method and the GMERR method have the long recurrence, which 
result in the dramatic increase of the calculation and storage along with the increase 
of the step numbers. At present, there are many truncation strategies. For example, 
Young [3] presented the truncated forms of the orthogonal direction method and the 
orthogonal residual method. In [4,5], a truncated forms of FOM method has been 
given. The truncated forms of IGMRES method or QGMRES method are presented 
in [6-10]. In this paper, we use the truncation strategy to improve the global GMERR 
algorithm, and propose a incomplete global GMERR algorithm, which use a few of the 
previously generated matrix to construct the new basis matrix, and we also give the 
quasi global minimum error solution on the Krylov subspace. 

The remainder of this paper is organized as follows. In Section 2, we present the 
incomplete global GMERR algorithm. Section 3 and 4 give some numerical experiments 
to test the effectiveness of the incomplete global GMERR algorithm and conclusions, 
respectively 
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2 Incomplete global GMERR algorithm 

The incomplete global GMERR algorithm, which is based on the incomplete orthogo- 
nality of the Krylov subspace matrix, is to seek the quasi global minimum error solution. 
The basis matrices = 1, 2, ... ,m ) of the Krylov subspace K m (A T , R 0 ) can be ob- 

tained through the incomplete orthogonal process. A T Vi(i = 1, 2, ..., m) is carried out in 
the orthogonal process with the first q(q < m ) matrices V io , ...Vi(i 0 = max{l,i — q+^-}), 
The incomplete global GMERR algorithm is to seek the approximate solution X m = 
A"o + Z m , Z m e A T K m (A T , R 0 ). Moreover R m = B - AX m X K m (A T , R 0 ), i.e., 

Ro — AZ m X K m (A r , Rq). (2-1) 

Note that U m = [Ki, V 2 , V m ]. let Z m = A T U m * y m , then we can have 

Am. Xq T A U m * y m , R m Ro A A U m ♦ y m . 

Since R 0 — AZ m is orthogonal to K, m (A T , R 0 ) from equation (2.1). Therefore, for 
z = 1,2, m, we can obtain 

< Vi, R 0 >=< Vi, AA T U m * y m > . (2.2) 

Let Vi = Rq/ || Rq || f , then for the formula (2.2), when i — 1, it means tr(V/ Rq) = 
tr(y± AA T U m * y m ), i.e., 

II Ro ||f= (ir(Vf^ T yx),ir(lfX4 T y 2 ),...ir(lfX4 T y m ))j/ m ; 

when i — q + 2, ..., m, (tr(VZ AA T Vi), tri/V? AA T V 2 ), ...tr(V/ r AA T V m ))y m = 0; 
when i = 2,...,q+l, tr(V t T R 0 ) = (tr(V^AA T V 1 )MV^AA T V 2 ), ...tr{V? AA T V m ))y m . 

Therefore, through the above discussion, we can obtain y rn by solving the following 
linear system: 

tr{V?AA T Vi) tr(V?AA T V 2 ) ••• tr{V?AA T V 2 ) 
tr(V?AA T Vi) tr(V 9 jAA T V 2 ) ••• tr(V 2 T AA T V 2 ) 

tr{Vj l AA T Vi) tr(VZAA T Vz) ■■■ tr(V%AA T V 2 ) 

(2.3) 

To sum up, we obtain the following restarting incomplete GMERR Algorithm. 
Algorithm 1 (The restarting in complete GMERR Algorithm) 

Step 1. Choose the restarting step number m, let 2 < q < m, set the precision 
tol and initial estimation n x s moment X 0 . Then calculate R 0 = B — AX 0 , Let 
b'l = Rq/ || Rq || f! 
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Step 2. For i = 1, 2, ...,m , do the following incomplete orthogonal process 

2.1 W = A T Vi, 

2.2 For j = max( 1, i — q + 1), i, calculate 


hj,i = tr(V?A T Vf), W = W - hjM, 

2.3 h i+ =|| W || Fy Vi + i = W/hi + i 5 i/ 

Step 3. Solve the linear system (2.3) to get y m ; 

Step 4- Calculate X m = X 0 + A T U m * y m ; 

Step 5. If || R rn ||_f=|| B — AX 0 || f < tol, stop; otherwise, let X rn = X 0 , calculate 
R 0 = B — AX 0 , Vi = R 0 / || R 0 ||^, go to step 2. 

It is not difficult to find that the matrices and Hessenberg matrix H m produced by 
the above incomplete orthogonal process satisfy the following theorem. 

Theorem 1 If the incomplete global GMERR algorithm doesnt interrupt before the mth 
step, i.e., hi+ij ^ 0, {i = 1, 2, • • • , m), then {Vi}(i = 1, 2, • • • , m), which are produced 
by the incomplete orthogonal process, constitute a basis of the Krylov subspace. In 
addition, we have 

A U m = U m * H m T S m + 1, 


tr(V?V i )=0(i^j, 


j \< q), tr(V?Vj) = 1, (i,j = 1, 2, — , m), 


where S m - )_i 0 n xs...Vfc_)_i]. 


By analyzing the above theorem, we can achieve H m and B m = (tr(I^ T Vj)) mxm , 
(i, j = 1, 2, • • • , m) in detail 


/ tr(Vi AVi) ■ ■ ■ trlyf- AV q ) 
triyT AV\) ••• 


Hm. 


\ 


( 


B m = 


1 0 
0 1 

0 


tr(V^_ q+l AV m 


triyffAVm-i) triVffAVn 

0 ^ 


) J 


0 

1 
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Now, let us state some results which are indispensable for our subsequent discus- 
sions. 

Lemma 1 For inner product < X,Y >, we have < X,Y ><|| X || F || Y || F , where 
X , Y e Z nxs , Z nxs represents the n x s matrix space over R 


Proof. Obviously, < X,Y >= tr{X l Y) 
equality, we have 


n s 

X} x ijUij i By Cauchy- Schwarz in- 
i=lj=l 


YY x ^ < Y 

i=l j = 1 


i = 1 


Y x l 


o=i 


< 


EE 

0=1 j = 1 


*? 



n 


EE 

0=1 3 = 1 


y, 


V 


1 

2 


= 11 * IMI Y || F . 

Hence, the proof of the theorem is completed. □ 

min{i—q—lj+l} 

Lemma 2 If j + 2 < i < m + 1, then tr(V x A T Vj) = X) h k jtr(V- r \ 4)- 

fc=j-9+i 

Proof. By analyzing the algorithm and components of H m , we have A T Vj = 

ra+1 

XI hk,jVk, where j = 1,2, • • • , m. Multiplying V t T left to the two sides of the above 
k= 1 

formula, we have V x A T Vj = X) h k ,jV x Vk- 

k= i 

Taking the trace, we can have 


i— q — 1 m+1 

hr{V t T A T Vj) = Y hkMVfVk) + Kj + ^ P fc ) 

fc=l k=i-\-q + 1 

*-9-1 i+1 

= E M’-(ifU) + '+ + E KMYv t ) (. k ^ 1? h'kj 0) 

ram{i— <y— 1 j+1} 

E tr ('+vfu) 

fc=l 

rmn{£— q— 1 j+1} 

E hf.MYv*) 

k=j-q+l 

If k < 0, let tr(V x V k ), we have h k)J = 0. □ 

Theorem 2 Suppose q > 2,i < m + 1 and i — j > q + 1, if the incomplete global 
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GMERR algorithm doesnt interrupt before the step, we have 

I trivj' Vi) \< a 

where c i+l = max 7 
1 <j<i-q 

^ ^ I h'kj 

k=j-q+l 

and if k < 0, then 7^1 ^ = 1 . 

Proof. Let U m+1 = [Vi, V 2 , . . . , Kn+i], B m+1 = (tr(R i T ^))( m+ 1 )x ( m+ q. From Al- 
gorithm 1 and Lemma 2, when i + 1 < m + 1 and i + 1 — j > q + 1, we obtain 
that 

i 

h i+lti V i+1 = A T Vi - ^ Zifc.il 4, (2.5) 

k=i 0 

Left-multiplying Vj to both sides of equation (2.5) and taking trace, we can get 


A T — A ||j? //ij.i-i, 


(2.4) 


/hi,i - 1 + ( E Ck | | J 1 

v/c=j+g+l 


fr(V/V m Zq +M ) = hr Vj A T V. X - £ 


k=i 0 


min{i—q—l,j-\-l} i 

tr (Vf (A T - A) fd) + £ /ifcj*r(Vf V.) - ^ Mr(V/Vfc), 

k=j— q+1 k=i o 

( 2 , 6 ) 


where io = max{l,i — q + 1}. In the following part, the inductive method is used to 
prove our theorem. 

When % + 1 = q + 2 < m + 1, j = 1, from equation (2.2) and Lemma 2, we can 
obtain 

h q + 2 , q + 1 hr ( k, T L g+2 ) = tr (Vf (A T - A) K /+ i) • 

Assume that the incomplete global GMERR algorithm doesnt interrupt, and then 
we can have 


\tr(V?V q+2 )\ = | hr (hf (A t - A) V ?+1 ) | /h q+2 , q+ i 
= \< Vi, (A T - A) V q+1 >| /h q+2 , q+ i 

— II ^1 ||f|| ^4 T — A ||i^|| Rg+I ||i? /h q+ 2,q+l 

= 11 — hi ||i? /h q+ 2,q+l, 

which shows that it satisfies formula (2.5), where c q+ 2 = 1. 
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Assume the first i columns in the upper right corner of matrix B m+ \ satisfy equation 
(2.5). In the following we process the (i+l)th column, where 1 < j < j—q , i.e. i—j > q. 
For formula (2.6), we can separately get the following inequations 


min{i—q—lj+l} 

E KMv? v, d 

k=j-q+ 1 


and 


Y hkMVjVk) 

k=i 0 


< V \h k jtr(VkVi)\ 

k=j-q + 1 
min{i—q—l,j-\-l} 

<d Y I hk,j | || A T - A || F /h^i- 1, 

k=j-q+l 


< Y I h k,M V j T v k ) | = ^ I hkMv? v k) I 

k=i 0 k=j+q + 1 

i 

< E Ck \hk,i\ || A T — A || F /hk,k- 1- 

k=j+q + 1 


Then, we can conclude that 


tr(V T V l+1 ) < 


( 1 Vj ||f|| a t — A || F || \ 

r % | f + 

min{i—q—l,j+l} 

X h k jtr(V?Vi) 

+ 

X h k ,itr(V^V k ) 

) 

V 


+ 

Cr 

1 

II 


k=i 0 

J 


< — 


hi- i./ 

min{i— q— lj'+l} \ / i 

1 T [ Cj hfc.j I / hj ,^— i T J Cfc Ihfc^l / hk } k—i 

k=j-q + 1 / \fc=J+(J+l 


A T - A 


h 


’ 2 + 1,2 


Ti+lj || -^ ^ H+ 1 /^2+l,2) 


where q+i = max The proof the theorem is completed. □ 

Theorem 3 Any singular value a(B m ) of B m = (tr(fj T V))) satisfies 

max {0, 1 — (m — g — l)c || A T — A || F j < <j(B m ) <l + fm — q — l)c || A T — A || F 
where c is a function generated by H m . 

Proof. By Gerschgorin Circular disc Theorem and Theorem 1, for any singular 
value a(B m ) of B m , there must exist i, satisfying 


cr 


(B ra )-i| <El* r « T U)l= E M v 7 v i)l 

j¥=i I*— j|>?+l 
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Therefore, we can get that 


i- E Mv?v j )\<a(B m )<i+ e Nifn: 

I»-J'l>9+1 l*-il>9+l 

By analying the algorithm and the structure of B m , we have 

i—q—1 m 

E M V X)\ = E Mv? v i)\ + E I tHvXi 

l*-j|>5+l j =1 i=i+g+l 

If % < g + 1, |hr(IZ T V^)| = 0, then 
3 = 1 

X |fr(I/ T V ? )| < (m - i - g) max MOj)I 
|i-j|>5+l 

< (m - g - 1) max |tr(l^)| 

q-\- 2 <j<m 

< (m — q — 1 )c || - A || F , 

where c = max c, / h-j i . 

g+2<i<m J 
m 

If i > m — q, \tr(V t T Vj)\ = 0, then 

j=j+g+l 


X I tr ( v ^ v i) I < (* - 9 - !) max |tr(VfV;-) | 

I*-J'l>9+1 

< (m — g — 1) max \tr(V^Vi)\ 

< (m — q — l)c || y4 T — A ||i?, 

where c = max i- 

m—q<i<m ’ 

Ifg + 2<i<m — g — 1, based on Lemma 2, we have 
X) I < (i — g — 1) max |hr(R.' r R i )| + (m-i-g) max |tr(R i T R i ) 

z g— 1 2+q , +l< < 7<m 

l*-tl>9+l 

< (i — 0 — 1) || A T — A |Y max Ci/ha - 1 

g+2<i<m-g-l 

+ (m — i — q) || A t — A IY max cJhj 1 

i+(?+l<j<m J 


< (m — 2q — l)c || A T — A ||i?< (m — q — l)c || A T — A || F , 


I 


where c = max < max Ci/ha- 1 , max Based the above disscus- 

I <?+2<i<ra— <?— 1 ’ i+g+l<j<m ’ 

sion, the proof the theorem is completed. □ 
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Theorem 3 presents that the orthogonal degree of basis matrices is determined 
by the symmetry degree of the coefficient matrix. By the above theorems, we can 
obtain the conclusion on the algorithm convergence. If the algorithm is interrupted, 
which means hi +i ^ = 0(1 < i < m) at ith step, the invariant subspace of A T could 
be generated, moreover the approximate solution Xj generated by incomplete global 
GMERR algorithm is the exact solution of AX = B. Meanwhile, the error Ri = 0. 

During the incomplete orthogonal process, the generated basis matrix may lose 
the orthogonality to some extent. From theorem 2 and theorem 3, we can End that 
the incomplete global GMERR algorithm can not control the orthogonal degree of the 
generated basis matrix when the coefficient matrix is far away from the symmetric 
property. And so, the algorithm may not converge. 


3 Numerical experiments 


In this section, we give numerical experiments to test the effectiveness of the incomplete 
global GMERR algorithm. Moreover we compare it with the global GMERR algorithm 
and find that our proposed method is more effective than the traditional method when 
they are set in the same accuracy. 

Example Consider the two-dimension Convection-Diffusion Equation which is de- 
fined on the domain D = [0, 1] x [0,1] 

d 

- A u(x, y ) + a fa. u ( x i y ) = /Od y), 
u(x,y ) = 0. 

In this paper, we use the central difference method with grid length h — l/(/ + 1) 
to discrete the above equation, and then we obtain the n = / 2 order non-symmetric 
matrix A(a) 

( B(a) -1 \ 

-I 


A(a) = 


V 


-I 

-I B(a) ) 


where B(a) = 


/4a 

b •• 


\ 


is l order matrix, a = — 1 + 2 (i+i ) , b = —1 


2 ( 1 + 1 )' 

a ' 

\ b 4 J 

I is l order identity matrix, parameter a control the A(a) and deviation of symmetry. 
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Table 1: The incomplete global GMERR(m) algorithm with n = 2500, a = 0.25, || Y(0.25) T — 
A(0.25) ||f= 0.3431 


m 

q 

CPU 

ratio 

IT 

II -R \\f 


2 

43.8590 

0.7221 

28 

9.2951e-7 


5 

45.7030 

0.7725 

28 

9.2951e-7 

40 

10 

50.7810 

0.8361 

28 

9.2951e-7 

20 

55.6400 

0.9161 

28 

9.2951e-7 


30 

57.4530 

0.9459 

28 

9.2951e-7 


40 

60.7350 

1 

28 

9.2951e-7 


2 

34.4850 

0.6876 

15 

7.3342e-7 


5 

37.0470 

0.7386 

15 

7.3342e-7 


10 

39.9530 

0.7966 

15 

7.3342e-7 

50 

20 

43.9370 

0.8760 

15 

7.3342e-7 


30 

47.7030 

0.9511 

15 

7.3342e-7 


40 

49.4220 

0.9854 

15 

7.3342e-7 


50 

50.1560 

1 

15 

7.3342e-7 


Table 2: The incomplete global GMERR(m) algorithm with n = 2500, a = 2.5, || A( 2.5) T — 
A( 2.5) || F = 3.4314 


m 

q 

CPU 

ratio 

IT 

II -R \\f 


2 

44.6410 

0.7431 

24 

9.1938e-7 


5 

47.2960 

0.7872 

24 

9.1938e-7 

40 

10 

48.1100 

0.8008 

24 

9.1938e-7 

20 

58.7340 

0.9778 

24 

9.1938e-7 


30 

59.6250 

0.9812 

24 

9.1938e-7 


40 

60.0780 

1 

24 

9.1938e-7 


2 

34.4690 

0.7204 

13 

6.5037e-7 


5 

33.4690 

0.6995 

13 

6.5037e-7 


10 

38.4060 

0.8027 

13 

6.5037e-7 

50 

20 

39.2660 

0.8207 

13 

6.5037e-7 


30 

42.0780 

0.8795 

13 

6.5037e-7 


40 

44.0630 

0.9209 

13 

6.5037e-7 


50 

47.8440 

1 

13 

6.5037e-7 
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Table 3: The incomplete global GMERR(m) algorithm with n = 2500, a = 25, || Y(25) T — 
4(25) || F = 34.3137 


m 

q 

CPU 

ratio 

IT 

II R ||f 


2 

393.7810 

0.7567 

208 

8.2432e-7 


5 

381.4370 

0.7330 

208 

9.6001e-7 

40 

10 

420.1400 

0.8074 

208 

8.4919e-7 

20 

461.5940 

0.8871 

208 

9.3441e-7 


30 

489.7580 

0.9412 

208 

9.6380e-7 


40 

520.3590 

1 

209 

8.2174e-7 


2 

431.6090 

0.8871 

192 

7.7878e-7 


5 

324.9540 

0.6679 

137 

8.8358e-7 


10 

352.1880 

0.7238 

137 

8.4919e-7 

50 

20 

392.1410 

0.8059 

137 

9.1390e-7 


30 

427.0160 

0.8776 

137 

9.0901e-7 


40 

442.0160 

0.9084 

136 

9.71 13e- 7 


50 

486.5620 

1 

136 

9.1955e-7 


Table 4: The incomplete global GMERR(m) algorithm with n = 2500, a = 2500, || A{a) T — 
A(a) ||f= 3.4314e + 3 


rri 

q 

CPU 

ratio 

IT 

II ||f 


2 

153.0620 

0.7777 

90 

9.6087e-7 


5 

145.2810 

0.7382 

92 

9.8770e-7 

40 

10 

162.4370 

0.8253 

92 

9.8773e-7 

20 

180.1560 

0.9154 

92 

9.8773e-7 


30 

191.8900 

0.9750 

92 

9.8773e-7 


40 

196.8130 

1 

92 

9.8773e-7 


2 

196.8280 

0.7695 

71 

9.5397e-7 


5 

183.8900 

0.7189 

71 

9.3412e-7 


10 

205.8750 

0.8049 

71 

9.5319e-7 

50 

20 

228.0320 

0.8915 

71 

9.5319e-7 


30 

256.4370 

1.0026 

71 

9.5319e-7 


40 

244.1870 

0.9547 

71 

9.5319e-7 


50 

255.7810 

1 

71 

9.5319e-7 
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The purpose of this section is to demonstrate that, with the same accuracy, the 
incomplete global GMERR algorithm is more effective than the global GMERR algo- 
rithm when we solve the large linear equations with multiple right-hand sides. With- 
out loss of generality, we set s — 2, which means the two right-hand sides. Assuming 
B = rand(n, s), X 0 = 0,/ = 50, n = 2500, tol = 10 -6 , we test the incomplete global 
GMERR algorithm for numerical analysis for m — 40, 50, Moreover, we find that the 
incomplete global GMERR algorithm degenerate to global GMERR algorithm when 
q = m, Table 1-4 show us the numerical results, where CPU is denoted as the algorithm 
running time (in seconds), IT represents the iterate times, Ratio means the running 
time ratio of the incomplete global GMERR algorithm to the GMERR algorithm with 
the same accuracy requirements. 

For a = 0.25, A(a) is approximatly symmetric. Thus, the loss of the orthogonality 
of the basis matrices is not serious. The CPU time of incomplete global GMERR 
algorithm is shorter than the global GMERR algorithm, which shows effective of our 
proposed method. 

For a = 2.5, we can see the incomplete global GMERR algorithm is more effective 
than the global GMERR algorithm from table 2 and table 3. For a = 2500, although 
A(a) is far away from the symmetric property and the loss of the orthogonality of the 
basis matrices is serious, we can find that the incomplete global GMERR algorithm is 
still effective than the global GMERR algorithm from table 4. 

The experimental results show that, with the same accuracy, the incomplete global 
GMERR algorithm is more effective than the global GMERR algorithm. With the 
same computational cost, operation time and storage of our method is less than these 
of traditional method. 


4 Conclusion 

The incomplete global GMERR algorithm can overcome the long recurrence of the 
global GMERR algorithm by truncation strategy, which can save the computation 
and storage requirements effectively. In this paper, we present the incomplete global 
GMERR algorithm theoretically. Finally, the experimental results show effectiveness 
of the incomplete global GMERR algorithm by comparing with the traditional global 
GMERR algorithm. 
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DOUBLE DIFFERENCE SPACES OF ALMOST NULL AND ALMOST 
CONVERGENT SEQUENCES FOR ORLICZ FUNCTION 


KULDIP RAJ AND RENU ANAND 


Abstract. The objective of this paper is to introduce and study some double differ- 
ence spaces of almost null and almost convergent sequences defined by a Musielak- 
Orlicz function. We prove that these spaces are Banach, Barreled and Bornological 
spaces. An attempt is also made to prove that these spaces are BDK spaces and prove 
some interrelationship between these spaces. 


1. Introduction and Preliminaries 

The initial work on double sequences is found in Bromwich [4]. Later on, it was studied 
by Hardy [10], Moricz [15], Moricz and Rhoades [16], Tripathy ([27], [28]), Ba§arir and 
Sonalcan [2] and many others. Hardy [10] introduced the notion of regular convergence 
for double sequences. Quite recently, Zeltser [30] in her Ph.D thesis has essentially stud- 
ied both the theory of topological double sequence spaces and the theory of summability 
of double sequences. Mursaleen and Edely [17] have recently introduced the statistical 
convergence and Cauchy convergence for double sequences and given the relation between 
statistical convergent and strongly Cesaro summable double sequences. Next, Mursaleen 
[21] and Mursaleen and Edely [18] have defined the almost strong regularity of matrices 
for double sequences and applied these matrices to establish a core theorem and intro- 
duced the M- core for double sequences and determined those four dimensional matrices 
transforming every bounded double sequences x = (x/a) into one whose core is a subset 
of the M - core of x. The set of all complex valued double sequences is a vector space with 
coordinatewise addition and scalar multiplication which is denoted by Q. 

By the convergence of a double sequence we mean the convergence in the Pringsheim 
sense i.e. a double sequence x = (xki) has Pringsheim limit L (denoted by P — lima; = L) 
provided that given e > 0 there exists no € N such that \xki — L\ < e whenever k,l > no- 
We shall write more briefly as P-convergent. The space of all convergent double sequences 
in Pringsheim’s sense is denoted by C p . 

A double sequence x = ( Xu ) of complex numbers is said to be bounded if Ha^oo = 

sup \xu\ < oo, where N = {0,1,2,...}. The space of all bounded double sequences is 

fc.leN 

denoted by A4 U , which is a Banach space with the norm ||.||oo- 

It is well known that there are such sequences in the space C p but not in the space A4 u . 
Indeed, if we define the sequence x = (xki) by 

( k, ke N 
Xki = l l, l e N 

{ 0, k,l € N\{0}, 
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for all k, l € N, then, it is trivial that x € Cp\M u , since P— lim Xki = 0 but | \x\ = oo. 

k,l—> oo 

Therefore, we can consider the space Cb P of the double sequences that are both convergent 
in Pringsheim’s sense and bounded which we write Cb p = C p fl A4 U . 

A sequence in the space C p is said to be regularly convergent if it is a single convergent 
sequence with respect to each index and denote the space of all such sequences by C r . Also 
by Cf, p o and C r o, we denote the spaces of all double sequences converging to 0 contained 
in the sequence spaces C\ rp and C r , respectively. Moricz [15] proved that Cb p , Cb p o, C r and 
C r o are Banach spaces with the norm ||.||oo- 

The concept of almost convergence for single sequences was introduced by Lorentz [13] 
and for double sequences by Moricz and Rhoades [16]. A double sequence x = ( Xki ) of 
complex numbers is said to be almost convergent to a generalized limit a if 

. s+<? t+r 

= 0. (see [29]) 

~ v * 7 v 7 k—s l—t 

Here, a is called the fi- limit of x. The space of all almost convergent double sequences 
is denoted by Cf. A P— convergent double sequence need not to be almost convergent. 
However, every bounded convergent double sequence is almost convergent and every almost 
convergent double sequence is also bounded. 

Definition 1.1. [6] A bounded double sequence x — (xu) of real numbers is said to cr— 
convergent to a limit L if 


P — lim 

q,r—>CK 


sup 

c 


1 


(a 4- llfr + 11 


Y Y( Xkl ~ a ) 


P — lim T qrs t (x) = L uniformly in s, t € N, 

q,r 

where 


Tqrst{x) — ^ + + ’Y ’Y Xcrk ( s )’ crl ( t )- 

In this case, we write cr-i — lima; = L. The set of all bounded cr— convergent double 
sequences is denoted by V%. Clearly, Cb P C V„. 

Definition 1.2. [26] A topological vector space A over R or C is called locally convex 
if it is a Hausdorff space such that every neighbourhood of any x € X contains a convex 
neighbourhood of x. 

Definition 1.3. [30] A locally convex double sequence space A is called a DK— space 
if all of the seminorms r^ : A — ► R, x = (x^) \xm\ for all k,l € N are continuous. A 
DK — space with a Frecliet topology is called an FDK— space. A norrned FDK— space 
is called a BDK — space. 

Definition 1.4. [26] Let A be a vector space over the field C and let A, B be subsets of 
A. Then A absorbs B if there exists cto £ C such that B C aA whenever |a| > |ao|- A 
subset C of A is circled if aC C C whenever a < 1. 

Definition 1.5. [26] A locally convex space A is bornological if every circled, convex 
subset A C A that absorbs every bounded set in A is a neighbourhood of 0 in A. 

Definition 1.6. [5] Let A be a locally convex space. Then a subset is called barrel if it 
is absolutely convex, absorbing and closed in A. Moreover, A is called a barreled space if 
each barrel is a neighbourhood of zero. 

Lemma 1 . 7 . [26] Every Banach space and every Frechet space is a barreled space. 
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Lemma 1.8. [26] Every Frechet space and hence every Banach space is a bornological. 

Lemma 1.9. [5] Let (X,p) be a seminormed space and q be a seminorm on X. Then the 
following are equivalent: 

(a) q is continuous. 

(b) q is continuous at zero. 

(c) There exists M > 0 such that q(x) < Mp(x) for all x £ X. 

Altay and Ba§ar [1] introduced the space BS of bounded series as follows: 

m,n 

BS = j x = ( x k i ) G : | M|bs = sup ^2 x k i 

m,nen M=0 

The space is also a Banach space with the norm ||.||ss. 

One can refer to Mursaleen and Mohiuddine [19] for relevant terminology and required 
details on the spaces of double sequences and related topics. 


< oo 


}■ 


The notion of difference sequence spaces was introduced by Kizmaz [11], who studied 
the difference sequence spaces Z cx) ( A), c( A) and co(A). The notion was further general- 
ized by Et and Qolak [7] by introducing the spaces l QO ( A m ), c(A m ) and c 0 (A m ). Later 
the concept have been studied by Bekta§ et al. [3] and Et et al. [8]. Another type of 
generalization of the difference sequence spaces is due to Tripathy and Esi [27] who stud- 
ied the spaces ^(A*,), c(A„) and co(A. u ) where m,v are non-negative integers. Now, for 
Z = c, Co and l <*, , we have sequence spaces 

Z(A m ) ={x= (x k ) G n : (A m x k ) G Z), 

where A m x = (A m x k ) = (A m_1 a;fc — A m ~ 1 Xk+i) and A°x k = x k for all k G N, which is 
equivalent to the following binomial representation 

m 

A m *fc = E(- 1 ) 

i ;—0 

Taking m = 1, we get the spaces studied by Et and Qolak [7]. 



An Orlicz function M is a function, which is continuous, non-decreasing and convex with 
M( 0) = 0, M(x) > 0 for x > 0 and M(x) — >■ oo as a; — >■ oo. 

Lindenstrauss and Tzafriri [12] used the idea of Orlicz function to define the following 
sequence space. Let w be the space of all real or complex sequences x = ( x k ), then 


(-M = G w : ^2 < oo, for some p > oj 


fc= l 


which is called as an Orlicz seciuence space. The space £m is a Banach space with the 
norm 

||a;|| = inf |p > 0 : ^2 < l|. 

k = l ^ 

It is shown in [12] that every Orlicz sequence space £m contains a subspace isomorphic to 
Pp(p > 1)- The Ao— condition is equivalent to M(Lx) < kLM(x) for all values of x > 0 
and for L > 1. For more details about seciuence spaces (see [9], [20], [23], [24], [25]) and 
references therein . 

A sequence Xi = (Mp.) of Orlicz functions is called a Musielak-Orlicz function (see 
[14], [22]). A sequence A f = (N^) is defined by 

N k (v) = sup{|w|u - (M fc ) : u > 0}, k = 1,2,--- 
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is called the complementary function of a Musielak-Orlicz function M. For a given 
Musielak-Orlicz function A4, the Musielak-Orlicz sequence space tj+t and its subspace 
Iim are defined as follows: 

tj \4 = jx G w : Im{cx) < oo for some c > oj, 

Hm = jx G w : Im( cx ) < 00 for all c > oj, 
where Ij , ^ is a convex modular defined by 

OO 

Im(x) = = ( x k ) G t M - 

k=l 

We consider tj+ i equipped with the Luxemburg norm 

||x|| = inf > 0 : ^ — < l| 

or equipped with the Orlicz norm 

||x|| 0 = inf (l + : k > oj. 


Let M = (Mj-i) be Musielak-Orlicz function, p = {pki) be a bounded sequence of pos- 
itive real numbers and u = ( u k i ) be a double sequence of strictly positive real numbers. 
In the present paper we define the following classes of sequences: 


C f {M,u,A m ,p) = 

\ x = ( Xki ) G fi : P — lim sup 

L g,r 4 oo st>0 


1 

(g+l)(r + l) 


s+q t+r 

Y E Ma 


k=s l=t 


r u k iA m x k i - a 
^ Q 


Pkl 

= 0, 


for some g > 0 j and 
C fo (M,u,A m ,p) = 

\ x = ( Xki ) G O : P — lim sup 

1 q,r—too s t>0 

0, for some g > o}. 


(q+ l)(r + 1) 


E E Mki ( 

k = 0 1=0 


/ 'U'klA Xk+s,l+t.' 


Pkl 


Remark 1.10. Let us consider a few special cases of the above sequence spaces: 

(i) If we take M{x) = x, then the above classes of sequences reduces to following sequence 
spaces: 


C f (u,A m ,p) = 

\ x = ( Xki ) G fi : P — lim sup 

L q,r=too Si t > 0 

for some g > 0 j and 
Cf 0 {u,A m ,p) = 


1 


(q + l)(r + l) 


s+q t+r 

EE 

k=s l=t 


ru k iA m Xki - a 
V g 


\ x = ( Xki ) Gfl:P- lim sup 

L q,r-Hx> Sjt>0 


(g+l)(r + l) 


EE 

k—0 1=0 


'UklA Xk+s^l+t- 


for some g > Oj. 

(ii) If we take p = ( p k i ) = 1, then the above sequence space becomes 


pm 

= 0, 


Pki 

= 0 , 
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(q+l)(r + l) 


1 


s+q t+r 

EE M < 


kl 


k=s l=t 


/ u k iA m x k i - a 
V o 


= 0, 


C f (M,u, A m ) = 

< x = (. Xki ) € Q : P — lim sup 

L q.r^oo S)t>0 

for some p > o| and 

C fo (M,u,A™) = 

\ x = (xki) G O : P — lim sup 

l g,r— >00 s t>0 

for some g > oj. 

(iii) If we take A4(x) = x, p = (pm) = 1, u = ( um ) = 1 m = 0 and g = 1, then we have 

s+q t+r 


(g+l)(r + l) 


q r 

EE m ' 


kl 




fc=0 1=0 


= o, 


CV = |i = (aifcz) G fi : P — lim sup 

L q,r—too s t>c 

C / 0 = < x = (aifcz) G fl : P — lim sup 

L 4,r->oo g it> 0 


1 


(g + l)(r + l) 

I 


E E “ a ) 


fc = S l—t 

q 


= 0 and 


(g + l)(r + 1) 


EE( *£/c+s,Z+£^ | — 0^ • 


k—0 1=0 

which were introduced and studied by Ye§ilkayagiil and Ba§ar [29]. 

The main purpose of the present paper is to show that the sequence spaces Cf (A4, u. A m ,p) 
and Cf 0 (A4, u, A m ,p) are BDK-spaces, Barreled and Bornological. Furthermore, we also 
studied some inclusion relations between these spaces. 


2. Main Results 

Theorem 2.1. Let M. = ( Mki ) be Musielak-Orlicz function, p = (pu) be a bounded 
sequence of positive real numbers and u = ( Uki ) be a double sequence of strictly positive real 
numbers. Then the sequence spaces Cf(A4, u,A m ,p) and Cf 0 (A4,u, A m ,p) are Banach 
spaces with the supremum norm. 

Proof. We are going to prove this for the space Cf(M,u,A m ,p) and the other can be 
proved in the similar way. Define norm ||.|| on Cf(A4, u,A m ,p) as: 




sup 

q,r,s,t£ N 


(g + l)(r + l) 


q r 

E E Mu ( 

k=0 1=0 


'U'klA %k+s,l+t 


Pki 


Clearly, Cf(M, u, A m ,p) is a normed linear space by the above defined norm. Now, we 
have to prove that C/(.Ad, w, A m ,p) is complete. For this, let (A m x^) be a Cauchy 
sequence in Cf(M,u,A m ,p). Then (A TO x^) is a Cauchy sequence in C, for each k,l. 
Therefore, A m x$ -+ A m xu (say). Put A m x = (A m Xki). For given e, there exists an 
integer N(e) = N (say) such that for each b,n> N 


||A”V 6 ) - A m :r (n) || < 

Hence, 


sup \T qrst (A m x^ - A m x^)\ < 

q,r,s,t ^ 

Then, for each q , r, s, t and b , n > N, we have 

(2.1) \T qrst (A m xW - A m x^)\ < 

Now, for fixed b , the above inequality holds. Since for fixed b,A m x^ G C A m ,p), 
we get 
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lim T qrst (A m x (b) ) = L, 

q,r—to o 

uniformly in s,t. 

For given e > 0, there exists positive integers qo,ro such that 
(2.2) \r qrst (A m x^) - L\ < 

ior q > q 0 ,r > Tq and for all s, t. Here qo, r$ are independent of s, t but depend upon e. 
Now, by using (2.1) and (2.2), we obtain 

\Tq rs t{A m x) -L\= \T qrst {A m x) - T qrst { A m xW) + T qrst ( A m xW) - L\ 

< \r q rst{A m x) - r qrst ( A m x^)\ + \r qrst (A m x^) - L\ 


e e 



for q > qo, r > Tq and for all s, t. 

Hence, A m x = (A m Xki) £ Cf(M,u, A m ,p) and so Cf(M,u,A m ,p) is complete. This 
completes the proof. □ 

Corollary 2.2. Let M. = (Mm) be Musielak-Orlicz function, p = (pm) be a bounded 
sequence of positive real numbers and u = ( um ) be a double sequence of strictly positive real 
numbers. Then the sequence spaces C f(A4,u, A m ,p) and Cf 0 (A4,u, A m ,p) are barreled 
spaces. 

Proof. Since Cf (M , u, A m , p) and C/ 0 (M , u , A m , p) are Banach spaces with the supremum 
norm and every Banach space is a barreled space, it follows that Cf(M,u,A m ,p) and 
Cf 0 (M,u, A m ,p) are also barreled spaces. □ 

Corollary 2.3. Let M. = (Mm) be Musielak-Orlicz function, p = (pm) be a bounded 
sequence of positive real numbers and u = (um) be a double sequence of strictly posi- 
tive real numbers. Then the sequence spaces Cf(A4, u, A m ,p) and Cf 0 (A4, u, A m ,p) are 
bornological spaces. 

Proof. By the same arguement given in the above corollary, the above spaces are bornolog- 
ical spaces. □ 

Theorem 2.4. Let M. = (Mm) be Musielak-Orlicz function, p = (pm) be a bounded se- 
quence of positive real numbers and u = (um) be a double sequence of strictly positive real 
numbers. Then the sequence spaces Cf(AA, u, A m ,p) and Cf 0 (A4, u, A m ,p) are BDK — 
spaces with the norm defined as: 


M% u ’ Am ’ p 


sup 

q,r,s,t€ N 


(g + l)(r + l) 


q r 

Mu ( 

k= o ;=o 


VklA Xk+s,l+t 


Pki 


Proof. We will prove it for the space Cf(A4,u, A m ,p) and rest can be proved in a similar 
way. Since every nornred space is a seminormed space, it follows that Cf(M, u, A m ,p) 
is also a seminormed space with respect to the given norm. Now for x = (xm) in 
Cf(M, u, A m ,p), we define some new seminorm xm ■ Cf(M, u, A m ,p) ->R as xm(xm) = 
\xm\ for all k,l £ N. We have to show that the each one is continuous. By Lemma (1.9), 
there exists T > 0 for all x € Cf(M, u , A m ,p) such that 


r k i(x) = \x k i\ < T\\x\\% l f ’ u ’ Am ’ p V k, l € N. 
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So, the seminorm is continuous. Therefore, Cf(M.,u , A m ,p) is a DK— space and so is Ba- 
nach space, it follows that Cf(M, u, A m ,p) has Frechet topology. Thus, it is HU A'— space 
with the above given norm. Hence, the proof is complete. □ 

Theorem 2.5. Let M. = (M k i) be Musielcik- Orlicz function, p = (pu) be a bounded 
sequence of positive real numbers and u = (u k i) be a double sequence of strictly positive real 

<oo. Then, C f 0 (u, A m ,p) = Cf 0 (M, u, A m ,p). 


M, 


kl(w ) 


numbers. Suppose that (3 = lim 

w—>o o 

Proof. In order to prove that Cf 0 (u, A m ,p) = Cf 0 (M, u, A m ,p), it is sufficient to show 
that Cf 0 (M,u, A m ,p) C Cf 0 (u, A m ,p). Now, let /3 > 0. By definition of (3, we have 
w < jM kl (w), V w > 0. Let x = (x k i) € Cf 0 (M,u,A m ,p). Thus, we have 

1 V "v \ > f U k lA Xk+s.l+t ^ i ^ kl 


lim sup 

9R— *■ °°s,t>0 


(q + l)(r + l) 


EE 

k = 0 1=0 


Q 


< — lim sup 


1 


(3 q.r=f oo S;t>0 I (q + l)(r + 1) 


E E Mkl 


/ UkiA m x k + s ,i+ t\ \ pkl 
^ Q 


□ 


k=0 1=0 

which implies that x = (x k i) € Cf 0 (u,A m ,p). 

Theorem 2.6. Let M. = (M k {) be Musielak- Orlicz function and u = ( u k i ) be a double 
sequence of strictly positive real numbers. If p = (pu) and v = ( v k i ) are bounded sequences 
of positive real numbers with 0 < p k i < v k i < oo V k, l ; then 

C fo (M,u,A m ,p) c C fo (M,u, A m ,v). 

Proof. Let x = (x k i) G C/ 0 (Ml, u, A m ,p). Then 

1 WW.. ^ U kl A m X k+s y +t \\P k i 


sup 

s,t> 0 

This implies that 


(q+ l)(r + 1) 


E E Mkl ' 


k = 0 1=0 


Q 


0 as g, r — > oo. 


jy/T f 'U'klA + + t 

kly g 

creasing and < v ku we have 
i 


\ Pkl 

j < 1, for sufficiently large values of k and l. Since (Mm) is in- 


sup 

s,t> 0 


(q+ l)(r + 1) 


EE Mfcz 

k = 0 1=0 


%k+s,l+t ^ I Vkl 


Q 


< sup 

s,£>0 


1 


(q+ l)(r+ 1) 


q r 

E E Mki ( 


n k iA x k + s y+t 


Q 


Pkl 


□ 


k = 0 1=0 

Thus, x = ( x k i ) € Cf 0 (M,u, A m ,v). This completes the proof. 

Theorem 2.7. Let M. = (M k i) be Musielak- Orlicz function, p = (pu) be a bounded 
sequence of positive real numbers and u = (u k i) be a double sequence of strictly positive 
real numbers. Then the following inclusions hold: 

(i) If 0 < inf p k i <ph< 1 then C fo (M,u, A m ,p) c C fo (M,u, A m ); 

(ii) If l <p k i < sup pu < oo then Cf 0 (M,u,A m ) c C fo (M, u, A m ,p). 

Proof, (i) Let x = (x k i) € Cf 0 (M,u , A m ,p). Then, since 0 < inf p k i < p k i < 1, we obtain 
the following: 

lim sup I 1 

q,r^Hx> S;t> 0 


(l + i)( r + 1) 


E E Mki ( 


k = 0 1=0 


Q 


< lim sup 

q,r=,oo s>t>0 


1 


(g + l)(r + l) 


q r 

E E Mu ( 

k = o 1=0 


a k iA x k +s,i-\-t 
Q 
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Thus, X = (. x ki ) G Cf 0 (M,u, A m ). 

(ii) Let p = ( pki ) > 1 for each k and l and suppfci < oo. Let x = (xki) G Cf 0 {M,u,A m ). 
Then for each 0 < e < 1, there exists a positive integer N such that 

u™ ! 1 , f _Ju k iA rn x k+s ,i+t\\ . w „ AT 


EE'S' 


lim sup — — > > 

q,r- *-oo s>t>0 l(g + l)(r + l) 

This implies that 

9’ 1 ™ 00 «T>0 (9 + 1 ) ( r + x ) S S Mkl ^ 


- j <e<l V g,r>iV. 


u k iA m x k+s \ I 


< lim sup t — — 

q,r->°° a ,t >0 (g+l)(r + l) 


q r 

J2 y Mki ( 


U ; kl A X k + s j+t 


Therefore, x = (x k i) G C/ 0 (M., u, A m ,p). This concludes the proof. □ 

Theorem 2.8. Let M = ( M k[ ) and M! = (M' kl ) be two Musielak-Orlicz functions, p = 
(j>ki) be a bounded sequence of positive real numbers and u = (■ u k \ ) be a double sequence of 
strictly positive real numbers. Then, 

C fo (M , u, A m ,p) n C fo (M', u, A m ,p) c C fo (M + M', u, A m ,p). 

Proof. Let x = (, x k i ) G Cf 0 (M,u, A m ,p) r\Cf 0 (M',u,A m ,p). Then 
1 jir ( u kiA m x k+s i +t \ P kl 

sup ( ii u ii ) ->° as <L r ~> 00 

e,t > o («+l)(r + l) V Q J 


s,t>0 I (<? + 1 )(t + 1) 

Then, we have 
1 

s,t>0 (<? + 1 )(t + 1) 


Y, Y M kl ( 


(u k iA m x k +s,i+t \ \ Pkl 


\ Vkl 

) — y 0 as q,r — y oo. 


j2J2^+ M ki)( 


/ 3Ck-\-s,l-\-t 


< K sup 


1/ f u klA m X k +s,l+t\ Pkr 

2^2^ Mkl { g ) \ 

k = 0 1=0 

V“^ V“^ 71 r! {U k lA m X k + s l+t\ Pkl 1 p. 

YY M u{ 1 — ) \ -> 0 as q,r-> oo. 


,t>ol(9 + l)(r + l) 


+ K sup 


,t>ol(g + l)(r + l) 


Thus, sup - — u . 

s,t > o {q + i)(t + 1) 


y yxm» + M' k i) ^ 


, , (u k iA m x k+ s,i+t \ \ Pkl 


\ Pfci 

1 ->0 as ?,r->oo. 


Therefore, x — (x k i) G Cf 0 {M + AT, u, A m ,p). This completes the proof. □ 

Theorem 2.9. Let M = (M fc; ) and M' = (. M' kl ) be two Musielak-Orlicz functions, p = 
( pki ) &e a bounded sequence of positive real numbers and u = (■ u k i ) &e a double sequence of 
strictly positive real numbers. Then, 

C fo (M ', u, A m ,p) c C fo (M o M\ u, A m , P ). 

Proof. Let x = (x k i) G Cf 0 (M' ,u, A m ,p). Then, we have 

n™ 1 V' V' w ( u kA m Xk+s,l+t\\ Pkl _ n 


hm sup 1 7 -A y y M' kl ( ) r =0. 

4. 1 '- >0 ° s ,t>ol(g + l)(r + l) k Q '' 

Let e > 0 and choose 5 > 0 with 0 < S < 1 such that M k i{n) < e for 0 < n < S. 
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^ kl ^ •Z'fc + s ,Z + i 

, Q 

q,r 


and consider 


Write yki = M^ l (^ UklA and consider 

1 ^ Pki 

sup ( i -| \ / | -i \ V MkiiVki) 

s ,t>o ( 9 +l)(r + l) k ^ 0Q 

= sup 7 — , iw , D 2. M kl(ykl) + sup - — — — — — yM kl (y k i) 

S,t> o {q + 1)(t + 1) “ s,t>o (g+l)(r- + l)^ 

where the first summation is over yu < 8 and second summation is over yu > 8. Since 
Mki is continuous, we have 

l \ Pkl rj 

(23) , S al to+l)(r+l) ^ M “ teH) l <e 

where H = sup pu and for yu > 8, we use the fact that 

. Vkl 1 Ukl 

Vkl< 8 < + (5 

By the dehnition, we have for y^ > 5,Mu{yu ) < 2Mfc/(l)^| i . Hence, 

1 ^ — "\ Pkl 

k + l)(r +1 )^ Mu(m) 

(2 - 4) s O' PAIWT) sup | {q - ^ + T) f.«+ 

Therefore, from equations (2.3) and (2.4), we have 

C fo (M', u, A m ,p) c C fo ( M o M\ u, A m ,p). 

This completes the proof. □ 

Theorem 2.10. Let BS be the space of bounded series of double sequences and Cf 0 (M.,u , A m ,p) 
be the space of all almost null double sequences. Then the inclusion relation BS C 
Cf 0 (M,u, A m ,p) holds. 

S,t 

Proof. Let x = (xu) € BS. Then T = sup x ki < oo. 

s,t6N fc , 1 = 0,0 

Therefore, for all q, r,s,t£ N, we have 


s+q t+r 


s+q t+r s— 1 t+r s+q t—1 


EE*** = EE a ^-EE :rfei ~EE ; 


k=0 i=0 k=0 1=0 k=s i=0 


s+q t+r 


s+q t+r 


s+q t - 1 


^ + m2 xki + mi' 


s+q t—1 


< 2 T + EE^ 


s+q t — 1 


= 2 T + |EE*«-EEH 

k—0 1=0 k = 0 1=0 

s+q t—1 s t—1 

< 2 T + lEE Xki \ + lEE Xu I < 4T, 
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which implies that 


1 


(g + l)(r + 1) 


s+q t+r 

E Mki ( 


HklA Xkl 

Q 


< 


4 T 


s+q t+r 


{q+ l)(r + 1) 


H Mkl ( 


ll+l A Xkl 
Q 


k=s l—t k=s l—t 

Further, if we take supremum over s,t € N in the above relation and also apply the P-limit 
as q, r — > oo, then, we have 


P — lim sup 

g,r— loo s ,t >0 


^ s+q t+r 

( g+ l)(r + l)EE 


Mu ( 


UkiA m x k i 

e 


= o, 


therefore, x € Cf 0 (M,u , A m ,p). Hence, the result holds. 


□ 
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ADDITIVE p-FUNCTIONAL INEQUALITIES 

HARIN LEE, JAE YOUNG CHA, MIN WOO CHO, MYUNGJUN KWON AND CHOONKIL 

PARK* 


Abstract. In this paper, we solve the additive p- functional inequalities 

11/(2# - y) + fiy ~ X) - fix ) II < ||p (/(# + y) - fix) - /(y))|| , (0.1) 

where p is a fixed complex number with |p| < 1, and 

II fix + y)~ fix) - fiy) || < ||p(/(2x - y) + fiy - x) - /(#))||, (0.2) 

where p is a fixed complex number with \p\ < 1 . 

Furthermore, we prove the Hyers-Ulam stability of the additive p-functional in- 
equalities (0.1) and (0.2) in complex Banach spaces. 


1. Introduction and preliminaries 

The stability problem of functional equations originated from a question of Ulam [17] 
concerning the stability of group homomorphisms. 

The functional equation fix + y) = fix) + fiy) is called the Cauchy equation. In 
particular, every solution of the Cauchy equation is said to be an additive mapping. 
Hyers [6] gave a first affirmative partial answer to the question of Ulam for Banach 
spaces. Hyers’ Theorem was generalized by Aoki [1] for additive mappings and by 
Rassias [10] for linear mappings by considering an unbounded Cauchy difference. A 
generalization of the Rassias theorem was obtained by Gavruta [5] by replacing the 
unbounded Cauchy difference by a general control function in the spirit of Rassias’ 
approach. 

The stability of quadratic functional equation was proved by Skof [16] for mappings 
/ : Ei — >■ E 2 , where Ei is a normed space and E 2 is a Banach space. Cholewa [3] 
noticed that the theorem of Skof is still true if the relevant domain E\ is replaced by 
an Abelian group. See [2, 4, 7, 8, 9, 11, 12, 13, 14, 15, 18] for more information on the 
stability problems of functional equations. 

In Section 2, we solve the additive p- functional inequality (0.1) and prove the Hyers- 
Ulam stability of the additive p- functional inequality (0.1) in complex Banach spaces. 

In Section 3, we solve the additive p-functional inequality (0.2) and prove the Hyers- 
Ulam stability of the additive p-functional inequality (0.2) in complex Banach spaces. 


2010 Mathematics Subject Classification. Primary 39B62, 39B72, 39B52. 

Key words and phrases. Hyers-Ulam stability; additive p-functional inequality. 
* Corresponding author. 
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Throughout this paper, let G be a 2-divisible abelian group. Assume that X is a real 
or complex norrned space with norm || • || and that Y is a complex Banach space with 
norm II ■ ||. 


2. Additive p - functional inequality (0.1) 

Throughout this section, assume that p is a fixed complex number with |p| < 1. 

In this section, we solve and investigate the additive p- functional inequality (0.1) in 
complex Banach spaces. 

Lemma 2.1. If a mapping f : G —>Y satisfies 

\\f{2x - y) + f{y - x) - f{x)\\ < \\p (f(x + y) - f(x) - f(y))\\ (2.1) 

for all x,y E G, then f : G — > Y is additive. 

Proof. Assume that / : G — » Y satisfies (2.1). 

Letting x = 0 and y — 0 in (2.1), we get ||/(0)|| < ||p(/(0))|| and so /( 0) = 0 with 

\ p \ < 1. 

Letting x — 0 in (2.1), we get || f(—y) + f(y) || < 0 and so / is an odd mapping. 
Letting x = z and y = z — w in (2.1), we get 

11/(2 + w) - f(z) - f(w) || < \\p (/ (2z -w) + f (w -z)- f(z)) || (2.2) 

for all z,w G G. 

It follows from (2.1) and (2.2) that 

\\f{2x-y) + f{y-x)- f{x)\\ < \\p(f(x + y)-f(x)-f(y))\\ 

< \p\ 2 \\f(?x -y) + f(y-x) -f(x)\\ 

and so /( 2x — y) + f(y — x) = f(x) for all x,y G G. It is easy to show that / is 
additive. □ 

We prove the Hyers-Ulam stability of the additive p- functional inequality (2.1) in 
complex Banach spaces. 

Theorem 2.2. Let r > 1 and 9 be nonnegative real numbers, and let f : X — >■ Y be a 
mapping such that 

\\f(2x-y) + f(y-x)-f(x)\\ (2.3) 

< \\p (f(x + y)~ f(x) - f(y )) || + 0(||a;|| r + ||j/|| r ) 

for all x,y e X. Then there exists a unique additive mapping h : X — >• Y such that 

\\f(x) - h(x)\\ < XY\\x\r (2.4) 

for all x e X. 
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Proof. Letting x — y — 0, in (2.3), we get ||/(0)|| < 0. So /( 0) = 0. 

Letting y — 0 in (2.3), we get 

11/(2®) + f(~x) - f{x ) || < 9\\x\\ r 

for all x G X. 

Letting x — 0 in (2.3), we get 

\\f(y) + f(-y)\\ < 0\\y\\ r 

for all y G X. 

From (2.5) and (2.6), we get 

11/(2®) - 2/(t)|| < \\f(2x) + f(-x) - f(x)\\ + \\f(x) + f(-x) 

< 29\\x\\ r 

for all x G X. So, 


(2.5) 


( 2 . 6 ) 


(2.7) 


f(x) - 2/ 


X 


< ^IM 


for all x G X. Hence 


x 


27 ( 2, ) - 2”7 


X 


m— 1 


< E 

3=1 


2 j f 


- 2 j+1 f 


x 


2J+ 1 


O m— 1 of 

< - E — ' 9||®| 

— Of /- J Ofj ' ' 

3=1 


( 2 . 8 ) 


for all nonnegative integers m and l with m > l and all x G X. It follows from (2.8) 
that the sequence {2 n /(^)} is a Cauchy sequence for all x G X. Since Y is complete, 
the sequence {2 n /(^)} converges. So one can define the mapping h : X — > Y by 

h(x) := lim r f A 

v ’ n-> oo Jy 2 n 

for all x G X. Moreover, letting l = 0 and passing the limit m — > oo in (2.8), we get 
( 2 - 4 )- 

It follows from (2.3) that 


\\h(2x — y) + h{y — x) — h(x) 


= lim 2 n 

n— >oo 


f 


2 x — y 


+ f 


y-x 


f ( — 


< lim 2 n |p| 




o nn 

+ lim — (I7|| r + 1711 

77-S.OO 2 nr V y 


2 n 

' x + y 
2 n 

= \p\\\h{x + y) - h(x) - h(y)\\ 
for all x, y G X. So 

II M2® ~y) + h(y -x)- h{x) || < \p\\\h(x + y) - h(x) - h(y ) || 
for all x,y G X. By Lemma 2.1, the mapping h : X — » Y is additive. 
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Now, let T : X — >• Y be another additive mapping satisfying (2.4). Then we have 

- r(.)|| „ 

4 • 2” 

< 7 t 0x r , 

~ ( 2 r - 2)2 nr 

which tends to zero as n — > oo for all x G X. So we can conclude that h(x) = T(x) for 
all x G X. This proves the uniqueness of h. Thus the mapping h : X — > Y is a unique 
additive mapping satisfying (2.4). □ 



Theorem 2.3. Let r < 1 and 6 be positive real numbers, and let f : X — > Y be a 
mapping satisfying /( 0) = 0 and (2.3). Then there exists a unique additive mapping 
h : X — > Y such that 

\\f(x)-h(x)\\<YY\\x\r (2.9) 

for all x G X. 


Proof. It follows from (2.7) that 

|/(x)-i/(2z)|<0iMr 

for all iGl. Hence 

1 1 m_1 1 1 
^/(2© - -/(2’V) < £ - — /(2>+V) 

3=1 

771—1 r\rj 

< e ^iwr (2.io) 

3=1 

for all nonnegative integers m and l with m > l and all x G X. It follows from (2.10) 
that the sequence {^f( 2 n x)} is a Cauchy sequence for all x G X. Since Y is complete, 
the sequence {^/( 2 n x)} converges. So one can define the mapping h : X — > Y by 

h(x) := lim — /( 2 n x) 

v ’ n—too 2 n V 

for all x G X. Moreover, letting l = 0 and passing the limit m — > oo in (2.10), we get 
(2 - 9) - 

The rest of the proof is similar to the proof of Theorem 2.2. □ 


Remark 2.4. If p is a real number such that —1 < p < 1 and Y is a real Banach space, 
then all the assertions in this section remain valid. 
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3. Additive p-functional inequality (0.2) 

Throughout this section, assume that p is a fixed complex number with |p| < |. 

In this section, we solve and investigate the additive p-functional inequality (0.2) in 
complex Banach spaces. 

Lemma 3.1. If a mapping f : G —>Y satisfies 

II f(x + y)~ f(x ) - f(y) || < ||p(/(2x -y) + f{y - x) - f(x)) || (3.1) 

for all x, y E G, then f : G -eY is additive. 

Proof. Assume that / : G — * Y satisfies (3.1). 

Letting x — y = 0 in (3.1), we get ||/(0)|| < 0. So /( 0) = 0. 

Letting y — x in (3.1), we get \\f(2x) — 2/(x)|| < 0 and so 

2 f(x) = /( 2x) (3.2) 

for all x E G. 

Letting y — 2x in (3.1), we get ||/(3x) — f(x) — /(2x)|| < 0 and from (3.2), 

3 f(x) = /( 3x) (3.3) 

for all x G G. 

Letting y — —x in (3.1), we get \\f(x) + f(-x)\\ < \\p{f{3x) + f{-2x)-f(x))\\. From 
(3.2) and (3.3), f(3x) + f(-2x) - f(x) = 2f(x) + 2f(-x), so || f(x) + f(-x) || < 0, and 
we get 

f(x) + f(-x) = 0 (3.4) 

for all x E G. So / is an odd mapping. 

Letting x — z,y — z — w in (3.1), we get 

||/(2.z -w)- f(z) - f(z - w)\\ < || p(f(z + w) + f ( w) - /(*))|| 

and from (3.4), 

11/(22 - w) + f (w -z)- f(z) II < ||p (/(2 + w) - f(z) - f(w)) II (3.5) 

for all z,w E G. 

It follows from (3.1) and (3.5) that 

\\f(x + y) - f(x) - (y)\\ < \\p{f{2x -y) + f{y-x)~ f{x))\\ 

< \p\ 2 \\f(x + y) -f(x) -f(y ) || 

and so f(x + y) — f(x) + f(y) for all x,y E G. So / is additive. □ 

We prove the Hyers-Ulam stability of the additive p-functional inequality (3.1) in 
complex Banach spaces. 

Theorem 3.2. Let r > 1 and 9 be positive real numbers, and let f : X — >■ Y be a 
mapping such that 

||/ (x + y) - f (x) - f (p)|| (3.6) 

< |Ip(/(2t -y) + f(y - x) - f(x))\\ + d(||a:|| r + ||p|| r ) 
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for all x,y G X. Then there exists a unique additive mapping h : X — > Y such that 


11/0*0 - *0*011 < 


26 


x 


(3.7) 


for all x G X. 


Proof. Letting x — y — 0 in (3.4), we get ||/(0)|| < 0. So /( 0) = 0. 
Letting y — x in (3.4), we get 


\\f(2x)-2f(x)\\<2e\\x\ 


(3.8) 


for all x G X. So 


x 


27(^)-2 m /(- 


X 


m— 1 


< E 

3=1 


2 V ( | ) - 2 i+ 'f 


X 


2J+ 1 


o m—l o 7 

< - E — #IM 

— Of Z j OtJ 

3=1 


(3.9) 


for all nonnegative integers m and l with m > l and all x e X. It follows from (3.9) 
that the sequence {2 n f(^)} is a Cauchy sequence for all x G X. Since Y is complete, 
the sequence {2 n f(§^)} converges. So one can define the mapping h : X — y Y by 

h(x) := lim 2 n f(— ) 

v ’ n—too Jy 2 n 

for all x G X. Moreover, letting l = 0 and passing the limit m — > oo in (3.9), we get 
(3.7). 

It follows from (3.6) that 


\\h(x + y) - h(x) - h(y)\\ 


= lim 2 n 

n— >oo 

< lim 2 n 


x + y 


f — -/ — 

J \ On / J \ On 

y -x" 

2 n 


f ( 


o nn 

+ lim — (||x|r + |M| 

n->oo 2 nr ' ^ 


= ||p(*(2x -y) + h(y - x) - h(x )) || 
for all x, y G X. So 

II h(x + y)~ h(x) - h(y) || < \\p{h{2x-y) + h{y - x) - h(x)) || 

for all x, 7/ G A". By Lemma 3.1, the mapping h : X Y is additive. 

Now, let T : X — >■ y be another additive mapping satisfying (3.7). Then we have 


\\h(x) - T(x)\\ = 2’ 
< 2 ' 
< 


x 


h — - T — 


x 


x 


2 ' 

2 • 2 n • 2 




X 


+ 


X 


77 -/at 


x 


(2 r - 2)2^ 


7i7ir, 
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which tends to zero as n — > oo for all x G A". So we can conclude that h(x) = T(x) for 
all x G X. This proves the uniqueness of h. Thus the mapping h : X — > Y is a unique 
additive mapping satisfying (3.7). □ 


Theorem 3.3. Let r < 1 and 6 be positive real numbers, and let f : X — >• Y be a 
mapping satisfying (3.4). Then there exists a unique additive mapping h : X — > Y such 
that 

<2f) 

||/(.r).-M.r)||< 2 _ 2( .||.T||'- (3.10) 

for all x G X . 


Proof. It follows from (3.8) that 


/(®) - 2 /( 2a: ) 


< 9\\x\ 


for all x G X. Hence 


1/(2‘U - T/( or x ) 


m— 1 

< E 

3=1 
m— 1 

< E 

3=1 


2JA2T) 


^t/(2 )+ T) 


2 rj 

2^ 


X 


(3.11) 


for all nonnegative integers m and l with m > l and all x G X. It follows from (3.11) 
that the sequence {Xf(2 n x)} is a Cauchy sequence for all x G X. Since Y is complete, 
the sequence {^f(2 n x)} converges. So one can define the mapping h : X — > Y by 

h(x) := lim —f(2 n x) 

v ’ n—too 2 n J V 

for all x G X. Moreover, letting / = 0 and passing the limit m — > oo in (3.11), we get 
(3 - 10) - 

The rest of the proof is similar to the proof of Theorem 3.2. □ 


Remark 3.4. If p is a real number such that — | < p < | and Y is a real Banach 
space, then all the assertions in this section remain valid. 
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On generalized Fibonacci /c-sequences and Fibonacci ^-numbers 

Hee Sik Kim, J. Neggers and Choonkil Park* 

Abstract. In this paper analogs of Fibonacci sequences and Fibonacci num- 
bers as well as Fibonacci functions (the case n = 2) for cases n = 3,4, •• • 
are introduced. It is shown that these analogs are related to each other in a 
regular manner and that if lim n — >.oo p = (fk for a Fibonacci k- sequence, 
then (pi = 1, (p 2 = 1+ 2 V ^ < (f3 < ’ < (fn < ’ ’ ’ < limn-^oo <Pn = 2. Many 

identities of types similar to those which hold for the case n = 2 (i.e., the Fi- 
bonacci case) are also established, indicating the existence of a larger theory 
of which the Fibonacci case is an integrated part. 


1. Introduction 

Fibonacci- numbers have been studied in many different forms for centuries and the litera- 
ture on the subject is consequently incredibly vast (see [1, 3, 4, 9]). Han et al. [5] considered 
several properties of Fibonacci sequences in arbitrary groupoids. Kim et al. [7] introduced the 
notion of generalized Fibonacci sequences over a groupoid and discussed these in particular 
for the case where the groupoid contains idempotents and pre-idempotents. 

In [6], Han et al. discussed Fibonacci functions on the real numbers R, i.e., functions 
/ : R -> R such that for all x G R, f(x + 2) = f(x + 1) + f(x), and developed the notion of 
Fibonacci functions using the concept of /-even and /-odd functions. Moreover, they showed 
that if / is a Fibonacci function then lini^oo = 1 Z/ 5 . 

Kim et al. [7] discussed Fibonacci functions using the (ultimately) periodicity and they also 
discussed the exponential Fibonacci functions. Especially, given a non-negative real-valued 
function, they obtained examples of several classes of exponential Fibonacci functions. 

In this paper we introduce the family of Fibonacci ^-sequences, where {F n }^ =0 is a Fi- 
bonacci ^-sequence provided F(n + k ) = F{n + k — 1) + • • • + F(n) for all n G N = {1, 2, • • • }. 
Thus, if k = 2, then F(n + 2) = F(n + 1) + F(n) and {F(n)}^ =0 is an ordinary Fibonacci se- 
quence. Similarly, for k = 3,we obtain the formula F(n+ 3) = F(n+2)+F(n+l)+F(n), where 
-F(O), F(l), F(2) may be taken as arbitrary elements of an abelian group A, usually taken to 
be the group of integers, rationals, real or complex numbers. If F( 0) = F(l) = F( 2) = 1, 
then we will consider this special case, i.e., {1, 1, 1, 3, 5, 9, 17, 31, • • • } the sequence of Fi- 
bonacci 3-numbers. The properties of this sequence can be expected to be analogous to 
those of the sequence {1, 1, 2, 3, 5, 8, • • • } of Fibonacci (i.e., Fibonacci 2-) numbers. Thus, e.g., 
lim, woo = tp 3 (= 1.839) is an analogue of </?2 = 1+ 2 V ^ , the golden section. What this 
number 923 may mean in other settings is itself a question of interest as is the question of 

2010 Mathematics Subject Classification: 11B39, 39A10. 

Key words and phrases: ((a, /3, 7)-)Fibonacci (fc-)function, ((a, /3, 7)-)Fibonacci fc-sequence. 

‘Correspondence: +82 2 2220 0892(phone), +82 2 2290 0019(fax) (C. Park). 
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whether and where this number can be observed in nature. It turns out that the correspond- 
ing sequence = 1 , ip2 = < 923 < • • • < (f n < ■ ■ ■ < lim^oo ip n = 2 is itself a sequence 

of interest as we hope to show below as well. 

From Fibonacci sequences to go to Fibonacci functions in a natural way has proven to be 
interesting and it has yields a theory of such functions [6, 8]. The second part of this paper 
is concerned with the introduction of Fibonacci fc-functions, where a real-valued function 
/ : R — » R is a Fibonacci fc- function if f(x + k) = /(x + k — 1 ) + f{x + k — 2 ) + • • • + /(x). 
Again, in analogy with the class of Fibonacci 2 -functions (i.e., Fibonacci functions), we are 
able to construct many examples of such functions for k = 3 , 4 , 5 , • • • etc., indicating that 
there is a great deal of material which has yet to be uncovered in this area. Nevertheless, it 
is clear that there is much work to be done, some of which we will discuss below in further 
detail. 


2. Preliminaries 


A function / defined on the real numbers is said to be a Fibonacci function ( [ 5 ] ) if it satisfies 
the formula 

(1) /(x + 2) = /(x + l) + /(x) 

for any itR, where R (as usual) is the set of real numbers. 

Example 2.1. ([6]) Let /(x ) := a x be a Fibonacci function on R where a > 0 . Then 
a x a 2 = f(x + 2) = /(x + 1 ) + /(x) = a^a + l). Since a > 0 , we have a 2 = a + 1 and a = 1+ 2 V ^ . 

Hence f(x) = ( 1+ 2^ ) x is a Fibonacci function, and the unique Fibonacci function of this type 

on R. 

Example 2.2. ([8]) (a). A function f(x) = (x — [xj)( 1+ 2 ) a: is a Fibonacci function. 

(b). A function f(x) defined by 


f(x ) = f( x ~ ifxeQ 

1 — (x — [xj ) ( 1+ 2 V ^ ) x otherwise 


is a Fibonacci function. 

(c). A function /(x) = sin(nx)( is a Fibonacci function. 

Proposition 2.3. ([ 5 ]) If f(x) is a Fibonacci function, then 

lim = 

®->00 j(x) 2 
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3. Higher Fibonacci ^-sequences 

Let a, f3 , 7 be non-zero integers. A sequence {F n } is said to be an (a, (3)-Fibonacci 2- 
sequence if F\ = a, F 2 = (3 and F n + 2 = F n +i + F n for n = 1, 2, 3, • • • . A sequence {F n } is said 
to be an (a, ft, 7 )- Fibonacci 3-sequence if F\ = a, F 2 = (3, F 3 = 7 and F n+ 3 = F n+ 2 + F n+ \-\- F n 
for n = 1, 2, 3, • • • . Especially, ifa = /3 = lora = /3 = 7 = l, then we say {F n } a Fibonacci 
2-sequence or a Fibonacci 3-sequence respectively. 

Example 3.1. (a). It is well known that {1, 1, 2, 3, 5, 8, 13, • • • } is the Fibonacci 2-sequence, 
(b). {1, 1, 1, 3, 5, 9, 17, 31, 57, 105, 193, 355, 653, • • • } is the Fibonacci 3-sequence. 

We give some formulas for the Fibonacci 3-sequence as follows. 

Proposition 3.2. If {F n } is the Fibonacci 3-sequence, then 

(1) Fn = ^\(F n + 3 - F n +i) — (F n+ 2 - F n )]. 

Proof. Since F„+ 3 = F n+2 + F n+ 1 + F n , we obtain F„+ 3 - F n+ 1 = F n+2 + F n . It follows 
that 

2 F n = (Fn+2 + F n ) — (F n _ |_2 — F n ) 

= (Fn +3 — F n+ 1 ) — (F n+ 2 — F n ) 

so that we obtain the equality (1). □ 

Proposition 3.3. If {F n } is the Fibonacci 3-sequence, then 

(2) F n+2 = ~[(F n+3 — F n+ 1) + (F n+ 2 — F n )]. 

Proof. Since F n+3 = F n+2 + F n+ 1 + F n , we obtain F n+3 - F n+ i = F n+2 + F n . It follows 
that 

(Fn+3 — F n+ 1) + (F n+2 — F n ) = (F n _ |_2 + F n ) + (F n+ 2 — F n ) 

= 2F„_|_2 

so that we obtain the equality (2). □ 

Proposition 3.4. If {F n } is the Fibonacci 3-sequence, then 

(3) F n F n+ 2 = -[(F n+ 3 — F n+ \j 2 — (F n+ 2 — F n ) 2 ]. 

Proof. It follows that 

4F n F n+ 2 = F 2 +2 + 2F n F n+ 2 + F~ — F 2 +2 + 2F n F n+2 — F 2 
= (Fn+2 + F n ) 2 — (Fn+2 — F n ) 2 

= (Fn+3 ~ F„+i) 2 — (Fn+2 ~ F n ) 2 

so that we obtain the equality (3). □ 
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Proposition 3.5. If {F n } is the Fibonacci 3-sequence, then 

F n + 3 = 2 (F\ + F'2 + ■ ■ ■ + F n ) + F n+ 1 

where Fq = —1. 

Proof. Since F n+3 = F n+ 2 + F n+X + F n , we obtain F 3 - F 2 = Fi + F 0 , F 4 - F 3 = F 2 + 
F\, - ■ ■ , F n+3 — F n+ 2 = F n+ 1 + F n , which proves the proposition. □ 

4. Solutions of a Fibonacci polynomial f n ( x ). 

Given a natural number n, we define a polynomial £ n (x) by 

£„(x) := x n - x n ~ l - x n ~ 2 x — 1 . 

We call such a polynomial (x) a Fibonacci polynomial. Let p n be the largest real root of the 

equation £ n (x) = 0. Then£ n (2) = 2 n — (2 n_1 +2 n ^ 2 H 1-2+1) = 1 and£ n (l) = 1—n < 0 when 

n > 1. Let x > 2. Then x n — 1 = (x — l)(x n_1 + x n_2 + • • • + x + 1) > x n_1 + x n_2 + • • • + x + 1. 
It follows that £ n (x) = x n — (x n_1 + x n_2 + • • • + x + 1) > 1 = £ n (2). Hence we obtain 
1 < fn < 2 for all n E N. If n = 1, then £i(x) = x — 1 and ip i = 1, and if n = 2, then 
f 2 {x) = x 2 — x — 1 and +2 = 1+ 2 V ^ - 

Proposition 4.1. Let {f n } be the sequence of the largest roots of £ n (x) = 0. Then it is 
increasing, i.e., <p n < p n +i for all n G N and lin^^oo (p n < 2. 

Proof. Since (p n is the largest real root of £ n (x) = 0 for all n G N, £, n -\{fn-\) = 0. It 
follows that 

( 4 J +n-l - +n— 1 + fn—1 4 ^ +n-l + !• 

If we let x := tp n - 1 in £ n (x) = 0, then by (4) we have 

£n(+rc-l) = +n-l ~ {fn - 1 + +n-l + ' ' ' + +n-l + 1 

= ^-r-2^:} 

= f n -\{fn-\ ~ 2) 

< 0. 

Since <p n is the largest real root of £ n (x) = 0, we obtain + n _i < ip n for all n € Z with n > 2. 
Since {+>„} is an increasing sequence and it is bounded above, we have lim n _ ) . 0O <p n <2. □ 

Given a Fibonacci 3-sequence {F n }, we consider the following sequence { F f +1 }: 

{^L±i} = {1, 1, 3, 1.667, 1.8, 1.889, 1.832, 1.839, 1.842, 1.838, 1.839, 1.839, • • • } 

Fn 

Thus we expect that the limit lim r) _ 5 . oc is approximately 1.839. 

Note that lim n ^.oo for the Fibonacci 2-sequence. 

A quick computation yields £3(1.839) = (1.839) 3 — (1.839) 2 — 1.839 — 1 = 0.002, i.e., 
+3(1.839) = 0.002 = 0. 
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Since <p 3 is the largest real root of £ 3 (x) = 0, we obtain £3(2) = (x — <p 3 )(x 2 + ax + /3) for 
some a, f3 £ R. It follows that 

£3 0*0 = x 3 + (a - tp 3 )x 2 + {fi- afz)x - <p 3 0 

It follows that a — ip 3 = — 1,/3 — aip 3 = —1 and — (p 3 /3 = —1. Hence / 3 = aip 3 — 1 = 
(<p 3 — l)<p 3 — 1 = f \ — <p 3 — 1 and a 2 — 4/3 = — 3<p| + 2<p 3 + 5 = —1.468 < 0 if we let <p 3 = 1.839. 
This means that x 2 + ax + [3 = 0 has imaginary roots. Let pi, P 2 be roots of x 2 + ax + (3 = 0. 

Then p* = — | ± (3 — \a 2 and ||pj|| = < 1. If we let r := arg ( — ^ ± i\J — \a 2 ), 

then pi = — j= exp* r and P2 = — i= exp _?r . If we let (p 3 = 1.839, then <p 2 = 3.382 and hence 

/3 = <P 3 — <P3 — 1 =f 0.543 and a = 0.839. Hence x 3 — x 2 — x — 1 = (x— 1. 839) (x 2 + 0.839x +0.543) 
and pi = —0.420 ± 0.606L 

Now, we may assume the polynomial x 3 — x 2 — x — 1 = 0 is the characteristic equation of 
the linear operator £ n , the Fibonacci 3-sequence (as in a linear differential equation: y'" — 
y" — y' — y = 0) which means that the roots <p 3 , ^=e r *, y=je _Ti provide the expression: 


( 5 ) 


F n = + R(-L) n e™ + C(- =) n e 

V+3 VY3 


for some A,B,C G R. 

Theorem 4.2. If F n is of the form (5), then 


1 


A= if X(e 2Ti - e~ 2Ti ) + , 

A + 3 +3^3 


(i + 4)( e - 

+3 


— e 


where A = ^(e 2ri - e 2ri ) + ^=(1 + js)(e Ti - e Ti ). 

Proof. If we take n = 1, 2, 3 in (5) respectively, then we have 
1 = F 1 = Af 3 + B— =e Ti + C 1 


1 — F 2 — 

1 = F 3 = Afl 

Using Cramer’s rule we obtain 


B( 


VF3 

1 , 

—) 

'vW 


) 2 e 2Tl 


3&3 ri 


\fpi 

fC{ 


1 


C( 


vW 

vW 


\2 —2-ri 

* 1 


3 e~ 3Ti . 


A = 


+3 


1 r Ti 1 p—ri 

yW e Apt e 

1 \2 J2ri ( 1 \2„— 2 ri 


P 3 (+^) e Tl (y^) e 

<4 (+k) 3e3Tl (+k) 3e_3Tl 


which becomes 


A= — k- ( e 2ri — e~ 2ri ) 


9 

P 3 


+ 3 
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by simple computations. To obtain A, we change the first column into l’s in A. 

11 


A = — 
A 


1 r ri 1 p—ri 

1 (-j=) 2 e 2ri (-) =) 2 e~ 2Ti 

V A /LOr> / V A /QOo / 


1 ( 1 )3 r 3ri ( 1 \3 -3ri 

1 


which becomes 


1 


A = -[ ^(e 2ri - e~ 2ri ) + / _ _ 

A <£>3 <^3^3 

by simple computations. This proves the theorem. 


(1 + — )(e" Ti -e rt ), ] 

<^3 


□ 


Note that we can obtain the coefficients B,C , but it is not necessary to find those. Since 
= 7!Th’ we obtain that lim n ^. 00 (^) n = 0 and lim n ^. 0O (^=) n [Se TlT * + Ce" nn ] = 

0. Hence lim^oo ^ = A. Thus lim^oo = lim^oo Fn j^| = 1. It follows that 

linin-^oo /?”*" = • 

Example 4.3. To approximate A we may take an expression A = for a “sufficiently large 

n and a sufficiently accurate value of <^3”. Thus, if n = 5, then F5 = 9 and (1.839) 5 = 21.033 
and hence A = 0.428. If n = 7, then F-j = 31, tp 1 = 71.132 and hence A = - X = 0.436. If 

n = 12, then F \2 = 653, (1.836) 12 = 1496.145 and hence A = $ 3^12 = 0.436. 


5. Higher Fibonacci /c-functions 


Let k > 2 be an integer. A function / defined on the real numbers is said to be a Fibonacci 
k-function if it satisfies the formula 

(2) f(x + k ) = f(x + k - 1) + f(x + k - 2) 4 f- f(x + 1) + f(x) 


for any ifR, where R (as usual) is the set of real numbers. 

Example 5 . 1 . Let f(x) := Then f{x + 3) = <p^ +3 = F 3 F 3 and f( x + 2) + f{x + 1) + 
f(x) = F 3 +2 + F 3 +1 + = F 3 YP 3 + + !]• Since <^3 = <^3 + 923 + 1, f(x) = (p^ is a Fibonacci 

3- function. 


In a similar manner, we know that g(x ) = p>\ is a Fibonacci 2-function where <p 2 
Similarly, h(x) = (pf defines a Fibonacci ^-function. 

Example 5.2. Let </?*. := co0 and f(x) := Aijj L X J 0 X where A £ R. Then we have 

f(x + k) = Acu i x + k le x+k 

= Auj^e x uj k e k 

= AcjW0 x (l+ujd + ---+u k - 1 9 k - 1 ) 

= iwW 9 X + Au;^ 1 ^ 1 + • • • + Auj\- x+k -^9 x+k ~ l 


= fix) + f(x + 1) 4 h f(x + k-l). 


i+vd 

2 
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Hence f(x) = Aoj W 6 X is a Fibonacci A'-function. 

Note that the collection of all Fibonacci fc-functions over the real numbers forms a vector 
space over R. 

Proposition 5.3. Let f(x) be a Fibonacci k-function. If we define g(x ) := f(x F 1) where 
t £ R for any x E R, then g{x) is also a Fibonacci k-function. 

Proof. Since f(x) is a Fibonacci /c-function, we have 

g(x + k) = f(x + k F t) 

= f(xFtFk — F) F f{x F t F k — 2) + • • • + f{x + t) 

= g(x F k - 1) + g(x F k - 2) 4 b g(x F 1) + g(x), 

proving that g{x) is also a Fibonacci A-function. □ 

For example, a function g(x) := (p 3 ) x+t is a Fibonacci 3-function. 

Theorem 5.4. Let ipk be the largest real root of F^fx) = 0 and let ipk = wi#i = OJ 2 O 2 = 
• • • = oonOn, where uii, 9i € R. If we define F(x) := YliLi A: Of , then F(x) is a Fibonacci 
k-function, where A, € R. 



Example 5.5. In Example 5.2, if we let A := 1 and uj := n a natural number, then 
ipk = n0. Assume f(x) := n\ x ^0 x . Then f[x) = If we let 

x := 2.5, then [2.5J = 2. Hence /( 2.5) = n L 2 - 5 J- 2 - 5 (<^ fc ) 2 - 5 = H=(yj fe ) 2 y^^. If we let n := 8, 
since { goes to 2, we obtain /( 2.5) = -^=l 2 \/2 = 2. 
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Proposition 5 . 6 . Let f(x) be a Fibonacci k-function and differentiable (integrable, resp.). 
Then its derivative (integration, resp.) is also a Fibonacci k-function. 

Example 5 . 7 . Consider a Fibonacci ^-function f(x) := iff. Then f(x) = e xln,fk and 
hence f'(x) = (e xlnipk )' = In (p k e xlnipk = <pf.\n.g) k = f(x)lnip k . Hence f'(x) is a Fibonacci 
^-function. Similarly, if we define g(x) := [() e ulnifk du, then g(x) = ~ 1] and g'(x) = 

[(p): In ipk — 0] = Tk- Hence g(x) is also a Fibonacci /c-function. 

Example 5 . 8 . In Example 5.2, if tp k = ojO, then f(x) := Auj L X J 0 X is a Fibonacci /c-fiinction. 
Since = (Aui x+ i Q x+1 ) / {Awi x i Q x ) = uj9 = <p k , we obtain lim^oo / ^ ) 1) = <p k . 


Conjecture. If f(x) is a Fibonacci k-function, then 

V /(* + 1 ) 

llm ft \ = Vk 

x^oo J[x) 


It is known that if f(x) is a Fibonacci 2-function, then lim. r _>. 0O 


/(a:+l) 

fix) 


ip2 [5]. 


6 . Fibonacci ^-sequences and Fibonacci /c-numbers 

Proposition 6 . 1 . Let f(x) be a Fibonacci 3-function, then 

f(x + n + 2 ) = a n f(x + 2 ) + /3 n f(x + 1) + 7 n f(x) 

for all natural numbers n, where {a n } is an (1, 2, 4)-Fibonacci 3-sequence, {/3 n } is an (1, 2, 3)- 
Fibonacci 3-sequence and { 7 n } is an (1, 1,2) -Fibonacci 3-sequence. 

Proof. Let f(x) be a Fibonacci 3-function. Then f(x + 3) = f(x + 2) + f(x + 1) + f(x), 
and fix + 4) = 2f(x + 2) + 2 f(x + 1) + f(x) for all iLR, In this fashion we obtain 

f{x + 5) = 4 f(x + 2) + 2 f(x + 1) + 2 f(x), 
f(x + 6) = 7 f(x + 2) + 6 f(x + 1) + 4 f(x), 
f(x + 7) = 13 fix + 2) + ll/(x + 1) + 7 fix), 
fix + 8) = 24 fix + 2) + 20 fix + 1) + 13/(x). 

The sequence {a n } of coefficients of fix + 2) is 1, 2, 4, 7, 13, 24, • • • , the sequence {/3 n } of the 
coefficients of f(x + 1) is 1, 2, 3, 6 , 11, 20, • • • and the sequence {7 n } of coefficients of fix) 
is 1, 1, 2, 4, 7, 13, • • • . This shows that {a n } is the (1, 2, 4)-Fibonacci 3-sequence, {/3 n } is the 
(1, 2, 3)-Fibonacci 3-sequence and { 7 ^ } is the (1, 1, 2)-Fibonacci 3-sequence. This shows that 
fix + n + 2 ) = a n fix + 2 ) + j 3 n fix + 1 ) + 7 n /(x), proving the theorem. □ 

Corollary 6 . 2 . Given a natural number n, we have 

V , 3 +2 = a nP3 + PnT 3 + 7 n 

where {a n } is the (1, 2, 4)-Fibonacci 3-sequence, {f3 n } is the (1, 2, 3)-Fibonacci 3-sequence and 
{ 7 n } is the (1, 1,2) -Fibonacci 3-sequence. 

Proof, fix) = is a Fibonacci 3- function. □ 
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Theorem 6.3. Let a, b , c be non-zero integers. If we define f(x + 3 ) := af(x + 2 ) + bf(x + 
1) + cf(x ) for all ieR, then 

f(x + n + 2) = a n f(x + 2) + /3 n f(x + 1 ) + 7 n f(x) 

for all ieR and n > 4 , where {a n } is a (a, a 2 + b , a 3 + 2 cib + c)-Fibonacci 3-sequence, {/ 3 n } 
is a ( b,ab + c,a 2 b + ac + b 2 )-Fibonacci 3-sequence and { 7 ^} is a (c, ac, a 2 c + bc)-Fibonacci 
3-sequence. 


Proof. Since f(x + 3 ) := af(x + 2) + bf(x + 1 ) + cf(x), we let (01,^1,71) := (a, b, c). 
/(x + 4 ) = af(x + 3) + bf(x + 2) + cf(x + l ) = a[a/(x + 2 ) + 6/(x + 1 ) + c/(x)] = (a 2 + 6)/(x + 
2) + (ab+c) f (x+l) + acf (x) leads to (02, ^2; 72) = (a 2 + 6, ab+c, ac). By simple computations, 
we obtain f(x + 5 ) = (a 3 + 2 ab + c)f(x + 2 ) + ( a 2 b + ac + b 2 )f(x + 1 ) + (a 2 c + bc)f(x). Let 
(«3, /?3, 73) := (a 3 + 2 ab + c, ci 2 b + ac + 6 2 , a 2 c + be). We compute f{x + 6) as follows: 


f(x + 6) 


= af(x + 5 ) + bf(x + 4 ) + cf(x + 3 ) 

= a[a 3 f(x + 2) + p 3 f(x + 1) + 73/(2;)] 

+ b[a 2 f(x + 2) + p 2 f{x + 1) + 72/(2;)] 

+ c[a\f(x + 2 ) + {3if(x + 1 ) + 7i/(x)] 

= (aa 3 + ba.2 + ca\)f(x + 2) + (a/3 3 + bfo + c/3i)f(x + 1) 

+ (073 + 672 + C7i)/(x), 


i.e., 0:4 = aa 3 + ba 2 + cai,/?4 = a/3 3 + b/3 2 + c/?i and 74 = 073 + 672 + 074. If we let 
a n = aa n -i + ba n - 2 + ca n - 3 , f3 n = aj3 n -i + b/3 n - 2 + c/3 n - 3 and 7 n = a^ n -i + b^ n - 2 + C7 n _ 3 
for n > 4 , then {a n } is an (a, a 2 + b, a 3 + 2ab + c)-Fibonacci 3 -sequence, {/ 3 n } is a (6, ab + 
c, a 2 b + ac + 6 2 )-Fibonacci 3 -sequence and {7™} is a (c, ac, a 2 c + 6 c)-Fibonacci 3 -sequence. 
Hence f(x + n + 2 ) = a n f(x + 2 ) + f3 n f(x + 1 ) + 7 n f(x) for all n > 4 . This proves the 
theorem. □ 


Note that Proposition 6.1 is a special case of Theorem 6.3 if we let a = b = c = 1 . 
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CONVERGENCE OF SP ITERATIVE SCHEME FOR THREE 
MULTIVALUED MAPPINGS IN HYPERBOLIC SPACE 

BIROL GUNDUZ AND IBRAHIM KARAHAN 


Abstract. The present paper aims to deal with multivalued version of SP 
iterative scheme to approximate a common fixed point of three multivalued 
nonexpansive mappings in a uniformly convex hyperbolic space and obtain 
strong and A-convergence theorems for the SP process. Our results extend 
some existing results in the contemporary literature. 


1. Introduction 

Fixed point theory is one of the most important area of nonlinear analysis and 
it has applications in different disciplines of science such as in economics, biology, 
chemistry, engineering and technology, game theory and physics. It has become 
attractive to many scientists because it directly affects our daily lives. Iterative 
methods play an important role in calculating the fixed point of nonlinear mappings 
(see [16, 17, 18, 19]). The oldest known iterative method is Picard iteration which 
is the pioneer of iterative approximation of fixed point of different class of nonlinear 
mappings. 

W.R. Mann [1], S. Ishikawa [2], M. A. Noor [3] introduced the Mann, Ishikawa, 
Noor iteration process respectively for a single valued map T defined on nonempty 
subset of a normed space. Metric space versions of these iterations are following: 

(Mann) u n+ 1 = W ( u n , Tu n , a n ) , 


(Ishikawa) 


Un-f- 1 (fitn 5 -Fu n , Oi n ) 

Un — (Un, 7u n /f n ) 


(Noor) 


1 — (Un,TUn,An) 

V n = (u n ,Tw n ,P n ) , 
w n = {u n ,Tu n , 7 n ) 


where {ct„} , {/?„} and { 7 „} are sequences of real numbers in [0, 1]. 

In 2008, Thianwan [4] introduced a new two steps iteration. Gunduz et al. [20] 
modified this iteration process as following and used for computing fixed point of 
nonexpansive mappings in hyperbolic spaces. 


(Thianwan) 


Un-t-1 — ("Un? -FUn, Ofn) 

Un — (u n,FUn,/?n) 


where {a„} and {/3 n } are sequences in [0, 1[. 


2000 Mathematics Subject Classification. 47H10, 54H25. 

Key words and phrases, fixed point; hyperbolic space; multivalued map; A-convergence. 
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In 2011, Phuengrattana and Suantai [5] gave the SP iteration which defined in 
metric spaces as follows: 

Un+1 “ ( Pni'T'VmOtn ) 

(SP) v n = (w n ,Tw n ,/3 n ) , 

w n = (u n ,Tu n , 7 „) 

where {a n } , {/?„} and { 7 „} are sequences of real numbers in [0, 1]. 

They also showed that SP-iteration is a generalized version of Mann, Ishikawa, 
Noor iterations and converges faster than all of others for the class of non-decreasing 
and continuous functions and they supported their analytical results by numerical 
examples. Clrugh and Kumar [6] showed that the SP iterative scheme converges 
faster than the new two step iterative schemes of Thianwan [4] for increasing func- 
tions and decreasing functions. 

On the other hand, it is well known that the theory of multivalued maps is more 
complex than according to the theory of single valued maps. Now we discourse on 
multivalued maps. 

Let £ be a metric space and D be a nonempty subset of E. If there exists an 
element k £ D such that 

d(x, k) = inf{d(a;, y) : y £ D} = d{x, D) 

for each x £ E, then the set D is called proximinal. We shall denote the compact 
subsets, proximinal bounded subsets, and closed and bounded subsets of K by 
C(D), P(D), and CB{D), respectively. A Hausdorff metric H induced by the 
metric d of E is defined by 

H(A , B) = maxjsup d(x, B), sup d{y , A)} 

xe A yeB 

for every A, B £ CB(E). A multivalued mapping T : D —> P(D) is said to be a 
contraction if there exists a constant k £ [0, 1) such that for any x, y £ D, 

H(Tx, Ty) < kd(x, y), 
and T is said to be nonexpansive if 

H(Tx,Ty) < d(x, y) 

for all x,y £ D. A point p £ D is called a fixed point of T if p £ Tp. Denote the 
set of all fixed points of T by F(T). 

By using the Hausdorff metric, Markin [7, 8] studied the fixed points of multi- 
valued nonexpansive mappings and contractions. Moreover, Lim [33] proved the 
existence of fixed points for multivalued nonexpansive mappings under suitable 
conditions in uniformly convex Banach spaces. Later on, since the fixed point 
theory for this kind of mappings has a lot of application areas such as convex opti- 
mization problem, control problem and differential inclusion problem (see, [9] and 
references cited therein), an interesting fixed point theory was developed. From 
then on different authors have studied on the convergence of fixed points for this 
class of mappings in convex metric spaces. For instance, Shimizu and Takahashi 
[25] generalized the results of Lim [33] to the convex metric spaces. The study of 
multivalued maps is a rapidly growing area of research (see, [10, 11, 12, 13, 14, 15]). 

Shahzad and Zegeye [13] studied strong convergenge of Ishikawa iterative process 
for quasi-nonexpansive multivalued maps in uniformly convex Banach spaces. They 
defined Ishikawa iteration as follows: 
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Let T : D — > P(D) and Pt(x) = {y € Tx : d(x,y) = d(x,Tx)}. The sequence of 
Ishikawa iteration is defined by 2:0 £ D, 

j !)„ — (1 b n )x n bf, z n , 

/; ■ ! (1 Qjn)Xn T ^n^ni 

where z n £ Tx n , z n £ Ty n , and {a n } , {b n } are sequences of real numbers in [0, 1], 
In this paper, we first give multivalued version of the SP iteration scheme in 
Kohlenbacli hyperbolic spaces and then use this scheme to approximate a common 
fixed point of three multivalued nonexpansive mappings. Our results improve and 
extend current results in recently literature by via faster, more general iteration 
and more general space. 

2. Hyperbolic Spaces and Lemmas 

There are different definitions for hyperbolic space in mathematics. We will 
study in the hyperbolic space defined by Kohlenbacli [22]. We review hyperbolic 
space and it’s features in this section. 

Definition 1. [22] A metric space ( E,d ) is said to be hyperbolic space if there exists 
a map W : E 2 x [0, 1] — ► E satisfying: 

Wl. d ( u , W (x, y , a)) < (1 — a) d (u, x) + ad (u, y) 

W2. d (W (x, y,a),W (x, y, 0)) = \a - fd\ d (x, y) 

W3. W (x, y,a) = W (y, x, (1 - a)) 

W4. d ( W (x, z, a) , W (y, w, a)) < (1 — a) d (x, y) + ad (z, w) 
for all x,y, z,w £ E and a,0£ [0, 1]. 

A metric space (E, d) is called a convex metric space introduced by Takahashi 

[23] if it satisfies only Wl. Every normed space (and Banach space) is a special 
convex metric space, but the converse of this statement is not true, in general (see 
[16]). The class of hyperbolic spaces includes normed spaces, the Hilbert ball (see 

[24] for a book treatment) and CAT (O)-spaces. The readers can found detailed 
discussion in [21]. 

Definition 2. [25] A hyperbolic space ( E,d,W ) is said to be uniformly convex if 
for all u,x,y £ E, r > 0 and e £ (0, 2] , there exists a S £ (0, 1] such that 

d(x,u)<r ) , , , 

d (y, u) <r } => d (W hr, y, - , u < (1 - 6) r. 
d (x, y) > er J ' ' ' ' 

A map rj : (0, oo) x (0, 2] — > (0, 1] which provides such a 5 = y (r, e) for given 
r > 0 and e £ (0, 2], is called modulus of uniform convexity. We call y monotone if 
it decreases with r (for a fixed e). A subset D of a hyperbolic space E is convex if 
W (x, y,a) £ D for all x,y £ D and a £ [0, 1]. 

Now, we give definition of A-convergence which coined by Lim [26] in general 
metric spaces. To give the definition of A-convergence, we first recall the notions 
of asymptotic radius and asymptotic center. Let {x n } be a bounded sequence in a 
metric space E. For x £ E, define a continuous functional r (., {x n }) : E — » [0, oo) 
by r (x, {x n }) = limsupjj^^ d(x,x n ) . Then the asymptotic radius p = r ({x n }) 
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of {x n } is given by p = inf {r (x, {x n }) : x £ E} and the asymptotic center of a 
bounded sequence {x n } with respect to a subset D of E is defined as follows: 

A d {{x n }) = {x £ E : r (x, {£„}) < r (y, {:r„}) for any y £ D} . 

The set of all asymptotic centers of { x n } is denoted by A{{x n }). 

It has been shown in [29] that bounded sequences have unique asymptotic center 
with respect to closed convex subsets in a complete and uniformly convex hyperbolic 
space with monotone modulus of uniform convexity. 

A sequence {x n } in E is said to A-converge to x £ E if x is the unique asymptotic 
center of {u n } for every subsequence {u„} of {x n } [27]. In this case, we write A 
-lim„ x n = x. 

We want to point out that A— convergence coincides with weak convergence in 
Banach spaces with Opial’s property [30]. 

Kirk and Panyanak [27] specialized this concept to CAT(O) spaces and showed 
that many Banach space results involving weak convergence have precise analogs 
in this setting. Dhompongsa and Panyanak [28] continued to work in this direction 
and studied the A-convergence of Picard, Mann and Ishikawa iterates in CAT( 0) 
spaces. Khan et al. [31] was studied this concept in hyperbolic spaces and they 
gave a couple of helpful lemma as follows. 

Lemma 1 . [31] Let (E, d , W) be a uniformly convex hyperbolic space with monotone 
modulus of uniform convexity rj. Let x £ E and {a n } be a sequence in [6, c] for some 
b,c£ (0,1). If {x n } and {y n } are sequences in E such that limsup„_ >00 d(x n ,a;) < 
r, lim sup n _^ oc d (y n , x) < r and lim^^ d (W (, x n , y n , a n ) ,x) =r for some r > 0, 
then lim^oo d (x n , y n ) = 0. 

Lemma 2. [31] Let D be a nonempty closed convex subset of a uniformly convex 
hyperbolic space and {x n } be a bounded sequence in D such that A ({cc„}) = {y} and 
r ({£n}) = p. If {y m } is another sequence in D such that linim^oo r (y m , {x n }) = P, 
then Hindoo y m =y. 

The following useful first lemma can be found in [14] gives some properties of 
Pt in metric (and hence hyperbolic) spaces and second can be found in [8]. 

Lemma 3. [14] Let T : D — > P{D) be a multivalued mapping and Pt{x) = 
{y £ Tx : d{x,y) = d(x,Tx)} .Then the following are equivalent. 

(1) x £ F(T), that is, x £ Tx, 

(2) Pt(x ) = {x}, that is, x = y for each y £ Pt(x), 

(3) x £ F(Pt), that is, x £ Pt(x). 

Moreover, F(T) = F(Pt). 

Lemma 4. Let A, B £ CB (E) and a £ A. If r/ > 0, then there exists b £ B such 
that d (a, b) < H ( A , B) + ip 


3. Strong and A-Convergence Theorems 

Before giving our main results, we give the multivalued version of the SP iter- 
ation scheme (SP) in hyperbolic spaces. Let £ be a hyperbolic space and D be a 
nonempty convex subset of E. Let T, S, R : D — > P(D) be three multivalued maps 
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and Pt(x) = {y £ Tx : d(x,y) = d(x,Tx)}. Choose Xo £ D and define {x n } as 

{ x n +i = W ( u n ,y n ,a n ) 
yn = W{v n ,z n ,P n ) 
z n = W(w n ,x n , 7 „) 

where u n £ Pr(j/n), v n £ P s {z n ),w n £ PR{x n ) and {a„}, {/?„}, { 7 n } are real 
sequences such that 0 < a < a n , /3 n , j n < b < 1 for all n £ N. The iterative sequence 
(3.1) is called the modified SP iterative process for a multivalued nonexpansive 
mapping in a Kohlenbach hyperbolic space. 

Lemma 5. Let D be a nonempty closed convex subset of a hyperbolic space X and 
let S,T, R : D P ( D ) be three multivalued mappings such that Pr, Ps and Pr are 
nonexpansive mappings with a nonempty common fixed point set F. Then for the 
modified SP iterative process {x n } in (3.1), linin^t*, d (x n ,p) exists for each p £ F. 

Proof. Let p £ F. Then p £ P T (p) = {p}, p £ Ps ( P ) = {p} and p £ Pr (p) = {p}. 
Using (3.1), we have 

d(x n+ i,p) = d (W (u n , y n , a n ) ,p) 

< (1 - a n )d{u n ,p) +a n d(y n ,p) 

< (1 -a n )d(u n ,P T (p)) + a n d(y n ,p) 

< (1 - a n ) H (P T (y n ) , P T (p)) + a n d ( y n ,P ) 

< (1 - a n ) d{y n ,p) + a n d(y n ,p) 

= d(y n ,p) = d{W (v n ,z n ,/3 n ) ,p) 

< (1 - P n ) d ( V n,P) + P n d(z n ,p) 

< (!- P n )d(v n ,P s (p))+ P n d(z n ,p) 

< (1 - Pn) H i P S ( Z n ) , PS (p)) + Oi n d ( Z n ,p ) 

< (1 ~ Pn)d(zn,p) + a n d(z n ,p) 

= d(z n ,p) =d(W(w n ,x n ,'y n ),p) 

< ( 1-7 n) d ( w n,P) +Tn d ( x n,P) 

< {l-'yn) d ( w n,PR(p))+1 n d{x n ,p) 

< (1 - In) H ( Pr (x?i) , Pr ( p )) + T n d (x n ,p) 

< (l-Tn) d (Xn,P)+l n d{Xn,P) 

(3.2) = d (x n , p) 


That is, 


d(x n+1 ,p) <d(x n ,p). 


Hence limn^oo d (x n ,p) exists. 


□ 


Lemma 6. Let D be a nonempty closed convex subset of a uniformly convex 
hyperbolic space X and let S,T,R : D — > P (D) be three multivalued mappings 
such that Pt,Ps and Pr are nonexpansive mappings with a nonempty common 
fixed point set F. Then for modified SP iterative process {x n } in (3.1), we have 
lim n — >00 d ( x n , Pr (y n )) — lim n — d (x n , Pr (^ n )) — lim ?l — >00 d ( x n , Pr (x n )) — 0. 
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Proof. By Lemma 5, linrpj-xx, d (x n .p) exists for each p £ F. Assume that lim d (x n .p) = 

n — xoo 

c for some c > 0. For c = 0, the result is trivial. Suppose c > 0. 

Now lim„_ +oc , d ( x n +i,p ) = c can be rewritten as 

(3.3) lim d (W ( u n , y n , a n ) ,p) = c. 

n— > oo 

Since Pt is nonexpansive, we have 

d(u n ,p) = d (u n , P T (p)) 

< H (P T (y n ) , P T (p)) 

< d(y n ,p) = d(W(v n ,z n ,P n ),p) 

< (1 - 0 n )d(v n ,p)+/3 n d(z n ,p) 

< (1 - P„) H (P s (z n ) , P s (p)) + p n d ( z n ,p ) 

< (1 - Pn) d {z n ,p) + t3 n d{z n ,p) 

= d(z n ,p) = d(W (w n ,x n ,'y n ) ,p) 

< (l-7n) d ( W n,P)+7n d ( X n,P) 

< (1 - In) H ( Pr {x n ) , P R ip)) + 7 n d (. x n ,p ) 

< (1 -7n) d ( X n,P) +ln d ( X n,p) 

< d (x n , p) . 


Hence 

(3-4) 

Next 


and so 
(3.5) 

Further 


and so 
(3.6) 


limsupd(rt„,p) < c, lim sup d (z n , p) < c, lim sup d (y n , p) < c. 

n—>oo n — ^oo n—>oo 

d (v n ,p) = d(v n ,P s {p)) 

< H(P S (Zn),P S (p )) 

< d(z n ,p) 

lim sup d (v n , P) < c. 

n—> oo 

d(w n ,p) = d (w n , Pr (p)) 

< H(P R (x n ),PR(p)) 

< d (x n ,p ) 


limsupd(u;„,p) < c. 

n—*o o 

On the other hand, since 

d(W (w n ,x n , 7 n ) ,p) = d (z n ,p) < d{x n ,p ) , 

we have 

(3.7) lim sup d {W (w n ,x n ,j n ) ,p) < c. 

n — ^oo 

From (3.2), we have 

(3.8) c < lim inf d{W {w n ,x n ,-y n ) ,p) 
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So, it follows from (3.7) and (3.8) that 

(3.9) lim d,(W (w n ,x n ,') n ) ,p) = lim d(z n ,p) = c. 

n — »oo n— >oo 

Since we assume that linin^^ d (x n ,p) = c, we can write 

(3.10) lim sup d (x n ,p) < c. 

n — >-oo 

By using the inequalities (3.6), (3.9) and (3.10) and Lemma 1, we obtain that 

(3.11) lim d(x n ,w n ) = 0. 

n—> oo 

On the other hand, it follows from (3.3), (3.4) and Lemma 1 that 

lim d (u n , y n ) = 0. 

n— » oo 

Nothing that 

d(x n+ i,p) = d (W (u n , y n , a n ) ,p) 

< (1 - a n )d(u n ,p) + a n d(y n ,p) 

< (1 - a n )d(y n ,u n ) + d(u n ,p) 

which yields that 

(3.12) c < liminf d(u n ,p) . 

n — >oo 

Then from (3.4) and (3.12), we have 

c= lim d(u n ,p). 

n—> oo 

Since d(x n+ i,p) < d(y n ,p ), this implies that 

c < lim d(y n ,p) = lim d(W (v n ,z n ,/3 n ) ,p) 


< lim 

n — ^oo 


( : 1 - Pn ) lim sup d(v n ,p)+ P n lim sup d(z n ,p ) 

n—> oo n — »oo 

< lim [(1 - P n )c + P n c] 


n—> oo 
= C 


Hence, we get 

(3.13) c= lim d(y n ,p)= lim d(W (v n ,z n ,f3 n ) ,p) . 

n — xx) n— > oo 

So, it follows from Lemma 1, (3.4), (3.5) and (3.13) that 

lim d(z n ,v n ) = 0 

n — »oo 

and 

d(y n ,p) = d(W (v n ,z n ,f3 n ) ,p) 

< (1 - Pn)d(v n ,p) + P n d(z n ,p) 

< (3 n d (z n , v n ) + d (v n ,p) 

this yields that 

c < lim inf d(v n ,p ) , 

n— > oo 

so (3.5) gives that 

c = lim d (v n ,p) . 
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On the other hand, since 

lim d(z n ,x n ) = lirn d(W (w n ,x n ,"f n ) ,x n ) 


< lim 


(1 — 7n) lim sup d (x n , x n ) + j n lim sup d (w n , x n ) 


and 


lim d(y n ,z n ) 

n—> oo 


= lim d (W (v n , z n , / 3 n ) , z n ) 


< lim 

n—> oo 


(1 - ( 3 n ) lim sup d (. z n , z n ) + lim sup d {v n , z n ) 


we have 

lim d (z n , x n ) = 0 

n—KX> 

and 

lim d (y n , z n ) = 0. 

n — xx) 

Also, 

d ( u n , X n ) < d (■ u n , y n ) + d (y n , z n ) + d (z n , 

then 

lim d (u n ,x n ) = 0. 

n—> 00 

Also, 

d (v n , X n ) < d (v n , Z n ) + d ( Z n , X n ) , 

that is, 

lim d(v n ,x n ) = 0. 

n— mx) 

Since 

d(x,P R {x))= inf d(x,z), 


zeP R (x) 

therefore 

d (x n , Pr (x n )) < d (x n , w n ) — > 0 as n -» 

Similarly 

d (■ x n , Pt (y n )) < d (x n , u n ) ->• 0 

and 

d (x n , Ps (z n )) < d (x n , v n ) 0 

as n — > 00. 



Firstly, we prove that modified SP iterative process defined in ( 3 . 1 ) A-converges 
a common fixed point of S, T and R. 

Theorem 1 . Let D be a nonempty closed and convex subset of a complete uniformly 
convex hyperbolic space E with monotone modulus of uniform convexity 77. Let 
S, T, R, Ps, Pt , Pr and F be as in Lemma 6 . Then the modified SP iterative process 
{x„} A-converges to a p in F. 
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Proof. Let p G F(T) = F{Pt). By the Lemma 5, {x n } is bounded and so lim d(x n ,p) 

n—> oo 

exists. This gives that {x n } has a unique asymptotic center. In other words, we have 
i({i„}) = {x}. Let {v n } be any subsequence of {x n } such that A({u„}) = {u}. 
From Lemma 6, we have limn^oo (x ni Ps ( x n )) = 0. We claim that v is a fixed 
point of Ps- 

To prove this, take another sequence {z m } in Ps{v). Then 


r(z m , {u„}) = 

lim sup d(z m , v n ) 

n—KXD 

< 

lim sup {d(z m , P s (v n )) + d(P s ( v n ) , v n )} 

n—> oo 

< 

lim sup H(P S (v) , P s (v n ) ) 

n — >oo 

< 

lim supd(u,u„) 


n — xx) 


= r(v, K}). 

This gives \r(z m , {u„} — r (v, {u„})| — > 0 (to — > oo). From Lemma 2, we have 
linim^oo z m = v. Note that Sv G P{K) being proximinal is closed, hence Ps(v) 
is closed. Moreover, Ps{v) is bounded. Consequently linpn^oo z m = v G Ps{v). 
Similarly, v G Pt(v ) and v G Pr(v). Hence v G F. From the uniqueness of 
asymptotic center, we have 


lim sup d(v n ,v) < 

n— mx) 

< 

< 


lim supd(u n ,x) 

n— > oo 

lim supc?(x n ,x) 

n— > oo 

lim sup d(x n ,v) 

n— mx> 

lim sup d(v n ,v), 

n—>o o 


and this is a contradiction. Hence x = u. Therefore A({v n }) 
subsequence {iVi} of {x n }. Hence {x n } A-converges to a p in F. 


{u} for every 

□ 


We now prove a strong convergence theorem. Then we will apply following 
theorem to obtain new theorem in a complete and uniformly convex hyperbolic 
space. 


Theorem 2. Let D be a nonempty closed and convex subset of a hyperbolic space 
E and, S,T, R, Ps, Pt, Pr and F be as in Lemma 6. Let {x n } be the modified SP 
iterative process defined in (3.1) , then {x n } converges strongly to a p in F if and 
only if liminfn^oo d(x n , F ) = 0. 


Proof. The necessity is obvious. Conversely, suppose that lim inf n ^.oo d(x n , F ) = 0. 
By similar methot in Lemma 5, we get 

d(x n+ i,p) < d(x n ,p), 


which implies 


d(x n -\~i, F) ft d(x n , F). 

This gives that lim d(x n ,F) exists and so by the hypothesis of our theorem, 

n— »oo 

lim inf d(x n , F) = 0. Therefore we must have lim d(x n ,F) = 0. 

n — mx n—>oo 

We now prove that {x n } is a Cauchy sequence in D. Let m,nGN and assume 
to > n. Then it follows (along the lines similar to Lemma 5) that 

d(x m ,p) < d (x n , p) 


823 


BIROL GUNDUZ et al 815-827 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


10 


BIROL GUNDUZ AND IBRAHIM KARAHAN 


for all p £ F. Thus we have 

d(x m ,x n ) < d (x m ,p) + d (p, x n ) < 2 d(x n ,p) . 

Taking inf on the set F, we have d(x m ,x n ) < d(x n ,F). We show that {x n } is 
a Cauchy sequence in D by taking limit as m — > oo, n — * oo in the inequality 
d (x m , x n ) < d (x n , F) . Thus, it converges to a q £ D. Now it is left to show that 
q £ F ( S ). Indeed, by d (x n , F (Ps)) = inf y6 p(p s ) d (x n , y ) . So for each e > 0, there 
exists pn' 1 £ F (Ps) such that, 

d(x n ,p ^ e) ) < d(x n ,F (P s )) + ^. 

This implies lim^oo d ( x n ,Pn ^ < §. From d (pn\c qj < d (x n ,Pn^ + d (x n , q) it 
follows that 

lirn d (p { n\q) < £ -- 

n—> oo V / Z 

Finally, 

d (Ps (q) ,q) < d (q, + d (p^ , P s ( q )) 

< d(q,pV)+H(Ps(pP),P S (q)) 

< 2d{p ( ^\q s j 

shows d(Ps(q),q) < £■ Therefore d(Ps(q),q) = 0. In a similar way, we get 
d (Pt (q) ,q) = 0 and d (Pr (q ) , q) = 0. Since F is closed, therefore q £ F. □ 


As appropriate our aim, we give definition of multivalued version of condition 
(I) of Senter and Dotson [32] for three maps and definition of semi-compact map. 

Definition 3. The multivalued nonexpansive mappings S,T,R : D — > CB(D) 
where D a subset of E, are said to satisfy condition (I) if there exists a nondecreas- 
ing function f : [0, oo) — » [0, oo) with f( 0) = 0, f(r) > 0 for all r £ (0, oo) such 
that | [d(x, Sx) + d(x, Tx) + d(x, Rx )] > f(d(x, F)) for all x £ D. 

Definition 4. A map T : D —> P(D) is called semi-compact if any bounded se- 
quence {a: n } satisfying d(x n ,Tx n ) — > 0 as n — > oo has a convergent subsequence. 

We now give applications of above theorem. 


Theorem 3. Let D be a nonempty closed convex subset of a complete uniformly 
convex hyperbolic space E with monotone modidus of uniform convexity p and, 
S,T, R, Ps, Pt, Pr and F be as in Lemma 6. Suppose that Pr,Pt and Pr satisfy 
condition (I), then the modified SP iterative process {x n } defined in (3.1) converges 
strongly to p £ F. 


Proof. For all p £ F, lim, woo d (x n ,p) exists from Lemma 5. We call it c for some 
c> 0. 

If c = 0, there is nothing to prove. Assume c > 0. Now d(x n +i,p) < d(x n ,p) 
gives that 


inf 

peF(T) 


d(x n +l,p) < 


inf d(x n ,p). 

peF(T) 
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which means that d(x n +i,F) < d(x n ,F). Hence lim d(x n ,F) exists. By using 

n — »oo 

condition (I) and Lemma 6, we get 

lim f(d(x n , F)) < lim - [d(x, Sx) + d( x, Tx) + d(x, Rx)] = 0. 

n— > oo n—> oo o 

and so 

lim f(d(x n ,F)) = 0. 

n—>o o 

By the properties of /, we obtain that lim d(x n , F ) = 0. Finally applying Theorem 

n — >oo 

2, we get the result. □ 

Since the proof of following theorem is similar to proof of theorem proved in 
Banach spaces by various authors, we omit. 

Theorem 4. Let D be a nonempty closed convex subset of a complete uniformly 
convex hyperbolic space E with monotone modidus of uniform convexity ij and , 
S,T, R, Ps, Pt, Pr and F be as in Lemma 6. Suppose that one of Ps,Pt,Pr is 
semi-compact, then the modified SP iterative process {x n } defined in (3.1) converges 
strongly to p G F. 

As a corollary of Theorem 2, we have the following theorem which is new in the 
literature. 

Theorem 5. Let D be a nonempty closed convex subset of a complete uniformly 
convex hyperbolic space X and let T : D —> P ( D ) be a multivalued mapping such 
that Pt is nonexpansive mapping with a nonempty fixed point set F. Let {x n } 
defined as 

{ T-n+l Vm ^n) 

y n = W ( v n , z n , fd n ) , 

Zn = W(w n ,X n ,'y n ) 

where u n G PriVn), v n G P T (z n ),w n G Pr(a:„). Let {a„}, {/?„}, {t„} be real 
sequences such that 0 < a < a n ,l < b < 1 for all n G N. Then {x n } A- 
converges to a fixed point of T. 

Remark 1 . (1) Since SP iterative process converges faster than Mann and Ishikawa 
iterative processes, our theorems are better than results of Fukhar-ud-din et al. [34]. 

(2) Since C AT (0) -spaces are uniformly convex hyperbolic spaces with a ’nice’ 
monotone modulus of unifoim convexity rj(r,e) := then our results valid in 
CAT(0) spaces besides Banach spaces. 
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ADDITIVE-QUADRATIC p-FUNCTIONAL EQUATIONS IN 
NON-ARCHIMEDEAN BANACH SPACES 

CHOONKIL PARK 1 , JUNG RYE LEE 2 , AND DONG YUN SHIN 3 * 

Abstract. Let 

Mif{x,y): = ^.f(x + y) - ^f(-x- y) 

+\f( x -v) + \fiv -x)- f(x) - f(y), 

M*f(x,y): = 2/ (^) + /(^) + /(^) -/(,)-/(,). 

We solve the additive-quadratic p-functional equations 

y ) = pM 2 f( x, y), (0.1) 

where p is a fixed non- Archimedean number with \p\ < 1, and 

M 2 f{x, y) = pM\f(x, y), (0.2) 

where p is a fixed non- Archimedean number with \p\ < |2|. 

Furthermore, we prove the Hyers-Ulam stability of the additive-quadratic p-functional equations 
(0.1) and (0.2) in non- Archimedean Banach spaces. 


1. Introduction and preliminaries 

A valuation is a function | • | from a field K into [0, oo) such that 0 is the unique element having 
the 0 valuation, |rs| = |r| • |s| and the triangle inequality holds, i.e., 

|r + s| < |r| + |s|, Vr, s € K. 

A field K is called a valued field if K carries a valuation. The usual absolute values of M and C are 
examples of valuations. 

Let us consider a valuation which satisfies a stronger condition than the triangle inequality. If 
the triangle inequality is replaced by 

| r + s| < max{|r|, |s|}, Vr, s € K , 

then the function | - | is called a non- Archimedean valuation , and the field is called a non- 

Archimedean field. Clearly |1| = | — 1| = 1 and \n\ < 1 for all n G N. A trivial example of a 
non-Archimedean valuation is the function | • | taking everything except for 0 into 1 and |0| = 0. 

Throughout this paper, we assume that the base field is a non-Archimedean held, hence call it 
simply a held. 


2010 Mathematics Subject Classification. Primary 46S10, 39B62, 39B52, 47S10, 12J25. 

Key words and phrases. Hyers-Ulam stability; non-Archimedean normed space; additive-quadratic p-functional 
equation. 
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Definition 1.1. ([8]) Let X be a vector space over a field K with a non- Archimedean valuation 
| • | . A function || • || : X — > [0, oo) is said to be a non- Archimedean norm if it satisfies the following 
conditions: 

(i) ||x|| = 0 if and only if x = 0; 

(ii) ||rx|| = |r|||x|| (r € K, x € X); 

(iii) the strong triangle inequality 

\\x + y\\ < max{||x||, ||y||}, Vx,y <E X 
holds. Then (X, || • ||) is called a non- Archimedean normed space. 

Definition 1.2. (i) Let {x n } be a sequence in a non-Archimedean normed space X. Then the 
sequence {x n } is called Cauchy if for a given e > 0 there is a positive integer N such that 

1 1 x n x m 1 1 ^ £ 

for all n,m > N. 

(ii) Let {i n } be a sequence in a non-Archimedean normed space X. Then the sequence {a: n } is 
called convergent if for a given e > 0 there are a positive integer N and an x € X such that 

\\x n — lc || < £ 

for all n > N. Then we call x € X a limit of the sequence {x n }, and denote by lim^^oo x n = x. 

(iii) If every Cauchy sequence in X converges, then the non-Archimedean normed space X is 
called a non-Archimedean Banach space. 

The stability problem of functional equations originated from a question of Ulam [19] concerning 
the stability of group homomorphisms. The functional equation f{x + y) = f(x) + f(y) is called 
the Cauchy equation. In particular, every solution of the Cauchy equation is said to be an additive 
mapping. Hyers [7] gave a first affirmative partial answer to the question of Ulam for Banach spaces. 
Hyers’ Theorem was generalized by Aoki [2] for additive mappings and by Rassias [12] for linear 
mappings by considering an unbounded Cauchy difference. A generalization of the Rassias theorem 
was obtained by Gavruta [6] by replacing the unbounded Cauchy difference by a general control 
function in the spirit of Rassias’ approach. The functional equation / = \f{x) + \f(y) is 

called the Jensen equation. 

The functional equation f{x + y) + f(x — y) = 2 f(x) + 2 f(y) is called the quadratic functional 
equation. In particular, every solution of the quadratic functional equation is said to be a quadratic 
mapping. The stability of quadratic functional equation was proved by Skof [18] for mappings 
/ : E\ — > E 2 , where Ei is a normed space and £2 is a Banach space. Cholewa [5] noticed that 
the theorem of Skof is still true if the relevant domain E\ is replaced by an Abelian group. The 
functional equation 2/ +2 ( = f(x)+f(y) is called a Jensen type quadratic equation. The 

stability problems of various functional equations have been extensively investigated by a number 
of authors (see [1, 3, 4, 10, 11, 13, 14, 15, 16, 17, 20, 21]). 

In Section 2, we solve the additive-quadratic p - functional equation (0.1) and prove the Hyers- 
Ulam stability of the additive-quadratic p - functional equation (0.1) in non-Archimedean Banach 
spaces. 

In Section 3, we solve the additive-quadratic p-functional equation (0.2) and prove the Hyers- 
Ulam stability of the additive-quadratic p- functional equation (0.2) in non-Archimedean Banach 
spaces. 
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Throughout this paper, assume that X is a non-Archimedean normed space and that Y is a 
non- Archimedean Banach space. Let |2| 1. 

2. Additive-quadratic ^-functional equation (0.1) in non-Archimedean normed 

spaces 

Throughout this section, assume that p is a fixed non-Archimedean number with \p\ < 1. 

In this section, we solve the additive-quadratic p- functional equation (0.1) in non-Archimedean 
normed spaces. 

Lemma 2.1. 

(i) If an odd mapping f : X Y satisfies 

Mif{x,y) = pM 2 f(x,y ) (2.1) 

for all x, y G X, then f : X —>Y is additive. 

(ii) If an even mapping f : X — »• Y satisfies (2.1), then f : X —>Y is quadratic. 

Proof, (i) Assume that / : X -» Y satisfies (2.1). 

Since / is an odd mapping, /( 0) = 0. 

Letting y = x in (2.1), we get 

f(2x) - 2 f{x) = 0 

and so /( 2x) = 2 f(x) for all x G X. Thus 

/ (f ) - !/<*) (2.2) 

for all x € X. 

It follows from (2.1) and (2.2) that 

f(x + y) — f(x) — f(y) = p (2f - f(x) ~ f(y)j 

= p(f(x + y) ~ f(x) - f(y)) 

and so 

f(x + y) = f{x) + f(y) 

for all x, y € X. 

(ii) Assume that / : X — »• Y satisfies (2.1). 

Letting x = y = 0 in (2.1), we get 

-/( 0) = 2pf(0). 

So /(0) = 0. 

Letting y = x in (2.1), we get 

\f{ 2x) ~ 2 f(x) = 0 

and so /( 2x) = 4 f(x) for all x € X. Thus 

/ (|) = ( 2 . 3 ) 

for all i£l, 
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It follows from (2.1) and (2.3) that 

l,f(x + y) + ^f(x -y /) - f(x) - f(y) 

-/(,)) 

= P Q/(* + y) + ^f(x -y)~ f[x) - f(y)j 

and so 

f(x + y) + f(x -y) = 2 f(x) + 2 f(y) 

for all x, y G X . □ 

We prove the Hyers-Ulam stability of the additive-quadratic /9-functional equation (2.1) in non- 
Archimedean Banach spaces for an odd mapping case. 

Theorem 2.2. Let r < 1 and 0 be nonnegative real numbers and let f : X Y be an odd mapping 
such that 


\\Mif(x,y) -pM 2 f(x,y)\\ < 0(||x|| r + ||y|D 
for all x,y € X . Then there exists a unique additive mapping A : X — > Y such that 


2/9 

\\f(x)-A(x)\\< w \\x\ 


for all x € X . 


Proof. Since / is an odd mapping, /( 0) = 0. 

Letting y = x in (2.4), we get 

11/(2®) - 2/(x)|| < 20||x|| r 

for all x G X. So ||/(x) — 2/ (|)|| < |J ? 0||x|| r for all x G X. Hence 




2 l 

< max 


x 


27 ( § ) - 2' + 7 


= max < 1 2 


< max 


|Z 


- 2 / 


x 

2 l+1 

x 

Lf+i 
2| m_1 


2 rn -\f 


x 


\m—l 


[ 1 2 1 z ___ 

| |2|rZ+r’ ’ |2|r(m— l)+r 


20||sir = 


2m- 1 
X 

2771—1 


- 2”7 — 
J » 2 m 




- 2 / 


x 

2 m 


2 |(r-i)Z+r 


X 


(2.4) 

(2.5) 


( 2 . 6 ) 


(2.7) 


for all nonnegative integers m and l with m > l and all x G X. It follows from (2.7) that the 
sequence {2 n f(ff)} is a Cauchy sequence for all i£l. Since Y is complete, the sequence {2 n /( J7} 
converges. So one can define the mapping A : X — > Y by 

A(x) := lim 2 n /(— ) 

V J n-> oo J V 2 n ^ 

for all x G A. Moreover, letting l = 0 and passing the limit m oo in (2.7), we get (2.5). 
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It follows from (2.4) that 


\\MiA(x,y) - pM 2 A(x ,; 


= lim |2| 

n— »■ oo 


M l/( |l’|l ) -P M 2/ 


y_ 

2 n ’ 2 n 


< lim 


|2| n <9 


n^oo 1 2 1 


wr + 


= 0 


for all x, y G X. So 

M\A(x, y) = pM 2 A(x,y ) 

for all x,y G X. By Lemma 2.1, the mapping X : X — >• V is additive . 

Now, let T : X -> 7 be another additive mapping satisfying (2.5). Then we have 


\\A(x)-T(x)\\ = 
< max 


2 q A 


- 2 q T 


21 


2 q A ( — - 2 9 / — 

\ r\n J \ r%n 


21 


x 


21 


2 q T — - 2 q f — 

\ r%n J \ cin 


21 


< 


26 


|2| (r~l)q+r 


which tends to zero as q — >• oo for all x € X. So we can conclude that A(x) = T(x) for all x € X. 
This proves the uniqueness of h. Thus the mapping A : X — > Y is a unique additive mapping 
satisfying (2.5). □ 

Theorem 2.3. Let r > 1 and 6 be nonnegative real numbers and let f : X — >• Y be an odd mapping 
satisfying (2.4). Then there exists a unique additive mapping A : X — >• Y such that 


O A 

\\f(x)-A(x)\\<Z\\x 


( 2 . 8 ) 


for all x G X. 

Proof. It follows from (2.6) that 


/(*) - 




for all x G X. Hence 


< max (4/ (2'x) - X/ ( 2 ,+1 x) 

/ (2‘x) - \f (2'«x) 


= max 


< max ■ 


1 

W 

\2' lr 


2 

|2|r(m-l) 


— —rf (2 m ~ 1 x) — / (2 m .x) } 

2m— 1 J \ ) 2 m V J 

1 ^ f (2 m ~ l x) - (2 m x) 


\m— 1 


26 


2 |i+l’ ’ | 2 |(m- 1 )+l J 20 II- T II | 2 |(l-r);+l 


for all nonnegative integers m and l with m > l and all x € X. 
The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


Now, we prove the Hyers-Ulam stability of the additive-quadratic p- functional equation (2.1) in 
non- Archimedean Banach spaces for an even mapping case. 

Theorem 2.4. Let r <2 and 6 be nonnegative real numbers and let f : X — >• Y be an even mapping 
satisfying (2.4). Then there exists a unique quadratic mapping Q : X Y such that 


\\f(x)-Q(x)\\<^29\\x\ 


(2.9) 
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for all x G X. 

Proof. Letting x = y = 0 in (2.4), we get — /( 0) = 2pf(0). So /( 0) = 0. 
Letting y = x in (2.4), we get 


\f( 2x ) ~ 2 /( x ) 


for all x eX. So \\f(x) - 4/ (f ) || < ^20||: 


< 20|ixir 

for all x e X. Hence 




2 l 

< max 


( 2 . 10 ) 


( 2 . 11 ) 


4 7 (|)- 4 ' +1 /( 


X 


= max ||4| z 


/ ( ) - 4 / 


2 i+i 

x 


2 i+i 


< max ■ 


M. 

| 2 | w ’ 


|4| m_1 
’ | 2 |r(m-l) 


J2| 

| 2 |’ 


4m- 1 j 

•• ,| 4| m_1 / 
20iixir = 


x 


26 


2m— 1 
X 

2 m-l 

121 „ 


-4 m f 


x 

2 m 


-4/ — 

J i 2 m 


X 


X 


|2| — 2 > z 1 2| 

for all nonnegative integers m and l with m > l and all x € X. It follows from (2.11) that the 
sequence {4 n /( Jr)} is a Cauchy sequence for all x e X. Since Y is complete, the sequence {4 n /( Jr)} 
converges. So one can define the mapping Q : X — > Y by 

Qix) := lim 4 n /( — ) 

^ v ' n-Kx> J v 2 n 

for all x € X. Moreover, letting l = 0 and passing the limit m — > 00 in (2.11), we get (2.9). 

It follows from (2.4) that 


\\M 1 Q(x,y)-pM 2 Q(x,y)\\ = lim |4|' 


x y 


< 


lim MELlIxl 

n—too \2\ nr ^ 


2 n 2 n 

+ ll»ll 




x y 


= 0 


for all x, y e X. So 

MiQ{x,y) = pM 2 Q{x,y ) 

for all x, y e X. By Lemma 2.1, the mapping h : X — > Y is quadratic. 

Now, let T : X — >• Y" be another quadratic mapping satisfying (2.9). Then we have 


||Q(x)-T(x)|| = 
< max 


4 


-4«T 


29 


49 Q -4V £: 


29 


4«T 


-49/ 

J 1 29 


< 


|2|(r-2)9+r 


26\\x\ 


which tends to zero as g — 00 for all x e X. So we can conclude that Q(x) = T(x) for all x e X. 
This proves the uniqueness of Q. Thus the mapping Q : X — >• Y is a unique quadratic mapping 
satisfying (2.9). □ 

Theorem 2.5. Let r > 2 and 6 be positive real numbers, and let f : X — >• Y be an even mapping 
satisfying (2.4). Then there exists a unique quadratic mapping Q : X —>Y such that 

9 f) 

n/(x)-Q(x)n < Siixir 


for all x e X . 
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Proof. It follows from (2.10) that 

fix) - ^/( 2x) 

for all x € X. 

The rest of the proof is similar to the proof of Theorem 2.4. □ 

3. Additive-quadratic ^-functional equation (0.2) 

Throughout this section, assume that p is a fixed non- Archimedean number with \p\ < |2|. 

In this section, we solve the additive-quadratic p-functional equation (0.2) in non- Archimedean 
nornred spaces. 

Lemma 3.1. 

(i) If an odd mapping f : X Y satisfies 

M 2 f(x,y ) = pM 1 f(x,y ) (3.1) 

for all x, y € X, then f : X —>Y is additive. 

(ii) If an even mapping f : X —>Y satisfies /( 0) = 0 and (3.1), then f : X — >• Y is quadratic. 

Proof, (i) Assume that / : X — >• Y satisfies (3.1). 

Letting y = 0 in (3.1), we get 

2/ (|) - /(*) = 0 (3.2) 

and so / (|) = ^ f(x ) for all x € X. 

It follows from (3.1) and (3.2) that 

f(x + y) — f(x) — f(y) = 2/ “ f( x ) ~ f(y) 

= P(f (x + y) ~ f(x) - f (y)) 

and so 

f{x + y) = f{x) + f(y ) 

for all x, y € X. 

(ii) Assume that / : X — > Y satisfies (3.1). 

Letting y = 0 in (3.1), we get 

4 / - /(*) = 0 (3.3) 

and so / (f ) = \ f(x) for all x € X. 

It follows from (3.1) and (3.3) that 

7}f{x + y) + ^f(x — y) — f{x) - f(y) 

= 2 / {^±y) + 2 /(^ 1 ) -/(*)-/(„) 

= Pi\f{x + y) + ^f(x -y)- f{x) - f{y)) 

and so 

fix + y) + fix -y) = 2 fix) + 2 f(y) 
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for all x, y € X. □ 

We prove the Hyers-Ulam stability of the additive-quadratic p- functional equation (3.1) in non- 
Archimedean Banach spaces for an odd mapping case. 

Theorem 3.2. Let r < 1 and 6 be nonnegative real numbers, and let f : X —>Y be an odd mapping 
such that 

\\M 2 f{x,y) - pM 1 f(x,y)\\ < 0(||x|r + IblD ( 3 - 4 ) 

for all x,y G X. Then there exists a unique additive mapping A : X Y such that 

\\f(x)-A(x)\\<e\\x\\ r (3.5) 

for all x € X . 

Proof. Since / is an odd mapping, /( 0) = 0. 

Letting y = 0 in (3.4), we get 

|2/(|)-/(i)|<«|Nr (3.6) 

for all x € X. So 



for all nonnegative integers m and / with m > l and all x € X. It follows from (3.7) that the 
sequence {2 n /(^c)} is a Cauchy sequence for all i£l. Since Y is complete, the sequence {2 n /( Jft)} 
converges. So one can define the mapping A : X — > Y by 

A(x) := lim 2 "/(k 4 ) 

v ’ n— 5-00 JK 2 n 

for all x € X. Moreover, letting l = 0 and passing the limit m — > oo in (3.7), we get (3.5). 

The rest of the proof is similar to the proof of Theorem 2.2. □ 

Theorem 3.3. Let r > 1 and 6 be positive real numbers, and let f : X Y be an odd mapping 
satisfying (3.4). Then there exists a unique additive mapping A : X — >• Y such that 

||/W-A(i)||<!^pM r (3.8) 

for all x € X. 

Proof. It follows from (3.6) that 

f{x)-\f( 2x) <®H r 
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for all x € X. Hence 


- T/(2”*s) 


(3.9) 


< max « 


= max 


{|^/(2V)-^/(2«x) 

/(2'x)-l/(2'«x) 


< max ■ 


1 
2 l 

1 

w 
\2\ rl 
W+ 1 ' 


1 


2 m ~ 

1 


| 2 | 


m— 1 


/(2”-U)-l/(2”x) 


|2L0 


|o|r(m-l) 'I 

I^Tm} 121 = |2|( 1 -r)i + 11 


for all nonnegative integers m and l with m > l and all x & X. It follows from (3.9) that the 
sequence {^f(2 n x)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence 
{^:f(2 n x)} converges. So one can define the mapping A : X — > Y by 

A(x) := lim -/( 2 n x) 

v 2 n-»oo n J v ’ 

for all x € X. Moreover, letting l = 0 and passing the limit m — >• oo in (3.9), we get (3.8). 

The rest of the proof is similar to the proofs of Theorems 2.2 and 3.2. □ 

Now, we prove the Hyers-Ulam stability of the additive-quadratic p- functional equation (3.1) in 
non- Archimedean Banach spaces for an even mapping case. 


Theorem 3.4. Let r <2 and 6 be nonnegative real numbers, and let f : X — > Y be an even mapping 
satisfying (3.4). Then there exists a unique quadratic mapping Q : X — »• Y such that 

\\f(x)-Q(x)\\<0\\x\\ r (3.10) 


for all x € X. 


Proof. Letting x = y = 0 in (3.4), we get 2/(0) = pf{ 0). So /( 0) = 0. 
Letting y = 0 in (3.4), we get 


for all x € X. So 



f(x) 


< 9\\x\ 




< max 

= max 




< max 


J4T. 

2\ rl ’ 


|4| m— 1 

2 |r(m— 1) 


elixir 


e 

2 \(r- 2 )l 


(3.11) 


(3.12) 


for all nonnegative integers m and l with m > l and all x € X. It follows from (3.12) that the 
sequence {4 n f (■§;)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence {4 n /(^r)} 
converges. So one can define the mapping Q : X — >• Y by 

for all x € X. Moreover, letting l = 0 and passing the limit m — > oo in (3.12), we get (3.10). 
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The rest of the proof is similar to the proof of Theorem 2.2. 


□ 


Theorem 3.5. Let r > 2 and 0 be positive real numbers, and let f : X — >• Y be an even mapping 
satisfying (3.4). Then there exists a unique quadratic mapping Q : X —>Y such that 

||/(x) - Q(x)|| < 2jp||x|r (3.13) 

for all x € X . 


Proof. It follows from (3.11) that 


/(*) - |/( 2x ) 


< 


\2\ r e 

T 1 


for all x € X. Hence 


j/(2'x) - L,vrx) 


< max 


= max 


< max ■ 


1 

4} 

1 

w 


f ( 2 'x) - ^l/ (2' +, x) 

/( 2 Y)-i/( 2 '+V) 


4 m— 

1 


|ri 


| 4 | 


/ + 1 


’ |4| m -! 

|2 I" ( "" 1) 1 | 2 ir»|| I ||- - I 2 !’’ 8 

| 4 |(m-l)+l f 11 11 11 | 2 |(2-r)/+2 


(3.14) 


(xT/( 2m Ax)-Tf(2™x)||} 
/(2’”-‘x)-I/(2”x) 


for all nonnegative integers m and l with nn > l and all x € X. It follows from (3.14) that the 
sequence {^/( 2 n x)} is a Cauchy sequence for all x € X. Since Y is complete, the sequence 
{^r/( 2 n x)} converges. So one can define the mapping Q : X — > Y by 

Q(x) := lim -*-/( 2 n x) 

v ' n—>oo 4p J v ’ 

for all x € X. Moreover, letting l = 0 and passing the limit m — > oo in (3.14), we get (3.13). 

The rest of the proof is similar to the proofs of Theorems 2.2 and 3.4. □ 
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Bernstein-Durrmeyer operator 1 
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Abstract In this paper, we discuss properties of asymptotic approximation of 
the genuiune Bernstein-Durrmeyer operator, for which establish a complete asymp- 
totic expansion formula of approximation and present the saturation theorems as an 
application. 

Key words The genuiune Bernstein-Durrmeyer operator, Jacobi weight, Com- 
plete asymptotic expansion, Approximation, Saturation. 


1. INTRODUCTION 


The Bernstein-Durrmeyer operator with weights, which is one of the objects 
of interest in approximation theory of operators and play as an important role in 
learning theory, is defined as follows 


(/A, 


k)uj 






where e k = ek(x) = x k ,k = 0, 1, • • •, Bernstein basis functions 


b n .k(x) = (^jx k (l - x) n - k x e [0, l\,k = 0, 1 , ■ ■ ■ ,n 

and inner product weighted u> defined by 

( f,g)u,= f f{t)g(t)u>(t)dt. 

Jo 

foundation item: Supported by the Natural Science Foundation of China ( 11371253, 
11671271 ) and by Beijing Municipal Education Commission science and technology plan projects 
( KM201510028003 ) 
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A popular case is that the weight u is taken as the Jacobi weight u(t) = t a ( 1 — 
t)@, a, (3 > —1, at this time we denote this operator M"(/) by Because 

when a = — 1,(3 = — 1, the inner products (eo ,b njk )u are no definition at k = 0 and 
n, W. Chen ( [1] 1987), T.N.T. Goodman and A. Sharrna ([2] 1987) independently 
modified the operator into 

n— 1 

M nUi x ) = L f + (n - 1 ) - Lf, b n _2 : k-l)bk,n( x ) 

k= 1 

where 

Lf (x) = (1 - ®)/(0) + xf(l) 

and 

( f,9)= [ f{x)g{x)dx. 

Jo 

The operator M*f is also called as the genuiune Bernstein-Durrmeyer opera- 
tor(see [3] or [4]) and can be rewritten into the following form 

n— 1 

M*(f;x) = /( 0)(1 - x) n + /( l)x n + (n - 1) 5^(/, b n - 2 ,k-i) b n ,k{ x )’ 

k = 1 

which is a particular case of those operators introduced by D. Cardenas-Morales and 
V. Gupta in [5] 

k 

M n ,a,p{f ; x) = V b n k (x)f(-) + (n - a + 1) 

, , n 

n-a+i 3 ± 

^ ) / /(^) b n — a ^k—p(t)dt b n ^k(x') 

k = i 70 

where l n C {0, 1, • • • , n}. Obviously when a = 2, f3 = 1 and l n = {0, n}, M rha g{f ) is 
for which there has been extensive research (see [3,4] and [6-10]). 

In the next sect, we will establish a complete asymptotic expansion formula for 
the operator and in the section 3, we will present the saturation theorems 

of approximation as a application of the asymptotic expansion formula. 

2. Complete Asymptotic expansions 

From [5], one can find that 

Mn( e o; x ) = M*( l,x) = 1; M*(ei; x) = M*(t ; x) = x; 

2 
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M*(e 2 ; x) = x) = x 2 + 


2 2.x (1 - x ) 


n + 1 


For higher order moments of the operator we have the following result. 

Lemma 2.1 For any natural numbers n, m, there holds that 


M*(e m ;x) = x(l - x) ^ 


k = 0 


m\ 1 

, k ) n k L 


x m_1 (l - x) 


fc-i 


(fc) 


where the up factorial is defined by 

= n(n + 1) • • • (n + k — 1), i/ 1 = 1 

and the fall factorial, which to be used in the following proof, done by 
n- = n(n — 1) . . . (n — k + 1), n- = 1. 

Proof Since when n, rn < 1, the conclusion is true obviously, we only need to 
consider the case n,m > 2. At this moment, we have 

n— 1 

M*(e m - x ) = (n - 1) ^(t m , 6 n - 2 ,i-i)6n,iO) + x n 




, ( "~ 1)! 1 „ n f (m . +i :, 1)! f "h-d - x)"-‘ + x' 

(m + n — 1)! “ (* — 1)! y z y 


(n - 1)! r <P ^ ^ n^ 


x m_1 (x + y) 1 


(m + n — 1)! Ldx m “ \y 
(n- 1)! <F 
(m + n — 1)! dx 
(n— 1)! 


J y= 1—x 


m 

m 


J y= 1—x 


[E 


'm\ ( m — 1)! „_ 1 n! 


(m + n — 1)! y v J (v — 1)! " (n — v)l 


( x + y) r 


y=l-x 


i m / \ 

1 / m y 


= — E 

rrtm Z — ^ 


n'" “ \ v 

V=1 \ 


(m - l)^n%V 


Using the Vandermonde formula we get 

E f k) ( n “ C 1 “ "»))“(! - m )— > 


n- = 


k=0 


and notice that when v = 0, ( m — l) m v = 0, therefore it follows that 

M*(e m ;x ) 
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i m / 

1 / m 


fl n V V 
v=0 \ 




= £ — 7^7 zi-i)*-- t ( * + 7,- , ';, 2) ~ ("» - ov-. 

^ 0 (m-k)\ n k ^ u! (fe — v)! 

Again using the Vandermonde formula we have 

(/c + m-u-2 )^ i wshfk-v\. 

(j^ji ( m " !)- = {m ~ !)"E ^ w J (™ - 1 - - !)— > 

hence the second sum in the previous equation can be turned into 

y^/ 1 \k-v m - m-v \r ( m ~ ^)~ ~~ 1)— 

= "*! £ ( ’^ 1|t( (V 1 !7 ( - 1)t " , " m ~‘ (1 - 

. m \ J \ fk \ d l r r,. 


. .7711 / rv \ CL [ rr) _il [, x l_i' 

= x(l - x)— > . — x m 1 — p- (1 - x f 1 

' /c! “j yzy dx l y -I dx fc_ * L v -I 

/, . tyi ! r ( fc ) 

= x(i-x)— x yi-xr 1 
K L J 


That completes the proof of Lemma 2.1. 

If denoting = {t ~ x ) s > then we have the following assertion. 

Lemma 2.2 For arbitrary natural number s and x G [0, 1], there holds 

m,;«* *)==*(!-*) £ 


*=m 


Proof On account of 


m * m s x , x ) = e r (-*r m K(em;*), 


by Lemma 2.1 we see easily 


M*«.J;x)=x( 1-x) Y. ( “ ) (-x)*-” • H (T ) T k ” -1 ! 1 - W 

m=0\ m J k=0 \ k Jn Ll 

= x(l - X )£&*\ g ^ ^(1 - 2^-1] 

m / J y=x 


S k | (_ x )s-fe-m ?/ m- 1 +fc(i _ )fc- ll 
m / J 3 /=® 


= s(l-x)^^— ^[/ x (l - y) fc 1 (?/-a;) i 
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and recall that 

^ 0, s > 2k. 

The proof is completed. 

Remark By Lemma 2.2, we immediately obtain 

M*(V&®) = 0(rr^ ] ). 

For arbitrary natural number g and x £ I, let / £ iL[g; x] denote the class of 
functions / £ 7?(7) ( space of bounded functions on 7) which q times differentiable 
at x , then we have the following theorems of approximation. 

Lemma 2.3 I 11 ! Let q be arbitrary natural number, x £ I and A n : B(I) — > 
(7(7) (space of continuous functions on 7) be a sequence of positive linear operators 
such that 

A n (il> s x ]x) = (ra-» oo) (s = 0, 1, ■ ■ ■ , 2q + 2), 


then for arbitrary / £ K[2q ; x], there holds 

Ai(/; z) = ~ — r^n(V4; + o(n -9 ) (n oo). 

s=0 S ' 

In particular, if f^ 2q+2 \x) exists, then the o{n~ q ) can be replaced by 0(n _<?_1 ) 

Theorem 2.1 For arbitrary natural number q, x £ [0.1] and / £ K[2q-,x], there 
holds that 

M*(/; x) = 53 77 ^ - x) fc ” 1 / (fc) (x) 1 ( } + o(ra ( ~ 9) 

Proof By Lemma 2.2 and Lemma 2.3, we have 




s = 0 *■ 

v s!j_/ k 

k\ n k\s — k 
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Interchanging the two sums and substituting s + k into s, it is followed by 


x) = x(l ~x)J2 

k = 0 k- n 
f k 


s=0 


Y, ( K ) f (s+k \x ) x k ~\l - x) k ~ l [k S) + o{n~ q ) 


With the Leibniz formula, it becomes 


M*(/; x) = x(l - x) • [x^^l - x) fc -7 (fc >(x)] (fc) + o(n~ q ). 

k = o k-n 

That is the proof of Theorem 2.1. 

Remark 1 If taking q = 1, then we can get so-call the Vonorovskaja type 
asymptotic expansion formula by Theorem 2.1 as below 


lirn n(M*(f ; x) - f(x)) = x(l - x)f"(x) 

n — >oo 

Remark 2 Theorem 2.1 shows that the complete asymptotic expansion formula 
of the operator M*( f ) coincides with which of the operator (/) at a = — 1, j3 = 

— 1. This seems to be one of reasons why M*{f) is called as the genuiune Bernstein- 
Durrmeyer operator. 


3. Saturations of Approximation 


As an application of the asymptotic formula, in this section we will present 
the saturation theorems of approximation for the operator M*f. Along with those 
denotations and signs in [12], denote the space of all continuous functions on [0, 1] by 
C[0, 1], for v(x),uj(x) € C[0, 1] and strictly positive, that is v(x),u)(x) >0,i6 (0, 1), 
let 

rx rx 

ip(x ) = / v(t)dt , ip(x) = / co(t)dt 
Jo Jo 

<t>{x) = [ , i/j(t)v(t)dt. 

Jo 

For a function / e C'[0, 1], we define that 


Df(x) = D^,D v f[x) 


1 \f{x) 


uj{x) L v{x) 
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where 


D v m = 


m 

v(t) ' 


Suppose that L n : C[0, 1] — > C[0, 1] is a sequence of positive linear operators, 
{A n } is a sequence of positive numbers such as X n — >oc (n —xx) and p(x) G C[0, 1] is 
strictly positive. We say that {L n } satisfy with the Voronovskaya condition if and 
only if for Df(x),{X n } and p(x) as above, there holds 


n lim c A n{L n (f; x ) - f(x)} = p(x)Df(x ), x G [0, 1] 


Lemma 3.1 Suppose that L n : C[0.1] — > C[0.1] is a sequence of positive 
linear operators and satisfy the Voronovskaya condition and G 6 C[0,1]. If for all 
x € (0, 1) 


L n (G;x ) - G{x) 


< Mp(x) + o x (l), 


for some positive constant M, than there exists D v G(x) G C[0, 1] and 


d v g(v) 


D ip G(x) 


< M 


V’(y) - ^{x] 


x,y g [ 0 , 1 ], 


and vice versa. 

Remark 1 of Theorem 2.1 shows that the operator M*f satisfies the Voronovskaya 
condition and 

v(x) = uj(x) = 1, p(x) = x(l — x), X n = n 
Df(x ) = D^D ip f(x) = f"(x), 

thus from Lemma 3.1 we can get the following pointwise saturation theorem without 
any difficult. 

Theorem 3.1 (1) Let / G C[0, 1], then for all x G [0,1], lim n{M*(f;x ) — 
f(x)} = 0 if and only if f(x) = A + Bx ; 

(2) Let / G C[0, 1], than for all x G [0, 1] 


n 


M*{f;x)- f{x) 


< Mp(x) + o x ( 1) 


if and only if for any x, y G [0, 1], 

I f(y) - f(x) 


< M 


y-x 
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For the operator we also establish the following saturation theorem in 

Lp. Since it is the same as the approach taken for the Kantorovich operator in [13] 
and [14], here the process is omitted. 

Let / 6 L p [ 0, 1], (p > 1) denote |/| p Lebesgue integrable on [0, 1], 

j ^h\h G L p [0, 1], h(0) = h(l) = 0 &; h! G L p [0, 1]}, p> 1 
P { {h\h G L p [0, 1], /i(0) = /i(l) = 0 & h g W[0, 1]}, p = 1. 

and 

= |/| / G L p [0, 1], 3/i G Lp, £ G (0, l)and constants c, ci such as 

f{x) =c + dx + dt)du}. 

Theorem 3.2 Suppose / G L p [0, l](p > 1), then 

(i) II M*(f) - f ||p = O(i), if and only if / G S p {p > 1) 

(ii) || M*(f) — / 11^ = o(^), if and only if f(x) is a linear function. 
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IMPULSIVE PERIODIC SOLUTIONS FOR A SINGULAR 
DAMPED DIFFERENTIAL EQUATION VIA VARIATIONAL 

METHODS 

SHENGJUN LI li2 ,XIANHUA TANG 2 , HUXIAO LUO 2 


Abstract. In this paper, we study impulsive periodic solutions for second 
order non-autonomous singular damped differential equations. The proof of 
the main result relies on a variational approach on mountain pass theorem, 
together with a truncation technique. 


1. Introduction 

In this work, we are concerned with the existence of periodic solutions for the 
following second order non-autonomous singular damped problems 

(1 1 \ f u" + a(t)u' - =g(t), a.e. t£ (0,T), 

\«(0)=<T), u '(0) = u'(T), 

under the impulse conditions 

(1.2) A u'(tj) = u'(tj) - u'(tj) = Ij(u(tj)), j = 1,2, . ..,p- 1, 

where u'(t±) = lim u'(t), a > 1, a,g £ C(R/TZ,R) with jf a(t)dt = 0, and 

t->t± 

b £ C(R/TZ, (0, oo)), tj for j = 1, 2, . . . ,p — 1, are the instants when the impulses 
occur and 0 = t 0 < t\ < t 2 < ■ ■ ■ < t p _ i < t p = T,Ij : K — > R(j = 1, 2, . . . ,p — 1) 
are continuous. 

Impulsive effects occur widely in many evolution processes in which their states 
are changed abruptly at certain moments of time. In recent years, second-order 
differential boundary value problems with impulses have been studied extensively 
in the literature [1, 3, 11, 12, 14, 15, 16, 17, 18]. In [18], Tian and Ge studied the 
existence of solutions for impulsive differential equations: 

f + s{t)(/) p {u(t)) = t ± tj a.e. t £ [a, b\, 

< — A(p(tj)(f>p(u {tj))) = Ij(u(tj)), j = 1 , 2 ,..., I, 

[ au'(a) + 0u(a) = A, ju(b) + cru' {b ) = B, 

by using a variational method. Later, Nieto and O’Regan [12] further developed the 
variational framework for impulsive problems and established existence results for 
the following impulsive differential equations with Diriclrlet boundary conditions: 

( —u" + A u(t) = f{t , u(t)), t Y 1 tj a.e. t £ (0, T), 

< A (u (tj)) = Ij (u(tj)), j = 1,2, ... ,1, 

{ u( 0) = u(T) = 0, 
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From then on, the variational method has been a powerful tool in the study of 
impulsive differential equations. 

On the other hand, singular problems without impulse effects have been investi- 
gated extensively in the literature. Usually, in the literature, the proof is based on 
variational methods [10], or topological methods[2, 4, 6, 7, 8, 9], which were started 
with the pioneering paper of Lazer and Solimini [5] . 

In 1987, Lazer and Solimini [5] considered a the second order singular problem 

(1.3) u"(t) - = e(i), i€(0,T). 

By using the method of upper and lower solutions, they obtained a famous sufficient 
and necessary condition on positive T-periodic solution for Problem (1.3) as follows 
Theorem 1.1 [5] Assume that e £ L 1 ([0,T],K) is T-periodic. Then Problem 
(1.3) has a positive T-periodic weak solution if and only if e{t)dt < 0. 

Motivated by the above fact, in the present paper we shall consider Problem 
(1.1) with impulsive effects, In general cases, it is impossible to apply variational 
methods to Eq.(l.l) when f Q a(t)dt > 0. In this paper, using a variant of the 
mountain pass theorem, we consider the case J] Q T a(t)dt = 0, on an appropriate 
Sobolev space, we establish the corresponding variational framework of periodic 
solutions to guarantee the existence of at least one nontrivial solution of Eq.(l.l). 

In order to state our main result, we need the following assumptions: 

(tU) a € C(R/TZ) with a(t)dt = 0; 

(H 2 ) b € C(R/TZ, (0, oo)) is T— periodic and b'{t) > 0 for all t G [0, T]; 

(H 3 ) g G T 2 ([0,T],R) is T— periodic and g(t)dt < 0; 

(H4) There exist two constants m, M such that for any t £ R, 

m < Ij(t.) < M, j = 1, 2, . . . ,p - 1, 

where m < 0 and 0 < M < — / Q T g{t)dt\ 

(H 5 ) For any UK, 

Ij{s)ds >0, j = 1,2, 1. 

Theorem 1.1 Assume that (Hi) — (H5) are satisfied. Then problem (1.1)-(1.2) has 
at least one solution. 

The rest of this paper is organized as follows. In Section 2, some preliminary 
results will be given. In Section 3, by the use of variational method, we will state 
and prove the main results. 

2. PRELIMINARIES 

In this section, we present some results which will be applied in Sections 3. 

Let 

H], = {u : [0, T] — >• R | u is absolutely continuous, u(0) = u(T) and v! £ T 2 ([0,T],R)} 
with the inner product 

(u, v) = f u(t)v(t)dt+ f u' (t)v' (t)dt, Vtt, v £ H?- 
Jo Jo 
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The corresponding norm is defined by 


HhI = 


{ rp rp \ 2 

J \u(t)\ 2 dt + J \u'(t)\ 2 dt)j ,Vu£Ht- 


Then is a Banach space. 

If u G H j., then u is absolutely continuous and v! G L 2 ([0, T], R). In this case, 
A u'(t) = u'(t + ) — = 0 is not necessarily valid for every t G (0, T) and the 

derivative v! may exist some discontinuities. It may lead to impulse effects. 

From (1.1), we get 


(2.1) 


3 AW u’{t) 


+ e 


A(t ) 


b(t) 


9{t) 


= 0, 


where A(t) = /J a(s)ds. Following the ideas of [12], take v G H and multiply the 
two sides of (2.1) by v and integrate from 0 to T, so we have 


(2.2) 


e A ^u\t) 1 v{t)dt + / e A{t) 


b(t) 

-^+9 (t) 
u a 


v(t)dt = 0 


Note that, since u'(0) = u'(T), one has 
rT r 

/ e A ^u'(t) v{t)dt 
Jo L - 1 

P rtj-vi 


= E 


3 = o * b 3 
P-1 


e A ^u'(t ) J v(t)dt 

^ ^ ptj+i 

= E eMt) [ u> (tj+iMtj+i) - u ' (tf+iMtt+i)] - E / e A{t) u\t)v\t)dt 

3 = 0 3=0 Jt i 

= e A(T V(7>(T) - e A (°V(0)u(0) -Ve^A u\tj)v(tj) - E e AW u'{t)v'(t)dt 

3=0 Jo 

P-1 ,.T 

= — e A ^ Y. I j(u(tj))v(tj) — / e A ^u' (t)v'(t)dt. 

Jo 


Combining with (2.2), we get 


oMt) 


u'(t)v'(t) + b ^ r v{t)dt + g(t)v(t) 


P-1 


dt + e A{t) Y = 0. 

3=1 


As a result we introduce the following concept of a weak solution for problem (1.1)- 

(1.2). 

Definition 2.1 We say that a function u G is a weak solution of problem 
(1.1)-(1.2) if 


a A(t) 


u'(t)v'(t) + pQ-v(t)dt + g(t)v(t) 


P-1 


dt + e A(t) Y = 0 

3=1 


holds for any v G H^. 
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Define the functional $ : H)p — » M by 


$(u) 






1 

s a 


ds + g(t)u(t) 


dt + e A(t) 



Ij(s)ds 


for every u £ H j,. Under the conditions of Theorem 1.2, it is easy to verify that $ is 
well defined on H j,, continuously differentiable and weakly lower semi-continuous. 
Moreover, the critical points of <f> are the weak solutions of problem (1.1)-(1.2). 

In next section, the following version of the mountain pass theorem will be used 
in our argument. 

Theorem 2.2 [13] Let X be a Banach space and let tp £ C(X, R). Assume 
that there exist Xq,Xi £ X and a bounded open neighborhood Q of Xo such that 
x\ £ X/Cl and 


ma.x{(p(io),^(a:i)} < inf p(x). 

xedn 

Let 


T = {h£ C([0, 1], A) : h{ 0) = x 0 , h( 1) = aq} 

and 


c = inf max ip(h(s )). 
her se[o,i] 

If (p satisfies the (P5')-condition, i.e., a secpience {«„} in X satisfying p>{u n ) is 
bounded and <p'(u n ) — > 0 as n — > oo has a convergent subsequence, then c is a 
critical value of ip and c > max{^(io), p{x\)}. 


3. Main results 


In order to study problem (1.1)-(1.2), for any A £ (0, 1) we consider the following 
modified problem 

I u" + a{t)u’ + b(t) f = g(t), a.e. t £ (0, 1), 

(3.1) < Au'(tj) = Ij(u(tj)), j = 1, 2, ... — 1, 

[u(0)=u(T), u'(0) = u'(T), 


where f\ : [0, T] x K — >■ K is defined by 


h(u) = 


1 





u > A, 
u < A. 


Let F x (u) = /“ f\(s)ds 


$a : Ht ->• K 


defined by 


$a(u) 



b(t)F\(u(t))dt + g(t)u(t) 


dt + e A(t) 



Ij(s)ds. 


Clearly, $a is well defined on continuously differentiable and weakly lower semi- 
continuous. Moreover, the critical points of $a are the weak solutions of problem 
(3.1). 

Proof. The proof will be divided into four steps. 

Step 1. $a satisfies the Palais-Smale condition. 
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Let a sequence {u n } in ZZf satisfy 4>A(u n ) is bounded and & x (u n ) -» 0 as n — > 
+oo. That is, there exist a constant Ci > 0 and a sequence {e„}„ 6 N C R + with 
e n — > 0 as n — > +oo such that, for all n, 


(3.2) 


a A(t) 


^\ u 'n(t)\ 2 - b(t) F \(u n (t))dt + g(t)u n (t) 


dt 


+e A « Y 

3 = 1 ' 

and for every v £ ZZ^, 

rT 


p 1 r u "(D 


Ij(s)ds |< Ci, 


(3.3) 


e A{t) [u n {t)v’(t) - b{t)f\{u n {t))v{t) + g(t)v(t)] dt 




p-i 

+e A{t) J2 I j(un(tj)) v (tj) |< e„||i>| 

3 = 1 

Using a standard argument, it is suffices to show that {u n } is bounded when veri- 
fying the (PS)-condition. 

Taking v{t) = —1 in (3.3), one has 


p - 1 


e A(t) [b(t)f x {u n (t)) - g(t)] dt - e A{t) ^/jKfe)) 

3 = 1 


< e n Vf for all n. 


By (H3), we have 


e A{t] b(t)f\(u n {t)) 


< e n Vr + 


< t n \fr + 1 


e A(t) 5 (f)dt+ 


p-i 

+ e A(t) Y | 

i=i 


ff(<) 


+ e"®" 1 - 1 (p — 1)M := c 2 . 


Note that for any t € [0, T], b(t) f\(u n {t)) < 0. Thus 


e AW b(t)f x (u n (t)) 


dt = 


e Am b(t)fx{u n (t )) 


< c 2 . 


On the other hand, if we take, in (3.3), v(t) = w n {t) := u n (t) — u n , where u n is the 
average of u n over the interval [0, T], we have 


c 3 \\ w\\ h i > 


P-1 


e A(t) [w'nitf -b(t)fx(u n (t))w n (t)+g(t)w n (t)\ dt + e A{t) Y I j{ u n{ t j)) w n{tj) 

3 = 1 


> e 

> e 


"Or 1 I L,/ 


— Il a ll tA I UJ 


II l 2 - (c 2 + e l|a|lil H^Hl 1 ) ||i^n || l°° + e - ^ 0 ^ 1 (p - l)m\\w n \\ L v 
\\ L 2 - (c 2 + e l|a|lil ||flr|| t i - e~ l|a|lil ( p - l)m)||«; n ||Loc 
> e _l|a|lil |KIU 2 -C 4 ||Wn||jJi,. 

where C3 and C4 are two positive constants. Consequently, using the Wirtinger 
inequality for zero mean functions in the Sobolev space ZZj., there exists C5 > 0 
such that 


(3.4) 


IKIIzA < Iknllffi < C 5 . 
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Now, suppose that 

II || h 1 — ^ -|-oo as ti — y -poo. 

Since (3.4) holds, we have, passing to subsequence if necessary, that either 

M n := max it n — > -Poo as n -A +oo, or 
m n := minrtjj — > — oo asn-> -poo, 


(i) Assume that the first possibility occurs. By (H 3 ) and the fact that }\ < 0, one 
has 


e A{t) [ b(t)F x {u n {t )) - g(t)u n (t)] dt - e A(t) ^ f Ij(s)ds 

3 = l J ° 


> 


p A(t) 


p A{t) 


ru n (t) 


b{t)fx{s)ds - g(t)u n {t) 


dt - e l|o|lil (p - l)MM n 


fM n (t) pM n 

b(t)fx(s)ds- / b(t)f\(s)ds — g(t)u„(t) 
L Ju n (t ) 


dt 


/ U n (t) 


e A(t) ( b(t)f x (s ) -g{t))ds 


dt 


— e l|a|lcl (p — l)MM n 

= [ e AW b(t)F\(M n )dt - f e A(t) M n g(t)dt - I 
Jo Jo J c 

-e M F(p- l)MM n 

> [ e A W[b(t)F x (M n )-M n g(t)]dt+ [ e A ^(M n - u n (t))g(t)dt - (p - 1)MM, 

Jo Jo 

> [ e A W [b(t)F\(M n ) - M n g{t)} dt - e'l^ 1 ||M„ - u n \\\\g\\ L i - e^(p-l)MM n . 

Jo 

Thus, using Sobolev and Poincare’s inequalities, one has 
— e l|a|1 ^ ^(p - 1 )M + e AW g(t)d?J M n 

< f e AW [b(t)Fx{u n (t)) - g(t)u n (t)]dt - e A(t) ^ f Ij{s)ds 
Jo J=1 Jo 


+^ell a ^ 1 || 5 || L i||<|| i 2-F A (M n ) e ll a tl^ / b(t)dt 


< / e A[t) [b{t)Fx{u n {t)) - g(t)u n (t)\dt- e A{t) Y] / Ij(s)ds 
JO „_i Jo 

+ Vf^\\d\W |K|U 2 - (-^r 


3=1 J0 


-1 e" a "^ 


From (3. 2), (3. 4) and the fact that *_i — > 0 as n — P +oo, we see that the right 
hand side of the above inequality is bounded, which is contradiction. 

(ii) Assume the second possibility occurs, i.e., m n — > — oo as n -A -Poo. We 
replace M n by m n in the preceding arguments, and we also get a contradictions. 
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Therefore, <Fa satisfies the Palais-Smale condition. This completes the proof of 
the claim. 

Step 2. Let 

= \ u G H^\ min u(t) > 1 > , 
l te[o,T] J 

and 

= < u G H^l min u(t ) > 1 for all t G ( 0 , T), 3 t u G ( 0 , T) such that u(t n ) = 1 1 . 
I te[o,T] J 

We show that there exists d > 0 such that inf„ e ao $\(u) > — d whenever A G ( 0 , 1 ). 

For any u G dfl, there exists some t u G ( 0 , T) such that min^mT] u(t) = u(t n ) = 
1 . By (H4) and extending the functions by T-periodicity, we obtain that 


r t u +T 


$A ( u) = 


0 A(t) 


\u'(t )\ 2 - b(t)F\(u(t))dt + g(t)u(t) 


1 

> - 
“ 2 


rt u +T 


e A{ - t) u’(t) 2 dt + 


rtu+T 


a — 1 


e AW b(t) 1 - 


dt. + e A{t) ^2 
j= 1 

1 


p 1 rw(b) 


Ij(s)ds 


’ t u 


■u(t)“ _1 


dt 


rt u +T 


e A ^ g(t)(u(t) — 1 )dt + 


rtu+T 


oMt) 


g(t)dt 


Hu+T 


> 


e AW u'(t) 2 dt + 


rtu+T 


e A ^ g(t)(u(t) — 1 )dt + 


rtu+T 


e AW g(t)dt. 


By the Schwarz inequality and the fact that u’(t) = ( u (- ) — 1 )'(t), one has 


$a(u) > 


(«(•) - i/IU 2 - e " a|lil IMUHH) - 1|U= - e l|a|1 ^ \\g\\ L t. 


Applying Poincare’s inequality to u(-) — 1 , we get 


$a(u) > 


(«(•) - 1) , !U 2 - \\g \\„, 


where 7 = 7 (t u ). The above inequality shows that 

c E > a(w) — > +00 as ||u , ||i2 -+ +00. 

Since min te [ 0 T ] u(t) = 1 , we have that ||it(-) — -+ +00 is equivalent to 

||u'|| L 2 -+ +00. Hence 


$a(m) -* +00 as Hull^ — > +00 ,Vu G dfl, 

which shows that <f>A is coercive. Thus it has a minimizing sequence. The weak 
lower semi-continuity of $a yields 


inf $a(m) > —00. 
u+an 

It follows that there exists d > 0 such that inf $\(u) > —d for all A G (0, 1). 

udzdQ, 

Step 3 . We show that there exists Ao G (0, 1) with the property that, for 
every A G (0, Ao), any solution u of problem (3.1) satisfying <I>a(w) > — d such that 
min u6 [o,T] u(t) > Ao, and hence u is a solution of problem (1.1)-(1.2). 

Assume on the contrary that there are sequence {A n }neN and {u-n}n6N such that 

(i) A n < A; 

(ii) u n is a solution of (3.1) with A = A„; 
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(iii) $A„(u n ) > -d; 

(iv) min te[ 0 jT] u n (t) < K 
Since f\ n < 0 and 

(3.5) [ e AW [b(t)f Xn (u n (t)) - g(t)]dt = 0, 

Jo 

one has 


||e^ (t) 6 (-)/A„ K(-))||li < c 6j for some constant Cq > 0 . 

On the other hand, since w n (0) = u„(T), there exists r n G (0 , T) such that 

Un( T n) = 0. 


Therefore, we obtain that 

e A{t) u' n (t) - e A(Tn) u' n {T n ) = J e A(s) [fx(u n {s)) - g(s)]ds, 
which, from (3.5), yields that 

(3.6) llWnlli 00 < c 7 for some constant C 7 > 0. 


inf $a(w) > — 00 . 
ueac 2 

From $a„(h n) > — d, it follows that there must exist two constants R\ and I? 2 , 
with 0 < R\ < R 2 such that 


max{u„(f);f £ [0,T]} C [i?i,f? 2 ]- 

If not, u n would tend uniformly to 0 or + 00 . In both cases, by (H 2 ) — (H 3 ) and 

(3.6), we have 

d > A„('iin) — t —00 as n — > + 00 , 

which contradicts < l>A„(u rl ) > —d. 

Let be such that, for n large enough 

u n ( T n) = ~ < R 1 = U n (Tn). 

Multiplying the differential equation in (3.1) by u' n and integrating the equation on 
(or we get 

r< 

a(t)u' n (t) 2 (t)dt + J b(t)fx n (u n (t))u' n (t)dt 

= J i g{t)u' n (t)dt. 

It is easy to verify that 

1 f T ™ 

* = *1 + 2 Ki( r n) ^ <( T n)] + J 2 a(t)u' 2 (t)dt, 

where 

^1 = / Ht)f\n( u n(t))u' n {t)dt.. 


’F := 


u'n{t)u' n {t)dt ■ 
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From (H 2 ) and (3.6), it follows that is bounded, and consequently ’Fi is bounded. 
On the other hand, it is easy to see that 

b{t)f Xn (u n (t))u' n (t) = j t [b(t)F Xn {u n (t))} - b'{t)F\ n (u n (t)). 

Thus, by (Hi) we have 

= b{Tl)F Xn {Ri) ~ b(r^)F Xri Q) - b'(t)F Xn (u n (t))dt 

< Kr‘)f \JR,) - (i) - ^ GO - l) <*• 

From the fact that F Xn (~) -> +oo as n — > +oo, we obtain H/i — > — oo, i.e. , \Fi is 
unbounded. This is a contradiction. 

Step 4. We prove that <J> A has a mountain-pass geometry for A < Ao- 
Fix A € (0, Ao], one has 


F x { 0) = f f x (s)ds = — f f x (s)ds 
J 1 Jo 

= - [ fx{s)ds- [ f x (s)ds 
Jo j A 

= aTm - J x f^ ds - 


This implies that 


F x (0) > 



f\(s)ds 


£ h(s)ds = F X ( A). 


Hence 


(3.7) $ A (0) = -F A (0) [ e A ^b{t)dt < -F x ( A) [ e A(t) b(t)dt 

Jo Jo 


< - 


fo e A ^b(t)dt ( 1 


a — 


b{t)dt f 1 A 

1 J ' 


Consider A £ (0, Ao] such that 

1 


A° 


> 1 + 


d(a — 1) 

So e A{t) b(t)dt 


Thus it follows from (3.7) that <F A (0) < —d. 

Also, using (H 3 ) we can choose R> 1 enough large such that 

-e" a|Ll (m( p ~0 + £ 9(t)dt\ R - ° ^ t)dt (l - > d. 
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Thus, 

P — 1 r p' r p 

$x(R) = e A(t) V f Ij(s)ds — F\(R) f e AW b(t)dt. + R [ g(t)dt 
j =1 Jo Jo Jo 

< e l|a|1 ^ M(p - 1 )R + — e 1 ' 0 ^ 1 ^1 - j b(t)dt 

r T 

+Re MLl / g(t)dt 

Jo 

= e " a|lil (m(p -0 + £ 9(t)dtJ R + e"^ 1 (l - 

< -d. 

Since G is a neighborhood of R, 0 ^ Q and 

max{$ A (0),$A( J R)} < inf $\(u). 

xGai 2 

Step 1 and Step 2 imply that i&a has a critical point u\ such taht 

(wa) = inf max &\(h(s)) > inf $\(u), 

/ier s e[o,i] xedn 

where 

T = {he C([0, 1], H^) : h{ 0) = 0, h( 1) = R}. 

Since inf^gan , I > A('nA) > —d, it follows from Step 3 that u\ is a solution of problem 
(1.1)-(1.2). The proof of the main result is complete. □ 
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Accelerated SNS and accelerated SSS itera- 
tion methods for non-Hermitian linear sys- 
tems 

Min-Li Zeng and Guo-Feng Zhang 


Abstract. Recently, Bai proposed the skew-normal splitting (SNS) and 
skew-scaling splitting (SSS) iteration methods for large sparse non- 
Hermitian positive definite systems. Compared with the Hermitian and 
skew-Hermitian splitting (HSS) iteration method, both of the SNS and 
SSS methods are making more use of the skew-Hermitian parts than the 
HSS method. In this paper, we introduce an accelerated skew-normal 
splitting (ASNS) iteration method and an accelerated skew-scaling s- 
plitting (ASSS) iteration method for solving large sparse non-Hermitian 
positive definite system of linear equations. We study the convergence 
properties of the the new iteration methods and the quasi-optimal pa- 
rameters. Moreover, the inexact forms of the new methods are proposed 
by employing some subspace methods as the inner iteration processes 
at each step of the outer iterations. Numerical experiments are given to 
verify the correctness of the theoretical results and the effectiveness of 
the new methods. 

Mathematics Subject Classification (2010). 65F10; 65F50. 

Keywords. HSS iteration method, skew-normal splitting, skew-scaling s- 
plitting, quasi-optimal parameters, non-Hermitian positive definite sys- 
tem. 


1. Introduction 

Consider the numerical solution of the large sparse system of linear equations 
of the form 

Ax = b, A e C nxn and x,b€ C n , (1.1) 


This work was supported by the National Natural Science Foundation of China (11271174, 
11511130015), the Natural Science Foundation of Fujian Province (2016J05016) and the 
Scientific Research Project of Putian University (2015061, 2016021, 2016075). 
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where A is a non-Hermitian positive definite matrix. The linear system (1.1) 
arises from many scientific computing areas, such as diffuse optical tomog- 
raphy [1], lattice quantum chrorno dynamics [16], structural dynamics [15], 
eddy current problems [11] and so on. See [2] and references therein for more 
applications of the linear system of the form (1.1). 

Based on the Hermitian and skew-Hermitian (HS) splitting of the coef- 
ficient matrix A: A = H + S, with 

H=\(A + A *), S=l(A-A*), 

Bai, Golub and Ng [2] present and studied an efficient Hermitian and skew- 
Hermitian splitting (HSS) iteration method. Because of the unconditionally 
convergent property and effectiveness, the HSS iteration method has captured 
a lot of researchers’ attention. A multitude of researchers focused on the 
HSS method and proposed varieties of variants based on the Hermitian and 
skew-Hermitian splitting, such as the HSS-like method [9], the modified HSS 
method [10], the accelerated HSS method [5] and the preconditioned HSS 
method [6, 3] and so on, see [12, 20, 22, 17, 4, 18]. As is shown in [7] that 
the HSS method is more effective when S dominates H than vice versa. 
Furthermore, when S is very small compared to H, the subsystem 

(al + S)x {k+1) = ( al - i?V fc+ 5) + b 

in the HSS method contributes little to convergence and the inner iterations 
must be designed to terminate properly since 

(/ - -S)" 1 = I + -S + -\s 2 + ■■■ . 

a a or 

As is known that the iterative matrix of HSS 

(al + S)~ 1 (al - H)(al + ff) _1 (a/ - S) 
is similar to W(a)Q(a), where 

W(a) = (I- —H)(I + -H)- 1 
a a 

is Hermitian, so forth ||W(a)||2 < 1, and 

Q(a) = (/-I,S)(/+-S)- 1 

a a 

is unitary for all a > 0. Therefore, according to [7], when S is small compared 
to H, different iterations combing H and S*S are more naturally. 

Suppose that S is invertible, then we can multiply (1.1) on the left by 
—S' to obtain the following equivalent form: 

- SHx - S 2 x = - Sb , (1.2) 

i.e., 

—SHx = S 2 x — Sb or - S 2 x = SHx- Sb. 

Adding aH to each side will lead to the following two fixed-point equations 
( aH — SH)x = (al — S)Hx = (aH + S 2 )x — Sb, (1.3) 
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(aH - S 2 ) x = ( aH + SH)x -Sb= ( al + S)Hx - Sb. (1.4) 

Based on the above fixed-point equations, Bai [7] established the skew-normal 
splitting (SNS) methods as the following algorithm. 

Algorithm 1.1. (SNS method) Given an initial approximate solution x^°\ for 
k = 0, 1, 2, • • • until convergence, solve 

j (al - S)x {k+ ^ = (aH + S 2 )x w - Sb, 

\ (aH - S 2 )x (k+1) = (al + S) x (k+ ^ - Sb, 

where a is a given positive constant. 

Another way to use the skew-Hermitian matrix S is to employ it to scale 
the linear system (1.1). By first adding and then subtracting -S 2 x to the 
fixed-point equations 

—Sx = Hx — b and Hx = —Sx + b, 

respectively, it follows, 

(I--S)(-Sx) = (H+-S 2 )x-b and (H- -S 2 )x = (1+ -S)(-Sx) + b. 
a a a a 

In analogy to the SNS method, Bai further present the skew-scaling splitting 

(SSS) method in [7] as the following algorithm. 

Algorithm 1.2. (SSS method) Given an initial approximate solution x^°\ for 
k = 0, 1 , 2, • ■ • , until convergence, solve 

j (al - S> (fe+ 2> = (aH + S 2 )x w - ab, 

\ (aH - S 2 )x {k+1) = (al + S)x (k+ ^ + ab, 

where a is a given positive constant. 

For the SNS and SSS methods, it has been shown in [7] that when S 
is small compared to H , the Corollary 2.3 in [2] makes clear how to choose 
a good iterative parameter. When S dominates H, it is not clear. However, 
the SNS and SSS methods give an exact way to choose the optimal iterative 
parameter no matter S dominates H or not. 

In this paper, we will first accelerate the SNS and SSS methods by 
adding another parameter in the second iterate step of each iterations and 
then we obtain two new methods, which are named as the ASNS method 
and the ASSS method. The new methods can be seen as generalized forms 
of the original SNS and SSS methods. Futher, the iterative parameters can 
be chosen in a more extensive range. 

The outline of this paper is arranged as follows. In Section 2, we present 
the accelerated SNS (ASNS) and the accelerated SSS (ASSS) methods. Then 
we analyze the convergence properties of both methods. In Section 3, we de- 
termine the quasi-optimal parameters by minimizing the upper bound of the 
spectral radius of the iteration matrix and then show the case about the new 
methods superiority to the SNS and SSS methods. Section 4 is devoted to 
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the inexact variant form of the new methods and the asymptotically conver- 
gent rate property of the new methods. Numerical experiments are given in 
Section 5 to illustrate the correctness of the theoretical results obtained in 
this paper. Section 6 draws some conclusions and remarks to end this paper. 

Throughout this paper, the skew-Hermitian part S of the coefficient 
matrix A is assumed to be invertible and the Hermitian part H to be positive 
definite. We use A ~ B to denote that the matrix A is similar to the matrix 
B. 

2. The ASNS and ASSS methods 

In this section, we will propose the accelerated SNS (ASNS) and the ac- 
celerated SSS (ASSS) methods. Firstly, we add aH to each side of the e- 
quation —SHx = S 2 x — Sb and then add /3H to each side of the equation 
—S 2 x = SHx — Sb. Then we obtain the fixed-point equations 

( aH — SH)x = ( al — S)Hx = ( aH + S 2 )x — Sb (2.1) 

and 

{pH - S 2 )x = {pH + SH)x ~Sb= {PI + S)Hx - Sb. (2.2) 
Subsequent algorithm is the ASNS iteration method. 

Algorithm 2 . 1 . (ASNS method) Given an initial approximate solution x^°\, 
for k = 0, 1, 2, • • • until convergence, solve 

J (al - S)x( k+ ^ = (aH + S 2 )x< k) - Sb, 

\ (PH - S 2 )x {k+l) = ( pi + S)x {k+ - Sb, 
where a and P are given positive constants. 

For the fixed-point equations 

—Sx = Hx — b and Hx = — Sx + b, 
we first add -S 2 x and then subtract i S 2 x on both sides to obtain 

ol p 

(I - -S)(-Sx) = (H+ —S 2 )x - b 
a a 

and 

(H-^S 2 )x = (I+y 3 S)(-Sx) + b. 

After rearranging these equations and choosing x^ wisely, we can straight- 
forwardly get the accelerated skew-scaling splitting (ASSS) method as the 
next algorithm. 

Algorithm 2 . 2 . (ASSS method) Given an initial approximate solution x^°\ 
for k = 0, 1 , 2, • • • , until convergence, solve 

j (al - S)x (k+ ^ = (aH + S 2 )x {k) - ab, 

\ (pH - S 2 ): r (fc+1) = (PI + S> (fe+ 2) + pb , 
where a and P are given positive constants. 
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Obviously, when a = f3, the ASNS method and the ASSS method reduce 
to the SNS method and the SSS method, respectively. Comparing the ASSS 
method with the ASNS method, we find that the coefficient matrices of the 
ASNS and ASSS method are exactly the same. Therefore, they have the same 
iteration matrix M(a,/3), where 

M(a,/3) := (/3 H - S 2 )-\fiI + S)(al ~ Sy\aH + S 2 ). 

It can be seen that the ASSS method is much cheaper than the ASNS 
method, because of the constant vector terms ab, /3b instead of Sb. 

It is seen that S' -1 is skew-Hermitian, then — S~ 1 HS~ 1 = (S' -1 )* £IS -1 
is Hermitian positive definite. Denote 

£max max (l£j | |i£j G cr(S)},£ min min (l£il |i£j e er(S)}, 

A max = max{ Aj | Xj G a((S -1 )*I?S -1 )}, A min = ndn{A J -|A J - G ^(S -1 )* SIS -1 )}, 
the following theorem concentrates on the convergence property of the ASNS 
method. 


Theorem 2.1. Given a non-Hermitian matrix A G C nxn . Let H = | (A + A*) 
and S = \{A — A*) . If H is positive definite , S is invertible, then the spectral 
radius p(M(a,/3)) of the ASNS and ASSS iteration matrix is bounded by 
8(a,/3), where 


5(a,f3) 


max 

i^e<r(5) 



max 

A k ecr«S-i)*HS-i) 


<aA k ~ 1 

/lAfc + 1 


Further, if a and (3 satisfy 6(a,/3) < 1, then the ASNS method and the ASSS 
method are convergent to the unique solution of the linear system (1A). 


Proof. As 

M(a,/3) = {(3H — S 2 )~ 1 (/3I + S)(al — S)~ 1 (aH + S 2 ) 

~ S~ 1 (f3I + S){al - S) -1 (<xff + S 2 ){/3H - S 2 ) -1 S 
= (/?/ + S)S~ 1 (aI - S) -1 S(-S -1 )(aff - S*S)S~ 1 S(/3H + S*S) -1 (-S) 
= (/?/ + S)(al - S) -1 (a(S -1 )*tfS -1 - /)(/3(S -1 )*ffS -1 + J) -1 
:= M(aJ 3), 

(2.3) 


then it follows 
p(M(a, (3)) 

< \\(/3I + S)(al - S) -1 || • ||(a(S -1 )*ffS -1 - J)(^(S -1 )*IfS -1 


< 


max 

iZjeaiS- 1 ) 

6{a,/3) 



max 

A fc ev((5))*ffS-i) 


ctAfc - 1 
/?Afc + 1 




If S(a,(3) < 1, then p(M(a, (3)) < S(a,(3) < 1, i.e. , the ASNS and the ASSS 
methods are convergent. □ 
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Theorem 2.2. The ASNS and ASSS iteration methods are convergent if either 
of the following conditions holds: 

(1) a > P, (A min £ max — l)a — 2£ max A m i n < /3(A min £ max — 1 + 2aA m j n ) and 

(AmaxCmax ~ 1 ) a ~ 2£ max A max < /3(A max £ m ax — 1 + 2aA max ),' 

(2) a < p, (A m j n ^ m ; n — l)a — 2^ min A m i n < /3(A m ; n £ m ; n — 1 + 2aA m j n ) and 
(A m ax£min 1)^ ^^min^ max ^ /^(A max £min ^ 2<aA max ). 

Proof. S(a,j3) < 1 leads to 


P 2 + $ I a Afc — 1 , 

max \ -k • max — < 1. 

y a 2 + A k&adS-^HS- 1 ) 1 PX k + 1 1 


Or equivalently, 


i ot\i. — 1 1 


max | — 7 I < min < ; — x 

A kGaUS-'yHS- 1 ) 1 PX k + 1 ' i« 3 -ea(S) V /3 2 + & 


/a 2 +£? 


(1) If a > (3, then 


min ft± 1= /Z + SI 

i^eo-(S) V P 2 3- & V^ + e ax' 


| O^Afc 1 I r , ttA m j n 1 . . aA max 1 

max — = max 1 — , — 

\ k £cr((S- 1 )*HS- 1 ) px k + 1 /3A m in + 1 /3A max + 1 


then (2.4) is equivalent to 


! . aAmin 1 . 2 a + $ max 

^ PXmin 4 1 /3 2 +e a x’ 

/ Q'Amax ~ 1 ,2 a 2 + Cmax 

/?A max + 1 /3 2 + £ 2 lax 

After some simple computations, it follows 

f (aA m i n — 1) {P + £ ma x) < (<T + ?max)(/^A m in + 1) ^ 

\ ( Q A maX — 1 ) 2 {P 2 + Sax) < (« 2 + ^max)(^max + l) 2 - 

Because a and p are positive constants, the first equation of (2.5) leads to 
(A m i n £max — l) a — 2£ max A m i n < /3(A min £ max — 1 + 2aA m i n ). 

The second equation of (2.5) leads to 

(A ma x£max — l) a ~ 2^ max A max < /3(A max £ max — 1 + 2aA max ). 

(2) If a < P, then 

. p±5_ A* 2 +e m 

i t^S)]lp 2 +% ]jp 2 +e m i„' 

Using the same strategy as a > p, we can easily obtain 

(AminCmin ~ 1 ) a ~ 2£ min A m in < P(X min £ min — 1 + 2aA m i n ) 
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and 

(^max^min — l) a — 2£ min A max < /3(A max £ min — 1 + 2aA max ). 

□ 

Remark 2.3. Ifa = fd, from, the result (1) of Theorem 2.2, we obtain that when 
a 2 +£ min > 0, the ASNS and ASSS iteration methods are convergent. Because 
a 2 + ^ in > 0 invariably holds, then we know the ASNS and ASSS iteration 
methods are convergent unconditionally, which agrees with the results in [7]. 


3. The quasi-optimal iterative parameters 


In this section, we will give the quasi-optimal parameters of the ASNS it- 
eration method and the ASSS iteration method. Then we will analyze the 
optimal parameters by minimizing the upper bound 5(a.,j3). According to 
the analysis in the previous section, we have 


6(a,/3) = < 


Of 2 _|_ c* 
^ 1 Smi 


^ /^ 2 £min f | ^^min 1 I i tt ^max In Q 

~2 * max 1 1 q \ . , l UgT — xrl}» 

m i n H /v mm i J- pAmax i -l 

r i C^min 1 i i ^^max In ^ n 

“fc'ta 11 ' a<0 - 




2 

max 


a 2 +f. 


2 

max 


We rewrite the matrix M(a, /?) in (2.3) as 

M(a,P) 

= (\l + 5 _1 )(t J — 

p a a p 

~ {-I + {S~ 1 )*HS~ 1 )~ 1 {-I - (S -1 )*,ffS -1 )(-I - S'- 1 )- 1 (t/ + S' -1 ). 
p a a p 

By making use of the same strategy of Theorem 4.2 in [19], we can obtain 
the optimal iterative parameters and the corresponding upper bound in the 
following theorem. 


Theorem 3.1. Let A £ C" x ™ be a non-Hermitian matrix. If the ASNS and 
ASSS iteration methods are convergent, then 

(1) when yf Amm A max > c ~^ — or \MminA m ax < - the quasi-optimal param- 

' ' Smin smax 

eters are given by 


a* 

/?* 


V (c 2 + ^min )( c2 + ^max) A (? — A min A„ 
(A max T A m i„)c 2 

\J (c 2 + A^ in )(c 2 + A 2 iax ) — c 2 + A min A n 
(A max T A m i n )c 2 


and the corresponding optimal upper bound 6(a*,/3*) of p(M(a,/3)) is 




V ( c2 + ^min )( c2 + ^max) ~ + VinAmax) 

(^max ^min)*- 
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where the constant c is given by 


j. 5 if \! ^max^min ^ , 

smax Smin 

if 's/ -^max^min 


smax 

1 


>. 1 V V II id A. " j- 

Smin Smax 

(2) when < -\/A m i n A max < -p— , the quasi-optimal parameters a* and (3* 

Smax Smin 


are 


cy* — (3* 


1 


x/^min ^max 

and the corresponding optimal upper bound is 

xA max \Z~Ki 


5(a*,(3*) = 


\A max + '/An 


Remark 3.2. When e m i n < \/A m i n A max < e max , the optimal upper bound 
S(a, /3) of the ASNS and GSSS iteration methods reduces to the optimal bound 
of the SNS and SSS iteration methods, respectively, i.e., 


Qi;j . — /3% t — 


1 


'Z Amin A a 


and the corresponding optimal bound is 


\fX max V%] 


\/A max + \! Amin 

Theorem 3.3. When -\/AminA max > or -\/A m i n A max < , then we have 

Smin Smax 

<5(a*,/3*) < v *, where (5(a*,/3*) and v * are defined in Theorem 3.1 and Re- 
mark 3.2, respectively. 


Proof. We rewrite v* as 


(Vx max — xAmin)^ 


X — X • 

/x max /v mm 

Then <5(a*,/3*) < v* if and only if 

(^min "f" )(^max “p C ) <L [c( \f A m j n \J A m j n ) T* (A m i n A m j n "h C )] . 

Denote fci = A max + A m i n and &2 = A max A m i n , then the above inequality can 
be simplified as 

4c 2 &2 — 2(?k\\fb2. + ck\ Jv 2 — 2c 2 c 3 v^- ^ck^s/bi + c 3 fci > 0. 

Or equivalently, 

(/ci - 2 V / M(\/^- c) 2 > 0. 

It follows 

(\A max \/a 

min ) 2 (\/ Amin A max C ) 2 > o, 

i.e., (x/ ^min^max c) -' > 0- That is, x/ ^min^max ^ ~c — ^ x/ ^min^max ^ £ • 

Smin Smax 

□ 
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4. The inexact ASNS and ASSS methods 

The two half-steps at each step of the ASNS and ASSS methods require 
finding solutions with the coefficient matrices al — S and f3H — S 2 . Because 
(3H — S 2 is Hermitian positive definite, then we may use the CG method to 
solve the linear system with coefficient matrix pH — S 2 . For solving the linear 
system with coefficient matrix al — S , we may use some Krylov subspace 
method [21]. The inexact ASNS (IASNS) method can be described as follows. 

Algorithm 4.1. (IASNS method) Given an initial guess x^°> , for k = 0,1,2,- • • , 
until {x^} converges, solve approximately from 

{al - S)x {k+ ^ ] = {aH + S 2 )x {k) - Sh 

by employing an inner iteration (e.g., some Krylov subspace method) with 
x as the initial guess, then solve x^’+B approximately from 

{PH - S 2 )x {k+1) = (/?/ + S)x {k+ ^ - Sb 

by employing an inner iteration (e.g., the CG method) with x^ k+ i' ) as the 
initial guess, where a and (3 are given positive constants. 

The inexact ASSS (IASSS) method can be described as follows. 

Algorithm 4.2. (IASSS method) Given an initial guess x ® , for k = 0, 1, 2, • • • , 
until {x^} converges, solve {^( fc +5)} approximately from 

{al - S)x (fc+ 3) = {aH + S 2 )x {k) - ab 

by employing an inner iteration (e.g., some Krylov subspace method) with 
x as the initial guess, then solve approximately from 

{PH - S 2 )x (k+1) = {pi + S)x (fe+ 3) + pb 

by employing an inner iteration (e.g., the CG method) with x^ k+ ^ as the 
initial guess, where a and p are given positive constants. 

Subsequently, we will concentrate on the IASNS iteration method. The 
results about the IASSS iteration method can be obtained in the similar way. 

To simplify numerical implementation and convergence analysis, the IASNS 
iteration method can be rewritten as the following equivalent scheme. 

Given an initial guess for k = 0, 1, 2, • • • , compute Step 1 and Step 
2 until x converges: 

Step 1. approximate the solution of 

{al - S)z {k) = -SfW, (f (fe) = b - Ax (fe) ) 

by iterating until z ^ is such that the residual 

p (k) = f {k) _ _ s ^(k) 

satisfies 

l|p (fc) ll<^l|r (fc) ||, 

and then compute x^ k+ ^ = x^ k l + z^\ 
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Step 2. approximate the solution of 

(p H - S 2 )z {k+ a) = -Sr (fc+ 5), (f( fe +5) = 6 - Ax {k+ *>) 


by iterating until z^ k+ ^ is such that the residual 

q(k+h) = f (k+l) _ (pjj _ 5 2^(fc+i) 


satisfies 

||p (fc +3 ) || < 77fc||r (fc+ 5 ) ||, 


and then compute a;( fc+1 ) = x( k+ ^ + z ( ' k+ ^ . Here || • || is a norm of a vector. 

If the two inner systems are solved inexactly with corresponding quan- 
tities {£ fc } and {r] k }- Denote £ max = nrax fc {£ fc } and ? 7 max = max fc {%}. Let 
HI • HI m denote 

\\\X\\\ M = \\MXM~ 1 \\ 


for all X £ C nxn . Then the following theorem concentrates on the convergent 
results of the IASNS and IASSS iteration methods. According to Theorem 
3.1 in [8] and by specializing the splitting as 


(-S')A = Mi - Ni := ( aH - SH) - ( aH + S 2 ) 
= M 2 - N 2 := (pH - S 2 ) - (pH + SH), 


we can immediately obtain the following theorem. 


Theorem 4.1. Let A £ C" x " be a non-Hermitian positive definite matrix. 
H = | (A + A*) and S = |(A — A*) be its Hermitian and skew-Hermitian 
parts, and let a and P be positive constants. If S is invertible, {x^} is an 
iterative sequence generated by the IASNS iteration method and x* £ C n is 
the exact solution of the linear system (1.1), then it holds that 


|£ (fe+1) - 


\m 2 


< O (a,P) + p,(a, P)0(P)e k + 0(P)(p(a, P) + d(P)n(a, p)e k )r] k ) 


|z w - x* 


\m 2 , 


where 


a(a,p) = \\(PI + S)(al ~ Sy^aH + S 2 )(PH - S^l 
p(a,p ) = \\(PH - S 2 )H-\aI - Sy^aH + S 2 )(PH - Sy-'W, 

ya,p) = \\(pi + s)(ai-sy 1 \\, 
9(P)=\\(-SA)(pH-S 2 y 1 \\, 
v(a,p) = \\(pH - S 2 )H~\aI - Syy. 

In particularly, if 

a(a, P) + p(a, P)9(P)e max + 9(P)(p(a, /?) + 9(P)v(a, P)e max )i ? max < 1, 
then the iterative sequence {x^} converges to x* £ C n , where 


£max = nrax{£ fc } and r/ max = max{?y fc }. 

k k 


868 


Min-Li Zeng et al 859-873 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO. 5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 

ASNS and ASSS iteration methods for non-Hernritian linear systems 11 


Theorem 4.2. Let the assumption in Theorem 4.1 be satisfied. Suppose that 
both {t\ (fc)} and {r 2 (k)} are nondecreasing and positive sequences satisfying 
Ti(fc) > 1 and r 2 (k) > 1, and 

lim supri(A:) = lim supr 2 (fc) = +oo, 


k—± oo k — yoo 

and that both <5i and 62 are real constants in the interval [0, 1] satisfying 
Ek < and r/k < C2$2^ k \ 

for k = 0, 1, 2, • • • , where C\ and C2 are nonnegative constants. Then we have 
|||5 (fe+1) ^ s*||| Ma < (V^J)+co{a,P)e(fi)6 T ^) 2 ■ |||x( fe ) - x*|||m 2 , 
where k = 0, 1, 2, • • • , r(k ) = min{ri(fc), T 2 (k)}, S = maxjJi, S 2 } and 


oj = max{ \J cic 2 v(a, /3), 
In particular, we have 


1 


lim sup 

k—> 00 


2 v /cr(a,/3) 

rg(k+l) * ' " 


(dii(a, {)) + c 2 p{a, fi))}. 


x III m 2 


„|® (fe ) - x*\\\m 2 a 
i.e., the convergence rate of the IASNS method is asymptotically the same as 
that of the exact two-step iterative scheme ASNS. 


5. Numerical results 

In this section, we will consider the three-dimensional convection-diffusion 
equation 

-{Uxx + Uyy + u zz ) + q(u x + Uy + u z ) = / (x , t/, z) (5.1) 

on the unit cube Tt = [0, 1] x [0, 1] x [0,1], with constant coefficient q and 
subject to Dirichlet-type boundary conditions. When the seven-point finite 
difference discretization, for example, the centered differences to diffusive 
terms, and the centered differences or the first order upwind approximations 
to the convective terms are applied to the above model convection-diffusion 
equation, we get the system of linear equations (1.1) with the coefficient 
matrix 

A = T x (8)7®/ + 7®Ty(8)/-|-J07(g)T z , 
where the equidistant step-size h = is used in the distretization on all 
of the three directions and the natural lexicographic ordering is employed to 
the unknowns. In addition, ® denotes the Kronecker product, and T x , T y , 
and T z are tri-diagonal matrices given by 

T x = tridiag(t 2 ,t\,tfi), T y = tridiag{t 2 ,t),t^), T z = tridiag(t 2l t),t^), 
with 

h = 6, t 2 = —1 — r, ^3 = —1 + r 

if the first order derivatives are approximated by the centered difference 
scheme and with 

fi = 6 + 6 r, t 2 = —1 — 2 r, t 3 = —1 
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if the first order derivatives are approximated by the upwind difference scheme. 
Here r = ^ is the mesh Reynolds number. For details, we refer to [13, 14, 2]. 

Figure 1 plots p(M(a, /3)) and <5(a, (3) for the centered difference scheme 
with n = 8 and q = 1, 10 when a varies in [0, 1]. When a is fixed, according 
to [19], we can compute (3 as 

1 CkA m i n aA max 1 

/3A m i n + 1 

max “I - 1 


That is, 

n cy(A max -f- A m i n ) 2 . , 

P = T — T 37R-T T ■ (5-2) 

^max i A m i n ^C^^max^min 

Besides, Figure 2 plots p{M{a, /?)) and S(a, (3) for the upwind difference 
scheme with n = 8 and q = 1, 10 when a varies in [0, 1]. /? is also computed 
according to (5.2). 

From Figures 1-2, we find that, when (3 is chosen according to (5.2) and 
let a vary in [0, 1], the point such that the value of p(M(a,(3)) reaches the 
minimum is extremely close to the point such that the value of (5(a, /3) reaches 
the minimum. Therefore, the theoretical optimal parameters in Theorem 3.1 
would be intensely close to the real optimal parameters of the methods. 

In Figure 3 and Figure 4, we plot the distributions of the eigenvalues of 
the iterative matrices. Here, we choose the experimental optimal parameters 
a = (3 = ^ in the SNS method and we plot the eigenvalues distribution in 
Figure 3. We replace a in the ASNS method by | and we plot the eigenvalues 
distributions in Figure 4. 

It can be seen from Figures 3-4 that the eigenvalues of the ASNS it- 
erative matrix are more cluster around 0 than the eigenvalues of the SNS 
iterative matrix when the iterative parameters are chosen appropriately. Fur- 
ther, if we can find a cheaper way to choose the optimal parameters, the 
accelerated methods would be more efficient, which will be our next work. 




Figure 1. The comparison between p(M(a, /?)) and S(a, f3) 
when q = 1 (left) and q = 10 (right) (centered). 
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Figure 2. The comparison between p(M(a, /3)) and S(a, /3) 
when q = 1 (left) and q = 10 (right) (upwind). 


The SNS(SSS) method 
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The ASNS(ASSS) method 
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Figure 3. The distribution of the eigenvalues of the itera- 
tive matrix for the SNS method (left) and the ASNS method 
(right). 
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Figure 4. The distribution of the eigenvalues of the itera- 
tive matrix for the SNS method (left) and the ASNS method 
(right). 

6. Conclusions 

For solving the non-Hermitian positive definite with invertible skew-Hermitian 
parts, we proposed an accelerated SNS and an accelerated SSS iteration 
method in this paper. Comparied with the HSS iteration method, the new 
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methods not only concentrate more on the balance between the Hermitian 
parts and the skew-Hermitian parts, but also accelerate the original SNS and 
SSS methods. The convergence properties and the quasi-optimal parameter- 
s are analyzed. In actual implementations, we give the inexact forms of the 
new methods. Numerical results demonstrate that the point such that S(a, (3) 
reaches the minimum is exact the same as the point such that p(M(a, /?)) 
reaches the minimum. Therefore, the theoretical results obtained in this paper 
is correct. Meanwhile, by choosing appropriate parameters, the new methods 
are more efficient than the SNS and SSS methods. 
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Abstract With respect to multiple attribute group decision making (MAGDM) problems in which the 
attribute weights and the expert weights take the form of real numbers and the attribute values take 
the form of interval-valued intuitionistic uncertain linguistic variable, we propose group decision making 
methods of interval-valued intuitionistic uncertain linguistic variable based on Archimedean t-norm and 
Choquet integral. First, we introduce some concepts of fuzzy measure and interval-valued intuitionistic 
uncertain lingistic variables based on Archimedean t-norm. Then, interval-valued intuitionistic uncer- 
tain linguistic weighted average(geometric) and interval-valued intuitionistic uncertain lingistic ordered 
weighted average operator based on Archimedean t-norm are developed. Furthermore, some desirable 
properties of these operators, such as commutativity, idempotency and monotonicity have been studied, 
and interval-valued intuitionistic uncertain linguistic hybrid average operator based on Archimedean t- 
norrn are developed. Based on these operators, two methods for multiple attribute group decision making 
problems with intuitionistic uncertain linguistic information have been proposed. Finally, an illustrative 
example is given to verify the developed approaches and demonstrate their practicality and effectiveness. 
Keywords: Interval-valued intuitionistic fuzzy sets; aggregation operators; Archimedean t-norm; group 
decision making. 

1. Introduction 

Multiple attribute decision making (MADM) problems are an important research topic in decision 
theory. Because the objects are fuzzy and uncertain, the attributes involved in decision problems are 
not always expressed as real numbers, and some better suited to be denoted by fuzzy numbers, such as 
interval numbers, triangular fuzzy numbers, trapezoidal fuzzy numbers, linguistic numbers on uncertain 
linguistic variables, and intuitionistic fuzzy numbers. Because Zadeh initially proposed the basic model 
of fuzzy decision making based on the theory of fuzzy mathematics, fuzzy MADM has been receiving 
more and more attention. The fuzzy set (FS) theory proposed by Zadeh [1] was a very good tool to 
research the fuzzy MADM problems, the fuzzy set is used to character the fuzziness just by membership 
degree. Different from fuzzy set, there is another parameter: non-membership degree in intuitionistic fuzzy 
set (IFS) which is proposed by Atanassov [2,3]. Clearly, the IFS can describe and character the fuzzy 
essence of the objective world more accurately [2] than the fuzzy set, and has received more and more 
attention since its appearance. Later, Atanassov and Gargov [4,5] further introduced the interval-valued 
intuitionistic fuzzy set (IVIFS), which is a generalization of the IFS. The fundamental characteristic 
of the IVIFS is that the values of its membership function and non-membership function are interval 
numbers rather real numbers. 

On the other hand, in the real decision-making, there are many qualitative attributes which are 
difficult to give attribute values by quantitative measurement. While, they are easy to give linguistic 
assessment values. However, for a linguistic assessment value, it is usually implied that the membership 

'Supported by the National Natural Scientific Foundation of China (11461062) and the Scientific Research Project of 
Education Department of Shaanxi Gansu Provincial Government (16JK1047). 

‘Corresponding Author: Juan Li. Tel.: +8613992795738. Email Address: lijuanbjasu@163.com 
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degree is one, and the non-membership degree and hesitation degree of decision makers cannot be ex- 
pressed. On the basis of the intuitionistic fuzzy set and the linguistic assessment set, Wang and Li [6] 
proposed the concept of intuitionistic linguistic set, the intuitionistic linguistic number, the intuitionistic 
two-semantic and the Hamming distance between two intuitionistic two-semantics and ranked the alter- 
natives by calculating the comprehensive membership degree to the ideal solution for each alternative. 

As an aggregation function, the Choquet integral [7] with respect to fuzzy measures has performed 
successfully in multicriteria decision making (MCDM). There are many works on the Choquet integral of 
single- valued functions. It is of interest to combine the Choquet integral and the IFS theory or MCDM 
under intuitionistic fuzzy environment, because, by doing this, we cannot only deals with the imprecise 
and uncertain decision information but also efficiently take into account the various interactions among 
the decision criteria. 

Base on Archimedean t-conorm and t-norm [8-11], and the aggregation functions for the classical 
fuzzy sets (FSs), Beliakov et al. gave some operations about intuitionistic fuzzy sets, proposed two 
general concepts for constructing other types of aggregation operators for intuitionistic fuzzy sets (IFSs) 
extending the existing methods and showed that the operators obtained by using the Lukasiewicz t-norm 
are consistent with the ones on ordinary FSs. We can find above aggregation operators are all based 
on different relationships of the aggregated arguments, which can provide more choices for the decision 
makers. 

In summary, based on intuitionistic linguistic set proposed by Wang and Li [6] , combining interval- 
valued uncertain linguistic variables, Archimedean t-norm and Choquet integral, in this paper, we pro- 
pose the interval-valued uncertain linguistic variables based on Archimedean t-norm and investigate the 
MAGDM problems. First, we introduced some concepts of fuzzy measure and interval-valued intuition- 
istic uncertain linguistic variables based on Archimedean t-norm. Then, interval-valued intuitionistic 
uncertain linguistic weighted average(geometric) operator based on Archimedean t-norm , interval-valued 
intuitionistic uncertain linguistic ordered weighted average (geometric) operator based on Archimedean 
t-norm are developed. Furthermore, some desirable properties of these operators, such as commutativity, 
idempotency and monotonicity have been studied, and an intuitionistic uncertain linguistic hybrid av- 
erage(geometric) operator based on Archimedean t-norm was developed. Based on these operators, two 
methods for multiple attribute group decision making problems with intuitionistic uncertain linguistic 
information have been proposed. 

1. Preliminaries 

A function T : [0, 1] x [0, 1] — >• [0, 1] is called a t-norm if it satisfies the following four conditions (ref. 
to [8,9]): 

1) T(l,a;) = x, for all x. 

2) T(x,y ) = T(y,x), for all x and y. 

3) T(x,T(y, z )) = T(T(x,y), z), for all x, y and z. 

4) x ^ x',y ^ y implies T(x,y ) ^ T(x',y ), x,y,x',y G [0, 1]. 

A function S : [0, 1] x [0, 1] — > [0, 1] is called a t-conorm if it satisfies the following four conditions 
(ref. to [8,9]): 

1) S( 0,x) = x, for all x. 

2) S(x,y) = S(y,x), for all x and y. 

3) S(x, S(y, z)) = S(S(x, y),z), for all x, y and z. 

4) x ^ x',y ^ y implies S{x,y) ^ S(x,y), x,y,x ,y G [0, 1], 

A t-norm function T{x,y ) is called Archimedean t-norm if it is continuous and T(x,x) < x for 
all x G [0, 1] . An Archimedean t-norm is called strictly Archimedean t-norm if it is strictly increasing in 
each variable for x, y G (0, 1), (ref. to [8,9]). 

A t-conorm function S(x,y) is called Archimedean t-conorm if it is continuous and S(x,x) > x for 
all x G [0, 1]. An Archimedean t-conorm is called strictly Archimedean t-conorm if it is strictly increasing 
in each variable for x,y G (0, 1), (ref. to [8,9]). 

A mapping N : [0, 1] — > [0, 1] is called negation operator, if N is decreasing and AT(0) = 1 , N( 1) = 0. 

Suppose that S = (so, si, . . . , s;_i) is a finite and fully ordered discrete term set, where l is an odd 
number. In real situations, l would be equal to 3, 5, 7, 9, etc. For example, when l = 7, a set S can be given 
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as follows: 


S = (so, si, S2, S3, S4, S5, sg) = {very poor, poor, slightly poor, fair, slightly good, good, very good}. 

For any linguistic set S = (so, si, . . . , s;_i), the relationship between the element Si and its subscript i 
is strictly monotonically increasing [12,13,14], so the function can be defined as follows: f : Si = /(?'). 
Clearly, the function f(i) is a strictly monotonically increasing function about a subscript i. To preserve 
all of the given information, the discrete linguistic label S = (so, si, . . . , s;_i) is extended to a continuous 
linguistic label S = {s a \ a G R}, which satisfies the above characteristics. 

Suppose s = [s a ,s 6 ], s a ,Sb € S and a ^ b, s a and Sb are the lower limit and the upper limit of?, 
respectively. Then, s is called an uncertain linguistic variable [15]. 

For each x, / v A (x ) and v A (x) are closed intervals and their lower and upper end points are, respectively, 
denoted by p\(x), p^(x) ,v^(x) ,u^(x) . We can denote by 

A = {(x[[s e ^s T ^ x) ),\p\(x),p u A (x)\,[v\(x),u^(x)])) \ x € X}, 

where sg ( x ), s T ( x ) G S', 0 ^ Pa( x ) + ^(x) ^ 1, i L I, ) 0 and v a(x) ^ 0. 

For each element x, we can compute its hesitation interval of x to uncertain linguistic variable 

[^0(ai) 5 ^t(jc)] 


n A (x) = [tta(x), t r^(s)] = [1 - v A {x) - p u A (x), 1 - v%(x) - p A {x)]. 

Definition 1.1. Let A = {(x[[s 0 ( x ), s t(x )], [p A (x), p A (x)\, [v A (x), Va(x)]])\x G X] be IVIULS, 6- 
Tuple < [sg^), s T / x d, \g A (x), g A (x)\, [u A (x) , v A (x)] > is called an interval-valued intuitionistic uncertain 
linguistic number ( IVIULN ), and A can also be viewed as a collection of the interval-valued intuitionistic 
uncertain linguistic variables. So it can also be expressed as A = {([s^), s T ( x )], [©^(x), p A (x)\, [u T f(x), 
v a(x)])\x € X}. 

2. Interval- valued intuitionistic uncertain linguistic variables based on Archimedean t-norm 

Definition 2.1. Let a* = {[sg( ai ), s T ( Q .)], [p, L (cti), p u (af)), [v L (a.i), u u (ai)]) (i = 1,2) be two interval- 
valued intuitionistic uncertain linguistic variables based on Archimedean t-norm and A ^ 0, we can define 
the operational rules about a\ and a 2 as follows 

(1) OL! © a 2 = ([S0( ai )+e(a2), s r(a 1 )+r(a 2 )] 1 [S (p L (ai) , g L ( ol 2 )) , S(p u (ai), g u (a 2 ))\, 

[T(y L {oti), v L (ot 2 )), T{y u (a\), u u (a 2 ))]) 

= ([S0( ai )+e(a2), ' s r(a 1 )+r(a 2 )], i a l)) + h~ l (h(p U (on)) + h(p U (a 2 )))], 

[g^ig^iai)) + g{u L {a 2 ))),g- 1 {g{iy u {a 1 )) + g{u u {a 2 )))])] 

(2) ai®ot 2 = ([s 0 ( ai )xfl( a2 )AT( ai )xr(a2)], [T(p L (a 1 ),p L (a 2 )),T(p u (a 1 ),p u (a 2 ))\, 

[S(i/ L (ai), v L (a 2 )),S(v u (a i), u u (a 2 ))]) 

= ([S0( ai )x0(a 2 )> s r(ai)xr(a 2 )]> b _1 (ff(^ L («l)) + 9(h L (« 2 ))) , g~ l {g (p U (ai)) + g(p U (ol 2 )))\ , 

[h~ l (h(u L (a\)) + h(v L (a 2 ))), h~ 1 (h(i' U (a\)) + h(u u (a 2 )))]); 

(3) A5i = ([s Axe(ai) , s Axr(ai) ], [hr 1 (\h(p L (a 1 ))), h~ 1 (Xh(p u (au)))], [g~ l (Xg(v L (ai))), g~ 1 (Xg(v u (ai)))])\ 

(4) 5 A = ([s( 0 (qi ))a, s (T(ai)) A], [g~ l (Xg(p L (ai))),g~ l (Xg(p u (a\)))], [h~ l (Xh(v L (a x ))) , h~ 1 (Xh(v u (ai)))]). 

Theorem 2.1. For any two interval- valued intuitionistic uncertain linguistic numbers based on 
Archimedean t-norm 5* = ([s0( ai ), s T ( Qi )], \p L (af), p u (aci)\, [v L (a>i), u u (ai)]) (i = 1,2), it can be proved 
the calculation rules shown as follows: 

(a) 5i © a 2 = a 2 © ap, 

(b) ai © a 2 = a 2 © ai; 

(c) A(5i © a 2 ) = A5] © Aa 2 , A > 0; 

(d) Ai«i © A 201 = (Ai + A2 )«i, Ai, A 2 > 0; 

(e) 5 Al © a] 2 = (5i) Al+A2 , Ai, A 2 > 0; 

(/) 5 A © «2 = (5i © 02 ) A , A > 0. 

Definition 2.2 [16]. Let a\ = ([se( ai ), s r ( ai )], [/^(au), g u (a\)\, [v L (a{), v u (a\)]) be an interval- 
valued intuitionistic uncertain linguistic number based on Archimedean t-norm, an expected value E(a 1) 
of 5i can be represented as follows 
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E(ai) 


1 ^ ,H L {ai) + H l \ai) 

— x ( - 


u L {ai) + v u (ai) 

R ) X S(0( ai )+T(a i))/2 


— s ((0(a 1 )+T(ai))x(/j, L (ai)+fj, u (a 1 )+2-v L (ai)-v u (ai))/8- 

Definition 2.3 [16]. Let 5i = ([sg)( ai ), s r ( ai )], [/U L (ai), /^^(ai)], [^ L («i), i/^(ai)]) be an interval- 
valued intuitionistic uncertain linguistic number based on Archimedean t-norm, an accuracy function 
H(a\) can be represented as follows 


H( 5i) 


uj l («i) + jgai) ^ L (ai) + ^(ai) 
2 + 2 


x s (0(ai)+r(ai))/2 


s ((9(ai)+T(ai))x(ii L (a^+fi 17 (ai)+v L (ai)+v u (ai))/4- 

Definition 2.4 [16]. If on = ([s 0(a .), s T ( Qi )], [g L (a*), ji u (a;)], [z/ L (aj), ^(a:*)]) (i = 1,2) are any two 
interval-valued intuitionistic uncertain linguistic numbers based on Archimedean t-norm, then 

(1) If E(a i) > E(ot2), then 5i >- a.2- 

(2) If E(a\) = E(a 2 ), then: 

If H{a\) > H(ot 2 )i then «i >- a. 2 - 
If H{a\) = H(ot 2 )i then 5i = a. 2 - 


3. Aggregating of the interval-valued intuitionistic uncertain linguistic variables based on 
Archimedean t-norm aggregating operator and fuzzy measure 

A fuzzy measure on X is a set function g : P(X) — > [0, 1] such that 

(*)/x(0) = O,/ipO = l; 

(ii) A, B C X , A C B implies g{A) ^ g(B). 

Let A, B € P(X), A n B = 0. If fuzzy measure g satisfies the following conditions: 

g(A U B) = g(A) + g(B) + Xg{A)g(B) 


and A 6 (—1, 00 ). 

If A = 0, then g is an additive measure, which means there is no interaction between coalition- 
s A and B . 

If A > 0, then g is called a supperadditive measure, which reflects there exists complementary 
interaction between coalitions A and B. 

If — 1 < A < 0, then g is said to be a subadditive measure, which shows there exists redundancy 
interaction between coalitions A and B. 

Let X = {x‘i , X 2 , ■■■x n } be a attribute index set, if i, j = 1, 2, ..., n and i / j, XiHxj = 0, (J™ = i = X, 

then 

E”=i g(xi) a = o, 

where X{, g(xi) is called a fuzzy measure function, and it indicates the importance degree of x t . 

From g(X) = 1, we know A is determined by A + 1 = nEi (1 + A g{xi)). 

Based on the the above operational rules, we propose weighted average (geometric) operator, or- 
dered weighted average (geometric) operator and hybrid average (geometric) operator for interval-valued 
intuitionistic uncertain linguistic variables based on Archimedean t-norm in this part. 

Definition 3.1. Let 5* = ([s 0(a .), s r ( Qi )], [//'(a*), n u (ai)\, [v L {cti), v u (ai)]} ( % = 1,2, ...,n) be a 
collection of interval-valued intuitionistic uncertain linguistic variables based on Archimedean t-norm, 
and ATS - IVIULWA{or ATS - IVIULWGA) : Q n -> fi, if 

n 

ATS - IVIULWA^ai, S 2 , . . . , 5„) = X 

3 = 1 

n 

{or ATS - IV IU LWGA^ai, a 2 , ■ ■ ■ ,a n ) = 

3=1 
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where fl is the set of all interval-valued intuitionistic uncertain linguistic variables based on Archimedean 
t-norm, and /./ = (/jLi,/j, 2 , ■ ■ ■ , /x n ) T is the weighted vector of aj(j = 1,2, , n), n is a fuzzy measure on A 
with Hj € [0,1], Hj = n{A^) - n(A(j +1) ), and E"=i Mj = 1, %) = with A (n+1) = 0, then 

AT S — IV IU LW A (AT S — IV IULW GA ) is called the interval- valued intuitionistic uncertain linguistic 
weighted average (weighted geometric average) operator based on Archimedean t-norm. 

Specifically, if fi = (®,®...,®), then ATS — IV IU LW A operator is interval- valued intuitionistic 
uncertain linguistic arithmetic average operator based on Archimedean t-norm ( ATS — IV IU LAA ): 

ATS — IV IU LAACai, 5 2 , ■ ■ ■ , a n ) = — («i © 012 © ... © a n ). 

n 

Theorem 3.1. Let 5* = ([s 0(aj ), s r(a .)], [/x L («j), H U (oti)], {v L (ai), v U (oti)]) (i = 1, 2, . . . , n) be a 
collection of interval-valued intuitionistic uncertain linguistic variables based on Archimedean t-norm, 
then, the result aggregated by Definition 3.1 is still an interval- valued intuitionistic uncertain linguistic 
variable based on Archimedean t-norm, and 

ATS - IVIULW A^(ai,a 2 , ■ ■ ■ ,a n ) = ([s£" =i ( w x0(a.,))> s E”=i(/'jXT(a,))]i 

[h-HEU la-HEU rHZU 

(or ATS - IVIULWGA^ai, a 2 , . ■ . , a n ) = ([ s n”=a((^K)) M D’ s n”=i((T(aj)r j ')]’ 

{g-HEU mj5(m l K))),m- 1 (E u H9(T u (aM, [h-HEU ^(E U ) 

where /./ = (n\, /it 2 , ■ ■ ■ , Mn) is a fuzzy measure on A with nj e [0,1], /ij = n(A^) — ju(Aq + 1 )), and 
Ej=i Tj = 1) the parentheses used for indices represent a permutation on A such that a\ ^ 5 2 ^ ^ 

A(j) (j, 7l), A^ n _|_i) .0. 

Theorem 3.1 can be proven by mathematical induction. The steps in the proof are shown as follows: 
Proof. We only prove the case of ATS — IV IU LW A^(a\, 012 , ■ ■ ■ , a n ). 

(1) When n = 1, obviously, it is right. 

(2) When n = 2, 

Mi«i = ([s w x«(ai)MwxT( ai )]» [h~ 1 (nih(n L (ai))),h- 1 (ii 1 h(n u (a 1 )))\, 
[M^ 1 (Mi5'(^ L («i))),5' _1 (^i5 f (^(ai)))])- 

M2«2 = ( [ s /i2 x0(«2) > S H2 xt(q2)1 > [^ _1 (M2^(m L ( q 2))), h~ 1 (n 2 h(n u (a2 )))], 
b _1 (M2M( I/L (a2))),9 _1 0 / 25( i/C/ (a2)))])- ~ 

ATS 1 — IV IU LW A /X (ai, 02 ) = Miai © ;U 2 a 2 

= ([s w x«(«i),s w xT(ai)]. [/i -1 (/xi/i(/x L (ai))), ^(miMm^^i)))], 

b“ 1 (Mi5( z/L («i))) 5 M _1 (i y iM( I/t/ (ai)))]) 

®{[«M2X%2)- S /«2XT( a2 )]. [^ 1 (M2 /x(M L (« 2))), /r 1 (/i 2 /l(M I/ (a2)))], 
b _1 (M2M(^ L (a2))),M _1 ( 1/ 25'(^' 7 (a2)))]) 

— ([ s mx0(ai)+/22X0(a 2 )’ xr(ai)+s M2 XT ( C>2 ) ] > 

[/x _1 (/i(/i^ 1 (/ii/i(/.i L (ai)))) + h(h~ l (n 2 h(ii L (a. 2 ))))) , 
h~ l (h(h~ l (^ih(^ u (ai)))) + h(h~ l (a 2 ))))% 

b _1 (ff(ff _1 (Mi5( I/L («i)))) + M(W 1 (M25'(^ L (a2))))), 

M _1 (fl , (fl ,_1 (Mi5 , ( iyt/ ( Q! i)))) + M(5 _1 (M2M(^(a 2 )))))]) 

= ^ S EEi(WX0K))’ S EEi(^xr(aD)]’ [ fc_1 CE? =1 H h (l* L (.<*]))), ^ _1 (E?=1 M(mE«j)))], 

b- 1 (El=iM^(^(«,))),M- 1 (E J 2 =iM,<7(^(«, )))]). 

Therefore, when n = 2, the conclusion is right. 


(3) Suppose when n = k, the conclusion is right, i.e. 
ATS - IV IULW A M (ai, a 2 , • . . , 5 fc ) = ([s~* 


E*=i (Mi x «(«,■)) ’ ' S Ej=i (« xr( Qj 




^ 1 (E-= 1 /x j / l (^(a j )))],b- 1 (E-= 1 ^5(^(aj))),M- 1 (E-= 1 MiM(^K)))])- 

Then, when n = k + 1, 

ATS — IVIULWA f j / (a\,oi2,. ■ ■ ,oik-,OLk+\) = ([ s E) =1 (/ijxf(aj))’ s Ej=i(w x,r ( a 2))^ ^ 1 (Ej=i 
^(E J=i / uMmVj)))], b- x (E -=i /'©/^'( w)))-;/ '*E" , m^(^(^)))]) 

®(K H iX«(a H 1 ).* W+ 1 XT(a H1 )]. [^- _1 (Mfe+1 (cKfc+i )) ) , 1 (Mfc+l ^ («fc+l) ) )] , 

[: 9~ l (Tk+i9(v L (oi k+ ]))),g- l (i> k+1 g(v u (a . k+1 )))]) 


= <[* 


Ei=i(AjX0(aj))+/2 fc+ iX0(a fc+ i)’ S Y. k j=i(Hj XT(aj))+fi k+1 xr(a k+1 ) 
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[/» -1 (/i(/i -1 (X)J =1 HjHUU)))) + h(h~ 1 (ii k+l h{^ L {a k+l ))))), 

/i _1 (/i(/i _1 (X)5 =1 Hjh{n u [aj)))) + h{h- l (ii k+ ih(ii u {ot k+ i)))))\, 

[g- l [g{g~ l ( EjU LjgUU)))) + g{g~ l {gk+ig{v L {a k+1 ))))), 

0 _1 (s(0 _1 (Ei= i V>j9(y U i a o)))) + ff(5' _1 (Mfc+i5'(^(afc+i)))))]) 

= HEjE 1 gjHg L (oij))),h ME 


fc+1 

J=1 


M^Ea?)))] 


So, when n = A; + 1, the conclusion is right, too. 

According to steps (1), (2) and (3), we can conclude the conclusion is right for all n. 


Example 3.1. If N(x) = 1 — x, g(t) = — log t, and Algebraic t-conorm and t-norm [11] defined by 
T A (x, y) = x ■ y, S A (x , y) = x + y — xy , then 

IV IU LW A^ (5i , a 2 , ...,a n ) = (l^j =1 (^x^j))’ s EJ=ifexT( aj ))]: 

[i - n;=i(i - - n -=i(i - uum, 

mu (" L ( a J )) w > n/=i iy u [aj ) ] ) , 

which is the interval-valued intuitionistic uncertain linguistic weighted average(IVIULWA) operator. 
Example 3.2. If N(x) = 1 — x, g(t ) = log( 2 E ), and Einstein t-conorm and t-norm [11] defined by 

T E (x,y) = 1+{1 _ x x)(i -y) > ^(^2/) = uS 


then 


EIVIULWA^[ai,a 2 , ■ ■ .,a n ) = ([s£" =1 (/7'X0(aj))’ s E"=i(wxr(aj))]> 
r n7=i(i+^(a J -)r i -n"= 1 (i-A* I '(«i))^ 

[ n? = i(i+A z 'K))^+n7 =1 (i-A i K))^ ’ n"= 1 (i+^(ai))^+njL 1 (i-A* u (aj)) # *^’ 
r 2n” =1 KK))^ 2n” =1 (^(au)^' 

L n?=i (2-^ («> ))^ +n?=i )) M ^‘ ’ n?=i(2-«/ u (a j ))'‘i+n?=i(^(a J -))^ 


]). 


which is called the Einstein interval-valued intuitionistic uncertain linguistic weighted average (EIVIUL 
WA) operator. 

Example 3.3. If N[x) = 1 — x, g(t ) = log( 7+ ^~ 7 ^ ) , 7 > 0, and Hamacher t-conorm and t-norm 
[11] defined by T**fay) = 1+(1 _U x+ y- xy ) » 7 > 0, S* [x,y) = x+y ~*w %\ ^ > °> then 
HIVIULW Afj,(ai,a 2 , ...,a n ) = {[^ =1 (/JiX%j))’ s Ei=i ( w xr(aj))]> 




n 7 1 (i+( 7 -i)/ 1 t7 (a i ))^-n?=i(i-^(« J -))^ 


L m= iti+b-iK^rHiT-i) n"=i(i 1 n^ifi+fT-u^K'b^+fT-un^ifi-^K))^^ 


tII ' 7 




r])> 


L n? = i(i+(T-i)(i-^(aU))^+(7-i)n7 = iKK)n’ n" =1 (i+(7-i)(i-^K)))^+(7-i)n” = i(^K))^- 

which is called the Hammer interval-valued intuitionistic uncertain linguistic weighted average (HI YIUL 
WA) operator. 

Especially, if 7 = 1, then the H IV IU LW A operator reduces to the IV IU LW A operator; if 7 = 2, 
then the HIVIULW A operator reduces to the EIVIULW A operator. 

Example 3.4. If N(x) = 1 — x, g[t) = log( 7 tA\ ) , 7 > 1, and Frank t-conorm and t-norm [11] 

defined by Ef (x, y) = log 7 (l + (Y-WA- 1 ) ) ; 7 > i ) S E (x,y) = 1 - log 7 (l + , 7 > 1, 

then 


FIVIULWA^(ai,a 2 , ...,a n ) = ([s£? =1 ( w x< s E"=i(w><H«j))]’ 

[1 - i 0 g 7 (i + n'UT 1 -^ - iro, 1 - iog 7 (i + - iroL 

[iog 7 (i + WUU L{ai) - i) Mj ),iog 7 (i + YYU^ 17 ^ - 1) W )]). 
which is called the Frank interval-valued intuitionistic uncertain linguistic weighted average(FIVIULWA) 
operator. 

Especially, if 7 -A 1, then the F IV IU LW A operator reduces to the IV IU LW A operator. 
Example 3.5. If N(x) = 1 — x 2 , g(t ) = — logf, and Algebraic t-conorm and t-norm [11] defined by 

T 2 ( x ,y) = X V , S 2\ X U = v/ 1 “ (! “ x U l ~ V 2 ), then 

IVIULWA^oti ,a 2 , ...,a n ) = ([s£? =1 ( w x0(a.j))> s E”=i(w><H“i))]’ 
ly'i - n?_i(i - v /i-n”.i(i-(/‘ t '(oi)) 2 )'‘'i. 

in”=i(^(«i)) w .nj. 1 (^(«j)) w ]> ; 

which is the interval-valued intuitionistic uncertain linguistic weighted average(IVIULWA) operator. 
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Example 3.6. If N(x) = 1 — x 2 , g(t) = log(^— ), and Einstein t-conorm and t-norm [11] defined by 
T?(x,y) = 1+(1 _^ )(1 _ y) ^ S${x,y) = then 

EIVIULWA tl (ai,a 2 , . . .,a n ) = ([«£" (/ijx9(a j ))i s EL 1 (wxT(aj))]i! 


n?=i(i+(M L (ai)) 2 r j '-n?=i(i -(^ k)) 2 )^' 


n"=i(i+(A i (^)) 2 )^+n”=i(i-(M i K)) 2 )^ ! V n”= 1 (i+(M t/ K)) 2 )^+n” = 1 (i-(M t/ K)) 2 )^' 


r]>, 


r 2n” =1 (^K))^ 2ny =1 (^(ai))^ 

[ n"=i(2-^(^))^+n"=i(^(«u)^ ’ i[';^(2-u'(o ; ))"i -ii" ■ 

which is called the Einstein interval-valued intuitionistic uncertain linguistic weighted average (EIVIUL 
WA) operator. 

Example 3.7. If N(x) = 1 — x 2 , g(t) = log ( 7+ *7 7 ^ ) , 7 > 0, and Hamacher t-conorm and t-norm 
defined by T£(x, y) = ^ {l _^ y _ xy) , 7 > 0 , S^(x, y) = ; 7 > 0 , then 

HIVIULWA lx (ai,a 2 , ...,a n ) = ([«£" ( w x0(a.,-))> s 'E?=i(njX'r(a j ))}i 


n? =1 (i+(7-i)(^(^)) 2 )^-n"=i(i-(A i K)) 2 )^ 

n-= 1 (i+(7-i)(A i K)) 2 )^'+(7-i)n"=i(i-(A i (^)) 2 )^ 


7n' , .. 1 (^ , -(o / ))"' 


n?= 1 (l+(7-l)(A* u (aj)) 2 )^'-n"= 1 (l-(M u (ai)) 2 )^ ■ 

n" = i(l+(7-l)(A c/ (ai)) 2 )^+(7-l)n" =1 (l-(M c/ (oU) 2 )' ij '- 

7n" = iK(«i))^ 


r]), 


L n7=i(i+(7-i)(i-^K)))^+(7-i)n" =1 (^(« J ))^’ n? =1 (i+(7-i)(i-^K')))^+(7-i)n" =1 (^K))^- 

which is called the Hammer interval-valued intuitionistic uncertain linguistic weighted average (HI VIUL 
WA) operator. 

Especially, if 7 = 1, then the H IV IU LW A operator reduces to the IV IU LW A operator; if 7 = 2, 
then the H IV IU LW A operator reduces to the EIVIULW A operator. 

Example 3.8. If N( x) = 1 — x 2 , g(t) = log( 7 tA\ ) , 7 > 1, and Frank t-conorm and t-norm defined 

by T- 2 1 (x, y) = Iog 7 (l+ (7 *~y_y~ 1) ) , 7 > 1. S£f(x,y) = \J 1 - log 7 (l + (rL ~* ~ 7 } if V ~ 1] ) , 7 > 1, then 
FIVIULWAn(ai,a 2 ,.. .,«„) = ([«E” = ifex%))’ s E"=ifexT(aj))]’ 

[^1 - iog 7 (i + yy; = 1 ^ l ^ 2 - i)H), ^1 - iog 7 (i + n; - 1 )^)], 

[iog 7 ( 1 + n;=i(7" i(aj) - i)niog 7 (i + n]=i(Y u ^ ] - i)^)]>, 

which is called the Frank interval-valued intuitionistic uncertain linguistic weighted average(FIVIULWA) 
operator. 

Especially, if 7 — X 1, then the F IV IU LW A operator reduces to the IV IU LW A operator. 

The ATS — IV IU LW A operator has the following properties, such as idempotency, monotonicity, 
bounded, and so on. 

In the following section, we propose the interval-valued intuitionistic uncertain linguistic ordered 
weighted average operator based on Archimedean t-norm. 

Definition 3.2. Let a ) = ([s g ^ ai ),s T ( a .)\ 1 [y L (a i ), y u (a i )] 1 [u L (a i ),iy u (ai)]) (i = 1,2, ...,n) be a 
collection of interval-valued intuitionistic uncertain linguistic variables based on Archimedean t-norm, 
and ATS - IV IU LOW A ( ATS - IVIULOWG ) : H n -> H, if 


ATS - IV IU LOW A w (5i , «2 , . . . , a n ) = 


n 

V 


/ , W j a <7j1 
3 = 1 


n 

(or ATS - IV IU LOW G w (5i , a 2 , . . . , a n ) = 

3 = 1 

where H is the set of all interval- valued intuitionistic uncertain linguistic variables based on Archimedean 
t-norm, and w = (w±,w 2 , . . . ,w n ) T is an associated weighted vector with ATS — IV IU LOW A ( ATS — 
IVIULOWG) and Wj € [0,1], Yl!j=i w j = I- If (01, a 2 , ■ ■ ■ , cr n ) is any permutation of (1,2,... , n), such 
that a (Tj _ 1 y OLd j for all j = 1,2, ... ,n, then ATS — IV IU LOW A ( ATS — IVIULOWG ) operator is 
called the interval- valued intuitionistic uncertain linguistic ordered weighted average (weighted geometric) 
operator based on Archimedean t-norm. Wj is decided only by the jth position in the aggregation process. 
Therefore, w can also be called the position-weighted vector. 

The position-weighted vector w can be determined according to actual needs, or it can be determined 
based on the fuzzy semantic quantitative operator [17] or the combination number [18]. 
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Theorem 3.2. Let a* = ([s 0 ( a .), s T(a .)], [/x L (aj), H U (ai)], [v L (a,i), v u (oti)]) (i = 1, 2, . . . , n) be a 
collection of interval-valued intuitionistic uncertain linguistic variables based on Archimedean t-norm, 
the result aggregated from the Definition 3.2 is still an interval- valued intuitionistic uncertain linguistic 
variable based on Archimedean t-norm, and 

ATS - IVIULOW A w (ai,a 2 ,. ■ ■ ,a n ) = ([ s £7 =1 (wjX0(a<,.))> s E?=i(Mjxr(a CT .))]> [h~ 1 (J2]=i w jh(^ L 


a r 


,)))])■ 

i)U9~\y:u w ^ l 


K))), h- l {EU v>jh(n u K)))], [g-HEU ))), 9~HEU w ^ u ( 

(or A TS- I\'IU I.OWG ir (<\ \ . a >, . . »>n„) = ( [ s n7=i((<9(«^ ))^ ) ’ s n"=i((r(o!a J )f 

where in = (wi,w 2 , . . . ,w n ) T is an associated weighted vector with ATS — IVIULOW A ( ATS — 
IVIULOWG ) and Wj G [0,1], ]Cj=i w j = 1- (cri , cr 2 , . . . , <r n ) is any permutation of (1,2, ...,n), such 
that 5 (Jj _ 1 A So-, for all j = 1 , 2 , . . . , n. 

In a similar way to the proof of Theorem 3.1, Theorem 3.2 can be proven by mathematical induction, 
and the proof steps are therefore omitted. 

The ATS — IV IU LOW A operator has some similar properties to the ATS — IV IU LW A operator, 
such as idempotency, monotonicity, bounded, commutativity and so on.). 

Definition 3.3. Let 5* = ([-s^.), s t(q ,.)], [/x L (a;), n u (ai)\, [v L (a.i), v u {on)}) (i = 1,2, ...,ri) be a 
collection of interval-valued intuitionistic uncertain linguistic variables based on Archimedean t-norm, 
and ATS - IVIULHA : fl n -> fi, if 


ATS - IVIULHA fitW (ai, a 2 , ■ . . ,a n ) = Wj/3, 

3 = 1 


(or ATS - IVIULHGn tW (ai, a 2 , . . . , 5 n ) = n(^) W, '> ) 

3 = 1 

where D is the set of all interval- valued intuitionistic uncertain linguistic variables based on Archimedean 
t-norm, and w = (w\ ,w 2 , ■ ■ ■ ,w n ) T is an associated weighted vector with ATS — IVIULHA ( ATS — 
IV IULHG) and Wj G [0, 1], i w j = 1- If 0<j : , is the jth the largest of the interval- valued intuitionistic 

uncertain linguistic weighted argument fik(Pk = n/x*;5fc,fc = 1,2, ...,ra), fi = (/xi, /X 2 , • ■ • , Mn) T is the 
weighted vector of a.j{j = 1,2, ...,n), n is a fuzzy measure on X with nj G [0,1], Hj = /x(A/j)) — 
/x(A(j +1 )), J2*j=i Tj = I) A(j) = (j , . . . , n) with A( n+1 ) = 0 and n is the balancing coefficient, then 
ATS — IVIULHA (ATS — IV IULHG) is called the interval- valued intuitionistic uncertain linguistic 
hybrid average (hybrid geometric) operator based on Archimedean t-norm. 

Theorem 3.3. Let 5* = ([s 0 ( a< ), s T(ai) ], [/x L (a:j), H U (oti)\, [^(a*), v U (c*i)]) (i = 1, 2, . . . , n) be a 
collection of interval-valued intuitionistic uncertain linguistic variables based on Archimedean t-norm, 
then, the result aggregated from Definition 3.3 is still an interval-valued intuitionistic uncertain linguistic 
variable based on Archimedean t-norm, and 
ATS - IV IU LH /1^(5i,5 2 , . . . ,S„) = 

h-HEU wjMaA/LJ))]. Is-HE".! ™,9(v L (P*,))),g-\EU ^ u (^,)))\)- 

(or ATS- IVIULHG u , w (ai,a 2 ,...,a n ) = <[»nj, 1 («>(A J ))”')• *!!?_,((.(«,, ))”>)]• |9 _1 (E"=i “wLAJ.j 

))).9-'(e”=i (&,))>], r‘E; =1 

where in = (u;i, w 2 , ... . , w n ) T is an associated weighted vector with ATS— IVIULHA (ATS— IV IULHG) 
and Wj G [0. l],X]j=i w j = 1- If Ar* is the jth the largest of the interval- valued intuitionistic uncertain 

linguistic weighted argument Pk(Pk = n/ik&kik = 1,2, ...,n), /x = (/xi, fi 2 , . . . , n n ) T is the weighted 
vector of a.j(j = 1,2, ...,n), /x is a fuzzy measure on A with /Xj G [0,1], fij = fi(A^) — /x(Aq- +1 \), 
J2j=i l J j = I- zl(j) = (j, , n) with A( n+1 ) = 0 and n is the balancing coefficient. 


4. Aggregating of the interval-valued intuitionistic uncertain linguistic variables in group 
decision making based on Archimedean t-norm 

Consider a multiple attribute group decision making problem with intuitionistic linguistic infor- 
mation. Let A = {Ai, A 2 , . . . , A m ,} be a discrete set of alternatives and C = {C\, C 2 , . . . , C n } be the 
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set of attributes, n = (// 1 . //•>, ... • , //„) y is the weighting vector of the attribute Cj(j = 1,2, ...,n), 
where pj ^ 0 (j = 1, 2, . . . .n), Lj = 1- Let D = {D i, Z? 2 , • • • , -D p } be the set of decision mak- 

ers and A = (Ai,A 2 , >A p) T be the weighted vector of the decision makers, where A^ ^ 0 (k = 
1,2,... ,p), Yll=i = 1- Suppose that R k = [r k j\ mxn is the decision matrix, where 

lin- 


r ij = (l a ijk’ a ijk\’ , u ijk( a i)]) takes the form of the intuitionistic uncertain 

guistic variable given by the decision maker D k for an alternative Ai with respect to an attribute Cj, 
and 0 U Myfc < 1,0 < v± k U l,rf jk ^ + "gfc < G Then > the ranking 

of alternatives is required. 

In the following section, we will apply the above operators to solve multiple group decision making 
problems based on intuitionistic uncertain linguistic information. There are two methods, which are as 
follows: 


4.1 The method of aggregating the attribute values first 

Step 1. We can utilize the ATS — IVIULWA operator( or ATS — IVIULWGA operator) 
to aggregate the attribute values (rf), r* 2 , • ■ ■ , rf n ) given by each decision maker with respect to each 
alternative into a comprehensive attribute value r k , 

n 

r? = ATS - IVIULWA „(?&, r* 2 , . . . , r* ) = £ 

3=1 

where i = 1,2 , k = 1,2 ,...,p,n = (pi, p 2 , • ■ • , Pn) T , Pj = - p{A {j+1) ) <E [0,1] is the 

attribute weight vector, = (j, . . . , n ) with A( n+1 ) = 0. 

Step 2. We can utilize the ATS — IVIULHA operator( or ATS — IVIULHG operator) operator 
to aggregate the information (rj, rf , . . . , r?) of each decision maker into a collective value r, for each 
alternative, 

p 

n = ATS - IVIULHA XiW (¥},r f , . . . , rf ) = ^ w k b- k 

k= 1 

i = 1, 2, . . . , m, where w = (wi,w 2 , ■ ■ ■ , w P ) T is an associated weighted vector with ATS — IVIULHA 
(or ATS — IVIULHG) and Wk G [0,1], Ylk= i Wk = b° k is the kth the largest of the interval-valued 
intuitionistic uncertain linguistic weighted argument b\{b\ = p\ir\ or b\ = 1 rf Xl ,l = 1,2, ...,p), A = 
(Ai, A 2 , • • • , A p ) r is the weighted vector of the decision makers, A k G [0,1], Ylk = 1 = 1 and p is the 

balancing coefficient. 

Step 3. By Definition 2.2, we can calculate the expected value E(ji)(i = 1,2, ...,m) of the 
collective value r % (i = 1,2 ,m), rank all of the alternatives Ai(i = 1,2 , ,m) and then select the 
best one(s). If there is no difference between two expected values E(¥i) and E{jj), then by Definition 2.3, 
we must calculate the accuracy degrees H(ji) and Hir.j) of the collective overall preference values r t and 
¥j, respectively, and then rank the alternatives A, and Aj in accordance with the accuracy function 
values H(ji ) and H(¥j). 

Step 4. Rank all of the alternatives Ai(i = 1,2, .. . , m) and select the best one(s) in accordance 
with Eiji) and H(ji) (i = 1, 2, . . . , m). 

4.2 The method of first aggregating the information from different decision makers 

Step 1. We can utilize the ATS — IVIULWA operator) or ATS — IVIULWGA operator) to 
aggregate all of the decision matrices R k (k = 1,2, ... ,p) into a collective decision matrix R = [rij\ mxn , 

p 

rn = ATS - IV IU LW A\ (rjj , rfj , ...,?%) = £ A ^ 

k = 1 

i = 1, 2, . . . , m; j = 1, 2, . . . , n where A = (Ai, A 2 , . . . , \ p ) T is the weighted vector of the decision makers. 
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Step 2. We can utilize the ATS — IVIULHA operator( or ATS — IVIULHG operator) to derive 
the collective overall preference value r t (i = 1,2,..., m) of the alternative A % , 

n 

n = ATS - IVIULHA . . . ,f m ) = J^Wjbiaj 

3 = 1 

i = 1,2 ,m, where w = (w\,W2, ■ ■ ■ , w n ) T is an associated weighted vector with ATS — IVIULHA 
(or ATS — IVIULHG ) and Wj G [0, 1], )V'' =1 w j = 1 • bi aj is the jth the largest of the interval- valued 

intuitionistic uncertain linguistic weighted argument b^ ( = ng^ik or b^ = (Ufc) n/tfe , k = 1, 2 , ... , n), 
g = (/ii , /i 2 , • • • , is the weight vector of (j = 1,2, ... ,n), gj G [0, 1], X^j=i Lj = 1) and ra is the 
balancing coefficient. 

Step 3. By Definition 2.2, we can calculate the expected value = 1,2, ... ,m) of the 

collective value ri(i = 1,2 , ... ,m), rank all of the alternatives = 1,2 ,..., rn) and then select the 
best one(s). If there is no difference between two expected values E(ri ) and E{rj), then by Definition 2.3, 
we must calculate the accuracy degrees H(ri) and H(jj) of the collective overall preference values r t and 
7j, respectively, and then rank the alternatives Ai and Aj in accordance with the accuracy function 
values H(ji) and H{7j). 

Step 4. Rank all of the alternatives Ai(i = 1,2,..., m ) and select the best one(s) in accordance 
with E{ri) and H(ji) (i = 1, 2, . . . , m). 

5. An application example 

Let us consider an investment company that wants to invest a sum of money in the best option. 
There is a panel with four possible alternatives in which to invest the money: 

(1) A\ is a car company. 

(2) A2 is a computer company. 

(3) A3 is a TV company. 

(4) A4 is a food company. 

The investment company must make a decision according to the following four attributes: 

(1) Ci is the risk index. 

(2) C-2 is the growth index. 

(3) C3 is the social-political impact index. 

(4) C4 is the environment impact index. 

The fuzzy measure of each attributes: g(x\) = 0.4, g(x 2) = 0.25, g(xz) = 0.37, g(x 4) = 0.2. Since 

n 

A + f = II (l + ^ 9 (xi)),i = l,2,3,4, 

i = 1 

we have A = —0.44, then g(x 1, x 2 ) = 0.60, g(x 1,2:3) = 0.70, g(x 1, X4) = 0.56, g(x 2, X3) = 0.68, g(x 2, X4) 
= 0.43, g(x 3 ,x 4 ) = 0.54, g(xi, x 2 , x 4 ) = 0.88, g(x 2 , x 3 , x 4 ) = 0.75, g(x 1? x 3 , x 4 ) = 0.73, g(x 1 ,x 2 ,x 3 ,x 4 ) 

= 1 . 

The four possible alternatives A\, A2, A^, A4 are evaluated by three decision makers Dk(k = 1,2,3) 
(whose weight vector is A = (0.4, 0.32, 0.28) T ) using the linguistic term set S = (so, s'i, s 2, S3, S4, S5, sq) 
about the interval-valued intuitionistic uncertain linguistic variables based on Archimedean t-norm = 

([ a ijk’ a Yjk\, iLijk’Lijkl V'ijk-> u ijk \ )) un der the above four attributes. The decision matrices R k = [r*-] 4x 4 
( k = 1, 2,3)) are listed in Tables 1-3. 

To obtain the best alternative(s), we can use the two methods introduced to obtain the selection 
results. 

Let N(x) = l-x, g{t) = log( 7+(1 t ~ 7H ) , 7 = 2 > i-e. g(t) = log(^). 

5.1 The method of aggregating the attribute values first 

Step 1. We can utilize the ATS — IVIULWGA operator to aggregate the attribute values 
(rfi , r* 2 , r^, r k A ) into a comprehensive attribute value rf, we can obtain the aggregating results shown in 
Table 4. 
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Step 2. We can utilize the ATS — IVIULHG operator to aggregate the information (rj,rf. rf) of 
each decision maker into a collective value r t for each alternative. 

Suppose the position weight is w = (0.25, 0.5, 0.25) T . We can obtain 
n = ([s 3 . 97 ,S 4 . 85 ], [0.73, 0.78], [0.12, 0.16]), r 2 = ([54.12, 55.03], [0.61, 0.75], [0.17, 0.14]), 

r 3 = <[54.28,54.40], [0.72, 0.75], [0.10, 0.18]), r 4 = ([53.28, 53.97], [0-63, 0.70], [0.16, 0.22]). 

Step 3. We can calculate the expected value E(ri)(i = 1,2, 3, 4) of the collective interval-valued 
intuitionistic uncertain linguistic variables values based on Archimedean t-norm r*(z = 1,2,3, 4) as 
E(ri) = 53.976, E{r 2 ) = S3.701, E(r 3 ) = 53 . 499 , E(r±) = s 2 .984- 

Step 4. By definition 4.2, we can rank all of the alternatives (A 4 , A 2 , A 3 , A 4 ) in accordance with 
the expected values (E(r{), E(r 2 ), E(r 3 ), £i(f 4 )) of the collective interval-valued intuitionistic uncertain 
linguistic variables values based on Archimedean t-norm (ri, r 2 , r 3 , r 4 ). We can obtain A\ >- A 2 y A 3 >~ 
A 4 , and thus, the most desirable alternatives is A\ . 

5.2 The method of first aggregating the information from different decision makers 

Step 1. We can utilize the ATS — IV IU LWGA operator to aggregate all of the decision matri- 
ces R k (k = 1,2,3) into a collective decision matrix R = [f^] 4x4 . We can obtain the aggregation result 
shown in Table 5. 

Step 2. We can utilize 

4 

n = ATS - IVIULHG ^ = (ril, r t 2, . . . , r a ) = (* = 1, 2, 3, 4) 

3 = 1 

to derive the collective overall values r t of alterative Aj t . where bi aj is the jth the largest of the interval- 
valued intuitionistic uncertain linguistic weighted argument bik{bik = (u^) 4 ^, k = 1,2, 3, 4). Suppose the 
position weight is 10 = (0.15, 022., 0.35, 0.28) T . We can obtain 

ri = ([54.65,55.11], [(0.72,0.78], [0.10,0.15]), r 2 = ([54.74, 55.17], [(0.63, 0.70], [0.15, 0.20]), 
r 3 = ([54.34, 54.45], [(0-70, 0.76], [0.11, 0.17]), r 4 = ([53.71, 54.0s], [(0.66, 0.73], [0.13, 0.23]). 

Step 3. We can calculate the expected value E{ri)(i = 1,2, 3, 4) of the collective interval-valued 
intuitionistic uncertain linguistic variables values based on Archimedean t-norm r,;(z = 1,2,3, 4) as 
E{r\) = 53.971, E{r 2 ) = S3.694, E{r 3 ) = 53.494, E{ri) = 52.952- 

Step 4. By definition 4.2, we can rank all of the alternatives (A\, A 2 , A 3 , A 4 ) in accordance with the 
expected values (E(ri), E(r 2 ), E(r 3 ), E(j4)) of the collective interval-valued intuitionistic uncertain lin- 
guistic variables values based on Archimedean t-norm (ri, r 2 , r 3 , r 4 ). We can obtain A± >~ A 2 y A 3 y A 4 , 
and thus, the most desirable alternatives is A\ . 


Table 1: Decision matrix R 1 



G-, 

C 2 

c 3 

c 4 

Ai 

A-2 

^3 

a 4 

([s 4 ,5 5 J, [0.7, 0.8], [0.1, 0.2J) 
([ 55 , 55 ], [ 0 . 6 , 0 . 6 ], [ 0 . 1 , 0 . 2 ]) 
([ 54 , s 4 ], [0.7, 0.7], [0.2, 0.2]) 
([ 53 , 54 ], [0.6, 0.7], [0.2, 0.3]) 

([ 55 , 55 ], [0.6, 0.6], [0.1, 0.3J) 
([ 55 , s 6 ], [0.7, 0.7], [0.2, 0.2]) 
([ 54 , 54 ], [0.7, 0.8], [0.1, 0.2]) 
([ 53 , s 3 ], [0.5, 0.6], [0.2, 0.3]) 

([s 5 , s 6 J, [ 0 . 8 , 0 . 8 ], [ 0 . 1 , 0 . 1 J) 
([s 4 ,s 5 ], [0.5, 0.6], [0.2, 0.3]) 
([s 5 ,s 5 ], [0.7, 0.7], [0.1, 0.2]) 
([s 4 ,s 4 ], [0.6, 0.7], [0.2, 0.3]) 

([ 54 , 54 ], [ 0 . 8 , 0 . 8 ], [ 0 . 1 , 0 . 1 J) 

([s 4 ,s 5 ], [0.5, 0.6], [0.1, 0.3]) 
([s 5 ,5 5 ], [0.7, 0.8], [0.1, 0.3]) 
([s 3 ,s 4 ], [0.7, 0.7], [0.2, 0.2]) 

Table 2: Decision matrix R 2 


G, 

g 2 

c 3 

c 4 

A\ 

A-2 

^3 

a 4 

([55, s 6 J, [0.6, 0.7], [0.1, 0.1J) 
([ 55 , 55 ], [0.5, 0.7], [0.2, 0.2]) 
([ 55 , 55 ], [0.6, 0.7], [0.0, 0.2]) 
([ 55 , 55 ], [0.7, 0.8], [0.1, 0.2]) 

([ 55 , 55 ], [0.7, 0.7], [0.1, 0.lj) 
([s 4 ,s 5 ], [0.6, 0.7], [0.2, 0.2]) 
([ 54 , 55 ], [0.8, 0.9], [0.1, 0.1]) 
([s 4 ,s 4 ], [0.5, 0.6], [0.2, 0.3]) 

([ 54 , 55 ], [0.7, 0.9], [0.2, 0.lj) 
([s 5 ,s 4 ], [0.7, 0.7], [0.1, 0.2]) 
([s 4 ,s 4 ], [ 0 . 6 , 0 . 6 ], [ 0 . 2 , 0 . 2 ]) 
([ 53 , 53 ], [0.9, 0.9], [0.0, 0.1]) 

([ 55 , 55 ], [0.7, 0.8], [0.1, 0.2]) 
([s 6 ,s 6 ], [0.6, 0.7], [0.1, 0.1]) 
([ 54 , 54 ], [0.7, 0.7], [0.2, 0.2]) 
([s 3 ,s 4 ], [ 0 . 8 , 0 . 8 ], [ 0 . 1 , 0 . 2 ]) 

Table 3: Decision matrix R 3 


C\ 

c 2 

c 3 

c 4 

Ai 

A 2 

A 3 

a 4 

([ 55 , 55 ], [0.7, 0.8], [0.1, 0.lj) 
([ 55 , s 6 ], [0.6, 0.7], [0.1, 0.2]) 
([ 55 , 55 ], [ 0 . 8 , 0 . 8 ], [ 0 . 0 , 0 . 1 ]) 

([ 54 , 55 ], [0.8, 0.9], [0.1, 0.1]) 

([ 55 , 55 ], [0.8, 0.9], [0.1, 0.lj) 
([s 5 , s 6 ], [0.7, 0.7], [0.1, 0.2]) 
([s 5 ,s 5 ], [0.7, 0.8], [0.1, 0.2]) 
([s 4 ,s 4 ], [ 0 . 8 , 0 . 8 ], [ 0 . 0 , 0 . 2 ]) 

([ 55 , 55 ], [0.8, 0.9], [0.1, 0.lj) 
([s 5 ,s 5 ], [ 0 . 8 , 0 . 8 ], [ 0 . 1 , 0 . 1 ]) 
([s 4 ,s 4 ], [0.7, 0.8], [0.1, 0.2]) 
([s 4 ,s 5 ], [ 0 . 8 , 0 . 8 ], [ 0 . 0 , 0 . 1 ]) 

([s 5 , 5 6 J, [0.7, 0.8], [0.2, 0.2J) 
([s 5 ,5 5 ], [0.9, 0.9], [0.1, 0.1]) 
([ 54 , 54 ], [0.7, 0.8], [0.1, 0.1]) 
([s 4 ,s 5 ], [0.7, 0.7], [0.1, 0.2]) 
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Table 4: The comprehensive attribute value rf 


D\ D 2 D$ 

A 1 ([54.07, S4.89], [0.58, 0.67], [0.12, 0.16]) ([54.21,54.97], [0.64, 0.80], [0.11, 0.18]) ([55.21,55.43], [0.56, 0.73], [0.14, 0.19]) 

A-2 ([54.46, s 5 .io], [0.61, 0.75], [0.1, 0.2]) ([54.21, 54.86], [0.67, 0.78], [0.13, 0.17]) ([s 4 . 6 o, 54.96], [0.68, 0.80], [0.13, 0.20]) 

A 3 <[s 3 .82, *4.19], [0.68, 0.79], [0.07, 0.10]) ([54.30, * 4 . 81 ], [0-61, 0.74], [0.12, 0.22]) ([54.33, *4.52], [0.71, 0.84], [0.11, 0.23]) 

A 4 ([54.37, 54.94], [0-72, 0.80], [0.10, 0.16]) ([54.79, *5.04], [0-61, 0-74], [0.08, 0.20]) ([54.57, 5 5 . 08 ], [0-64, 0.76], [0.12, 0.19]) 


Table 5: The collective decision matrix R = (Ci, C 2 , C 3 , C 4 ). 



C 4 

c 2 

A-i 

^2 

^3 

a 4 

([*4.57, s 5 . 2 8 J, [0.67, 0.77], ]0.10, 0.14J) 
([*5.oo,*5.28], [0.57, 0.66], [0.13, 0.20]) 
([54.57,54.57], [0.70, 0.73], [0.09, 0.17]) 
([53.81, 54.57], [0.69, 0.79], [0.14, 0.21]) 

([ 55 . 00 , 55 . 00 ], [0-69, 0.71], [0.10,0.19]) 
([54.68, 55.68], [0.67, 0.70], [0.17, 0.20]) 
([54.28, 54.57], [0.73, 0.83], [0.10, 0.17]) 
([53.57,53.57], [0-58, 0.65], [0.14, 0.27]) 



c 3 

c 4 

A 4 

A2 

A3 

a 4 

(Kes, *5.3 8 ], [0-83, 0.86], [0.07, 0.10]) 
([54.57, 54.68], [0.64, 0.69], [0.14, 0.21]) 
([54.37, S4.37], [0.67, 0.70], [0.13, 0.20]) 
([ 53 . 67 , 53 . 92 ], [0.74, 0.79], [0.09, 0.19]) 

([S4.57, 54 . 83 ], [0.74, 0.80], [0.13, 0.16]) 
([ 54 . 83 , 55 . 28 ], [0.63, 0.71], [0.19, 0.19]) 
([S4.37, 54.37], [0.70, 0.77], [0.13, 0.17]) 
([S3.50, 54 . 28 ], [0.73, 0.73], [0.14, 0.20]) 
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Non-integer variable order dynamic equations on time scales 
involving Caputo-Fabrizio type differential operator 
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Abstract 

This work deals with the conecept of a Caputo-Fabrizio type non-integer variable 
order differential opertor on time scales that involves a non-singular kernel. A measure 
theoretic discussion on the limit cases for the order of differentiation is presented. Then, 
corresponding to the fractional derivative, we discuss on an integral for constant and vari- 
able orders. Beside the obtaining solutions to some dynamic problems on time scales 
involving the proposed derivative, a fractional folrmulation for the viscoelastic oscillation 
problem is studied and its conversion into a third order dynamic equation is presented. 

keywords: Time scales, Fractional calculus, Caputo-Fabrizio derivative, Non-integer vari- 
able order derivative and integral , Dirac delta functional, Viscoelastic Oscillation. 

MSC 2010: 34N05, 26A33. 

1 Introduction 

This work deals with two theories, namely non-integer order calculus (or as what it is 
called, fractional calculus) and A-calculus (calculus on time scales). The first one, originally 
is as old as the classical calculus in the sense of Leibnitz and the latter which was started by 
an effort in 80’s, was aimed to unify the difference and the differential. For an overview on the 
trends and achievements in A-calculus, see [5]. 

In the recent years, to propose a non-integer order counterpart of A-calculus, a number of 
efforts have been made mm- One of the main challenges for such proposals was to overcome 
the limitations caused by the nature of the time scales, since a typical cluster of points may 
appear in a variety of scattered or dense patterns. 

In view of the real world applications of the non-local fractional calculus, one presumption 
is to find a suitable kernel for the purpose of the better description to a class of phenomena. 

*1. Corresponding author. Department of Mathematics and Computer Sciences, Qankaya University, Ankara, 
Turkey. E-mail: dumitru@cankaya.edu.tr, Tel: +903122331420, Fax: +903122331025. 

^2. Department of Mathematics, University of Mazandran, Babolsar, Iran. E-mail: m.nateghp@yahoo.com, 
Tel: +989216246609, Fax: +981135302460. 
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Recently, a Caputo-like non-integer order derivative with non-singular kernel is proposed by 
Caputo and Fabrizio [ 7 ], 


®?m 


M(a) 
1 — a 


f'(r) exp 


a(t — t) 
1 — a 


dr, 


( 1 . 1 ) 


in which, M(a) is called, the normalization function and it satisfies M( 0) = M( 1) = 1. As 
is is graphically illustrated in [[7], this new definition of the non- integer order derivative seems 
to be more appropriate in describing a process which is affected by its past. Indeed, compare 
to Caputo derivative, the new derivative with an exponential kernel, shows rapid stabilization 
with respect to the memory effect. 

A substitution of the exponential kernel with Mittag-Lefher type, to define another non- 
local derivative, is suggested by Atangana and Baleanu with an application to the non-integer 
order heat transfer model [2]. 

Fractional integral of variable order with singular kernel first was introduced in 1993 by 
Samko and Ross in [14j using direct and Fourier based approaches. The direct appraoch 
formulation for the derivative reads 


D <*(t) = 1 d_ [* Hr) 

a+ F(1 — a(t)) ' dt J a ( t-r )~ a C) 


(1.2) 


with the assumtion that 3f?(a(t)) £ (0, 1). The corresponded integral was defined in a similar 
manner. Having no idea about any prospect application at that time, it has been noticed by the 
authors in the introduction that, ’’the work is stimulated by intelectual curiosity”. However, 
later on, the theory found its applicability in viscoelastic dynamics and anomalous diffusion as 
well, (see m for a variable order model of a harmonically forced oscillator with viscoelastic 
damping) . 

Lorenzo & Hartley mi. in 2002, proposed the following formulation for the integral 


,- q (t) fU , f (t - T y(t,r)d-(Mr)/dr))-l 

0 d t /(*) = / iwAC f( T ) dT 


0 7(?(t.T)(i- ^Sr)) 


then a simplified version of (1.3), that is 


r (t-r)^))-!,, w 

A f(t ) = / .. ,, — f[T)dT 


o r (<?(*> T )) 


(1.3) 


(1.4) 


is considered. A slightly different approach is introduced by Coimbra non-integer variable 
order derivative mm) which is defined by 




i / r< 

d f( T ) 

1 - a(t ) | J a 

dr 


(t - t)“W 


rfr + /( 0 )r“W. 


(1.5) 


From the definition, it is clear that, (1.3) and (1.5) are of the Riemann-Liouville and 


Caputo type. However, according to the other well-known singular non-integer (constant) 
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order integrals and derivatives, the variable order counterparts are reported (see m , section 
1.1.5, and |12| for a comprehensive list of singular and non-singular fractional derivatives). 

All the above mentioned works was dealt with the continuous time rather than considering 
lattices or in its more general form the time scales approach. The appearance of variable 
order fractional differnce operator of Caputo type, i.e. , constant pace time scale of the form 
(hN) ao = {ao, ao + h, . . . }, was in [15] , in which, the order a(t) involved a chaos, 


c 

ao 


+ (1 


a{N-T))h 


1 

T(1 — a(N — 1)) 


N-l 


E 


V(N - i - a(i )) 
T(n — i)h a O 


A f(ao + ih), 


where 


a(i) = f3 + cu(0.5 — X(i)), 

X(i) = 4X(i)(l- X(i)), i = 1,2,.... 


( 1 . 6 ) 


(1.7) 


In this work, relaxing the order a to be a function of a time domain, we propose the non- 
integer and non-singular (in the sense of Caputo-Fabrizio) variable order differential operator 
which is based on the calculus on time scales. 


Definition 1.1. Suppose To C [0, +oo) is a time scale with 0 G T and let a : To — > [0, 1] be 
such that fi(t) 1 G TZ). Let M : [0, 1] — > M be a function which satisfies M( 0) = 

M( 1) = 1. The non-integer derivative of f at t of order a(s), denoted by the operational 
notation D{f}(t, s), is defined by 


D 


a(s) 

0+ 


m 


M(a(s )) 
1 — a(s ) 



,f A (r)e n( .) (t, a(r ))Ar. 

^l-a(s) 


s6T 0 


(1.8) 


An specific case, which is defined in m as a variable order derivative is t = s, i.e., pertaining 
to the values of H{/} on the diagonal line in Tq x Tq. 


Remark 1.1. Interpreting the order a as the rate of anomalousity of a diffusion process, a 
suitable plausible candidate for a may be regarded below 


«(*) = E-rXA^t), 

je N 


(1.9) 


where YljgN a i = 1 ( a j > 0j, UjeN = an d A j can be voided for infinitely many j e N. 
Indeed, (1.9) is pertaining to a process for which, the order of proportionality between average 
of displacement and time is subject to a sudden change caused by some external forces or an 
unknown mechanism. The special case t = s reflects a synchronization between the process and 
its anomalousity variable order. 


888 


Dumitru Baleanu et al 886-899 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


2 AN INVESTIGATION ON THE LIMIT CASES 4 

2 An Investigation on the Limit Cases 


One of the aims of this section is to clarify that, in the original CF definition, the denom- 
inator, i.e. , | _( o . will be restrictive (in the case a — > 1 _ ) when we extend the theory (with 
loyalty) to include the time scales. However, not being confined by the original CF, it will be 
possible to modify the multiplier Y1Y i n such a way that, it complies with the expectations 
in the sense of limit cases. 

It is noticeable that, the limit case a — > 0 + gives f(t) — /( 0). The limit is understood in 
the sense of existing a sequence in To for which, a(t) tends to 0 for a subsequence. In this 
section, we put aside variable order and only the constant order will be considered. 

Investigating the other limit case, namley a — > 1 _ , in the case t is right dense, demands 
some time sclae type measure theoretical background (see [9] for measure theory on time 
scales). 

To this end, let to be right-scattered. The (Hilger) Dirac delta function 5t 0 is defined by 
-At if t = to and 0 if t ^ to- We define Lt 0 G ((^(TqjM))* by ([8], section 3) 


it f \ = / /o°° <A( r )/( r ) A D M(*o) > 0 

ta ’ \ lim e ^o/ 0 °° \h(^ e )f(a{T))NT. /x(t 0 ) = 0 


(2.1) 


where h : To — > R. has the property J 0 °° /i(r)Ar = 1. It can be observed that, for a function / 
with f a G C^Tq,!!), we have [8] : 


(Lt 0 J) = f(t 0 ). 


(2.2) 


For the time scale version of the exponential funation to be taken into account and be 
substitited with h, wee need to modify the above mentioned theory in this manner: 

Let t G To be a left scattered then, the corresponding Hilger Dirac delta function is defined 

by l 

*(T) = { X*®’ (2.3) 

Now supose f G To is left dense and define 


Sf(e,f,cr(r)) 


7> t — e < er(r) < t 
0, elsewhere 


(2.4) 


we infer that 


hm o(e, t,a(r)) 

e— >0+ 


Too, t = it(t) 
0. t ^4 cr(r) 


(2.5) 


The definition (2.1 ) with a slight change based on the left density property (instead of right 
density property) is 


( T f \ = ffo° S t{r)f(a(T))AT, Kp(*)) > 0 

U \ lim e -x) j 0 OO 3 (e,t,<T(T))/(T)Ar. n(p(t)) = 0 


(2.6) 
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To obtain the expected result, i.e., (L t , f) = f(t), first we assume that p(t) < t and we observe 


( L tJ) = / St(T)f(cr(T))AT 


Jp(t) 

= fit). 


St(r)f{cr(T))AT 


(2.7) 


For the case p(t) = t, we have 

(LtJ) 


lim f g(e, t, <t(t))/(t)At 
6 ^ 0 + J t _ e 

1 [* 

lim - / /(t)At 
e->o+ e J t _ € 


= F A (t) = f(t), 


(2.8) 


where F(t) = f* /(r)Ar (a G T 0 ). 

Now suppose {e n } n be such that L- g 77(To) (for n G N) and let e n — * 0. Since in the case 
p(s) > 0, we have 1 © -Lp(s) G [0, 1] for sGT, then, 


lim — i (t, <t(t)) = 

fl— H-OO e »7 


and in fact 


Too, <t(t) = t 
0, ct(t) < t 

lim g(e, t, <j(t )) = lim — (t, cr(r)). 


e— >-0+ 


n — >+00 677 ^ e n 


(2.9) 


( 2 . 10 ) 


Suppose {a n } n C (0, 1) be such that a n — > 1 and satisfying j-gg- G 72. (To). Making use 

of the auxiliary variable e n = 1 ~ Qw , we have = , where N(e n ) = (1 T e n )M(jA_). 

For e n small enough, we have 

/ — e e u(M(r))Ar = [ — e Q j_ (t, a(r))Ar = 1, (2.11) 

J0 e ™ Jt—er, e ™ 


and we infer that 


lim S)“+/(t) = lim N(e n ) [ — e Q j_ (t, ct(t))/ a (t)At 

a:— >-1 n— >-+00 J 0 ( L n e n 

= lim A(e n ) [ — e QA _ (t, ct(t))/ a (t)At 

n->+oo Jt-e„ e n e ™ 

= lim N(e n ) [ g(e n , t, ct(t))/ a (t)At 

n^+00 ,/ 0 


= ( L t J A ) = f A (t ). 


( 2 . 12 ) 


890 


Dumitru Baleanu et al 886-899 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


2 AN INVESTIGATION ON THE LIMIT CASES 


6 


In the right scattered case, i.e., p(t) < t, the continuation may gives rise to a divergence. 
Let To = No- Since e e _s_ (t, air)) = (1 — a) t ~ rT ^ T \ then 

w 1 — a 


M(a 


1 _iJ 0 f A ^ e e^ a ^ AT = r^£ /A(r)(1 ~ a) 


t-a(r) 


T = 0 

P(t) 


M(a)£/ A (r) ( l - a) 

T = 0 

P\t) 

M («) Y / A ( r )( l ~ a ) 

+ M(a)VM » 

1 — a 




t— ct(t) — 1 


(2.13) 


and in the case f A (p(t) / 0, (2.13) gives rise to lrniQ,^- £)“ + /(t) = oo. Assuming To arbi- 
traryily and a left scattered 1 G Tq, we obtain 


lim_ +f(t) 


a — >1 


= lim AAflA j e Q j_ (t, a(r))f A (T ) At 


Tl >-+00 Sfi J Q e n 

rt 


= lim AAY f e Q j_(t, ct( T ))/ a (t)At 


n— >+oo e n 7 p(t ) 


= (A 


bn Nl 
n^>-+oo e n 


oo, f A (p(A)^ 0 

0, f A (p(t)) = 0. 

The above discussion is summarized below: 

Proposition 2.1. Let f : To — > M be such that exists for a n G (0, 1). The 

a) Tor t G Tq, we have 


(2.14) 



lim S)“ +/(t) = /(i). 
o->0+ 

(2.15) 

is left dense then 

lim Do+/(t) = / A (t). 
a— ^1 

(2.16) 

is left scattered, then 



lim 

oi — y 1 

/ OO, f A {p(t)) / 0 
S ° +/(t) “lo, f A (p(t)) = 0. 

(2.17) 


Remark 2.1. As it is illustrated, the restriction in the limit case a — > 1“ for a left scattered 
point, is originated from the definition 1.1. In the special case To = [0, +oo), we have the 
equality below 


lim 

CK— >-l _ 


[ zr— /(T)e e ^_(t, <t(t)) 
Jo 1- a 


m- 


(2.18) 
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Unlike (2. IS), in the time scale counterpart theory of the Dirac functional, generally, there is 
no consistency between the formal definition of Lt and the exponential based one, i.e., 


lim [ j^—f(T)e e ^_(t,cr(T))^{Lt,f). (2.19) 

a-> 1- J o l — a 1 ~ a 

An alternative multiplier based on the original CF definition, to overcome this pitfall, is pro- 
posed below: 

Suppose T : Tq x [0, 1) — > M satisfies the following asymptotic condintions: 


T(t, a) = 1, p(t) < t 

T(t, a) ~ as Oi 1~ p(t) = t (2.20) 

lim a _ > . 0 + T(t, a) = T(t, 0) = 1. Vi e Tq 


R is clear that, for the CF derivative (with constant order) on time scales introduced by 

®o +f(t) = T(t,a) f A { T )e e _^_(t,cr(T))AT, s <E T 0 (2.21) 

wc have 

( Hiiwh- 2)“+ /(f) = f(t) - /( 0), Vt € To 

< lim a ^ 0 +D" + /(t) = f A (t), p(t) = t (2.22) 

[ lim a _ > . Q + 2)“+/(t) = f A (p(t))p(p(t)). p(t) = t 

For the sake of loyalty to the Caputo and Fabrizio approach, in the rest of this paper, only the 
Definition 1.1 will be considered. 


3 Laplace Transform 

Let To be as in the Definition 1.1. we need the following background for the Laplace 
transform on time scales. For the details and more discussion, see [4]. 

Definition 3.1. Assume that f : To — > M is regulated. Then the Laplace transform of f is 
defined by 

COO 

f(t)e£ e (t,Q)At, (3.1) 

Jo 

for z G D(f), where V(f) consists of all complex numbers z e TZ for which the improper integral 
exists. 

As in the classical case, the time scale counterpart satisfies almost all expected properties. 
However, one should be careful about the considering sufficient conditions for the convergence 
issues. An important one, which will be needed in this sequel, is given below (see [Jj , Theorems 
3.87 & 3.89) 

Theorem 3.1. Supposez G C is regressive. 1) Assume f : To — > M is such that, / A is 
regulated. Then 

£{/ a }( 3 ) = z£{f}(z) - /( 0), (3.2) 
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provided 


lim {/ (t) e ez(t, 0)} = 0. 


£—>•00 


Suupose f satisfies the the limit condition 


( HmJe ez (f,0) f /(r)Ar| = 0, 


then 




£{/}(*) 


(3.3) 


(3.4) 


(3.5) 


Remark 3.1. The limit condition \3. 3) is satisfied provided f is of exponentioal type II, i.e., 

1/(01 < ce Co (f,0), (3.6) 

for some positive constants c, cq andlR. tl (z) > ^(co) (fEf, Theorem 1.1). Also, this is sufficient 
to the convergence of (3.1) 


Note that, the limit condition (3.3) implies 


lim {tf{t)eQ Z {t, 0)} = 0, 


t — >oo 


iim {||/ll[o,i] e e^(^ 0)} = 0. 


£— >oo 


(3.7) 


(|.|| is the maximum norm.) The first limit is obvious by the definition of cq z and for the 
second limit we have 


max{|/(r)|e e ^(t,0)} < max{|/(r(t))|e© z (r(t),0)} 0, 

[u,tj [u,£j 


(3.8) 


as t — > +cx>. In view of the estimation 


rise to (3.f). 


f 0 u(t)At < # ||it || [o j] , we conclude that, (3.3) gives 


An special case of the convolution integral is defined here 

Definition 3.2. For a regulated function f : To — > M, and a £ IZ, the convolution of f and 
e a (t,r ) is defined by 

(e a * f)(t) ■= f /('7")e a (t, ct(t))At. (3.9) 

Jo 

Likewise the classical case, the convolution theorem (see 0, Theorem 3.106) is stated: 
Theorem 3.2. (Convolution Theorem) For a regulated function f : Tq — > R, we have 


£{e a * f}(z) = —^—.£{f}(z), 
z — a 

where z f a is C{e a (.,0)}(z). 

In view of Remark 2.1, The statement below is immediate. 


(3.10) 


893 


Dumitru Baleanu et al 886-899 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


4 NON-INTEGER ORDER INTEGRAL 


9 


Corollary 3.1. Let a(s ) = a, i.e., equivalent to the case s £ To is fixed. Assume f : Tq 


be such that, 2>" + (/(f)) is regulated, continuous and satisfies (3.3) (substituting f with 2 )“ + ). 
Then, one can simply observe the following relation 


£ £ 


o+ 


Z = 


M(a)( 1 — a + afj.(t))\ zC{f}(z ) — 


(1 — a ) z(l — a + otp,{t)) + a 


(3.11) 


4 Non-integer order integral 

In this section, following the same method as in mu section 2, we tilize the Laplace 
transform given in Definition 2.1, to obtain an associated integral for the derivative introduced 
in definition 1.1. 

Suppose a : Tq -» M be as in definition 1.1. we assume two cases: 


Case 1. Assume that a is constant, i.e., a(s) = a and consider 

®o+ ' */(*) = u (*)’ 


(4.1) 


for some u : To — > M. Applying C on the both sides of (4.1 ) and in view of (3.11 ), we solve the 
equation for C{f}(z) to obtain 


that is 


+ 


. 1 — a . . 

f(t ) = yt? \ u (t) + 


a( 1 — a) 


zM(a)( 1 — a + ap(t)) 
a(l — a) rt 


C{u}(z) + 


/( 0 ) 


u(s)As + /( 0). 


(4.2) 


(4.3) 


M(a ) M(a)(l — a + an(t)) J 0 

In order to introduce an integral (which is denoted by 3^+ ' f(t)), we expect that, it satisfies 

^3% + m = f(t). (4.4) 


In view of (4.3) that is the solution of M. lh, we arrive at the dehnition below. 


Definition 4.1. The non-singular and constant non-integer order integral of a regulated func- 
tion f : To — > M is defined by 

f(s)As. (4.5) 




a( 1 — a) 


M(a) M(a)(l — a + afj,(t)) Jq 

Remark 4.1. Substituting in Definition 1.1 with Losada and Nieto did in 

llOU to define CF U a , the associated integral CF 3 a m, Definition 1 ) takes the form 


CF 3 a f(t) = + 


2a 


f{s)ds. t > 0 


(4.6) 


(2 — a)M(a) (2 — a)M(a) J 0 

In comparison with < B> with the presence of the graininess function n(t), the Losada & Nieto’s 
integral introduced by (4-6) is an espcial c ase o f (4-5) up t o th e multiplier, while assuming 
^ 2 (i-q) Q ^ as multiplier and /x(t) = 0 in (4-3), we obtain (4-6). 
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Case 2. Suppose s = t. Let a be non-constant and A-differentiable. Further assume that, 
a(To), (i.e., the image of a) is closed and M : a(To) — > M is A-differentiable. Making use of 
the properties of exponential function and considering ( |4.1[ ) as follows 

/ / A (r)e q W (ff(r),0)Ar= \ ^ e a(t) (t,0).u(t), (4.7) 

Jo !-“(*) lVl[a{t)) l-a(t) 

then A-differentiating, we obtain 

,f A (t).e a( t) (cr(t), 0) = v e a (t) (t, 0). 

1 — a(t) I Qtytj 1 — a(t) 


1 — a(t) 
M(a(t )) 


,u(t) 


+ e a(t ) 
!-«(*) 


(t, 0) • ( ] r , ) A Mt) + e a( «) (t, 0) . ! , , .ix A (t) . (4.8) 




l-a(t) 


M(a(t )) 


Multiplying the both sides by e c(t) (cr(t),0) 

y 1 


f A (t) = e aw (g(t),*)-| ( 


l-a(t) 

a(t) 


+ 


M(a(t)) \M(a(t )) 


1 — a(t)\ A \ 1 — a(t) A 


•u(t) + 


M(a(t )) 


■«*(*) 


(4.9) 


then A-Integrating (4.9), we get 

ct 


+ q ( T ) uA ( T )) AT +/(°)> ( 4 - 10 ) 


/o 

_ a(t) 


(4.11) 


where 

^ K*) = mtS)) + M(a(t?) A M( a ^(t)) • («(t).M A ( Q; (f)) - 2M(a( 

<?(*) = &&$}■ 

Denoting The corresponded integral to the variable order a(t) by the discussion 

above, together with having the expectation similar to (4.4), is summarized in the definition 
below 

Definition 4.2. The non-singular and non-integer variable order integral of a A-differentiable 
function f : Tq — > M is introduced by 


3 o+ } /(i) = j e 0 „ w (cr(t) , t) . ( p(r) f (t) + g , (r)/ A (r) N ) At, 


0 




(4.12) 


where p and q are defined by (4.11). 

Example 4.1. Suppose the dynamic problem below 

= a f(t), a € 

/( 0) = /o. 


(4.13) 


with constant a E [0, 1]. If we assume To = [0, 1] then, it will be easily observed that, the exact 
solution is 


m = 


foM(a) 


M{a) A(1 - a) 6XP L M(a) - A(1 - a)J ' 


A at 


(4.14) 
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With the same assumption on a and To, considering the IVP 

3)“ + /(t) = o(t)/(t), AeR 

/( 0) = /o- 


(4.15) 


from (4.5), it is obvious that, the differentiability of aft) as asufhcient condition, supposrts the 

M(a)f 0 


existence issue. Then, (4.15) is converted into the ODE 

M{a)a(t) 


fit) + 


fit) = 


a(t)(l — a) — M(a) J x ' M(a) — a(f)(l — a) ’ 
which has a unique solution provided the denominator is non- vanishing. 
Example 4.2. Suppose Tq = (hN)o 0 [0, 1]. Let a(t ) = t, then 


<t) l 0 g(l + © T ^Tty)A t 


e q(t) (a(t),t) = exp / 

y i-«(0 Jt 


(*)' 


hJ) 


a(t ) — 1 


«(*)( 1 ~ M*)) - 1 

t - 1 


t — 1 — th 

and by e_£_(<r(*),t) = e We / * awe 

^ 1 — a 

Assume M(a) = 1 and consider the IVP 

VJfif = A/(t), 

/(0) = /o- 


/n equation (4-10) we have p(t) = t — 2, q{t) = 1 — t, so 
' A(1 — f + th) 


1 -t 


= f i T — 2)/(t)At + [ (1 -t)/ a (t)At. 
do do 


If we A- differentiate of the both sides in (4-19 | ) ; f/ien we have 

f A if = Pit) f{t), 

where 


m = 


t(l — t + th) — A(1 — f) 2 (f — 2) 


(1 — t) A(1 — f) 2 — th + t + 1 


(4.16) 


(4.17) 


(4.18) 

(4.19) 

(4.20) 

(4.21) 


Therefore, the unique solution to the problem (4- IS) is 

fit) = foe m JO), (4.22) 

provided /3 G 77. 77us condition holds true if the roots of the polynomial Q(t) (denoted by 
t( A, /i) J defined by 

Q(t) = A(1 + h)t 3 + (/i 2 - 4A/i - 3A + 1 )t 2 + (5A h + 2h + 3X- 2 )t + 2\h-\ + l, (4.23) 
satisfy t(X,h) ^ Tq. Indeed, a sufficient condition is t(X,h) > 1. 


896 


Dumitru Baleanu et al 886-899 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


5 DYNAMIC EQUATIONS ON VISCOELASTIC OSCILLATIONS 


12 


5 Dynamic Equations on Viscoelastic Oscillations 

The governing equation of motion for the viscoelastic oscillator in a dimensionless form is 
given by 

x( a \t) = X(x(t) + x"(t)), (5.1) 

in which, x ^ means a fractional order derivative in any of the existing senses and A simplifies 
the conastants such as mass, charactristic length and natural frequency. Note that, compare 
to the classic form, the damping term appears as a fractional order derivative, rather than 
first order, that is interpreted as a viscoelasticity. The variable order derivative in the sense of 
Coimbra, (which involves non-singular kernel and continuous time) has been studied in [13] . 
Now consider the I VP 


£>o+ ^ x (t) = A (x(t) + x AA (f)) 

/( 0 ) = 0 . 


(5.2) 


where > is the differential operator introduced by Definition 1.1. Let To be a time scale of 
the desired type, that is introduced in Definition 1.1 with Tq C [0, 1]. Moreover, assume that 


a : To — > To- By (4.10), we obtain 

I cr(t),t).x(t) = A f 

i — Jo 


(<r(t),t).x(t) = A y { P( T ) ( X ( T ) + xAA ( r )) + j( T ) (® A (t) + x AAA (r)) } At. (5.3) 

A-differentiating gives rise to the third order dynamic equation on To 

A q(t)x AAA (t) + Xp(t)x AA (t) + (\q(t) - e a (t) (a(t),t)]x A (t) 

v l-a(t) / 


+ 


a(t) 


1 -a(t) 

If we further assume that M : To — > To satisfies 

a(t)M A (a{t )) = 2 M(a(t)), 


a (t) (<r(t),t))x(t) = 0. 

l-a(t) / 


(5.4) 


(5.5) 


then in (4.11), we infer that p(t) = . Indeed, M(s) = e-i (s, s o) (sq 6 Tj = «(Tq)) is well 


defined and satisfies (5.5), since E 7^(Ti) for t E Tq. Thefore, (5.4) takes the form below 


A ( 1 -a«)) I A. (f) + 


Xa(t) A f Qt(t ) 


M(a(t )) 


-x (t) + /3(t)x (t) + 


in which 


P(t) = 


M(a(t)) 1 — a(t) 

A(1 — a(t)) 2 — M(a(t))( 1 — a(t) + p(t)a(t)) 
M(a(t))( 1 — a(t)) 


f3(t)x(t) = 0. 


(5.6) 

(5.7) 
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6 Conclusion 

In the present paper, having a look at the anomalous diffusion phenomena, by extending the 
concept of fractional differential operator of Caputo-Fabrizio type, to include a class of variable 
orders, a time-scale counterpart of the non-integer order differential operator is introduced. 
Implementing the measure theory on time scales and introducing Dirac delta functional based 
on the left density property of a given point, it has been deduced that, the both limit cases, 
namely a — > l _ or 0 + , give the well-known A-derivative and a shifted zeroth derivative, i.e., 
/ A (t) and /(f) — /( 0) respectively provided t is left dense. Moreover, through the discussion, 
the inconsistency between the formal definition of Dirac delta functional and the exponential 
based definition with the given multiplier in the original CF definition, is illustrated. By making 
use of the Laplace transform and direct A-calculus based approach, the associated integral for 
constant and variable orders are discussed. To illustrate the theory, some dynamic equations on 
time scales are studied and a dynamic problem, which governs a class of viscoelastic oscillation 
phenomena and involving the new introduced derivative is studied. 
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FIXED POINT THEOREMS ON CONE METRIC SPACES WITH 

c— DISTANCE 

YOUNG-OH YANG* AND HONG JOON CHOI 


Abstract. In this paper, we obtain a new sufficient conditions for existence of 
a unique coincidence point and a common fixed point for a pair of self mappings 
satisfying the contractive condition in a cone metric space by using c— distance. 


1. Introduction 


Since Huang and Zhang([5]) introduced the cone metric space which is more general 
than the concept of a metric space, many fixed point theorems have been proved in 
normal or non-normal cone metric spaces by some authors ( [1], [3], [5], [6], [9] ,[12], 
[3]). Note that Clio et al. ([3]) introduced the c— distance in a cone metric space which 
is a cone version of the w — distance of Kada et al.([7]). 

In this paper, we obtain a new sufficient conditions for existence of a unique coinci- 
dence point and a common fixed point for a pair of self mappings satisfying contractive 
conditions in a cone metric space by using c— distance. 

Let E be a real Banach space and 9 denote the zero element in E. A cone P is a 
subset of E such that 

(i) P is closed, nonempty and P ^ {0}; 

(ii) a, b G M, a, b > 0, x, y G P => ax + by e P; 

(iii) P D (— P) = {0} i.e, x G P and —x E P imply x = 9. 

For any cone P C E, the partial ordering Y with respect to P is defined by x Y y 
if and only if y — x E P. The notation of Y stands for x Y y but x j - y. Also, we used 
x<C|/to indicate that y — x e int P , where int P denotes the interior of P. A cone P 
is called normal if there exists a number K such that for all x,y G E, 

9 Y x Y y implies ||x|| < Jl ||?/||. (1.1.1) 

Equivalently, the cone P is normal if 

x n Y y n Y z n and lim x n = lim z n = x imply lim y n — x (1.1.2) 

n— xx) n— xx) n— xx) 

1991 Mathematics Subject Classification. 47H10, 54H25. 

Key words and phrases, cone metric space, normal cone, c— distance, common fixed point. 
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The least positive number K satisfying condition (1.1.1) is called the normal constant 
of P. 

Definition 1.1. Let X be a nonempty set and let E be a real Banach space equipped 
with the partial ordering A with respect to the cone P C E. Suppose the mapping 
d : X x X — > E satisfies the following conditions: 

(1) 6 A d(x, y ) for all x, y G X and d(x, y) — 6 if and only if x — y ; 

(2) d{x,y) = d(y,x) for all x, y G X ; 

(3) d(x, y) A d(x, z ) + d(z, y) for all x,y, z G X. 

Then d is called a cone metric on A", and (A", d) is called a cone metric space. 

Definition 1.2. Let (X ,d) be a cone metric space. Let {x n } be a sequence in X and 
x G X. 

(1) If for every c G E with 6 <C c, there exists a natural number N such that 

d{x n ,x) <C c for all n > N, then {x n } is said to be convergent and {x n } 

converges to x, and the point x is the limit of {x n }. We denote this by 

lim x n = x or x n — > x (n — > oo). 

n— >oo 

(2) If for all c G E with 0 <C c { there exists a positive integer N such that 
d(x n ,x m ) <C c for all m,n > N, then {x n } is called a Cauchy sequence in 
X. 

(3) A cone metric space (A, d) is said to be complete if every Cauchy sequence in 
X is convergent. 

Lemma 1.3. ([10],) Let E be a real Banach space with a cone P. Then 

(1) If a <C b and b -C c, then a -C c. 

(2) If a A b and b <C c, then a -C c. 

Lemma 1.4. ({10] j Let E be a real Banach space with cone P . Then 

(1) If 6 -C c, then there exists S > 0 such that ||6|| < 5 implies b -C c. 

(2) If {a n }, {b n } are sequences in E such that a n — ■> a, b n — > b and a n A b n for all 
n > 1, then a A 6. 

Lemma 1.5. ([b]) Let (X,d) be a cone metric space, P a normal cone, x G X and 
{x n } a sequence in X. Then 

(1) {x n } converges to x if and only if d(x n ,x) — > 9. 

(2) The limit point of every sequence is unique. 

(3) Every convergent sequence is a Cauchy sequence. 

(4) {x n } is a Cauchy sequence if and only if d(x n , x m ) — > 9 as n,m — > oo. 

(5) If x n — > x and y n — > y then d(x n ,y n ) — > d(x,y) as n — > oo. 
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Definition 1.6. Let (. X , d ) be a cone metric space. Then a mapping q : X x X — > E 
is called a c— distance on X if the following are satisfied : 

(ql) 9 A q(x,y ) for all x,y G X. 

(q2) q(x, z ) A q(x, y) + q(y, z ) for all x,y,z G X. 

(q3) for all x G X and all n > 1, if q(x,y n ) A u for some u = u x G P , then 
q(x,y) A u whenever {y n } is a sequence in X converging to a point y G X. 
(q4) for all c G E with 9 -C c, there exists e G E with 9 « e such that 

g(z, i)<e and g(z, y) < C e imply d(x, y) <C c. 

Example 1.7. ([3]) Let (X,d) be a cone metric space and let P be a normal cone. 
Put q(x, y) = d(x, y) for all x, y G X. Then q is a c— distance. 

Example 1.8. ([3]) Let (X, d) be a cone metric space and let P be a normal cone. Put 
q(x,y) = d(u,y ) for all x,y G A", where m G X is constant. Then q is a c— distance. 

Example 1.9. ([3]) Let E = R. and P = {x E E : x > 0}. Let X = [0, cxj) and define 
a mapping d : X x X — > E by dfA, y) = |x — y\ for all x,y G A". Then (A, d) is a cone 
metric space. Define a mapping g : X xl — > E by g(a;, y) = y for all x,y G A". Then 
g is a c— distance. 

Remark 1.10. (1) q(x,y) = q(y,x) does not necessarily hold for all x,y G X. 

(2) q(x, y) = 9 is not necessarily equivalent to x = y for all x,y G A". 

Lemma 1.11. f[3]j Let (X,d)be a cone metric space and let q be a c-distance on X. 
Let { x n } and {y n }be sequences in X and x,y,z G X . Suppose that {u n } is a sequence 
in P converging to 9. Then the followmg facts hold: 

(1) If q(x n , y) A u n and q(x n ,z) A u n , then y = z. 

(2) If q{x n ,y n ) A u n and q(x n ,z ) A u n , then {y n } converges to z. 

(3) If q(x n ,x m ) A u n for m > n, then {x n } is a Cauchy sequence in X. 

(4) If q(y,x n ) A u n , then {x n }is a Cauchy sequence in X. 

Definition 1.12. Let T and S be self mappings of a set A. 

(1) If y = Tx = Sx for some x G A, then x is called a coincidence point of T and 
S and y is called a point of coincidence of T and S. 

(2) T, S : A — > X are weakly compatible if for every x G A", the following holds: 

T(Sx ) = S(Tx ) whenever Sx = Tx. 

(2) T : X — > X is continuous if lirn^oo x n = x implies that lim^oc Tx n = Tx. 
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2. Main results 


In [12], Wang and Guo proved some common fixed point theorem of two mappings 
(in a normal cone metric space) satisfying the contractive condition (2.2.1). We state 
Theorem 2.1 in [12] as follows. 

Theorem 2.1. ([12]) Let (X ,d) be a cone metric space. Let P be a normal cone with 
normal constant K and let q be a c— distance on X. Let ai G [0, 1) {i = 1,2, 3, 4) be 
constants with « 4 + a 2 + a 3 + 2a 4 < 1 and f,g:X^>X be two mappings satisfying 
the condition 

q(fx, fy) L aiq(gx, gy) + a 2 q(gx , fx) + a 3 q(gy, fy) + a A q(gx, fy ) (2.2.1) 

for all x,y G X. Suppose that f(X) C g(X) and g(X) is a complete subset of X . If f 
and g satisfy 


mi{\\q(gx,y)\\ + \\q(fx,y)\\ + \\q{gx,fx)\\ : x G X} > 0 

for all y G X with y ^ fy or y ^ gy, then f and g have a common fixed point in X . 

In a normal cone metric space we prove a new common fixed point theorem of two 
mappings satisfying the contractive condition independent of the condition (2.2.1). 

Theorem 2.2. Let (X,d) be a cone metric space, P be a normal cone with normal 
constant K and q be a c— distance on X. Let ai G [0, 1) (i = 1,2, 3, 4, 5) be constants 
with ai + 2a 2 + 2a 3 + 3a 4 + 05 < 1 and f,g : X — > X be two mappings satisfying the 
condition 

q(fx , fy) r< a x q{gx, gy) + a 2 q(gx , fx) + a 3 q(gy, fy) + a 4 q(gx , fy) + a 5 q(gy, fx) 

for all x,y G X. Suppose that f(X) C g(X) and g(X) be a complete subset of X . If f 
and g satisfy 


inf{\\q{gx,y)\\ + \\q{fx,y)\\ + \\q{gx,fx)\\ : x G X} > 0 

for all y G X with y ^ fy or y ^ gy, then f and g have a unique point of coincidence 
in X. Moreover if f and g are weakly compatible then f and g have a unique common 
fixed point in X . 
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Proof. Let xq,xi G X. Using the fact that f(X) C g(X), construct {a^n}, {^2n+i} 
such that gx2n = fx 2n - 2 and gx 2n+ 1 = fx 2n -i (n £ N). Then we have 


q(gX2n, gX2n+l) = 

p 

+ 

+ 

A 

+ 

+ 

+ 


q(fx 2„-2, fx 2n-l) 

a\q{gx 2 n -2 , gx 2n -\) + a 2 q(gx 2n - 2 , f x 2n - 2 ) + a 3 q(gx 2 n -i, f x 2 n -i) 

a 4 q(gx 2 n ~ 2 , fx 2 n-l) + a 5 q(gx 2 n -l, fx 2n - 2 ) 

a iq(g x 2n-2, gx 2 n ~i) + ct 2 q(gx 2n - 2 , gx 2n ) 

a 3 q(g x 2 n-h gx 2 n +i) + a 4 q(gx 2n - 2 , gx 2 n +i) + a^q{gx 2 n-ii gx 2n ) 

aiq(gx 2 n -2, gx 2 n -i) + a 2 {q(gx 2 n -2, gx 2 n -i) + g(^2n-i,^2n)} 

a 3 {q(gx 2 n- 1, gx 2 n) + q(gx 2n , gx 2 n+ 1)} 

a 4 {g(^ 2 n- 2 ,^ 2 n-l) + , gX 2n ) + q(gX 2n , fi^ 2 n+l)} 

®5q(gX2n—li gX2n )• 


Hence 


Similarly, 


«2 + + °4 + / 

q{gx 2n , gx 2n+ i) d — q(gx 2n -i, gx 2r 


1 — 03 — 04 
ftl + 6I2 H - &4 


1 — (I3 — CI4 


q{gx 2n -2i gx2n~i )• 


/ . 02 + (T3 + + 05 / \ 

q{gX2n-l, gX2n) d I q{gX 2 n-2, gX2n-l) 


1 — CI3 — (I4 
$1 “1“ ^2 “1“ &4 


1 — (23 — &4 

Clearly 0 < *2+03+04+05 < 1 and 0 < <*+«*+<* < 1 . Set 

17 — 1—123— 0,4 — 1— 0,3— <24 


q{gx 2n-3, gX2n-2) 


b\ = a = 


d 2 T <2.3 + (T4 + <2.5 


and c\ = (3 = 


CL\ T (22 T 


1 — <23 — (24 1 — (23 — O4 

Applying ( 2 . 2 . 2 ) and ( 2 . 2 . 3 ) and putting b- 2 = c± + ahi = f3 + ahi, C2 = ftb\ , 


( 2 . 2 . 2 ) 


( 2 . 2 . 3 ) 


9 (^ 2 n,^ 2 n+l) =< Mfen-l, 5 ^ 2 n) + Ciq(gX 2n _ 2 , gX 2n -l) 
d b 2 q(gx 2n - 2 , gx 2n —i) + c 2 q(gx 2n _ 3 , gx 2n - 2 ) 


where & 2 n-i 


where 6 2 n-2 


: ( 2 . 2 . 4 ) 

A b 2n —iq(^gxi, gxf) + c 2n -i <7(5010, gx i), 

/ 3 fe 2 n -3 + a&2n-2 and c 2n -i = (3b 2n - 2 . Similarly 

q(gx 2n -i, gx 2n ) d b 2n - 2 q(gxi, gx 2 ) + c 2n - 2 q(gx 0 , gx i) ( 2 . 2 . 5 ) 

(3b 2n -A + cib 2n —3 and c 2n -2 = (3b 2n - 3 . From ( 2 . 2 . 4 ) and ( 2 . 2 . 5 ), 
q(gx n+ i, gx n+2 ) d b n q(gxi , gx 2 ) + c n q(gx 0 , gxi) 
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where b n = (3b n - 2 + ab n - 1 and c n = f3b n - 1 . 

Consider 

b n+ 2 = ab n+ 1 + (3b n (0 < a, (3 < 1, b u b 2 > 0). 

Then b n > 0 for all n E N. Its characteristic equation is that t 2 — at — (3 = 0. If 
1 — a — f3 > 0 and 1 + a — f3 > 0 then it has two roots t±, t 2 such that — 1 < t\ < 0 < 
t 2 < 1. Also the hypothesis a\ + 2a 2 + 2a 3 + 3 ci 4 + 05 < 1 implies 1 — a — (3 > 0 and 
1 + a — f3 > 0. For such t\, t 2 , b n = ki(ti) n + k 2 (t 2 ) n for some k\,k 2 E M. 

Let m > n > 1. It follows that 


q(gx n ,gx m ) A 

+ 


q(gx n ,gx n+1 ) + q(gx n+1 , gx n+2 ) -\ b q{gx m - U gx m ) 

(b n - 1 + b n -\ b b m - 2 )q(gxi, gx 2 ) + (c n _i + c n H b c m _ 2 )g(gLr 0 , goq) 

{^ 1(^1 1 + t™ + • • • + t'i 2 ) + k 2 (t 2 1 + • • • + t '2 ~)}q(gx 1 , gx 2 ) 

/,' ° 


/?{A:i(tr 2 + --- + tr 3 ) + fe(t 


2 2 + -"+t 2 n 3 )}?(^ 0 ,^l) 




n_1 , , „,Mr 2 , htr 2 


1 1 


+ 


i-t 2 


)g(^i,^ 2 ) +/3( 


t\ 


+ 


1 -t 2 


)<7 (^ 0 ,^ 1 ) 


as n — > 00 . Therefore {ga; n } is a Cauchy sequence in g(X) by Lemma 1.11 (3). Since 
g(A") is complete, there exists x' E g(X) such that gx m — > x’ as m — > 00 . By definition 
1.6(q3) 


q(gx n ,x’) r< ( - 1 , + 


tar 1 


A 71— 2 


)g(g x E 9 x 2 ) + /SC *? 1 * 1 . + )g(^ 0 , c/xi) 


k 2 tn~ 2 


i-h 1 -t 2 '— ' ' v 1 - ti i-C 

Since P is a normal cone with normal constant iC, we have 


1 1 9 (9Xn j gXjn ) 1 1 < A'||( 


Alt? 


.71—1 




71—1 


1 - A 1 - *2 

71—1 


22 )g(^i,c/x 2 ) + /3( 


ta? 


71—2 


+ 


k 2 t 


71—2 


1 - A 1 - t 2 


)q(gx 0 , gxi)\\ 


,k\ti 1 k 2 t 2 


,k\ti 2 k 2 t 2 


71—2 


< + ^)||g(^ 1 ,^ 2 )|| + + ^)||g(^o, <7^)11 

-> 0 


as n — > 00 . Also 


U 4 -n-i U j.n-1 1. ,n 

\\q(gx n ,x')\\ < K\\( 1 ^+ t ^)q(gx 1 ,gx 2 ) + (3( 11 


71—2 


1-tl 1 -t 2 

Mtr 


+ 


tar 2 


* n_1 ta ^' 1 


1-tl 1 - 1 2 

ta? 


)q(gx 0 , gxi)\\ 


n ~ 2 k 2 t n 2 ~ 2 


-> 0 


as n 


00 . 
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Suppose that x' is not a point of coincidence of / and g. Then by assumption, 

0 < inf{||g(^,x / )|| + \\q(fx,x')\\ + \\q(gx,fx)\\ : x e X} 

< ^{\\Q( 9 x n,x')\\ + \\q{fx n ,x')W + \\q{gx n , fx n )\\ : n e N} 

= ^{\\q( 9 x m x')W + \\q(gx n+2 ,x')\\ + \\q(gx n , gx n+2 )\\ : x G N} 

= 0 

which is a contradiction. Therefore x' is a point of coincidence of / and g. So there 
exists x G X such that fx — gx — x' . ff there exists w G X such that fy = gy = w 
for some y e X, 

q(x',x') = q(fxjx) 

=< «i q(gx, gx) + a 2 q{gx , fx) + a 3 q(gx , fx) + a±q(gx, f x) + a 5 q(gx, fx) 

= (ai + a 2 + a 3 + a .4 + af)q{xf x'). 

Hence 

q(x',x') = e. (2.2.6) 

Similarly 

q(w,w) = 6. (2.2.7) 

Now by (2.2.6) and (2.2.7) 
q(xfw) = q(fxjy) 

di a 3 q(gx , gy) + a 2 q(gx, fx) + a 3 q(gy, fy) + fy) + a 5 q(gy, fx) 

= ai q{xf w) + a 2 q(x', x') + a 3 q(w, w) + a±q{x\ w) + a 3 q(w, x') 

= (ai + a 4 )q(x',w) + a 5 q(w,x'). 

Similarly q(w,x') f (a\ + af)q(w,x') + a 3 q(x',w). Thus 

q(x',w) + q(w,x') ^ (cp + o 4 + a 5 ){q(x',w) + q(w,x')}. 

Therefore q{xfw) + q(w,x') = 6 which implies 

q{x\w) — q(w,x') — 6 . ( 2 . 2 . 8 ) 

By (2. 2. 7), (2. 2. 8 ) and Lemma 1.11(1), x' = w. Consequently x' is a unique point of 
coincidence of / and g. 

Moreover if / and g are weakly compatible, 

gx' = ggx = gfx = f gx = fx' 

which implies gx' is a point of coincidence of / and g. By uniqueness of the point of 
coincidence , f x' = gx' = x' . In other words, x' is the unique common fixed point of 
/ and g. □ 
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Corollary 2.3. Let (X , d) be a complete cone metric space and let P be a normal cone 
with normal constant K and q be a c-distance on X. Let a* G [0, 1), i = 1,2, 3, 4, 5 be 
constants with a\ + 2 a 2 + 2 a 3 + 3 a 4 + a 5 < 1 and f : X — > X be a mapping satisfying 
the condition 

q{fx, fy ) r< aiq(x, y ) + a 2 q(x, fx) + a 3 q(y, fy ) + a 4 q(x , fy) + a 5 q(y, fx) 
for all x,y G A". If f satisfies the condition 

mf{\\q(x,y)\\ + \\q(fx,y)\\ + \\q(x,fx)\\ : x G X} > 0 
if fy y, then f has a unique fixed point in X . 

Proof. Take g — I in the above theorem. □ 

Corollary 2.4. Let (X , d) be a complete cone metric space and let P be a normal 
cone with normal constant K and q be a c-distance on X . Let ai G [0,1), i = 1, 2, 3, 4 
be constants with a 4 + 2a 2 + 2a 3 + 3a 4 < 1 . If f : X — > X is a continuous mapping 
satisfying the condition 

q(fx , fy) A aiq(x, y) + a 2 q(x, fx) + a 3 q(y, fy) + a 4 q(x, fy ), 
then f has a unique fixed point in X . 

Proof. Assume there exists i/Gl such that fyj^y and 

mi{\\q(x,y)\\ + \\q(fx,y)\\ + \\q(x,fx)\\ : x G X} — 0. 

Then we can construct {x n } in X such that 

mi{\\q(x n ,y)\\ + \\q(fx n ,y)\\ + \\q(x n ,fx n )\\ : n G N} = 0. 

Hence 

q(x n , V) 0 X q(f x n , y) -> 9, q(x n , fx n ) -> 9. 

By Lemma 1.11(2), f x n — > y. By the contractive condition, we have 

q(fx n , f 2 x n ) A aiq(x n , fx n ) + a 2 q{x n , fx n ) + a 3 q(fx n , f 2 x n ) + a 4 q(x n , f 2 x n ) 

A aiq(x n , fx n ) + a 2 q(x n , fx n ) + a 3 q(fx n , f 2 x n ) 

+ o 4 g(x n , fx n ) + a 4 q(fx n , f 2 x n ). 

Therefore q(fx n ,f 2 x n ) A /x„). Hence 

q(x n , f 2 x n ) A g(x n , fx n ) + q(fx n , f 2 x n ) 

A g(x n , fx n ) + ^ + 02 + Q4 g(x n , fx n ) 9 

as n — > 00 . This implies g(x n , f 2 x n ) — > d. Consequently, / 2 a: n — > y by Lemma 1.11(2) 

. Since / is continuous, we have 

fy = /( lim fx n ) = lim / 2 x n = y 

n—HX n— >00 
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which is a contradiction. Therefore if fy ^ y, then 

mf{\\q(x,y)\\ + \\q(fx,y)\\ + \\q(x,fx)\\ : x G X} > 0. 

By Corollary 2.3, the proof is complete. □ 

Example 2.5. Let X = {0, 1,2,3}, E = M and P = {x G M : x > 0}. Define 
d : X x X — > E by d{x,y ) = \x — y\. Then (X,d) is a complete cone metric space. 
Define q : X x X — > E by the following : 

9(0,0) = 0, q(0, 1) = 1, ?(0, 2) = 1.1, 9(0, 3) = 0.5, 

9(1,0) = 1, 9(1, 1) = 0, 9(1, 2) = 0.1, 9(1, 3) = 0.5, 

9(2,0) = 1, 9(2, 1) = 1, 9(2, 2) = 0, 9(2, 3) = 0.5, 

9(3,0) = 1, 9(3, 1) = 0.5, 9(3, 2) = 0.6, 9(3,3) =0. 

Then q is a c— distance. In fact, Definition 1.6 (ql),(q3) are obvious. If we put e = 0.01, 
(q4) is also clear. From the direct calculation, (q2) is satisfied. 

Define / : X — > X by /0 = 1, fl = 2, /2 = 2, /3 = 2 and define g : X — » A" by 
gx = x. Then /(AT) C g(X) and g( X) is complete. If we take x = 2,y = 0, then 
9(/2, /0) = 9(2, 1) = 1 and 

ai9(92,90) + a 2 q(g2, f2) + a 3 q(g0, fO) + a±q(g2, fO) 

= aiq(2, 0) + 029(2, 2) + a 3 q( 0, 1) + a 4 9(2, 1) 

= Q\ T O3 T O4 A oq T O3 T 2ti4 <C 1 

for any real numbers a* G [0, 1) (i = 1, 2, 3, 4) with a\ + a 2 + 03 + 2a 4 < 1. Hence the 
contractive condition (2.2.1) of Theorem 2.1 is not satisfied and so Theorem 2.1 can 
not be applied to this example. 

But Theorem 2.2 can be applied to this example. In fact we take ai = 0.14, a 2 = 

03 = a 4 = 0 and 05 = 0.85. Then for any x, y G A", the contractive condition of 
Theorem 2.2 is satisfied. Also 

in f{ ||9(9Z, 9)11 + Mfx,y)\\ + \\q(gx,fx)\\ : x G X} > 0 

for y = 0,1,3. Hence the hypotheses are satisfied and so by Theorem 2.2 / and g 
have a unique point of coincidence. Since / 2 = 2 and g2 = 2, 2 is a unique point of 
coincidence. Since 2 = gf 2 = fg2, f and g are weakly compatible. Hence 2 is the 
unique common fixed point of / and g. 
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Abstract. We investigate L-fuzzy closure operators and L-(fuzzy) topologies in a complete residuated lattice. Also, 
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1. Introduction 

Hajek [6] introduced a complete residuated lattice which is an algebraic structure for many val- 
ued logic. Belohlavek [2] investigated information systems and decision rules in complete residuated 
lattices. Hohle [7, 8] introduced L-fuzzy topological structure with algebraic structure L(cqm, quan- 
tales, MU-algebra). Uniformities in fuzzy sets, have the following approach of Lowen [14] based 
on powersets of the form L XxX as a viewpoint of the enourage approach, the uniform covering 
approach of Kotze [12] , the uniform operator approach of Rodabaugh [20] as a generalization of Hut- 
ton [9] based on powersets of the form (L x )( l the unification approach of Gutierrez Garcia[3]. 
Many researchers studied the different approach as powerset [12] or the uniform covering [9]. 

We investigate L-fuzzy closure operators and L- (fuzzy) topologies in a complete residuated 
lattice. Also, we study the relationship among L-fuzzy closure operator and L-fuzzy quasi-uniform 
space. Finally, we give their examples. 


2. Preliminaries 

Definition 2.1. [2,6] An algebra (L, A, V, ©, — ■>, _L, T) is called a complete residuated lattice if 
it satisfies the following conditions: 

* Corresponding author 
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(LI) (L, <, V, A, _L, -T) is a complete lattice with the greatest element T and the least element 

(L2) (L,©,T) is a commutative monoid; 

(L3) x © y < z iff x < y — > z for x, y, z € L. 

In this paper, we assume that L = (L, V, A, ©, — _L, T) be a complete residuated lattice with 
with an order reversing involution * which is defined by x © y = ( x * © y*)* , x* = x — > 0. 
Lemma 2.2. [2,6] For each x,y, z,Xi,y t ,w € L, we have the following properties. 

(1) 1 — » x = x, 0 0 x = 0 and x — > 0 = x*, 

(2) If y < z, then x Q y < x Q z, x © y < x © 2 , x — > y < x — > z and 2 — > x < y — > x. 

(3) x©y<xAy<xVy<x©y, 

( 4 ) (A i Vi)* = Vi y* , (Vi Vi)* = f\i y * . 

(5) x © (Ai Vi) < A iixQyi), 

(6) x © (Ai Vi) = A i(x ® Vi), X © (Vi Vi) = Vi(x © Vi), 

( 7 ) x -> (A iVi) = A i(x->yi)> 

(8) (Vi*») ->y = A i(xi 

(9) x > (Vi Vi) > y<), 

(10) (Ai Xi)^y> y^Xi y), 

(11) (ar © y) -»■ 2 = x -> (y -> 2 ) = y (a: -» 2 ), 

(12) x ® (x —> y) < y and x — ♦ 1 / < (y — » 2 ) — > (x — > 2 ), 

(13) x © (x* © y*) < j/*, 

(14) (x — > y) © (2 — > w) < (x © 2 ) — > (j/ 0 «;), 

(15) (x — > y) © (2 — > w) < (x © 2 ) — > (y © w), 

(16) x — > y < (x © 2 ) — > (y 0 2 ) and (x — > j/) 0 (y — > 2 ) < x — > 2 , 

(17) x © y © (2 © -ic) < (x © 2 ) © (y © w). 


For a £ L, X £ L x , we denote ( a — > A), ( a © A), ax €E L A as (a — > A)(x) = a — ► A(x), (a 0 
A)(x) = a © A(x), ax(x) = a. 

Definition 2.3. [2,4] Let X be a set. A mapping R : X x X — » L is called an L-partial order if 
it satisfies the following conditions: 

(El) reflexive if R(x, x) = T for all x € X, 

(E2) transitive if R(x, y) © R(y, 2 ) < R(x, 2 ), for all x, y,z G X, 

(E3) antisymmetric if R(x, y ) = R(y,x ) = T, then x = y. 
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Lemma 2.4. [2,4] For a given set X, define a binary mapping S : L x x L x —> L by 

s(x , p) = f\ (X(x) -> m( x ))- 

x£X 

Then, for each A, p, p, v £ L x , and a £ L, the following properties hold. 

(1) S is an L-partial order on L x . 

(2) A < p iff S( A, /r) > T, 

(3) If A < p, then S(p, A) < S(p,p) and S(A,p) > S(p,p), 

(4) S(X,p) © S(v,p) < 5(A0 v,pO p) and S(X,p) © S(v,p) < 5(A® v,p® p), 

(5) S(p,p) < S(A, p) -> S(X,p) and S(p,p) < S(p, A) -> S(p, A), 

( 6 ) V Me lx( S (^p)®S(^v)) = S(X,p). 

(7) If <f> : X — > Y is a map, then for A, p, £ L x and p,u £ L y , 

S(X, p) < S{(j>~^{X),(j)^{p)), 

S{p, v) < S{<fT{p),<tT{v)), 

and the equalities hold if (j> is bijective. 

Definition 2.5. [8,22] A map T : L x — > L is called an L-fuzzy topology on X if it satisfies the 
following conditions: 

(Tl) T{± x ) = T(T X ) = Ti 

(T2) T(XQp) > T(A) @T(p), V X,p £ L x , 

(T3) T(V, ; Ai) > A,: T(A 0, V {Aj}, er C L A '. 

The pair {X,T) is called an L-fuzzy topological space. An L-fuzzy topological space is called 
enriched if 

(R) T(a © A) > T( A) for all A £ L x and a £ L. 

Let (X,7i) and (Y,T 2 ) be two L-fuzzy topological spaces. A mapping 0 : X — » Y is said to be 
L-fuzzy continuous iff for each A £ L y , 72(A) < Ti(<j)*~ (X)) . 

Remark 2.6. A set r C L x is called an L-topology on X if (tl) Tag T.y G t, (t2) (A Op) £ r, 
for each A , p £ t, (t3) Vi A i € r, for all A i £ r. An L-topology r is called enriched if a © A £ t, 
for all A £ t and a £ L. 

Definition 2.7. [11] A map U : L XxX — > L is called an L-fuzzy quasi-uniformity on X iff the 
following conditions hold. 

(QU1) There exists u £ L XxX such that U{u) — T. 

(QU2) If v < u, then U(v) < U{u). 
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(QU3) For every u, v € L XxX ,U(uQ v) > U(u) ®U(v). 

(QU4) If U{u) ^ _L then Ta<« where 

f T, if x = y 

t&(X) y) = < 

[ -L, if x^y, 

(QU5) U{u) < \l{U{v) | vov < u}, Vue L XxX , where 

v o v(x, y) = \J v(x, z ) © v(z, y ), V x, y e X. 

z£X 

An L-fuzzy quasi-uniformity U on X is said to be stratified if 
(R) U{a 0 u) > a ®U{u), Vue L XxX . 

The pair ( X,U ) is called an L-fuzzy quasi-uniform space. 

Let {X,U) and (Y, V) be L-fuzzy quasi-uniform spaces, and (j) : X — > Y be a mapping. 
Then <f> is said to be L-fuzzy uniformly continuous if 
V(v) < U((<j) x (j>)*~(v)), for every v e L Fx> . 

Remark 2.8. Let ( X,U ) be an L-fuzzy quasi- uniform space. By (QU1) and (QU2), we have 
U{ T xxx) = T because u < T_yxA' for all u € L XxX . 

3. L-fuzzy closure spaces and L-fuzzy topological spaces 

Definition 3.1. A map C : L x L x is called an L-fuzzy closure operator if it satisfies the 
following conditions: 

(Cl) C{L X ) = l x , 

(C2) for A G L x , X < C( A), 

(C3) if A < fi, C{\) <C{n), 

(C4) for all A, y G L x , C(A©/i) < C(A) ®C(/x). 

The pair (X,C) is called an L-fuzzy closure space. 

An L-fuzzy closure space is called stratified if 

(R) C(a — > A) < a — ► C(A) for all A € L A and a G L. 

Let (A, Ci) and (Y,C 2 ) be two L-fuzzy closure spaces. A mapping <f> : X — > Y is said to be 
C-map if </>^(Ci(A)) < )) for each A G L x . 

Lemma 3.2. Let C : L x — > L x a map. The following statement are equivalent. 

(1) For all \,n G L x , S(X,fi) < 5(C(A),C(/r)). 

(2) If A < /x, then C( A) < C(/x) and C(a & p) > a © C(p) for all A G L A and a G L. 

(3) If A < /x, then C(A) < C{p) and C(a —> p) < a — > C(p) for all A G L A and a £ L. 
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Proof. (1) (=>) (2). If A < /x, then T = S(X,/j.) < S(C(X),C(fi)). Hence C( A) < C(/x). Put 
/x = a © A. Then a < S( A, a © A) < S(C(X),C(a © A)). Hence a © C(A) < C(a 0 A). 

(2) (=>) (3). Since a © C(a — > A) < C(a 0 (a — > A)) < C( A), C(a — > A) < a — » C(A). 

(3) (=>) (1). Since S(X,n)$>\ < /x iff A < 5(A,/x) -► /x,C(A) <C(S(A,m) -► /x) < S(A, /x) -> C(/x). 
Hence S(A,/x) < 5(C(A),C(/x)). 


Theorem 3.3. Let (X, T) be an L-fuzzy topological space. Define a map CV : L A — > L A as 
follows: 


Ct{ A)= A (T(M)^(S(A,Ai*)^/x*)) 

Then (X, C-r) is a stratified L-fuzzy closure space. 

Proof. (Cl) C t (Tx) = A m£ lx(T(/x) -> (S(T*,/x*) - /x*)) = (V(T(/x)0j<))* = T.y- 
(C2), we have C-r(A) > A for each A € L x from: 


5(A,Cr(A))= /\(X(x)^CtW(x)) 

xex 

= A ( A (A> - A ( T (m) - (S(A,/x*) - /x*(A»)) 

xex fj.£L x 

= A A ({T(h)QS(X,h*)QX(x)) — » /x*(z))) 

fj,£L x 

= A A ((%)©S(A,|x*)-(AW- (( <*W)) 

= A ((T( / x)©S(A, / x*))-> A( A ^)— ^ VO*))) 

h&l x xex 

= A ((T(/x)©S(A,/x*))->5(A,/x*)) >T. 

HGL X 
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(C3) and, by Lemma 3.2, Cr is stratified from 

S{C T { A),Ct(m)) = A (Cr(A)(*) ^Cr(M)(*)) 

= A ( A {n P )QS(\,p*)^P*(x))^ A S(fj,,v*) -»■ I/* (a:))) 

peL x 

> A A ((^(p) © -sr(A,p*) — p*(®)) — ((^r(p) ©s-(^,p*) — p*(®))) 

xex P £L X 

-A A ^(d) © -> (T(p) ©S(A,p*)) (by Lemma 2.2 (16) ) 

x€.X p£L x 

> A A ( S(p,p*) —i £(A, p*)^ > 5(A, p). (by Lemma 2.4(5) ) 

p eL x 

(C4) 

(a © c) © (b © d)* = (a © 6*) © (c © d*) 

<t=> (a © c) — > (6 ® d) = (a — > 6) ® (c — > d) , 

Cr(A) © Cr(p) 

= A (T(p)^(S(A,p*)^p*))© A 

pGi x v£L x 

(by Lemma 2.2(6) ) 

= A A ((^)©S(A,pVp‘)®(^)0%^‘)-O) 

P<EL* i/£L x 

= A (T(/>)0TM0S(A,/)*)0 5(^/)^(p*©/)) 

p,is£L x 

> A ( T 0 © ^ © -S(A © At, (p* © v*)) -» (p* © i/*)) 
p,i/£L x 

(by Lemma 2.4(4) ) 

> Cq-(\ © /i). 

Remark 3.4. Let (X, r) be an L-topological space. Define a map C T : L x — > L A as follows: 

C-r(A) = A{m ^ I A — Ab P* € r}. 

Then (X,C T ) is an L-fuzzy closure space. Moreover, if (X,r) is enriched, (X,C T ) is stratified. 
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Theorem 3.5. Let (X,C) be an L-fuzzy closure space. Define a map Tc : L x — > L by: 

T c (A) = 5(C(A*),A*). 

Then, 7 c is an L - fuzzy topology on X. If C is stratified, then 7 c is an enriched L - fuzzy topology. 
Proof. (Tl) 


Tc( T.y) = A ( C ( T x) - nW) = A (M*) ^ M*)) = T, 

xex xex 


Tci-Lx) = A ( C (M - = A CM*) - M*)) = T. 

x£X x£X 


(T2) By Lemma 2.2(12), we havre 


7c(A © /r) = A ( C (( A © M)*)( x ) -> (A © M)*(x)) 
xex 

> A (C(A*)(x) ® C(n*)(x ) — > X*(x) © /i*(x)) 

xex 

> A (C(A*)(*) - A*(*)) © A (C(M*)(®) - /M)) 

xGX x£X 

= T c (A)©T c ( A i). 


(T3) By Lemma 2.2(8), we have 


T C (V Ai) = A ( C «V Ai)*)(®) - (V Ai)*(®)) 

> A( c (A a ?)(*)^/\a:(*)) 

x£X i i 

> f\(f\C(\*)(x)-> f\\*(x)) 

x£X i i 

> A A (W)(s) - AJ(*)) = A^c(Ai)- 

i x e X i 
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(R) By Lemma 2.2 (12), we have 

T c (aQ\) = f\ (C((a © A)*) (a;) -► (a ® A)* (a:)) 

= /\ (C(a —> A*) (a;) — > (a — > A*(x)) 

> A((“^ c ( A *)( x )) -*■ ( a -> A *o))) 

xex 

> f\ (C(A*)(x) — > A*(a;)) = 'Tc(A). 

xex 

Remark 3.6. Let (X,C) be an L-fuzzy closure space. Define a subset tc C L x by: 

t c = {A G L x | C(A*) = A*}. 

Then, tc is an L-topology on X. If C is stratified, then tc is an enriched L-topology. 

Theorem 3.7. (1) If C is an L-fuzzy closure operator on X, then Cr c > C and C TC > C. 

(2) If T is an L-fuzzy topology on X , then T Cr > T and tc t = {A € L x | 7c r (A*) = T}. 

Proof. (1) 

Cr c (A)(a:)= A CT C M-(S( A, M *) -> M*(*))) 

= S(C( \),n*) ->■ M*(®) > (C(A)(a:) -» //*(*)) M*(z) > C(A)(x). 


Cr c (A) = A^ I A ^ = /4 > C( A). 
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(2) 

T Cr (A) = s(c r (A*),A*) 

= A ( A ™-(S(a*,kV/**))-a*w) 

xex fj,^L x 

> A (V( A ) -> A*)) -> A*(*)) 

xGl 

= A ((T(A) A*(z)) - A*(*)) 

>T(A). 

t Ct = {A G L x | C r (A*) = A*} = {A e L x | T Cr ( A*) = T}. 

Theorem 3.8 Let ( X , Tx) and (Y, 7y) be L-fuzzy topological spaces and <j> : X — > Y be a map. 
Then 

(1) For each A € L x , 

A (T y (u) {T x {4T{v)) < 5(^(C rx (A)),C ry (^(A))) 

v£L y 

(2) If a mapping <j> : (X,T x ) —> ► (Y,Ty) is continuous, then ^ : (X, Cr x ) — > (Y,Ct y ) is a C-map. 

Proof. (1) 

5(^(C rx (A)),C ry (^(A))) 

= A (^(Ct x (A))(i/) ^C Tv (^(A))(j/)) 

yev 

= A - > Cr x (^(A))(^(a;))) 

= A feWW-'^yf^fA))^))) 

xGX 

= A( A ((Ty(p)©S(A,p*)-p*(x)) 

*ex p ei x 

A (CMu) @ S ((/)-" (X),v*) -> v*(<l>(x))))) 

v£L Y 

= A( A ((Tx(^M)©S(A,^( I /)*)^^(i/)*( a; )) 

iex i/gL y 

- A ((^y(u)0 5(^(A),u*)-,u*(^))))) 

!/£L y 
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= A( A -*■ 4^iy)*{x)) 

x£X v^lX 

- {iTy{v) © S{<T{ A), O - l/*(0(*))))} 

= A( A ((^M©S(^(A),^)^(T x (^(i/))@5(A,^M*)) 

x£X v^lX 

= /\ (Ty(l/) - T X {<TW))) 

i 'ZL Y 

(2) Since Ty{v) < T x (<j>^( v)), by (1), <T (C Tx ( A)) < Cr y (^(A)). 

Theorem 3.9 Let (X,C x ) and (Y, Cy) be fuzzy closure spaces and cf> : X — » Y be a map. Then 

(1) 5(C A -(^(A*)),^(Cy(A*))) < T Cv (A) - T Cx (<tr( A)) for each A e L r 

(2) If a mapping <f> : (X,C x ) —> (Y,Cy) is an C-map, then <f> : ( X,Tc x ) — > (Y,Tc y ) is continuous. 
Proof. (1) By Lemma 2.2, we have 

T Cr (A)^T Cx (<r(A)) 

= /\ (c Y (X*)(y) —> A*(y)) — > /\ (c A -(<T (A*))0r) - <T(A*)0r)) 

y£Y xeX 

> /\ (^>*~(C Y (X*))(x) — > (j> < ~(X*)(x) S j —> /\ (c a -(^(A*))(x)-,^(A*)(x)) 

x£X xEX 

> f\ (c x (^(X*))(x)^^(Cy(X*)){xj) 

xex 

(2) Let 0“*(Cx(A)) < Cy(0^(A)). Then, put A = </>^(^), 

c x {4^{^)) < <t>^ {c x {<jr {n)))) < <tr{c Y {(i>^{(jr{v)))) < (jr{c Y (n)). 

Thus, by (1), if Cx(<r(A)) < <T(Cr(A)), then T Cy ( A) < T Cx (^(A)). 

Example 3.10. Let (L = [0, 1], ©, — >) be a complete residuated lattice defined by 
xQy = (x + y — 1) V 0, x — > y = (l — i + y) Al. 

x © y — {x + y) A 1, a;* = 1 — x. 

Let X = {&, i/, 2 } be a set and p, p © p € such that 

p(x) = 0.1, p(y) = 0.8, p(z) = 0.7, 

p © p{x) = 0, p © p(p) = 0.6, p 0 p(» = 0.4. 
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(1) We define an L-fuzzy topology T : L x — > L as follows 

1, if A = lx, A = Ox, 

0.6, if A = p, 

T(A) = 

0.3, if A = p 0 p, 

O, otherwise. 

From Theorem 3.3, we obtain an L-fuzzy closure operator Cr '■ L x — > L x as follows 
Cr(A) = 

A (Tip) — > (S(X,p*) — > p*)) 

= (S( A, Ox) - Ox) A (0.6 - (S( A, p*) - p*)) A (0.3 - (5(A, p* © p*) - p* 0 p*)). 

For Ai = (0.9, 0.4, 0.2) and A 2 = (1,0,0), 

Cr (Ar) = (S( A, Ox) - Ox) A (0.6 - (S( A, p*) - p*)) 

A(0.3 (5(A, p* 0 p*) -> p* © p*)) = (0.9, 0.8, 0.9) 

Ct(A 2 ) = 0.6 - (0.7 -4 p *) = (1, 0.7, 0.8), 

TcAK) = S(C T ( Ai),Ar) = 0.3 > T(A*) = 0 
T Cr (A^) =5(C r (A 2 ),A 2 ) = 0 = T(A2). 

(2) We define an L-fuzzy closure operator C : L x — > L A as follows 

Ox, if A = Ox, 

P, if Ox / A < p, 

p 0 p, if p ^ A < p 0 p, 

lx, otherwise. 

C is not stratified because 

C(0.9 -► p) = C((0.2, 0.9, 0.8)) = (1, 1, 1) £ 0.9 -> C(p) = (0.2, 0.9, 0.8). 

From Theorem 3.5, we obtain an L-fuzzy topology Tc : L A — > L as follows 

l.Y, if A = lx, 

. S(p,A*), if A > p*, 

^c(A) — < 

5(p0p, A*), if p* ■£, A > p* © p*, 

5(lx,A*), otherwise. 

Moreover, 

C Tc (A) = (S(A,0x) - Ox) A (A M > p .S(p,p*) - (S(A,p*) -> p*) 
A(Ap*^ At >p* 0p »S'(p 0 p, p*) -> (5( A,p*) -> p*) 

A (A otherwise S(l x ,p*) —> (5(A,p*) — > p*) 
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Ct c ( Ai) = (S(XuOx) - 0 X ) A (S(p,p) -+ ( S(X,p ) -> p) 

A (S(p ® p, p © p) —> (S(A, p ® p) — > p ffi p) 

A(S'(1a :,P© p) (S(A,P© p) p© p) 

= (0.9, 0.9, 0.9) A (0.9, 1, 1) A (0.9, 1, 1) A (1, 1, 1) = (0.9, 0.9, 0.9) 

<C(Ai) = (1,1,1). 

Cr c (A 2 ) = (1,0.9, 0.9) < C(A 2 ) = (1,1,1). 

4. L-fuzzy uniformities induced by L-fuzzy closure spaces 

Lemma 4.1. For every p £ L x , we define u p , u~ x : L XxX — > L by 

u p (x,y) = p(x) -> p{y) 

u ^{ x ,y) = u p (y,x). 
then we have the following statements 

(1) lxxX = UOx = M lx> 

( 2 ) 1 a < Up, 

(3) For every u p £ L XxX , u p o u p = u p . 

(4) u Pl © u P2 < u PlQP2 , 

(5) u pi © Up 2 < Rpi©p 2 

(6) u" 1 = u p . 

( 7 ) u pi©p2 

Proof. 

(1) Since u 0 x (x,y) = Ox (a:) -» 0x(y) = 1 and ui x (x,j/) = lx (a) -> 1 x(y) = 1, we have 

lxxY = «0x = «lx- 

(2) Since up(x,x) = p{x) — ► p(x) = 1, then 1 a < itp. 

(3) 

UpOUp(x,z) = y yeX ( u p(x,y)®u p (y,z)) 

= \/y£x((P( X ) p(y)) © (p(j/) p{z))) 

= p{x) -»■ p(z) = Up(x,z) 

(4) Since (pi(ai) ->■ pi(y)) © (p 2 (z) -> p 2 (y)) < (pi{x) © p 2 (x) -»• pi(y) © p 2 (y)), we have 

Upi © 1Ip 2 0 Up 1 @p 2 . 

(5) Since (pi(a;) -»■ pi(y)) © (p 2 (ar) -> p 2 (y)) = (p\(y) -> p*(a:)) © (p£(y) -> p^(x)) < (pj(i/) © 
Pliv) -»■ Pi(ar) © P 2 (®)) = (p*(®) 0 P 2 0r))* -»■ (p*(y) 0 P 2 (y))*, we have w Pl © u P2 < Up 10 p 2 . 
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( 6 ) u~ 1 {x,y) = p(y) -> p(x) = p*(x) -► r*{y) = u p .{x,y). 

(?) u pi0 P 2(. x ^y) = (pi © pz)(y) -*■ (pi © pz)(x) = (pi © P2)*{x) -» (pi © p 2 )*(y) = Mpj©p*- 

In the following theorem, we obtain an L-fuzzy quasi-uniform structure from an L-fuzzy closure 
operator. 

Theorem 4.2 Let (X,C) be an L-fuzzy closure space. Define Uq : L XxX — > L by 

Uc{u) = Vi V ©Li^X*) | ©JL.ha, < u}, 

x£X 

where \J is taken over every finite family {u^ \ i = 1,2,3 n}. Then lAc is an L-fuzzy quasi- 
uniformity on X. 


Proof. (QU1) Since C( Ox) = Ox, there exists lxxY = Uo x € L XxX such that Uc{ lxxx) = 1. 
(QU2) It is trivial from the definition of Uc- 
(QU3) Suppose there exist u, v € L XxX such that 


Uc {uQv) ^ U c (u) © U c (v) . 

There exist two finite families {A* £ L x \ Q^l 1 u\ i < u} and {pj £ L x | ©” =1 tt Pj < u} such that 
Uc(u®v) t V (©^‘(Ai)^))© V (©"=! C*{Pi){x)). 

x£X xGX 

On the other hand, since uQv > (&'£L 1 U\ i ) © (©" =1 u Pj .), we have 


U c (uQv) > V (©£ 1 C*(A i )(®))€! V (©i=i C*(pi)(x)). 

x£X x£X 


It is a contradiction. 

(QU4) Let Uc(u) ^ 0. Then there exists a finite family {A.; £ L x | ©■” 1 u\ i < u} such that 

U c {u) = V (QT=iC*(X,)(x)) ? 0. 

xGX 

Since u\ t > Ta from Lemma 4.1(2), 


T& < ©"LiUA, < u. 


(QU5) Suppose there exists u £ L XxX such that 

\J{U c (v ) | v o v < u} ^ Uc(u). 

There exists a finite family {p, ; £ L XxX | 0™ 1 u Pi < u} such that 

\J{U c {v) | v o v < u} t V (Oi^i C *(Pi)(x))- 
xex 
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On the other hand, since u Pi o u Pi = u Pi for each i G {1, from Lemma 4.1(3), we have 

(®iLi u Pi ) ° (&iLiUpi) < 0™ iU Pi from 

V y£x((.®?=i u pA x i y)) 0 (0”i u p, 

= V -► Pi{y )) © (QiL^Piiy) -> pi{z)))) 

= VyeA((©^i(Pi( a; ) Pi(y)) © (Pi(y) Pi(z)))) 

< QiLi(Pi(x) -> Pi(^))- 

Put v = 0^f 1 u Pi . Since Q^l 1 u Pi < v, v o v < u and 

\/{WcH Uc(v) > \/ xe x(®iLi C*{pi)(x)). 

It is a contradiction. Thus V Wc (v) \ vov <u}>Uc (u) . Hence Uc is an L-fuzzy quasi-uniformity 
on X. 

Theorem 4.3. Let (X,Cx) and (Y,Cy) be L-fuzzy closure spaces. Let <j> : X — > Y be a 
surjective map. Then the following properties hold. 

(1) U Cy (v) -> U Cx ((<t> x > /\{®iLiS(C x {^{pi))A^{C Y (Pi))) | ©™i*V, < W for each 

v G L XxX . 

(2) Let (j) : (X, Cx) — »■ (Y,Cy) be a surjective C-map. Then (j> : (X,Uc x ) — > ( Y,Uc y ) is fuzzy 
uniformly continuous. 

Proof. Since v{<j>{x) , <j>(y)) = (<j>x <t>)^{v){x,y) and (4> x <j>)^(v\)(x,y) = v^(x)(x,y), we have 

Uc Y {y) ^U Cx {{4> x 4>)*~(v)) 

= V(0^i \fy eY Ct(pi)(y) | 0™^, < v} 

V (©"=1 Vxex c x(p-i)( x ) I ®"= 1 «W < O X A)^0)} 

> V{©™1 y xeX C Y(Pi)(^( x )) I 0£Ll U P, < «} 

V(©£li Mxex^xi^iPi))^) I ©”=i(0 X < (<j) X 0) <“(«)} 

> V {©™1 y xex C Y(Pi)(^( x )) I ©£Ll u P, < «} 

V{0^Li V^e.Y C xi^(Pi))( X ) I ©”=l^-(pi) < O x 0) — (w)} 

0 A{©i^l VajgA' Cy(pi)(4>{x)) — > &iLi\/ xe x^x( < f > ( Pi))( x ) I ©idl^Pi © u } 

> A(©i^i /\xex( C Y(pi)(H x )) C* x ((j)^ (pi))(x)) | 0™^ < u} 

= A{0™ i /\ xe x( c x (Pi))(x) -» Cy{Pi){(l>{x)) \ ®™ =1 v Pl < v}. 

= /\{®iLiS{C x (<f>*-(Pi)),<f> 1 -(Cy(p i ))) | 0™i^ Pl < w} 

(2) Since C x {<j>^{pi)) < <j>^~ (Cy(pi)), by (1), W Cy (t>) < U Cx {{(t> x ^)^(u)). 
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Theorem 4.4 Let be an L-fuzzy quasi-uniform space. Define Cu : L x —> L x by 

Cu{ A)0) = f\ (U(u) -> \/ (u(x,y) © 
vex 

Then Cu is a stratified L-fuzzy closure operator on X. 

Proof. (Cl) 

Cu{- L.y) = f\ {U{u) -> \J (u(x, y) © ±x(y))) = {\J U(u))* = ± x - 

yex u 

(C2) 

S(A,0,(A))= /\(\(x)->C u (X)(x)) 

= A ( A ( x ) A ^ V (“(*>2/) 0 A (y)))) 

x£X y€X 

= A A ((M x )®u( u )) -> V (“(*>2/) 0 A (y)))) 

x£X y£X 

> A A (( A ( x ) 0 ^(“)) (u(x,x) © A 0r)))) 

- A A ( w ( u ) = T 

xex 

That is, Cu(\) > A for each A g L x . 

(C3) and, by Lemma 3.2, Cu is stratified from 

S(C u (\),C u (y))= A C u (X)(x) ^ C u (y)(x) 

xex 

= A (/ \( u ( u ) -> v K j: -2')'© a w)) ^A( m w^ V ( u ( 3: ’2/) 0 m(2/))) 

x£X y£X y£X 

* AAA( w(a;, y) © A(y) -> u(a;, y) © /x(y)) 

xex yex 

> A ( A ( y ) ^ v(i /)) = 5 '( A ./^) 

yex 

(C4), Since 

(a 0 c) © (6 © d)* = (a © 6*) © (c © cf ) 

<t=> (a 0 c) — > (b ® d) = (a — > 6) © (c — > d) , 
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Cu(X)(x)®C u (n)(x) 

= f\(u(u)^ V (u(x,y) © A(y))) © A [u{v) -► \J {v(x, y) © /z(y))) 

u y€X v y€X 

= f\[lA{u)QU{v) ^ \/ (u(x,y)eMy))) © V (^(^,3/) ® M(j/))) 

u,t; i/GX yGX 

= A ( w ( u © A) ->■ V ((«© © (A© AKA») 

> C w (A©/i). 


Theorem 4.5. Let ( X,U x ) and ( Y,Uy ) be L-fuzzy quasi-uniform spaces and t </>: X Y be 
a surjective map. Then we have the following properties. 

(!) A (u Y {v) -*U x (((t> x <t>)*-(v))'j < S(C Ux (<t>^(p)),0^(Cu v (p))). 

(2) If <j> : (. X,U x ) — * {Y,Uy) is fuzzy uniformly continuous, then <j> : (X,Cu x ) —> (' Y,Cu y ) is a 
C-map. 

Proof. (1) 

s{c Ux {<r{p)),<r(c UY {p))) 

= Axex (Cu x (<l>*-(p))(x) -► <t>*~{Cu Y ( p ))^)) 

= A*ex (A (^x(u) -» \/ zeX {u(x,z ) © <A“(p)(z))) 

-> A (W(V) -► V ye y(u(<AA)>A) ©p(A»)) 

> Axex ( A (Ax(0 X <j))^(v)) -► V* e x((0 x <t>)*~(v)(x, A © </MAM»)) 

-> A (Wo) ->■ V ye y W(A)>A) ©p(A»)) 

> AxexAv ({Ux((<t> x 0)^(u)) -> V* e x((0 x </A^(A)0>A) ©</>^(p)(A)) 

-> (u Y (v) -► \/ zeX (v(4>(x),<l>(z)}Qp(<t>(z)))yj 

= A (Uy{v) -> W x ((0 X A)^(A))- 

(2) Let Wy(u) <U x ((4>x 0) *“(«)) for v G L XxX . By (1), C Ux {<j)^{p)) < <f>*~ {C Uy (p)) for all 
p G L y . 

Example 4.6. Let (L = [0, 1],©,— ■>) be a complete residuated lattice as in Example 3.10. Let 
X = {x, y, z} be a set and p,pQpG L x such that 

p(x) = 0.4, p(y) = 0.6, p(z) = 0.7, 

P © p(x) = 0.8, p © p(y) = 1, p © p(z) = 1. 
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We define an L-fuzzy closure operator C : L x — > L x as follows 

Oat, if A = Ox, 

P, if Ox A < p, 

p® p, if p A < p © p, 

( lx, otherwise. 

From Lemma 4.1, we obtain 


C(A) = ^ 



( 1 

1 

M 


f 1 

1 

1 \ 

Up = 

0.8 

1 

1 

UpQ)p — 

0.8 

1 

1 


v 0.7 

0.9 

1 ) 


v 0.8 

1 

1 ) 


u 0 © u 0 = 


/ 1 1 l\ 

0.6 1 1 ■ 

v 0.4 0.8 1 

From Theorem 4.2, we obtain an L-fuzzy quasi-uniformity Uq. '■ L XxX — > L as follows 

1, ifu=l X xx, A = 0x, 

0 . 6 , iiu p <u^lxxx, 

0.2, if u p q p < u ^ Up, 

0, otherwise. 


U c ( u ) = < 


Moreover, from Theorem 4.4, we obtain a stratified L-fuzzy closure operator Cu c : L x — > L x as 
follows 

CucW (x) = (Vyex My)) A (0.6 -► (A(x) V A (y) V A (z))) 

A(0.2 — > (A(a;) V A (y) V A(z))) 

c UcW(y) = (Vyex My)) A (0.6 -► ((0.8 © A(x)) V A (y) V A(z))) 

A(0.2 -► ((0.6 © A(x)) V A (y) V A(z))) 

Cu c (X)(z) = (V ye x Mv)) A (0.6 - ((0.7 © A(*)) V (0.9 © A (y)) V A(*))) 

A(0.2 -► ((0.4 © A(a)) V (0.8 © A (y)) V A (z))). 


References 

[1] R. Badard, A. A. Ramadan, A.S. Mashhour, Smooth preuniform and preproximity spaces, Fuzzy Sets and Sys- 
tems, 59 (1993), 95-107. 

[2] R. Belohlavek, Fuzzy Relational Systems, Kluwer Academic Publishers, New York, 2002. 

[3] M.H. Burton, The relationship between a fuzzy uniformity and its family of a-level uniformities, Fuzzy Sets and 
Systems, 54 (1993), 311-316. 

[4] J. Fang, The relationship between L-ordered convergence structures and strong L-topologies, Fuzzy Sets and 
Systems, 161 (2010), 2923-2944. 


926 


JU-MOK OH etal 910-927 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


18 JU-MOK OH, YONG CHAN KIM* 

[5] J. Gutierrez Garcia, M. de Prade Vicente, A. Sostak, A unified approach to the concept of a fuzzy L-uniform 
spaces , Topological and Algebraic Structures in Fuzzy Sets, Eds. S. E. Rodabaugh, E. P. Element, Kluwer 
Academic Publishers, Dordrecht, 2003, 81 - 114. 

[6] P. Hajek, Metamathematices of Fuzzy Logic , Kluwer Academic Publishers, Dordrecht, 1998. 

[7] U. Hohle, Probabilistic metrization of fuzzy uniformities, Fuzzy Sets and Systems , 8 (1982), 63-69. 

[8] U. Hohle, S.E. Rodabaugh, Mathematics of Fuzzy Sets: Logic, Topology, and Measure Theory , The Handbooks 
of Fuzzy Sets Series 3, Kluwer Academic Publishers, Boston, 1999. 

[9] B. Hutton, Uniformities in fuzzy topological spaces, J. Math. Anal. Appl., 58 (1977), 74-79. 

[10] A.K. Katsaras, On fuzzy uniform spaces, J. Math. Anal. Appl., 101, 1984, 97-113. 

[11] Y.C. Kim, A. A. Ramadan, M. A. Usama, L- fuzzy uniform spaces, The Journal of Fuzzy Mathematics, 14 
(2006), 821-850. 

[12] W. Kotze, Uniform spaces, Chapter 8, 553-580 in [9]. 

[13] T. Kubiak, On fuzzy topologies, Ph.D. Thesis, Adam Mickiewicz Uniformity, Poznan, Poland, 1985. 

[14] R. Lowen, Fuzzy uniform spaces, J. Math. Anal. Appl., 82 (1981), 370-385. 

[15] R. Lowen, Fuzzy neighborhood spaces, Fuzzy Sets and Systems, 7 (1982), 165-189. 

[16] H. Lai, D. Zhang, Fuzzy preorder and fuzzy topology, Fuzzy Sets and Systems, 157(2006) 1865-1885. 

[17] A. A. Ramadan, Y.C. Kim, M.K. El-Gayyar, On fuzzy uniform spaces, The Journal of Fuzzy Mathematics, 11 
(2003), 279-299. 

[18] A. A. Ramadan, L-fuzzy interior systems, Comp, and Math, with Appl., 62 (2011), 4301-4307. 

[19] A. A. Ramadan, E.H.Elkordy, Yong Chan Kim, Relationships between L-fuzzy quasi-uniform stuctures and 
L-fuzzy topologies, Journal of Intelligent and Fuzzy Systems, 28 (2015), 2319-2327. 

[20] S.E. Rodabaugh, A theory of fuzzy uniformities with applications to the fuzzy real lines, J. Math. Anal. Appl., 
129 (1988), 37-70. 

[21] S.E. Rodabaugh, E.P. Klement, Topological and Algebraic Structures in Fuzzy Sets, The Handbook of Recent 
Developments in the Mathematics of Fuzzy Sets, Kluwer Academic Publishers, Boston, Dordrecht, London, 
2003. 

[22] A. Sostak, On a fuzzy topological structure, Suppl. Rend Circ. Matem. Palermo, Ser. II [11] (1985), 125-186. 

[23] D. Zhang, Stratified Hutton uniform spaces, Fuzzy Sets and Systems, 131 ( 2002), 337-346. 


927 


JU-MOK OH et al 910-927 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO. 5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


SOFT L-NEIGHBORHOOD SYSTEMS AND SOFT L-FUZZY 
QUASI-UNIFORM SPACES 
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Abstract. In this paper, we introduce soft L-neighborhood spaces and investigate the topological properties of soft 
L-fuzzy quasi-uniformity in complete residuated lattices. We obtain soft L-fuzzy topologies and soft L-neighborhood 
spaces induced by soft L-fuzzy quasi-uniformity. Moreover, we study the relations among soft L-fuzzy topology, soft 
L-neighborhood system and soft L-fuzzy quasi-uniformity. 

Keywords: Complete residuated lattice, soft L-neighborhood systems, soft L-fuzzy topologies, soft L-fuzzy quasi- 
uniformities, (uniformly) continuous soft maps 

2000 AMS Subject Classification: 54A40; 03E72; 03G10; 06A15 


1. Introduction 

Molodtsov [19] introduced the soft set as a mathematical tool for dealing information as the un- 
certainty of data in engineering, physics, computer sciences and many other diverse field. Presently, 
the soft set theory is making progress rapidly [1,3,6,11,15,16,28]. Pawlak’s rough set [20,21] can 
be viewed as a special case of soft rough sets [6] . The topological structures of soft sets have been 
developed by many researchers [3,25,26,30,31]. 

On the other hand, Hajek [7] introduced a complete residuated lattice which is an algebraic 
structure for many valued logic. It is an important mathematical tool for algebraic structure of 
fuzzy contexts [2,8,12-14,23,24,27]. 

Kim [13,14] introduced a fuzzy soft F : A — > L u as an extension as the soft F : A — > P(U) 
where I is a complete residuated lattice. He introduced soft L-fuzzy topologies, soft L-fuzzy 
quasi-uniformities and soft L-fuzzy topogenous orders in complete residuated lattices. 

In this paper, we introduce soft L-neighborhood spaces and investigate the topological properties 
of soft L-fuzzy quasi-uniformity in complete residuated lattices. We obtain soft L-fuzzy topologies 
and soft L-neighborhood spaces induced by soft L-fuzzy quasi-uniformity. Moreover, we study 

* Corresponding author 
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the relations among soft L - fuzzy topology, soft L-neighborhood system and soft L-fuzzy quasi- 
uniformity. We give their examples. 


2. Preliminaries 

Definition 2.1. [2,8,9,30] An algebra ( L , A, V, ©, — >, 0, 1) is called a complete residuated lattice if 
it satisfies the following conditions: 

(Cl) L = (L, <, V, A, 1, 0) is a complete lattice with the greatest element 1 and the least element 

0 ; 

(C2) ( L, © , 1) is a commutative monoid; 

(C3) x © y < z iff x < y — > z for x, y, z € L. 

In this paper, we assume that (L, <,©,—>,©,* ) is a complete residuated lattice with an order 
reversing involution x* = x — > 0 which is defined by x © y = (x* © y*)* unless otherwise specified 
and we denote L 0 = L — {0}. 


Lemma 2.2. [2,8,9,30] For each x,y,z,Xi,yi,w £ L, we have the following properties. 

(1) 1 — > x = x, 0 0 x = 0, 

(2) If y < z, then x Q y < x Q z, x © y < x © 2 , x — > y < x — > z and 2 — > x < y — ■> x, 

(3) x©y<xAy<xVy<xffiy, 

( 4 ) (A, Vi)* = V* 2 /*. (Vi Vi)* = A i y * . 

(5) x © (V, m) = Vi( x © y%)i 

(6) X © (Ai yi) = A 

(7) x-> (A iVi) = A 

(8) (Vi®*) ->2/ = Ai^i ->2/), 

(9) x-» (Vi 2/*) > Miix^yi), 

(10) (Ai ®i) -► y > Vi(^i ->■ y). 

(11) (x © y) -> 2 = X -> (y -> 2 ) = y ->• (x -> 2 ), 

(12) x © (x — » y) < y and x — > y < (y — > 2 ) — > (x — > 2 ), 

(13) (x — > y) © (2 — > w) < (x © 2 ) — > (y © «;), 

(14) (x — > y) © (2 — > w) < (x © 2 ) — > (y © ic), 

(15) x — ' y < (x © z) — * (y © 2 ) and (x — > y) 0 (y — > 2 ) < x — > 2 , 

(16) (x © 2 ) © y < x © (y © 2 ), 

(17) x ^ y = y* -> x*. 
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Definition 2.3. [13,14] Let X be an initial universe of objects and E the set of parameters 
(attributes) in X. A pair (F, A) is called a fuzzy soft set over X, where A C E and F : A — > L x 
is a mapping. We denote S(X, A) as the family of all fuzzy soft sets under the parameter A. 

Definition 2.4. [13,14] Let (A, A) and (G, A) be two fuzzy soft sets over a common universe X. 

(1) (F,A) is a fuzzy soft subset of (G,A), denoted by ( F,A ) < (G, A) if F(a) < G(a), for each 
a£ A. 

(2) (F, A) A (G, A) = (F A G, A) if (F A G)(o) = F(a) A G(a) for each a € A. 

(3) (F, A) V (G, A) = (F V G, A) if (F V G)(o) = F(a) V G(a) for each a € A. 

(4) (F, A) © (G, A) = (F © G, A) if (F © G)(o) = F(a) © G(o) for each a £ A. 

(5) (F, A)* = ( F*,A ) if F*(a) = (F(a))* for each a e A. 

(6) (F, A) © (G, A) = (F © G, A) if (F © G)(a) = (F*(a) © G*(o))* for each a £ A. 

(7) a © (F, A) = (a Q F, A) for each a £ L. 


Definition 2.5. [13,14] Let S(X,A) and S(Y,B) be the families of all fuzzy soft sets over X and 
Y, respectively. The mapping : S(X,A) — » S(Y,B) is a soft mapping where f : X —> Y and 
cf> : A — > B are mappings. 

(1) The image of (F, A) £ S(X, A) under the mapping is denoted by /^((F, A)) = (fy(F),B) 


where 


U(F)my) 


0, otherwise. 


(2) The inverse image of (G, B) £ S(Y . , B) under the mapping is denoted by 1 ((G, B)) = 
(/^ 1 (G), A) where 

f^ 1 {G){a)(x) = f^{G{(j>{a)))(x), Va £ A,x £ X. 


(3) The soft mapping : S(X, A) — > S(Y,B) is called injective (resp. surjective, bijective) if / 
and 4> are both injective (resp. surjective, bijective). 


Lemma 2.6. [13,14] Let : S(X, A) — > S(Y,B) be a soft mapping. Then we have the following 
properties. For (F, A),(Fj,A) £ S(X,A) and (G, B), (Gj, B) £ S(Y,B), 

(!) (G, B) > /^(/^ 1 ((G, F))) with equality if / is surjective, 

(2) (F, A) < f^iUHF, A))) with equality if / is injective, 

(3) / 0 - 1 ((G,F)*) = (/- 1 ((G,F)))*, 

(4) /^(V^GcB)) = \/ ieI f^{{G u B)), 

(5) f^iAieAGuB)) = A i€l f^((Gi,B)) t 

(6) U(\J ieI (F i ,A)) = \/ ieI U((F i ,A)), 

( 7 ) U(/\ ie i( F i’ A )) ^ A i& i fA( F £ A )) with equality if / is injective, 
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(8) © (G 2 ,L?)) = f^((G u B)) 0/- 1 ((G 2 ,S)), 

(9) © ( G 2 ,B )) = /^’ 1 ((G 1 ,-B)) © f^ 1 ((G 2 ,B)), 

(10) f<f,((Fi,A) © (F 2 ,A)) < f <t> ((F 1 ,A)) © f 4 ,((F 2 ,A)) with equality if / is injective, 

(11) f (t> ((F 1 ,A) © (F 2 ,A)) < f <t> ((F 1 ,A)) © f 4 ,((F 2 ,A)) with equality if / is injective. 

Definition 2.7. [13,14] A map T : S(X,A) —> L is called a soft L-fuzzy topology on X if it 
satisfies the following conditions. 

(ST1) T((0,y, A)) = T((lx, A)) = 1, where Ox (a) 0*0 = 0,lx(a)(a;) = 1 for all a £ A, x € X, 
(ST2) T((F, A) © (G, A)) > T((F, A)) © T((F, A)), 

(ST3) T(V ieI (Fi,A)) > /\ ieI T((Fi,A)). 

The triple (X, A, T) is called a soft L-fuzzy topological space. 

A soft L-fuzzy topology is called enriched if T(a © (F, A)) > T((F,A)) for all a € L and 
(F, A) G S(X, A). 

Let (X, A, T\) and (X, A,T 2 ) be soft L-fuzzy topological spaces. Then %_ is finer than F 2 if 
T 2 ((F,A)) < Ti((F, A)), for all (F, A) e S(X,A). 

Let (X, A,Tx) and ( Y,B,Ty ) be soft L-fuzzy topological spaces and f ( p : S(X, A) — > S(Y,B) 
be a soft map. Then is called a continuous soft map if 

T y ((G,B)) < T x (f^((G,B)), V(G, B) e S(Y,B). 

Definition 2.8. [13,14] A mapping U : S(X x X, A) — > L is called a soft L-fuzzy quasi-uniformity 
on X iff it satisfies the properties. 

(SU1) There exists ( U,A ) € S(X x X, A) such that U((U,A)) = 1, 

(SU2) If (V, A) < (U, A), then U((V, A)) < U((U, A)), 

(SU3) For every (17, A), (V, A) e 5(X x X, A), 

W((C/, A) © (17, A)) > U((U, A)) © U((V, A)) 

(SU4) If U((U,A)) ^ 0, then (1 a, A) < (f7, A), where, for all a G A, 

f 1 if x = y 
l A {a){x,y) = < 

[ 0 if x ^ y, 

(SU5) V{W((V, A)) | (17, A) o (IT, A) < (CL, A)} > U((U,A)) 

((V,A)o(V,A))(a)(x,y) = (V(a) oV(a))(x,y) 

= V ze x( v ( a )( z > x ) &V(a)(x,y)), V x,y G X,a € A. 

The triple (X,A,li) is called a soft L-fuzzy quasi-uniform space. 

A soft L-fuzzy quasi-uniformity U is called stratified if U(a 0 ([/, A)) > a © U((U,A)) for all 
a G L and (CL, A) e 5(X x X, A). 
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Let (X,A,Ui) and (Y,B,U 2 ) be soft F-fuzzy quasi-uniform spaces and (/ x f)^ be a soft map. 
Then (/ x /)$ is called an uniformly continuous soft map if, for all (V, B) £ S(Y x Y, B ), 

U 2 ((V,B)) KUidf x 

Definition 2.9. [14] Let X be a set. A function ex ■ X x X — > L is called: 

(El) reflexive if e x (x, x) = 1 for all x £ X, 

(E2) transitive if ex(x, y) © ex (y, z) < ex(x, z), for all x,y,z £ X, 

(E3) if e x (x,y) = e x (y,x) = 1, then x = y. 

If e x satisfies (El) and (E2), e x is a fuzzy preorder on X. If e x satisfies (El), (E2) and (E3), 
e x is a fuzzy partially order on X. 

Lemma 2.10. [14] For a given set X, define a binary mapping e x : S(X,A) x S(X, A) — + L by 
e x ((F,A),(G,A))= f\ f\ (F(a)(x) ^ G(a)(x)). 

aeAx^X 

Then, for each (F, A ), (G, A), ( H , A), (. K , A) £ S(X, A) and a £ L the following properties hold. 

(1) (F, A) < ( G,A ) iff e x ((F,A),(G,A)) = 1. 

(2) e x is a fuzzy partially order on S(X, A), 

(3) If (F, A) < (G, A), then 

ex((H, A), (F, A)) < e x ((H, A), (G, A)), 
ex ((E, A), (H, A)) > e x ((G, A), (H, A)). 

(4) e x ((F, A), (G, A)) © e x ((K, A), (H, A)) < e x ((F, A) © (K, A), (G, A) © ( H,A )). 

(5) e x ((F, A), (G, A)) © e x ((K,A),(H,A)) < e x ((F,A) © (K, A), (G, A) © (JET, A)). 

(6) e x ((F, A), a -> (G,A)) = e x (a © (F,A),(G,A)) = a — *■ ex((F, A), (G, A)) and a© 
ex (OF, A), (G, A)) < e x ((F, A), a © (G, A)). 

(7) (G, A) © ex((G, A), (F, A)) < (F, A) and (G, A) < e A -((G, A), (F, A)) (F, A). 

(8) ex((G, A), (7L, A)) < e x ((F, A), (G, A)) -> e x ((F, A), (ff, A)). 

(9) ex((F, A), (G, A)) < ex((G, A), (F, A)) e x ((F, A), (ff, A)). 

(10) if x* = x > 0, then e x ((F, A), (G, A)) = e x ((G, A)*, (F, A)*). 

(11) Let jO : (X, A) — > (Y, B) beasoftmap. Then for (F, A), (G, A) G S(X, A) and (F, A), (K, A) € 

s(e,f), 

ex((F,A),(G,A)) < e Y (U((F,A)),U((G,A))), 
ey((F,A),(F,A)) < ex(/ 0 - 1 ((F,A)),/,O 1 ((F,A))), 
and the equalities hold if is bijective. 
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3. Soft L-neighborhood systems and soft L-fuzzy quasi-uniform spaces 

Definition 3.1. [13,14] A map N : X — > L S ( X,A ) is called a soft L-neighborhood system on X if 
N = {N x = N( x) | x £ X} satisfies the following conditions 
(SN1) N x ((l x , A)) = 1 and N x {(0 x ,A)) = 0, 

(SN2) N X ((F,A) © (G,A)) > N X ((F,A))@N X ((G,A)) for each (. F,A),(G,A ) G S(X,A), 

(SN3) If (F, A) < ( G,A ), then N X ((F,A)) < N X ((G,A)), 

(SN4) N X ((F,A)) < (F, A)(x) for all (F, A) e S(X, A) where (F, A)(x) = F(-)(x). 

A soft L-neighborhood system is called stratified if 

(S) N x (a © (F, A)) > a 0 N X ((F, A)) for all (F,A) gS(X,A) and a € L. 

The triple ( X , A, N) is called a soft L-neighborhood space. 

Let (X,A,N) and (Y,B,M) be soft L-neighborhood spaces. A mapping : (X,A,N) —> 
( Y,B,M ) is said to be a continuous soft map iff Mf^((G, B)) < A’ a; (/^" 1 ((G, B))) for each x € 
X,(G,B)eS(Y,B). 

Theorem 3.2. Let (X,A,U) be a soft L-fuzzy quasi-uniform space. Define a map rN u : X — > 
L S{.x,A) by> v e S(X, A), xeX, 

rN“((F,A))= \/ U((U,A))®e x ((U[x],A),(F,A)), 

(U,A)eS(XxX,A) 

where (U[x], A)(y) = U(—)(y,x). Then the following properties hold. 

(1) (X, A, rN u ) is a soft L-neighborhood space. 

(2) IfU is stratified, then rN u is also stratified. 

Proof. (1) (SN1) For U{{U,A)) ± 0, by (SU4), (1 A , A) < ( U,A ). Then 

r N x ((0x, A)) = V(u,A)eS(xxA',A) G((U, A)) 0 ex{(U\x\, A), (Ox, A)) 

— V (U,A)£S(X xX.A) (U((U,A))Q/\ 

a£A,xGX (U(a)(x,x) -> 0(a)(x))) 

= V (u,a)gS(x xx.a) {G((U,A)) © (1 a(o)(x,x) — > 0)) = 0. 

Hence rN x ((0x, A)) = 0. Also, r ((lx, A)) = 1, because 

rJV“((l x ,J))>«((U. x ,J))S /\ /\ (1 xxx(a)(x,y) -> 1 x(a)(y)) = 1. 

aCA ydX 
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(SN2) By Lemma 2.4 (4) , we have 

rN”((F, A)) © r jV"((G, A)) = ( V (C /,A)eS(Ax a,a) mU A)) © e x {{U[x \ , A), (F, A))) 

®( V (u,A)eS(xxx,A) U(y, A) © e x ((V[x],A), ( G , A))) 

= V(t /,A),(y,A)es(xxx,A) ^((^) ^)) QU{V,A) 

£>e x ((U[x],A), ( F, A )) © e x ((V[x],A), (G, A)) (by Lemma 2.2 (13)) 

© V (u,a),(v,a)gS(xxx,a) Q V), A) 0 e x (((U 0 V)[x], A), (F, A) © (G, A)) 

© V(l V,A)eS(XxX,A) U{{W, A)) © e x ((W[x] , A), (F, A) © (G, A)) 

= rN“((F,A)®(G,A)). 

(SN3) It follows from the definition of rN%! and Lemma 2.10(3). 

(SN4) For U((U, A)) ^ 0, 1 A < U. 

r Nx ((F, A)) = V (U,A)eS(XxX,A) mu, A)) 

© AogA Aye a (U(a){y, x) -► F(a)(y)) 

— V(u,A)eS(AxA,A) A)) © (U(—)(x, x) — > (F, A)(a;))} < (F, A)(x). 

Hence (X, A,rN u ) is a soft F-neighborhood space. 

(2) 

aOrN“((F 1 A)) = a 

© V(C/,A)eS(AxA,A) M((U, A)) © e x ((U[x], A), (F, A)) 

= V(f/,A)eS(Ax a, A) « ®mu A)) © ex (a, a) © e x ((C/[x], A), (F, A)) 

© V (u,A)eS(xxx,A) A)) © e x(<A © (G[x], A), a 0 (F, A)) 

© r Nx i a © (F, A)) . 


Corollary 3.3. Let (. X,A,U ) &e a soft L-fuzzy quasi-uniform space. Define a map IN U : X — > 
L s (x,a) by> v (F, A) G 5(X, A), x £ X, 

IN“((F , A)) = V(u,x)es ( Ax a,a) ^)) © e x ((£%]], A), (F, A)), 

where (L/[[cc]], A)(z/) = U(—)(x,y). Then the following properties hold. 

(1) (X, A,IN U ) is a soft L-neighborhood space. 

(2) IfU is stratified, then IN U is also stratified. 

Theorem 3.4. (1) The soft L-neighborhood system rN u = {rN]f \ x £ X} can be constructed 
from the cuts {(17, A) £ S(X x X, A) | U{{U,A)) > a} as follows: 

rN“((F,A))= \/ a®rN“((F,A),a), 

aGL 

where 

rN“((F,A),a) = \/ v {e x ((U[x], A), (F, A)) | U((U,A)) > a}. 
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(2) 


rN“((F,A)) < V ( v,A )e s(xxx,A) {rN“((G,A)) | (G,A)(z) < rN“((F,A),U(V,A))}. 
Proof. (1) For F £ L x with F{y) > a , we have F{y) © G{y) > a © G{y) and 

\/{F(x) © G(x) | F( x) > a} > M{a © G(y) \ F{x) > a}. 


Suppose 

M{F{x) © G{x) \xeX}£ V aeL V{a © G{X) \ F{x) > a}. 

There exists Xq £ X such that 

F{x 0 ) © G(x 0 ) A V \A a 0 G ( x ) I F ( x ) - 

a£L 

It is a contradiction. Hence 

\/{F{x) © G{x) \x£X} = \/ aeL V{a © G{x) | F{x) > a}. 

By the above equality, we obtain 

r -N“((F,A)) =\J {UA)eS{XxXA) (U((U,A))ee x ((U[x},A),(F,A))) 

= V a£ l V{« © e x ((U[x\,A), ( F , A)) | U((U, A)) > a} 

= \/ aeL {aQ\/{e x ((U[x],A),(F,A)) \ U{{U,A)) > a}} 

= \/a&L{ a ® rN x(( F ,A),a)}. 

(2) For ( U,A ) £ S{X x X,A) and (F,A) £ S(X,A), we have 

rN^((F,A)) = \J iuA)eS{XxXA) U((U : A))ee x ((U[x},A) : (F,A)) 

= V (U,A)eS(XxX,A) {mu, A)) © /\ aGA /\ yeX (U(a)(y,x) F{a){y))} (by SU(5)) 

© V (V,A)eS(XxX,A) {U{{V,A))Q A aSA A yex {{Vo V)(a)(y,x) ^ F(a)(y))} 

= V (V,A)eS(XxX,A) {U{{V,A))Q A 

aSA AyeX ((Vz€X V ( a )( z > x ) ® v (a)(y,z)) -> F{a){y ))} 
= V (V,A)eS(XxX,A) {U{v A) © A aS A Ayex A z zx{V{a){z, x) © V{a){y, z)) - F{a){y))} 

= V (V,A)eS(XxX,A) {U{VA)q m A r\ y&x r\ zeX {V{a){z,x) -> (V(a)(y,z) - (F,A)(y))} 
(by Lemma 2.2 (12)) 

= V (u,A)eS(Xxx,A) {U{V A) © A a eA A z£ x(F{a){z, x) -> Ayex(A(<i)(2/> A (A d)(y))}- 
Put (G,A)(z) = A aeA A yeX ( V (a)(y,z) -> {F, A){y)). Then 

rN?((F,A),U(V,A)) = V (v , A)e s(xxx,A)m{{U[x], A), {F, A)) | U((U,A)) >U(V,A)} 

> e x ((V[z},A),(F,A)) = A a eA A y£X ( v ( a )(y, z ) (F,A){y)) = {G,A){z). 
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Thus, 


rN“((F,A)) < V (V,A)eS(XxX,A) [U{V,A) 

® AaG A f\zeX (V(a)(z,x)-> (G,A)(z)) 

| (G,A)(z)<rN“((F,A),U(V,A))} 

- V (V,A)€S(XxX,A) {rN“((G,A)) | (G,A)(z) <rN“((F,A),U(V,A))}. 


Theorem 3.5. If f^ : (X,A,U) — » (Y,B,V) is a uniformly continuous soft, map, then fy : 
{X, A,rN u ) — > (Y, B,rN v ) and f$ : {X, A,IN U ) — > (Y, B,IN V ) are continuous soft. maps. 

Proof. First we show that fff 1 {{V[f{x)],B)) = ((/ x f)^ 1 (V)[x\, A) from 

f^mf(xma)(z) = rivimmaMz) = m«))[/(*)K/(*)) 

= V(<f>(a))(f(z),f(x)) = (/ x f)~\V)(a)(z,x) = (/ x /)^ 1 (^)N(«)(^)- 
Thus, by Lemma 2.10(11), we have 

ey((P[/(z)],.B),(F,B)) < e JC (/^ 1 ((V[/(*)]), A), /^((F, B))) 

= ex(((/ x f)^(V)[x},A),f-\(F,B))). 

f$ : {X, A,rN u ) — > (Y, B,rN v ) is a continuous soft map from: 
rNj {x) ((F,B)) = y 

( V,A)eS(XxX,A ) V(P,A)©ey((P[/( a; )],P),(F,B)) 

— V(U,A)eS(XxA,A) V(V,A)®e x Wxf)j 1 (V)[x\,A)J-\(F,B))) 

— V(U,A)eS(AxA',A) mf x f)^(V,A))®e x (((f x /)^ 1 (P)M,Yl),/- 1 ((F,i?))) 

Similarly, : (X, A,IN U ) — > ( Y,B,IN V ) is a continuous soft map. 


Theorem 3.6. Let : (X, Yl) — » ( Y,B ) be a soft, mapping and ( Y,B,M ) be a soft. L -neighborhood 
space. We define N : X — > L S ( X ’ A ) as follows 

N X ((F,A )) = V{M /(X) ((£?,£)) | .f^((G,B)) < (F, A)}. 

Then ( X,A,N ) is </ie coarsest, soft. L -neighborhood space for which f^ : ( X,A,N ) — > ( Y,B,N ) be 
a continuous soft. map. Moreover, if M is stratified, then N is also stratified. 

Proof. (SN1) and (SN3) are clearly true. 

(SN2) Let (Fi,A),(F 2 ,A)gS(X,A), {G\, B), (G 2 , B) € S(Y, B) and x € X, then we have 
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iV x ((F 1 ,A))©7V x ((F 2 ,A)) 

= \/{M nx) ((G u B)) | f^((G u B)) < (F u A)}Gy{M f(x) ((G 2 ,B)) \ f^((G 2 ,B)) < (. F 2 ,A )} 

= \f{M f{x) ((G 1 ,B))®M f{x) ((G 2 ,B)) \ f^((Gi,B)) < (F lt A), f^((G 2 ,B)) < (. F 2 ,A ) )} 

< V{M /(x) ((Gi, B)Q(G 2 ,B)) | f-\(G 1 ,B))Qf-\(G 2 ,B))<(F 1 ,A)Q(F 2 ,A)} 

= \J{M f{x) «G,B)) | fi\(G,B)) < (F 1 ,A)@(F 2 ,A)} 

= N x ((F 1 ,A)®(F 2 ,A)). 

(SN4) For any (F, A) £ S(X, A), (G, B) £ S(Y. , B ) and x £ X, we have 

N X ((F,A)) = V{M /(X) ((G,B)) | f+\(G,B)) < (. F,A )} < \/{(G,B)(f(x)) \ f^((G,B)) < ( F,A )} 
= V{/ 0 ” 1 ((G,S))(ai) | f^((G,B)) < (. F,A )} < (F,H)(z). 

The a map : (X, TV) — > ( Y , M) is a continuous soft map because, x £ X, (G, B ) € S(Y, B), 

N x (f?({G,B))) = \/{M nx) ((F,B)) | f;\(F,B)) < f^((G,B))} 

> V{Mf( x ){{F, B)) | (F, B) < (G,H)} > M /(x) ((G, B)). 

Let : (X, X') — > (Y, M) be a continuous soft map. Suppose there exists x £ X, (F, A) £ 5(X, A) 
such that 

N X ((F,A))£N' X ((F,A)). 

By the definition of N x , there exists ( G,B ) £ S(Y,B) with / < ^" 1 ((G, B)) < (F,A) such that 

M f(x) ((G,B))£N'((F,A)). 

On the other hand, 

M f{x) ((G,B)) < N’(f-\(G,B))) < N'((F, A)). 

It is a contradiction. Hence N < N'. 

Finally, if M is stratified, then N is also stratified. In fact, for any a £ L and (F, A) £ S(X, A ), 
we have 

a®N x ((F,A))=a®\/{M f{x) ((G,B)) \ f^((G,B)) < ( F,A )} 

< \/{n © M f (,)((G. B)) | a®f^((G,B))<a®(F,A)} 

<\/{M nx) (a®(G,B)) | f-\a®(G,B)) < a® (F,A)} = N x (a&(F,A)). 


Theorem 3.7. Let (X,A,N) be a soft L-neighborhood space. Define a map 7)v : £(X, A) — > L 
by 

T n ((F,A))= /\ y\ (F(a)(x) — > N X ((F,A))). 

aeA xex 

Then (1) 7)v is a soft L-fuzzy topology on X, 

(2) If N x is stratified, then TJv is an enriched soft L-fuzzy topology. 
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Proof. (1) (ST1) 

T N {{l x ,A)) = AaG.4 A a:e x( 1 A-(a)(a;) -> AA((1 a,41)) = 1, 

Tjv((0x,y1)) = /\ aeA /\ xeX (.Qx(a)(x) -> AA((0x,4l))) = 0. 

(ST2) 

T n ((F,A)Q(G,A)) 

= A a eA A x ex((F(a)(x) © G(a)x) - N X ((F, A) © (G, A))) 

> A a6 A A xeX ((P(o)(x) QG(a)x) -+ (N X ((F,A)) ®N X ((G,A)))) 

(by Lemma 2.2 (12)) 

© A aeA Axe A (F(a)(x) — > N X ((F, A))) ©A aeA Axex (G(a)(a;) — > iV x ((G, A))) 

= F n ((F,A)) ® T n ((G,A)). 

(ST3) 

T N (\/ l (F i ,A) = A aeA AxeA' 

> Aae A AxeA ((Vi (^H®) 0*0 -> V, ^((L), A)) (by Lemma 2.2 (8)) 

© Ai A aeA Axe A ((A(a)OA N x ((Fi,A)) = ^T N {{F U A). 

(2) By Lemma 2.2 (12), we have 

T N (aQ(F,A)) = Ax 6 a((«© (^))(*) - N x (aQ(F,A ))) 

> AxeA((«© (AA»(A) -> (a © N X ((F, A)))) 

> Ax £ a((^)(A> - N x ((F,A))) = T n ((F,A)). 

Corollary 3.8. Lei Lei (X,li) be a soft L-fuzzy quasi-uniform space, {rN x \ x £ X} and 
I x £ X} be soft L-neighorhood systems on X. Define maps T rN u ,% N u : S(X, A) — > L by 

T rN u((F,A)) = /\ ((F,A)(x) rN“((F,A))), 

xex 

T lN u{{F,A)) = /\ ((F,A)(x) -1 IN%((F,A))). 

x6 A 

Then, 

(1) 7)-a u an d Finu are soft L-fuzzy topologies on X, 

(2) IfrN u (resp. rN u ) is stratified, then T rN u (resp. T lN u ) is an enriched soft L-fuzzy topology. 

Theorem 3.9. Let ( X,A,li ) and (Y,B,V) be soft L-fuzzy quasi-uniform spaces. If a map fy : 
( X,A,U ) — » ( Y,B,V ) is an uniformly continuous soft map, then maps f$ : {X, A,T rN u) — ► 
(Y, B , T rN v ) and A, : (X, A,T [N u) — » (Y, B,T[ N v) are continuous soft maps. 
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Proof. 

Tr N v((G,B))-.T rN v(f^((G,B))) 

= A b& B A yeY ((G{b){y) rNf((G, B))) * A aeA /\x£X rN“(f^((G,B)))) 

> AaeA Ax6*((GW(a))(/(aO) - riV/ (x) ((G,B))) 

^ A ae A A l6 x(G(^(a))(/W) - ^(/^((G.B)))) 

> AaeA A* 6 x((G(0(a)) (/(*)) - rNj {x) ((G,B))) 

- (G(<«a)) (/(*)) - r^(/-A(G,i?)))) (by Lemma 2.2 (8)) 

> A,e-Y (^(x)((G,B)) - rN“(f~\(G,B)))) (by Lemma 2.2 (10)). 

Thus, if rNj (x) ((G,B)) < rN“(f^((G,B))), then T v ((G,f?)) < T u {f~\{G,B))). So, U is a 
continuous soft map. 


Example 3.10. Let H = {hi \ i = {1, ..., 6}} with /i,=house and E = {e,b,w,c, i} with 
e=expensive,6= beautiful, u)=wooden, c= creative, i=in the green surroundings. 

Define a binary operation 0 on [0, 1] by 

x © y = max{0, x + y — 1}, x — > y = min{l — x + y, 1} 


x 0 y = min{l, x + y}, x* = 1 — x 


Then ([0, 1], ©, — >, 0, 1) is a complete residuated lattice (ref. [2,8,27]). Let A = {b,c} C E and 
X = {h 1 ,h 4 , h 5 }. Put a fuzzy soft set (U, A) as follow: 


( b h 1 h 4 h 5 \ 





1 0.6 
0.1 1 
0.4 0.6 


0.7 
0.5 

1 J 


(U,{c}) 


( c 

h 1 

h 4 

h 5 

\ 

h 1 

1 

0.3 

0.6 


h 4 

0.1 

1 

0.6 


\ h 5 

0.7 

0.5 

1 

) 


Then we obtain (U &U,A) as 



1 b 

h 1 

h 4 

h 5 \ 


f c 

h 1 

h 4 

h 5 \ 


h 1 

1 

0.2 

0.4 


h 1 

1 

0 

0.2 

(U@U,{b}) = 

h 4 

, r. 

0 

1 

0 

(U © U, {c}) = 

h 4 

0 

1 

0.2 


\ h 5 0 0.2 1 J \ h 5 0.4 0 1 / 


Define U : S ( X x X, A) — > L as follows 


mv,A)) = i 


i, 

0 . 6 , 

0.3, 


if (V,A) = (lxxx,A), 

if(U,A)<(V,A)^(l XxX ,A), 
if (U,A)®(U,A)<(V,A)2(U,A), 


[ 0, otherwise. 
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rN“{{F,A)) = \/ iUtA)eSiXxXtA) mU,A)) Ge x mx],A),(F,A)), V (F, A) e S(X,A), x £ X, 

(1) 


rN% ((F, A)) = V (u,a)£S(xxx,a) U « u > A )) © e x ((U[x],A), (F, A)) 

= (F(b)(h x ) A F(b)(h 4 ) A F(b)(h 5 )) V (o.6 © (F(6)(/i 1 ) A (0.9 + F(b)(h 4 )) A 
(0.6 + F(6)(/i 5 )))) V 0.3 © (f^/i 1 ))) V (FfcXfc 1 ) A F(c)(/i 4 ) A F(c)(/i 5 )) 
v(o.6 © (0.7 + F(c)(/i 4 )) A F(c)(/i 4 ) A (0.5 + F(c)(/i 5 )))) 

V0. 3 © (f(c)(/i 4 ) A (0.6 + F(c)(/i 5 )))) 


rJV" ((F,A)) = V (UtA)eSi xxx,A)mU,A)) Qe x ((U[x],A),(F,A)) 

= (F^/i 1 ) A F(b)(h 4 ) A F(b)(h 5 )) V (o.6 © ((0.4 + F(b)(h 4 )) A F{b){h 4 ) A (0.4 + F(6)(/i 5 )))) 
V(0.3 © (0.8 + F(6)(/i 1 )) A F(b){h 4 ) A (0.8 + F(6)(/i 5 ))) V (F(c)(/i 4 ) A F(c)(/i 4 ) A F(c)(/i 5 )) 
v(o.6 © ((0.7 + F(c )(/i 1 )) A F(c)(/i 4 ) A (0.5 + F(c)(F 5 )))) V 0.3 © ( F(c)(h 4 )) 


r ^hn({F, A)) — V(U,A)e5(Yx.Y,A) ^)) © e .Y((t^[;r], A), (F, A)) 

= (F(&)(/i 4 ) A F(b)(h 4 ) A F(b)(h 5 )) V (o.6 © ((0.3 + F(6)(/i 4 )) A (0.5 + F(b)(h 4 )) A F(6)(/i 5 ))) 
V0. 3 © ((0.6 + F(6)(/i 4 )) A F(&)(F 5 ))) V (F(c)(/i 4 ) A F(c)(/i 4 ) A F(c)(F 5 )) 
v(o.6 © ((0.4 + F(c)(/i 1 )) A (0.4 + F(c)(/i 4 )) A F(c)(F 5 ))) 

V0. 3 © ((0.8 + F(c)(/i 4 )) A (0.8 + F(c)(/i 4 )) A F(c)(F 5 )) 


Put (F, A) be a fuzzy soft set as follow: 


(F,A) h 1 h 4 h 5 
b 0.5 0.6 0.2 
c 0.9 0.5 0.3 


Since rN“((F,A)) = 0.2 ,rN“((F,A)) = 0.2 ,rN$((F,A)) = 0.2, 


T n ((F,A)) = a 

a£yl /\xGX (F(a)(x) — > rN x ((F,A))) 

= (F(b)(h 4 ) rN h i((F,A))) A (F(6)(/i 4 ) riV ft4 ((F, A))) A (F(6)(/i 5 ) rJV h .((F,^))) 

A(F(c)(/i 1 ) rN h i((F,A))) A (F(c)(/i 4 ) rN h *((F,A))) A (F(c)(/i 5 ) riV h .((F, A))) = 0.3. 

(2) 


940 


JUNG Ml KO etal 928-942 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO. 5, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


14 


JUNG MI KO, YONG CHAN KIM* 


IN“((F,A)) = \ t 

(U,A)eS(XxX,A) U((U,A))Qe x ((U[[x}},A),(F,A)) 

= (F(6)(/i 4 ) A F(6)(/i 4 ) A F(b)(h 5 )) V (o.6 © (F(6)(/i 1 ) A (0.4 + F(b)(h 4 )) 

A(0.3 + F(6)(/i 5 )))) V 0.3 0 (f(6)(/i 4 ) A (0.8 + F{b)(h 4 )) 

A(0.6 + F(6)(/i 5 ))) V (F(c)(/i 1 ) A F(c)(/i 4 ) A F(c)(/i 5 )) 
v(o.6 © (F(c)(/i 4 ) A (0.7 + F(c)(/i 4 )) A (0.4 + F(c)(/i 5 ))) 

V0. 3 © (f(c)(/i 1 ) A (0.8 + F(c)(/i 5 ))) 

IN%{{F,A)) = (F(&)(/i 4 ) A F(6)(/i 4 ) A F(&)(/t 5 )) 
v(o.6 © (0.9 + F(6)(/i 4 )) A F(b)(h 4 ) A (0.5 + F(6)(/i 5 ))) 

V(0.3 © F(b)(h 4 )) V (F(c)(/i 1 ) A F(c)(/i 4 ) A F(c)(/i 5 )) 
v(o.6 © (0.9 + F(c)(/i 4 )) A F(c)(/i 4 ) A (0.4 + F(c))(/i 5 )) 

V0. 3 0 (F(c)(/i 4 ) A (0.8 + F(c)((i 5 ))) 

IN“((F,A)) = (F(&)(/i 4 ) A F(&)(/t 4 ) A F(&)(/i 5 )) 
v(o.6 © (0.6 + F(6)(/i 4 )) A (0.4 + F(&)(/i 4 )) A F(6)(/i 5 )) 

V0. 3 © ((0.8 + F(6)(/i 4 )) A F(&)(/i 5 )) V (F(c)(/i 4 ) A F(c)(/i 4 ) A F(c)(/i 5 )) 

V (o.6 © (0.3 + F(c)(/i 1 )) A (0.5 + F(c)(/i 4 )) A F(c)(/i 5 )) 

V0. 3 © ((0.6 + F(c)(/i 4 )) A F(c)(/i 5 )) 

For a fuzzy soft set (F, A) in (1), since 

IN“((F,A)) = 0.3 ,FV"((F,A)) = 0.2,/iV".((F, A)) = 0.2, 

we have 

T n ((F,A)) = ( F(b)(h 4 ) W M ((F,Al))) 

A (F(6)(/i 4 ) lN h i((F, A))) A (F(6)(/t 5 ) lN h s((F, A))) 

A (F(c)(/j 1 ) lN hl ((F,A))) A (F(c)(/i 4 ) lN h ,((F,A))) 

A(F(c)(ft 5 ) — > lN h s((F, A))) = 0.3. 
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differential equations in Hilbert spaces 
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Abstract: In this paper, we introduce the concept of p-meari piecewise 
pseudo almost periodic for a stochastic process. Also it establish a new com- 
position theorem for such processes. With this new composition theorem and 
by virtue of the theory of operator semigroups, the stochastic analysis tech- 
niques and Leray-Schauder nonlinear alternative, we investigate the existence 
of p-mean piecewise pseudo almost periodic mild solutions for a class of impul- 
sive partial stochastic differential equations. Finally, an example of impulsive 
stochastic heat equation is also provided to illustrate our results. 
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Keywords: Impulsive partial stochastic differential equations; P-mean piece- 
wise pseudo almost periodic functions; Composition theorem; Pseudo almost 
periodic solutions; Fixed point 


1 Introduction 

The study of almost periodic type functions constitutes one of the most attrac- 
tive topics in qualitative theory of differential equations since their applications. 
Among them, pseudo almost periodic function was introduced by Zhang as a 
natural generalization of almost periodic function in [1], Some contributions 
on pseudo almost periodic type solutions to abstract differential equations have 
recently been made [2-7] and the references therein. Recently, there has been an 
increasing interest in extending certain classical deterministic results to stochas- 
tic differential equations. This is due to the fact that most problems in a real 
life situation to which mathematical models are applicable are basically stochas- 
tic rather than deterministic. The existence of almost periodic, asymptotically 
almost periodic, and pseudo almost periodic solutions to some stochastic dif- 
ferential equations has been considered in many publications such as [8-17] and 
references therein. In particular, Bezandry and Diagana [18,19] introduced the 
concepts of p-mean pseudo pseudo almost periodicity, and studied the existence 
of p-mean pseudo almost periodic mild solutions to partial stochastic differential 
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equations. Diop et al. [20] obtained the existence, uniqueness and global attrac- 
tiveness of an p-mean pseudo almost periodic solution for stochastic evolution 
equation driven by a fractional Brownian motion. 

The theory of impulsive differential equations is an important branch of dif- 
ferential equations, which has an extensively physical background [21]. There- 
fore, it seems interesting to study the various types of impulsive differential 
equations. The asymptotic properties of solutions of impulsive differential equa- 
tions have been considered by many authors. For example, Henriquez et al. [22], 
Liu and Zhang [23], Stamov et al. [24-26] discussed the piecewise almost pe- 
riodic solutions of impulsive differential equations. Liu and Zhang [27], Cherif 
[28] established the existence and stability of piecewise pseudo almost peri- 
odic solutions to abstract impulsive differential equations. Bainov et al. [29] 
concerned with the asymptotic equivalence of impulsive differential equations. 
However, besides impulse effects and delays, stochastic effects likewise exist in 
real systems. In recent years, several interesting results on impulsive partial 
stochastic systems have been reported in [30-32] and the references therein. 
Further, Zhang [33] obtained the existence and uniqueness of almost periodic 
solutions for a class of impulsive stochastic differential equations with delay by 
mean of the Banach contraction principle. In [34], the authors investigated the 
existence and stability of square-mean piecewise almost periodic solutions for 
nonlinear impulsive stochastic differential equations by using Schauder’s fixed 
point theorem. 

In this paper, we study the existence of p-mean piecewise pseudo almost 
periodic mild solutions to the following impulsive partial stochastic differential 
equations: 

dx(t) = [Ax{t) + g(t, x{t))]dt + f(t, x(t))dW(t), t € R,t ^ U,i £ Z, (1) 

Ax(ti) = x{tj) - x(t~) = i e Z, (2) 

where A is the infinitesimal generator of a Co-semigroup {T(f)} t >o on L P (P, H) 
and W (t) is a two-sided standard one-dimensional Brownian motion defined on 
the filtered probability space (Cl, T, P, T t ), where T t = cr{W(u) — W(v)\u,v < 
t}. satisfy suitable conditions which will be established later. The 

notations x(tf), x(t~) represent the right-hand side and the left-hand side limits 
of x(-) at ti, respectively. 

To the best of our knowledge, the existence of p-mean piecewise pseudo 
almost periodic mild solutions for for nonlinear impulsive stochastic system (1)- 
(2) is an untreated original topic, which in fact is the main motivation of the 
present paper. In the paper, we will introduce the notion of p-mean piecewise 
pseudo almost periodic for stochastic processes, which, in turn generalizes all 
the above-mentioned concepts, in particular, the notion of piecewise almost 
periodic. Then we will establish a new composition theorem for p-mean pseudo 
almost periodic functions under non-Lipschitz conditions. As an application, we 
study and obtain the existence of p-mean piecewise pseudo almost periodic mild 
solutions to system (l)-(2) by using Leray-Schauder nonlinear alternative. Such 
a result generalizes most of known results on the existence of almost periodic 
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solutions of type system (l)-(2). It includes some results of almost periodic and 
pseudo almost periodic solutions to stochastic differential equations without 
impulse. Moreover, the results are also new for deterministic systems with 
impulse. 

The paper is organized as follows. In Section 2, we introduce some notations 
and necessary preliminaries. In Section 3, we give the existence of p-inean 
piecewise pseudo almost periodic solutions for linear and nonlinear impulsive 
stochastic differential equations, respectively. In Section 4, an example is given 
to illustrate our results. 


2 Preliminaries 

Throughout the paper, N, Z , R and R + stand for the set of natural numbers, 
integers, real numbers, positive real numbers, respectively. We assume that 
(H,\\ ■ II), (AMI • |M) are real separable Hilbert spaces and (f },P,P) is sup- 
posed to be a filtered complete probability space. Define L P (P,H), for p > 1 
to be the space of all P-valued random variables V such that E || V || p = f Q | 
V || p dP < oo. Then L P (P,H) is a Banach space when it is equipped with 
its natural norm || • || p defined by || V || p = (f n E || V || p dP ) 1/,p < oo for 
each V € L P (P,H). Let C{R, L P (P } H)), BC{R, L P (P, H)) stand for the collec- 
tion of all continuous functions from R into L P (P , H ), the Banach space of all 
bounded continuous functions from R into L P (P,H), equipped with the sup 
norm, respectively. We let L(AT, H) be the space of all linear bounded operators 
from K into H , equipped with the usual operator norm || • \\l(k,h)\ hr par- 
ticular, this is simply denoted by L(H) when K = H. Furthermore, L^K^H) 
denotes the space of all Q-Hilbert-Schmidt operators from K to H with the 
norm II ip ||? 0 = Tr (ipQip*) < oo for any ip € L(K,H). 

Definition 2.1 ([18]). A stochastic process x : R — > L P (P,H) is said to be 
continuous provided that for any s £ R, 

limS || x(t) — x(s) || p = 0. 

t — >S 

Definition 2.2 ([18]). A stochastic process x : R — » L P (P,H) is said to be 
stochastically bounded provided that 

lim limsupP{|| x(t) ||> n} = 0. 

TWO ° tefi 

Let T be the set consisting of all real sequences such that a = 

infiez(t»+i _ U) > 0, lim^oo t t = oo, and lim i ^_ 00 U = - oo . For {U} i( zz £ T, 
let PC{R , L P (P , H )) be the space consisting of all stochastically bounded piece- 
wise continuous functions f : R —* L P (P, H) such that /(•) is stochastically 
continuous at t for any t ^ and /(£*) = /(£“) for all i £ Z; let 

PC(R x L P (P, K), L P (P, H)) be the space formed by all stochastically piece- 
wise continuous functions / : R x L P (P,K) — > L P (P,H) such that for any 
x £ L P (P,K ), f(-,x) £ PC(R, L P {P, H)) and for any t £ R,f(t,-) is stochasti- 
cally continuous at x £ L p { P , K). 
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Definition 2.3 ([18]). A function / G C(R,L P (P,H)) is said to be p-mean 
almost periodic if for each e > 0, there exists an 1(e) > 0, such that every 
interval J of length 1(e) contains a number r with the property that E || f(t + 
t ) — f(t) || p < e for all t € R. Denote by AP(R, L P (P, H)) the set of such 
functions. 

Definition 2.4 (Compare with [21]). A sequence {x n } is called p-mean almost 
periodic if for any £ > 0, there exists a relatively dense set of its £-periods, i.e., 
there exists a natural number l = 1(e), such that for k € Z, there is at least one 
number q in [k,k + l ], for which inequality E || x n + q — x n || p < e holds for all 
n € N. Denote by AP(Z, L P (P, H))) the set of such sequences. 

Define l°°(Z,L p (P,H)) = {x : Z - L P (P,H) :|| x ||= sup neZ (E || x(n) || p 
) 1 / p < oo}, and 

PAP 0 (Z,L p (P,H)) 

1 n 

x el°°(Z,L p (P,H)) : lim — V E || x(n) \\ p dt = 0 

n— too 2 n z — ' 
j=-n 

Definition 2.5. A sequence {x n } n€z € l°°(Z,H) is called p-mean pseudo 
almost periodic if x n = x\ + x where x„ G AP(Z, L P (P, H)),x^ G PAP 0 (Z, 
L P (P , H)). Denote by PAP(Z, L P (P, H)) the set of such sequences. 

Definition 2.6 (Compare with [21]). For {ti}i^z & T, the function / G 
PC(R, L P (P, H)) is said to be p-mean piecewise almost periodic if the following 
conditions are fulfilled: 

(i) {t\ = ti + j — ti}, j G Z, is equipotentially almost periodic, that is, for any 
£ > 0, there exists a relatively dense set Q e of R such that for each rGQ £ 
there is an integer q G Z such that \U +q — ti — t \ < £ for all i £ Z. 

(ii) For any e > 0, there exists a positive number <5 = 5(e) such that if the 
points t' and t" belong to a same interval of continuity of p and \t! —t" \ < 5, 
then E || f(f) - f(t") || p < £. 

(iii) For every e > 0, there exists a relatively dense set fl(£) in R such that if 
r G SA(£) , then 

E \\ f(t + r)-f(t) \\ p <e 

for all t. G R satisfying the condition \t — U\ > e, i G Z. The number r is 
called £-translation number of /. 

We denote by APt(R, L P (P, H)) the collection of all the p-mean piecewise 
almost periodic functions. Obviously, the space APt(R, L p (P, H)) endowed 
with the sup norm defined by || / ||oo= sup teR (E || f(t) || p ) 1 / p for any / G 
AP T (R,L P (P,H)) is a Banach space. Let UPC(R,L P (P,H)) be the space of 
all stochastic functions / G PC(R , L P (P, H)) such that / satisfies the condition 
(ii) in Definition 2.6. 

Definition 2.7. The function / G PC(R x L p (P, K ) , L p (P, H)) is said to be 
p-mean piecewise almost periodic in t G R. uniform in x G L p (P, K) if for every 
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compact subset K C L P (P,K), {f(-,x) : x £ K} is uniformly bounded, and 
given £ > 0, there exists a relatively dense subset fL such that 

E || f(t + T,x) - f(t,X ) || P < £ 

for all x € K,t € fi e , and t G R satisfying \t — tj| > e. Denote by AP T (R x 
L p (P, K ) , L p (P, H)) the set of all such functions. 

Similarly as the proof of [21, Lemma 35], one has 
Lemma 2.1. Assume that / € APt{R, L p (P, H)), the sequence {xi}i e z £ 
AP(Z, L P (P, H)), and € Z are equipotentially almost periodic. Then, 

for each £ > 0, there exist relatively dense sets fL of R and Cl e of Z such that 

(i) E || f(t + t) — f{t) || p < £ for all t £ R, \t — ti\ > £, r € f L and i € Z. 

(ii) E || Xi +q — Xi j| p < £ for all gefi E and * € Z. 

(iii) E || xj — t || p < £ for all q,r € fl £ and i G Z. 

Denote 

PC° T (R,L p (P,H)) = (/ e PC{R, L P (P, H)) : lim E || f(t) o), 

I t—> oo I 

PAP£(R,L P (P,H)) 

= {fePC(R,L p (P,H)):lim c 1 J E || f(t) f dt = o|, 


PAP%{R x L p {P , K),L P (P, H)) 

= | f G PC (RxL p (P,K),L p (P,H)) : 
i r 

lim — / Li || f(t,x) \\ p dt = 0 uniformly with respect to 
r — *oo 2 r J__ r 

x £ K, where K is an arbitrary compact subset of L P (P, A')j>. 

Definition 2.8. A function / £ PC(R, L P (P , H)) is said to be p-mean piecewise 
pseudo almost periodic if it can be decomposed as / = h + <p, where h £ 
AP T (P,L p (P,P)) and <p £ PAP^(R,L P (P,H)). 

Denoted by PAPt(R,L p (P,H)) the set of all such functions. PAPt(R, 
L P (P, H )) is a Banach space with the sup norm || • [oo . 

Similar to [1,27], one has 

Remark 2.1. (i) PAP^(R,L P (P,H)) is a translation invariant set of PC(R , 
L p (P,H))). (ii) PC^(R,L p (P,H)) c PAP°(P,L p (P,P)). 

Lemma 2.2. Let {f n }n£N C PAPj,{R 1 L p {P 1 H)) be a sequence of functions. 
If f n converges uniformly to /, then / £ PAPj,(R, L P (P, H)). 
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One can refer to Lemma 2.5 in [5] for the proof of Lemma 2.2. 

Definition 2.9. A function / £ PC{R x L p (P, K ) , L p (P, H)) is said to be 
p-mean piecewise pseudo almost periodic if it can be decomposed as f = h + ip, 
wher eh£ AP T (RxL p (P, K),L P (P, H)) and ip £ PAPfaRxL p (P, K), L P (P, H)). 
Denoted by PAPt{R x L p (P, K ) , L p (P, H)) the set of all such functions. 

We need the following composition of p-mean pseudo almost periodic pro- 
cesses. 

Lemma 2.3. Assume / £ PAPt(R x L p (P , K),L P (P , H)). Suppose that fit, x) 
satisfies 

E || f(t,x)-f(t,y) f< A(P || * - y f) (3) 

for all t £ R,x,y £ L P (P,K ), where A is a concave and continuous nonde- 
creasing function from R + to R + such that A(0) = 0,A(s) > 0 for s > 0 
and f 0+ = + 00 . Here, the symbol f 0+ stands for lim e ^ 0 + / e °° . If fa-) £ 

PAP T (R, L P (P, K)) then /(•,</>(•)) e P AP T (R, L P (P,H)). 

Proof. Assume that / = fi + f 2 , <f> = fa + fa, where fi £ APt{R x L p (P , K), 
L P (P, H)), f 2 £ PAPfaR x L P {P,K),L P {P,H)), fa £ AP T (R, L P (P, H)), and 
fa £ PAPfaR,L p {P,H)). Consider the decomposition 

f(t, fat)) = ffat, fa (<)) + [f(t, fat)) - f(t, fa (t))] + f 2 (t, fa (t)). 

Since /i (-, ^i(-)) € APt{R , L P {P, H)), it remains to prove that both [/(•, fa-)) — 
f {■ , 4>i(-))] and f 2 (-,fa(-)) belong to PAPfaR, L P (P, H)). Indeed, using (3), it 
follows that 


Y r [e\\ fat, fat)) -fat, fait)) \y>dt 

<Yr / r A(jB|1 M-Mt) I \ p )dt 

= Y r £ A ( E II Mt) I \ p )dt, 

noting that A is concave, continuous and A(0) = 0, we deduce that 

1 f AiE || fa(t) \\ p )dt 

< A J E || fa{t) || p dt'j — > 0 as r — » oo, 

which implies that [/(•,(/>(•)) — /(•,</> i(-))] € PAPfaR,L p (P,H)). 

Since fa{R) is relatively compact in L P {P , K) and fa is uniformly continuous 
on sets of the form Rx I\ where K C L P (P,K) is compact subset, for e > 0 
there exists £ £ (0, e) such that 

E || fi(t,z) - fa(t,z) || p < e, z,z£ fa (R) 
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with \z—z\ < £. Now, fix z i., z n £ (/>i(R) such that <t>i(R) C U,=i Eg(zj, L P (P , K)). 
Obviously, the sets Dj = (j>i (B^(zj)) form an open covering of R, and there- 
fore using the sets B\ = Di,B 2 = D 2 \Di and Bj = D :) \ one obtains 

a covering of R by disjoint open sets. For t £ Bj,(f>i(t) € B^(zj), 

E\\h(t,Mt)) r 

< 3 p ~ i e i r 

+3 P ~ 1 E || + V +3 P_1 £ ; || || 

< 3 p_1 A(£' || Mt) - Zj f) + 3 p_1 £ + 3 P ~ 1 E || f 2 (t,zj) || 

< 3 + 3 p - x E || f 2 (t , zj) || . 


Now using the previous inequality it follows that 


1 

2 r 


E\\ \\ p dt 


= -V 

2 r ^ 


j = 1 J -Bjn[-r,r] 

1 


E II \\ p dt 


< 3P ’VE / E\\f{t,Mt))-f{t,Zj)rdt 

Zr j=l J Bjn[-r,r) 

i n r 

+ 3P_ V E / E \\ a MiW) - r dt 

Zr j=l J Bjn[-r,r] 

i n r 

+ 3? "VE sii/ 2 (t,^) rdt 

j=l ^Bjn[-r,r] 

1 n -j /»r 

<3^- /_ r [ A ( £ ) + £ ]^ + 3P_1 E^ y_ r ^ll/ a (Mi) fdt. 


3=1 


In view of the above it is clear that f 2 (-, </>i(-)) belongs to PAP^(R,L P (P,H)). 
This completes the proof. 

Lemma 2.4. Assume the sequence of vector- valued functions {I, }iez is pseudo 
almost periodic, and there is a concave nondecreasing function from R + to R + 
such that A.j(0) = 0, Aj(s) > 0 for > 0 and f 0+ = + 00 , 

E II Mx) - My) \\ p <A t (E\\x-y\\ p ) 


for all x,y £ L P {P,K), i£ Z. If 0 G PAP T (R,L P {P,H)) n UPC(R, L P {P, H)) 
such that R(<t>) C L P (P,K), then is pseudo almost periodic. 

Proof. Assume that <j> = <j>i + (f> 2 , where 4>\ £ APt(R, L P (P, H)), (f> 2 £ 
PAP$(R,L p (P,H)). Fix $ £ PAP t (R, L p (P, H)) n UPC(R, L P (P, H)), first 
we show <j>(ti) is pseudo almost periodic. One can refer to Lemma 37 in 
[21] that the sequence is almost periodic. Next we need to show that 
<j>(U) £ PAP 0 {Z,L P (P,H)). By the hypothesis, </>, fa £ UPC(R, L P (P, H)), so 
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(j >2 £ UPC(R,L P (P,H)). Let 0 < e < 1, there exists 0 < £ < min{l, 7 } such 
that for t £ (U — £ Z, we have 


E\\ Mt) r< (i-e)^ll MU) ir, iez. 

Since t] , i £ Z,j = 0,1,... are equipotentially almost periodic, {t}} is an 
almost periodic sequence. Here we assume a bound of {t}} is M t and |f,;| > \t-i \ ; 
therefore, 


E II Mt) Vdt 


> 


2 t t 


E 


j~~i + 1 U' 




^ ii 0 2 (t) r dt 




j=-*+i 


> 




i=-i+i 


Since <f > 2 £ PAPj,(R , L P (P, H)), it follows from the inequality above that foiU) £ 
PAP 0 (Z, L P (P, H)). Hence, is pseudo almost periodic. 

Now, we show /,(</>(£;)) is pseudo almost periodic. Let 


/(t, x) = {t — n)I n (x), n < t < n + l,n £ Z, 

$(f) = (t — n)(/) n (t n ), n<f<n+l,n£Z. 

Since I n ,(j)(t n ) are two pseudo almost periodic sequences, Refer to Lemma 
1.7.12. in [36], we get that I £ PAP(R x P P (P, K),L P (P, if)), 1 ? e PAP(R, 
L P (P, K )). For every t £ R, there exists a number n £ Z such that — 7T.| < 1, 
we have for X\,X 2 £ L P (P, K), 


e 11 i(t, Xl )-i(t,x 2 ) r 

< E || I n ( Xl ) - I n (X2 ) f 

< A„(P || X, - a: 2 || p ). 


Similar to the proof of Lemma 2.4, /(•, $(•)) £ PAP(R, L P {P 1 H)). Again, sim- 
ilarly as the proof of Lemma 1.7.12 in [36], we have that I(i, $(*)) is a pseudo 
almost periodic sequence, that is, I-i((j>(ti)) is pseudo almost periodic. This 
completes the proof. 

Next, we introduce a useful compactness criterion on PC(R, L P (P, H)). 

Let h : R — > R + be a continuous function such that h( t) > 1 for all t £ R 
and h(t) — > 00 as |f| — > 00 . Define 

PC° h (R,L p (P,H)) = | f£ PC(R,L p (P,H)) : |( lim E 11 ^ l|P = 0 j 
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endowed with the norm || / ||^= sup tgi? it is a Banach space. 

Lemma 2.5. A set B C PC®(R, L p (P, H)) is relatively compact if and only if 
it verifies the following conditions: 

(i) lim = 0 uniformly for f £ B. 

(ii) B(t) = {/(f) : f £ B} is relatively compact in L P (P,H) for every t £ R. 

(iii) The set B is equicontinuous on each interval (tj, ti+i){i £ Z). 

One can refer to Lemma 4.1 in [27] for the proof of Lemma 
Lemma 2.6 (Leray-Schauder nonlinear alternative [35]). Let X be a Banach 
space with D C X closed and convex. Assume U is a relatively open subset of 
D with 0 £ U and T : U — > D is a compact map, then either 

(i) T has a fixed point in U, or 

(ii) there is a point x £ dU and A € (0, 1) with x £ A4'(cc). 

3 Main results 

In this section, we investigate the existence of p-mean piecewise pseudo almost 
periodic mild solution for system (l)-(2). To do this, we first consider the exis- 
tence of p-mean piecewise pseudo almost periodic mild solutions to the following 
linear stochastic differential equation 

dx(t) = \Ax(t) + g(t)]dt + f(t)dW(t), t £ R,t ^ tk,i £ Z, (4) 

Ax(ti) = x{tf) - x(t£) = 7 j, i £ Z, (5) 

where A is the infinitesimal generator of a Co-semigroup {T(<)} t >o on L P (P , H) 
such that for all t > 0, || T{t) ||< Me~ St with M,S > 0. W(t) is a two-sided 
standard one-dimensional Brownian motion defined on the filtered probability 
space (f l,P,P,P t ), where T t = (t{W(u ) — W(v)-,u,v < t}. Furthermore, g : 
R L P (P , H), f : R —> L P (P , L°) are t w0 stochastic processes, y, is an p-mean 
pseudo almost periodic sequence. 

Definition 3.1. An T t -progressively measurable process {x(t)}t £_ r is called a 
mild solution of system (4)-(5) if for any t £ R,t > a, a ± ti,i £ Z, 

x(t) = T(t — rr)x(cr) + f T{t — s)g(s)ds 

J G 

+ [ T(t — s)f(s)dW(s) + (6) 

Theorem 3.1. Assume g £ PAP T {R,L p {P,H)),f£ PAP T (R, L P (P, L^)), {y,, 
i £ Z} is an p-mean pseudo almost periodic sequence, then system (4)-(5) has 
a mild solution x £ PAPt(R, L P (P, H)). 
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Proof. Consider for each i £ Z, the integrals 


x(t) = f T(t — s)g(s)ds 

J — OO 

+ / T(t- s)f{s)dW (s) + ^ 2 ,T{t- ti) 7i 

u<t 


( 7 ) 


for each t £ R. Next we aim to prove (7) is an p-mean piecewise pseudo almost 
periodic mild solution of system (4)-(5). 

Since g £ PAP T (R, L P (P, H)), f £ PAP T (R, L P (P, L°)), £ PAP(Z, 

L P (P, H)), there exist 9l £ AP T (R, L p (P, H)), h £ AP T (R, L P (P, L®)), 7m £ 
AP(Z, L P (P, H)) and g 2 £ PAP°(R, L P (P,H)), f 2 £ PAP°(R,L P (P,L° 2 )), 
72 ,i G PAP 0 {Z , L p (P, H)), such that g = gi + g 2 , f = fi + f 2 , 7* = 717 + 72, i- 
Hence, 


x(t) 


f T(t - s){gi(s) + g 2 (s)]ds + f T(t - s)[fi(s) + f 2 (s)]dW(s) 

J — OO J— OO 

+ "22 T(t — t»)[7i,i + 72, j] 

ti<t 

[ T(t - s)g 1 (s)ds + f T(t - s)fi(s)dW(s) 

. J —00 J —00 

+ ^2 


ti<t 


T(t- s)g 2 (s)ds+ f T(t — s)f 2 (s)dW(s) 

J — 00 

+ ^2 T(t - ti) 72 ,,: 

ti<t 

=:F(t) + m- 



In order to prove (7) is an p-mean pseudo almost periodic mild solution, we only 
need to verify F(t) £ AP T (R, L P (P, H)) and £ PAP$(R,L P (P,H)). Thus, 
the following verification procedure is divided into three steps. 

Step 1. F £ UPC(R , L p (P, H)). 

Let t',t" £ (ti,ti+i),i G Z,t" < t'. By {T(i)} t > 0 is a Co-semigroup and 
II T(t) ||< Me~ St ,t > 0, for any e > 0, there exists 0 < £ < min{(gC-) 1 / p , 
( A ) 2 ^' such that 0 < t' — t" < we have for p > 2, 

5/i 


II T{t’-t")-I\\ p 


< min 


(^) (p ~ 2)/2 ^g (1 — e~ Sa ) p £ 
5 ffi ’ 5 /i ’ 571 


10 
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where g, = dP-'M* || 9l ||p,, f\ = 6 P ~^M P C V || fi ||p,, 71 = 3 P~ l M* || 71 ,; IlSo 
Using Holder’s inequality and the Ito integral [37] , we have 

E\\F(t')-F(t") f 

/ t' pt" P 

T(t' — s)gi(s)ds — / T(t" - s)g x {s)ds 

-OO J — OO 

+3 p ~ 1 E [ T(t' - s)f 1 (s)dW(s) - [ T(t" — s)fi(s)dW(s) 

J— OO J— OO 

+3 p ~ 1 E ~ fcfri.i - ^ T(t" - U) 1U 

U<t' u<t" 

<6 p^E f T(t" — s)[T(t' — t") — I]gi(s)ds 

J — OO 

rt' P 

+6 P ~ 1 E / T(t' — s)gi(s)ds 

Jt " 

+6 P ~ 1 E I f T{t" - s)[T(t' - t") - i]/i(s)dW(s) 


+6 P " 1 U / T(t' ~ s)f 1 {s)dW(s) 


+3 P ~ 1 E J2 T ( < " - *0 [ T (*' - O - 

ti<t" 

< 6 p_1 M p || T(t' - t") - J F e- s{t "~ s) d s y 

x(/_ 4 e-^"-^|| 5l ( S ) fds) 

+6 p - 1 M p (^£ e- 5{t '- s) d^j P e-^'-^EW gi (s)\\ p ds^j 

+6 P ~ 1 M P C P E f e - 25(t "~ s) || T^ 1 - t") - I || 2 || /i(s) 11=0 ds 

. J — OO 

- rt' -I P /2 

+6 p_1 M p C p E / e- 2 ^'-*) II A(s) || 2 o ds 

.Jt" 2 

/ \ P-! 

+3 P_1 M P || T(t' - t") - 1 |M ^ e-W'-ti) j 

V+ ,^+// / 


a -<5 


^ || 71, i 


< 6 P_ ’ 1 M P || T(t' - t") -iff f e-^'-^dsY sup E || 5l (s) f 

V J — 00 / sGR 
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+6 p ~ 1 M p ( [ e-W-^dsY supE || gi (s) f 

\Jt" J seR 


+6 P ~ 1 M P C P || T(t' - t") - I 

rt" 




f e-W *\ls) sup II Ms) \\ p L o 
J - oo J sG R 2 


+ & P ~ 1 M P C r , 


e-^'-^ds 


ip 
I L ° 


x( f e-iW-^ds) sup || Ms) 

\Jt" / sG R 

+3 p ~ l M p || T(t' - t") — I \\ p ( Y 

' ti<t' 

< 6 p ^M p || 9l 11 ^ p ( f e-^'-^ds) 

5gi\J-oo J 


-S ( t"-U 


sup E II 71,: r 

iez 


+6 p ~ l M p || 9l 11^ 


(j L _\ 1/P1P 

\Wi) 


< P s \( p - 2 )/ pp 5 = , „ t " 

+6 p -Hf p c p || A ||p, p ~ 2 ~ ' ' 

5/i 




x(/ e-^'-^ds^j 

+&>- 1 M p C p || h IISo 

+ 3 p ^ l -^ P£ 
571 


/ £ \ p/2(p-l)-| 2(p-2)/p 

V5A/ 


E e 

ti<t" 




Hd IISo 


£ £ £ £ £ 

5 5 5 5 5 

Consequently, F £ UPC(R, L P (P, H)). 

Step 2. F £ AP t (R , L P (P , H)). 

Let ti <t < Mi- For £ > 0, let fL be a relatively dense set of R formed by 
e-periods of F. For r £ fL and 0 < r] < min{e, a/ 2}, we have 

£|| F(t + r)-F(t) f 


< z p ~ 1 e 


+3 p ~ 1 e 


[ T(t - s)[gi{s + t) - gi (s)]ds 

J — OO 

f T(t-s)[Ms + r)-Ms))dW(s) 

J —00 


12 
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+ 3 P 1 E E T(t + r- tj) 7i,j - y~] T(t - tj) 7i,j 

ti<t+r ti<t 

3 

= E Jfc - 


Using Hoder’s inequality, it follows that 


< 3 P-1 M P ( / e~ sit - s) ds 


x(/ e 5(4 s) U || gi(s + r) -5i(s) || p 


<S p - 1 M p ( / e~ sit - s) ds 


- i~ 1 pt j+ !-r) 

x E / e - s(t - s) E || 5l (s + r) -^(s) || p ds 

L i= _ 00 “'q+»; 

+ E / e~ d(t ~ s) E \\ gi (s + r) - gi (s) \\ p ds 

j— OO 

i - 1 r t j+1 

+ E / e~ 5(t - s) E \\ gi (s + r) - gi (s) \\ p ds 

j=- oo Jt i+i- r > 

+ J t e -W-«)E\\ gi (s + T)- gi (s) \\ p ds . 

Since 51 € AP T (R, L P (P, H)), one has 

# II 5i(* + t) -3i(t) || p <£ 

for all f £ [tj + 77 , fy+i — 17], j S Z, j < i, and t — s > t — t» + — (tj+ 1 — 77 ) > 

t — f i + a(i — 1 — j) + 77. Then, 

i_1 rtn 4-1-rj 


pj+i-V 

E / e-W-'^E || ffi(s + r) -3 !(s) f 


j=-oo Jt i +r > 


l ~ 1 pj+i-'n 

<£ E / e-W-^ds 


£ V — "v 

“ A E 


D -5(t-t J+ i+rj) 


si £ 


0 —6<x(i—j—l) 
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< 


5(l-e- 5a )’ 


Y [ e 6(4 s) E || st(s + t) - gi(s) f ds 
_ Jtj 

— O 3 

< 2 p ~ 1 s\vpE || gi (s) f V f tj+ \- 5 ^- s Us 

sefl j=—oo 3 t o 

i—1 

< 2P- 1 || 9l 11 ^ ee Sp Y e ~ Sit ~ tj) 


j = ~ OO 3 


j=-oo 


i—1 


< 2P- 1 || 9l || p , ee Srt e- 5{t ~ u) Y e~ 5a{i ~ j) 

j=—oo 

2 p " 1 II 9i ||So e 5a/2 £ 


< 


1 - e~ Sa 


Similarly, one has 


1 1 rtj+i 

Y I e~ s{t ~ s) E || g ± (s + t) - gi (s) || p ds < Mi£, 


j=-oo 


'tj+i-ri 


J e 5(4 s) E || 0i (s + t) - gi(s) \\ p ds < M 2 s, 

where Mi, M 2 are some positive constants. Therefore, we get that J\ < N\e for 
a positive constant N\. Using Holder’s inequality and the Ito integral, we have 
for p > 2, 


Ji 


< 3 p ~ 1 C rl E 


f || T(t — s) || 2 || fi(s + r) — /i(s) || 2 o ds 

J — OO 

/ e' 2<5(t " s) || fi(s + r) - /i(s) || 2 o ds 

j — OO 


p/2 


IP/2 


< 3 P ~ C n M p E 


< 3 P ~ 1 C V M P ( / e -^ s{t - s) ds 


' — OO 

4-1 /*^+i-*7 


Y / e-^- s) E || /i(s + r) - /i(s) \\ P L0 ds 

-i=- oo Jt i+n 

+ Y [ e ~^ S{t ~ s) E \\ fi(s + T)~ f!(s) \\ p L o ds 

j— OO t 3 

+ E / e~^ s ^~ a ^E || /i(s + r) — /i(s) ||^ 0 ds 

i = -oo 2 
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+ [ e 2<5(i S) E || fi(s + t) — fi(s) \\ P L o ds . 

Jti 2 

Since f± £ APt(R, L p (P, L®)), one has 

E\\h{t + T)-h{t) \\ p L0 <e 
for all t £ [tj + 7), tj - |_i — rj\ and j £ Z,j < i. Then, 

*-l rtj- n-7? 


r t j+ i—v 

E / e-W-'EWhis + ^-hMWlods 




, ~ 1 r tj + 1 -7] 

<e E / e-^-^ds 

j = - oo^d+V 


< V' g s'H' tj-v'-v) 

— dp 

i=-oo 


< & NT e -f<5a(i-j-l) 

<5» ^ 

J=-°° 


Sp(l — e~ Sa ) ’ 


E / e s)£l ii / i( s + r ) -AO) mo ^ 


j=-oo v o 


< 2*" 1 sups || /,(«) ||P 0 E / e-iw-^ds 

seR 2 „• Jt , 


j—-oo '■> 


< 2*" 1 sups || /r(s) ||£ 0 
«e/f. 2 


P L0 eei^e-^-^ E e 


< 2*" 1 supS || /!(») ||£ 0 ee^'e-* 
sGR 2 

2 P_1 II fi ||5_ e 5 “/ 4 e 


1 — e 


Similarly, one has 


* i rtj+i 

E / e"5' 5(t_s) i; || /i (s + r) - /i(s) ||^ 0 ds < M 3 e, 

j=-oo Jt j+i- r > 2 

[ e~i s{t ~ s) E || /i(s + r) - fi (s) ||£ 0 ds < M 4 e, 

Jti 2 
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where M 3 , M4 are some positive constants. Therefore, we get that J2 < N 2 e for 
a positive constant .ZV2. For p = 2, we have 


Ji 


< UI 2 E f e- 2S ^ II his + t) - his) H|o ds 

J — OO 


< 3 M 2 


' — OO 

Iz 1 rh+t-v 


E 


■j=-oo-*i+ 7 » 


e 2,5(4 s) £ || h(s + t) - /i(s) || 2 o (is 
+ E / e 25(4 II /1 ( s + r ) — ACs) II £0 (is 

j = - 00 'i 

+ E / e 25(4 11 /i( s + t ) _ /i( s ) Hl° 

j~_oo dtj+1-V 

+ J e~ 2S(t ~ s) E || /i(s + r) - /i(s) || 2 0 (is . 


Similarly, we get that J2 < iV 3 e for a positive constant N 3 . For any e > 0, by 
Lemma 2.1, there exists relative dense sets of real numbers fi e and integers Q s , 
for every r G O e , there exists at least one number q G Q e such that \t q — t\ < 
e,i G Z and E || 71 :i+q - 71, j || p < e, q G Q £ , i G Z. Then, 


J3 


< 3 p ~ l E 


E II T (i-i*) llll 7i,*+9-7i,» 

P-1 


ti<t 


< 3 V ~^M V E 


E« 


<5(t — ti) 


J2e~ 5 ^ || 7i,*+ 9 - 7i, * ll P 

ti<t 


< 3 *" 1 W £ || 7l , j+g - 714: 

M;<i x 


< 


3 p~ 1 MP£ 

(1 - e~ Sa ) p ' 


Hence, F G AP T iR, L p iP, H)). 

Step 3. $ G PAP°iR,Lp[p,H)). 
In fact, for r > 0, one has 


G j" e 11 *(*) r* 




E 


Tit - s)g 2 is)ds 


E 


— OO 
rt 


dt 


Tit ~ s)f 2 is)dW (s) 


p 

dt 
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+3P 2 ~r E 


^2 T(t - 


ti<t 


dt. 


Then, by Holder’s inequality, we obtains that 


3 p-!_L [ E 

2 r 


T(t - s)g 2 (s)ds 


dt 


= 3 p-i / E 

2 r 


T(s)g 2 (t - s)ds 


dt 


< 


1 r r / \ p — 1 r°° 

3P- 1 M p — J (J e~ Ss ds ) J e~ Ss E || g 2 (t - s) f dsdt 

OO \ p— 1 n OO 1 nr 

e~ 5s ds j J ' e~ Ss ds — J E || g 2 (t - s) f dt. 


= 3 p~ l M p 


By Holder’s inequality and the Ito integral, we have for p > 2, 


3 p-!± f E 

2 r 


T(t — s)f 2 {s)dW (s) 


dt 


= 3 p-i — / E 


2 r 


T(s)f 2 (t - s)dW(s) 


dt 


1 


< 3 p ~ l C n — / E 


2 r , 


— r l_ -'O 


< 3 P ~ 1 M P C„ 


2 r , 


e- 2s || / 2 (* - ») Hio ds 

P-2 

e~^ Ss ds 


p/2 


dt 


— r \ •/ 0 


noo 

x / e~i 5s E || f 2 (t - s) ||£o dsdt 
do 2 


= 3 p ~ l M p C v 


-E=lSs, 
e v ds 


e~% Ss ds 


X ^/ ^ II / 2 (i- Hl° ^ 


For p = 2, we have 


3 

2r 




T(t-s)/ 2 (s)dfF(s) 


2 

dt 


-i /»r /»oo 

< 3M 2 - J J e~ 2s E || f 2 (t - s) || l o dsdt 


= 3 M 2 


C e -' 2 “ da )iL EIMt 



Since g 2 G PAP^(R,L P (P,H)), f 2 G PAP°(R,L P (P,L%)), it follows that g 2 {-~ 
s) G PAP$(R, L P (P,H)), / 2 (- - s) G PAP°(R,L P (P,L%)) for each s G R by 
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Remark 2 . 1 , hence 


qp— 1 J_ 
2 r . 


E 


T(t - s)g- 2 (s)ds 


dt —y 0 as r 




E 


T(t - s)f 2 (s)dW(s) 


dt —y 0 as r 


oo 


for all s £ R. 

For a given i £ Z, define the function v(t) by v(t) = < t < U+i, 

then 


lim E || v(t) f 

t — > OO 

= lim E || T(t - U)^ r< lim M p e~ pS( - t ~ t ^ sup E || ^ f = 0 . 

t — ^oo t — >oo z£Z 

Thus v G PC^(R 1 L P (P, H)) C PAP°(R,L P (P,H)). Define v 1 : R -y L P (P,H) 
by 

(t) T{t ti—j)^f 2 ,i—j , tj, <C t ^ G ./V. 

So Vj G PAPj,(R, L P (P, H)). Moreover, 

e ii v d (t) r 

= £|| T(t-U r 

< M P e -p 5 (t-i i -D S upF;|| 7 2ii f 

iez 

< M*e- pS{ t- u) e t ’ pSai sup E || 727 || p . 

igZ 


Therefore, the series Y^JLo v j is uniformly convergent on i?. By Lemma 2 . 2 , one 
has 

OO 

E T[t - U) 72,* = ^ vj(t) G PAP°(R, L P (P, H)), 

ti<t j=0 


that is 


3 P 


-il 

2 r 


£ 


^T(t-t i )7 2 , i 


t;<t 


dt -y 0 as r — > 00. 


Using Lebesgue’s dominated convergence theorem, we have $ G PAP^,(R, 
L p (P,H)). 

Finally, to prove that x satisfies (6) for all t > s, all s G R. Fix a,cr ^ ti,i G 
Z , we have 


x(a) = f T{<7 — s)g(s)ds 

J — OO 

+ f T(a - s)f(s)dW(s) + ^2 T ( a ~ Ehi- 

j — OO 4. ^ - 


ti<cr 
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Since {T(t) : t > 0} is a Co-semigroup, we have for al \t £ R 
x(t) 

= f T(t - s)g(s)ds + f T(t - s)f(s)dW(s) + ") ^T(t- U) % 

J — oo J — oo +.^+ 


ti<t 


/ <T P<J 

T(t — s)g(s)ds + T(t — s)f(s)d,W (s) + ^ T(t - U)^ 
-OO •'-oo ti<cr 

+ f T(t - s)g(s)ds + f T(t- s)f(s)dW(s) + ^ T(t-ti) 7 * 

G •' Cr (7<ti <t 

= T(t — cr)x(a) + f T(t — s)g(s)ds + f T(t — s)f(s)dW(s) 

J a J a 


+ 


CT<ti<t 


Hence x £ PAPt(R, L P (P, H)) is an p-inean piecewise pseudo almost periodic 
mild solution to system (4)-(5). This completes the proof. 

Now, we establish the existence theorem of p-inean piecewise pseudo almost 
periodic mild solutions to partial impulsive stochastic differential equation ( 1 )- 
(2). For that, we make the following hypotheses: 

(HI) A is the infinitesimal generator of an exponentially stable Co-semigroup 
(T(t) : t > 0}. Moreover, T{t) is compact for t > 0. 

(H2) The functions g £ PAP T (R x L P (P, K), L P (P, H)), f £ PAP T (R x L P (P , 
K), L P (P, L®)), and for each t G R, ipi,^ € L P (P,K) : 

E II || p +E || f{t,ip 2 ) || p „< A (E || ipi 1^2 || p ), 

where A is a concave and continuous nondecreasing function from R + to 
R + such that A(0) = 0, A(s) > 0 for s > 0 and f Q+ = + 00 . 

(H3) For any (3 > 0, there exist a constant g > 0 and nondecreasing continuous 
function 0 : R + — > R + such that, for all t G R, and x G L P (P,K) with 
E\\x\\ p >g, 

E II g(t,x) \\ P +E || r L0 </3e(E\\x\\ p ). 


(H4) The functions /, G PAP(Z, L P (P, H)), and for each t G R, G 

L P (P, H),i G Z, 

E || 7*^1) ^ IM || p < HE || </>i - ^2 || p ), 

where A, are concave and continuous nondecreasing functions from R + to 
R + such that A.j(0) = 0, A*(s) > 0 for s > 0 and f Q+ = + 00 . 
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(H5) For any (3 > 0, there exist a constant g > 0 and nondecreasing continuous 
function 0; : R + — > R + ,i € Z , such that, for all t G R, and x € L P (P, H) 
with if || x || p > g, 

e ii ii{x) r< ^{e ii x m. 

Definition 3.2. An T t -progressively measurable process {x(<)} t6 A is called a 
mild solution of system (l)-(2) if for any t G R,t > a, a ± ti,i G Z, 

x(t) = T(t — a)x(a) + f T(t — s)g(s,x(s))ds 

J <7 

+ f T(t - s)f(s,x(s))dW(s) + ^2 T(t-ti)Ii(x(ti)). (8) 

^ cr<ti<t 

Theorem 3.2. Assume that assumptions (H1)-(H5) are satisfied. Then system 
(l)-(2) has a mild solution x € PAPt(R, L P (P, H)). 

Proof. Consider the operator ^ : PAPt(R, L p (P, H )) fl UPC(R, L P (P, H)) — > 
PC(R, L P (P, H)) defined by 

{Afx)(t)=f T(t - s)g(s,x(s))ds 

J — OO 

+ [ T(t - s)f(s,x(s))dW(s) + y^ T(t- ti)Ii(x(ti)), t € R. 

u<t 

We next show that 'F has a fixed point in PAPt(R, L p (P , H)) fl UPC(R, L P (P, 
H)) and divide the proof into several steps. 

Step 1. For every x G PAP T (R,L P (P,H)) n UPC(R,L P {P,H)), 'Fx G 

pap t (r, l p (p, h)) n upc(r, l p \p, h)). 

Let x(-) G PAP T (R,L p (P,H )) n U PC (R, L p (P, H)) , by (H2), (H4) and 
Lemmas 2.3, 2.4, we deduce that g(-, /(•, x(-)) G PAPt(R,L p (P,H)) and 

Ljixiti)) G PAP(Z,L P (P,H)) Similarly as the proof of Theorem 3.1, one has 
'Fx G PAP t (R, L p (P, H)) n UPC(R, L P (P , H)). 

Step 2. >F maps bounded sets into bounded sets in PAPt{L p (P, H)) fl 
UPC(R, L p (P,H)). 

Indeed, let r* > 0 and x G B r * ={xG PAP T (R , L P (P, H)) n UPC(R , L P (P, 
H)) : if || x || p < r*}. It is enough to show that there exists a positive constant 
C such that for each x G B r * one has E |j 4>x || p < C. Let (3 > 0 be fixed. By 
(H3) and (H5) it follows that there exist a positive constant g such that, for all 
t G R and x G L P (P, H) with E || x || p > g, 

if || g(t,x) \\ P +E\\ f(t,x ) \\ P L0 < (3Q(E \\ x \\ p ), 

E || ij(x) r< 130,(E \\ x \\ p ),i e Z. 

Let 

u = sup{E || g(t,x) || P ,E || f{t,x) ||^ 0 : E || x || p < g}, 

t£R 2 
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v x = sup {E || Ii(x) || p : E || x || p < p,}. 
teRAez 

Thus, for all t £ R and x £ L P (P , H), 

E || g(t, x ) f +E || f{t, x) \\ P L0 < pQ(E || * f) + u, (9) 

E II Ii(x) r< 0Qi(E II X m + Ui,i£ z. (10) 

Note that, for /3 sufficiently small, we can choose M* > 0 such that for p > 2, 


Ni[/3Q(M*) + u] + N 2 [p su PieZ 0i(M*) + is,] 

where N x = 3 + C p (^) V ^], N 2 = 3 p ~ l M p (1 _ e L {ct)p ■ For the case 
of p = 2, take iVi = 3M 2 [^ + ^], 7V 2 = 3M 2 (1 _ e l a - Q)2 ■ 

Let x £ B r *, and t £ R. By (HI), (9), (10), Holder’s inequality and the Ito 
integral, we have for p > 2, 


£ ii (**)(*) ir 

+3 P_1 £; 

+3 P_1 £; 


T{t — s)g(s, x(s))ds 


— OO 
/** 


/ T (t ~ s)f(s,x(s))dW(s) 

J — OO 

V 

y T{t ~ ti)ii{x{ti)) 

p- 1 / rt 


ti<t 
■t 


< 


3P- 1 M p ^ J e~ S(t - s) ds^ ^ J e-W-'^E || <?(s, *(*)) f dsj 


+3 p_1 C' d m p .e; 


+3 P ~ 1 M P E 


t \ p/2 

e -2S(t-s) || f( SiX ( s )) ||2 ds 

-OO / 


£< 

ti<t 




p - 1 


£< 

ti <t 


—8{t—ti ) 


ii wo) r 


< 


( J_ e~ s ^[pQ(E || *(«) f) + 

t P ~ 2 

+3 p ~ 1 M p C p ^J e-^ s{t - s) ds^J 

x(/ e-5 5(t - s) [/10(F; || x(s) f ) + i/]ds) 

+3 P ~ 1 M p {1 _J: Sa)p _ 1 ( £ e" 4 **"**^©^ || x(U) f) + 


< 3 P ~ L M P — [/?0(r*) + j/] + 3 p ~ l M p C p 


P~ 2 


p<5 / 


— [/3©(r*) + 1/] 
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+3 p ~ 1 M p 


1 

(1 - e~ 5a )P 


[/3 sup ©i(r*) + i/i ] := A- 

i€Z 


For p = 2, we have 


E || (tfaO(t) || 2 


< 3 M 2 4[/3©(r*) + H + 3M 2 -^-[/30(r*) + i/] 

id 

+3M 2 - -[/3sup0,(r*) + vi\ := A- 

(1 - e aa Y i( zz 


Take C = max{A, A}- Then for each x G B r *, we have E |j ^ x || p < C. 

Step 3. T : PAP T (L P (P, H)) n UPC(R 1 L P (P, H)) -> PAP T (L P (P, H)) n 
U PC (R, L p (P, H)) is continuous. 

Let {x^} C B r - with x ^ — > x[n — > oo) in PAPt(L p (P, H )) fl UPC(R , 
A P (P, if)), then there exists a bounded subset C A P (P, A') such that P(a;) C 
K,R(x n ) C iv,n G AT. By the assumption (H2) and (H4), for any £ > 0, there 
exists £ > 0 such that or, y G K and E \\ x — y \\ p < ^ implies that 

E || g(s, x(s)) - g(s, y(s )) || p < £ for all t G R, 

E || f(s,x(s)) - f(s,y(s)) f L o< £ for all t G R, 

and 

E || Ii(x) - h{y) f < £ for all i G Z, 

For the above £ there exists no such that E || x^ n \t) — x(t) || p < £ for n > no 
and t G P, then for n > no, we have 

E || g(s, x^ n \s)) — g(s, x(s)) || p < e for all t G R, 

E II f(s,x {n \s)) - f(s, x(s)) f L0 < £ for all t G R, 

^2 


and 

E || J 4 (*<">) - Ii (x) || p < £ for all i G Z. 

Then, by (H2), (H4) and Holder’s inequality, we have that for p > 2, 

P|| (W”))(t) -(**)(*) || p 


< 3 P-1 A 
+3 P_1 A 
+3 P_1 A 

< 3 p^MP 


— OO 

rt 


T(t~ s)[g(s,x {n \s)) - g(s,x(s))]ds 
T(t - s)[f(s,x {n) (s)) - f(s,x(s))]dW(s) 


T(t - U)[Ii(x w (U)) - Ii(x(U))] 

ti<t 

ft \ P - 1 

/ e- 5(t - s) ds 

J — OO 
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x(/_ e -' 5 ( t -s)£! || g(s,x( n \s)) — g(s,x(s)) f 

+3 P ~ 1 C P M P ^ J * e~ 2S ^E || /(«,*<">(«)) - f(s,x(s)) |||o ds 


+3 P ~ 1 M P E £ 


0 —8(t—ti) 


x ii /i(* (n) (*<)) -/<(*(*<)) r 


/ e-^-^dsVe 


+3 P_1 C P M P ( / e-^ s{t ~ s) ds 


e 2 5(4 s) ds |£ 


+3 P-1 M P 


(1 - e ~ Sa ) p - 


PE 




< 3 P ~ 1 M P — + C, 


p- 2 

p-2\ 2 2 


/ p<5 (1 — e~ Sa ) p 


For p = 2, we have 


£|| (T;C (n) )(f)-(Tx)(f) 

<3M 2 fi + ^- + - 


- |_<5 2 2d (1 — e _,5 “) 2 J °" 

Thus T is continuous. 

Step 4. T maps bounded sets into equicontinuous sets of PAPt{L p (P, H)) fl 
UPC(R, L P (P, H)). 

Let ti,T 2 G (U,ti+i),i G Z,T\ < t 2 , and x G B r ». Then, by (HI), (9), (10), 
Holder’s inequality and the Ito integral, we have for p > 2, 

E || (4'2’)(t 2 ) - (T.t)(ti) || p 

<3 P ~ 1 E j T(t 2 — s)g(s, x(s))ds — f T(ti — s)g(s, x(s))ds 

+3 p ~ l E f 2 T(t 2 - s)f{s, x(s))dW(s) 

J — OO 

-[ T(n - s)f(s,x(s))dW(s) 

p 

+3 P_1 F; ^ T{t 2 - ti)Ii{x{ti)) - ^ T ( r 2 - U)Ii(x{ti)) 


<& p X E f T(ti - s)[T(t 2 - Ti) - I]g(s,x(s))ds 

J — OO 
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+6 P 1 E\ / T(t 2 - s)g(s,x(s))ds 


+6 p ~ 1 E / T( n - s) [T(r 2 - n) - I\f(s, x(s))dW(s ) 


+6 p - 1 £ / T{t 2 ~ s)f{s,x{s))dW{s ) 


+3 p " 1 t; 53 T(n - ^)[T(r 2 - n) - 7]/^)) 


< 6 P ~ 1 M P || T(t 2 - n) - I 


\\ p ( [ 1 e - i(Tl - s) dsV 


X (/ Tl e ”' (Tl_S)jB II f^) 


+6 p ~ 1 M p ( / e-^ T2 - s) ds 


x( / e 5(T2 s) 7; || ^(s,a;(s)) || p (is 


+6 P “ 1 M P C' p £; / g-2<5(r i -s) || T ( T2 _ Ti ) _ j 


X II f(s,x(s)) ||% (is 


+6 p - 1 M p C' p T;[ r e -^(r 2 -s) || /( S);E ( S )) ||2 o ds Y 
+3 p ~ 1 M p || T(t 2 - ti) - 7 f f 5Z e _,5(Tl_t ‘ ) y 

' ti <T± ' 

x ( E e-^-^EWIMU)) r) 

' ti <Tl ' 

< 6 P_1 A7 P || T(t 2 - ri) - / || p ( [ 1 e-^-^dsV 


x ( / e- 5(Tl - s) [/30(7; || x(s) || p ) + i/]ds 


/ /-T2 \P~1 

+6 P_1 M P ( / e~ s( ' T2 ~ s ^ds ) 


x ( / e- 5 ^ 2 -^ [/30(7; || ®(a) || p ) + i/]ds 


+6 P ~ 1 M P C P || T(t 2 - n) - / f ( / e-^^ Tl ~ s) ds 
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e -f5(n-s)f^p 


+6 P ~ 1 M P C V 


e -f <5 (t 2 -s) 


II x(s) || p ) + v\ds 

P-2 

^S(r 2 -s) di 
[/3@(E || x(s) || p ) + v\ds 


+3 P ~ 1 M P || T(t 2 - n) - I f ( e~ s{Tl ~ u A 

' ti<T l ' 


P-1 


E 


x I > e 

' ti<Tl 


-S(t 


[/3©,(£; || sfe) n + ^i] 


< || T(t 2 - n) - I r ^[/3©(r*) + v\ 


+6 p - 1 M p ( / e-^ T2 - s) ds) \/3Q(r*) + u\ 


S p 

P 


+6 P ~ 1 M P C P || T(t 2 - n) - / 


+6 p - 1 M p C'J / e-^ S(T2 ~ s) ds 


P 2 \ P l[pe {r * ) + u] 


pS ) pd 

P — 2 


x(/ e 2 5 ( T2 [/30(r*) + i/] 

+3 P_1 M P || T(r 2 - n) - J 


(1 - e~ Sa ) p 


[ P®i(r*) + vi]. 


For p = 2, we have 


^ II (^(^-(^(n)) || 2 

< 6 M 2 || T(r 2 - n) - 7 II 2 E[^©(r*) + !/] 

+6M 2 ^ £ 2 e _,5(T2 " s) ds^ [/?©(r*) + i/] 

+6M 2 || T(r 2 - n) - 7 f ^[/?©(r*) + v] 

+6M 2 ^ jf 2 e - 25(T2 - s) ds^ [/3©(r*) + j/] 

+3M 2 || T(t 2 - n) - 7 f (1 _ g- 5 a) 2 [/^©i( r *) + *i]- 

The right-hand side of the above inequality is independent of x £ B r * and 
tends to zero as r 2 — > n, since the compactness of T(f) for t > 0 implies imply 
the continuity in the uniform operator topology. Thus, T maps B r * into an 
equicontinuous family of functions. 
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Step 5. V(t) = {(4 ’x)(t) : x £ B r , } is relatively compact in L P (P,H) for 
each t £ R. 

For each t £ R, and let £ be a real number satisfying 0 < £ < 1. For x £ B r • , 
we define 




- rt-e 

= T(e) / T(t — e — s)g(s,x(s)ds 

. J — oo 

/ t—e 

T(t - £ - s)f(s,x(s)dW(s) + y T(t — e — ti)Ii(x(ti)) 

'OO _ 

= T (£)[(■$> x)(t - e)\. 


ti<t — £ 


Since T(t)(t > 0) is compact, then the set V e (t) = {(4' E a;)(t) : x € B r .} is 
relatively compact in L P (P , H) for each t £ R. Moreover, for every x £ f? r *, we 
have for p > 2, 

e ii (tt*xi)-(* ea o(t) r 


< 3 p^E 
+3 P ~ 1 E 
+3 P ~ 1 E 


T(t — s)g(s, x(s))ds 


I T(t — s)f(s,x(s))dW(s) 

t — £ 

y T(t - ti)ii(x(ti)) 

p- 1 / r* 


t — £<ti<t 
't 


< 


3?- 1 M p ^J e-^-^ds^ e-W-'^E || g(a,x(s)) f ds 


+3 p ~ l C p M p E 
+3 P ~ 1 M P E 


0 —2S(t—s) 


' t—£ 


f(s,x(s)) \\ 2 l o ds 


p/2 


E 

t — £<ti<t 




P-1 


< 


x y e - 4 (*-**) ii imu)) r 

' t-e<ti<t 

3 P ~ 1 M P ^ e-W- s )d s y 


0 —S(t—s ) 


[/3Q(E || x(s) || p ) + v]ds 


' t — £ 


t p ~ z 

+3 P ~ 1 C P M P ^ e-^ 5{t - s) ds^j 

x(jf e-i s{t ~ s \/3Q(E || x(s) f ) + u]da 
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< 


+3 p ~ 1 M p ( £ e_<5(t_ti) 

' t-£<ti<t 

£ \\x t (u) wn + u,} 

-£<ti<t 

3 e-W-^dsY [/3©(r*) + v\ 


+3 P ~ 1 C P M P 


£**(*-') <H 


x(jf e-^(*-*)^[/j©(r*) + l /] 


+3 P " 1 M P ( £ 


0 —8(t—ti ) 


t — £<ti<t 


[P sup ©j(r*) + 1/1 ]. 
iez 


For p = 2, we have 

£ II (*aO(i) -(***)$ f 

< 


3M 2 ^ e-W-'ldsj [/3G(r*) + v\ 
+3M 2 ^ y e -2<5(t- s )£j [/3©(r*) + i/] 


+3M 2 ( £ 


0 s (t-ti) 


t — £<ti<t 


[/3sup©j(r*) + u{\. 

i£Z 


Therefore, letting e — > 0, it follows that there are relatively compact sets V e {t) 
arbitrarily close to V(t) and hence V(t) is also relatively compact in L P (P,H) 
for each t £ R. Since {'Fx : x £ f? r .} C PC®(R, L P {P , H)), then {Tx : x € B r *\ 
is a relatively compact set by Lemma 2.5, then T is a compact operator. 

Step 6. We now show that there exists an open set U C PAP T {L P {P , H)) n 
U PC (i?, L p (P, H)) with x ^ 'Fx for A £ (0, 1) and x £ dU. 

Let A £ (0, 1) and let x £ L P (P, H ) be a possible solution of x = A’F(x) for 
some 0 < A < 1. Thus, for each t £ R, 


x(t) = A(\Fx)(t) 

= A f T(t — s)g(s,x(s)ds + A f T(t — s)f(s,x(s)dW(s) 

J — oo J — oo 

+A £ T(f - ti)Ii(x(ti)). 

ti<t 

Then, by (HI), (9), (10), Holder’s inequality and the Ito integral, we have for 
P> 2, 

e ii x(t) r 
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< 3 p - 1 M p -^[ ( 0©(sup£; || *(*) m+x/] 

0 p seR 

P - 2 

+3 r-'C p Mp(^-pj P -|[/?0(sup E || x(s) f) + v\ 

+3?- 1 M* 1 tfQiiE || x(t z ) f) + i/,]. 

For p = 2, we have 

E || x(t) || 2 

< 3M 2 ^-[(3Q(swp E || a;(s) || 2 ) + v] 

0 seR 

+3M 2 ^-[/?0(supE || x(s) || 2 ) + v\ 

+3 M* 1 2 \pei(E II X(U) II 2 ) + ^]. 

Taking the supremum over t, we have for p > 2, 

sup-E || x(t) || p 
teR 

< 3 p_1 M p -^[/3©(sup£J || x(s) IH+x/] 

<J p seR 

p — 2 

+3 ^CpMP^pj P ^[/30(sup E || x(s) f) + x/] 

+3 P ~ 1 M P — 1 5a , [PQi{supE || x(s) f) + v x \. 

— e seR 

For p = 2, we have 

supE || x{t) || 2 
teR 

< 3M 2 [/30(sup E || x(s) II 2 ) + v] 

o seR 

+3M 2 - 1 - [/3©(sup E || x(s) || 2 ) + v\ 
eO seR 

+ZM 2 7T ^z^w[/30i(supE || x(s) II 2 ) + I/l]. 

(1 - e 0a ) z seR 

Therefore, we have for p > 2, 

II * Ifc <x 

iVi[/30(|| x ||So) + v\ + iV 2 [/?sup ieZ 0 i (|| x ||So) + vx\ 

where Ni = 3 p ~ 1 M p [j ¥ + C p (^) V ^], N 2 = 3 p ~ 1 M p (1 _ e I <a)p . For the case 
of p = 2, take TVi = 3M 2 [^ + ^], iV 2 = 3M 2 (1 _ e l io)2 ■ Then, by (11), there 
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exists M* such that || x M*. Set 

U = j® € PAP T {R,L p {P,H)) n UPC(R, L P (P, H)) :|| x ||p,) < M* 

As a consequence of Steps 1-6, it suffices to show that \F : [/ — » PAPt(R, L p (P, 
H)) fl UPC(R, L P (P, H)) is a compact map. From the choice of U, there is no 
x £ dU such that x £ A 'Fa; for A £ (0, 1). By Lemma 2.6, we deduce that 'F has 
a fixed point x £ U. The proof is complete. 


4 An example 

Consider following partial stochastic differential equations of the form 

d 2 

dz(t, x) = — — 7 zz(t, x)dt + zu\ (t, z(t, x))dt 
ox 2 

+w 2 (t,z(t,x))dW(t),t £ R,t^U, i £ Z, x £ [0,7r], (12) 


A z(ti,x) = 0iz(ti,x), i £ Z,x £ [0,7r], (13) 

z(t, 0) = z(t, 7r) = 0, t £ R, (14) 

where W (t) is a two-sided standard one-dimensional Brownian motion defined 
on the filtered probability space (Cl,P,P,P t ). In this system, /% £ PAP(Z, R), 
ti = i+ 1 1 sin i + sin y/2i \ , {^},i £ Z,j £ Z are equipotentially almost periodic 
and a = ini ie z(ti+i — U) > 0, one can see [21] for more details. 

Let H = L 2 ([0,7t]) with the norm || • || and define the operators A : A(D) C 
H — > H by Av = v" with the domain D(A) := {v £ H : v" £ H,v(0) = 
v(t r) = 0}. It is well known that A is the infinitesimal generator of an analytic 
compact semigroup T(t ) on H and || T(t) ||< e _t for t > 0 with M = S = 1. 
Furthermore, A has a discrete spectrum with eigenvalues of the form —n 2 ,n £ N 
and normalized eigenfunctions given by v n (£) := (f ) 5 sin(n£). In addition, the 
following properties hold: 


(a) The set of functions {v n : n £ N} is an orthonormal basis for H\ 

(b) For v £ H, T(t)v = exp(-n 2 t)(v, v n )v n , and Av = E^=i n2 ( v > v n) 

v n , v £ D(A). 

Taking 

S , (i,V’)(-) = 

= ®2(f,^(L)), 

and 

-liW(-) = i&Z. 

Then, the above equation (12)-(14) can be written in the abstract form as the 
system (l)-(2). 
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From Theorem 3.2, it follows that the following proposition holds. 
Proposition 4.1. Let mi, m 2 satisfy (H2)-(H5), then system (12)-(14) has an 
p-mean piecewise pseudo almost periodic mild solution on R. 

In the above example, we can take 

vui(t, z(t, •)) = fci[sint + sin V%t + l(t)\z(t, •), 

mi (t, z(t, •)) = fc 2 [sint + sin V%t + l(t)\z(t, •), 

and 

f3iz(ti, •) = Ci [sin i + sin \/2i + l(i)]z(U, •), i e Z , 
where kj > 0, j = 1, 2, 3, and Cj > 0, i G Z, l G UPC{R 1 R) defined by 


m = 


0, for t < 0, 

e _t , for t > 0. 


From [3], sint + sin \f2t is almost periodic. On the other hand, 


1 

2r 



\l(t)\ p dt 



1 

2r 



1 l-e~ pr 

2 r p 


Consequently 

lim [ \l{t)\ p dt = 0. 

i — >oo 2 r J _ r 

Then, all conditions in Theorem 3.2 are satisfied. Hence, the system (12)-(14) 
has an p-mean piecewise pseudo almost periodic mild solution. 
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Abstract In this paper, we investigate the eventual periodicity of the following 
max-type system of difference equations 


x n = max 
y n = max 



“‘"P-sb}}. 


n = 0 , 1 , 2 ,--- , 


where a,/3 G (0, +oo), m,s,r,t € {1,2,- ••} with r yf rn and t / 

s. We show that every solution of this system with the initial values 
2 /_d, - - • , G (0,+oo) is eventually periodic with period 

m + s, where d = maxfm, s, r, t}. 

Keywords: System of difference equations; Solution; Eventual periodicity 

Mathematics Subject Classification: 39A10; 39A11. 


1. Introduction 


Recently, there has been a great interest in studying difference equations and systems. A 
class of difference equations that has attracted recent attention is the class of, so called, max- 
type difference equations and and systems(see, e.g., [1-14,17,21-24]). On the other hand, some 
concrete classes of nonlinear systems of difference equations have also attracted some recent 
attention (see, e.g., [15,16,18-20, 25]). 

In 2012, Stevie [15] obtained the general solution of the following max-type system of differ- 
ence equations 


x n+1 =inax|^,^}, 

y n+ i = max{^|}, 


n G N 0 = {0, 1,2, - - -}, 


( 1 . 1 ) 


where a G M + = (0,+oo) and the initial values xo,yo £ [a, -foo) and yo/xo > max{a, 1/a}. 


In 2015, Yazlik et al. [25] studied the following max-type system of difference equations 


* Project Supported by NNSF of China (11461003) and NSF of Guangxi (2014GXNSFBA1 18003) 

* Corresponding author: E-mail address: 12928w@163.com 
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(1.2) 


x n + 1 = max l -Kmin j 1, ^ 1 1 

} : } ne No, 

y n+ 

where a G M+ and the initial values xo,i/o ^ ®+> an d obtained in an elegant way the general 
solution of (1.2). 

Motivated by aforementioned papers, in this paper, we investigate the eventual periodicity 
of the following system of difference equations 


x - = max {^b’ min { 1 ’^}}’ 


y Vn 

Vn = max \ — ! - 




YU nGNo 


(1.3) 


where a, /3 G M+, m, s, r, t G N with r / m and t ^ s and the initial values X-d, y~d , %-d+i , V-d+i, 
• • • , x-i, u-i G M+ with d = max{m, s, r, t}. The main result of this paper is the following the- 
orem. 

Theorem 1.1 Let a > 0 and j3 > 0. Then every solution {(x n , y n )}n>-d with the initial 
values X-d,y~d,X-d+hy-d+i, • • ■ , G M+ of system (1.3) is eventually periodic with 

period m + s. 


2. Proof of Theorem 1.1 


In this section, we will discuss the periodicity of solutions of system (1.3). Let {(x n , y n )}n>-d 
be a solution of (1.3) with the initial values X-d , y~d, X-d+i,y~d+i, ■ ■ ■ , x~i, y~i G M+. Write 



It is easy to see that A n < 1 and B n < 1 for any n G No. The main result of this paper is 
established through the following lemmas. 

Lemma 2.1 The following statements are true. 

(1) x n y n —m > 1 (resp. y n x n -s > 1 ) for all n G N 0 . 

(2) x n < rna x.{x n - m - s , An} (resp. y n < max{y n _ m _ s , B n }) for all n > d. 

(3) If x n = 1 / y n —m (resp. y n = l/x n - s ) for some n > d, then x n < x n _ m _ s (resp. y n < 
Vn—m—s ) • If %n — -^-n I / Utl — m (l*6Sp. yn — -^n ^ 1 j %n — s) for SOI11G Tt ^ d , tllGIl 3Cn ^ 
%n—m—s (resp. y n > y n 

—m—s)' 

Proof (1) It follows from x n > l/y n -m (resp. y n > l/x n _ s ) that x n y n - m > 1 (resp. y n x n -s > 
1) for all ra G No . 

(2) Since y n - m x n - m - s >1 (n > rn), one know that for all n> d, 

x n = max { — — — , A n \ < max{x„_ m _ s , A n }. 

f Vn—m^n—m—s ' 

The other case is treated similarly, which detail is omitted. 

(3) If x n = A n > 1 /yn—m for some n > d, then combining (1.3) with A n < 1 and f? n _ m < 1 
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one know that 

1 <C x n y n — m — max/ — } x n B n — m \ 

l Xfi—ui—s ) 

— max | , A n B n _ m 1 

L X n —m—s ' 

_ %n 

5 

%n—m—s 

which implies x n > x n - m - s . If x n = 1 /y n - m for some n > d, then by y n - m x n - m - s > 1 (n > m) 
one know that 

%n—m—s ^ 

%n — _ %n—m—s • 

yn—m%n—m—s 

The other case is treated similarly, which detail is omitted also. This completes the proof of 
Lemma 2.1. 

Lemma 2.2 Let N, k,l €. N (l > 2) such that the following statements hold. 

(1) Xjy_ j 4.AT+(m+s)/i ^ ^- / V N+{m+s)^i—m for every /.t G \k : k H- l }. 

(2) X A r+(m+ 5 )/i = l/2/Ar+(m+5) M -m for every \± G {k + 1, • • • ,k + l - 1}. 

Then 3?7V+(m+s)/c *r_/V+(m+s)(/c+l) * % N-\-(m-\-s)(k+l— 1) ^ • 

Proof Combining the conditions (1) and (2) with Lemma 2.1 (3), one know that Xjv+(m+s)pt+i) < 
x 7V+(m+s)M for every n G {fc, • • • , /c + i — 2} and xjv+( m+s ) M > XAr+(m+a)(/x-i) for ever y M € 
{*,* + *}■ 

Assume on the contrary that X/v+(m+s)(/H-i) < ®AT+(m+s)/i f° r some k<y<k + l — 2. Then 
by ^4A r +(m+s)fc-®A r +(»n+s)(/i+i)— m — f one know that 

*^A r +(m+s)fc ^■A r +(»n+s)fc — •^A r +(m+s)^t 

> Xjv+(m+s)(/i+l) 

1 

yN+(m+s)(fi+l) —m 

i 

maX { ^ +( 1 +S)M ’ B N+(m+s)(»+l)-m} 

1 

— 1 

%N+(m+s)[i- 

A contradiction. This completes the proof of Lemma 2.2. 

In a similar fashion as in the proof of Lemma 2.2, we can obtain the following Lemma 2.3. 
Lemma 2.3 Let N, k,l G N (l > 2) such that the following statements hold. 

(1) V N+(m+s)ii N+(m+s)fi ^ % N+(m+s)/j,—s for eveiy fJ, G {fc, k T ^}- 

(2) yjv+(m+s)/z = l/x N+{m+s) ^_ s for every n G {k + 1, • • • k + l - 1}. 

Then 1//V-|-(m-f-.s)fc 2/7V+(m+s)(fc-|-l) ' yN+(m+s)(k+l— 1 ) 2/iV+(m-|-s)(fc-|-£) • 

By Lemma 2.2 and Lemma 2.3 and Lemma 2.1 (3) one obtain the following Lemma 2.4. 
Lemma 2.4 Let K, L G N. 
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(1) If 1 / y K+(m+s)iJ,—m (l6Sp. V K+{m+s)^i ^-/•^N+(m+s)fj,—s) fol all M then 

x N+{m+s)tl (resp. VN+tm+s)^) is nonincreasing eventually. If (1 >) x N+(m+s)fl = A N+(m+s)fl > 
1 / V N+(rn+s)[i— m (resp. (1 J/n+(m+s)/U -®/V+(m+s)// ^ f jV+(m+s)//— s) fol all /i > -L, then 

X7v+(m+ s ) M (resp. VN+im+s)^) is increasing eventually . 

(2) If x N+{m+s)tl (resp. y N +{m+s)n) is nonincreasing eventually and x N+{xn+s)fl < 1 (resp. 
VN+im+s)^ < 1) for all n > L, then x N+ ( m+s)fl (resp. y N +{m+s )/J is a constant sequence 
eventually. 

(3) If there are two sequences of positive integers {p n } and { ^ „ } with 1 < p\ < q\ < p 2 < 
<72 < • • • < Pn < Qn < • • • such that for every p n < k < q n , 

1 1 

%N+(m-\-s)k ■ // ^N-\-(m-\-s)k (resp. £/_/V+(m+s)/c N-\-(m-\-s)k ^ ) 

V N -\-(rn-\-s)k—m %N-\-(m+s)k—s 

and for every p n < k < q n +i, 

%N+(m-\-s)k (resp. 2/_/V+(m+s)/c ) ? 

V N -\-(m+s)k—m % N-\-(m-\-s)k—s 

then x N+ ( m+s)fl (resp. y JV+ ( m+s ) /U ) is nondecreasing eventually and x N+ ( m+s)/1 < 1 (resp. 
yN+(m+s)n < 1) eventually. 

Proof (1) It follows from Lemma 2.1 (3). 

(2) Noting that l/x N+ ( m+s)/1 > 1 > B N+ ( m+s)fl+s eventually, we have 

r 1 d t _ 1 

2/7V+(m+s)^H-s max| 5 J 

%N+(m-\-s)n %N+(m-\-s)/j, 

eventually. Thus yN+(m+s)n+s is nondecreasing eventually. On the other hand, we know from (1) 
that yN+( m +s)»+s is nonincreasing eventually. Thus yN+(m+s)n+s and x N+{m+s)il are constant 
sequences eventually. The other case is treated similarly. 

(3) Combining Lemma 2.1 (3) with Lemma 2.2 one know that xjv+(m-i-s)(fc-i) < x N+(m+s)k 
for every p n < k < q n and a;jv+(m+s)(fc-i) = x N+ ( m+s)k for every q n < k < p n+ 1. Thus 
{xjv+(m+s)/i}/*>pi is nondecreasing and Xjv+(m+s)/x < 1 eventually. The other case is treated 
similarly, which detail is omitted also. This completes the proof of Lemma 2.4. 

Now we give the proof of Theorem 1.1. 

Proof of Theorem 1.1 It need only to show that {x (m+s ) fc+i } fc >i and {y( m+s )k+i}k > l are 
constant sequences eventually for every i € {0, 1, ■ ■ • , m + s — 1}. 

Assume on the contrary that there is some 9 £ {0, 1, • • • , m + s — 1} such that {x( m+s )fc + 0}fc>i 
( resp. {y( m +s)k+d}k>i) is not a constant sequence eventually. Then by Lemma 2.4 we know 
that X( m+s ) k+e ( resp. y( m +s)k+e) is monotone eventually. 

We claim that xi m+s ^ k+ Q is nondecreasing eventually. Indeed, if xt m+s ^ k+ Q is nonincreasing 
eventually, then xt m+s \ k+ Q > 1 eventually and 

X( m+s)k+e = max | , A (m+s)fc+e ) = eventually. 

V (m+s)k+6—m ' V (m+s)k+0—m 
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Thus yi m +i >)k+9-m is nondecreasing eventually and y^ m+s ^ k+ Q_ m < 1 eventually. According to 
Lemma 2.4, there is a sequence of positive integers k\\ < k \2 < ■ • • < k\ n < ■ ■ ■ such that 

y(m+s)k\ n +9—m max ( y ^(m+s)ki n +9—m\ 

^ ■E(rn-\-s)k\ n +9—m—s ^ 

B(m+s)ki n +0—m 

P 

y(m+s)kin+9—m—t 

1 

> . 

■E (m+s)ki n +0— m— s 


From which we see that y( m + s )fc+0-m_t is nonincreasing eventually and yt m +s)k+9-m-t > 1 
eventually and 

2 t(m+s)k+B—m—t max/ ) -®(m+s)fe+0_m_t ^ y eventually. 

(m+s)k+6— m— t— s ■* (m+s)k+9—m—t— s 

Thus xi m .+s)k+9-m-t-s i s nondecreasing eventually and xr m+s -) k+ Q_ m _ t _ s < 1 eventually. Again 
according to Lemma 2.4, there is a sequence of positive integers An < A 12 < • • • < X\ n < ■ ■ ■ 
such that 


•E(m+s)\i n +6— m— t— s max s , A^ m _ |-s)Ai n -|-0— m— t— s ^ 

^ y (m+s)\\ n -\-Q —m—t— s—m ' 

J ^-(m J rs)\\ n -\-6—m—t—s 

a 

% (m-\-s)\i n -\-6—m—t—s—r 

1 

> . 

V {m J, r s)Xin-\-0 —m—t— s—m 

Therefore x^ m+s)Xln+e _ m _ t _ s _ r is nonincreasing eventually and X( m+s)Xln+e _ m _ t _ s _ r > 1 even- 
tually. Write uj = m + s + r + t. By induction, we may obtain that 

(1) For every 0<y<m + s-l, x (m+s)fc+0 _ #ia; = 1 /y{m+s)k+9-^-m is nonincreasing 
eventually and X( m+s)k+g 

— flUJ ^ 1 eventually, and y^ m +s)k+9 —fiuj—m—t 1 / %(m+s)k+9 — fiuj—m—t— s 

is nonincreasing eventually and yt m + s )k+9- k iw-m-t > 1 eventually 

(2) For every 1 < y < m + s, y( m +s)k+9-(ix-\)uj-in is nondecreasing eventually and 
y(m+s)k+9-U-i)oj-m < 1 eventually, and there is a sequence of positive integers /c /t 1 < k ^ 2 < 
• • • < k^n < • • • such that 


y(rn+s)k^ n +9— (fi— 1) oj — m 

{- i 

^ (m+s)k ti , n -\-9— (fi— 1 ) oj — m— s 


= max 
= B 


JD 

1 r> (m+s)k t j, n + 9 -(^—l)uj—m. 1 


> 


(rn+s)k tl „+9— (/i— 1 )oj— m 

P 

y{rn-\-s)k^ n -\-6—{fi—l)LJ—m—t 

1 

% (m+ s ) k^n +0 — ( /z— 1 ) lu — m — s 


(3) For every 1 < y < m + s, xi m+s \ k+ Q_i lx _i is nondecreasing eventually and 
X( m +s)k+9_(jj,-i)u_m-t-s < 1 eventually, and there is a sequence of positive integers A m i < A M 2 < 
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• • • < A^ n < • • • such that 


x (m+s)Xi_ Ln +9— (ju— 1 )oj— m— t— s 


1 


= max • 




"> -^■(m+s)X^ n +6 — (/j,— \)w— m— t— s ^ 


= A 


(m+s)Xf_i,n+9—(fi—l)uj—m—t—s 


a 


x (m+s)X lln +e-(fi-l)oj-uj 


1 


> 

y(m+s)X^. n +9—(ix—l)oj—m—t—s— m 

We may assume without loss of generality that k^n > A /tn > k ^ l+ > A^+pn for any 
1 < ft < m + s — 1. Furthermore, we can assume that 

1 


Ain max{fc < k\ n . x^ m j rS ^},j r Q_ rn _^_ s ^4(?n+s)fc-i-0— m— i— s > 

and for 2 < fi < m + s, 

kfj,n maxjfc < A^-gn . 2 /(m+s)fc+ 0 — (it— l)aj — m 


y(m+s)k+8—m—t—s—m 


-} 


= B 




*£(ra+s)fc+0— (/x— 1 )cj— m— s 


-} 


and 


/in maxjfc < kfj, n . 3^(m+s)fe+0— (/n_l)a i—m—t—s 


= A 


(m+s)k+8—(/i—l)uj—tn—t—s > 


1 


y(n).+s)fc+0— (it— 1 )oj— to— 1— s— r 


Then it follows from Lemma 2.2 and Lemma 2.3 that 


x (m+s)k ln +9 

1 


1 


y(m+s)ki n +9— m— t 


y(m+s)k\ n +9—m (m+s)k\ n +8— 

1 


P 


1 


X (m+s)\\n+0—UJ 


fix (jn-\-s)k\ n +Q— m— t— s fi x (rn-\-s)\\ ri J rQ—m—t—s ^fi 

1 1 y(rn+s)k2n J r6—u— rn '—t 


fiy(rn+s)\i n+Q—u—m ®'fiy(m-\-s)k2 n+O—LU—m 

i i 


(3 2 a 


x (m+s)X2n+0—2u 


f3 crx( m _|_ s )/j 2n _j_(9 

— c o—m—t—s fi^ OiX (tti+s) A 2 n +0—uj—m—t—s 

x {m+s)Xm+s,n+S-{m+s)u 


a 2 /3 2 


(. 0i(3) m+s 

Let linifc >30 X( m +s)k+6 = < ^ ) - Then <3? > 1. By taking the limit in the following relationship. 

^ _ x (m+s)X rn+Strl +6-(m+s)uJ 

x (m+s)k ln +0 ~ ( a/3) m+s 

as n — > 00 , we have $ = < f>/(a/3) m+ L Therefore aj3 = 1 and 


x (m+s)k\ n +8 x (m+s)Xm+s,n+9—(m+s)oj — x (m+s)(k\ n —l)+8 > x (m.+s)ki n +9 • 
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A contradiction. 

By the above claim we see that X( m +s)k+0 is nondecreasing eventually. Then x^ m+s ^ k+ Q < 1 
eventually and there is a sequence of positive integers Ai < A 2 < • • • < A n < • • • such that 


x (m+s)\„+9 

— ^4.(m+s)A n+9 


max | , 1 

^ y(m-\-s)\ n -\-0—m J 

a 1 

= > . 

x (m-\-s)\ n +9— r y(m+s)\ n +9—m 


Thus X( m+s )\ n+ g_ r is nonincreasing eventually and £( m +s)A„+0_r > 1 eventually. This contra- 
dicts to the above claim. 

Therefore, for every i € {0, 1, • • - , m + s — 1}, {xr m+s \ k+i }k>i is a constant sequence eventu- 
ally. In a similar fashion, also we can show that for every i € {0, 1, ■ ■ ■ , m+s— 1}, {y( m +s)k+i\k>\ 
is a constant sequence eventually. This completes the proof of Theorem 2.5. 
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On uni-soft implicative filters of .B .E-algebras 

Jung Mi Ko 1 and Sun Shin Ahn 2 ’* 

1 Department of Mathematics, Gangneung-Wonju National University, Gangneung, 25457, Korea 
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Abstract. The notion of uni-soft implicative filters of a BE-algebra is introduced, and related properties are 
investigated. The problem of classifying uni-soft implicative by their 7 -exclusive filter is solved. Also, as a gener- 
alization of uni-soft implicative filters, the foldness of uni-soft implicative filters are considered. Characterizations 
of uni-soft (n-fold) implicative filters are discussed. 


1. Introduction 

Kim and Kim [6] introduced the notion of a -BE 1 - algebra, and investigated several properties. 
In [2], Ahn and So introduced the notion of ideals in B E-algebras. They gave several descriptions 
of ideals in B E-algebras. 

Various problems in system identification involve characteristics which are essentially non- 
probabilistic in nature [11], In response to this situation Zadeh [12] introduced fuzzy set theory 
as an alternative to probability theory. Uncertainty is an attribute of information. In order to 
suggest a more general framework, the approach to uncertainty is outlined by Zadeh [13]. To 
solve complicated problem in economics, engineering, and environment, we can’t successfully use 
classical methods because of various uncertainties typical for those problems. There are three 
theories: theory of probability, theory of fuzzy sets, and the interval mathematics which we 
can consider as mathematical tools for dealing with uncertainties. But all these theories have 
their own difficulties. Uncertainties can’t be handled using traditional mathematical tools but 
may be dealt with using a wide range of existing theories such as probability theory, theory of 
(intuitionistic) fuzzy sets, theory of vague sets, theory of interval mathematics, and theory of 
rough sets. However, all of these theories have their own difficulties which are pointed out in [9]. 
Maji et al. [8] and Molodtsov [9] suggested that one reason for these difficulties may be due to the 
inadequacy of the parametrization tool of the theory. To overcome these difficulties, Molodtsov 
[9] introduced the concept of soft set as a new mathematical tool for dealing with uncertainties 
that is free from the difficulties that have troubled the usual theoretical approaches. Molodtsov 
pointed out several directions for the applications of soft sets. At present, works on the soft set 
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theory are progressing rapidly. Maji et al. [8] described the application of soft set theory to a 
decision making problem. Maji et al. [7] also studied several operations on the theory of soft 
sets. 

Ahn et al. [1] introduced the notion of an implicative vague filter in EE-algebras, and inves- 
tigated some properties of it. Jun et al. [4] introduced the notion of int-soft implicative filter of 
a £>X-algebra, and studied their properties. 

In this paper, we introduce the notion of a uni-soft implicative filter of a BE- algebra, and 
investigate their properties. We solve the problem of classifying uni-soft implicative by their 
y-exclusive filter. Also, as a generalization of uni-soft implicative filters, the foldness of uni-soft 
implicative filters are considered and discuss characterizations of uni-soft (n-fold) implicative 
filters. 


2. Preliminaries 


We recall some definitions and results discussed in [6]. 

An algebra (X; *, 1) of type (2, 0) is called a BE -algebra if 
(BE1) x * x — 1 for all x E X] 

(BE2) x*l = l for all x E X; 

(BE3) 1 * x = x for all x E X\ 

(BE4) x * (y * z) = y * (x * z) for all x,y,z E X ( exchange ) 

We introduce a relation “<” on a BE- algebra X by x < y if and only if x * y — 1. A non-empty 
subset S of a E E-algebra X is said to be a subalgebra of A" if it is closed under the operation 
“ Noticing that x * x = 1 for all x E X, it is clear that 1 E S. A BE - algebra (A"; *, 1) is said 
to be self distributive if x * (y * z) = (x * y) * (x * z) for all x,y, z E X. 

Definition 2.1. Let (X; *, 1) be a EE-algebra and let F be a non-empty subset of X. Then F 
is called a filter of X if 
(FI) 1 G E: ; 

(F2) x * y E F and x E F imply y E F for all x,y E X. 

Definition 2.2. Let (X; *, 1) be a EE-algebra and let F be a non-empty subset of X. Then F 
is called an implicative filter of X if 
(FI) 1 E /•; 

(F2) x * (y * z) E F and x * y E F imply x * z E F for all x,y,z E X. 

Proposition 2.3. Let (X; *, 1) be a BE-algebra and let F be a filter of X. If x < y and x E F 

for any y E X, then y E F. 
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Proposition 2.4. Let (X; *, 1) be a self distributive B E-algebra. Then following hold: for any 
x,y,z G X, 

(i) if x < y, then z * x < z * y and y * z < x * z. 

(ii) y * z < (z * x) * (y * z). 

(iii) y * z < (x * y) * (x * z). 

A BE- algebra (. X ; *, 1 ) is said to be transitive if it satisfies Proposition 2.4(iii). 

A soft set theory is introduced by Molodtsov [9]. In what follows, let U be an initial universe 
set and X be a set of parameters. Let &(U) denotes the power set of U and A, B,C,- ■ ■ C X. 

Definition 2.5. A soft set (/, A) of X over U is defined to be the set of ordered pairs 

(/, A) := {(x, f(x)) : x G X, f(x) G 0>{U)} , 

where / : X — > L?(U) such that f(x) = 0 if x ^ A. 

For a soft set (/, A) of X and a subset 7 of U, the 7 -exclusive set of (/, A) , denoted by (/; 7 ) , 
is defined to be the set (/; 7 ) := {x G A \ f(x) C 7 } . 

For any soft sets (/, X) and (g, X) of X, we call (f,X) a soft subset of (g, X) , denoted by 
(f,X) C (g,X) , if f{x) C g(x) for all x G X. The soft union of (/, X) and (g,X), denoted by 

(/, X) 0 (g, X) , is defined to be the soft set (/ 0 g, X) of X over U in which / 0 g is defined by 

(/ 0 g) (x) = f(x) U g(x) for all x G X. 

The soft intersection of (/, A") and (g, X) , denoted by (/, A") H (g,X) , is defined to be the soft 
set (/ fl g, M) of X over U in which f f)g is defined by 

(/ H g) (x) = fix) D g(x) for all x G M. 

3. Uni-soft implicative filters 

In what follows, we take a BE-algebra X, as a set of parameters unless specified. 

Definition 3.1. ([5]) A soft set (/, A") of X over U is called a union-soft filter (briefly, uni-soft 
filter) of X if it satisfies: 

(US1) (Vx G X) (/( 1) C fix )) , 

(US2) (Vx, y G X) (f(y) C f(x *y) U f(x)). 

Proposition 3. 2. ([5]) Every uni-soft filter (/, A") of X over U satisfies the following properties: 
(Vx, y G X) {x<y^ f(y) C f(x)). 

Definition 3.3. A soft set (f,X) of X over U is called a union-soft implicative filter (briefly, 
uni-soft implicative filter) of X if it satisfies (US1) and 
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(US3) (Wx, y,z G X ) (f(x * z) C f(x * (y * z)) U f(x * y)). 


Example 3.4. Let E — A" be the set of parameters where X : = {1, a, b, c, d, 0} is a BE- algebra 
([6]) with the following Cayley table: 


* 

1 

a 

b 

c 

d 

0 

1 

1 

a 

b 

c 

d 

0 

a 

1 

1 

a 

c 

c 

d 

b 

1 

1 

1 

c 

c 

c 

c 

1 

a 

b 

1 

a 

b 

d 

1 

1 

a 

1 

1 

a 

0 

1 

1 

1 

1 

1 

1 


Let (/, X) be a soft set of X over U defined as follows: 


f:X-> x 


N if x G {1, a, b} 
Z if x G {c, d, 0}. 


It is easy to check that (f,X) is a uni-soft implicative Liter of X. 


Proposition 3.5. Every uni-soft implicative filter of a B E-algebra X is a uni-soft filter of X. 


Proof. Let (/, X) be a uni-soft implicative Liter of X. Using (US3) and (BE4), we have 

f(x * z) C f(x *(y* z)) U f(x * y) 

=f{y* {x*z)) U f(x*y) 


(3.1) 


for any x,y,z G X. Putting x 1 in (3.1), we get f(z) = /(I * z) C f(y * (1 * z)) U /(I *y) — 
f(y * z) U f(y). Hence (US2) holds. Therefore {f,X) is a uni-soft Liter of X. □ 


The converse of Proposition 3.5 is not true in general as seen in the following example. 


Example 3.6. Let E = X be the set of parameters where X := {1, a, b, c} is a UE-algebra ([6]) 
with the following Cayley table: 


* 

1 

a 

b 

c 

1 

1 

a 

b 

c 

a 

1 

1 

a 

a 

b 

1 

1 

1 

a 

c 

1 

a 

a 

1 


Let (/, X) be a soft set of X over U Z dehned as follows: 


f:X-> &{U), x eA 


3N if x G {1, c} 
3Z if x G {a, b}. 


It is easy to check that (f,X) is a uni-soft Liter of X. But it is not a uni-soft implicative Liter 
of X , since f{b * c) = f(a) = 3Z ^ f{b * (a * c )) U f{b * a) = /( 1) = 3N. 
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We provide conditions for a uni-soft filter to be a uni-soft implicative filter. 

Proposition 3.7. Let X be a self distributive BE-algebra. Let (/, X) be a soft filter over U 
satisfying 

(yx,y,z G A 1)(f(y*z) C f(x* (y * (y * z))) U f(y*x)). (3.2) 

Then (f,X) is a uni-soft implicative filter over U. 

Proof. Since x * (y * z) = y * (x * z) < (x * y) * (x * (x * z)) = x * (y * (x * z)) = y * (x * (x * z)) 
for all x, y G X, we have f(x * (y * z)) D f(y * (x * (x * z))) by Proposition 3.2. Using (3.2), we 
have f(x * z) C f(y * (x * (x * z)) U f{x * y) C f(x * (y * z)) U f(x * y). Thus (/, A") is a uni-soft 
implicative filter over U. □ 

Theorem 3.8. Let X be a self distributive BE-algebra. Then the soft set (/, X) over U is a 
uni-soft, implicative filter of X over U if and only if it is a uni-soft, filter of X over U. 

Proof. By Proposition 3.5, every uni-soft implicative filter over U is a uni-soft filter over U. 

Conversely, assume that (/, A") is a uni-soft filter of X. For any x,y,z G X, using (US2) we 
have f(x * z) C f(fx *y) * (x * z)) U f{x * y) — f(x * (y * z)) U f(x * y). Hence (/, A") is a uni-soft 
implicative filter of X. 

For any element x and y of a HE-algebra X and positive integer n, let x n *y denote x * (■ ■ ■ * 
(x * (x * y)) ■ ■ ■ ) in which x occurs n times, and x° * y — 1. 

Definition 3.9. A soft set (/, A") of a HU-algebra X over U is called a uni-soft n-fold implicative 
filter of X if it satisfies (US1) and 

(US4) (Vz, y, z e X) (f(x n * z) C f(x n * (y * z)) U f(x n * y))) . 


Note that a uni-soft 1-fold implicative filter of a HU-algebra X is a uni-soft implicative filter 
of X. 


Example 3.10. Let E — A" be the set of parameters where X := {1, a, b, c, d, 0} is a transitive 
B E-algebra ([10]) with the following Cayley table: 


* 

1 

a 

b 

c 

d. 

0 

1 

1 

a 

b 

c 

d. 

0 

a 

1 

1 

b 

c 

b 

c 

b 

1 

a 

1 

b 

a 

d 

c 

1 

a 

1 

1 

a 

a 

d 

1 

1 

1 

b 

1 

b 

0 

1 

1 

1 

1 

1 

1 


Let (/, X) be a soft set of X over U defined as follows: 


f:X-> &{U), xe+ 


7 1 ifze{l, 6 ,c} 

72 if x G {a, d, 0 }, 
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where 71 and 72 are subsets of U with 71 C 72. It is easy to check that (/, X) is a uni-soft n-fold 
implicative filter over U. 

Theorem 3.11. Every uni-soft n-fold implicative filter of a BE-algebra X is a uni-soft filter of 
X. 

Proof. Taking x := 1 in (US4) and using (BE3), we have f(z ) C f[y * z) U f(y). Hence (f,X) is 
a uni-soft filter over U. □ 


The converse of Theorem 3.10 is not true in general as seen the following example. 


Example 3.12. Let E = X be the set of parameters where X := {1, a, b, c, d, 0} is a HE-algebra 
as in Example 3.10. Let (f,X) be a soft set of X over U defined as follows: 


f :X ^ 0*(U), xey 


71 if x — 1 

72 if x £ {a, b, c, d, 0}, 


where 71 and 72 are subsets of U with 71 C 72. It is easy to check that (/, X) is a uni-soft filter 
of X. But it is not a uni-soft 1-fold implicative filter over U, since f(d * c) = f(b ) = 72 ^ 71 = 
/( 1) = f(d*(b*c))Uf(d*b). 


Theorem 3.13. Let X be a transitive BE-algebra. For any uni-soft filter (/, X) of a BE-algebra 
X, the following are equivalent: 

(i) (f,X) is a uni-soft n-fold implicative filter, 

(ii) (Vx, y G X) ( f{x n * y) C f(x n+1 * y )) , 

(hi) (Vx,y,z e X) (f((x n *y) * (x 11 * z)) C f(x n * {y*z))). 


Proof. (i)=>(ii) Assume that (/, X) is a uni-soft n-fold implicative filter of X. Putting z := y,y : = 
x in (US4), we have f(x n * y) C f(x n * (x * y)) U f(x n * x) = f(x n+1 * y) U /( 1) = f(x n+1 * y). 
Hence (ii) holds. 

(ii)=>(iii) Suppose that (ii) holds. Since x n *(y*z ) < x n *((x n *y)*(x n *z)), we have f(x n *((x n * 
y) * ( x n * z))) C ffx 11 * (y * z)). Since x n+l * (a: n_1 * (( x 11 * y) * z)) = x n * ( x n * ((x n * y) * z))) = 
x n * (( x n * y) * (x n * z)) and using (ii), we have 

f(x n+1 * ( x n ~ 2 * (( x n *y) * z)) =f(x n * (x n_1 * ((x n *y) * z)) 

Cf ( x n+1 * (x n_1 * (( x n *y)*z ))) 

=f(x n * ((x n *y) * ( x n * z))) 

^ f(x n *(y*z)). 

It follows form (ii) and (3.3) that 

f(x n+1 * ( x n ~ 3 * (( x n *y) * z))) =f(x n * (x n ~ 2 * ((a: n * y) * z))) 

C/(x n+1 * ( x n ~ 2 * (( x n *y) * z))) 

Clf(x n * (y * z)). 
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Repeating this process, we conclude that 

f((x n * y) * ( x n * z)) =f(x n * ((x n * y) * z)) 

Qf(x n * (y * z)). 

(iii)=^(i) Let x,y,z G X. Using (iii), we have 

f(x n * z) C/((x n *y) * (x n * £)) fl f(x n * y) 

(y*z)) Hf(x n *y). 

Hence (/, A") is a uni-soft n-fold implicative filter □ 

Definition 3.14. Let n be a positive integer. A HU- algebra X is said to be n-fold implicative 
if it satisfies the equality x n+1 * y = x n * y for all x, y G X. 

Corollary 3.15. In an n-fold implicative BE-algebra, the notion of uni-soft filters and uni-soft 
n-fold implicative filters coincide. 

Proof. Straightforward. □ 

Theorem 3.16. Let X be a BE-algebra. A soft set (/, A") over U is a uni-soft n-fold implicative 
filter of a BE-algebra X if and only if it satisfies (LSI) and 

(US5) (fix, y,z e X) ( f(y n * z) C f(x * ( y n+1 * z)) U f(x )) . 


Proof. Suppose that a soft set (/, A") over U is a uni-soft n-fold implicative filter. By Theorems 
3.13, 3.11 and (US2), we have f(y n *z ) C f(y n+1 *z ) C f(x* (y n+l *z)) U/(x) for any x, y, z G X. 
Hence (US5) holds. 

Conversely, assume that (/, A") satisfies (US1) and (US5). Using (BE3), we obtain f(y) = 
f(l n *y) C f(x* (l n+1 *y)) U/(x) = f(x*y)Uf(x). Hence (US2) holds and so (f,X) is a uni-soft 
filter over U. By (US5), (US1) and (BE3), we get f(x n *y ) C f(l*(x n+1 *y))Uf(l) = f(x n+1 *y). 
By Theorem 3.13, (f,X) is a uni-soft n-fold implicative filter of X. □ 

Theorem 3.17. Every implicative filter of a BE-algebra can be represented as a y-exclusive set 
of a uni-soft implicative filter, i.e., given an implicative filter F a BE-algebra X, there exists a 
uni-soft implicative filter (/, X) of X over U such that F is the y-exclusive set of (f,X) for a 
non-empty subset 7 of U. 


Proof. Let F be an implicative filter of a HU-algebra X. For a subset 7 of U, define a soft set 
(/, X) over U by 


f : X x ey 


7 if x G F, 
U if x(£F. 


Obviously, F = ex(f) 7)- We now prove that (/, X) is a uni-soft implicative filter of X. Since 
1 G F — ex(/; 7), we have /( 1) = 7 C f(x) for all x G X. Let x,y,z E X. If x * (y * z),x *y G F, 
then x*z G F because F is an implicative filter of X. Hence f(x*(y*z)) = f(x*y) = f(x*z ) = 7 , 
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and so f(x * (y * z)) U f(x * y) D f(x * z). If x * (y * z) £ F and x *y ^ F, then f{x * (y * z)) = 7 
and f(x *y) = U which imply that f(x * (y * ^)) U f(x *y) — 'yUU — U D f(x * z). Similarly, if 
x*(y*z) (£F and x*y G F, then f(x * (y * z)) U f(x * y) D f(x * z). Obviously, if x* (y * z) ^ F 
and x*y£F, then f(x * (y * z)) U f(x * y) D f{x * z). Therefore (/, A") is a uni-soft implicative 
filter of A". □ 


For any elements a and b of A, consider a soft set (fx(a,b),X) over U where 


f X(a,b) '■ X — > &(U), X H-> 


71 if x G A" (a, b ), 

72 otherwise, 


where 71 and 72 are subsets of U with 71 C 72 and X(a,b) := {x G A|a < b*x}. In the following 
example, we know that there exist a, 6 G X such that (fx(a,b),X) is not a uni-soft implicative 
filter of X. 


Example 3 . 18 . Consider the HE-algebra X = {1 ,a,b,c} which is given in Example 3 . 6 . Then 
(fx(c,c), X) is not a uni-soft implicative filter of A" over U since fx{ c ,c)(p* ( a*c ))) U fx(c,c) (b * a) = 
7 i ^ fx( c ,c)( b * c) = 72. 

Now we provide a condition for the soft set ( fx(a,b),X ) to be a uni-soft implicative filter of X 
over U for all a, b G A". 

Theorem 3 . 19 . If X is a self distributive BE-algebra, then the soft set ( fx(a,b),X ) is a uni-soft 
implicative filter of X over U for all a,b G A". 

Proof. Let a, b G X. Obviously, fx(a,b)( 1 ) Q fx{a,b)( x ) for all x G X. Let x,y,z G X be such 
that a*(b*(x*(y*z ))) ^ 1 or a*(b*(x*y)) i=- 1 . Then fx( a ,b)( x *(y* z )) = I2 or f X {a,b)( x *y ) = 72- 
Hence f X ( a ,b)( x * (y*z)) U f X ( a ,b)( x *y) = I2 5 fx(a,b)( x * z). Assume that a* (b* (x * (y * z))) = 1 
and a * (b * (x * y)) — 1. Then 

1 = a* (b* (x * (y * 2))) 

= a * (b * ((x * y) * (x * z))) 

= a * ((b * (x * y)) * (6 * (x * z))) 

= (a* (b* (x * y))) * (a * (b * (x * z))) 

= 1 * (a * (b * (x * z))) 

= a * (b * (x * z)), 

and so fx(a,b)( x * (v * z )) u fx(a,b)( x *y)= 7i = fx(a,b)( x * z). Therefore (fx(a,b), X) is a uni-soft 
implicative filter of X over U for all a, b G X. □ 

Theorem 3 . 20 . If (/, A) and (<7, A) are uni-soft implicative filters of a BE-algebra A, then the 
soft union (/, A") 0 (g, X) of (/, A) and (g, X) is a uni-soft implicative filter of X. 
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Proof. For any x G X, we have (fUg)(l) = /( 1 ) U g(l) C f(x) U g(x) = ( fCig)(x ). Let 
x,y,z G X. Then 

(/ 0 g)(x*z) = f(x * z ) U g(x * z) 

C (f(x *(y* z)) U f(x * y)) U (g(x * (y * z)) U g(x * y)) 

= (f(x *(y* z)) U g(x *(y* z ))) U (f(x * y) U g{x * y)) 

= (fOg)(x*(y* z)) U(fOg)(x*y). 

Hence (/, X) 0 (g, X) is an int-soft implicative filter of X. □ 

The following example shows that the soft intersection of uni-soft implicative filters of X may 
not be a uni-soft implicative filter of X. 


Example 3.21. Let E = X be the set of parameters and U = X be the initial universe set, 
where X = {1, a, 6 , c, d} is a HE- algebra with the following Cayley table ([ 6 ]): 


* 

1 

a 

b 

c 

d 

1 

1 

a 

b 

c 

d 

a 

1 

1 

b 

c 

d 

b 

1 

a 

1 

c 

c 

c 

1 

1 

b 

1 

b 

d 

1 

1 

1 

1 

1 


Let (f,X) and (g,X) be soft sets of X over U defined, respectively, as follows: 


and 


f:X-> &(U), x ^ 


7i if x G {1, b} 

73 if x G {a, c, d} 


g : X -G x ^ 


72 if x G {1, a, c} 
74 if x G { b , d} 


where 71, 72, 73, and 74 are subsets of U with 71 C 72 C 73 C 74. It is easy to check that (/, A") 
and (g,X) are uni-soft implicative filters of A" over U. But (/, X) fl (g,X) = ( ff)g,X ) is not a 
uni-soft implicative filter of X over U, since 

(/n^)(l*(c*d))U(/li^)(l*c) = (ff)g)(b)U(fng)(c) 

= (f(b)ng{b)) U (f(c)ng(c)) 

= 71 U 72 = 72 ^ 73 = 73 n 74 

= /(I * d) n < 7(1 * d) 

= (fng){l*d). 
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Let (/, X) be a soft set of X. For any a, b E X and k E N, consider the set 

f{a k ;b\ ■= [x E X \ f ( a k * (6 * x)) = /( 1)} 

where f(a k * x) = /(a * (a * (• • • * (a * (a * x)) • • • ))) in which a appears h- times. Note that 
a, b, 1 E /[a fc ; 6] for all a,b E X and k E N. 

There exists a soft set (/, X) of X, a, b E X and k E N such that f[a k ; b] is not an implicative 
filter of X (see Example 3.22). 


Example 3.22. Let E — X be the set of parameters and U = X be the initial universe set 
where X = {1 ,a,b,c} is a BE - algebra as in Example 3.6. Let (/, X) be a soft set of X over U 
defined as follows: 


/ : X -A &{U), X eA 


71 if x = 1 

72 if x e {a, 6, c}, 


where 71 and 72 are subsets of U with 71 C 72. Then it is a soft set of X over U . But /[ 1; c] = 
{x E X |/(1 * (c * x)) = /(l)} = {1, c} is not an implicative filter, since b * (a * c) = 1 E /[ 1; c], 
b * a = 1 E f[ 1; c] and b * c = a £ /[l; c\. 


We provide conditions for a set /[a fc ; 6] to be an implicative filter. 


Theorem 3.23. Let X be a self distributive B E-algebra. Let (f,X) be a soft set of X over U 
satisfying the condition (US1) and 


(Vx, y E X) (/(x *y) = f(x) U f(y)) . 


(3.4) 


Then f[a k ; b] is an implicative filter of X for all a,b E X and k € N. 

Proof. Let a,b E X and k E N. Obviously, 1 E f[a k ; b\. Let x,y, z E X be such that x * (y * z) E 
f[a k ; b] and x*y E f[a k \ b\. Then / ( a k * (b * (x * y))) = /( 1), which implies from (3.4) and (US1) 
that 

/(!) = f(a k * (b* (x* (y*z)))) 

= /(a fc_1 * (a * (b * (x * (y * z))))) 

= f(a k ~ l * (a * ((6 * (x * y)) * (b * (x * z))))) 


— f((a k * (b* (x * y))) * (a k * (b * (x * 2:)))) 
= f(a k * (b* (x * y))) U f(a k * (b * (x * z))) 
= /(l) U/(a fc * (b*(x*z))) 

— f(a k * (b* (x * z))). 
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Hence x * z E f[a k ]b\ and therefore f[a k ]b ] is an implicative filter of X for all a,b E X and 
k e N. □ 
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Abstract 

The aim of this paper is to intrduoce the new types of ideals of RCA'— algebras. 
We define and discuss the hesitant fuzzy ( implicative, positive implicative and 
commutative) ideals in RCA'— algebras and then we study some of thier pro- 
prties. 

Key words: RCA'— algebras, (implicative, positive implicative and commu- 
tative) ideals in RCA'— algebras, fuzzy sets, hesitant fuzzy sets, heaitant fuzzy 
(subalgebras and ideals), hesitant fuzzy (implicative , positive implicative and 
commutative) ideals in RC AT— algebras. 

1 Introduction 

A RCAT-algebra is an important class of logical algebras introduced by Iseki 
(see [2,3]) and was extensively investigated by several researchers. The concept 
of fuzzy sets was introduced by Zadeh in [4], Since then ideas have been ap- 
plied to other algebraic structures such as semigroups, groups rings, modules, 
vector spaces and topologies. In 1991, Xi [6] applied the concept of fuzzy sets to 
RCA'-algebra, and he got some results. Further, Jun and Rolr [8] , Jun et al. [9] 
studied fuzzy commutative ideals and fuzzy positive implicative ideals, respec- 
tively. Meng [1] introduced the concept of implicative ideals in RCA'-algebras 
and investigated the relationship of it with the concepts of positive implica- 
tive ideals and commutative ideals. Torra [7] introduced the notion of hesitant 
fuzzy sets which ara a very useful to express people hesitancy in daily life. The 
hesitant fuzzy set is a very uesful tool to deal with uncertainty, which can be 
accurately and perfectly described in terms of the opinions of decision makers. 
In 2011, Xi and Xu [5] introduced hesitant fuzzy information aggregation tech- 
niques and their applications for decision making. In 2016, Jun and Ahn [10] 
interoduced the notions of liesitsnt fuzzy subalgebras and hesitant fuzzy ideals of 
BCK/BCI— algebras. In this paper, we introduce the notions of hesitant fuzzy 
implicative ideals, hesitant fuzzy positive implicative ideals and hesitant fuzzy 
commutative ideals of RCA'-algebras, and discuss some properties of them. 
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2 Preliminaries 

An algebra ( X ; *, 0) of type (2, 0) is said to be a BCK-edgebra if it satisfies the 
axioms: for all x,y,z £ X 

(. BCK — 1) ((a: * y) * ( x * z)) * (z *y) = 0, 

( BCK — 2) (x* (x* y)) *y = 0, 

(BCK - 3) x * x = 0, 

(BCK - 4) 0 * x = 0, 

(BCK — 5) x * y = 0 and y * x = 0 imply x = y. 

Define a binary relation < on X by letting x < y if and only if x * y = 0 . 
Then (. X ; <) is a partially ordered set with the least element 0. In any BCK- 
algebra X, the following hold : 

( 1 ) (x * y) * z = (x * z) * y, 

(2) x * y < x, 

(3) x * 0 = x, 

(4) (x * z) * (y * z) < x * y, 

(5) x * (x * (x * y)) = x * y, 

( 6 ) x < y implies x * z < y * z and z * y < z * x, for all x, y,z £ X. 

A non-empty subset I of X is called an ideal of X if (Ii) 0 £ I, (I 2 ) x*y £ I 

and y £ I imply x £ I. A non-empty subset / of is called an implicative ideal 
if it is satisfies (Ii) and (I 3 ) x £ I whenever (x * (y * x)) * z £ I and z £ I. 
A commutative ideal if it satisfies (I\) and (I 4 ) x * (y * (y * x)) £ I whenever 
(x*y) * z £ I and z £ I ; a positive implicative ideal if it satisfies (I\) and (7 5 ) 
x * z £ I whenever (x * y) * z £ I and y * z £ I. 

A BCK-dlgebra X is said to be implicative if it satisfies: Vx, y £ X 
x = x * (y * x). 

A SCTf-algebra X is said to be positive implicative if it satisfies:Vx, y,z £ X 
(x * z) * (y * z) = (x * y) * z. 

A BCK- algebra X is said to be commutative if it satisfies:Va;, y £ X 
x * (x * y) = y * (y * x) 

Definition 2.1: [4] 

Let S be a set. A fuzzy set in S' is a function y : S — > [0,1]. 

Definition 2.2: [ 6 ] 

A fuzzy set in X is said to be a fuzzy subalgebra of X if 
y(x*y)> min{y(x), y(y)} 


for all x, y £ X. 

Every fuzzy subalgebra y of X satisfies the inequality y( 0) > y(x) for all 
x £ X. 
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Definition 2.3: [7] 

Let E be a reference set. A hesitant fuzzy set on E is defined in terms of a 
funcation that when applied to E returns a subset of [0, 1] which can be viewed 
as the following mathematical representation : 

H e := {(e,h E (e)) \ e G E} 

where h E ■ E — > p([0, 1]) 

Definition 2.4 : [10] 

Given a non-empty subset A of A , a hesitant fuzzy set Hx '■= {(a:, hx{x) \ 
x € A} on A satisfying the following condition: 

hx{x) = 0 for all x £ A 

is called a hesitant fuzzy set related to A (brielfly , A— hesitant fuzzy set ) 
on A, and is represented by Ha '■= {(x, h A { x)) \ x G A }, where Iia is a maping 
from X to p([0, 1]) with Ha = 0 for all x £ A. 

Definition 2.5: [10] 

Given a non-empty subset (subalgebra as much as possible) A of X , let 
Ha '■= {{x,h A (x)) | x G X} be an A— hesitant fuzzy set on X. Then Ha := 
{(x,h A (x)) | x G X} is called a hesitant fuzzy subalgebra of X related to A 
(brielfly , A— hesitant fuzzy subalgebra of A) if it satisfies the following condi- 
tion: 


(Vx, y G A) (h A (x * y) A h A (x) n h A (y))- 

An A— hesitant fuzzy subalgebra of X with A = X is called a hesitant fuzzy 
subalgebra of X. 

Definition 2.6: [10] 

Given a non-empty subset (subalgebra as much as possible) A of A , an 
A— hesitnat fuzzy set H A '■= {{x,Iia{x)) \ x G X} on A is called a hesitant 
fuzzy ideal of A related to A (brielfly , A— hesitant fuzzy ideal of A) if it satisfies: 

(Vx, y G A) ( h A {x *y)n h A (y) C h A {x) C h A { 0)) 

An A— hesitant fuzzy ideal of A with A = A is called a hesitant fuzzy ideal 
of A. 

Proposition 2.7: [10] 

Let H a '■= {(x, h A (x)) \ x G X} be an A— hesitant fuzzy ideal of A where A 
is a subalgebra of A . Then the following assertions ar valid. 

(1) (Vx, y G A) {x< y =>• h A (x) A h A (y)) . 

(2) (Vx, y G A) (x * y < z => h A {x) A h A (y) n h A {z)) 
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Theorem 2.8: [10] 

For a subalgebra A of a BCK- algebra X , every A-lresitant fuzzy ideal is an 
A-hesitant fuzzy subalgebra. 

Proposition 2.9: [1] 

In a BCK-algebra X the following hold: for all x,y,z £ X 

(i) (( x * z) * z) * (y * z) < (x * y) * z 

(ii) (x * z) * (x * (x * z)) = (x * z) * z 

(in) (x * (y * (y * x))) * (y * (x * (y * (y * a:)))) < x * y. 


3 Hesitant fuzzy implicative ideals 

Definition 3.1: 

Given a non-empty subset (subalgebra as much as possible) A of X, an 
A— hesitnat fuzzy set Ha '■= {(x,Ha(x)) \ x € X} on X is called a hesitant 
fuzzy implicative ideal of X related to A (brielfly, A— hesitant fuzzy implicative 
ideal of X) if it satisfies: 

(Hi) ]%a( 0) 2 h,A(x) for all x € A 

(H 2 ) Ha(x) A Ha((x * (y * x)) * z)C\ Ha(z), for all x,y,z £ A 

An A— hesitant fuzzy implicative ideal of X with A = X is called a hesitant 
fuzzy implicative ideal of X. 

Theorem 3.2: 

Any A— hesitant fuzzy implicative ideal of X must be A— hesitant fuzzy ideal 
of X. 

Proof: 

Let Ha ■= {(x,}ia(x)) \ x £ A'} is an A— hesitant fuzzy implicative ideal of 
X. subsitiuting x for y in (H 2 ) we obtain : 

}ia(x) 2 Iia((x * (x * x)) * z) A}ia(z) 

= Iia((x * 0) * z) fl }ia(z) 

= Ha(x * z) C\ Iia(z) 

Hence Ha := {(x,}ia(x)) \ x £ X} is an A— hesitant fuzzy ideal of X . □ 

Corollary 3.3: 

Every A— hesitant fuzzy implicative ideal of X must be A— hesitant fuzzy 
subalgebra of X . 

Remark 3.4: 

The converse of Theorem (3.2)may not be true as shown in the following 
example. 

Example 3.5: 

Let X = {0, a, b, c} be a BCK- algebra with the following Cayley table: 
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* 

0 

a 

b 

c 

0 

0 

0 

0 

0 

a 

a 

0 

0 

0 

b 

b 

b 

0 

0 

c 

c 

b 

a 

0 


For a subalgebra A = {0,a, b} of X , let H A = {(x,h A (x)) | x € X} be a 
hesitant fuzzy set on X defined by 

Ha = {( 0, 

Then Ha = {(x,h A (x)) \ x £ X} is an A— hesitant fuzzy ideal of X, but 
it is not an A— hesitant fuzzy implicative ideal of X because h A {a) = (j, ^ 

h A ((a *(b* a)) * 0) n h A (0) = [\, f] 

In the following theorem, we can see that the converse of theorem (3.2)also 
holds if X is an implicative .BCA'-algebra. 

Theorem 3.6: 

If X is an implicative HCA'-algebra, then every A— hesitant fuzzy ideal of 
X is an A— hesitant fuzzy implicative ideal of X . 

proof: 

Let X is an implicative BCA'-algebra, it follows that x = x*(y*x),\/x, y € X. 

Let Ha = {(a:, h A {x)) \ x £ X} be an A— hesitant fuzzy ideal of X, then 

h A (x) D h A (x * z) fl h A {z) 

2 h A ({x * (y * x)) * z) r\ h A {z) 

for all x,y , , z £ A. Hence H A is an A— hesitant fuzzy implicative ideal of X. 
The proof is complete . □ 

Theorem 3.7: 

Let H a := {(x,h A (x)) \ x £ X} be A— hesitant fuzzy set on X, where A is 
non-empty subset (subalgebra as much as possible) of X is a A— hesitant fuzzy 
implicative ideal of X if and only if, for any e £ p([0, l]),the set H A {e) : {x £ 
X | h A {x) 2 is either empty or an implicative ideal of X. 

The set H A {e) ■ {x £ X \ h A (x) 2 e} is called a A— hesitant fuzzy e— level 
set of H a := {(x, h A {x )) | x £ Xj. 

proof: 

suppose that H A := {(x, h A (x)) | x £ X} is an A— hesitant fuzzy implicative 
ideal of X and H A {e) : {x £ X \ h A (x) 2 e} 7^ 0 for any e £ p([0, 1]). It is clear 
that 0 £ H a (s) since h A ( 0) 2 £• Let (x * (y * x)) * z £ H A {s) and z £ H A {e), 
then h A {{x * (y * x)) * z ) 2 £ and h A (z) 2 £• It follows from (H 2 ) that : 

h A {x) 2 h A {{x * (y * x)) * z ) fl h A (z) 2 e => x £ H A (x). This show that 
H a {s ) is an implicative ideal of X. 

conversely, suoppse that for each e £ p([0, 1]) , is either empty or an 

implicative ideal of X. For any x £ A , let h A {x) = e. Then x £ H A (e). 
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Since Ha{s){^ 0) is an implicative ideal of X, therefore 0 £ Ha{s) and hence 
Ha( 0) 3e = h A (x) for all x £ A. 

Now we only need to show that Ha satisfies (H 2 ). If not , then there exist 
x', y', z' £ A such that Ha{x') C 1ia((x' * (y r * #')) * z') fl !ia(z'). Taking 

£ o = k{hA{x') + (hA(x' *(y' *x'))*z')r\hA(z'))}; then we have that Ha(x') C 
£0 C {}ia{x' * (■ y ' * x')) * z') fl 1ia{z')}. Hence x' ^ Ha{so), {{%' * W * x')) * z') £ 
Ha{s 0 ) and z 1 £ Ha(so)- he, Ha{s 0 ) is not an implicative ideal of X, which 
is contradiction. Therefore, Ha is an A — hesitant fuzzy implicative ideal of X, 
completing the proof of the theorem. □ 

Now we give characterizations of hesitant fuzzy implicative ideals. 

Theorem 3.8 : 

suppose that Ha := {(x, Ha(x)) \ x £ X} is an A— hesitant fuzzy ideal of X. 
Then the following are equivalent: 

(i) Ha is an A— hesitant fuzzy implicative ideal of X. 

(ii) Ha{x) A ]ia(x * (y * x )) for all x, y £ A. 

(iii) h,A{x) = Ha{ x * (y * x)) for all x,y £ A. 

proof: 

(i) => (ii) Let Ha := {(x,h,A{x)) \ x £ X} be A— hesitant fuzzy implicative 
ideal of X. Then, by (H 2 ) we have 

h A {x) A h A ((x * (y * x)) * 0) D h A (0) 

= h A ((x * {y * x)) <1 h A ( 0) 

= h A ((x*(y*x)) 

for all x,y £ A. Hence the condition (ii) holds. 

(ii) =$■ (iii) Observe that in BCK— algebra X, x * (y * x) < x. Applying 
proposition 2.7(1) we have Ha{x) C/ij(i*(j«)) 

It follows from (ii) that Ha{x) = Ha{x * (y * x)). Hence the condition (iii) 
holds. 

(iii) =4> (i) Suppose the condition (iii) holds. Since Ha is an A— hesitant 
fuzzy ideal , by definition 2.6 we have 

Iia(x * (y * x)) D Ha((x * (y * x)) * z) n Ha{z) 

combining (iii) we obtain: Ha{x) A Jia({x * (y * x)) * z) fl 1ia(z). Thus Ha 
satisfies (H 2 ). Obviously, Ha satisfies (Hi). 

Therefore, Ha is an A— hesitant fuzzy implicative ideal of X. Hence, the 
condition (i) holds. The proof is complete. □ 

Now, we give an equivalent condition for which a hesitant fuzzy subalgebra 
of X is to be a hesitant fuzzy implicative ideal of X. 

Theorem 3.9: 

A hesitant fuzzy subalgebra Ha of A" is a hesitant fuzzy implicative ideal if 
and only if it satisfies (Ha)(a: * (y * x)) * z < u implies Ha{ x) A Ha(z) 0 Iia{u) 
for all x, y,z,u £ X. 
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proof: 

Assume that H A is a hesitant fuzzy implicative ideal of X and let x, y, z, u G 
X be such that (x * (y * x)) * z < u. Since Ha is also hesitant fuzzy ideal of X 
by theorem 3.2 it follows from proposition 2.7 that: 

h A (x *(y*x)) 2 h A {z) n h A {u) 

Making use of the theorem 3.8 (iii) we obtain h A (x) 2 h A (z) fl h A {u). 

Conversely, suppose that H A satisfies (H 3 ). Obviously, H A satisfies (Hi) 
since (x * (y * x)) * ((a: * (y * x)) * z) < z. It follows from (H 3 ) that: 

h A (x) 2 h A ((x *{y* x)) * z) n h A (z) 

which shows that H A satisfies (H 2 ) and so H A is a A-hesitant fuzzy implica- 
tive ideal of X. The proof is complete. □ 

4 Hesitant fuzzy positive implicative ideals 

Definition 4.1: 

Given a non-empty subset (subalgebra as much as possible) A of X, an 
A— hesitnat fuzzy set H A '■= {(x,h A (x)) \ x € X} on X is called a hesitant 
fuzzy positive implicative ideal of X related to A (brielfly, A— hesitant fuzzy 
positive implicative ideal of X) if it satisfies: 

(Hi) h A ( 0) 2 h A (x) for all x € A 

(H 4 ) h A (x * z) 2 h A {(x * y) * z) fl h A {y * z), for all x,y,z € A 

An A— hesitant fuzzy positive implicative ideal of X with A = X is called a 
hesitant fuzzy positive implicative ideal of X. 

Theorem 4.2: 

Every A— hesitant fuzzy positive implicative ideal of X is A— hesitant fuzzy 
ideal of X. 

Proof: 

Assume that H A '■= {(x,h A (x)) \ x € X} is an A— hesitant fuzzy positive 
implicative ideal of X . Putting z — 0 in (H4) we obtain: 

h A (x* 0) 2 h A {{x * y) * 0) fl h A (y * 0) 
h A (x) 2 h A {x*y)nh A (y)- 

So, H a is an A— hesitant fuzzy ideal of X. □ 

Remark 4.3: 

The converse of Theorem (4.2) may not be true as shown in the following 
example. 

Example 4.4: 

Let X be a BCK- algebra as in Example (3.5) It is easy to check that H A 
is an A— hesitant fuzzy ideal of X , but it is not an A— hesitant fuzzy positive 
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implicative ideal of X because h A (a * 0) = (|, ^ [\, |) = (h A ((a * b) * 0) fl 

h A (b* 0)). 

Proposition 4.5: 

If X is positive implicative, then an A — hesitant fuzzy ideal of X is an 
A — hesitant fuzzy positive implicative ideal of X if and only if satisfies: 

h A (x * y) = h A ((x * y) * y) for all x,y £ A. 


Proof: 

Suppose that the heaitant fuzzy ideal H A := {(x,h A (x)) \ x £ Xj of X is 
an A— hesitant fuzzy positive implicative ideal of X. So by ( H 4 ) 

h A (x * z) A h A (( x * y) * z) <1 h A (y * z ) 

subiting z = y in (H±) we have : 

h A (x*y ) A h A ((x * y) * y) n h A {y * y) 

= h A ((x * y) * y) A h A ( 0 ) 

= h A ((x*y)*y) 

On other hand, since (x * y) * y < x * y, it follows from Propsition 2.7(1) 
that h A ((x * y) * y) A h A {x * y). Thus we have h A {x * y) = h A (( x * y) * y) for 
all x,y £ A. 

Conversely, assume that h A (x *y) = h A ((x *y) *y) for all x,y £ A. we want 
to prove that an A— hesitant fuzzy ideal H A := {(x, h A (x)) \ x £ Xj of X is an 
A— hesitant fuzzy positive implicative ideal of X. It is clear that, h A ( 0) D h A (x) 
for all x £ A. Since Ha is A-hesitant fuzzy ideal, and X is positive implicative 
then 


h A (x * z) = h A ((x * z) * z) A h A {{x * z) * (y * z)) fl h A (y * z) 
h A (x*z) A h A ((x * y) * z) n h A (y * z) 

Therefore, H A := { (x, h A {x)) \ x £ X} of X is an A— hesitant fuzzy positive 
implicative ideal of X. The proof is complete. □ 

5 Hesitant fuzzy Commutative ideals 

Definition 5.1: 

Given a non-empty subset (subalgebra as much as possible) A of X, an 
A— hesitnat fuzzy set H A := {(x, h A (x)) \ x £ X} on X is called a hesitant fuzzy 
commutative ideal of X related to A (brielfly, A— hesitant fuzzy commutative 
ideal of X) if it satisfies: 

(Hi) h A ( 0) A h A (x) for all x £ A 

(He) h A {x * (y * (y * x))) A h A ((x * y) * z) C l h A (z), for all x,y,z £ A 
An A— hesitant fuzzy commutative ideal of X with A = X is called a hesitant 
fuzzy commutative ideal of X. 
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Example 5.2: 

Let X = {0, a, b, c} be a BCK - algebra with the following Cayley table: 


* 

0 

a 

b 

c 

0 

0 

0 

0 

0 

a 

a 

0 

0 

a 

b 

b 

a 

0 

b 

c 

c 

c 

C 

0 


Let Hx '■= {(x,hx(x)) \ x € X} be a hesitant fuzzy set on X defined by 
Ha = {(0, [0, 1]), (a, [0.2, 0.7], ( b , (0.2, 0.3]), (c, [0.6, 0.7))}. It is routine to verify 
that H x ■= {(x, hx{x)) \ x € X} is hesitant fuzzy commutative ideal of X. 

Theorem 5.3: 

Any heaitant fuzzy commuatative ideal of RCA'-algebra X is hesitant fuzzy 
ideal of X. 

Proof: 

Let H x := {(a:, hx(x)) \ x G X} be a hesitant fuzzy commutative ideal of a 
PCA'-algebra X. For any x, y, z, € X, we have 

h(x * z) n h(z) = h((x * 0) * z) fl h(z) 

C h(x * (0 * (0 * a;))) 

= ft( x) 

i.e. Hx is hesitant fuzzy ideal of X. □ 


Remark 5.4: 

A hesitant fuzzy ideal of a BCK- algebra X, may not be hesitant fuzzy 
commutative ideal. For instance, Let X = {0, a, b , c, d} be a PCA'-algebra with 
the following Cayley table: 


* 

0 

a 

b 

c 

d 

0 

0 

0 

0 

0 

0 

a 

a 

0 

a 

0 

0 

b 

b 

b 

0 

0 

0 

c 

c 

c 

C 

0 

0 

d 

d 

d 

d 

C 

0 


Let S 0 , Si,S 2 G P([0,1]) be such that S 0 = [0,1) D S} = [0.2, 0.7] 2 S 2 = 
[0.4, 0.5]. Define a mapping h : X P([0, 1]) by h( 0) = [0,1), ft (a) = [0.2, 0.7] 
and h(b) = h(c ) = h(d) = [0.4, 0.5). Routine calculations give that ft is a 
hesitant fuzzy ideal of X. But it is not a hesitant fuzzy commutative ideal of 
X because h(b * (c * (c * b))) ~jt> h((b * c) * 0) C ft(0). 
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Theorem 5.5: 

Let H \ := {(a:, hx{x )) | x G Xj be a hesitant fuzzy ideal of a HCAT-algebra 
X. Then H x is hesitant fuzzy commutative ideal of X if and only if satisfies 
the condition 


h(x * (y * (y * x))) D h{x * y) for all x, y € X (1.1) 


proof: 

Assume that H x '■= {(x,hx{x)) \ x G X} is hesitant fuzzy commutative 
ideal. Taking z = 0 in (He) and using (Hi). Also, we use x * 0 = x. 

h(x * (y * (y * a;))) A h((x * y) * 0) n h( 0) = h(x * y). 

Conversely, suppose that Hx '■= {(a:, hx(x)) \ x G X} satisfies the condition 
(1.1) as H x is a hesitant fuzzy ideal. Hence 

h(x * y) 2 h((x * y) * z) fl h(z) (1.2) 

for all x,y, z G X. combining (1.2) and(l.l) then we obtain (He). The proof 
is complete. □ 

Observing x*y<x*(y*(y* x)) and using propoition (2.7) we have h(x * 
(y * (y * x))) C h{ x * y). Hence, theorem (5.5) can be improved as follows: 

Theorem 5.6: 

A hesitant fuzzy ideal Hx of a HCA'-algebra X is hesitant fuzzy commuta- 
tive ideal of X if and only if satisfies the identity h(x *y) = h(x * (y * (y * x))) for 
all x, y G X. 

Theorem 5.7: 

In a commutative HCA'-algebra X. Every hesitant fuzzy ideal is a hesitant 
fuzzy commutative ideal. 

Proof: 

Let Hx be a hesitant fuzzy ideal of BCK— algebra X. It is sufficient to show 
that Hx satisfies condition ( He ). Let x,y,z G A. Then 

((a: * (y * {y * x))) * ((a: * y) * z)) * z 
= ((x * (y * (y * x))) * z) * ((x *y) * z) 

< (x * (y * (y * x))) * (y * x) 

= (x * (y * y)) * (y * (y * x)) = 0 


that is , 


(x * (y * (y * x))) * ((x * y) * z) < z 
It follows from propostion (2.7) 

h(x * (y * (y * x))) 2 h((x * y) * z) fl h(z) 
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Thus (He) holds, and the proof is complete. □ 

Theorem 5.8: 

Let X be a PCA'-algebra and let H A be A-hesitant fuzzy set in X. Then Ha 
is a A-hesitant fuzzy commutative ideal of X if and only if H A (s) is commutative 
ideal of X for all e G P([0, 1]), H A ( 0) 2 £ • 

Proof: 

Suppose Ha is a A-hesitant fuzzy commutative ideal of X. For any fixed 
e € P([0, 1]), if h A ( 0) 2 £ then 0 € H A {s)- Hence H A (e) satisfie (HI). Let 
(x * y) * z € Ha(s) and 2 € H A (e). It follows that h A {(x * y) * z) 2 £ and 
h A {z) 2 £• By (He) we have : 

h A (x * (y * (y * x))) 2 h A ((x *y) * z) C l h A (z) 2 £ 

namely (x * (y * (y * x))) £ H A {e) , so H A (e) satisfies condition (C). Thus, 
H A {e) is commutative ideal of X. 

Conversely, assume that H A {e) is commutative ideal of X for all £ € p([0, 1]), 
h A { 0) 2 £• Let h A ((x * y) * z) = e i and h A (z) — £2 for x,y,z G A. Then 
( x*y)*z € Ha(s 1) and z € Pa (£ 2) • Without loss of generality, we may assume 
that E\ C e 2 . Then Ha{ £2) 2 Pa( £1) and so z £ Ha{s 1). Since Ha{ei) is 
commutative ideal of X by hypothesis we obtain that x*(y*(y*x)) G Ha(s 1). 
Thus 1 ia{x * (y * {y * x))) 2 £1 = hA((x * y) * z) C\ Ha(z). It is clear that 
M0) 2 h A {x) for all x G A. Therefore Ha is a H-liesitant fuzzy commutative 
ideal of X. □ 

Definition 5.9: 

Let Hx := {(x, hx{x)) \ x G X} be a hesitant fuzzy commutative ideal of a 
PCA'-algebra X. The commutative ideals H x ( e),e G p([0, 1]) and H x { 0) 2 £ 
are called hesitant e— level commutative ideals of H x ■ 

Theorem 5.10: 

Any commutative idael of PCA"-algebra X can be realized as hesitant e— level 
commutative ideal of some hesitant fuzzy commutative ideal of X. 

Proof: 

Suppose C is a commutative ideal of PCA'-algebra X and let Ha be a 
hesitant fuzzy set in X defined by 
_f e if x £ C 
A ~ \ 0 if x i C 

where £ is a fixed interval in p([0, 1]). Let x,y,z G A. We will divide into the 
following cases to verify that Ha is A— hesitant fuzzy commutative ideal of X. 

( i ) If ((x * y) * z) £ C and z £ C, then (x * (y * (y * x))) G C. Thus 

M(x *y) * z) = h A {z) = h A (x * {y * (y * x))) = e 

and so 

h A (x * (y * (y * x))) 2 h A ((x * y) * z) n h A (z) 
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(■ ii ) If ((x * y) * z) £ C and z ^ C,then h A (( x * y) * z) = h A (z) = 0 . Hence 
h A {x *(y*(y* x))) D h A ((x *y)*z)n h A (z) 

(in) If exactly one of (x * y) * z and 2 belongs to C then exactly one of 
h A ((x *y) * z) and h A (z) is equal to 0 . So 

h A (x * (y*(y* x))) 2 h A ((x * y) * z) n h A (z) 

The results above show h A (x * (y * (y * a;))) 2 h A ((x * y) * z)C l h A (z), for 
all x,y,z G A. It is clear that h A ( 0 ) 2 h A (x) for all x G A. Hence H A is 
A— hesitant fuzzy commutative ideal of X and obviously H A (e) = C. The proof 
is completed. □ 

Theorem 5.11: 

Suppose H a := {(x, h A (x)) \ x G X} is a A— hesitant fuzzy commuta- 
tive ideal of BCTY- algebra X. Then two hesitant level commutative ideals 
H a (e i), H a (e 2) with (ei C £2) of H A are equal if and only if there is no x G X 
such that £1 C h A (x) C £2- 

Proof: 

Suppose £1 C £2 and H A (e 1) = H A (e 2). If there exists x G X such that 
£1 C h A (x) C £2, then H A (e 2) is proper subset of H a (e 1). This is impossible. 

Conversely, suppose that there is no x G X, such that £1 C h A (x) C £2- 
Note that, £\ C £2 implies H a (e 2 ) C H a (e\). If x G H a (e\), then h A (x) 2 £1 
and so h A (x) 2 £2 

because h A (x) <£. £2. Hence x G H a (e2) which says that H a (e 1) C H a (e2). 
Thus, H a (ei) = H a (e2). This completes the proof. □ 

Let h. A be a H-hesitant fuzzy set in X and let Im(h A ) denote the image of 
h A . 


Theorem 5.12: 

Let X be a HCA'-algebra and h A a H-hesitant fuzzy commutative ideal of 
X. If Im(h A ) = {£1, £2, ..., £ n } where £1 C £2 C ... C £„, then the family 
of commutative ideals H A (£i)(i = 1 , 2 , ...,n) consitiutes all the hesitant level 
commutative ideals of h A . 

Proof : 

Let £ G p([ 0 ,l]) and £ ^ If £ C £1, then H a (e 1) C h A (£). Since 

h A (s 1) = X, we have h A (s ) = X and h A (s) = h A (Ei). 

If £» C £ C £j+i (1 < i < n — 1 ) , then there is no x G X such that £ C 
h A (x) C £j+i. From above tlreorem( 5 . 10 ) it follows that h A (£) = h A (si + 1). This 
shows that for any £ G p([ 0 , 1 ]) with h A ( 0 ) 2 e, the hesitant level commutative 
ideal h A (e) is in {h A (£i) : 1 < i < n} .□ 

Lemma 5.13: 

Let X be a finite BCK— algebra and H A a A— hesitant fuzzy commutative 
ideal of X. If a and ft belong to Im(/i^) such that h A (a) = h A (ft), then a = ft. 
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Proof: 

Suppose a ^ /?, say a < (3, then there is x € X such that h.A{x) = a < f3 
and so t and x £ /ia(/ 3)- Thus /ia(o;) ^ h A {!3) which is contradiction . 

The proof is complete. □ 

Theorem 5.14: 

A hesitant fuzzy ideal Ha of X is hestiant fuzzy implicative ideal if and 
only if Ha is both hestiant fuzzy commutative ideal and hestiant fuzzy positive 
implicative ideal. 

Proof: 

Suppose Ha is hestiant fuzzy implicative ideal of X. For all x,y,z £ A we 
have 

Ha((x * y) * z) fl h A {y * z) C h A {{x * z) * z), [by proposition(2.9)(z)and (2.7)] 

= Ha{{x * z) * (x * (x * z)), [by proposition(2.9)(zz)] 

= Ha(x*z), [by theorem(3.8)(zzz)] 

So Ha is hesitant fuzzy positive implicative ideal of X. By proposition (2.7), 

(2.9 )(m) and theorem (3.8 )(m) 

h A {x * y) C h A {x * (y * (y * x ))) * (y * (x * (y * (y * x))) = h A {x * (y * (y * x)) 

It follows from proposition (5.5) that Ha is hesitant fuzzy commutative ideal 
of X. 

Conversely, suppose that Ha is both hesitant fuzzy positive implicative and 
hesitant fuzzy commutative ideal of X. Since (y * (y * x)) * (y * x) < x * (y * x). 

It follows from proposition (2.7) that Jia{x *{y*x)) C Ha{ (y*(y* x)) *(y* x)). 

Using tlreornr (4.5)we have Ha( (y * (y * x)) * (y * x)) = h.A{y * {y * x)) and so 

h A {x * (y * x)) C h A (y * (y * x)) (*) 

On the other hand, since x*y < x*(y*x) implies fiA(x*(y*x)) C h,A{x*y). 

Since Ha is hesitant fuzzy commutative by theorem (5.6) we have h.A{x * y) = 

Ha{x * {y * (y * x))), hence Ha(x * (y * x)) C Ha{x * (y * {y * x))). Combinging 
(*) we obtain 

h A (x *(y* x)) C h A {x *{y*(y* x))) n h A (y * (y * x)) C h A (x) 

So Ha is a hesitant fuzzy implicative ideal of X by theorem (3.8) . The proof 
is complete. □ 
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Abstract The goal of this paper is to focus on the relationships between A-fuzzy 

(K, E )- soft quasi uniformities and A-fuzzy (K , E )- soft topologies in complete resid- 
uated lattices. As main results, we investigate the A-fuzzy ( K , E)- soft topologies in- 
duced by A-fuzzy (A', E)- soft uniformities. Moreover, we study the A-fuzzy (A', E)- 
soft quasi uniformities induced by A-fuzzy (A', E)- soft topologies. We give their 
examples. 

Key Words and Phrases: complete residuated lattice, A-fuzzy ( K , E)- soft 
quasi uniformities , A-fuzzy (A', E)- soft topologies. 

AMS Subject Classification: 03E72, 06A15, 06F07,54A05 

1 Introduction 

Molodtsov [18] introduced a completely new concept called soft set theory to model 
uncertainty, which associates a set with a set of parameters. Pei and Miao [19] showed 
that soft sets are a class of special information systems. Later, Maji et al. [15] in- 
troduced the concept of a fuzzy soft set which combines a fuzzy set and a soft set. 
Presently, the soft set theory is making progress rapidly [1,2,6,15-19,26,28,31,32], 
The topological structures of soft sets have been developed by many researchers 
[3,5,8,23,27,29,30,33], 

Hajek [9] introduced a complete residuated lattice which is an algebraic structure 
for many valued logic. Belohla.vek [4] investigated information systems and deci- 
sion rules in complete residuated lattices. Hohlc [10] introduced A-fuzzy topologies 
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with algebraic structure L(cqm, quantales, MV- algebra). Uniformities in fuzzy sets, 
have the following approach of Lowen [14] based on powersets of the form L XxX 
as a viewpoint of the enourage approach, the uniform covering approach of Kotze 
[13], the uniform operator approach of Rodabaugh [25] as a generalization of Hutton 
[11] based on powersets of the form [L x )^ lX \ the unification approach of Gutierrez 
Garcia [7]. Recently, Gutierrez Garcia introduced L- valued Hutton uniformity where 
a quadruple (L, <, 0 ,*) is defined by a GL- monoid (L, *) as an extension of a com- 
pletely distrbutive lattice L. Kim [12] introduced the notion of L-fuzzy uniformities 
as an extension of Lowen in a strictly two-sided, commutative quantale. Moreover, he 
investigated the relations between L- fuzzy topological spaces and L- fuzzy uniform 
spaces. Ramadan et.al [23] introduced the notion of L-fuzzy (K, E)- soft topogenous 
orders and L-fuzzy (K, E )- soft quasi uniformities in complete residuated lattices. 

The goal of this paper is to focus on the relationships between L-fuzzy (K, E)- 
soft quasi uniformities and L-fuzzy (K, E)- soft topologies in complete residuated 
lattices. As main results, we investigate the L-fuzzy (K, E)- soft topologies induced 
by L-fuzzy (K , E)- soft uniformities. Moreover, we study the L-fuzzy (K , E)- soft 
quasi uniformities induced by L-fuzzy (K, E)- soft topologies. We give their examples. 

2 Preliminaries 

Let L = (L, <, V, A, 0, 1) be a completely distributive lattice with the least element 0 
and the greatest element 1 in L. 

Definition 2.1. [4,9,11] An algebra (L, A, V, 0, — >, 0, 1) is called a complete resid- 
uated lattice if it satisfies the following conditions: 

(Cl) L = (L, <, V, A, 1, 0) is a complete lattice with the greatest element 1 and 
the least element 0; 

(C2) (L, 0, 1) is a commutative monoid; 

(C3) x 0 y < z iff x < y — ■» z for x, y, z € L. 

Remark 2.2. Every completely distributive lattice (L,<, A, V,* ) with order re- 
versing involution * is a complete residuated lattice (L, <, ©, 0,* ) with a strong nega- 
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tion * where © = A , © = V and 


f 1, if x <y, 

^ y, otherwise. 


In this paper, we assume that (L, <, 0, —>,©,* ) is a complete residuated lattice 
with an order reversing involution x* = x — > 0 which is defined by x(By = ( x * Qy*)*. 

Lemma 2.3. [4,9,11] For each x,y, z,Xi,yi,w G L, we have the following proper- 
ties. 

(1) 1 — ■> x = x, 0 0 x = 0, 

(2) If y < z, then xOy < xQz, x(By < x(Bz , x — > y < x z and z — > x < y — > x, 

(3) x < y iff x — ► y — 1. 

(4) (Ai2/i)* = ViJ/<, (Vi2/i)* = Ai2/*> 

(5) x -> (AiJ/<) = Ai(® ->• j/*)> 

(6) (Vi ^i) — ► 2/ = Ai^i — *• S/)> 

(7) x -> (ViJ/t) > V i(® -»• y<) , 

(8) (Ai®t) 

(9) (x © 2 /) -*• z = x -*• (y -*• z) = y -> (x -> z), 

(10) x Q y — (x — > y*)* and x © y = x* — ■» y, 

(11) (n|/)0(2:^®)<(i0z)^(i/0 w), 

(12) x ^ y < (x Q z) ^ (y Q z) and (x — > y) © (y — > 2 ) < x — > z, 

(13) (x — » y) © (z — > w) < (x © z) — » (y © w). 

(14) x->y = y*^x*. 

(15) (xV?/)0(zVw)<(xVz)V(i/@®)<(xffiz)V(|/0®). 

(16) Vier x i “»• \A 6 r^ > Aierfc ^ 2/i) and A ie r^ ^ A,: e r Vi > Aierfc ^ 2/*). 

Throughout this paper, A" refers to an initial universe, E and K are the sets of all 
parameters for X, and L x is the set of all L-fuzzy sets on X. 

Definition 2.4. [3,5,23] A map / is called an L- fuzzy soft set on X, where / is 
a mapping from E into L x , i.e., f e := /(e) is an L- fuzzy set on X, for each e G E. 
The family of all L- fuzzy soft sets on X is denoted by (. L X ) E . Let / and g be two L- 
fuzzy soft sets on X. 
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(1) / is an L-fuzzy soft subset of g and we write / C g if f e < g e , for each e E E. 
f and g are equal if / C g and g C f. 

(2) The intersection of / and g is an L- fuzzy soft set h — fHg, where h e = f e Ag e , 
for each e E E. 

(3) The union of / and g is an L- fuzzy soft set h = f U g, where h e = / e V g e , for 
each e E E. 

(4) An L- fuzzy soft set h — f 0 g is defined as h e = f e Q g e , for each e E E. 

(5) An L- fuzzy soft set h — f © g is defined as h e = / e © g e , for each e E E. 

(6) The complement of an L- fuzzy soft sets on X is denoted by /*, where f* : 
E — > L x is a mapping given by f* = (/ e )*, for each e E E. 

(7) / is called a null L- fuzzy soft set and is denoted by Ox , if f e ( x ) — 0, for each 
e E E , x E X . 

(8) / is called an absolute L- fuzzy soft set and is denoted by lx , if f e ( x ) = 1, 
for each e E E , x E X. 

Definition 2.5. [3,5] A mapping T : K L^ lX ) e (where 77 := T (k) : ( L X ) E — ■> L 
is a mapping for each k E K) is called an L-fuzzy (. K , A)-soft topology on X if it 
satisfies the following conditions for each k E K. 

(501) T fc (0x) = T fc (lx) = 1, 

(502) T t (fQg) >T k (f)@T t (g) \/f,g£(L x ) E , 

(503) T t ( U, /.) > A KI %Ui) V fi 6 (L X ) E , i e I. 

The pair (X, T) is called an L-fuzzy (. K , A) -soft topological space. 

Definition 2.6. [3,5] A mapping X : K — > Zd iA ) B is called an L-fuzzy (K, A)-soft 
cotopology on X if it satisfies the following conditions for each e E E. 

(SF1) X k (0 x ) = X k (l x ) = 1, 

(SF2) X k {f®g) > X k (f)QX k (g), Vf,gE(L x ) E , 

(SF3) X k (n ieI fi) > A iMfi), V fi E ( L X ) E , i E I. 

The pair (A", T) is called an L-fuzzy (K, E)- soft cotopological space. 

Definition 2.7. [23] An L- fuzzy (K , A)-soft quasi uniformity is a mapping U : 
K — > " > which satisfies the following conditions . 

(SU1) There exists u E ( L XxX ) E such that U k {u) = 1. 
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(SU2) If v C u, then U},{v) < U/u). 

(SU3) For every u,v G (L XxX ) E , U/u © v) > U/u) QU/v). 

(SU4) If Uk{u) T 0 then Ta where, for each e E E, 

(T a ).(*.») = {J; // 

(SU5) Uk(u ) < V {Uk(y) | v o v E u}, where 

u e o v e (x, z) = \J u e {x, y ) 0 v e (y, z). 
y ex 

The pair (X,U) is called an L- fuzzy (K, E)-soft quasi-uniform space. 

An L - fuzzy (K, E )- soft quasi-uniform space (. X,U ) is said to be an L-fuzzy (K, E)- 
soft uniform space if 

(U) Uk(u) < U/u- 1 ), where (u~ 1 ) e (x, y) = u e (y,x) for each k e K and u G 
(. L XxX ) e . 

An L-fuzzy (K, E)-soit quasi-uniformity U on X is said to be an (L,©)-fuzzy 
principle quasi-uniformity if 

(P) Uk{f\ ier Ui) = /\ i£r U k (ui) for all tq G (L XxX ) E . 

Remark 2.8. Let (X,Li) be an L- fuzzy (K,E )~ soft uniform space. 

(1) By (SU1) and (SU2), we have U/ Ixxx) = 1 because u C lxxx for all u G 
(. L XxX ) e . 

(2) Since U/u) < Uk(u~ l ) < U/Tr 1 / 1 ) = Uk(u) } then lA/u) = lA/vT 1 ). 

3 L-fuzzy (K, E )~ soft topologies induced by L-fuzzy (K, E )- 
soft uniformities 

Lemma 3.1. For every / G ( L X ) E , we define (uf), (uj 1 ) G (L XxX ) E by: 

(u f )e(x,y) = f e (x) -»• f e (y ) Ve G E, 

(u~ f l )e(x,y) = ( Uf) e (y,X ) , 

then V/, p G ( L X ) E we have the following statements 
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(1) IxxX — UOx ~ u lxi 

(2) For every Uf € (L XxX ) E , we have Uf ouf © Uf, 

(3) Uf © Ug C UfQg, 

(4) Uf © Ug C UfQg,Uf ®Ug\Z UfQg, 

(5 y-f 1 = Uf *, 

( 6 ) u fQg = U f*®9* ’ 

( 7 ) u f®9 = u f*&9*i 


Proof. (1) (lxxx)e(z,?/) = T = (lfo x )e(a;,y) = (Ox)e(^) -»■ (0 x)e(y) = (lx)e(aO 
(lx)e(y) = 

( 2 ) 

((«/)eO(«/)e)(l4) = V^xOX/OeO,?/) © Me(y, z)) 

= \fyex(fe(x) -> /e(y)) © (/e(y) -> /eO))) 

< (/e(^) -»■ /e(j/)) © (/e(j/) ^ fe(z)) 

< fe(x) -»• /e(©)- 

Hence (uf ouf) < Uf. 

( 3 ) 

(u f 0 M g ) e (x, J/) = (M/)e(a;, J/) © (« s )e(®, J/) 

< (/e(^) -»• / e (y)) © (g e (x) -> ^e(y)) 

< fe{x) © ^e(x) -*• fe(y ) © 0e(y) 

= («/©fl)e(a:,y)- 

( 4 ) 

(«/©%)(£, 2/) = Uf(x,y) Qu g (x,y ) 

< (/«(*) -»• fe(y)) © i^9e{x) -> 0e(j/)) 

< fe{x) © g e {x) -»• fe{y) © £e(j/) 

= Uf @g (x,y). 

( 5 ) 

(M / 1 )e(a:,|/) = (M/)e(s/,ar) = fe(y) -> f e{x) = f*(x) -*• f*(y ) 

= (u/*)e(a:,y)- 

( 6 ) 

( U f&g^ e = (' U (/©9)*)e = ( u f*®9*)e- 

( 7 ) 

( U f®g) e = ( M (/©s)*)e = ( U f*Qg*)e ■ 


Theorem 3.2. Let (X,U) be an L-fuzzy (iL, £ , )-soft principle quasi-uniform 
space. Define the mapping : K — > L©© ,; by: 
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T u (f \ - I 1; if / = °X 

k \ U k {uf), if f ^ 0 X . 

Then, T u is an L-fuzzy (A, A)-soft topology on X. 

Proof. (SOI) T{?( Ox) = 1 and 7^(l x ) = U k (u lx ) = U k (l XxX ) = 1. 

(502) Since Uf © u g □ Uf Qg , for each /, g E ( L X ) E , by (SU3), we have U k {uf O 
A?) ^ 

Hence, T^(fQg) =U k {u fQg ) >U k (u f Qu g ) >U k (u f ) ®U k (u g ) = T k {f) ®T^(g). 

(503) Let {fi}i £ r be a family of fuzzy soft sets in A". Then, by Lemma 2. 3(8), we 
have 


(«(V ier fM x >y) = (V,:er fi)e(x) -> (V iG r /i)c(y) 

> A i((/i)e(®) -»■ (/i)e(j/)) 

= Ai(“/i)e(®,y)- 

Then 7^(V ier /i) = Wfc(«(V, 6r /,)) > «fc(A te r«/J = Aier «*(«/«) = A ie r WO, 

for every i £ T. 

Theorem 3.3. Let (X,U) be a L-fnzzy (A, A)-soft principle quasi-uniform 
space. Define the mapping T u : A” — > L^ lX> '' by: 


W) 


1, if / = lx 

^.(n/), if/^lx- 


Then, is an L- fuzzy (A, A)-soft cotopology on A". 


Proof. (SF1) (lx) = 1 and T“(0 X ) = U k (u^) = U(u lx ) = U k { l XxX ) = 1. 

(SF2) Since Uf* © u g * C u f*og* = u J® g s f° r each f,g E (L X ) E , by (U3), we 
have U k [u~ s x Q u~ l ) < U k (uJ x g ). Hence, T k {f © g) = U k {uJ x g ) = U k (u f * Qg *) > 

U k (u r Qu g *) >U k {u f .) ©W(v) = W) ©^1A<A 


(SF3) Let {/j}ier be a family of fuzzy sets in X. Then, by Lemma 2. 3(8), we have 


( M (V ier /*)A(A2/) = (\A e r/*)AA) ^ (\A e r fi)e(v) 

> Ai((/;)e(*) - (/;)e(y)) 

= Ai( w /;)e(®,y)- 
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Then J^f(/\ igr /j) — ^fc( w (A i6r /i)) — ^fc( w (Vi 6 r/*)) — ^A(Aier u ft) — A?;er^ fc (' u /*) ~ 

Ker^kifi)* for ever y * e r - 

Theorem 3.4 Let (X,U) be an L-fuzzy (K , E)-soh quasi-uniform space. Define 
the mapping T u : K — > L © A © by 

??(/) = A A {/» v V w A«)i 

eeExeX u{x]Qf 

where (w[x]) e (?/) = u e (y,x). Then, is an L-fuzzy (K,E )- soft topology on X. 

Proof (SOI) It is easily checked. 

(S02) Suppose that 

( \J U k {u )) O ( \J U k {y ;)) ^ \J U k (w). 

u[x%f v[x%g w\x%fQg 

For each i e {1, 2}, there exists tq with iq [x] □ fa such that 

Z4(ui) © Z4(u 2 ) ^ V U k (w). 

w[x]QfOg 

It implies {u\ © U 2 )[x] © / © g such that 

V U k (w) > © it 2 ) > U k {u i) © U k (u 2 ). 

»NE/l0/2 

It is a contradiction. 


2?(/)0 7i"U) 

= ( Aee£ Aa;ex{/e l 3 ') ^ Vu[a;]c;/^(' U )}) © ( AeGB Ayex{$e (?/) ^ V i%]Cg ( v ) } ) 

© AeS-E AzeX ({/e (“A V Vu[a:]C/ ^A( M )} © {i?e ( a; ) ^ Vi;[a;]Cg 

(by Lemma 2.3 ) 

© Aees Axex f(/e ©fieX 2 ') V ( Vu[x]C/ ( W ) ) © } ( ^A ( V ) )) 

© A eS-E l\x£X y(fe © 9e)( X ) V (V uQv[x]OfQgMk(u © v) j 
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(S03) 

fj) = f\eeE A.TeA'{(VjeJ fj)*e( X ) V Vw[x]Cv,/, M{ u )} 
(since L is a completely distributive lattice) 

= AeeE /\xexi/\j{(fj)e( X ) ^ V u [a;] CV ^( M ) }} 

= AjiAeSE A.rS.V {(/.j)e(A) V Vu^CV^Wlw)}} 

— AjiAeeE /\x£X {(fj)*e( X ) V V«[ l]E /^(«)}} 

= /\j T k(fj)- 


Corollary 3.5. Let (X,U) be an L-fuzzy (K,E )~ soft quasi-uniform space. Define 
the mapping E u : K — > L by 


^(/) = A A v V «*(<*)}• 

e£E x€X u[x]n.f* 

Then, T u is an L-fuzzy (if, E )- soft cotopology on X. 


4 L-fuzzy (K, E )- soft quasi-uniformities induced by L-fuzzy 
(if, E )- soft topologies 

Theorem 4.1. Let (X, T) be an L-fuzzy (if, £ , )-soft topological space. Define the 
mapping : K — > _L lAxA ) b by 

«h«) = ViotiW.) i ©««/. e «./. # ox}, 

where V is taken over finite family {uf t j i = l,2,...,n}. Then U T is an L-fuzzy 
(if, T)-soft quasi -uniformity on Ah 

Proof.(l) Put T° = {/ e (L A ') B | %{f) + 0}. 

(SU1) Since U\ x □ lx x x, we have 

U{ lxxx) > 'Tfc(lx) = L 

(SU2) If Mi C m 2 , Mi,m 2 G ( L XxX ) e , then 

Z 4 K) = V(©"=i Wi) I ©?=i«L E u u fi ± o x } 

< V{©?=1 Mfi) I ©?=1«L E «2, fi A Ox} 

= £4(m 2 ). 
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(SU3) Let f,g G (. L X ) E and u G (L XxX ) E , then UfOu g C Uf Qg and 
Ul (u) © Ul ( w ) 

= vteuMfi) I ©r=i^ ox} 

Q\f{&T=iM9j) I QjLi u 9i E w,gj ± Ox} 

< v{©r=i^(/i)©©r=i^fe) i 

©"=l«/i © ©ill«9i E M © W, fi ± Ox , Qj ± Ox} 

<U E {u® w). 

(SU4) If Uk(u) 7 ^ 0, then there exists / G ( L X ) E with %.{f) ^ 0 such that Uf C«. 
Hence, 1 a E «/ E u. 

(SU5) Suppose there exists u G (L XxX ) E such that 

I V O V □ u} £ Uliu). 

There exists a finite family (g* G T° | &^ = - i u 9i < u). such that 

\M» I ^ o v □ «} £ ©”i©fe(.©)- 

On the other hand, since u (Ji o u 9i C u 9i , for each i G (1, ...,m} , we have 

o (0™^.) = 0^i (u Si o uj 

e ©r=i%- 

Put i? = ©™pJ gt • Then uovCu and 

\M» I ^ o v □ «} > Wf (u) > 0™^^). 

It is a contradiction. Thus \J{U][ (©) | f o n jZ u} > U 1 (u). 

Corollary 4.2. Let (X, X) be an L-fuzzy (K, E) -soft cotopological space. Dehne 
the mapping U T : K — > j_ i (l XxX ) e ^y 

Mf («) = V{®?=/i(9.') I ©?.i C «.». # <M, 

where the first \J is taken over every finite family {uq, \ i = 1, ...,n}. Then is an 
L-fuzzy (K,E)~ soft quasi- uniformity on X. 

Example 4.3. Let (L = [0, 1] , ©, — >■) be a complete residuated lattice (ref. 
[4,9,11]) defined by 

xOy = (x + y — 1) V 0, x — >• y — (1 — x + y) A 1, 
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x © y — (x + y) A 1,. x* = 1 — x. 


Let X = {x, y} be a set , K = E = (ei, e 2 } and /, g G (L X ) E such that 

/ ei (x) = 0.6, f ei (y) = 0.5, 
fe 2 { x ) = 0-3 J e2 (y) = 0.6. 

9eA x ) = 0.2 ,g ei (y) = 0.5, 

9e 2 ( x ) = 0.4, 9e 2 {y) = 0.3. 

We obtain / 0 /, f*,g*,f* © /* G (L X ) E such that 

(fQf)ei(x) = 0.2, (fof) ei (y) = 0, 
(/0/)ea(®)=O> (/©/)e 2 (y) = 0.2. 


/ e *» = 0.4, /*(y) = 0.5, 
/•(*) = 0.7, fe 2 (y) = 0-4. 
(/:,(*) = 0.8, ^(y) = 0.5, 
9e 2 ( X ) = 0-6, g*e 2 (y) = 0.7. 


(1) Define T : E 


(/*©/%(*) = 0.8, (/*©/*) ei (y) 

= 1, 

(/*©/%(*) = 1, 

(/* ®r)e 2 {y) = 

0.8. 

as follows 




f i, 

if h G {lx, Ox} 


T ei {h) = < 

0.6, 

0.3, 

if/r = /, 
if h = f 0 /, 



l °- 

otherwise, 



r 

if h G {lx, Ox} 


r e2 (h) = < 

°.4, 

if h = g, 



l o. 

otherwise. 


>r ei (/)©r ei (/) = 

0.2 , T is an L-fuzzy (i?, i?)-soft topology 


on AL 


(2) From (1), we obtain an L-fuzzy (i?, E^-soft cotopology T : E — >• L^ lX ^ e with 
^e,(I) = as follows 




Ae 2 (h) 


1, if h £ {lx, Ox} 

0.6, if /* = /*, 

0.3, if h = /*©/*, 

0, otherwise, 

1, if /iG {lx, Ox} 

0.4, if h = g*, 

0, otherwise, 
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(3) We obtain Uf,u g ,Uf & f as 


i u f)e l ^ 

( M /0/)e i = 


\ u g)e i — 


1 0.9 
1 1 

1 0.8 
1 1 

1 1 
0.7 1 


( U f)e 2 ^ q 

( u fOf)e 2 = 


1 1 
7 1 


1 1 

0.8 1 


\ u g)e 2 ~ 


1 0.9 
1 1 


From Theorem 4.1, we obtain an L-fuzzy (E,E )- soft quasi-uniformity U T : E 
L (l x *l x ) e as follows 


( U T ) ei { u ) = { 


(W T ) e2 («) = 


1, 

if u — lxxx 

0.6, 

if u f □ u ± lxxx, 

0.3, 

if Ufof Eu^Uf, 

0.2, 

if UfOUfEu^ Uf Qf , 

o, 

otherwise, 

f 

if u — lxxx 

J 0.4 

, HugEu^lxxX, 

l °» 

otherwise. 


Theorem 4.4. Let T be an L- fuzzy (K, E)- soft topology on X and U T the L- 
fuzzy (K, E)- soft principle quasi-uniformity. Then 

(1) T uT > T, 

(2) U TU < U. 

Proof. (1) Tf r (f) = U[ (u f ) = VlOiiWO I 0?=i«A < «/, /i + 0. t } > %(f). 
(2) Suppose that there exists u G (L XxX ) E such that 

uF(u)iu t (u). 

There exists a family {uf { | ©™ x u f. Cm} such that &T=i r k(fi) i u k (u). For each 
i = 1,2, ...,m, by the definition of T w , there exists u y. e ( l XxX ) e such that 

^ 


On the other hand, 


«*(«) > Mfc(©£i«/,) > 


It is a contradiction. 
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Example 4.5. Let X = {/q \ i = {1,2,3}} with hi— house and E = {e,b} with 
e=expensive, b= beautiful. Define a binary operation 0 on [0, 1] by 

x © y — max{0, x + y — 1}, x — > y — min{l — x + y, 1} 

x ®y = min{l, x + y}, x* = 1 — x 

Then ([0, 1] , 0, — >, 0, 1) is a complete residuated lattice. 

(1) Put v, v © v, w E ([0, l] XxX ) E as 

/ 1 0.6 0.5 \ / 1 0.5 0.3 \ 

v e = 0.3 1 0.5 ] v b = 0.7 1 0.5 

\ 0.4 0.6 1 J \ 0.6 0.6 1 J 

/ 1 0.2 0 \ ( \ 0 0 \ 

(v 0 v) e = J 0 1 0 J (v © v) b = | 0.4 1 0 J 

\ 0 0.2 1 J \ 0.2 0.2 1 J 

( 1 0.4 0.5 \ / 1 0.5 0.3 \ 

w e = 0.4 1 0.5 ] v b = [ 0.3 1 0.5 

\ 0.4 0.6 1 J \ 0.2 0.3 1 J 

We define U : E — » [0, l]([°- 1 ] X/A ) E as follows: 

{ 1, if u = ly x y 

0 . 6 , ifvQu^l Yx Y, 

0.3, if v © v □ u 2 u, 

0, otherwise. 

{ 1, if u— 1 yxy 

0.5, if w C u ^ 1 yxy, 

0, otherwise. 

Since v ov — v, w ow — w and (v © v) o (v 0 v) = (v Qv), U is a [0, l]-fuzzy (E, E)- 
soft principle quasi- uniformity on X. From Theorem 3.2, we obtain a [0, l]-fuzzy 
soft (E, E)-topology T u : E — ■> [0, 1 ] ) E suc h that T^(v[f]) = 0.6 because, for 
e e {e,b}, f ± Ox, 

K[ f])e(y, z) = v[f}e(y ) -»• v[f] e (z) 

= \/xex( V e{x,y) © fe{x)) -> \/ x£X (v e {x, z) © f e (x)) 

> /\ xeX (( V e( x i V) © fe{x)) -> (V e {x, z) © / e (x))) 

> A X£ x( v e(x,y) -»• u e (®,^)) 

> U e (y,^)- 

Since (Mi XxA .[ Qx ]) e (y, A = lxxx[ax] e (A) lxxx[av] e (^) = (lxxx)e(?/©), we have 
7A(lxxx[«x]) = Te{otx) = 1. Moreover, T^(v Q v[f]) = 0.3 and 7^ («;[/]) = 0.5. 
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Hence 

{ 1, if g = a x , 

0.6, if g = v[f], 

0.3, if g = (vQv)[f] 

0, otherwise, 

{ 1, if g = a x , 

0.5, if g = w[f\, 

0, otherwise, 

From Theorem 4.1, we obtain U tU : E — » [0, 1]([°’ 1 R X ' Y )' B as follows: 

{ 1, if u = lxxx 

0.6, if Uv[f] != U 7^ 1 Y xY i 
0.3, if u (vev)lf] Qu^u vlf] , 

0, otherwise. 

{ 1, if u — lxxx 

0.5, ifu v[f] Qu^Iyxy, 

0, otherwise. 

S nice 

VxexM X >V) © fe(x)) -»• \J xeX (l’ e (x, z) © f e (x)) 

> A x ex(M X ’V) © fe(x)) -> (v e (x,z) © f e {x)) 

> f\xex( v e( x ,y) -*■ v e ( x ,z)) > v e (y,z), 

u v [f\ © v and U ( v ©„)[/] E n. Hence < W. 
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A FIXED POINT APPROACH TO STABILITY OF ADDITIVE MAPPINGS 
IN MODULAR SPACES WITHOUT A 2 -CONDITIONS 

CHOONKIL PARK, ABASALT BODAGHI, AND SANG OG KIM* 


Abstract. In this article, we prove the generalized Hyers-Ulam-Rassias stability of the fol- 
lowing equivalent functional equations 

f(x + y) = f(x) + f(y), 

via fixed point method. We obtain the result in the framework of modular spaces without 
A 2 -conditions. 


1. Introduction and preliminaries 

We recall some basic facts concerning modular spaces. 

Definition 1.1. Let A be a vector space over a field K (M or C). A generalized function 
p : X — > [0, oo] is called a modular if it satisfies for all a, (3 £ K, 

(i) p(x) = 0 if and only if x = 0, 

(ii) p(ax) = p(x) for every scalar a with |a| = 1, 

(iii) p(ax + (3y ) < p{x) + p(y) if a + (i = 1 and a, f3 > 0. 

If we replace (iii) by 

(iii') p(ax + (3y ) < ap(x) + /3p(y) if a + /? = 1 and a, (5 > 0 
then we say that p is a convex modular. 

A modular p defines a corresponding modular space , denoted by X p , given by 

X p = {x £ X | p(Xx) -A 0 as A -A 0}. 

X p is a vector subspace of X. 

Definition 1.2. Let X p be a modular space and {x n } be a sequence in X p . 

(1) { x n } p-converges to x € X p if p{x n — x) -A 0 as n -A oo. The point x is called the 
p-limit of the sequence { x n }, which is denoted by x n A x. 

(2) {x n } is a p-Cauchy sequence if p(x n — x m ) A0asm,nA oo. 

(3) A subset S C X is called p-complete if every p-Cauchy sequence in S is p-convergent to 
an element of S. 

Remark 1.3. Note that for a fixed x £ X p , the valuation A £ K A p(Xx) is increasing. In 
case the modular p is convex, one has p{x) < 5p Qx) for all x £ X p , provided 0 < <5 < 1. In 
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particular, p(x) < ^p(2 n x) for all x G X p and n G N. Let {a n } , {b n } , {c n } , {d n } be sequences 
in X p that p-converge to a,b, c, d, respectively. It is easy to show that 

P Q(«n - a) + b n -b) + |(c n - c) + |(c? n - d) 

< | (p(a n - a) + p(b n - b) + p(c n - c) + p(d n - d)) . 

Unlike a norm, a modular need not be continuous. The convergence of a sequence {x n } 
does not imply that of { cx n } for a scalar c. In order to avoid such difficulties, some additional 
conditions are imposed on the modular so that the multiple of {x n } converges naturally. One 
of such conditions is the so-called A 2 -condition. A modular p is said to satisfy the A 2 - condition 
if there exists k > 0 such that p(2x) < np(x) for all x G X p . 

Example 1.4. A convex function <f>(t) defined on [0, 00 ), nondecreasing and continuous for 
t > 0 and such that <j>( 0) = 0, <fi(t) > 0 for t > 0, and (j)(t) — > 00 as t — > 00 , is called an Orlicz 
function. Let (17, E, p) be a measure space. Let L°(p) be the set of all measurable real-valued 
(or complex- valued) functions on 17. Define for / G L°(p), 

P<f>(f) = f H\f\)dp- 
Jn 

Then p^ is a modular and the associated modular function space is called an Orlicz space and 
denoted by 

L ^ = {/ G L°(p) | P(f>(\f) — > 0 as A — > 0}. 

It is known that L ^ is p^-complete. Moreover, (L^*, || • is a Banach space, where the 
Luxemburg norm || • ||p is defined as follows; 

\\f\\p* = inf | A > 0 X } ’ 

Note that if p, is the Lebesgue measure on M and <f>(t) = e* — 1, then p ^ does not satisfy the 
A 2 -condition. 

The notion of modulars on linear spaces and the corresponding theory of modular spaces, as 
a generalization of metric spaces, were initiated by Nakano [15] in connection with the theory 
of ordered spaces. Further and the most complete development of the theories are due to 
Luxemburg, Musielak, Orlicz, Mazur [11, 12, 13, 14] and their collaborators. In the present 
time, the theory of modular and modular spaces are extensively applied, in particular, in the 
theory of various Orlicz spaces and interpolation theory, which have broad applications. For 
a review of Musielak-Orlicz space and modular spaces, the reader is referred to the book of 
Musielak and Orlicz [13]. 

The stability problem of functional equations originated from a question of Ularn [23] in 1940, 
concerning the stability of group homomorphisms. In 1941, Hyers [7] gave the first affirmative 
answer to the problem of Ularn for Banach spaces. Hyers’ result was generalized by Aoki [1] 
for additive mappings and by Rassias [16] for linear mappings by considering an unbounded 
Cauchy difference. Generalizations of the Rassias’ theorem were obtained by Forti [4] and 
Gavruta [5] who permitted the Cauchy difference to become arbitrary unbounded. Since then 
a wide spectrum of stability problems has been investigated for a variety of functional equations 
and spaces. A large list of references concerning the stability of various functional equations can 
be found e.g., in [2, 3, 8, 9, 18, 19, 20, 21, 22], Recently, Sadeghi [17] showed a fixed point method 
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to prove the stabilities of the Cauchy and Jensen functional equations on modular spaces with 
the A 2 -conditions. Wongkum et al. [24] obtained a stability result of the quadratic functional 
equation without the A 2 -conditions. Also, Eshaghi Gordji et al. [6] proved a generalized Ulam- 
Hyers-Rassias stability of Cauchy mappings in modular spaces endowed with a partial order 
without the A 2 -condition. 

Motivated by the ideas and results of [6], [17] and [24], we prove the generalized Ulam-Hyers- 
Rassias stability of additive functional equations in the framework of modular spaces via fixed 
point theory. It is very important to note that we dropped the A 2 -condition. The results are 
interesting and many results on the stability of additive functional equations in normed spaces 
can be reformulated. Note that the functional equations we are considering in Theorems 2.2 
and 3.1 are equivalent, but in the stability of those functional equations the control functions 
are different. 


2. Stability of the functional equation f(x + y) = f(x) + f(y) 

Let X p be a modular space, C C X p , and T : C C be a mapping. The orbit of T at x £ C 
is the set 

0{x) = {x, Tx, T 2 x , . . .}. 

The quantity 5 p (x) = sup{p(T n (x) — T m (x)) \ n, rn E N} is called the p-diameter of T at x. 
We start with a known fixed point theorem in modular spaces. 


Theorem 2.1. ([10]) Let X p be a modular space whose induced modular is lower semicontinuous 
and let C C X p be a p-complete subset. If T : C — > C is a p- contraction, that is, there is a 
constant k £ [0, 1) such that 

p(Tx - Ty ) < kp(x -y), x, y £ C, 

and 5 p (xq ) < oo for xo £ C, then the sequence {T n (xo)} is p-convergent to a point w £ C . If 
p(w — T(w )) < oo and p(x o — T(w )) < oo, then w is a fixed point of T . 


Theorem 2.2. Let V be a linear space, X p be a p-complete modular space where p is lower 
semicontinuous and convex, and f : V -* X p be a mapping with /( 0) = 0. Let 0 < L < 1 be a 
constant and suppose that 


p(2f(x + y) ~ 2/(x) - 2/(2/)) < <p(x,y), x,yeV, (2.1) 

where ip : V x V — > [0, oo) is a nonnegative real-valued function with the following properties; 

rn. v(2V '' v) = 0, 

n — »oo 2 n 

<p( 2x,2x) < 2 L<p(x,x), x,y G V. 

Then there exists a unique additive mapping w : V — > X p such that 

1 


(2.2) 


p(w(x) - f(x)) < 


4(1 -L) 


if(x,x) 


(2.3) 


for all x £ V . 


Proof. Let 

M = {g | g : V -A X p , g{ 0) = 0}. 

Then by a standard argument as in [24, Lemma 10] or [17, Theorem 2.1], M is a linear space, 
and the generalized function p : M — > [0, oo] defined by 

pig) = inf{c > 0 | p(g(x )) < ap(x,x), x £ V} 
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is a convex modular on M. Moreover the corresponding modular space Mp is the whole space 
M and is p-complete. Also p is lower semicontinuous. 

Define T : Mp — > Mp by 

T(g){x) = \g{2x), g € Mp, x <E V. 

We first show that T is a p-contraction. Let x € V, g, h £ Alp and c be an arbitrary constant 
with p(g — h) < c. Then we have 

p{g(2x) — h(2x)) < ap( 2x,2x), 

so that by (2.2) 

'g{ 2x) h( 2x)\ 1 


P 


< 7,{g{2x) - h(2x)) < ^<p( 2x,2x) < Lap(x,x). 


Hence we have p(Tg — Th) < Lp(g — h), from which T is a p-contraction. 

Next, we show that T has a bounded orbit at /. For that, we first show by induction on 
n € N 


P - 2 /( x )) ^ it ^ ( 2 ' lx ’ 2 ' lx ) ’ x G y - 


In fact, for n = 1, letting x = y in (2.1), we have 


p(/( 2x) - 2 f(x)) < \p{2f(2x) - 4 f{x)) < \y{ x,x). 


Assume that (2.4) holds for n — 1. Then, for all x £ V, 


< (^Sr - 2/(2*)^ + ^p(2/(2s) - 4/(x)) 


1 


1 


< ■ ( 2 * x > 21 x ) + 2 ' x ) 


2=1 


n 

^-V7( 2? - 1 x,2 ? - 1 x), 


2 — 1 


from which it follows that (2.4) holds for every n 6 N. Hence we deduce that 


p(^r- 2 K x )) lx ’ 2 ' lx ) 

' ' i = 1 

1 n 


2—1 

OO 




2—1 


1 


< —7 -<p(x, x) 

2(1 - Ly y ’ ’ 


for all 


(2.4) 


(2.5) 
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Now for m, n £ N, we have by (2.5) 

7(2 n x) /( 2 m x) 


2 n 


<^P 12 


f(2 n x, 


- 2/w) + \p - 2f(x) 


( 2 . 6 ) 


< 


4(1 -L) 

1 


” 2(1 -L) 

for all x £ V. We also have 
' f(2 n x 


<p(x,x) 

v(x,x) 


P 


- /<*)) S \p - 2 '< w) s Krh)^' *> <2 ' 7) 

for all x £ V. Hence it follows by (2.6) that for m, n £ N, 

*7-/ 5^ < 00, 

and hence, the /1-diameter of T at / is finite, i.e. , 5p(f) < oo. 

By Theorem 2.1, there exists an element w £ Mp such that T n f A w. By the p- co nt r a,c t i vity 
of T, one has 

p(Tw - T n+1 f) < Lp(w - T n f). (2.8) 

Letting n A oo in (2.8) and applying the lower semicontinuity of p. we have 

p(Tw — w) < lirninf p(Tw — T n+l f) 

n— >oo 

< lirninf Lp(w — T n f ) 

n— >co 

= o, 

so that w is a fixed point of T, i.e., w(2x) = 2w{x) for all x £ V. 

Replacing (. x,y ) by (: 2 n x,2 n y ) in (2.1), we have 

p{2f(2 n (x + y)) - 2f(2 n x) - 2/(27 )) < *>(2"*, 27). 

Then by using Remark 1.3 and (2.2), we have 

7(2"(s + s/)) f(2 n x) f(2 n y)' 


< P 

< 


2 n 2 n 2 n 
f 2f{2 n {x + y)) _ 2f(2 n x) _ 2/(27 ) 
y 2 n 2 n 2 n 

^(2/(2"(* + y)) - 2/(2"x) - 2/(27)) 

< ^^(2 n x, 27)^0 

as n —*■ oo. 

Applying the lower semicontinuity of p. Remark 1.3 and (2.9), we deduce that 

w(x + y) = in(x) + tc(y) 


(2.9) 
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for all x, y E V, that is, w is additive. Moreover, by (2.7), it follows that 

1 


p(w(x) - /(x)) < 


:<p{x,x) 


4(1 - L) 

for all x £ V. Hence the inequality (2.3) is proved. 

Finally, we show the uniqueness of the additive mapping w. Assume that w \ , W 2 are additive 
mappings that satisfy (2.3). Then we deduce that 

' wAx) iWxV 

P ' 


= P 


< 


wi(2 n x ) /( 2 n x) /( 2 n x) W 2 ( 2 n x) 


2 n+1 


2 n+1 


2 n + 1 


2 n+1 


O 

— or >. r 


uq(2 n x) /( 2 n x) ^ /( 2 n x) LC 2 ( 2 n x) 


< ^ Hp(»i(2”i) - /(2"x)) + |p(/(2"ar) - u, 2 (2"x))l 
V2(2 n x,2 n x) 


1 


< 


2n+i 4(1 _ £,) 
1 1 


2n+2 l _ L 

0 as n — > oo 


(2L) n (^(x,x) 


for all x G V, from which it follows that w\ = W 2 - This completes the proof. 


□ 


If the control function ip is replaced by a constant, we obtain the following result. 


Corollary 2.3. Let V be a linear space, X p be a p-complete modular space where p is lower 
semicontinuous and convex, and f : V — > X p be a mapping with /( 0) = 0. If there exists a 
constant 5 > 0 such that 

p(2/(x + y)~ 2/ (x) - 2/(2/)) <5, x,yeV, 
then there exists a unique additive mapping w : V — > X p such that 

p(w(x) - /(x)) < 5 - 

for all x G V . 

Proof. It is easy to see that we can take L = ^ in Theorem 2.2 if <p(x, y) = 6 for all x, y € V. □ 

It is known that every normed space is a modular space with p(x) = ||x||. Applying Theorem 
2.2, we have the following result. 


Corollary 2.4. Let V be a linear space, (A, || • ||) be a Banach space and f : V -A X be a 
mapping with /( 0) = 0. Let 0 < L < 1 be a constant and suppose that 

II / (x + y) - /(x) - f(y ) || < <p{x,y), x,y G V, 

where p : V x V — >• [0, oo) is a nonnegative real-valued function with the following properties; 


lim 

n— >oo 


p(2 n x, 2 n y) 
2 n 


= 0, 


p(2x,2x) < 2 L(p(x,x), 


x, y £ V. 
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Then there exists a unique additive mapping w : V -A X such that 

\\w(x) - f(x ) II < 2(1 _ 

for all x e V . 

Example 2.5. Let f be an Orlicz function and L ^ be the Orlicz space. Let / : V — > be a 

mapping with /( 0) = 0. Let 0 < L < 1 be a constant and suppose that 

f <f>(\2f(x + y)-2f{x)-2f(y)\)dn<ip{x,y), x,y£V, 

Jn 

where (p : V x V — > [0, oo) is a nonnegative real-valued function with the following properties; 

lim = 0, 

n— >oo 2 n 

ip(2x,2x) < 2 L(p(x,x), x,y G V. 

Then there exists a unique additive mapping w : V — >• such that 

1 


j ^ ^ (k(*) - f{x)\)dp < _ ^ 


<p(x,x ) 


for all x e E. 


3. Stability of the functional equation f + f (^ 2 ^) = f( x ) 

Theorem 3.1. Let V he a linear space, X p he a p-complete modular space where p is lower 
semicontinuous and convex, and f : V — > X p he a mapping with /( 0) = 0. Let 0 < L < 1 he a 
constant and suppose that 


P ( 2/ 


x + y 


+ 2 / 


x-y 


-2 f(x)\ <(p(x,y), x,yeV, 


(3.1) 


where ip : V x V -A [0, 00 ) is a nonnegative real-valued function with the following properties; 

(3.2) 


Um A2-Y2-,) = 


<p(2x,0) < 2Lip(x,0), x, y G V. 

Then there exists a unique additive mapping w : V — > X p such that 

L 


p{w(x) - f(x)) < 


X{x, 0) 


(3.3) 


2(1 -L) 

for all x € V . 

Proof. Let 

M = {g \ g : V ^ X p , g( 0) = 0}. 

Then as in the proof of Theorem 2.2, M is a linear space, and the generalized function p : M — > 
[0, 00 ] defined by 

p(g) = inf{c > 0 | p(g(x)) < ap(x, 0), x G V} 

is a convex modular on M. Moreover the corresponding modular space M p is the whole space 
M and is p-complete. Also p is lower semicontinuous. Define T : M p — > M p by 


T{g)(x) = -g( 2x), g € M p , x £ V. 


1044 


CHOONKIL PARK et al 1038-1048 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


8 


C. PARK, A. BODAGHI, AND S. O. KIM 


We first show that T is a p-contraction. Let x € V, g, h £ Mp and c be an arbitrary constant 
with p(g — h) < c. Then we have 


so that by (3.2) 


P 



p(g{2x) - h( 2x)) < c<p(2x, 0), 




p(g( 2x) — h(2x )) < -<p(2x, 0) < Lc<p(x, 0). 


Hence we have p(Tg — Th) < Lp{g — h), from which it follows that T is a p-contraction. 

Next, we show that T has a bounded orbit at /. For that, we first show by induction on 
neff 

P f 2 n_1 2f(x) S J<(L n + ... + L 2 + L)tp(x,0), x G V. (3-4) 

In fact, for n = 1, letting y = 0 in (3.1), we have 

P (4/ - 2 f(xfj < <p(x, 0), xeV. 

Then we have 

p(4/(x) - 2/(2x)) < <p(2x, 0) < 2 L<p(x, 0), x G V, 

and hence 

p{f( 2x) - 2/(x)) < ^p(4/(x) - 2/(2x)) < L<p(x,0), x € V. 

Assume that (3.4) holds for n — 1. Then, for all x 6 V, 


P - vw) 

^ “ 2 /( 2x )) + ^( 2 /( 2x ) - 4 /( X )) 


< - 
“ 2 


< — (iv 77, + . . . + L + L/)(p(2X) 0) + — • 2 L(p(x, 0) 

< (L ,! + . . . + L 2 + L)<p(x, 0), 


(3.5) 


from which it follows that (3.4) holds for every n € N. 
Now for m, n € N, we get by (3.5) 


P 


/(2 n x) /(2 m x) 


a p ( 2 /p_ 2/w ) + ^( 2 /p_ 2/(x ) 

5 (T A t) 4,(l ' 0) 


for all x 6 V. We also have by (3.5) 

(2 

2 


P 1 - m) < \p ( 2^^ - 2 /( x )) < 2(T^L)^ ( - T ’ 0) 


(3.6) 


(3.7) 
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for all x £ VL Hence it follows by (3.6) that for m, n £ N, 

~ (r n / _ r m /) <_A_ <00) 

which implies that the p-diameter of T at / is finite, i.e., 5p(f) < oo. By Theorem 2.1, there 
exists an element w £ Mp such that T n f -A w. By the p-contractivity of T, one has 

p(Tw - T n+1 f) < Lp(w - T n f ). (3.8) 

Letting n -A oo in (3.8) and applying the lower semicontinuity of p, we have 

p(Tw — w) < lirninf p(Tw — T n+1 f ) 

n— >■ oo 

< lirninf Lp(w — T n f ) 

n— >• oo 

= o, 

so that tc is a fixed point of T, i.e., w(2x) = 2w(x) for all x £ V. 

Replacing (x, y) by (2 n+1 x, 2 n+1 y) in (3.1), we have 

p(2/(2"(z + y)) + 2f(2 n (x - y)) - 2f(2 n+1 x)) < <p( 2 n+1 x, 2 n+l y). 

Then by using Remark 1.3 and (3.2), we get 

2f(2 n (x + y)) 2f (2 n (x — y)) 2/(2" +1 x) 

2»i+i 2 n+1 

< 2^U>(2/(2”(i + 3/)) + 2/(2> - j,)) - 2/(2”+V)) (3.9) 

S 2^tH2" +1 *,2 ”«!,) 

A 0 as n A oo. 

Since w(2x) = 2 w(x), applying the lower semicontinuity of p, Remark 1.3 and (3.9), we deduce 
that 

u;(x + y) + w(x — y) = 2w(x) (3.10) 

for all x, y £ V. Since u>(0) = 0, letting x = 0 in (3.10), it follows that 

w(-y) = - w(y ) 

for all y £ V. Replacing (x,y) by (y, x) in (3.10), we have 

iw(x + y) + w(y - x) = 2w(y) (3.11) 

for all x,y £ V. From (3.10) and (3.11), we obtain that w is additive, that is, 

w{x + y) = w(x) + w(y) 

for all x, y £ V. Moreover, by (3.7), it follows that 

p(w(x) - /(x)) < 2(1 f{ x i °) 

for all x £ V. Hence the inequality (3.3) is proved. Finally, we show the uniqueness of the 
additive mapping w. Assume that w\,W 2 are additive mappings that satisfy (3.3). Then we 
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deduce that 


C. PARK, A. BODAGHI, AND S. O. KIM 


W\(x) W 2 (x) 


= P 


w\(2 n x) /( 2 n x) /( 2 n x) w 2 {2 n x) 


2 n+1 


2 n+1 


2 n + l 


2 n+1 


1 ( w\{2 n x ) 

“ 2F P V 2 


f(2 n x) + f{2 n x) w 2 ( 2 n x) 


< f i(2“x) - /(2”i)) + ip(/(2™a:) - ® 2 (2”z))) 

A2"x,0) 


1 


2L 


< 


2 n+i 2(1 - L) 
1 L 


2 n +! (1 — L) 

0 as n — > oo 


•(2L)>(x,0) 


for all igV, from which it follows that w\ = w 2 - This completes the proof. 


□ 


Remark 3.2. It is curious that the multiple of 2 in the inequalities (2.1) and (3.1) appears. It 
is an interesting question whether the constant 2 in (2.1) and (3.1) can be dropped. 
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FUZZY STABILITY OF ADDITIVE-QUADRATIC 
p-FUNCTIONAL INEQUALITIES 

CHANG IL KIM AND GILJUN HAN* 

Abstract. In this paper, we prove the generalized Hyers-Ulam stability of 
the following additive-quadratic p-functional inequalities 

n (/0 + y) + f( x -y)~ 2 f{x) - f(y) - + 4 /(— ~ 3 f( x ) 

and 

+ 4 /(—rA) - 3 ^( x ) + f (~ x ) - f(y) - f(-y ) - p[f( x + y) + f( x - y) 

- 2 f(x) - f(y) - /(—!/)] , > t + ^ ^ , (p + 0, 1,2) 

in fuzzy Banach spaces. 


1. Introduction and preliminaries 

The concept of a fuzzy norm on a linear space was introduced by Katsaras [12] 
in 1984. Later, Cheng and Mordeson [3] gave a new definition of a fuzzy norm in 
such a manner that the corresponding fuzzy metric is of Kramosil and Michalek 
type [14]. 

Definition 1.1. Let A be a real vector space. A function N : A x R — > [0, 1] is 
called a fuzzy norm on X if for all x, y £ X and all c,s,t£ R, 

(Nl) N( x, t) = 0 for all t < 0; 

(N2) x = 0 if and only if N(x, t) = 1 for all t > 0; 

(N3) N(cx, t) = N(x, ||| ) if c ^ 0; 

(N4) N(x + y, s + t) > min{N(x,s), N(y,t)}; 

(N5) N(x, •) is a nondecreasing function on R and lim^oo N(x, t) = 1; 

(N6) for any x ^ 0, N(x,-) is continuous on R. 

In this case, the pair (A, N ) is called a fuzzy normed space. 

Let (A, A) be a fuzzy normed space. A sequence {x n } in X is said to be con- 
vergent in (A, N ) if there exists an x € X such that linin^oo N(x n — x, t) = 1 for 
all t > 0. In this case, x is called the limit of the sequence {x n } in X and one 
denotes it by N — lim^^oo x n = x. A sequence {x n } in A is said to be Cauchy in 
(A, N ) if for any e > 0, t > 0, there is an m € N such that for any n > m and any 
positive integer p, N{x n + P — x n ,t) > 1 — e for alH > 0. It is well known that every 
convergent sequence in a fuzzy normed space is Cauchy. A fuzzy normed space 

2010 Mathematics Subject Classification. 39B62, 39B72, 54A40, 47H10. 

Key words and phrases. Hyers-Ulam stability, additive-quadratic p-functional inequality, fuzzy 
normed space, fixed point theorem. 
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2 CHANGIL KIM AND GILJUN HAN 

is said to be complete if each Cauchy sequence in it is convergent and a complete 
fuzzy norrned space is called a fuzzy Banach space. 

In 1940, Ularn proposed the following stability problem (cf. [24]): 

“Let G i be a group and G 2 a metric group with the metric d. Given a constant 
6 > 0, does there exist a constant c > 0 such that if a mapping / : G\ — > 
G 2 satisfies d(f(xy),f(x)f(y)) < c for all x,y € G 1 , then there exists a unique 
homomorphism h : G\ — » G 2 with d(f(x), h{x)) < 5 for all x € Gi?” 

In the next year, Hyers [11] gave a partial solution of Ulanrs problem for the 
case of approximate additive mappings. Subsequently, his result was generalized 
by Aoki ([1]) for additive mappings, and by Rassias [23] for linear mappings, to 
consider the stability problem with unbounded Cauchy differences. A generalization 
of the Rassias theorem was obtained by Gavruta [9] by replacing the unbounded 
Cauchy difference by a general control function in the spirit of the Rassias’ approach. 
During the last decades, the stability problems of functional equations have been 
extensively investigated by a number of mathematicians ([4], [5], [6], [17]). 

In 2008, for the first time, Mirmostafaee and Mosleliian [15], [16] used the defini- 
tion of a fuzzy norm in [2] to obtain a fuzzy version of the stability for the Cauchy 
functional equation 

(1-1) f(x + y) = f(x) + f{y) 

and the quadratic functional equation 

(1.2) f{x + y) + .fix -y)= 2 fix) + 2 f(y). 

Glanyi [10] and Fechner [8] proved the Hyers-Ulam stability of the following 
functional inequality 

l|2/(ar) + 2fiy) - fix - j/)|| < ||/(x + y)\\. 

Park, Cho, and Han [22] proved the generalized Hyers-Ulam stability of the follow- 
ing functional inequalities associated with the following Cauchy additive functional 
inequality: 

\\f( x ) + f(y) + f( z )\\ < \\fix + y + z)\\. 
and the following Cauchy-Jesen additive functional inequality: 

ll/(*) + fiv) + f( z )\\ < ll 2 /(^y^ + z)ll- 

Park [19, 20, 21] defined additive p-functional inequalities and proved the Hyers- 
Ulam stability of the additive p- functional inequalities. 

Now, we consider the following fixed point theorem on generalized metric spaces. 

Theorem 1.2. [7] Let iX,d) be a complete generalized metric space and let J : 
X — > X be a strictly contractive mapping with some Lipschitz constant L with 
0 < L < 1. Then for each given element x £ X, either diJ n x, J n+l x) = 00 for all 
nonnegative integers n or there exists a positive integer uq such that 

(1) diJ n x , J n+1 x ) < 00 for all n > no ; 

(2) the sequence { J n x} converges to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in the set Y = {y G X \ diJ n °x,y) < 00 } and 

(4) d(y, y*) < d(y, Jy ) for all y GY. 
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In this paper, we investigate the solution of following additive-quadratic p- 
functional inequalities 


N(f{x + y) + f(x -y)- 2 fix) - f{y) - f(-y ) 

(i.3) - p 4 /(-y^) + 4 -K“hr9 _ + ~ ~ ft ~ y ) ’ 0 


> 


t 


t + <t>{x,y) 




(1.4) 


> 


+ 4 /(^^-^) - 3/(ar) + f{—x) - f{y) - f{-y) 
- P[f(x + y) + fix -y)- 2 f{x) - f(y) - f(-y) , tj 
ip + 0,1,2), 


t + <f>(x,y) 

and prove the generalized Hyers-Ulam stability for them in fuzzy Banach spaces. 

Throughout this paper, we assume that (X, || • || ) is a linear space and {Y,N) is 
a fuzzy Banach space. 

2. Solutions and stability of (1.3) and (1.4) 

In this section, we investigate the solution and prove the generalized Hyers-Ulam 
stability of the p-functional inequalities (1.3) and (1.4) in fuzzy Banach spaces. For 
any mapping / : X — > Y, let 

AW = /W ~ /( ~ X> . AW - /W+ / ( ~U 

Dif(x, y) = fix + y) + .fix - y) - 2 fix) - f{y) - /(-y) 

4 /(^ttQ + ^f{~x^) _ _ /(y) - /(-y) 

and 


Y> 2 fix, y) = 4/( aL y^) + 4 /( “ 3 /0) + /(-*) - /(j/) - /(-J/) 

- p[/(z + y) + .fix - y) - 2 fix) - fiy) - /(-y) . 

Lemma 2.1. Let y ^ 1 , ^ (p ^ 0,1,2, resp.) A mapping f : X — > Y saisfies 
fi 0) = 0 and D\fix,y) = 0 (D 2 f(x,y) = 0, resp.) if and only if f is an additive- 
quadratic mapping. 

Proof. Suppose that / satisfies fi 0) = 0 and Di/(x, y) = 0. Setting y = x in 
D\fix,y) = 0, we have 


/( 2x) = 3/(x) - /(-a:) 


for all a; € X and so we get 

/(f) = |/w - 
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for all x £ X. Hence we have 

f(x + y) + fix -y)- 2 fix) - fiy) - f(-y) 

= p _ 3 ^ x ' > + ~ ^ ~ 

= P \fix + y) + ^fix -y)~ \ fi~x - y) - f fiy -x)- 3 fix) + fi~x) - fiy) - f(-y) 
for all x £ X and thus 

(1 ^ 2 p)[foix + y) + foix - y) - 2f 0 {x)} = 0, 

and 

(1 - P)[feix + y) + feix -y)~ 2 feix) ~ 2 f e (y)\ = 0. 

Since p ^ 1, f 0 is additive and f e is quadratic and thus f = f 0 + fe is additive- 
quadratic. The converse is trivial. 

The proof for D 2 f(x,y) = 0 is similar to that for D 1 f{x,y) =0. □ 

Now, we will prove the generalized Hyers-Ulam stability for (1.3) in fuzzy normed 
spaces. 

Theorem 2.2. Assume that <fi : X 3 — > Z is a function such that 
(2.1) <t>ix,y) < ~4>i2x,2y) 

for all x,y and some L with 0 < L < 1. Let f : X — > Y be a mapping such that 
/( 0) = 0 and 

(2-2) NiDifix,y),t) > ——4 t 

t + (f>ix,y) 

for all x, y £ X and all t > 0. Suppose that p ^ 1, Then there exists a unique 
additive-quadratic mapping F : X — > Y such that 

(2.3) N(f(x) — Fix), t) > min ( — — ^ -1 

l Lt + 4(1 — L)<j>ix, x) Lt + 4(1 — L)<j)(—x, —x) / 

for all x £ X and all t > 0. Moreover 

(2.4) A(*) = W- n lto2»/.(|L), f .( x ) = n -. Ito2“»/.(|r) 

for all x £ X . 

Proof. Consider the set S = {g \ g : X — > Y} and the generalized metric d on S 
defined by 

dig, h) = inf{c £ [0, 00 ) | N(g(x) — h{x), ct) 

s mi " { triply t + j,(l,-x) }' Vx 

Then (5, d) is a complete metric space(see [18]). Define a mapping J : S — > S by 

W = 35(f) +s(-f) 

for all x £ X and all g £ S. 
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Let g,h £ S and d(g, h) < c for some c € [0, oo). Then by (2.1), we have 
N(Jg(x) - Jh(x), cLt) = N(ig(^j + s( “ “ 3 ^(l) - h { ~ f)’ cLi ) 

'X\ 1 


> min {jv( ff (|) - h(£),±cLt),N(g(- f ) - h(- \ ),\cLt) } 


> min 


{ 


Lt 

4 


Lt 

4 


+Hf’f )’t+H 


X X 

2 ’ 2 


} 


> min • 


t 


t 


■ t + <j>(x, x) t + <j>{ — X, —x) J 

for all x £ X. Hence we have d(Jg, Jh) < Ld(g, h) for any g,h G S and so J is a 
strictly contractive mapping. 

Putting y = x in (2.2), we get 

(2.5) N(f(2x) — 3f(x) — f(—x),t) > 


t + <j)(x, x) 


for all x £ X, t > 0 and hence 

»(/« -3/(|) -/(-!), t) 

for all x £ X and all t > 0. Thus we have 


> 


t + 


Hf’f) 


> T 

j;t + <j)(x,x) 


N(f{x) - Jf{x ), jt 


> — > min 

t + <p(x, x) 


t t 

■ t + <j>(x, x ) ’ t + 4>(—X, —x ) . 


for all x £ X, t > 0 and so we have d(f, J f) < j < oo. By Theorem 1.2, there 
exists a mapping F : X — > Y which is a fixed point of J such that d(J n f, F) — > 0 
as n — > oo. By induction, we have 


J n f{x) = 


2" (2" + 1) / x \ 2”(2 n — 1) 


’f(&) + 


! /(-^) 


for all x £ X and all n £ N. Hence we have 

2 n (2 n + 1) / x \ 2"(2” — 1) 




(2.6) N — lim 

n—>o o 

for all x £ X and so we get (2.4). Replacing x, y, and t by and in (2-2), 

respectively, by (2.2), (N3), and (N4), we have 


iv(2 2 ".Di/,(T |r),2 2 "i) 

{w(2 2 "D 1 /(T,| r ,),2 2 ”().Jv(2 2 "D 1 /( 


> min 

> min 


x y , 

, ,2 zn t 

2 n 2 


)} 


in | 


t + 2™^ t + (j)(^ 


2 n ’ 2" 


} 


for all x, y £ X and all n £ N. Hence 


(2 ' 7 ^ N ( 2 Dlfe (2 n '2 n ) ,t ) ~ mm {t + L n (l)(x,y)' t + L n (/)(-x,-y)} 

for all x, y £ X } all t > 0, and all n £ N. Letting n — > oo in (2.7), by (2.4), 
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D\F e (x, y) = 0 

for all x,y £ X. Similarly, we have 


for all x, y € X. Hence 


D 1 F 0 (x,y) = 0 


D 1 F(x,y) = 0 

for all x,y £ X and by Lemma 2.1, F is an additive-quadratic mapping. Since 
d(f, J f) < j, by Theorem 1.2, we have (2.3). 

Now, we show the uniqueness of F. Let G be an additive-quadratic mapping 
with (2.3). Then clearly, G is a fixed point of J and 

(2.8) d(Jf, G) = d(Jf, JG) < Ld(f , G) < ^ < oo 

and hence by (3) in Theorem 1.2, F = G. □ 

As examples of i fi(x,y ) in Theorem 2.2, we can take <f>{x,y) = e(||a;|| 2p + ||i/|| 2p + 
||a;|| p ||i/|| p ). Then we can formulate the following corollary 


Corollary 2.3. Let e > 0 and p be a real number with 1 < p. Let f : X — > Y be 
a mapping such that /( 0) = 0 and 

N(D\f(x, y),t) > t + c(W 2 p + 11^^ + 11^11^) 

for all x,y € X and all t > 0. Suppose that p ^ 1, |. Then there exists a unique 
additive-quadratic mapping F : X — > Y such that 

N{f{x) - F(x),t ) > t + 3 e( 2 2 P _ 4 )|| a .|| 2 P 
for all x £ X and all t > 0. Moreover 

F 0 (x) = N — lim 2 n /o(^), F e (x)=N- lim 2 2n f e (^) 
for all x £ X. 


Related with Theorem 2.2, we can also have the following theorem. And the 
proof is similar to that of Theorem 2.2. 


Theorem 2.4. Assume that 4> : X 3 — ► Z is a function such that 
( 2 -9) <j>(x,y) <2L<f>(^,^) 

for all x,y and some L with 0 < L < 1. Let f : X — > Y be a mapping such that 
/( 0) = 0 and 


(2.10) 


N(D 1 f(x,y),t) > 


t + (j){x,y) 


for all x,y £ X and all t > 0. Suppose that p ^ 1, Then there exists a unique 


additive- quadratic mapping F : X - 
(2.11) N(f(x) — F(x),t) > min j 


Y such that 
t 


t + 2(1 — L)(f>(x , x) ' t + 2(1 — L)(f>(—x, —x) ■ 
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for all x £ X and all t > 0. Moreover 

F 0 (x) = N — lim -^/ 0 ( 2 n x), F e (x) = N — lim -i^/ e ( 2 n x) 

n—>o o Z n—too Z 

for all x £ X. 


Proof. Consider the set S = {g \ g : X — > Y} and the generalized metric don 5 
defined by 

d(g, h) = inf{c £ [0, oo) | N{g{x) — h(x), ct) 

a mi " { < + /(*,») • (+TFLT7) )’ Vx e x ' vt > 0} - 

Then (S, d) is a complete metric space(see [18]). Define a mapping J : S — > S by 

Jg{x) = 2x) - ^g{-2x) 


for all x £ X and all g £ S. Let g,h £ S and d(g, h) < c for some c £ [0, oo). Then 
by (2.9), we have 


N(Jg(x) - Jh(x), cLt) = N^g(2x) - ^g(-2x) - |/i( 2x) + ^h(-2x),cLt 

>min|A^f- g(2x) + h(2x) ,—cLt\,N(— g(—2x) + h(—2x) 
l V 8 L J 4 / V 8 L 


J ’ 4 


cLt 


> min 

> min 


in | 
{ 


2 Lt 


2 Lt 


2 Lt + <p(2x, 2x) ’ 2 Lt + </>(— 2x, — 2x ) 
t t 


} 


t + 4>(x, x) ' t + 4>(—X, —x) 


} 


for all x £ X. Hence we have d(Jg, Jh) < Ld(g, h) for any g,h £ S and so J is a 
strictly contractive mapping. By (2.5), we have 


7v(/(t) - Jf(x), ^ 

= N (l /(2a;) - 3/(x) - f(-x) -i f{-2x)-3f(-x)-f(x) , if) 

> min{fV(/(2x) - 3f(x) - f(-x),t),N(f(-2x) - 3 f(-x) - f(x),t)} 
t t 


> min 


f + <j)(x, x) ’ t + <fi(—x, —x) 


} 


for all x £ X, t > 0 and so we have d(f , J f) < \ < oo. By Theorem 1.2, there 
exists a mapping F : X — > Y which is a fixed point of J such that d{J n f, F) — » 0 
as n — » oo. The rest of the proof is similar to that of Theorem 2.2. □ 


As examples of <f>{x,y) in Theorem 2.4, we can take 4>(x,y) = e( ||ar|| 2p + \\y\\ 2p + 
||a:|| p ||i/|| p ). Then we can formulate the following corollary 

Corollary 2.5. Let e > 0 and p be a real number with 0 < p < \ . Let f : X — > Y 
be a mapping such that /( 0) = 0 and 

N(Dif(x, > i + e(N | 2p + || y p + | mM | P) 
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for all x,y £ X and all t > 0. Suppose that p ^ 1, Then there exists a unique 
additive-quadratic mapping F : X — > Y such that 


N(f(x) — F(x),t) > 


t, 

t + 3e(2 2 P - 2)||a;|| 2 P 


for all x £ X and all t > 0. Moreover 


F 0 (x) = N — lim ^W n x), F e {x) = N — lim -^/ e (2"z) 

n— >• oo Z n—>o o Z 


for all x £ X . 


Now, we will prove the stability of the functional inequality (1.4) in fuzzy Banach 
spaces. 

Theorem 2.6. Assume that <fi : X 3 — > Z is a function such that 


(2.12) 


<t>{x,y) < j(j)(2x,2y) 


for all x,y and some L with 0 < L < 1. Let f : X — > Y be a mapping such that 
/( 0) = 0 and 


(2.13) 


N(D 2 f(x,y),t) > 


t 


t + (j){x,y) 


for all x,y £ X and all t > 0. Suppose that p ^ 0, 1,2. Then there exists a unique 

additive-quadratic mapping F : X — > Y such that 

(2.14) 

Lt Lt 1 


N(f{x)-F{x),t) > min | - 


. Lt + 4p(l — L)cj)(x , x) ' Lt + 4p(l — L)cj)(—x, —x) J 
for all x G X and all t > 0. Moreover 

F 0 (x) = N — lim 2"/ 0 (|4, F e (x)=N- lim 2 2n f e (^) 

for all x € X. 

Proof. Consider the set S = {g \ g : X — Y} and the generalized metric don 5 
defined by 


d(g , h) = inf{c £ [0, oo) | N(g(x) — h(x), ct) 
t t 


> min 


{; 


j, Vx £ X, Vt > 0}. 


. t + <p(x, x) 1 t + 4>{—X, —x) ■ 

Then (S, d) is a complete metric space(see [18]). Define a mapping J : S — >■ S by 

J^) = 3 5 (|)+ 5 (-|) 


for all x € X and all g £ S. 
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Let g,h £ S and d(g, ft) < c for some c € [0, oo). Then by (2.12), we have 
N(Jg{x) — Jh(x),cLt) = Af(3c/(|) + g(- | ) -3ft(|) “ h (~ |)’ cLi ) 


> min {jv( ff (|) - h{^),lcLt),N(g(- 1) - ft( - |), jcLt) } 


X\ 1 


> min 


in | 


Lt 

4 


Lt 

4 


+ ^(f>f) ' x + ^( 


x a? 

2 ’ 2 


} 


> min 


i»{. 


t 


t 


■ t + (j>{x, x ) ’ t + <fi(—x, —x) J 

for all x £ X. Hence we have d(Jg, Jh ) < Ld(<7, ft) for any g,h £ S and so J is a 
strictly contractive mapping. 

Putting y = x in (2.13), we get 

t 


(2.15) 


^(p[/(2a;) - 3 f{x) - /(-a;)],i) > 


t + (f>(x, x) 


for all x £ X, t > 0 and hence 


N(f(x) — Jf(x), —) > 1 

P t + 


*( !>f) 


> 


t+ J(j){x,x) 


for all x £ X and all t > 0. Thus we have 


N^.f(x) - Jf(x), ^-t) > 


t + (j>(x, x) 


> min 


in | 


t + <j>(x, x) ’ t + 4>(—x, —x ) . 


for all x £ X, t > 0 and so we have d(f, J /) < -k < oo. The rest of the proof is 


similar to that of Theorem 2.2. 


□ 


As examples of <j)(x,y) in Theorem 2.6, we can take 4>(x,y) = e(||a;|| 2p + ||y|| 2p - 
|x|| p ||y|| p ). Then we can formulate the following corollary 


Corollary 2.7. Let e > 0 and p be a real number with 1 < p. Let f : X — > Y be 
a mapping such that /( 0) = 0 and 

N(D 2 f(x,y),t) > i + e(M 2 P + 11^2^11^11^) 

for all x, y £ X and all t > 0. Suppose that p ^ 0, 1, 2. Then there exists a unique 
additive- quadratic mapping F : X — > Y such that 

N(f(x) - F(x),t) > 

for all x £ X and all t > 0. Moreover 

F 0 (x) = N — lim 2"/ 0 (L), 

n— >-oo \Z / 

for all x £ X . 

Theorem 2.8. Assume that <fi : X 3 — > Z is a function such that 
(2.16) <j>(x,y) < 2L</>(|, |) 


t + 3ep(2 2 P — 4)||a;|| 2j> 

Fe(x)=N- lim 2-/ e (L) 
n— yoo \Z / 
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for all x,y and some L with 0 < L < 1. Let f : X — > Y be a mapping such that 
/( 0) = 0 and 

t 


(2.17) 


N(D 2 f(x,y),t) > 


t + <j>{x,y) 

for all x,y £ X and all t > 0. Suppose that p ^ 0, 1,2. Then there exists a unique 
additive-quadratic mapping F : X — > Y such that 

(2.18) N(f(x) — F(x),t) > mini — — — ^ r, —— — 4 

1 1 + 2p(l — L)cj){x, x) t + 2p(l — L)4>{— x, —x) / 

for all x £ X and all t > 0. Moreover 

F 0 (x) = N - lim -^/ 0 ( 2 n x), F e (x) = N - lim -^/ e ( 2 n x) 

n— >-oo Z n— >-oo Z 

for all x £ X. 

Proof. Consider the set S = {g \ g : X — > Y} and the generalized metric d on S 
defined by 

d{g , h) = inf{c £ [0, oo) | N(g(x) — h(x), ct) 
t t 


> min 




- j, \/x £ X, Vt > 0}. 


. t + <p(x, x ) ’ t + (f>{—X, —x) . 

Then ( S , d) is a complete metric space(see [18]). Define a mapping J : S — >■ S by 

Jg{x) = - ^ff(~ 2x ) 

for all x £ X and all g £ S. 

Let g,h £ S and d(g, h) < c for some c £ [0, oo). Then by (2.16), we have 
N(Jg(x) - Jh(x), cLt) = N^g(2x) - ^g(-2x) - ^h( 2x) + ^h{-2x),cLt S j 


>minj.ZvY- g(2x) + h(2x) ,-cLt),N(- g(—2x) + h(—2x) 
l \8 L J 4 / V 8 L 

2 Lt 2 Lt 


r\ cLt 


> min 

> min 


in | 
{ 


2Lt + <p(2x, 2x) ' 2 Lt + <j>{— 2x, —2x) 
t t. 


} 




. t + <f>(x, x) 1 1, + 4>(—X, —x) . 

for all x £ X. Hence we have d(Jg, Jh) < Ld(g, h) for any g,h £ S and so J is a 
strictly contractive mapping. By (2.15), we have 


N(p[f{x) - Jf(x )\ , -) 


= N (^P f ( 2x ) “ 3 f( x ) - f(~ x ) - \p f(~ 2x ) - 3 f(-x) - f(x) , 0 


for all x € X, t > 0 and so we have d(f, J f) < ^ < oo. By Theorem 1.2, there 
exists a mapping F : X — >■ Y which is a fixed point of J such that d{J n f, F) — > 0 
as n — > oo. The rest of the proof is similar to that of Theorem 2.2. □ 

As examples of <f>{x,y ) in Theorem 2.6, we can take <f>{x,y) = e(||a;|| 2p + \\y\\ 2p + 
||a;|| p ||r/||P). Then we can formulate the following corollary 
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Corollary 2.9. Let e > 0 and p be a real number with 0 < p < \ . Let f : X — »• Y 
be a mapping such that /( 0) = 0 and 

N(D 2 f(x,y),t) > t + c(W 2 P + 11^2^11^11^) 

for all x, y £ X and all t > 0. Suppose that p ^ 0, 1, 2. Then there exists a unique 
additive- quadratic mapping F : X — > Y such that 

Xif[X) ~ - t + 3ep(2 ~ 2 2 p)\\x\\ 2 p 

for all x & X and all t > 0. Moreover 

F 0 (x) = N — lim -^/ 0 ( 2 n x), F e (x) = N - lim -^/ e ( 2 n x) 

n—>o o Z n—>o o Z 

for all x G X . 
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Abstract : In this paper we give some interesting symmetric identities for Dirichlet-type multiple 
twisted (/-(-function in complex field. 
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numbers and polynomials, generalized twisted (/-Euler polynomials of higher order, Dirichlet-type 
multiple twisted (/-(-function. 


2000 Mathematics Subject Classification : 11B68, 11S40, 11S80. 

1. Introduction 


Euler numbers and polynomials possess many interesting properties and arising in many areas 
of mathematics, mathematical physics and statistical physics. Many mathematicians have studied 
in the area of the q- extension of Euler numbers and polynomials(see [1, 2, 3, 5, 6, 7, 8, 9, 11, 
13]). Recently, D. Kim et al.[ 4] derived some identities of symmetry for (h,q)-ex tension of higher- 
order Euler numbers and polynomials. D. V. Dolgy et al.[ 2] derived some identities of symmetry 
for higher-order generalized g-Euler polynomials. Y. He studied several identities of symmetry for 
Carlitz’s (/-Bernoulli numbers and polynomials in complex field(see [3]). In this paper, we establish 
some interesting symmetric identities for generalized twisted (/-Euler polynomials of higher order in 
complex field. 

The purpose of this paper is to present a systemic study of the generalized twisted (/-Euler 
numbers and polynomials of higher-order by using the multiple g-Euler zeta function. Throughout 
this paper, the notations N, Z, R, and C denote the sets of positive integers, integers, real numbers, 
and complex numbers, respectively, and Z + := Nil {0}. We assume that q G C with |(/| < 1. 
Throughout this paper we use the notation: 

\ x \q = 4 — — (cf. [!, 2, 3, 5]) . 


Note that lim^i [x] = x. Let X be a Dirichlet character with conductor d £ N with d = 1 (mod 2) 
and £ be the p w -th root of unity(see [10, 12, 13]). 

In [5], T. Kim introduced the multiple g-Euler zeta function which interpolates higher-order 
(/-Euler polynomials at negative integers as follows: 


Cg,r(s,x) 


OO 

PE £ 

mi,- ,m r — 0 


[mi H + m r + x] s q ’ 


( 1 ) 


where s € C and x £ R, with x ^ 0, —1, —2, . . .. 

Recently, D. V. Dolgy et al.[ 2] considered some symmetric identities for higher-order generalized 
g-Euler polynomials. The generalized Euler polynomials of order rgN attached to \ are also defined 
by the generating function: 


( d - 1 

L l - 0 


_ 1 \U(x+/)t 


X(0(" l)'e 


odt 


l 


- £ dhfc- 


m — 0 


( 2 ) 
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When x = 0, En, x = En) x { 0) are called the generalized Euler numbers En} x attached to x(see [2, 4]). 

For h £ Z, a, k £ N, and n £ Z + , we introduced the higher order twisted q - Euler polynomials 
with weight a as follows(see [7]): 


E^l(h,k\x) = 


[2] 


(1 ~q a Y 


1=0 




„otlx 


(l + eq al+h ) •••(!+ eq 




In the special case, x = 0, E^ qtW (h,k\0) = E^q tW (h,k) are called the higher-order twisted g-Euler 
numbers with weight a. 

We consider the higher order generalized (/-Euler polynomials of order r attached to \ twisted 
by ramified roots of unity as follows(see [10]): 


£<L„ 

n — 0 


t n 


oo 


(x)-= 2 r ^ (-C) 

n\ ' 

77ii,...,ra r =0 


£• 




d x +£J=i 


In the special case x = 0, the sequence E^ ^ (0) = E^ are called the n-th generalized g-Euler 
numbers of order r attached to % twisted by ramified roots of unity. 

As is well known, the higher-order generalized twisted q - Euler polynomials E^ x ^ qtS (x) attached 
to x are defined by the following generating function to be 


F(%(t,x) = [2] k q ]T (-1) 


m iH 1 - mk -mH hwfc 


mi,- ,771^—0 


n ^( m f) 

Vf=i 


a [miH b mk+x\ q t 


(3) 


= Y, e{ uLA x ) 


n — 0 


ni 


where k £ N. When x = 0 ,e£ x ^ s = En, x ,q,e{ 0) are called the higher-order generalized twisted 
g-Euler numbers En} x , q ,e attached to %. Observe that if q — > 1, £ — > 1, then En) x , q ,e — > E^ x and 
E ( nl,q,e{x) -»• E™(x). 

By using (3) and Cauchy product, we have 




= (Q x E[ k l £ + [x] q ) n , 


(4) 


with the usual convention about replacing (E x ) q , e ) n by En, x ,q,e- 

By using complex integral and (3), we can also obtain the Dirichlet-type multiple twisted q-l- 
function as follows: 


i r°° ~ 

1 { X le(s,x) = ^ s) J o F^%{-t,x)t s - l dt 

( -i (n-'^xK)) £ 


£‘„ m, 


= pi; £ 


m i ,••• — 0 


[mi -I 1 -m k +x\ s q 


(5) 


where s £ C and with x ^ 0, —1, —2, . . . 

By using Cauchy residue theorem, the value of Dirichlet-type multiple twisted (/-/-function at 
negative integers is given explicitly by the following theorem: 


Theorem 1. Let k £ N and n £ Z+. We obtain 


l x,L(~ n > x ) = eW{*)- 
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The purpose of this paper is to obtain some interesting identities of the power sums and the 
higher-order generalized twisted (/-Euler polynomials E^, q>£ (x) attached to x using the symmetric 
properties for Dirichlet-type multiple twisted (/-/-function. In this paper, if we take x° = 1,£ = 1, 
then [4] is the special case of this paper. If we take e = 1 in all equations of this article, then [2] are 
the special case of our results. 

2. Symmetry identities for multiple twisted (/-/-function 


In this section, we investigate some symmetric identities for higher-order generalized twisted 
g-Euler polynomials En^ x/h£ (x) attached to x using the symmetric properties for Dirichlet-type 
multiple twisted (/-/-function. We assume that x is a Dirichlet character with conductor d £ N with 
d = 1 (mod 2) and e be the p JV -th root of unity. Let Wi,w 2 £ N with uq = 1 (mod 2), w 2 = 1 
(mod 2). For k £ N and n £ Z+, we obtain certain symmetry identities for Dirichlet-type multiple 
twisted (/-/-function. 

Observe that \xy\ q = [x] „[y] g for any x, y £ C. In (5), we derive next result by substitute 
w 2 x (j i + ■ ■■ + jk) for a: in and replace q and e by q Wl and £ Wl , respectively. 

W\ 


,(fe) 


W 2 , . 


P] q w l 


( S > W 2X + — (j 1 4 fife)) 


(_l)£*=i "V (nJ =1 x("»j)) £ ™i(m 1+ -+m fc ) 
z y W2 

i,-,m fe = o [mi H bTOfc + w 2 x-b — {j 1 H b 


E 


Wi 


- E 

mi,- — 0 


(_1)EJ=1^ ^ =i x(m,)) £ «n(rni + -+m fe ) 


Wi(mi -I t- m k ) + IB 1 W 2 T + w 2 (j i H b jk) 


Wl 


J 9“ 


= [^l]« 


= Fij 


OO dw 2 -l £ Wl ( mi + -+ m k) 

^ n • ^ n 4 b m fc ) + W\W 2 X + U> 2 (ji d bjfc)]? 

mi, ••• ,mfc=0 ,4fc=0 /J( * 


oo dw2~ 1 

; E E (-D 

mi,— ,m k = 0 ,?fc=0 





x £ dtui(D 2 E*=i i E*=i b 


x ([uqw 2 (x + dmi d b dm fc ) d-«q(*i d b i k ) +w 2 (ji H b j k )] s q ) 


-1 


( 6 ) 


Thus, from (6), we can derive the following equation. 






(ill — \-jk) 


x l^ qWl eWl (s, w 2 x + ^ (ji d b jfc)) 


oo dw 2 — 1 dw i — l / k 

k = iUl+n+m.i) 


= E E E (- i ) E,_ 

mi,--- ,m fc =0ii,... ,i*=0 ji,-- ,ife=0 

x £ dw 1 w 2 Ei=i mi £ wi Ei=i U £ m >2 Ei=i ii 


nxo-o n x(*0 


(7) 


w=i 


W=1 


X ([wiu> 2 (x -b dmi H b dm fe ) + ttq(ii d b **,) + w 2 (ji d b j fc )]*) 

By using the same method as (7), we have 
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K] s dW2 ~ 1 

w 


e (- i ) E ' =i,i n^‘) 


c w 2 (ill — Life) 


9 ™ 2 ii,--->ifc=o 


x l 


,(fe) 

'X,Q W2 ,£ W2 


. 1=1 
Wl , . 


(s.Wix + — (ji H h jfc)) 

W2 


= N],Mq 


oo dw 2 — 1 dwi — 1 / k 

E E E 

mi,— ,mfc=0ii,--- ,ifc=0ii,--- ,ifc=0 
.fc _ v^fc 


fixO'O) nxW 


( 8 ) 


. 1=1 


\l = 1 




x £ dwiw 2 Yh=! mi £ w 2 H? =1 ii £ wi Z )?=1 31 

x ([wiui 2 (a; + dm i H h dm k ) + wi(ji H Life) + tu 2 (*i H £ ifc)]®) 

Therefore, by (7) and (8), we have the following theorem. 

Theorem 2. Let W\,W 2 £ N with tui = 1 (mod 2), w 2 = 1 (mod 2). For k £ N, we have 


dwi — 1 / fc 

_1 lEfhii! 


k]®[ 2]^ 2 53 (-i) 

iiv ,ifc=o 


nxo-o 


c v>2(iil — Life) 


V=1 


X l 


r( fe ) 

' X ,q Wl ,£ Wl 

ys,w 2 x + 

w 2( . 

— (ji +■ 

Wi 

dw2 — 1 


( k 

E (- 

_l)E(=iii 

1 IIxO'O 

»■■■ ,3k— 0 


\i=i 

r( fc ) 

x,q W2 ,e W2 

^s,wix + 

wi 

— Ui + ■ 
W2 


(9) 


c u)i(ii4 l-ife) 


By (9) and Theorem 1, we obtain the following theorem. 

Theorem 3. Let W\,W 2 £ N with w\ = 1 (mod 2), ie 2 = 1 (mod 2). For k £ N and n £ Z + , 
we obtain 

dwi — 1 


r w 2 (jll h jk) 


mme E (-i) Ef = iJ '‘ Ilxc/o 

ii,---,ifc=o \z=i / 

X E n?x,q*>i,e™i (w 2 X + ^ (jl + hjfc)^ 

dw2 — 1 / k \ 

= £ (-i) E!u * n xOO ^ l(jl+ "' +jfc) 


(10) 


x E, 


-(fc) 


l n , X , q w 2 ,e ” 2 


, . . . \ 

(Ji H h Jk) • 

W2 


From (4), we note that 


E n]c,qA X + y) = (< f +VE< k k) x,q,e + [ x + V\qY 


2=0 ' / 


( 11 ) 


with the usual convention about replacing (. Ex)q,e) n by En} x ,q,e- 
By (11), we have 
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dwi — 1 / k \ / \ 

E (-l)^ 1 ^ ( ) ^ W2{3l + '" +Jk)E na, q ^,e^ ( W 2 X + ^ (jl H + jk) J 

i,-,jk =0 \l = 1 J \ 1 / 


3i ,Jfc =l 

dw\ — 1 / \ n / \ 

= X) (_i)Ef=i^ | x(i;) ) e , " 2(jl+ "' + ^ ) ^ (^2*) 

ji,-jfe=0 \J=1 / i=0 ' ' 

dw i — l / k \ n / \ 

= 5^ (-i)^ 1 ^ ( II x(iO J e“' 20l+ '" +:,fc) 51 ( ” (^z) 


W 2 / . . . 

(jl + Jk) 

W 1 


J 9“ 


jir- >ifc=o 


W=i 


i—0 


W 2 , . . , 

— (ji H + Jfc) 

Wl 


J q u 


Hence we have the following theorem. 


Theorem 4. Let w\,w 2 £ N with w\ = 1 (mod 2), w 2 = 1 (mod 2). For k £ N and n £ Z+, 
we obtain 

dw\ — 1 / /c \ / x 

X] (-1) e ?=i J! I JJxOO I £W2 ° 1+ '" +J ' t) - E; i fc x,g“'i,e“ , i (w 2 aH- — (ji + ---+jfc)J = 

jl,— ,jk=0 \l = 1 / ' Wl 2 

n , X dlHi — 1 / /c 

= 51 ( j E (-i) E, = iji ( n Vio 

*=0 ' 2 ji,-,jk=0 \l = 1 


— hit; 


[jl • • • + jk]q 


For each integer n > 0, let 


U>— 1 / fc \ 

5 £L*,» = E (-i) (jl+ - +ife) ( n XOO ) .~ UI " 1.h • • • + jk]\ 

jl,— ,jk— 0 


W=1 


The above sum ■ s (w) is called the alternating generalized g-power sums. 
By Theorem 4, we have 

dw\ — 1 / k \ 

[2] qx>2 [ Wl ]” J2 (- 1 ) Ef=lii II x00 

ii ,■■■ ,jk=o V/=i / 

x (^Z + ^(jl H F jfc)^ 

= [2]«- E 


(12) 


2 = 0 


By using the same method as in (12), we have 

dW2 — 1 


[2]^> 2 ]£ E (-i) E, = li! IlxO'Oh 


Wl(jl-\ I -jk) 


jl,--- ,jk— o 


x E, 


(k) 

n,x,9” 2 ,£” 2 


\i=l / 

W\ . , . . 

Wicc H (ji H I-Jfc) 

w 2 


(13) 


= [2]q-l E 

i=0 ' ' 

Therefore, by (12), (13), and Theorem 3, we have the following theorem. 

Theorem 5. Let w±,w 2 € N with w-[ = 1 (mod 2), w 2 = 1 (mod 2). For k £ N and n £ Z + , 
we obtain 

[ 2 I«“ 2 E (!)K]t^l]r^i-bx )9 -^ 1 ( W2;C )' S Sx, 9 » 2 ) e-(^l) 


i=0 


i - 0 


= [2]q-i E lE i%,x,q^,^d W l X ) S i k lx,q^,e^i( dw ^- 
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By Theorem 5, we obtain the interesting symmetric identity for the higher-order generalized 
twisted g-Euler numbers in complex field. 

Corollary 6. Let w±,w 2 € N with w± = 1 (mod 2), w 2 = 1 (mod 2). For k € N and n £ Z + , 
we obtain 

n 


= [2] 9“ 1 E (Y) MgMq~' S ^lx,q^,^ ( dw 2 ) E n-i,x,q w *,e« 


i= 0 
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ON A g- ANALOGUE OF DEGENERATE A-CHANGHEE 
POLYNOMIALS 

SANG JO YUN 1 , SANG-KI LEE 2 , AND JIN- WOO PARK 3 -* 


Abstract. In this paper, we derive the g-analog of degenerate A-Changhee 
polynomials, and found some new and interesting identities and properties of 
those numbers and polynomials. 


1. Introduction 


Let d be a fixed positive integer and let p be a fixed odd prime number. Through- 
out this paper, Z p , Q p , and C p will respectively denote the ring of p-adic rational 
integers, the field of p-adic rational numbers and the completions of algebraic clo- 
sure of Q p . the p-adic norm is defined |p| p = 1 

When one talks of g-extension, q is various considered as an indeterminate, a 
complex q £ C, or p-adic number q £ C p . If q £ C, one normally assumes that 
\q\ <1. If q € Cp, then we assume that | q — l| p < p^^ 1 so that q x = exp(xlogg) 
for each x £ Z p . 

Let UD(Z. p ) be the space of uniformly differentiable functions on Z p . For / £ 
UD(Z P ), the p-adic fermionic integral on Z p is defined by Kim as follows : 

P N - 1 

!- q {f) = [ f{x)dn- q (x) = Jim 1 ( see [8, 9, 10]). (1.1) 

If we put fi(x) = f(x + 1), then, by (1.1), we can get the following well-known 
integral identity 

ql-qih) +/_,(/) = [2],/(0), (1.2) 

where /'( 0) = ^JU=o- 

It is well known that the q-Euler polynomials of order k are defined by the 
generating function to be 

( , e xt = Y E n,qi x )—,> ( see I 1 - 5 > 9, 15, 18]). 

V 1 + ge 1 j z — ' nl 

x ' n— 0 

In the special case x = 0, E n ^ q = E n ^ q { 0) are called the n-th q-Euler numbers. 

Recently, D. S. Kim et. al introduced the Changhee polynomials as follows : 


Ch n (x)= [ (x + y) n dfj,-i(y),(n > 0), (see [6, 13, 17]). 

Jz„ 


2010 Mathematics Subject Classification. 
Key words and phrases, degenerate, q- 
polynomials. 

* corresponding author. 


11B68, 11S40, 11S80. 
Changhee polynomials, 


q - analogue of A-Changhee 
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When x = 0, Ch n = Ch n ( 0) are called the Changhee numbers. In [12], authors 
defined the q- Changhee polynomials as follows. 


1 + g 

q( 1 + t) + 1 


^ 4 n 

(i + i)* = £cv,(*)-r 

' n! 

n— 0 


The Stirling number of the first kind is defined by 


( x) n = x(x — 1) • • • (a; — n + 1) = Si(n, l)x l , (n > 0), (1.3) 

1=0 


and the Stirling numbers of the second kind is defined by 

00 A 

(e*-l r=n\Y / S 2 (l,n)~, 

l—n 


(see [3, 16]). Note that 

00 l 

(log(a: + 1))" = (n > 0), 

l—n 


(1.4) 


(1.5) 


(see [3, 4, 6, 11-14]). 

In [2], L. Carlitz consider the degenerate Bernoulli polynomials which are given 
by the generating function to be 


t 

(1 + \t)f - 1 


(l + Ai)* 


^]/3 n (ai|A) — . 


n — 0 


( 1 . 6 ) 


When x = 0, /3 n (A) = /3 ra (0|A) are called the degenerate Bernoulli numbers. Note 
that lim A ^ 0 /3 n (\) = B n . 

It is well known that 

e ( = lim(l + uf)“ , (see [2, 5,7]). 

u — >-0 

The function (1 + ut)i is called the degenerate function of ef . Thus, for t = loge 4 , 
we have log(l + ut) » as the degenerate function. 

Recently, Changhee numbers and polynomials are introduced by Kim et. ah, 
and found interesting identities by many researchers (see [6, 12, 13, 14, 17]). 

In this paper, we derive the g-analog of degenerate A-Changhee polynomials and 
found some new and interesting identities and properties of those numbers and 
polynomials. 


2. A-g-CHANGHEE POLYNOMIALS OF THE FIRST KIND 

In this section, we assume that u,t € C p with \ut\ p < and A £ Z p . 

Now, as a generalization of Changhee polynomials, we consider the degenerate 
X-q- Changhee polynomials : 


l ±q 

l + g(l+ilog(l+«i)) A 


■j \ j-n 

1 + - log (1 + ut) = V Ch n X q {x\u)—. 
u J L ' n! 

7 n— 0 


( 2 . 1 ) 


When x = 0, Ch n \ q {u) = Ch n \ q (Q\u) are called the degenerate X-q-Changhee 
numbers. It is easy to check that lim^o Ch n \ q (x\ u) — Ch n \ q (x) and Ch n q = 
Ch n ^ q { 0). 
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Let us take f(x) = (l + A log (1 + ut)) Xx . From (1.2), we have 
/ (■*■ + u 10 ^ 1 +ut ^j dy_ q (x) = — 1 + 9 


+ 9 (l + £log(l+ui))' 


(2.2) 


By (2.1) and (2.2), we have 


+ n 1 / 1 

Y Ch n,X, q {x\u)— = — -y ( 1 + - log (1 + ut) 

n! 1 + 9 (1 + ^ log (1 + Ut)) V « 


--J (l + - l°g(l +ut)J dy_ q (y). 


(2.3) 


and, by (1.5), 


r / l \ X y+ x 

J (l + - lo § + ut )J d ^-q{y) 

= Y f ( Xy + ‘ c V”"( lo g( 1 + ut )T dn- q {y) 


n=0 J Zp V H 


=t l ( A "„ + *) x><*. »> 

n=0 JZ P ' ' fc=n 


n— 0 ^ 
oo / n 


=Y Y un ~ ms ^ m n (A y + x) m dy q (y) 


n — 0 \m— 0 


n! 


(2.4) 


Thus, by (2.3) and (2.4), we obtain the following theorem. 

Theorem 2.1. For n > 0, we ftaue 

n „ 

Ch n> x t q(x\u) = V] u n ~ m S\{n, to) / (Ay + x) m dfj,- q (y). 

— n ./Z„ 


m=0 


By replacing £ by - (e nt — 1) in (2.1), we get 


9(1 


1 iFTI (1 + ‘>‘ = £ CL, 1 (1 (e“* - 1)) 


n — 0 
oo 


= ^ Ch n ^ q {x\u)—n\ Y s z( l 


n)u 


,-n ( ut Y 


n — 0 
oo / n 


l—r 


= ^ I ^ C7i m ,A,g(®Mu n m 5 2 (n,m) 


n— 0 \m— 0 


n! 


(2.5) 
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On the other hands, by replacing t by A (e u ( e _1 ) — 1^ in (2.1), we have 


n — 0 
oo 


C -*. -I -J £ 

= 5] Ch n , x , q (x\u)^u- n n\ Y, S 2 (l, n)^ (e* - l)‘ 

n = 0 l—n 

OO 7% f-fL 

= 22^1 Ch rn,\,q{x\u)S 2 (n,m) V —^— (e* - l)" 


( 2 . 6 ) 


n = 0 m— 0 
oo / n m 


=E EE C/ l y,,(r| )t )«’ n - i S 2 (m, l)S 2 {n, m) 


n— 0 \m— 0 Z— 0 


72! 


and 


i + 9 , t = 


1 + (?e Ai ~ 1 + ge 

By (1.3) and Theorem 2.1 


' 37 > 

n— 0 


n „ 

C'/in,A,g(*|«) = y2u n ~ k S 1 (n,k) / (Ay + x) k dp_ q (y) 
fc= o 

n k „ 

= 22 u n ~ k Si(n, k) Y, Si(k, l)X l / (y + E d/z_,(y) 

fe=0 i=0 ,2Z p 

n Zc 

EE“”- fc A^ 1 (n,fc)5 1 (fc,0^, 9 (|) • 


(2.8) 


fc =0 i =0 

Therefore, by (2.4), (2.5), (2.6) and (2.8), we obtain the following theorem. 
Theorem 2.2. For n > 0, we have 

n 

Ch n X q (x) = 22 Ch m} \, q (x\u)u n ~ m s 2 (n,m), 


and 


In addition , 


m— 0 


n Zc 


C7i„ jA , (? (:r|'u) = EE u "“ fc A'5r (n,*)^!^, /)£?«,, (^) ■ 


Zc— 0 Z=0 


n m 

^(x)-EE C/i ; , A , g (x|w)w ro - i 5 2 (m, /)5 2 (n, m). 


m— 0 Z=0 


Let us consider the degenerate X-q-Changhee polynomials of the first kind with 
order fc(e N) as follows: 

Ch nl.o( x \ u ) = Yu n ~ l Si(n,l) [ ■■■ f (AyH f Xy k +x)idp- q (xi) ■ ■ ■ dn- q {x k ). 

1—0 J %/p 

(2.9) 
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Ak) 


From (2.9), we can derive the generating function of Chr n x (x) as follows: 

°° j.n 

Y, Ch n\M U )-\ 


n — 0 
oo n 


=££«- l S\{n,l) j {Xyi A V Xy k + x)idy_ q (y 1 ) ■ ■ ■ dy_ q (y k ) 


n — 0 1=0 
oo 


=£ ; 

1=0 


-i 


(Xyi 4 h Xy k + x)idfi- q (yi) ■ ■ ■ dy,- q (y k )-l\ ^ Si(m,l) 


i=i 


(■ uty 


ml 


1=0 v 


f Xyi 4 \- Xy k +x 

l 


-i 


(log(l+uf)) dy- q (y{) ■ ■ ■ dn- q {y k ) 


1 + - log(l + ut) 


Aj/H LA yk+x 


dy-q{yi) • • • d/j.- q (y k ). 


( 2 . 10 ) 


Note that by (1.3), 
Gh n\,a( X \ U ) 


= y^u n l Si(n, l) I ■j (Xyi H f- Xy k + x)idfi- q (y{) ■ ■ ■ dy,- q (y k ) 

[— Q J ^p J ^p 

71/ A pi 

= y2u n ~ l Si(n,l) ■■■ V'5i(Z,s)(Ayi 4 1- Ay fe + x) s dy,- q (y 1 ) ■ ■ ■ dy- q (y k ) 

i=o Ji v s=0 

71/ l C C 

=££«-' S 1 (n,l)S 1 (l,s)X s ■■■ (y\ 4 h ^ ) dy,- q (yi) ■ ■ ■ dn- q (y k ) 

1 n „ n « Zti « Zn 


Z=0 s— 0 
l 


=££ u ” _i 5i(n,05i(/,i 


Z=0 s=0 


(2.11) 


From (2.6) and (2.10), we have 
/ 1+5 xfc 


\ 1 + qe xt 


' n— 0 ' V 7 

OO / n 7YI \ n 

=£ ££ Chg 9 (a:|n)n m -^ 2 (m,0^2(n,m) ^ 

n— 0 \m— 0 l — 0 / 


( 2 . 12 ) 


and 


(ir£)‘ e “ (,) -£>■*«(!) 

V ' 71=0 


t n 


n\ 


(2.13) 


Thus, by (2.11), (2.12) and (2.13), we obtain the following theorem. 
Theorem 2.3. For n > 0, k £ N, we have 

n Tn 

A n E<& (|) = £ Y. Ch klM u ) um ~ l ’S2(m,l)S 2 (n,m), 

m = 0 Z=0 
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and 

n l 

Ch^Jx\u) =EE u "“' 5 1 ( n ’ Z )S: (I) 

1=0 S= 0 
n l s m 

=EEEE^- ! - r A- s (7/ig !g (x|w)5 1 (n, i)Si (i, *)&(«, m)S 2 (m, r). 

/=0 s=0 m— 0 r— 0 


3. A-g-CHANGHEE POLYNOMIALS OF THE SECOND KIND 
For n > 0, the rising factorial sequence is defined by 

x =x(x + 1) • • • (x + n - 1) = (-l) n (-a;) n 

n 

= Y J (-l) n ~ l S 1 {n,l)x l . 

1=0 


(3-1) 


Let us define the degenerate X-q-Changhee polynomials of the second kind as follows: 


^ 

E = 


1 + 9 


n! g(l + Mog(l + ut)) A + 1 


n = 0 


1 + - log (1 + ut) ) . (3.2) 


When A = 1, Ch n ^ q [x\u) = Ch n , q (x\u) are called the degenerate q-Changhee 
polynomials of the second kind. In particular, if x = 0, then Ch n \ q (f)\u) = 
Ch n ,x, q (u) are called the degenerate X-q-Changhee numbers of the second kind , 
and Ch nt i t g(0\u) = Ch n q (u) are called the degenerate q-Changhee numbers of the 
second kind. 

Let us take /( x) = (1 + t)~ Xx . Then, by (1.2), we have 


J ^1 + i log (1 + ut)^j dpi 


_ (x) = 

~ q 9(1 + Mog(l + uf)) _A + l’ 


and so 


1 + - log (1 + ut) 
u 

1 + 9 


-A y+x 


9(1+^ log (1 + Ut)) +1 

00 4 .n 

= E Ch n x ( x \u) — . 

L ' n\ 


dhg(y) 


1 + - log (1 + ut) 
u 


n— 0 


By (3.4), we get 


(3.3) 


(3.4) 


^Tch n! x,q(x\u)— = E E u " m Si(n,m) (-Ay + x) m d/i- q (y) — . (3.5) 


n = 0 


n— 0 m= 0 


1072 


SANG JO YUN et al 1067-1076 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


DEGENERATE A-g-CHANGHEE POLYNOMIALS 

By (3.3) and (3.5), we get 

n „ 

Ch nt x >q (x\u) = E u n ~ m S 1 (n, to) / (-A y + x) m dfi- q {y) 

m = 0 ”' Z !> 

n m Cl 

= ^^u n ~ m (-X) l S 1 (n,m)S 1 (rn,l) (y - dy_ q (y) 

m= 0 1=0 “' Z P 

n m 

E (-f) • 


(3.6) 


m— 0 Z=0 


By (3.4), we get 

9 + 1 


qe~ xt + 1 




n — 0 
oo / m 


(3.7) 


= E ( E Ch n ,\, q (x\u)u m n s 2 {m.,n) — , 


m— 0 \n— 0 


and 


g + 1 e at =_i±J_ e (-*)(-At) 


9 e 


6 = g V 

-At _l x qe~ xt + 1 


y; ( -Ar£„, a (-?) 

m = 0 


(3.8) 


A/ to! 

Therefore, by (3.6), (3.7) and (3.8), we obtain the following theorem. 
Theorem 3.1. For m > 0, we have 

m n 

Ch m ^ q {x\u) = EI> ro “"(- A )' 5 (-£) , 


n— 0 /— 0 


and 


m 

{~X) m E m , q (-0 = E^n,A,,(zM« m “"S 2 (m,ri) 


n— 0 
m n k 

= E E E « m - fe (-A) i 5 i(n, fc)Sr(fc, Z)S 2 (m, n)£ 7 ,,, (- 

n— 0 /c— 0 Z— 0 

By the Theorem 3.1, we obtain the following corollary. 

Corollary 3.2. For n> 0, we have 


Ch n ,\,q{u) — EE""- n (—X) l Si(m,n)Si(n,l)Ei 


qi 


n = 0 1=0 


and 


Em, q =(— A)” m E Ch nXq {u)u m ~ n S 2 (m, n) 

n—0 

m n k 

=EEE- m - fc (-A)^i(n, fe) 5 i(fc, Z) 52 (m, n)£), ? . 


n=0 fc— 0 0 
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As the special case of the Corollary 3.2, A = 1 and u = 1, we have 

m n y 

Ch ntq = EE^T" Si (m,n)Si(n,l)Ei tq 

n—0 1=0 


and 


E m , q =(-l) 771 y 'Ch„ tq S 2 (m,n) 

n—0 

m n k 

=EEE(- 1 ) i5i ( n ’ fc ) 5i (W 2 ( TO ’ n )^> 9 - 


n—0 k= 0 1=0 


For k € N, we define the degenerate X-q-Changhee polynomials of the second kind 
with order k: 

C K,X,q( X \ U ) = E w n_m <Si(n, m ) / • • • / (-Axi \x k +x) m dn q (xi) • • • dp q (x k ). 

m = 0 ”' Z !> 

(3 - 9) 

From (3.9), we can derive the generating function of 


n—0 


°°^ f f f n 

= E / " / (“^i Aa; fc +a;)„d/x_ g (a;i)---d/x_q(xfc) — 

n—0 ^ Z p ^ Z p n ' 

= f ■ f fl + -log(l + uf)) 


— \x\ AtCfc+ir (3.10) 

dp- q (x i) • • • dn- q (x k ) 


= ( — ^ ) fl+ 1 log (1 + lit) 

\9(1 + ^log (! + «*)) +1/ ' M 

Replacing t by ^ (e ut — 1) in (3.10), we get 

9+1 


\q(l + ty 

- A + i. 

oo 

=E 

— (fc) 
C7*n,A, 

, q ( x M 

n—0 



oo 

=E 

(fc) 


n—0 



oo 

=E 

n—0 

(t 

(fe) 


(1 +t) x 
(A (e ^ - 1)) ' 

n\ 


, (ut) 1 


(3.11) 


n\ 


l=r 


n\ 
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DEGENERATE A-g-CHANGHEE POLYNOMIALS 


On the other hands, by replacing t by A- ^ e u ^ e ^ — 1^ in (3.10), we have 


g + 1 
qe~ xt + 1 


n— 0 v 7 

°° ^ (k) 1 °° q .l j 

= ^ Ch nXqi X \ U )^ U ~ nn '^ S ^ l ' n )-j\ ( 7 “ X ) (3.12) 


n = 0 
oo n 


= E E C , ^A, 9 (^l«)«"“ m ^(n,m) (e E 1 I 


n— 0 m— 0 
oo / n m 


, \ fn 

=E EE C r /i I ,A > ,(*|«)« ro " , 5 2 (m,05 2 (n,m) 

n— 0 \m— 0 /— 0 / 


and 


g + 1 
ge _ A* + 1 


By (1.1) and (3.9), we get 

- — - ( k ) 

CV a, ,(*!«) 


\qe~ xt + 1 J 


•B-*nS 3 (-DS- 


(3.13) 


n — 0 


= ^2 u n m Si(n,m) ■j (— Axi \x k + x) m d/Li_ g (xi) • • • d/j,- q (x k ) 

m — 0 *^p *^p 

n m 

^^/-"SrKmJSrKOf-A) 1 ^ (-£) • 


m=0 0 


(3.14) 


Hence, by (3.11), (3.12), (3.13) and (3.14), we obtain the following theorem. 
Theorem 3.3. For n > 0, we have 

... n m 

CK t { tq (x\u) = ^ U "- m 5 1 (n,rn)5 1 (m,0(-A ) l E^ (-^) , 


m = 0 l — 0 


and 


In addition , 


Ch n?-\,g( x ) = E "^(n.TO). 


m=0 


n 171 / J \ 

( ~^n,q ^ ^ ) = EE C/i;E(x|w)« TO - i 5 2 (m,Z)5 2 (n,m) 

m— 0 /— 0 
n m l r 

EEEE- m - r S 1 {l,r)Si(r,s)S2{m,l)S 2 (n,m)(~X) s E^ . 


m—0 1=0 r—0 s = 0 
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10 SANG JO YUN 1 , SANG-KI LEE 2 , AND JIN-WOO PARK 3 '* 

As the special case of Theorem 3.3, if we put x = 0, A = 1 and u = 1, then 
CK’ q = ^ ^5 1 (n,m)5 1 (m,0(-A ) l E™, 

m= 0 1=0 

and 

n m ^(k) 

= (-!) n '52 C K\,q S 2( m ’ l ) S 2( n ’ m 

m— 0 Z— 0 
n m l r 

= EEEE S >('- r ) S '( r - s )^K l)S 2 (n,m){-l) n+ 'E™. 

m— 0 1=0 r— 0 s— 0 
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Abstract 

In this paper, we study the existence of solution for fuzzy initial valued 
problems of fuzzy impulsive retarded differential equations in the setting 
of a generalized Hukuhara derivative and by using the Strong Lusin Con- 
dition of fuzzy Henstock integrable functions. 

Keywords: Fuzzy number; Strong Lusin Condition; Discontinuous im- 
pulsive retarded differential equations; Fuzzy Henstock integrals. 


1 INTRODUCTION 

It is known that the theory of retarded functional differential equations has been 
well known when the right side function is continuous, hence Riemann integral. 
Hale [11] prove that the results still hold true when continuity of right function 
is weakened to satisfaction of a Caratlieodory condition. The further step of 
generalisation was done in [3] and [22] which applies the Henstock integrals to 
the study of retarded functional differential equations with finite delays and 
unbounded delays. By using generalized differential equation theory [16], M. 
Federson and P. Taboas [6] proved that a local flow can be constructed for a 

*The authors would like to thank National Natural Science Foundation of China 
(No. 11161041, 61472056, 61262022)and Basic and Advanced Research Projects in Chongqing 
(No.cstc2015jcyjA00015) and the PhD Research Startup Foundation of Chongqing University 
of Posts and Telecommunications (No. A2014-90, A2016-13). 

'Corresponding author. E-mail: yb-shao@163.com(Y. Shao) 
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general class of non-autonomous retarded functional differential equations. On 
the other hand, it is meaningful to study the fuzzy retarded function differen- 
tial. In [19], Lupulescu applied a successive approximation method to discuss 
the fuzzy differential equations with distributed delays. Guo et al. [10] discussed 
the oscillation properties of a class of fuzzy delay differential equation of second 
order and provided an oscillation criterion. In [15], Kloeden and Lorenz removed 
the assumption of fuzzy convexity of fuzzy differential equations and discussed 
the fuzzy delay differential equations in this perspective. In [14], Khastan et al. 
provided sufficient conditions for the global existence of a unique (ii)-solution 
to an initial value problem for fuzzy functional differential equations using gen- 
eralized derivative and were of broader applicability than those using Hukuhara 
derivative. 

However, there are discontinuous systems in which the right-hand side func- 
tions / : [a, b\ x E n — » E n are not integrable in the sense of Kaleva [13] on certain 
intervals and their solutions are not absolute continuous functions. Recently, 
Wu and Gong [25, 26] have combined the fuzzy set theory [28] and nonabsolute 
integration theory [12], and discussed the fuzzy Henstock integrals of fuzzy- 
number-valued functions which extended Kaleva[13] integration. In order to 
complete the theory of fuzzy calculus and to meet the solving need of trans- 
ferring a fuzzy differential equation into a fuzzy integral equation, Gong and 
Shao [7, 8] have defined the strong fuzzy Henstock integrals and discussed some 
of their properties and the controlled convergence theorem. So, in [20, 23, 24], 
the authors used the strong fuzzy Henstock integrals [8], and deal with the 
Cauchy problem of discontinuous fuzzy systems. In this paper, we use the fuzzy 
Henstock integral to establish the existence of generalized solutions as well as 
continuous dependence on the interval conditions of fuzzy impulsive retarded 
differential equations 

( x'{t) = f(t,x t ), t^t k , 

< A x(t k ) = h(x{t k )), k = 1,2, ,m, (1) 

[ x to = (j>, x{t 0 ) = Xq 

where / : IxFH([—r, 0] , Rjr) —> Rjf, and Ik '■ — > Rjf are give fuzzy mapping, 

<!> € FH([—r,0],M.j?) and x 0 € Rjf- 

To make our analysis possible, in section 2, we will first recall some basic 
results of fuzzy numbers and given the definition of Strong Lusin Condition 
of fuzzy-number-valued functions. Under this notion, we give another look at 
the fundamental theorem of calculus of fuzzy Henstock integrals. In section 
3, we deal with the Cauchy problem of discontinuous fuzzy impulsive retarded 
differential equations. And in section 4, we present some concluding remarks. 

2 PRELIMINARIES 

Let Pk(R n ) denote the family of all nonempty compact convex subset of R n 
and define the addition and scalar multiplication in Pk{R n ) as usual. Let A and 
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B be two nonempty bounded subset of R n . The distance between A and B is 
defined by the Hausdorff metric [5]: 


dn{A,B ) = maxjsup inf || a — b 1 1 , sup inf || b — a ||}. 

Denote E n = {u : R n — » [0,1 ] \u satisfies (l)-(4) below} is a fuzzy number 
space, where 

(1) u is normal, i.e. there exists an x$ £ R n such that u(x o) = 1, 

(2 ) u is fuzzy convex, i.e. u(Aai+(l — X)y) > min{u(:r), u(y)} for any x, y £ R n 
and 0 < A < 1, 

(3) u is upper semi-continuous, 

(4) [u]° = cl{x £ R n \u(x) > 0} is compact. 

For 0 < a < 1, denote [u] Q = {x £ R n \u(x) > a). Then from above (l)-(4), 
it follows that the a-level set [u] “ £ P k (R n ) for all 0 < a < 1. 

According to Zadeh’s extension principle, we have addition and scalar mul- 
tiplication in fuzzy number space E n as follows [5]: 

[u + v] a = [u] Q + [u] a , [ku] a = k[u \ a , 


where u, v £ E n and 0 < a < 1. 

Define D : E n x E n [0, oo) 

D(u,v) = sup{d ff (['u] a , [u]“) : a £ [0, 1]}, 


where d is the Hausdorff metric defined in P k (R n ). Then it is easy see that D 
is a metric in E n . Using the results [4], we know that 

(1) ( E n ,D ) is a complete metric space, 

(2) D(u + w, v + w) = D(u, v) for all u, v, w £ E n , 

(3) D(Xu, Xv) = |A| D(u,v) for all u,v,w £ E n and A £ R. 

A fuzzy-number- valued function / : [a, b] — » E n is said to satisfy the con- 
dition (H) on [a, b], if for any X\ < x^ £ [ a,b\ there exists u £ E n such that 
f(x 2 ) = f(xi) + u. We call u is the H-difference of /(a^) and f(x 1 ), denoted 
f ix 2) h f(x 1) ([ 13 ]). 

For brevity, we always assume that it satisfies the condition (H) when dealing 
with the operation of subtraction of fuzzy numbers throughout this paper. 

In this paper we consider a more general definition of a derivative for fuzzy- 
number- valued functions enlarging the class of differentiable fuzzy-number- valued 
functions, which has been introduced in [1] and [2]. 

Definition 1 ([1]) Let / : (a, 6) — > E n and xq £ ( a,b ). We say that f is 
differentiable at Xq, if there exists an element /'(to) G E n , such that 

(1) for all h > 0 sufficiently small, there exists fix 0 + h) -Hf{x 0 ),f{x 0 ) ~H 
f(x 0 — h) and the limits (in the metric D) 


or 


lim K x 0 + h) -h f(x 0) = lim f{x 0) -h f{x 0 - h) 
h — >-0 h h — >-0 h 


f'(x 0 ) 
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(2) for all h > 0 sufficiently small, there exists f(x o) ~h f(x o + h), f(x o — 
h) —h f(x o) and the limits 


Hm f{xp) -h f(x o + h) = lim f(x o - h) -h f{x o) 
h^O —h h-t o —h 


f'(xo) 


(h and —h at denominators mean f- and — j,-, respectively). 

Definition 2 ([18]) Let 5(£f) he a positive real function on a closed set [a, 6]. 
A division P = {(£* , [x^i, a;*])} is said to be 5-fine, if the following conditions 
are satisfied: 

(1) a = X\ < X 2 < • • • < x n = 6; 

(2) e [xi-i,Xi] C (& - £(&),& + $(&)). 

Definition 3 ([25, 26]) A fuzzy-number-valued function f is said to be Hen- 
stock integrable on [a, b] if there exists a fuzzy number A such that for every e > 0 
there is a function 5(f) > 0 such that for any 5 -fine division P = {[u, v],£} of 
[a,b], we have 

D [Yjf^)(v-u),A S j < e. 

We write (FH) J ^ f(x)dx = A and f € FH[a , b\. 


Remark 1 If the fuzzy-number-valued function f and fuzzy number A are re- 
placed by a real valued function and real number, respectively, then the real valued 
function f is said to be Henstock integrable on [a, b] and we write f £ H[a,b\. 

Remark 2 When the function 5 : [a, b] — > R + is constant, then we obtain the 
Riemann integrability for fuzzy-number-valued functions. In this case, A £ Kjf 
is called the Riemann integral of f on [a,b], beingdenoted by (FR) f(x)dx. 
Consequently, the fuzzy Riemann integrability is a particular case of the fuzzy 
Henstock integrability. 

Definition 4 A fuzzy-number-valued function f : [a, b] — > ILf is said to satisfy 
Strong Lusin Condition, that is, f £ SL([a, 6], R^), if for every e > 0 and 
E C [a, b] with |i?| = 0, there exists a 5— fine division of [a, 6] with R = [t,_i,ti] 
and fi £ E such that 

Y.Dmrrn-!)) < e. 


Remark 3 If AC ([a, 6],Kjf) denotes the space of all absolutely continuous func- 
tions, the inclusions AC([a, b], Rf) C SL([a, &],Rf) C C(\a, 6],R^) hold. 

Theorem 1 ([9]) Let f £ AC([a, b\, Kjf) be a fuzzy-number-valued function. 
Then there exists a absolutely Henstock integrable (i.e. Kaleva integrable) fuzzy- 
number-valued function f such that 

F(x) = (K ) [ X f(t)dt + F(a) 

J a 

for any x € [a, b] . 
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Now, by Theorem 1 and Definition 4 (Strong Lusin Condition), we give the 
fundamental theorem of calculus of fuzzy Henstock integrals. 


Theorem 2 For any f G SL(\a, 61, ILf) (GH)— differentiable a.e., and F' = / 
a.e. Then f G FH([a, b \ , Rjf) and 

F(x) = (FH) j f(t)dt + F(a) 

J a 


or 


F(x) = ( FH ) [ f(t)dt e H (-1) • F(a) 

J a 


for any x € [a, b] . 

Conversely, if f € FH([a, b], Mjf), then f € SL([a, b], Kjf) and there exists 
F' = / for almost every t G [a, b] . 


Theorem 3 If f G FH(\a, b], IGf), then there exists a sequence of closed sets 
Xi C Xi + 1 C [a, b ], for every i G N and UXj = [a, b] such that f G K([a, 6],1Lf), 
and 


lim (A") 


XiC\[a,x] 


f(t)dt = ( FH ) / f(t)dt 


uniformly for x G [a, b] . 


By the definition of improper fuzzy Riemann integral in [27], we can also 
give the proposition of the improper fuzzy Henstock integral. 


Proposition 1 Iff G FH([a,c),R^) for every c G [a, b), then f G FH([a, b], Kjr) 
and 


f{t)dt = lim / f(t)dt. 

c-^fb 


3 MAIN RESULTS 

We start this section by defining some basic concept. Given a fuzzy-number- 
valued function x : [to, to + a] — > Mjf, let A x(tk) denote the jump of x(t) at 

t = tk for k = 1, 2, , m, where to < t-i < < tk < t m < to + a, 

that is A x(t-k) = x(tk+) Qh x(tk ~ ) = Ik{x(tk)) is the (H)— difference, and 
Ik{x{tk)) '■ Rjf — > Rjf- 

Definition 5 Denote Ct 0 is the set of all functions x : [fo^o + a] — > ILf such 
that 

(Cl) x is continuous at t ^ tk, k = 1, 2, , to; 

( C2) x is left continuous at t = tk,k = 1,2, , to; 

( C3) there exists the right limit x(tk+) for k = 1,2, , to. 
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The same as above, let SL to (respectively AC to ) be the set of all functions 
x : [to — r, to + a] — > Kjf such that x € SL([I, Rjf]) (resp. x € ILf) for every 
close interval I C (t k ,tk+ i) and such (Cl) and (C3) holds. 

Let r > 0, x 0 G ffijr and <f> G FH([—r, 0],Mjr). We consider the set: 

CV.cco = U '■ [to — r,to + a\ R^\x(t 0 ) = x 0 ;x to = fax |[ t0it0+o ] G C to } 
o = {a: G CV,x 0 : 2 ; |[t 0 ,t 0 +o] ^ SLt 0 } 

A C(f, :Xo = {x G C , 0 ]2:o : a^|[t 0 ,t 0 +a] G ACt 0 } 

Definition 6 Consider a function x(t) = x(t,t o,Xo,<j>) and the following con- 
ditions: 

(i) x G Cfp^xo } 

(ii) (t,x t ) G [t 0 , t 0 + a] x FH([-r, 0],Kjf), a.e.; 

(in) x(t) = x(s) + f(o,x a ) da for every t k ~ i < s < t < tk and t m < s < t < 
to + a, k = 1, 2 • • • , m; 

(iv) x(t) = x(s) Oh ( ft f (<t , x a )d(T ) for every t k - i < s < t < t k and t m < 
s < t < to + a, k = 1, 2 • • • , m; 

(v) I(k)(x{t k )) = x(t k +) Qh x(t k ),k = 1,2 - • • ,m. 

Ifx satisfies conditions (i)-(iii) and (v), we say that it is called to be a generalized 
(i)-solution of problem (5) through (to , £o , • Ifx satisfies conditions (i),(ii) 

(iv) and (v), we say that it is called to be a generalized (ii)-solution of problem 
(5) through (to,Xo,4>)- 

Lemma 1 If x is a generalized (i)-solution of problem (5), then x satisfies the 
following integral equation 

f x(t) =x 0 + ft f( s , a; s )ds + £ [ar(t fc +) O h x(t k )], 

< to <t k <t ( 2 ) 

{ X to = 0, x(to) = x 0 , 
where t G [to, to + a]. 

Proof. Let k G {0, 1, 2, • • • , m} and t k < s < u < t k + 1 - By Theorem 53, x{u) = 
x(s) + f u f(t, x t )dt. By Definition 57, we have x'(t ) = f(t, x t ) for t k <t < t k + 1 - 
Hence x(u) = x(s) + ff x'(t)dt. By Proposition 55, for t k < t < t k + i, there 
exists x'(o)do = lim f* x'(o)do = x(t) Qh x(t k +). Thus, for t G (to, to + a], 


6 


1082 


Qiang Ma et al 1077-1088 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


there exists k £ {0, 1, 2, • • • , m} such that t k < t < tk+i and we have 

rt rt 1 k-1 rti +1 

/ x'(a)d<7 = / x'(o)do + '^^ / x'(o)do 

Jto Jt 0 J ti 

+ f x'(a) da 

Jt k 

k - 1 


x{h) G h [cc 0 + ^(ar(i i+ i) Gh ar(tj+))] + [x(t) Gh x(t k +)] 

i = 1 
k - 1 

z(t) 6 h [x 0 + y^(a?(tj+) 0^ x(U))\. 


i = 1 


Therefore, we have 


z(t) = x 0 + f x'(o)do + ^ (ife+lQiifc)) 

"' t ° t 0 <tk<t 

= x 0 + /(cr,a; CT )dCT+ ^ (a;(tfc+) 0 ff ai(tfc))- 

"' t ° to<t k <t 

Since x'(t) = f(t,Xt), for t k < t < t k + x and k £ {0, 1, 2, - • • , m}, and due to 
Theorem 2.8 in [26]. The proof is complete. 

Lemma 2 If x is a generalized (ii)-solution of problem (5), then x satisfies the 
following integral equation 


x(t) = x 0 Q h (~ft 0 f(s,x s )ds) + J2 [x{t k +) Q H x{t k )}, 


t 0 <t k <t 


( 3 ) 


l X to = <t>, x(t 0 ) = x 0 , 

where t £ [to, to + a]. 

Proof. The proof of this result is analogous to that of Lemma 1. 

Lemma 3 If x is a generalized (i)-solution of the problem (6), the x is a gen- 
eralized (i)-solution of the problem (5) and x £ SL ^ ;Xo . 


Proof. Given e > 0 then 


pifc+e 


x(t k + e) = x(t k ) + / f(s,x s )ds + I k (x(t k )) 

Jt k 

which tend to I k (x(t k )) as e — > 0. By hypothesis, given x £ C(f, tXo , and the fuzzy 
Henstock integral f t t f(o,x a )do exists, for every t £ [to, to + «]• By Theorem 
53, we have f^ +a f(t,x t )dt £ S'L([[t 0 ,a],]RjF) and x'(t) = d/d t f(o, x a )do = 
f(t,Xt) a.e. on [to, a]- That is, x(t) = x(s) + f* f(o, x a )d<r. 
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Now, we shall prove that x(tk+ i) = x(s) + f* k+1 f(cr, x a )do for s £ (t k , tk+ 1 ]. 
By Proposition 55, we have 

Pk+l „ /■* a 

/ f(o,x a ) do = linr / f(a,x a )da= lim D(x(s),x(t)) 

J s t-*tk + 1 

= a:(tfc+i-) 0i? x(s) = x{t k + 1 ) ©h ar(s) 

This completed the proof. 

Lemma 4 If x is a generalized (ii)-solution of the problem (7), the x is a 
generalized (ii)-solution of the problem (5) and x £ SL^, tXo . 

Theorem 4 Let T be the operator given by 

Tx(t)=x 0 +f f(s,x 3 )ds + ^ [x{t k +) Qh x(t k )} 

Jt ° t 0 <t k <t 

for t £ [to -to + a]. Then T maps C ^ tXo into C,p tXo . 

Proof. Let x : [to — r, t 0 + a] — > Mjr be such that x £ C^^ Xo . Then Tx(t 0 ) = x 0 . 

Given e > 0, we have Tx(t) is continuous for t £ [to—r, to+«]\{ti, £ 2 , , t m }- 

On the other hand, we have 

lim Tx(tk — e) 

£ — >-0 


= lim 

£ — >-0 


+ f(s,x s )ds+ ^ [x(ti+) Qh x(ti)] 

t 0 <ti<t k -S 

f'tk 

X 0 + / f(s,x s )ds + ^2 [x{ti+) Qh x(ti)\ 

J tc\ + . ^4- . ^4-. 


Xo 

tk 

to 


to '‘C.ti ^.tk 


= Tx{t k ). 

Hence, Tx(t k ) is left continuous for k = 1, 2, • • • ,m. Finally, we consider 

lim Tx(t k + e) 

£->0 


= lim 

£ — >-0 


ptk~ \~£ ~ 

x 0 + f(s,x s )ds+ ^2 [x{ti+) Q h x(ti)\ 

Jt ° t 0 <ti<t k +S 

ptk 

= X 0 + f(s,x s )ds+ ^2 [x(ti+) Qh x(ti)] 

j to 4. s'*. 


to t 0 <ti<t k 

= Tx(t k ) + [x(t k +) Qh x(t k )]. 
and hence there exists Tx(t k +) for k = 1, 2, • • • , m. 

Theorem 5 Suppose that f(t,Xt) is fuzzy Henstock integrable for any x £ 
Ccfi,xo- there exist positive number M and ai,a, 2 , ■ ■ ■ , a m such that 
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(i) D(f(t,ipi),f(t,ip 2 )) < M ■ D((p ly (p 2 ) for every t G [to, to + a] and every 
ipi,ip 2 & FH([-r, 0],Rf); 

(ii) D(Ik(u) y Ik{v)) < ak ■ D{u , v) for every u, v € ILf and k € {1, 2, • • • , m}; 

(Hi) a 2 ■ M + J2k=i a k < 1/ 

then there exist two generalized solutions x(t) = x(t, xo, (j>) of problem ( 1 ),x(-,xq, <f>) G 
SL(f, tXo depending continously on each variable. 

Proof. Let r, a > 0 and F = {y G Co : y( 0) = 6 }. For y 1 , y 2 G F, we define 
the distence 

^-(y<{>,xo'y<i>,xo) sup > y<t>, X o )• 

*6[0,a] 

For any y G F,x o G Mjf and 4> G FH([— r, 0 ],Rf) we define an auxiliary 
fuzzy-number- valued function : [— r, a] — > Kf - by 


2 /0, x 0 if ) 


y(t), t G [0, a] 

(f it) Qh xq, x G [— r, 0]. 


Then, (y<j, t x 0 )t G Fff([-r,0],MF-) for all f G [0, a] and (y<t,,x 0 )t(9) = y^ yXo (t + 
fl),«G [-r,0]. 

We consider the family 


Uf = {U<p iXo : </> G FH{[— r, O^RfOi^o G Rf} 


of operators from F to Cq given by 


b^0,X o2/(^) 



f(s, (y<i>,xo)s-t 0 + ®o)ds + 22 h(y(tk - to)) 

t 0 <tk<t+t 0 


for all t G [0, a]. 

Firstly, we prove that Uf is a contraction operators. In fact, by using hy- 
pothesis (i) and (ii) 

H(U,i >iXo y 1 (t),U^ Xo y 2 (t)) = sup D(U <j>tXo y 1 (t), U^ Xo y 2 (t)) 

£G[0,a] 

/>£+to _ rt-\-to ~ 

= sup D( f(s,(yl tXo ) s -t o +x 0 )ds, f(s, (yl tXo ) s -t 0 + zo)ds) 

£G[0,a] J to J to 

+ '*22 h(y 1 (tk — to)©Hik(y 2 (tk — to)) 

to<t k <t+to 

/>£+t° ^ pt+t 0 

< sup D( f(s,(yl >Xo ) s -to)ds, f(s,(yl’ Xo ) s -t 0 )ds) 

£G [0,a] J £q J £q 

/ a +^o 

£ ’(( 2 / 0 ,xo)s-to I ( 2 / 0 ,xo)^-io)ds) + X! a k D(y l y y 2 ). 

t 0 <t k <t+t 0 
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In addition, since {y\ tXo ) 8 -to, ( vl, Xo )s-t 0 € FH([-r, 0],Rf), we have 
; {y<f> ,a:o) s — *o) 

sup l>( f {y\ xo )s-t o {0)M, [ (yl, xo )s-t 0 (6)<io). 

— v(z[— r,0] J —r J —r 

Thus, we have 

D{ f \yi X0 ) s - t0 (9)de, f V (yl Xo ) s _ to (6)M) 

J — r J — r 

p—V p — V 

= D( y 1 (s-t o + 0)d0, y 2 (s - t 0 + 0)dd) 

JtQ — S Jto~S 

p — V+S—to 

< (L) / D{y 1 (u),y 2 (u))du 

Jo 

< {-v + s~t 0 )D(y 1 ,y 2 ) <aD(y 1 ,y 2 ). 


This implies that Uf is a contraction operators. 

Next, we shall prove Uf is a continuous at Xq and <f>. Given e > 0, let 
(f >\ , (j >2 € FH([— r, 0], Mjf) and 0 < S < e/2 be such that D(cj) 1 ,^ 2 ) < 8. Then, 
by hypothesis (*), we have 


HiT^^yiDiTfo^yit)) = sup D(T^, uXo y(t), T^, 2iXo y(t)) 

te[0,a] 


-^( I ,xo )s— to H - I ~^-tof(s-> (y<f>2,xo )s— to H - Xo)d5) 

J to J to 

< M ■ (L) / +i 0 £>((y* 

l,Xo) S — to ■> (y<i>2 ,Xo )s-t 0 )ds. 

Jt 0 

Therefore, we get 

D( f ( y<pi,x 0 )s-t 0 {9)d6 , f (y^ 2tXo ) s -t 0 {9)d9) 

J — r J — r 

— s 

<t>2{s - t 0 + 9)d9) 

= D( I (/i(w)dw, / (j)2{u)du ) 


> —r 
rto — s 


D U (j>\{s - to + 9)d9, 

r0 


' —r 
r0 


r -r—to+s 
r0 


' -r-to+s 


/ u pyj p—r— t 0 +s p-r—io-\-s 

(j)\{u)du, / c/) 2 (u)du) + D( / </i(u)dit, / ^ 2 (w)du) 

-r J — r J — r J — r 


p-r-to+s 


' —r 
r-v 


/ — v p — r 

4>\{u)du , / <j) 2 {u)du) 

-r J — r 


< £. 


At last, since FH(\—r , 0] , Kjf) x Kjf is a complete space and by using Lemma 
3, we conclude that x(-,xq , </>) £ SL ^ ;Xo and it is a generalized solutions x{t) = 
x(t,Xo,<f>) of problem (1). 


10 
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4 CONCLUSIONS 

In this paper, we study the Cauchy problem of discontinuous fuzzy impulsive 
retarded differential equations involving the fuzzy Henstock integral in fuzzy 
number space. The function governing the equations is supposed to be discon- 
tinuous with respect to some variables and satisfy nonabsolute fuzzy integrablil- 
ity. Our result improves the result given in Ref. [14] and [17] (where uniform 
continuity was required), as well as those referred therein. 
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PRODUCT- TYPE SYSTEM OF DIFFERENCE 
EQUATIONS WITH MULTIPLICATIVE COEFFICIENTS 
SOLVABLE IN CLOSED FORM 

STEVO STEVIC*, BRATISLAV IRICANIN, AND ZDENEK SMARDA 


Abstract. Solvability of the following system of difference equa- 
tions 

Z n + 1 = u ’n + 1 = PWn Z n-l, n G N 0 , 

where a, b,c, d € Z, a, (3 € C, Z-i, z o, W-i,wq £ C\ {0}, is studied. 

1. Introduction 

Numerous concrete nonlinear difference equations and systems have 
attracted some recent attention (see, e.g., [l]-[6], [8], [9], [13]- [49] ) . 
There has been also a renewed interest in the problem of their solvabil- 
ity (see, e.g., [l]-[4], [6], [17], [20], [21], [25]- [41], [43]- [49]), especially 
after the publication of [20] where S. Stevie used a nice change of vari- 
ables for explaining and extending the formula for solutions to the 
second-order difference equation in [6]. This motivated several authors 
to develop the idea and apply it for the case of some extensions of the 
equation, as well as some other equations and systems (see, e.g., [1], [3], 
[4], [17], [21], [25]- [30], [32] -[36], [39], [41], [43]-[47], [49]). Some classi- 
cal methods for solving difference equations and systems can be found, 
e.g., in [7], [10]- [12] . On the other hand, there has been some recent 
interest in close to symmetric systems of difference equations (see, e.g., 
[4], [13]- [15] , [18], [19], [25], [27]-[29], [31]-[44], [46], [48], [49]). Many 
of the above mentioned classes of difference equations and systems are 
obtained from the product-type ones by the translation or max-type 
operators (see, e.g., [16], [22]- [24], [42]). Some max-type systems are 
even solvable ([31]). 

Product-type equations are solvable if the initial values and coef- 
ficients are positive, which is not the case in general. This suggests 
investigation of product-type equations and systems for the case when 

2000 Mathematics Subject Classification. Primary 39A10; 39A20. 

Key words and phrases. System of difference equations, product-type system, 
solvable system. 
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the coefficients and initial values are not positive. The problem was 
studied for the first time in [40] (an extension of the system in [40] was 
later studied in [38]), but with methods not so close to those in [20] (or 
in [26], [30] etc.). They are, in fact, more related to the ones in [22], 
[23] and [42]. In [48] was investigated the problem of solvability of the 
system 


%n + 1 


W. 


n— 1 


^n+1 




' / n—l 


n G No, 


( 1 ) 


where a, 6, c, d G Z (the condition is posed to avoid multi-valued solu- 
tions) and z_i, zq,W-i, w 0 G C\{0}. Soon after that, in [37], was shown 
that for the case of another product-type system some coefficients can 
be included to get again a solvable system. 

Here we show that the same holds for the next natural extension of 
system (1) 

Zn + 1 = w n + 1 = 1, n G No, (2) 


where a, 6, c, d G Z, a, /3 G C and z-i, z 0 , w_i, w 0 G C. Since the cases 
a = 0 and (3 = 0 are trivial, we will assume that a,/3 G C \ {0}. 

Note that the domain of undeffiiablc solutions ([32]) to system (2) is 
a subset of 


U = {(z_i, Zq, W-i, Wo) G C 4 : Z-i = 0 or Zo = 0 or W-\ = 0 or w 0 = 0}. 
This is why we will also assume that Z-\,Zq,W-\,Wq GC \ {0}. 


2. Main result 

The problem of solvability of system (2) is studied in this section. 

Theorem 1. Assume that a, b,c,d G 7L, a, (3 G C\{0} and z-i, zo, W- \,wq G 
C \ {0}. Then system (2) is solvable in closed form. 


Proof. Case 6 = 0. Since 6 = 0 system (2) is 


Z n + 1 = az a n , w n+ 1 = Pw^z*-!, n G N 0 . 

(3) 

The first equation in (3) yields 


W n_1 ni n n 

z n = a^j=° Zq , n G N. 

(4) 

Hence, if a ^ 1 we have 


l—a n „ 

z n = a z 0 , n G N, 

(5) 

while if a = 1 we have 


z n = a n z 0 , n G N. 

(6) 
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Using (4) in the second equation in (3) we have 
w n = /?a d ^=o 3ai 4“ n “ 2 <_ 1 , 


for n > 3. 

From (7) we get 

w n = pa d ^=o aj z^ n ~\/3a d ^=o aj z^ an ~ 3 w c n _ 2 ) c 
= (3 1+c a d ^=° aj+dc Z?=o ai z dan ~ 2+dcan ~ 3 w c *_ 2 , 

for n > 4. 

Equalities (7) and (8) suggest that for a k G N 


v^fe-l i jyt - 1 i spn-i-i j d'p • n C 

% = ^ L,=0 a L,=0 Li=0 z 0 ^ l=0 


k — 1 i n—i — 2 


K-kr 


for n > k + 2. Assume that (9) holds for some k G N and every 
n > k + 2. 

Applying (7) with /r — >■ n — k in (9), it follows that 


WW fc - 1 spn-i-3 j JT k .'cV"'" 2 ,, , v-^n-fc-3 j , „-k-2 . k 

w n = /3 1 - i = 0 a ^ i=0 ^j=° z 0 1=0 (/3a 4 ud_ fc _i) 


= (io) 

for n > k + 3. 

Equalities (7), (10) along with the induction show that (9) holds for 
all natural numbers k and n such that 1 < k < n — 2. 

For k — n — 2 equality (9) becomes 

v^n — 3 i 'n— 3 A. 3 .4 /-/ V' 71- 3 A n n — i — 2 n _9 


^n-3 i isr^n-3 i ^n-i-3 j dY™ f C‘ 

= (3^= o c ar^=o ^= 0 z 0 


for n > 3. 

From (11) and since 


tt> 2 = /K4 = , 


we have 




^n-1 i jy^n-3 i TT^n-i-3 j dY™ n C' 

= /5^-i=o c cr^=° A?=° 1=0 


tl — 2 i n — i — 2 


a dr n ~ L r n 

z-i < , 


for n > 3. A direct verification shows that (12) also holds for n = 2. 
<7ase a ^ c. In this case from (12) we get 


j spn-3 i y^n-i-3 j d- 

= (3^=° a ^ i=0 ^3=0 a Zn 


- dr n ~ 1 r n ,, 

z_i w 0 , n > 2. 


Subcase a ^ 1 / c. In this case we have 
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l-c" jy^n-3 i l-g" 7 2 d °" 1 c 71 1 J 

=(3 i-<= “ c W 


6 -l w 0 


=/3 1_ c a 1 


d ( l-c 71 

-a V 1- 


c n — 2 n-2 n-2 \ pa 77 ” 1 -^- 1 

^5 a “ =5 “ dr™- 1 r n 

l ~ c a ~ c Zn a c Z _ i Win 


1-c 71 d(a-c+(l-g)c” 1 +(c-l)a" 1 ) d — — 1 

=/3 1 ~ c a (1— a)(l— c)(a— c) a_c 

Subcase a / 1 = c. In this case we have 


^-1 w o 

V<T<\ n>2. (14) 


,^n-3 l-a n -*-^ d^ ==i , 

w n =(3 n a^ i =° 1-“ £ 0 a_1 zfx'ino 


, ( n—2 i \ j a n— 1 — 1 

=(3 n a^y n ~'- 2 ~ a ^^-)z 0 “- 1 


d(a n ^ — (n — l)a-\-n— 2) d — 


=f3 n a~ ‘ “- 1 ^ lWo , n > 2. 

Subcase a = 1 ^ c. In this case we have 


-l 71 0 jl — C n ^ 

, X ~ c ^7 — 3 1 — " — W^.n-1 




a — T— — j~n—l r\ 

z 0 Z_J w 0 


1 71 , / / 1 — cT 1 2 1 — Iti — 2lc n — 3 + ('ti — 3lc n — 2 \ jl-c n 1 1 

1-0 a (n—2) ^ c — 2 ^ z ) a — t— — dr 71-1 r n 

1-^0 V ' 1 - c I- 1 c ^ 


=/3 !- c a 


i w o 


1 „71 ,71 — 2— (71— I)c+C n ^ 1 — C n ^ 1 

/Q d — T ?5 ® 1 p fjc n ^ C n \ r\ 

=j3 !-e a (!- c ) 2 2 I _1 Wig , n> 2. 

Case a = c. In this case from (12) we get 

oV"- 1 c i dV"- 3 c * W 71 -? -3 P (n-l)dc 77 - 2 dc 77-1 c 77 

7C n = Z? 2 ^ 0 a ^*=° C?=o w 0 , 

for n > 2. 

Subcase a = 1. In this case we have 


: 0 1_c ^ Wq , n > 2. 


dr"-n 3 c ^- e r 1 2 (n-ijdc' 7- " dc 77 ^ 1 c 77 

w n =p 1_ c a Zj7=0 !- c Zq z_ x w 0 

P^- ( 1 ~ 1 C ”~ 2 — (n— 2)c n ~ 2 ) (n-l)dc"“ 2 dc 77-1 c" 

=P 1 - C « 1 - C '' l-c v ; 2 -l ^0 

1 n d(l — (71 — l)c n — 2 + (ti — 2)c n — A , 9 

P) y c — — ~p; — S (n— l)dc n_2 dc n_1 C n \ o o\ 

= /5 !- c Of Zq J Z_ X Wq , n > 2. (18) 

Subcase a = c = 1. In this case we have 

Wn =/rc/£«Ti»-<- 7 p"- 1 >P> 0 

=f3 n a d ~ 2 1 2 o n-1 ^liWo, n > 2. (19) 

Case d = 0. Since d = 0 system (2) is 

z n + 1 = «z>ti> w n+ i = Pw„, n G N 0 . (20) 

Second equation in (20) yields 

Wn = pZ&. ^wf, n E N, (21) 


Xn-l)dc n ~ 2 ^dc 77 ” 1 


Wg 
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from which it follows that 

l-c" c n RT 

w n = P w 0 , n G N, 
if c 7 ^ 1, while if c = 1, then 

w n = (3 n wo , n G N. 

Using (21) in the first equation in (20) we have 

/->hY n_3 ri hr n ~ 2 n 

z n = ce/r^= 0 Wq z n _ lt 

for n > 3. 

From (24) we get 

= a^=o cj w b f~\a^=o cj w b 0 cn ~ 3 z^_ 2 ) a 


( 22 ) 

(23) 

(24) 


= Qjl+a g b E”=o cj + ba E ”=0 c\ n bc^- 2 +bac n - 3 


Wn 


' / n—2'> 


for n > 4. 

Assume that for a k G N we have proved 

= a Et 

for n > k + 2. 

Applying (24) with n n — k in (25), it follows that 


k ~ 1 a i c n ~ i ~ 2 n k 
7 

A/ n—k'> 


(25) 


Y' k ~ 1 ^nb Y fc_1 V” - * -3 ri b Y fc _n a i c n ~ i ~ 2 , nb T T rl ~ k ~ 3 ri hr n ~ k ~ 2 n \ 

z n = a^ i=0 f3 ^ i=0 ^i=° Wq 0 ( a/3 Aj=° w ° z^_ k _^) 


= a Eto E*U E U~ 3 cj w b 0 E ’=° ai ° " 


v a' 


fc+1 


' / n— k— 1 "> 


(26) 

for n > k + 3. 

Equalities (24), (26) along with the induction show that (25) holds 
for all natural numbers k and n such that 1 < k < n — 2. 

For k — n — 2 equality (25) becomes 


V n-3 r/* nb V n_3 a* V n_i_3 6V7 n a l c n ~ l ~ 2 a n - 2 

a /T^=° a ^J=o WQ 8=0 4 J 

for n > 3. 

From (27) and since 

z 2 = az\w\ = aiazQW^YwQ = a^w^Wg^Q 2 , 

we have 

^ a EJ5? a^6E?r 0 3 E?=*- 3 ^ w JE?=-o 3 “ icn_< " 2 ( a l+^^4 2 ) £ 


(27) 


= qjEETo 1 ai R b J2i=0 T,jZo~ 3 ° j 1n b ^i=0 a%c ^ ba :~\<t 




Wn 


W - 1 2 0 > 


(28) 


for n > 3. A direct verification shows that (28) also holds for n = 2. 
Uase a ^ c. In this case from (28) we get 


rC rth Y n— 3 n* T" - ' -3 • 

= a^i=o a g b ^i=o a Ej = 0 


„n— 1 „n — 1 
ua —c 

V — Ur,n — 1 ~n 


Wn 


W 


^ , n > 2. (29) 
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Subcase o^l/c. In this case we have 


l — o 7 — 6 i 1 — c 


o „n— 1 n — 1 
n — t — 2 l a —c , 

u L_,n — 1 „n 

w 0 a ~ c z% 


=a 1 ~ a (3 1 ~ c v 1 ~ 


l — a n b f 1 a' l -*- c 

/ 1 — a R 1 — c \ 1 — a a — c 


n — 2 n—2 n — 2 \ ? a 1 — c 


n — 1 „n — 1 

l a — c , 

0 l — 1 „n 

a — c ^ , , 0(2 


1 — a n b(a-c+(l-a)c n 1 +(c-l)a n X ) 

= a 1 ~ a (l- 6 )(l-c)(a-c) °- c 

Subcase a ^ 1 = c. In this case we have 


w_i z o 


w^izg", n > 2. (30) 


z n =a^P b ^ a '^Vwp^w b ?r z? 

1^ „ 6 ((n-2) 1 7"~ 2 _ Q l-(n-2) a "- 3 + (^-3) a "- 2 ) b ^l , 

=a !- j3 11 ; 1 -“ ' Wq al w_ x Zg 

1 _ n i n — 2 — (n — l)a-\-a n ~ ^ u Q. n ^ — 1 

=a^/3 w 0 “- 1 w ^“ n 4", n > 2. 


Subcase a = 1 / c. In this case we have 


n—i—2 il-c' 


z n =a n /3 b ^- ,i =° 1 ~ c w 0 1 c wt^o 

=a"pM^-^) w l 0 ^ w >_ 1 z 0 

u n-2 — (n—l)c-\-c n ~^ ^ 1 — c n ^ 

=a n /T Wo x - c n > 2. 

Case a = c. In this case from (28) we get 


z n = a ^i=o a p°^i=o a ^=o 

for n > 2. 

Subcase a = c / 1. In this case we have 

1 -a n v^n-3 i l-a™ -2 7>Cr._lV 


=a Y? / 3rL( 1 TSF J -(»-2)<>"- 2 ) TO JI“- 1 )‘>"- 2 . l , 


1 — a n ^, (l-(,n-l)a + (n- 2 )a J 

=a w\ 

for n > 2. 

Subcase a — c — 1. In this case we have 


6ar,_1 

u -i 


6(n— l)a"" 2 6a"- 1 


W -1 -0 > 


=a n p b ^=° {n - i - 2) W b g {n - l) W b _ l z 0 

=ol n^^^ w Kn-l) wb _ iZQ) 


for n > 2. 
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Case bd ^ 0. Since z-i, zo, w-i, wo 6 C \ {0}, it easily follows that 
/ w n for every n > —1. Hence, from the first equation in (2), 
we have 


W n-l = 


z n + 1 

az“ 


n G N 0 . 


(36) 


Taking both sides of the second equation in (2) to the 6-th power we 
get 

w b n+1 = P b w\ ri, n e No. (37) 

From (36) and (37) it follows that 


Z n+ 3 Q b ^n+2 


az: 




„bd 

^n—Vi 


n+ 2 


-'n+ 1 


that is, 


Z n + 3 = OL C f3 Z\ 


1 — C Qb ^a+c —ac bd 

_L 1 


n+2 A/ n+l A 'n—l'> 


n e No, 


n e N 0 , 


which is a fourth order product-type difference equation. 
We also have 


z i = 


and 


= a l+a z£w a \w b 0 . 


Let 7 := a 1_c /3 & , 

Oi = a + c, &i = — ac, Ci = 0, d\ — bd , aq = 1. 
Using (40), equation (38) can be written as 

-n+3 = l Xlz n+2 zb n+l Z n Z n-l, n ^ N 0 . 

Using (41) with n — > n — 1 into (41) it follows that 

^ ^di Nai^&i ci 

^"n,+3 / v l z n+l z n z n—l z n—2) ^n+l^n z n—\i 

..iri-l-ai ^aiai +61 „&iai+ci ciai+di ^diai 


= 7' 


i z; 


n+1 


Z, 


n— 1 




n—2 


~/X2 ^C2 C?2 

/ ^n+l^n Iwn— 2> 


(38) 

(39) 

(40) 

(41) 


(42) 


for n £ N, where 

a2 i = aid! T &i, 62 ) = 61 ai -(- Ci, C2 ) = cidi T di, d 2 i = diai, (43) 


x 2 := Xi + ai. 


Assume that for some 2 < k < n, we have proved that 


*n+3 = 7** 


a,k bfc Cfc dfc 

Z n+3-k Z n+2-h Z n+l-k Z n-ki 


for n > k — 1, and that 


(44) 

(45) 
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Qfc — OiRfc-i + bk- i, bk — bidk-i + c fc _i, 

c fc = ORfc-i + dk = didk-i, 


(46) 


x k x k-\ + a k - 1 • 


Then by using (41) with n — > n — k into (45) we have 

z ~x k ( ai bi Cl di WfcOfc z °k z d k 

^n+3 I \ /^ n+ 2— fc^n+1— ^n+2-k^n+l-k A/ n-k 


r s /'^k -,&1 0’k “LCfc ClttfcTdfc 

/ ^n+2— fc "n+1 — k " n—k ^n—l—k 

_ ^Xk+l ~ a k + 1 ^fc+l c fc+l „^fc+l 
/ ^n+2— fc^n+1— k^n— k ^n— 1— fc’ 


for n > k, where 


(47) 


(48) 


&/c+i • — &1&& + bk, bk + 1 + c/c, 

Qc+1 • “I - dk) dk -\- 1 • 


(49) 


a: fc+ i := a: fc + a k . (50) 

Equalities (48)- (50) along with (42)- (44) and the method of induction 
show that (45)-(47) hold for 2 < k < n + 1 ((45) also holds for k = 1). 
Hence, for k — n + 1, (45) becomes 

z n+ 3 =7 x ’ l + 1 4 n+1 -i" +1 ^" +1 -- , i +1 

=(a 1 - c /3 b ) x "+Ha 1+a 4 2 w“V^) a ^H«4^-i) bn+1 -o n+1 --T 1 


_ <n/ (l-c)a;„ +1 +(l+a)a„ + i+6 rl+1 ^ bx n+1 ^a 2 a„ + i+aft„+i+c n+ i 


=CK 


x z 7 1 to J , -«to7" +1+ “- + \ „ 6 N 0 . 


(51) 


From (46) we easily see that (a k )k >4 is a solution to the linear dif- 
ference equation 


a k — + bidk-2 + C\dk—3 + didk-4 ■ (52) 

This and the relations b k -i = d k — did k -i , c k - 1 = b k — b\d k -i and 
d k = d\d k -i show that (bk)keN, (cfc)fce n and (dk)ke n are also solutions 
to equation (52). 

On the other hand, from (47) and since X\ = 1, we have that 

k - 1 

x k = 1 + flj . (53) 

l=i 

From (46) and (47) with k = 1 we get 

ai = aia 0 + = ^i a o T On Ci = Ci a o T do, 

d\ = diao, aq = xq + do- (54) 
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Since bd — d\ ^ 0, from the fourth equation in (54) we get do = 1. 
Using this fact in the other equalities in (54) we get bo = cq = do = 0 
and xo = 0 (since x\ = 1 ). 

From this and by (46) and (47) with fc = 0we get 

1 — cio = did— i 6_ i, 0 — bo = bid-i 4“ C— i, 

0 = c 0 = cid_i + d- 1 , 0 = do = di«_i, 0 = x G = + d_i. (55) 

Since d\ ^ 0, from the fourth equation in (55) we get d_i = 0. Using 
this fact in the other equalities in (55) we get b- 1 = 1, c_i = gLi = 0 
and = 0 . 

From this and by (46) and (47) with k = — 1 we get 

0 = d_i = did — 2 + 6_ 2 , l = 6 -i = ha -2 + c_ 2 , 

0 = c_i = Cid _ 2 + d - 2 , 0 = d- 1 = did_ 2 , 0 = X-i = X -2 + d_ 2 . (56) 

Since d\ ^ 0, from the fourth equation in (56) we get d _ 2 = 0. Using 
this fact in the other equalities in (56) we get 6_ 2 = 0, c _ 2 = 1 and 
d - 2 = 0 and X- 2 = 0 . 

From this and by (46) and (47) with k = —2 we get 

0 = d _2 = did _3 + 6 - 3 , 0 = 6_2 = 6 id _ 3 + C_ 3 , 

1 = c _2 = Cid _3 + d- 3 , 0 = d - 2 = did_ 3 , 0 = x _2 = X- 3 + d- 3 . (57) 

Since d\ ^ 0, from the fourth equation in (57) we get d _ 3 = 0. Using 
this fact in the other equalities in (57) we get 6_ 3 = 0, c _ 3 = 0 and 
d - 3 = 1 and X- 3 = 0. 

Hence, sequences (d fe ) fe >_ 3 , ( b k ) k >- 3 , ( c k )k >-3 and (d k ) k >- 3 are so- 
lutions to linear difference equation (52) satisfying the next (shifted) 
initial conditions 


d-3 

o' 

d— 2 

o' 

d_i 

o' 

do — 1; 

6-3 

= 0, 

b - 2 

= 0, 

b-i 

= 1, 

6 0 = 0; 

C-3 

= o, 

C-2 

= 1, 

C-l : 

= 0, 

c 0 = 0; 

Si- 

CO 

= i, 

d~ 2 

= 0, 

d- 1 

= 0, 

o' 

o 


respectively, while (. x k ) k >- 3 is given by (53) and satisfies the conditions 
X- 3 = X -2 = X-i = Xo = 0 and x\ = 1. (59) 

Since difference equation (52) is solvable, it follows that closed form 
formulas for (a k ) k >- 3 , (b k ) k >- 3 , (c fc ) fc >_ 3 and (d k ) k >- 3 , can be found. 
From this, (53), (59) and by using some known sums, ( x k ) k >- 3 can 
also be calculated. From this fact and (51) we see that equation (38) 
is solvable too. 
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The second equation in (2) yields 


= 


H' ! n+ 1 


, n e No. 


Since d ^ 0, from the first equation in (2) we have 
z d n+l = a d z a n d w b n d _ L , n E N 0 . 
From (60) and (61) we obtain 

Wn + 3 

P <+2 

which can be written as 


= a 


d W n + 2 n .hd 


/ 3 a w . 


ac 
n + 1 


Vn n e N o, 


(60) 

(61) 


W n+3 = O'*/? 1 a <t>„+>n-D « £ ^0, (62) 

which differs from equation (38) only by the coefficient a d /3 1 ~ a . Beside 
this, sequence (»„)„>_ i satisfies the following initial conditions 

Wl = and w 2 = p 1+c w c * z^z*. (63) 

Let 5 := a d f3 1 ~ a . Then the above procedure can be repeated and 
obtained that for 1 < k < n + 1 


w n+3 = S Xk W^ k +3 _ k W b n \ 2 _ k W C n k +1 _ k W^ k _ k , 


dk 


(64) 


where (a k ) ke N, (&fc)fce N, (c k )keN and (dfc)fce n satisfy recurrent relations 
(46) with initial conditions (40), while (x k ) ke ^ is given by (53) and 
(59). 

From (64) with k = n + 1 and by using (63) we get 
w n+ 3 =5 Xn+1 w^ +1 w b 1 n+1 w c 0 n+1 w d _ n 1 +1 

= (a d p 1 ~ a ) Xn+1 {p 1+c w£ z cd lZ ^)“ n+1 (pw^zi^+'w^wiT 1 


=0/ dx n +l p(l-a)x n +i + (l+c)a n +i+b n +i w 


c a ri _|_i+cb n _|_i+c ri _)_i 
0 


v dn+l ^da n+ 1 /v cda n+ i+db„ + i 
X. ay Zq /2- 


(65) 


for n G N 0 . 

As above the solvability of equation (52) shows that closed form 
formulas for (a fc ) fc >_ 3 , (b k )k>- 3 , ( c k ) k >-3 and (d k ) k >- 3 , can be found. 
From this, (53), (59) and by using some known sums, ( x k ) k >~3 can also 
be calculated. This facts along with (65) imply that equation (62) is 
solvable too. Direct calculation shows that formulas (51) and (65) are 
really solutions to system (2), finishing the proof. □ 


Remark 1. Since linear difference equation (52) is of the fourth order 
it is not only theoretically solvable, but also practically. 


The following corollary is a consequence of Theorem 1. 
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Corollary 1. Consider system (2) with a,b,c,d e Z, a, (3 e Z \ {0}. 
Assume that z-i, zo, W-i, w o G C \ {0}. Then the following statements 
are true. 

(a) If b = 0 and o ^ 1 ^ c, then the general solution to system (2) is 
given by (5) and (14). 

(b) 7/6 = 0 and a ^ 1 — c, then the general solution to system (2) is 
given by (5) and (15). 

(c) If b = 0 and a = 1 / c, then the general solution to system (2) is 
given by (6) and (16). 

(d) If b = 0 and a. = c / 1, then the general solution to system (2) is 
given by (5) and (18). 

(e) If b = 0 and a — c—l, then the general solution to system (2) is 
given by (6) and (19). 

(f) If d = 0 and a / 1 / c, then the general solution to system (2) is 
given by (22) and (30). 

(g) If d = 0 and a / 1 = c, then the general solution to system (2) is 
given by (23) and (31). 

(h) If d = 0 and a = 1 / c, then the general solution to system (2) is 
given by (22) and (32). 

(%) If d = 0 and a = c / 1, then the general solution to system (2) is 
given by (22) and (34). 

(j) If d = 0 and a = c = 1, then the general solution to system (2) is 
given by (23) and (35). 

(k) If bd ^ 0, then the general solution to system (2) is given by (51) 
and (65), where (a k ) k >- 3 , (h)k>- 3 , (c fc ) fc >_ 3 and (4) fc >_ 3 are solu- 
tions to equation (52) satisfying the conditions (58), while (x k ) k >- 3 
is given by (53) and (59). 

Remark 2. The formulas appearing in the proof of Theorem 1 can be 
used in studying of the behavior of solutions to system (2). We leave 
it to the reader as some exercises. 
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ON SOME RESULTS IN METRIC SPACES USING 
AUXILIARY SIMULATION FUNCTIONS VIA NEW 

FUNCTIONS 

XIAO-LAN LIU*, ARSLAN HOJAT AN SARI, SUMIT CHANDOK, STOJAN 

RADENOVIC 


Abstract. In this paper, we investigate the existence and uniqueness of 
coincidence points for two nonlinear operators by generalizing the notion 
of simulation function introduced by F. Khojasteh et al. [F. Khojasteh, 
S. Shukla and S. Radenovic, Filomat 29 (6), 1189-1194 (2015)]. Our 
results improve, extend, complement and generalize several existing re- 
sults in the literature. Also, some examples are provided to illustrate 
the usability of our results. 


1. Introduction and Preliminaries 

There are many disciplines in which various authors are working, but due 
to the possible applications, two of them, fixed point theory and equilib- 
rium theory have received major attention from the last few decades. Both 
of them have many ways to face, from a theoretical point of view, to various 
problems which arise from real-world contexts. Fixed point theory has been 
applied in various topics, convex minimization and split feasibility, construc- 
tion and structure of fixed points, as well as for finding zeros of contractive 
operators (see [1, 2, 3] and [4]). It also has lots of applications; in partic- 
ular, in image recovery and signal processing, and in transition operators 
for initial valued problems of differential inclusions. The mixed equilibrium 
problems include fixed point problems, optimization problems, variational 
inequality problems and Nash equilibrium problems as special cases. For 
other important questions in the fixed point theory with various approach 
see [7]- [25]. 

Recently, Khojasteh et al. [ ] introduced the notion of simulation function 
in order to express different contractivity conditions in a unified way, and 
they obtained some fixed point results. In this paper, we generalized the 
simulation function using a class of C-function and investigate the existence 
and uniqueness of coincidence points for two operators in the setting of 
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metric spaces. Some examples are also provided to illustrate the importance 
of the results obtained. 

To begin with, we give some basic notions and definitions. 

In the sequel, let X be a nonempty set and T, g : X —> X be two mappings. 
For simplicity, we denote T(x) by Tx. A mapping g is injective on A C X if 
we can deduce that a = b for all a,b E A such that ga = gb. We denote the 
nth iterate of T by T n , that is, T 1 = T and T n+1 = T o T n for all n E N. 

Definition 1. A point lEl is called a 

(1) fixed point of the operator T if Tx = x. 

(2) coincidence point of T and g ifTx = gx. 

(3) common fixed point of T and g if Tx = gx = x. 

Definition 2. Let T,g : X — > X be mappings on a metric space(X,d). 
We say that T and g are compatible if linin^oo d(Tgx n , gTx n ) = 0 for all 
sequence {x n } C X such that the sequences {gx n } and {Tx n } are convergent 
and have the same limit. 

Remark 3. If T and g are commuting (that is, Tgx = gTx for all x E X ), 
then T and g are compatible. 

Definition 4. Given two self-mappings T,g : X — > X and a sequence 
{x n }n > o Q X, we say that {x n } is a Picard- Jungck sequence of the pair 
( T,g ) (based on xq) if gx n+ \ = Tx n for all n > 0. 

We say that X verifies the CLR ( T , g) -property at a point xq E X if there 
exists on X a Picard- Jungck sequence of ( T,g ) based on xq. 

Remark 5. 1. It is well known that if T and g are two self-mappings such 
thatT(X) C g(X), then there exists a Picard-Jungck sequence of (T,g) based 
on any point xo E X. In other words, if T(X) C g(X), then X verifies the 
CLR (T , g) -property at each point lEl. 

2. If g = L v is the identity mapping on X, then there exists a unique 
Picard sequence of (T, /y) based at each xo E X, which is given by x n+ \ = 
Tx n for all n > 0. Therefore, X satisfies the CLR ( T,Ix ) -property at every 
point, whatever the mapping T . 

Definition 6. (see [6]J A mapping F : [0,oo) 2 — > M is called C -class func- 
tion if it is continuous and satisfies following conditions: 

(1) F(s,t) < s; 

(2) F(s,t ) = s implies that either s = 0 or t = 0; for all s, t E [0, oo). 

Note that for some F we have that .F(0,0) = 0. We denote C-class 
functions as C. 

Also special case of (7-class functions can be found in [ ]. For examples 
of (7-class function see [6], [8]. 

Definition 7. [9] An altering distance function is a continuous, non- decreasing 
mapping tp : [0,oo) — ► [0,oo) such that ¥? -1 ({0}) = {0}. 
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2. C-class Simulation Function 

In this section, we generalized the simulation function introduced by Kho- 
jasteh et al. [ ] using the function of C-class as follows: 

Definition 8. A mapping F : [0,oo) 2 — > M has property Cf, if there exists 
an Cf > 0 such that 

(1) F(s,t ) > Cf =>■ s > t; 

(2) F(t, t) < Cf, for all t € [0, oo). 

Example 9. The following functions F : [0,oo) 2 — ► M are elements of C 
that have property Cf, for all s, t £ [0,oo): 

(1) F(s, t) = s — t, Cf = r, r e [0, oo) 

(2) F(s,t ) = G (0, oo); Cf = 1 

(3) F(s,t) = > 1 ,C F = r £ [2, oo) 

(4) F(s,t) = (s + l)rh -IJ>1,C F = 0,1 

(5) F(s,t ) = s - (f±f )t]C F = 0, 

(6) F(s, t) = ^,0<k<l,C F = k,l 

(7) F(s,t) = ^- v 0<k,CF = ^,l 

(8) F(s,t) = ^r t -,0<k,C F = 1,2 

Definition 10. A simulation function is a mapping ( : [0,oo) x [0,oo) — > M 
satisfying the following axioms: 

(Cl) C(0, 0) = 0; 

(C 2 ) C(t,s) < F(s,t ) for all t, s > 0, here function F : [0,oo) 2 — > M is 
element ofC; 

(C 3 ) if {t n }, {sn} are sequences in (0, 00 ) such that lim^^oo t n = lim^oo s n > 
0, then limsup£(t n , s n ) < 0. 

n — >00 

The third condition is symmetric in both arguments of C but, in proofs, 
this property is not necessary. In fact, in practice, the arguments of C have 
different meanings and they play different roles. Then, we slightly modify 
the previous definition in order to highlight this difference and to enlarge 
the family of all simulation functions. 

Definition 11. A Cp~ simulation function is a mapping C ■ [0, 00 ) x [0, 00 ) — > 

M satisfying the following conditions: 

(C a) C(0, 0) = 0; 

(Cb) C{t,s) < F(s,t ) for all t,s > 0; here function F : [0,oo) 2 — > M is 
element of C which has property Cf 

(C c ) if {t n }, {fin} ore sequences in (0, 00 ) such that linu^oo t n = limn^oo s n > 
0, and t n < s n , then limsup^(t n , s n ) < Cf- 

n — Kx 

Let Zp be the family of all Cp— simulation functions C '■ [0, 00 ) x [0, 00 ) — > 

M. Every simulation function as in Definition 10 is also a Cp— simulation 
function as in Definition 11, but the converse is not true, for this see Example 
3.3 in [10] using C-class function F(s, t) = s — t. 
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Example 12. Let k be such that k < 1 and let ( : [0, oo) x [0, oo) — > M 
be the function defined by ( (t,s) = kF(s,t ) — t, here Cf = 0. Note that 
((t,s) = kF(s,t) —t< kF(s,t ) < F(s,t ) < s and ( (t,t) = kF(t,t ) —t< 
kt — t < 0. 

It is easy to verify that ( verifies (( a ), and ((b). 

If {t n }, {s n } are sequences in (0, oo) such that lim rwoc t n = lim^^oo s n = 

5 > 0 and t n < s n for all n E N, then limsup£(t n , s n ) = limsup (kF(s n , t n ) — 

n— >oo n— >oo 

t n ) < (k — 1)5 < 0. 

Also, if F(s,t) = ms, m < 1, then of ((t,s) = kF(s,t ) — t, we have 
((t, s ) = kms — t, or ((t, s) = As — t, X G (0, 1). 

Therefore ( is an Cf— simulation function as in Definition 11. 

Example 13. Let k Gl be such that k < 1 and ( : [0,oo) x [0,oo) — > M be 
the function defined by (( t,s ) = kF(s,t), here take Cp = 1. Here, ( [t,s) = 
kF(s,t ) < ks < s and ( (t,t) = kF(t,t ) < 1. 
it is easy to verify, ( verifies (( a ), and ((b). 

If {t n }, {s n } are sequences in (0, oo) such that lim n ^. 0O t n = linu^oo s n = 

5 > 0 andt n < s n for alln E N, then limsup((t n , s n ) = lirri sup(kF(s n ,t n )) < 

n — kxd n— >oo 

kF(S,5) < 1. 

Therefore ( is an Cf~ simulation function as in Definition 11. 

Also, if take F(s,t) = ( is an C f~ simulation function. 

Example 14. Let F : [0, oo) 2 — > M be C-class, F(fi>(s), ip(t))—t < F(s , t),ip(t) < 
t,and let ( : [0, oo) x [0, oo) — > R be the function defined by (( t,s ) = 
F(i/j(s),ip(t)) — t, here Cf = 0, note that £(0,0) = ^(^(O), <^(0)) — 0 = 0, 
and ((t, t ) = F(ip(t), ip(t)) — t < F(t, t) — t <t — t = 0 

Clearly, ( verifies ((i ), and (( 2 ) follows from the following: 

If {tn}, {fin} are sequences in (0, 00 ) such that lim^oc t n = lim^-xx, s n = 

5 > 0 and t n < s n for all n E N, then limsup£(t ri , s n ) = limsup(E(^ (s n ) , <p ( t n )) — 

n— >00 n— >00 

tn) < ^{fi) ~ 5 < 0 . 

3. A COINCIDENCE POINT THEOREM FOR (Z, ^-CONTRACTIONS 

In this section we establish some results on the existence and uniqueness 
of coincidence point by using simulation functions on metric spaces. 

Definition 15. Let (X, d) be a metric space and T,g : X — > X be self- 
mappings. A mapping T is called a (Zp, g)- contraction if there exists ( E Zp 
such that 

( (d(Tx,Ty),d(gx,gy)) > C F (1) 

for all x, y E X such that gx gy. 

For clarity, we use the term (Zp^, ^-contraction when we want to high- 
light that T is a (Zp, ^-contraction on a metric space involving the metric 
d. In such a case, we say that T is a (Zpd,g)- contraction with respect to (. 
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If g is the identity mapping on X, T is a Zp ^-contraction with respect to 

C- 

Remark 16. 1. By axiom ((b), it is clear that a simulation function must 
verify ((r,r) < Cp for all r > 0. 

2. Furthermore, if T is a (Zp^, g) — contraction with respect to ( £ Zp, 
then 

d(Tx,Ty) < d(gx,gy), (2) 

for all x, y £ X such that gx / gy. 

To prove it, assume that gx / gy. Then d(gx,gy) > 0. If Tx = Ty, 
then d(Tx,Ty) = 0 < d(gx,gy). On the contrary case, ifTx ^ Ty, then 
d(Tx,Ty) > 0, and applying ((b) and (1), we have that 

Cf <((d(Tx,Ty),d(gx,gy)) < F(d(gx, gy), d(Tx, Ty)), so (2) holds. 

Next, we observe some useful properties of (Zp^, ^-contractions in the 
context of metric spaces. 

Lemma 17. If T is a (Zp^, g)- contraction in a metric space (X,d) and 
x,y £ X are coincidence points of T and g, then Tx = gx = gy = Ty. In 
particular, the following properties hold. 

1. If g (or T) is injective on the set of all coincidence points of T and 
g (or, simply, injective), then T and g have, at most, a unique coincidence 
point. 

2. If T and g have a common fixed point, then it is unique. 

Proof. We will show that gx = gy reasoning by contradiction. Suppose, on 
the contrary, that gx / gy. Then d(gx,gy) > 0. By (1), we have Cf < 
((d(Tx,Ty),d(gx,gy)) = ((d(gx, gy), d(gx, gy)), which is a contradiction 
due to item 1 of Remark 16. Therefore, if x and y are coincidence points of 

T and g, then Tx = gx = gy = Ty. Hence the result. □ 

Theorem 18. Let T be a (Zp^^g)- contraction in a metric space (X, d) and 
suppose that there exists a Picard- Jungck sequence {x n } n >o of (T,g). Also 
assume that, at least, one of the following conditions hold. 

(a) ( g(X),d ) (or (T(X),d)) is complete. 

(b) (X,d) is complete and T and g are continuous and compatible. 

(c) (X,d) is complete and T and g are continuous and commuting. 

Then T and g have, at least, a coincidence point. Furthermore, either the 

sequence {gx n } contains a coincidence point of T and g or, at least, one of 
the following properties holds. 

In case (a), the sequence { gx n } converges to u £ g(X) and any point 
v £ Xsuch that gv = u is a coincidence point of T and g. 

In cases (b) and (c), the sequence {gx n } converges to a coincidence point 
of T and g. 

In addition to this, if x,y £ X are coincidence points of T and g, then 
Tx = gx = gy = Ty. And if g (orT ) is injective on the set of all coincidence 
points of T and g (or, simply, it is injective), then T and g have a unique 
coincidence point. 
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Proof. If {x n } contains a coincidence point of T and g, the proof is finished. 
Assume that {.x n }does not contain any coincidence point of T and g, that 
is, 


gxn ~f~ Tx n — gx n - )-i, 
for all n > 0. In such a case, 

(3) 

d(gx n ,gx n + 1 ) > 0, 

(4) 

for all n > 0. We divide the proof in three steps. 

Step 1. We claim that 


lim d(gx n . gx n+ \) = 0. 
n — >oo 

(5) 

Using (Cfe) and (1), for all n > 0, 


C F < C(d(Tx n ,Tx n+1 ),d(gx n ,gx n+1 )) 

= C(d{gx n+ i,gx n+2 ),d(gx n ,gx n+1 )) 

< F(d{gx n , gx n+ i ) , d(gx n+ 1 , gx n+2 ) ) , 

(6) 


which means that 0 < d(gx n+1 , gx n+2 ) < d(gx n , gx n+1 ) for all n > 0. Then 
{d(gx n , gx n+ i)} is a non-increasing sequence of nonnegative real numbers, 
so it is convergent. 

Let r = lirrin^oo d(gx n , gx n+ 1 ). We prove that r = 0 reasoning by con- 
tradiction. Assume that r > 0. Applying the axiom (£ c ) to the sequences 
{t n = d(gx n+ i,gx n+2 )} and {s n = d(gx n ,gx n+ 1 )} (which have the same 
limit r > 0 and verify t n < s n for all n), it follows that 

lim sup ((d(gx n+1 , gx n+2 ), d(gx n , gx n+ i)) = lim supC (t n ,s n ) < C F , 

n — >oo n >oc 

which contradicts with (6) because ((d(gx n+ i, gx n+2 ), d(gx n , gx n+ \)) > 
Cp for all n > 0. This contradiction prove that lim n - >00 d(gx n , gx n+ 1 ) = 
r = 0, that is, (5) holds. 

Step 2. Now, we claim that the sequence {gx n } is a Cauchy in ( X , d). On 
the contrary, we assume that { gx n } is not a Cauchy sequence in (X,d). In 
this case, there exists £o > 0 such that, for all N E N, there exist m, n E N 
verifying m > n > N and d(gx m , gx n ) > £q. Using (5), there exists uq e N 
such that 

d(gx n+ i,gx n ) < e 0 , (7) 

for all n>riQ. 

Taking successive values for n, we can find two partial subsequences 
{gx m (k)} and {gx n{;k )} of {gx n } such that 

n 0 < n(k) < m(k ) < n(k + 1) and d(gx m[k) , gx n ( k) ) > e 0 (8) 
for all k £ N. 

If we choose m(k) as the least natural number m E {n(k),n(k) + 1 ,n(k) + 
2, ...} such that (8) holds, then we also have that 

d(gx m (k)— 1 > gXn(k) ) — £0, (9) 
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for all k E N. 

Notice that m(k) > n{k) + 1 for all k E N. Indeed, joining (7) and 
(8), we deduce that the case m(k) = n{k ) + 1 is impossible. Therefore, 
m(k) > n(k) + 2 for all k E N. It follows that 
n(k) + 1 < m(k) < m(k ) + 1 for all k E N. 

Taking into account (8) and (9), we deduce that 

£q < d(gx m ^ , 5 , ^'n(fc) ) — ^(S®m(fc) ; 9-^m(k)— 1) 9-^n(k)) — ) 9^'m(k)— l)d" 

£o 

for all k. Using (5), we have that 

lim d(gx m(k) ,gx n{k) ) = e 0 . (10) 

/c — >oo 

Moreover, by 

d{g-^m(k) i 9' J 'n(k ) ) — d(gx m (^.) , 5"Un(fe)+l) j 5 , ®n(fc)+l) _ b^(fl , ‘^'n(fc)+l 5 9-^n(k ) ) 

and 

d{9^m(k)+l) 9%n(h)+ 1 ) — 1 > 9^m(k) )Td(<7*£m(fc) > 9'^n(k))~^~d{gX n ^ k 'j , 5^'n(fc)+l ) 

for all fc, and also using (5), it follows that 

lim d(gx m nA ^.\ , 5®n(fc)+i) £o- (H) 

fc— >0 o 

In particular, there exists ni € N such that 

d(g%m(k) > gXn{k) ) TT 0 
and 

rf(5Un(fc)+i,5®n(fc)+i) > f > 0 for all /c > m. 

Using the fact that T is a {Zp t d, ^-contraction with respect to £ and the 
axiom (£&), we deduce that 

Cr — C{d(Tx m ^ , Tx n ^') , d(gx m ( k ^ j gX-n(k ) ) ) C(^(5®m(A:)+l > S®Ti(fc)+l) > ) 9^n(k)') 

< f(%Vij,Pn(ij),%im(t)+i,ft()c)+i)), for all & > m. In particu- 
lar, 

0 < d( y gx rn (j t ^j r \ 1 5Ui(fc)+i) ^ d(gx m ( k ^ , gx n ^ k ^ ) foi all k ni 

Employing the sequences {t fc = d(^m(fe)+u 5^n(fe)+i)} and {s fc = d(gx m ^, gx n{k) )} 

(which have the same positive limit by (10) and (11) and verify t k < s k for 
all fc) in axiom (£ c ), we conclude that which is a contradiction. Therefore, 
we must admit that the sequence {g.T n } is Cauchy in (X,d). Hence, Step 2 
holds. 

Step 3. Now, we prove that T and g have a coincidence point by taking 
the assumptions (a), or (b), or (c). 

Case (a): Assume that ( g(X),d ) (or (T(X),d)) is complete. In this case, 
notice that gx n +\ = Tx n E T(X) C g(X) for all n > 0, which means that 
the sequence {gx n+ i} is included in T(X) C g(X). Taking into account 
that g(X) (or T (A)) is d-complete,then there exists u E g(X) such that 
{gx n } —>■ u, that is, 


lim d(gx n ,u ) =0. (12) 

n — >oc 

Since Tx n = gx n . |_i for all n, we also have that 
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lim d(Tx n ,u) = 0. (13) 

n— >oo 

Let v E A be any point such that gv = u. We will show that v is a 
coincidence point of T and g. On the contrary, we assume that v is not 
a coincidence point of T and g , that is, u = gv ^ Tv. In such a case, 
5 = d(Tv,gv ) > 0. Using(13), let no E N be such that d(gx n ,gv) < 5 for all 
n > no- This means that 

d(gx n ,gv) < 5 = d(Tv,gv) for all n > no- 
In particular, gx n / Tv for all n > no, that is, 

d(Tx n ,Tv) = d(gx n+ i,Tv) > 0, (14) 

for all n > no- 

On the other hand, by (4), it is impossible the condition 
3ni E N such that gx n = gv for all n>n\. 

Therefore, there exists a partial subsequence {gx, j( n )} of {gx n } such that 

gx< 5(n) + gv Vn (15) 

Now, let 77*2 E N be such that 5{ri2) > no- Therefore, by (14) and (15), 
d{g x 5 ( n )-> g v ) > 0 an d d{Txg(n),Tv) > 0 for all n > n2. 

Using (Cfc), 

C F < C (d(Tx s{n) ,Tv),d(gx s ^,gv)) < F{d{gx^ n) ,gv),d(Tx^ n) ,Tv)) 
for all n > n 2 , which means that 
0 < d{Tx s(n) ,Tv) < d(gx 5{n) ,gv) = d(gx 5{n) ,u), 

for all n > ri 2 - In particular, by (12), {Txs^ n )} — > Tv. However, 
{Tx 5 ( n )} = {gx, 5( n )+i} is a partial subsequence of {gx n }, which converges 
to gv. By the uni city of the limit, we conclude that gv = Tv, which is 
a contradiction with the fact that we have supposed that gv ^ Tv. This 
contradiction yields v is a coincidence point of T and g. 

Case (b): Assume that (X,d) is complete and T and g are continu- 
ous and compatible. In this case, the sequence {gx n } is a Cauchy se- 
quence in the complete metric space ( X , d) , so there exists u E Asuch 
that {gx n } — ► u. Since T and g are continuous, it follows that {ggx n } — > 
gu and {Tgx n } — ► Tu. Moreover, as T and g are compatible and the 
sequences {Tx n = gx n + i}and {gx n } have the same limit, we deduce that 
lim n ^ood(Tgx n , gTx n ) = 0. It follows that 

d(Tu,gu) = lim n ^ood{Tgx n , ggx n+ i) = /zm„^ood(T gx n , gT x n ) = 0. 
Therefore, Tu = gu and we conclude that u is a coincidence point of T 
and g. 

Case (c): Assume that (A, d) is complete and T and g are continuous and 
commuting. It follows from case (b) taking into account Remark 16. Last 
statement follows from Lemma 17. □ 

Now if let F(s, t) = s — t, we have the following result of [10]. 
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Corollary 19. Let T be a (Z^^g) -contraction in a metric space (X,d) and 
suppose that there exists a Picard- Jungck sequence {x n }n> o of (T,g). Also 
assume that, at least, one of the following conditions holds. 

(a) ( g(X),d ) (or (T(X),d)) is complete. 

(b) (X,d) is complete and T and g are continuous and compatible. 

(c) (X,d) is complete and T and g are continuous and commuting. 

Then T and g have, at least, a coincidence point. Furthermore, either the 

sequence {gx n } contains a coincidence point of T and g or, at least, one of 
the following properties holds. 

In case (a), the sequence {gx n } converges to u G g(X) and any point 
v € X such that gv = u is a coincidence point of T and g. 

In cases (b) and (c), the sequence {gx n } converges to a coincidence point 
of T and g. 

In addition to this, if x,y £ X are coincidence points of T and g, then 
Tx = gx = gy = Ty. And if g (orT ) is injective on the set of all coincidence 
points of T and g (or, simply, it is injective), then T and g have a unique 
coincidence point. 

In the following example, we describe how to use our main result in order 
to guarantee existence and uniqueness of a solution for nonlinear equations. 

Example 20. Let X = [0, oo) provided with the Euclidean metric d(x, y ) = 
\x ~ U I f or x iV £ X, and consider the operators T,g : X — > X given, for 
all x G X, by 

Tx = x + 2, gx = 4x + e 2x 

It is clear that T is not a contraction in the classical Banach sense (in 
fact, it is an isometry). In order to solve the nonlinear equation 


x + 2 = 4x + e 2x , 


(16) 


Theorem 18 can be applied using the simulation function ((t, s) = jg[^(s)— 



where if and ip are the altering distance functions given by if(t) = t and 
<p(t ) = t for all t > 0 and Cf = 0, F(s, t) = s — (fxf )t, now we have that 


((d{Tx,Ty),d{gx,gy)) 



- 0 . 
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Therefore T is a (Zd, g) -contraction with respect to (i. As all conditions 
of Theorem f.8 are satisfied (for instance, T(X) = [2, oo) C [l,oo) = g(X ) 
and g(X) is complete), it is ensured that T and g have a unique coincidence 
point, which is the only solution of equation (16). □ 
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Abstract 

The purpose of this paper is to study some uniqueness problem of meromorphic functions 
sharing two sets and three sets with finite weight. Our results are improvement and comple- 
ment of some results given by Zhang-Xu, Fang-Xu, Lahiri-Banerjee. 

Key words: Meromorphic function; Weighted sharing; Uniqueness. 

Mathematical Subject Classification (2000): 30D 30, 30D 35. 


1 Introduction and main results 

This purpose of this paper is to study some uniqueness problem of meromorphic functions sharing 
two sets and three sets with finite weight. The fundamental theorems and the standard notations 
of the Nevanlinna value distribution theory of meromorphic functions will be used (see Hayrnan 
[6] and Yi and Yang [12]). Let / be a nonconstant meromorphic function and a£CU {oo} and S 
be a subset of C = C U {oo}. Define 

E(S,f) = IU 2 : f(z) — a = 0, counting multiplicity}, 

aes 

E(S,f)= 1J {z : f(z) — a = 0, ignoring multiplicity}. 

aeS 


If E(S, /) = E(S, g) we say that / and g share the set S CM. On the other hand, if E(S, f ) = 
E(S,g), we say that / and g share the set S IM. Especially, let S = {a}, we say / and g 
share the value a CM. If E(S,f) = E(S,g), and we say that / and g share the value a IM if 
E(S,f)=E(S,g) (see [5]). 

Let m be a nonnegative integer, we denote by E m ){a\ /) the set of all a-points of / with 
multiplicities not exceeding m, where an a-point is counted according to its multiplicity. Also we 
denote by £? m ) (a; /) the set of distinct a-points of / with multiplicities not greater than m. If for 

*The authors were supported by the NSF of China( 11561031, 11561033) and the Natural Science Foundation of 
Jiangxi Province in China (20151BAB201008,20161BAB201020). 

' Corresponding author. 
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some a£CU {oo}, E 0 0 ) (a; /) = (a; g) we say that f, g share the value a CM. For any positive 

integer m, we define 

E m) (S,f)= \jE m) (a;f), and E m) (S, /) = |J E m) (a; /). 

cl£S a£.S 

In 1977, Gross [4] proved that there exist three finite sets Sj(j = 1,2,3), such that any two 
entire functions / and g satisfying E(Sj , /) = E(Sj,g) for j == 1, 2, 3 must be identical, and posed 
the following question: 

Question A Does there exist a finite set S such that, for any pair of nonconstant entire 
functions f and g, E(S,f) = E(S,g) implies f = g? 

If the answer of this question is affirmative, a natural question is the following: 

Question B What is the smallest cardinal of S? 

In 1995, Yi [11] first proved that such that a set exist. In fact, Yi proved the following theorem 

Theorem A [11]. There exists a set S with 1 elements such that E(S,f) = E(S,g) implies 
f = g, for any pair of nonconstant entire functions f and g. 

For meromorphic functions, the present best answer to Question B was obtained by Frank and 
Reinders [3]. 

Theorem B [3]. There exists a set S with 11 elements such that E(S,f) = E(S,g) implies 
f = g for any pair of nonconstant meromorphic functions f and g. 

A natural problem arises: What can we say if nonconstant meromorphic functions f and g 
have ’few” poles? 

Lahiri and Banerjee [8] investigated the situation for 0(oo; /) < \ and 0(oo; g) < \ in Theorem 
C and proved the following result. 

Theorem C [8]. Let S\ = {z : z n + az n ~ 1 + b = 0}, S 2 = {0} and S 3 = {oo} ; where a , b are 
nonzero constants such that z n + az n ^ 1 +5 = 0 has no repeated root and n(> 4) is an integer. 
Suppose that f,g are two nonconstant meromorphic functions satisfying 0(oo ; /) + 0(oo ;g) > 0. 
If E(Sj,f) = E(Sj,g) for j = 1,2,3, then f = g. 

Recently, Zhang and Xu [13] proved the following result: 

Theorem D [13]. Let S = {z : z 7 — z 6 = 1}. Suppose that f,g are two nonconstant meromor- 
phic functions satisfying 0(oo ; /) + 0(oo ;g) > 1. If E(S,f) = E(S,g) and E(oo, f) = E(oo,g), 
then f = g. 

Now considering all the above theorems it is natural to ask the following question: 

Question 1.1 Is it possible in any way to further relax the nature of sharing the set Si, S 2 , S 3 in 
Theorem C? 

In the present paper we shall investigate this problem and obtain two results which will improve 
all the previous theorems mentioned earlier. Also we shall provide an answer to the question of 
Gross in a more compact and convenient way than the previous authors have given. 

Now we state the following theorems which are the main results of this paper. 

Theorem 1.1 Let Si, S 3 be as in Theorem C. Suppose that f,g are nonconstant meromorphic 
functions satisfying E x) (Si, f) = E^(Si,g) , E m) (Si,f) = E m) (Si,g), m > 3, E(S 3 , f) = E(S 3 ,g) 
and satisfy one of the following conditions 

(i) n = 8 and 0(oo; g) + 0(oo; g) > |; 

(ii) n = 9 and 0(oo; /) + 0(oo; g) > |; 
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(Hi) n > 10 and 0(oo; /) + 0(oo ; g) > n is a positive integer. 

Then f = g. 

Theorem 1.2 Let Si, S 3 be as in Theorem C. Suppose that f,g are nonconstant meromorphic 
functions satisfying E 2 )(S 1 , f) = E 2 ) (Si,g) , E m) {Si,f) = E m )(Si,g), m > 4, E(S 3 ,f) = E(S 3 ,g) 
and satisfy one of two conditions: 

(i) n = 7 and 0(oo; /) + 0(oo; g) > 1; 

(ii) n> 8 and 0(oo; /) + 0(oo; g) > n is a positive integer. 

Then f = g. 

Remark 1.1 When n = 7, it obviously that Theorem 1.2 is an improvement of Theorem D. 

Theorem 1.3 Let Si, £3 be as in Theorem C. Suppose that f,g are nonconstant meromorphic 
functions satisfying £i)(Si,/) = £u)(Si,flO , E m )(Si,f) = E m) (Si,g), m > 3, E(S 2 ,f ) = 
E(S 2 ,g),E(S 3 , f) = E(S 3 l g) and satisfy one of the conditions: 

(i) n = 6 and 0(oo; g) + 0(oo; g) > 

(ii) n = 7 and 0(oo; /) + 0(oo; g) > |; 

(in) n > 8 and 0(oo; /) + 0(oo; g) > zzj, n is a positive integer. 

Then f = g. 

Theorem 1.4 Let Si,S 2 ,S 3 be as in Theorem C. Suppose that f,g are nonconstant meromor- 
phic functions satisfying E 2 ) (Sx, f) = E 2 ) (S!,g) , E m) {Si,f) = E m ){Si,g), m > 4, E(S 2 , f) = 
E(S 2 ,g), E(S 3 , f) = E(S 3 ,g) and satisfy one of the conditions: 

(i) n = 5 and 0(oo; /) + 0(oo; g) > 1; 

(ii) n > 6 and 0(oo; /) + 0(oo; g) > 0 . 

Then f = g. 

Though the standard definitions and notations of the value distribution theory are available in 
[6], we explain some definitions and notations which are used in the paper. 

Definition 1.1 (see [1]). Let k and r be two positive integers such that 1 < r < k — 1 and for 
a £ C, Ef.) ( a , /) = E k ^ (a, g), E r )(a, /) = E r )(a, g). Let Zq be a zero of f — a of multiplicity p and a 
zero of g — a of multiplicity q. We denote by N l(t, a; /)(A r n(r, a; g)) the reduced counting function 

— (r+1 

of those a-points of f and g for which p > q > r + l(q > p > r + 1 ) , by N E (r, a; /) the reduced 
counting function of those a-points of f and g for which p = q > r + 1 , by N f>k+i(r, a; f\g ^ 
a )(N g >k+i{r, a; g\f ^ a)) the reduced counting functions of those a-points of f and g for which 
p > k + 1 and q = 0(q > fc + 1 and p = 0). 

Definition 1.2 (see [1]). Ifr = 0 in definition 1.1 then we use the same notations as in definition 

1.1 except by N E (r,a; f) we mean the common simple a-points of f and g and by N E (r,a; f) we 
mean the reduced counting functions of those a-points of f and g for which p = q> 2. 

Definition 1.3 (see [9]). Let a,b £ C U { 00 }, We denote by N(r , a;f\g = b) the counting function 
of those a— points of f , counted according to multiplicity, which are b-points of g; by N(r, a; f\g 7 ^ b) 
the counting function of those a-points of f, counted according to multiplicity, which are not the 
b-points of g. 


2 Some Lemmas 


In this section we shall denote by H and V the following two functions 

F" 2 F' G" 2 G' 

~ F-Y ~ ( G 7 “ G — 1 ’ 

where F, G are two nonconstant meromorphic functions. 
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Lemma 2.1 (see [12]). Let f be a nonconstant meromorphic function and let 

n m 

fl(/) = £ <**/*/ 5>/ j ' 

/c— 0 j = 0 

be an irreducible rational function in f with coefficients {ak} and {bj}, where a n ^ 0 and b m ^ 0. 
Then 

T(r,R(f)) = dT(r,f) + S(r,f), 

where d = max{n , to}. 


Lemma 2.2 (see [If]). Let F, G be two nonconstant meromorphic functions such that Ffo(l; F) = 
E 1 ) (l-F)and H )o Then ’ 

N$(r, 1; F) < N(r, oo; H) + S{r, F) + S(r, G). 


Lemma 2.3 (see [8, Lemma 9]). Let f,g be two nonconstant meromorphic functions. Let 


F = 


/"-*(/ - 
-b 


and G = 


1 (g + g) 

-b 


(1) 


If F = G and @(oo; /) + 0(oo; g) > where n > 4, then f = g. 

Lemma 2.4 (see [8, Lemma 3]). Let f,g be two nonconstant meromorphic functions sharing 
(0, oo) and 0(oo; /) + 0(oo; g) > 0. Then f n ~ 1 (f + a) = g n ~ 1 (g + a) implies f = g, where n(> 2) 
is an integer and a is a nonzero finite constant. 


Lemma 2.5 (see [7, Lemma 5]). If two nonconstant meromorphic functions f, g share (oo, 0) then 
for n>2, 

r-\f + a)g n -\g + a)^b\ 
where a, b are finite nonzero constants. 

Lemma 2.6 (see [1, Lemma 2.2]). Let E m ) (1, F) = G), -Ea)(l, F) = £a)(l, G) andH^O, 

where to > 3. Then 


N(r , oo; H ) 

< N(r,0;F\ > 2) +N(r, 0; G\ > 2) + N L {r, oo; F) + N L {r, oo; G) 

+N L (r, 1; F) + N L {r, 1; G) + 7V F > m+1 (r, 1 -,F\G ± 1) 

+N G > m+ i(r, 1; G\F ± 1) + N 0 (r, 0; F') + N 0 (r , 0; G’), 

where No(r,0; F 1 ) is the reduced counting function of those zeros of F' which are not the zeros of 
F(F — 1) and No(r,0;G') is similarly defined. 

From Lemma 2.6, we can get the following lemmas easily. 

Lemma 2.7 LetE m) (l,F) =E m) (l,G),E 1) (l,F) = E 1} (1,G), E(oo,F) = E(oo,G) andHjtO, 
where to > 3. Then 

N(r, oo; H) <N{r , 0; F| > 2) + N(r, 0; G\ > 2) + N L (r, 1; F) + N L {r, 1; G) 

+ ^F>m+i(T, 1; F\G ^ 1) + N G>m+i( r , 1; G\F ^ 1) 

+ ^o(t, 0; F') + (/V 0 (r, 0; G'), 

where Np(r, 0;F') and Ng(r, 0;G") is stated as in Lemma 2.6. 
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Lemma 2.8 Let E m) (l,F) = E m) {l, G), E±) (1, F) = F 1} (1,G) ; E(oo;F ) = E{oo;G), E(0,F) = 
E{ 0, G) and H ^ 0, where to > 3. Then 

N(r, oo; H) <N L (r, 1; F) + N L (r, 1; G) + N F > m+1 (r, 1; F\G ± 1) 

+ N G > m +i(r, 1; G\F ± 1) + N 0 {r, 0; F') + N 0 (r, 0; G'), 

where No(r, 0; F 1 ) and No(r, 0; G') is stated as in Lemma 2.6. 

Lemma 2.9 (see [1, Lemma 2.6]). Let F m )(l, F) = F m )(l, G), £' 1 )(1, F) = -Ea)(l, G) andH^O, 
where m > 3. Then 


2 N L (r, 1; F) + 21V L (r, 1 ; G ) + N%(r, 1; F) 

+ mN Q> m+ 1 (r, 1; G|F ± 1) - N F> 2 {r, 1; G) 

<N(r, 1; G) — N(r, 1; G). 

Lemma 2.10 (see [10]). If N(r, 0; f^\f ^ 0) denotes the counting function of those zeros offW 
which are not the zeros of f, where a zero of f^ is counted according to its multiplicity then 

N(r , 0; / W |/ ^ 0) < kN(r, oo; /) + N{r, 0; f\ < k) + kN(r, 0; f\ > k) + S(r, /). 

Lemma 2.11 (see [1, Lemma 2.9]). Let F m )(l,F) = F m )(l, G), F^l, F) = Ei^(l,G), where 
to > 3. Then 

2 N F>2 (r, 1; G) + 2 N F > m+1 {r, 1; F|G ^ 1) 

<l~N(r, 0; F) + pf(r, oo; F) - ? N 0 (r , 0; F') + S(r, F). 

Lemma 2.12 Let F m )(l, F) = F m )(l, G), Fi)(l, F) = Fi)(l, G) and F(oo, /) = E(oo, g), where 
to > 3 and H ^ 0, f/ien 

T(r, F) <N 2 (r, 0; F) + ^F(r, oo; F) + JV 2 (r, 0; G) + ?lV(r, 0; F) + S(r, F) + S{r, G). (2) 

Proof: From the condition of Lemma 2.12, and by Lemma 2.7, we have 
N(r,l-,F)+N{r^G) _ _ 

< N(r, 1; F | = 1) + N_ L (r, 1; F) + N L (r , 1; G) + TV^r, 1; F) + N F > m +i(r , 1; F|G ^ 1) + JV(r, 1; G) 

< JV(r,0;F|>2) + JV(r,0;G|^_2)+iV L (r ) l;F) + JV L (r 1 l;G) 

+N F >m+i(r, 1; F|G ^ 1) + 7V G > ro+1 (r, 1; G|F ^ 1) + JV L (r, 1; F) + lV L (r, 1; G) 

+7V^(r, 1; F) + N F > m+ 1 (r, 1;F|G ^ 1) + T(r,G) - m(r, 1;G) 

+0(1) - 2iV L (r, 1; F) - 2jV L (M; G) - + F) 

-rnlV G > m+ i(r, 1; G|F ^ 1) + N F> 2 {r, 1; G) + N 0 (r , 0; F') 

+7Vo(r,0;G , ) + S(r,F)+S(r,G) 

< JV(r, 0; F| > 2) + JV(r, 0; G]_> 2) + T(r, G) - m(r, 1; G) + 21V F > ro+1 (r, 1; F|G + 1) 

+7V F>2 (r, 1; G) - (m - l)7V G > m+1 (r, 1; G|F ^ 1) + N 0 (r , 0; F') 

+-^o( r 1 0; G') + S(r,F) + S(r, G). 

By Lemma 2.11, it follows that 

N(r, 1; F) + N(r, 1; G) <N(r, 0; F\ > 2) + j\T(r, 0; G| > 2) + T(r, G) - m(r, 1; G) (3) 

+ ^ N ( r > F ) + ^(r, oo; F) - (to - l)iV G > m +i(r, 1; G|F ± 1) 

+ N 0 (r, 0; F') + N 0 (r, 0; G') + S(r, F) + S(r, G). 
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By the second fundamental theorem, we have 

T(r, F) < N(r, oo; F) + N{r, 0; F) + N(r, 1; F) - N 0 (r, 0; F') + S{r, F), (4) 

T(r, G) < N{r, oo; G) + N(r, 0; G) + N(r, 1; G) - N 0 (r, 0; G') + S(r, G). (5) 

Adding (4) and (5) and from (3), it follows 

T(r, F) + T(r, G) <N{r, oo; F) + N(r, 0; F) + N{r, oo; G) + N(r, 0; G) + N(r, 1; F) (6) 

+ N(r, 1; G) - N 0 (r, 0; F') - N 0 (r, 0; G') + S(r, F ) + S(r, G ) 

<N 2 (r , 0; F) + ^ N(r , oo; F) + N 2 (r, 0; G) + T(r, G) - m(r, 1; G) 

+ |F(r, 0; A) - (m - l)F G > m+1 (r, 1; G|F ^ 1) + S(r, F) + S(r, G). 

Thus, we can get (2) from (6) easily. □ 

Similar to the above argument and by Lemma 2.8, we can get the following lemma. 

Lemma 2.13 Let E m )( 1, F) = E m )( 1, G), Ei)( 1, F) = Fi)(l, G), E( oo, /) = E(oo,g) and E( 0, F) 
= F(0, G), where in > 3 and H ^ 0, t/ien 

T(r, F) < |j\T(r, 0; F) + |iV(r, oo; F) + 5(r, F) + S(r, G). (7) 

Lemma 2.14 If E m ^(l, F) = F m )(l, G), F 2 )(l, F) = F 2 )(1,G) and F(oo,F) = E(oo,G), where 
m > 4 and H ^ 0, t/ien 

T(r, F) + T(r, G) <2AT 2 (r, 0; F) + 2JV 2 (r, 0; G) + 4F(r, oo; F) + 5(r, F) + 5(r, G). (8) 

Proof: From (4), (5) and by Lemma 2.7, we have 

T(r, F) + T(r, G) <]V(r, oo; F) + N(r, 0; F) + iV(r, oo; G) + 7V(r, 0; G) + ]V(r, 1; F) (9) 

+ N(r, 1; G) - N 0 (r, 0; F') - N 0 (r, 0; G') + S(r, F) + 5(r, G) 

<N(r, oo; F) + 7V(r, 0; F) + iV(r, oo; G) + N(r, 0; G) + N(r, 1; F| = 1) 

+ N(r, 1; F\ > 2) + N(r, 1; G) - N 0 {r, 0; F') - N 0 (r, 0; G') 

+ S(r, F) + S(r, G) 

<N(r, oo; F) + N(r, oo; G) + A^ 2 (r, 0; F) + N 2 {r, 0; G) + N(r, 1; G) 

+ F(r, 1; F\ > 2) + jV L (r, 1; G) + F L (r, 1; F) + iV F > m+1 (r, 1; F|G ^ 1) 

+ iV G >m+i(r, 1; G|F ^ 1) + 5(r, F) + S(r, G). 

Since 

AT(r, 1; F| = m; G| = m — 1) H + N(r, 1; F | = m; G| = 3) < iV(r, 1; F| = m); 

and 

iV(r, 1; G| = m; F| = to — 1) H + N(r, 1; G| = m; F| = 3) < AT(r, 1; G| = m), 
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we see that 

Ni\r, 1; F) + N L {r, 1; G) + 7V F > m+ i(r, 1; F\G_ f 1) 

+N G >m+i{r, 1; G\F £ 1) + N(r, 1; F\> 2) + N(r, 1; G) 

< 7V(r, 1; F| = m; G\ = m — 1) H + N(r, 1; F| = to; G\ = 3) 

+N(r, 1; F| > to + 2) + N(r, 1; G\ = to; F| = to — 1) H 

+N(r, 1; G| = to; F| = 3) + N(r, 1; G| > m + 2) 

+iV(r, 1; G| > to + 2) + lV(r, 1; F| > m. + 1) 

+N_(r, 1; G| > to + 1)_+ iV(r, 1; F| = 2) + -^ 

+7V(r, 1; F| = to) + 7V(r, 1; F| > to + 1) + N(r, 1; G| = 1) (10) 

H + N(r, 1; G| = to) + lV(r, 1; G| > to + 1) 

< |lV(r, 1; F| = 1) + N(r, 1^F| = 2) + • • • + 2 N(r, 1; F| = to.) 

+27V(r, 1; F\ > m + 1) + N{r, 1; F\ > m + 2) + |JV(r, 1; G| = 1) 

+N(r, 1; G| = 2) + • • • + 27V(r, 1; G| = to) + 2iV(r, 1; G| > m + 1) 

+7V(r, 1; G| > m + 2) 

< |[-/V(r, 1; F) + N(r,l; G)] 

< m r ,F) + T(r,G)). 

From (9) and (10), we can get (8) easily. 

Thus, this completes the proof of Lemma 2.14. □ 

Similar to the argument as in Lemma 2.14, and by Lemma 2.8, we can get the following lemma 

Lemma 2.15 7/F m) (l,F) = F m) (l, G), F 2) (l, F) =F 2) (1,G), F(0,F) =F(0,G) and F(oo,F) 
= F( oo, G), where m > 4 and FI ^ 0, then 

T(r , F) + T(r, G) <2iV(r, oo; F) + 2iV(r, oo; G) + 2N(r, 0; F) + 2N(r, 0; G) + 5(r, F) + 5(r, G). 

3 Proofs of the Theorems 

3.1 Proof of Theorem 1.1 

Proof: Let F, G be stated as in (1). Suppose that H ^ 0. From the condition of Theorem 1.1, we 
have F to )( 1, F) = F m )(l, G), (1, F) = Ei)( 1, G) and F( oo, /) = F( oo, g), where to > 3. 

From the definitions of F, G, it follows that 

fV 2 (r, 0; F) < 2 N(r, 0; /) + N(r, 0; / + a) + 5(r, /); (11) 

N 2 {r 1 0; G) < 2 7V(r, 0; g) + iV(r, 0; g + a) + S(r, g); 

N(r, 0; F) = N(r, 0; /) + N(r, 0; / + a); 
fV(r, 0; G) = iV(r, 0; g) + N(r, 0; g + a); 

N(r,oo;F) = N(r,oo;f), N(r,oo-,G) = N(r,oo-,g)-, 

T{r, F) = nT(r,f) + S(r,f), T(r,G) = nT(r,g) + S(r,g). 

It follows from (11) and Lemma 2.12 that 

(n - y )T(r, /) < 3 T(r, 5 ) + ^(r, oo; /) + 5(r, /) + S(r, g). (12) 

Similarly, we have 

{n - y )T(r, g) < 3T(r, /) + ^iV(r, oo; g) + S(r, /) + 5(r, g). (13) 
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Combining (12) and (13), we have 

jn- 10+ ^ [0(oo, /) + 0(oo, g) — 2e] j- T(r) < S(r), (14) 

where T(r) = ma x{T(r, f),T(r, g)} and S(r) = o(T(r)) as r — > oo. 

If n = 8 and 0(oo ,/) + 0 ( 00 , 5 ) > §> we can take any real number e(0 < 2s < 0(oo , /) + 
0 ( 00 , 5 ) ~ §)• Thus, we can get a contradiction from (14). 

If n = 9 and 0(oo ,/) + 0 ( 00 , 5 ) > 4 ; we can take any real number e(0 < 2s < 0(oo , /) + 
0 ( 00 , 5 ) — §)• Thus, we can get a contradiction from (14). 

If n > 10 and 0(oo , /) + 0 ( 00 , 5 ) > we can take any real number e(> 0), we also get a 
contradiction from (14). 

Thus, it follows H = 0, that is 


F" 2 F 1 _ G" 2 G' 

F 7 ~~ F — 1 = G 7 ~~ G- T 

By a simple calculate, we have either F • G = 1 or F = G. 

If F ■ G = 1, that is / n-1 (/ + a)g n ~ l {g + a) ^ b 2 . By Lemma 2.6, we can get a contradiction. 
If F = G, that is f n ~ 1 (f + a) = g n ~ 1 {g + a). From the condition of Theorem 1.1 and Lemma 
2.3, we can get / = 5 . 

Thus, we complete the proof of Theorem 1.1. □ 

3.2 The proof of Theorem 1.2 

Proof: From the condition of Theorem 1.2, we have E m )( 1, F) = E m ^( 1, G), E 2 ){ 1, F) = F 2 )(l, G) 
and F(oo,F) = F(oo, G), where m > 4. Let H = 0. Then it follows from (11) and Lemma 2.14 
that 

(n-6)[T{r,f) + T(r,g)] < 27V(r, 00 ; /) + 2AT(r, 00 ; 5 ) + 5(r, /) + S(r, 5 ), 

that is, 

{?i - 8 + 0(oo; /) + 0(oo; 5 ) - 2 e} F(r) < S{r), (15) 

where T(r) = max{F(r, /), T(r, 5 )} and S(r) = o(T(r)) as r -> 00 . 

If n = 7 and 0(oo ,/) + ©( 00 , 5 ) > h we can take any real number e(0 < 2e < 0(oo , /) + 
0 ( 00 , 5 ) ~ !)■ Thus, we can get a contradiction from (15). 

If n > 8 and 0(oo , /) + 0 ( 00 , 5 ) > n li > 0, we can take any real number e(0 <2 s < 
0(oo,/) + 0 ( 00 , 5 )). Thus, we can get a contradiction from (15). 

Suppose that H = 0, by using the same argument as in Theorem 1.1, we can get the conclusion 
of Theorem 1.2 easily. 

Thus, we complete the proof of Theorem 1.2. □ 

3.3 The proof of Theorem 1.3 

Proof: From the condition of Theorem 1.3, we have F m )(l, F) = F m )(l, G), F^l, F) = F^l, G), 
F( 00 , F) = F( 00 , G) and F(0, F) = F(0, G), where m > 3. 

Suppose that H ^ 0. From (11) and Lemma 2.13, it follows 

1 G O 

(n ~ y )T(r, /) < -7V(r, 00 ; /) + S(r, /) + S(r, 5 ), 

that is, 

- 8 + ^(0(oo; /) + 0 (oo; 5 ) - 2s)) T(r) < S(r). (16) 
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If n = 6 and 0(oo ,/) + 8(00,5) > §1 we can take any real number e(0 < 2s < 0(oo , /) + 
0(00,5) ~ §)• Thus, we can get a contradiction from (16). 

If n = 7 and 0(oo ,/) + 0(00,5) > §> we can take any real number e(0 <2 e < 0(oo , /) + 
0(00,5) ~ !)• Thus, we can get a contradiction from (16). 

If n > 8 and 0(oo , /) + 0(00,5) > 0, we can take any real number e(> 0), we also get a 
contradiction from (16). 

Let H = 0,that is 

F" 2 F' _ G" 2 G' 

F 7 ~~ F- 1 = G 7 _ G- 1' 

By a simple calculate, we have either F ■ G = 1 or F = G. 

If F • G = 1, that is f n ~ 1 {f + a)g n ~ l {g + a) ^ 6 2 . By Lemma 2.5, we can get a contradiction. 
If F = G, that is f n ~ 1 (f + a) = g n ~\g + a). Since F(0; /) = £7(0, 5), from the condition of 
Theorem 1.3 and Lemma 2.4, we can get / = 5. 

Thus, we complete the proof of Theorem 1.3. □ 

3.4 The proof of Theorem 1.4 

Proof: From the condition of Theorem 1.4, we have E m )( 1, F) = G), E 2 )(l, F) = E 2 ){1, G), 

E( 00, F) = E(oo, G) and F1(0, F) = ^(O, G), where m > 4. 

Suppose that H ^ 0. From (11) and Lemma 2.15, it follows 

( n ~ 4)[T(r, /) + T(r,g)] < 2N{r,oo-J) + 2N(r,oo;g) + S{r,f) + S(r,g), 


that is, 

(n — 6 + 0(oo; /) + 0(oo; 5) — 2e) T(r) < S(r). (17) 

If n = 5 and 0(oo , /) + 0(00,5) > 1> we can take any real number e(0 < 2e < 0(oo , /) + 
0(00,5) — !)• Thus, we can get a contradiction from (17). 

If n > 6 and 0(oo , /) + 0(oo ,5) > 0, we can take any real number e(0 < 2s < 0(oo , /) + 
0(00,5)). Thus, we can get a contradiction from (17). 

Suppose that H = 0, by using the same argument as in Theorem 1.3, we can get the conclusion 
of Theorem 1.4 easily. 

Thus, we complete the proof of Theorem 1.4. □ 
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Abstract 

In this paper, global dynamics of a kind of nonlinear difference equation was investigat- 
ed, which had only one positive equilibrium. Every positive solution of the equation either 
converges to its positive equilibrium if it is locally asymptotically stable or nonhyperbolic 
or oscillates about its positive equilibrium if it is a saddle point. For the latter case, the 
length of positive or negative semicycles is no more than four. 

Key words: Difference equations; Stable; Semicycles 
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1 Introduction 

In this paper, we focus on the nonlinear difference equation of third order 

x n+ i=A-\ — , n = 0,l,-->, (1.1) 

%n— l%n — 2 

with the parameter A and initial conditions x_ 2 , a;_i, Xq being positive. We will investigate 
its global dynamics and present the following results: 

If A > l/y/2, then every positive solution of (1.1) converges to x = {A + \/A 2 + 4)/2. 

If 0 < A < then every positive solution of (1.1) oscillates about x. 

Equation (1.1) can be regarded as a variation of the following equation 

x n+1 = A + q xPn r , n = 0,1,2,... (1.2) 

X n-1 X n - 2 
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In 2009, Iricanin and Stevie [1] studied the boundedness character of positive solutions of (1.2) 
when all parameters A,p,q and r are positive. 

It can be also regarded as a variation of the following systems of difference equations. 

In 2015, Zhang et al.[2] investigated the following system 

x n +i = A H , Un+i = A H — , n = 0,1,2, 

Un—1 Vn — 2 %n— 1 %n — 2 

where A is a positive constant and initial conditions x_,;, y_ i £ (0, oo) for i = 0, 

The equilibria of system (1.3) satisfy the following system of equations: 

x = A -\ — y = A H — (1-4) 
y % 

By eliminating y from (1.4), we obtain 

(. A 2 - l)x 4 - A 3 x 3 + 2x 2 -1 = 0. (1.5) 

Denote c = (A + \J A + 4)/2, a = 2/(A — \J A — 3 A 2 ) and b = 2/(A + y/ A — 3A 2 ). 

If A > 0, then system (1.3) always has the positive equilibrium (c, c). 

If 1 < A < 2/-\/3, then system (1.3) has two additional positive equilibrium (a, b), (b, a). 
The main results [2] are listed in the following: 

(A.l) If A > 1, every positive solution of system (1.3) is bounded. 

(A. 2) If A > 2/ v / 3, (c, c) is locally asymptotically stable. 

(A. 3) If A > y/3, every positive solution of system (1.3) approaches (c, c). 

(A. 4) If 1 < A < 2/y/3, (a, b) and (b, a) are locally asymptotically stable. 

In 2005, Yang[3] studied the global behavior of the following system 

x n = A-\ ^-1 ; y n = A - f ^ , ri = 1, 2, ... , (1.6) 

n—p Vn—q %n—r Vn—s 

where p, g,r, s > 2, A is a positive constant and initial conditions are positive real numbers. 
System (1.6) has the unique positive equilibrium (c, c). He obtained the following results: 

(B.l) If A > 1, every positive solution of system (1.6) is bounded. 

(B.2) If A > 2/v / 3, (c, c) is locally asymptotically stable. 

(B.3) If A > y/2, every positive solution of system (1.6) approaches (c, c). 

For these two systems, they gave the same condition A > 2/\/3 to obtain the local asymp- 
totical stability of (c, c) by the same method. Other related articles see[4]-[8]. Other methods 
include Routh-Hurwitz criterion[9] and Rouche’s Theorem[10]. Other types of equation and 
boundedness nature and so on see [11]- [18]. 


(1.3) 

- 1 ,- 2 . 
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2 Local Stability 

First of all, we obtain the local stability of x of (1.1). 

As for the definition of stability and the method of linearized stability, see [17], [18] and 
related papers[2-10]. 

As is known, x of (1.1) satisfies x = A + 1/x and x = c is positive, which is unique. 

The linearized equation of (1.1) about x = c is 


x n+ i =C 2 X n - C 2 X n _ 1 - C 2 X n _2 

(2.2) 

and its characteristic polynomial is 

/(A) = A 3 — c 2 A 2 + c 2 A + c 2 , 

(2.3) 

from which we have 

/( 0) = c- 2 > 0, 

(2.4) 

/( l)=c- 2 + l >0, 

(2.5) 

f(-0.b) = ^(2-c 2 ), 

(2.6) 

/(-l) = -c- 2 -l <0, 

(2.7) 


which lead to the existence of a solution Ao of /(A) = 0 in the interval (—1, 0). 

On the other hand, 

/'(A) = 3A 2 - 2c _2 A + c~ 2 > 0 (2.8) 

because A = 4c -4 — 12c -2 = 4c _4 (l — 3c 2 ) < 0 for A > 0 and c > 1. Hence, we claim that 
/(A) = 0 has a pair of conjugate complex roots Ai, 2 - 
Let /(A) be factorize as the following 

/(A) = A 3 - c" 2 A 2 + c" 2 A + c" 2 
= (A - A 0 )(A 2 + aX + b) 

— A 3 H— (cz — A 0 )A“ H- {b — aAo)A — 5Ao, (2-9) 

from which we have 

a — Ao = — c -2 , b — aAo = c -2 , — 6Ao = c~ 2 . 

Thus, we have the modulus of the complex roots Ay 2 

|A 1 , 2 | 2 = 6 = A^c- 2 A 0 + c- 2 . (2.10) 

We claim that | Ai ; 2 | < 1 if A > l/y/2. 

In fact, we have that 


|A 1;2 | < 1 -4=> b < 1 <==>■ h(X 0 ) < 0 (2.11) 

with h(x) = x 2 — c~ 2 x + c~ 2 — 1 for Ao G (— 1, 0). As is known, h{x) = 0 has two distinct roots: 
x\ = 1 and X 2 = 2 c -2 — 2. Further, h{— 0.5) = 3(2 — c 2 )/(4c 2 ). 

If A > l/\/2, then we have that c 2 > 2 and Ao €= (—0.5, 0), from which | Ai . 2 1 < 1- 

If A = l/\/2, then c = y/2 and Ao = —0.5, thus | Ai ; 2 I = 1- 

If A < \/y/2, then c < y/2 and Aq G (—1, —0.5), thus | Ai, 2 1 > 1- 
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A nonhyperbolic equilibrium point of difference equations or system of difference equations 
is called non-hyperbolic point of stable type (resp. of unstable type) if the other characteristic 
value of the Jacobian matrix about it is in interval (-1, 1) (resp. outside of interval [-1, 1]). 

We generalize the above into the following theorem. 

Theorem 2.1. Assume that x = c is the positive equilibrium of (1.1). 

1. If A > l/y/2, then x = c is locally asymptotically stable. 

2. If A = l/y/2, then x = c is nonhyperbolic of stable type. 

3. If 0 < A < l/y/2, then x = c is a saddle point . 


3 Global Dynamics 

In this section, we present the main results by investigating the global dynamics of (1.1), 
which has only one positive equilibrium - being locally asymptotically stable or nonhyperbolic 
of stable type or a saddle point depending on the parameter A . 

First, we show the boundedness of positive solutions of (1.1). 

By Theorem 3[1], if p 2 < 3 q, then every positive solution of (1.2) is bounded. Thus, every 
positive solution of (1.1) is bounded and x n+ \ < A + 1/A + 1/A 3 for n > 4. 

Second, we show the semicycles of solutions of (1.1). 

From (1.1), we obtain 


and 


- X n 

X n -\-l X — 

X>n— 1 X n —2 


1 

X 


X 

Xn—1 X n —2 



Xn—1 

X 


X n - 2 \ 
X J 


Xn-\- 2 


A + 


Xn -\- 1 
Xn X n — 1 


A + 


A 

Xn X n —\ 


1 

X 2 n - 1 Xn-2 


(3.1) 


(3.2) 


Then the following statements are true: 

1. If for some N > 0, Xn -2 , %n- i < x and Xn > x, then Xn+i > x. 

2. If for some N > 0, Xn- 2 , Xn-i > x and xn < x, then Xn+i < x. 

3. If for some N > 0, Xn- 2 , xn-i, %n > x, then Xn +2 < x. 

4. If for some N > 0, Xn- 2 , xn-i, xn < x, then Xn +2 > x. 

From the above, we obtain that every positive solution of (1.1) is bounded and converges to 
x or oscillates about x. 

Now, we try to analyze the global dynamics of (1.1) for three cases. 


3.1 Case A >1/^ 

In this case, the positive equilibrium x = c of (1.1) is locally asymptotically stable. We will 
show that it is an attractor and is globally asymptotically stable. 

Theorem 3.1. Assume that x = c is the positive equilibrium of ( 1.1). 

If A > l/\/2, then x = c is globally asymptotically stable. 
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Proof. 

Let (to, M) € [A, A + 1/A + 1/A 3 ] 2 be a solution of the system 


m 

M 

(3.3) 

m = A+ M 2 1 

M — A + , 

m A 

From (3.3), we could derive 

m 

M 3 

(3.4) 

TO 2 — 1 

~ M 2 - 1 ' 


As is known, the function k(x) = x 3 /{x 2 — 1) is strictly increasing for x > a/ 3 and is strictly 
decreasing for 0 < x < 1 and 1 < x < a/ 3- Therefore, (3.4) holds only for A <m = M. 

By Theorem A. 0.5 [17], every positive solution of (1.1) converges to x = c for A > 1 / a/ 2, 
that is, x is a global attractor. Hence, we obtain the result. □ 

It is worth pointing out that under the condition A > 1 / a/2, x = c of (1.1) is locally 
asymptotically stable which implies that it is globally asymptotically stable, that is, locally 
asymptotically stable ==> globally asymptotically stable. 


3.2 Case/ = l/v / 2 

In this case, the positive equilibrium x = \/2 of (1.1) is nonhyperbolic of stable type. 
Theorem 3.2. If A = 1 / a/2, then every positive solution o/(l.l) converges to x. 


Proof. 

Let {x n } be a positive solution of (1.1). We assume that to = lim inf,,-**, x n and M = 
limsup rl _ >00 x n , then A < m < M < oo. From (1.1), we obtain 


from which we get 


It follows that 


to > A + 


in 

M 2 ’ 


M <A + 


M 

TO 2 ’ 


TO. > 


AM 2 
M 2 - 1 ’ 


TO 2 < 


M 

M - A' 


(A 2 - 1 )M 4 - A 3 M 3 + 2M 2 - 1 < 0. 


Similarly, we obtain 


(A 2 — l)?n 4 — A 3 to 3 + 2 to 2 — 1 > 0, 


(3.5) 


(3.6) 

(3.7) 

(3.8) 


As is known, for A = 1 / a/2, the equation (A 2 — 1 )x i — A 3 x 3 + 2a; 2 — 1=0, which is (1.5), 
has exactly one root c = a/ 2 greater than A, which implies that lim x n = c = \[2 

n— ><oo 

□ 


3.3 Case 0 < A < l/\/2 

In this case, the positive equilibrium x = c of (1.1) is a saddle point. 

Theorem 3.3. Suppose that 0 < A < l/\/2 and let {x n } be a nontrivial solution of (1.1). 
Then the solution oscillates about x with semicycles of length no more than four. 
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4 Numerical Results 

Some numerical simulations are given to support our theoretical analysis with Matlab7.0. 

Examl For A = 0.8 > 1 /y/2 and (x_ 2 , X-i, Xo) = (2.2, 2.3, 2), the solution of (1.1) 
converges to x = 1.4770 by Theorem 3.1. See Figure 1. 

Exam2 For A = l/\/2 and (t_ 2 , £-i, x 0 ) = (0.2, 1.8, 0.5), the solution of (1.1) converges 
to x = 1.4142 by Theorem 3.2. See Figure 2. 

Exam3 For A = 0.5 < 1 / a/2 and (x-2, £-i, xq ) = (1.5, 1.6, 2.5), the solution of (1.1) 
oscillates about x = 1.2808 by Theorem 3.3. See Figure 3. The length of positive or negative 
semicycles is no more than four. 



Figure 1: The solution of (1.1) converges to x = 1.4770. 



Figure 2: The solution of (1.1) converges to x = 1.4142. 


5 Conclusion 

Difference equation appeals more and more attention in recent years. It is of great interest to 
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Figure 3: The solution of (1.1) oscillates about x = 1.2808. 


investigate of the monotonicity, periodicity, boundedness nature and global dynamics of kinds 
of difference equations and system of difference equations. 

It is known that the techniques in the investigation of the behavior of difference equations can 
be used in investigating equations arising in mathematical models describing real life situations 
in biology, economics, physics, sociology, control theory and vice versa. 

Here, we consider the local stability of the positive equilibrium of such a system by in- 
vestigating the distribution of roots of the corresponding characteristic polynomial with order 
three. For the global dynamics, we analyze three cases according to the positive equilibrium, 
especially we consider the the distribution of roots of an auxiliary equation of order four which 
arises naturally in the proof. In one word, we consider the distribution of roots of two particular 
polynomial of higher order. The popular methods including the Schur-Cohn criterion, Rouche 
Theorem, Routh-Hurwitz criterion and Jury criterion and so on. 

The complex dynamics of such a equation we considered should play an important role on 
the dynamics of systems such as (1.3) and (1.6) and so on. We believe that they should be paid 
more attention on the global dynamics. 
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Regular hesitant fuzzy filters and AfV-hesitant fuzzy filters of 

residuated lattices 
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Abstract. The notion of regular hesitant fuzzy filters, Boolean hesitant fuzzy filters and 
MU-hesitant fuzzy filters are introduced, and related properties are investigated. Char- 
acterizations of regular hesitant fuzzy filters, Boolean hesitant fuzzy filters and MV- 
hesitant fuzzy filters are considered, relations between regular hesitant fuzzy filters and 
MU-hesitant fuzzy filters are discussed. Extension property for Boolean hesitant fuzzy 
filters (resp. MU-hesitant fuzzy filters) is established. 


1. Introduction 

Since the original definition of fuzzy sets by Zadeh in 1965, several extensions have been 
proposed for fuzzy sets, for example, type 2 fuzzy sets, intuitionistic fuzzy sets, interval- 
valued fuzzy sets and fuzzy multisets etc. Another extension of fuzzy sets, so called 
hesitant fuzzy sets, has been proposed in [7]. The motivation for introducing hesitant 
fuzzy sets is that it is sometimes difficult to determine the membership of an element into 
a set and in some circumstances this difficulty is caused by a doubt between a few different 
values. As a non-classical logic system, residuated lattices are a formal and useful tool 
for computer science to deal with uncertain and fuzzy information. Using the notion of 
hesitant fuzzy sets, Jun and Song [4] have studied filter theory in MT L- algebras. Also, 
Muhiuddin [5] have discussed filter theory in residuated lattices. 

In this paper, we introduce the notion of regular hesitant fuzzy filters, Boolean hesitant 
fuzzy filters and MV -hesitant fuzzy filters, and investigate related properties. We consider 


2010 Mathematics Subject Classification: 03G25, 06D72 06E99. 

Keywords: (Regular, Boolean) hesitant fuzzy filter, AlU-hesitant fuzzy filter. 

^Corresponding author. 

E-mail: chishtygm@gmail.com (G. Muhiuddin), aalroqi@kau.edu. sa (Abdullah M. Al-roqi) 


1133 


G. Muhiuddin et al 1133-1144 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 

2 G. Muhiuddin and Abdullah M. Al-roqi 

characterizations of regular hesitant fuzzy filters, Boolean hesitant fuzzy filters and MV- 
hesitant fuzzy filters. We discuss relations between regular hesitant fuzzy filters and 
MP-hesitant fuzzy filters. We establish extension property for Boolean hesitant fuzzy 
filters (resp. MP-hesitant fuzzy filters). 

2. Preliminaries 

Definition 2.1 ([1, 2, 3]). A residuated lattice is an algebra C := (L, V, A, ©,—>•, 0, 1) of 
type (2, 2, 2, 2, 0, 0) such that 

(1) (L, V, A, 0, 1) is a bounded lattice. 

(2) (L , ©, 1) is a commutative monoid. 

(3) © and -A form an adjoint pair, that is, 

(Vx, y, z G L) (x < y -A z AA x © y < z) . 

A regular residuated lattice is a residuated lattice C satisfying the following regularity 
equation: 

(2.1) (Vx G L) ((x A 0) A 0 = x) . 

A residuated lattice L is called an MTL- algebra if it satisfies: 

(2.2) (Vx, y G L) ((x -A y) V (y A x) = 1) . 

A residuated lattice L is called a 5L-algebra if it satisfies the condition (2.2) and 

(2.3) (Vx,t/eL) (x A y = x © (x — * y)) . 

In a residuated lattice L, the ordering < is defined as follows: 

(Vx, y e L) (x < y -v4> xAy — x -v4> x\/y = y AA x— > y = 1) 

and x' will be reserved for x — » 0, and x" = (x 7 ) 7 , etc. for all x G L. 
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Regular hesitant fuzzy filters and MV-hesitant fuzzy filters of residuated lattices 3 

Proposition 2.2 ([1, 2, 3, 8, 9]). In a residuated lattice £, the following properties are 
valid. 

(2.4) 1 — >■ x — x, x — > 1 = 1, x — > x — 1, 0 — > x = 1, x — > (y — > x) = 1. 

(2.5) x ► (y >■ z) — (x © y) > z — y > (x ► z). 

(2.6) x < y =>■ z — >■ x < z — >■ y, y — >■ z < x — >■ z. 

(2.7) z — >• y < (x — >■ ^) — >■ (x — >■ y),. 2 — >■ y < (y — > x) — >■ (z — >■ x). 

(2.8) x' = x < x", 1' = 0, O' = 1. 

(2.9) x' A y' = (xV y)' . 

(2.10) iVt'=1 iAi' = 0. 

Definition 2.3 ([6]). A nonempty subset F of a residuated lattice C is called a filter of 
C if it satisfies the conditions: 

(2.11) (Vx,y G L) (x,y G F =3- x 0 y G F) . 

(2.12) (Vx,y E L) (x E F, x < y => y G F) . 

Proposition 2.4 ([6]). A nonempty subset F of a residuated lattice C is a filter of £ if 
and only if it satisfies: 

(2.13) 1 G F. 

(2.14) (Vx G F) (\/y G L) (x -A- y G F y G F) . 

Definition 2.5 ([6]). A nonempty subset F of £ is called a Boolean filter of a residuated 
lattice £ if it is a filter of £ that satisfies the following condition: 

(2.15) (Vx G L) {x V £ G F) . 

Zhu and Xu [10] introduced the notion of a regular filter in a residuated lattice. 

Definition 2.6 ([10]). A filter F of £ is said to be regular if it satisfies the following 
condition: 

(2.16) (Vx G L) (x" -A x G F ) . 

Lemma 2.7 ([10]). Let F be a filter of C. Then the following assertions are equivalent: 

(1) F is regular. 

(2) (Vx, y G L) (x' — >• y G F =>■ i/gxgF). 
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Definition 2.8 ([10]). A subset F of £ is called an MV- filter of £ if it is a filter of £ 
that satisfies: 

(2.17) (Vx, y G L) (y -A x G F =>• ((x — >• y) — > y) — > x G F) . 

Lemma 2.9 ([10]). A filter F of £ is an MV -filter of £ if and only if it satisfies the 
condition: 

(2.18) (Vx, yeL) (((x -A y) -A y) -A ((y -A x) -A x) G F) . 

3. Regular hesitant fuzzy filters 

Let E be a reference set. A hesitant fuzzy set on E (see [7]) is defined in terms of a 
function H that when applied to E returns a subset of [0, 1], that is, H : E — > 7^([0, 1]). 

In what follows, we take a residuated lattice £ as a reference set. For a hesitant fuzzy 
set H on £ and r G 7^([0, 1]), we consider a set 

Hr := {x G L | r C H(x)} 

which is called the r-hesitant level set on C. 

Definition 3.1 ([5]). A hesitant fuzzy set H on £ is called a hesitant fuzzy filter of £ if 
the r-hesitant level set H r on £ is a filter of £ for all r G ^([0,1]) with H r 0. 

Lemma 3.2 ([5]). A hesitant fuzzy set H on £ is a hesitant fuzzy filter of £ if and only 
if the following assertions are valid. 

(3.1) (Vx, y G L) (x < y => H(x)CH(y)), 

(3.2) (Vx, yeL) (■ H{x) n H(y) C H(x&y)). 

Lemma 3.3 ([5]). A hesitant fuzzy set H on £ is a hesitant fuzzy filter of £ if and only 
if it satisfies 

(3.3) (Vx G L) (H(x) C H(l )) . 

(3.4) (Vx, yeL ) (' H{x) n H(x -a y) C H(y )) . 

Definition 3.4. A hesitant fuzzy filter "H of £ is said to be regular if it satisfies: 

(3.5) (Vx G L) (H(x" -a x) = H(l)) . 

Note that the notion of regular hesitant fuzzy filters coincides with the notion of hesitant 
fuzzy filters in a regular residuated lattice. 

Theorem 3.5. For a hesitant fuzzy filter H of C, the following assertions are equivalent: 
(1) H is regular. 
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(2) (Vx, y G L) (7Z(x' -G y ') C %{y ->■ x)) . 

(3) (Vx, yeL) (7/(x 7 y) QU{yf x)) . 

Proof. Assume that PL is a regular hesitant fuzzy filter of C and let x,y G L. Using (2.6) 
and (2.8), we have 

x' — > y' < y" — > x" < y — > x" . 

It follows from (2.7) and (2.6) that 

x" — > x < (y — > x") — >■ (y — > x) 

< (x' ->■ y') ->■ (y x). 

Hence, by (3.3), (3.5) and (3.4), we have 

H(x' -)■ y') = U{x' -> y') n PL{ 1) 

= H{x' -> y') nPL(x" ->■ x) 

C PL(x' — > y') fi PL((x' — > y') — >■ (y — > x)) 

C PL(y x), 

and so the second assertion holds. Since x' — >• y < y' — > x", we have 

x" — > x < (; y ' — > x") — > (; y ' — > x) < (x' —>•?/)—>• (y 7 — > x) 
by (2.7) and (2.6). It follows from (3.3), (3.5) and (3.4) that 
U{x' ^y) = PL(x' ^ y) nPL(l) 

= "H(x' — >• y) fl 7f(x" — > x) 

C 7f(x' — >■ y) fl "H((x' — >• y) — > (y 1 — > x)) 

C ^(j/ ->• x). 

Hence the third condition is valid. Next, suppose that the second condition holds. The 
second condition together with the condition (2.8) induces 

nil) = n{x' x"') c u{x" -)• x) 

for all x G L, and so n{x" — > x) — %{!). Hence n is regular. Finally, assume that the 
third condition is valid. Since x' — > x' = 1 for all x e L, it follows from the third condition 
that 7/(1) = nix' — » x') C 7/(x" — » x), and that nix" — * x) = 7/(1) by (3.3). Therefore 
n is regular. □ 
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Theorem 3.6. A hesitant fuzzy set PL on £ is a regular hesitant fuzzy filter of £ if and 
only if it satisfies the condition (3.3) and 

(3.6) (Vx, y,z e L) (PL(z) D PL(z — > {pc' — > y)) C PL(y' -A x )) . 

Proof. Assume that PL is a regular hesitant fuzzy filter of C. Clearly the condition (3.3) 
is true. If we use the condition (3.4) and Theorem 3.5(3), then get 

PL(z) fl PL(z -A (x' -A y)) C PL{x' A y) C PL(y' — > x) 

for all x,y,z & L. 

Conversely, suppose that PL satisfies two conditions (3.3) and (3.6). Let x,y G L. Since 

x — > y — x — > (1 — >• y) — x — > (O' — >■ y) 

and 

y" = 1 ^ y" = 1 ^ (?/ -A 0), 
it follows from (2.4), (3.3) and (3.6) that 

PL(x) fl PL(x Ai/)= PL(x) fl PL{x -A (O' -A y)) 

C%'4 0) 

= W) 

= H(i)n?i(iA( ! /'A0)) 

C Hi 0' -a y) 

= H{l^y) = Hfy). 

Therefore PL is a hesitant fuzzy Liter of C by Lemma 3.3. If we take z 1 in (3.6) and 
use (2.4) and (3.3), then 

U(y' -Ai)2 H{1) C H(1 -a (x' -a y)) 

= "H(l -A (x' -A y)) = "H(x' -A y). 

Hence "H is regular by Theorem 3.5. □ 

Theorem 3.7. A hesitant fuzzy set PL on C is a regular hesitant fuzzy filter of £ if and 
only if it satisfies the condition (3.3) and 

(3.7) (Vx, y,zeL) ( PL{z ) n H(z -a (x' -a y')) C H{y -a x)) . 

Proof. The proof is similar to the proof of Theorem 3.6. □ 
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Theorem 3.8. A hesitant fuzzy set PL on £ is a regular hesitant fuzzy filter of £ if and 
only if the r -hesitant level set PL T on £ is a regular filter of £ for all r G £*([0,1]) with 

Proof. Assume that PL is a regular hesitant fuzzy filter of £. Let r G £*([0,1]) be such 
that PL t ^ 0. Then Pi T is a filter of C. Let x, y G L be such that x' — > y G Pi T . Then 
r C 77(x 7 — > y) C PL(y' — * x) by Theorem 3.5, and so y' — > x G Pi T . Hence Pi T is regular 
by Lemma 2.7. 

Conversely, suppose that PL T is a regular filter of £ for all r G £*([0, 1]) with Pi T ^ 0. 
Then Pi T is a hlter of £, and thus PL is a hesitant fuzzy filter of £. For any x,y G L, let 
77 (x 7 -G y) — S. Then x' -G y G PLs which implies from Lemma 2.7 that y' -G a: G PL§. 
Hence 77 (x 7 -)• y) = 5 C PL(y' — * x), and so PL is regular by Theorem 3.5. □ 

Theorem 3.9. Every regular filter of £ can be represented as a t - hesitant level set PL T 
on £ for some r G £*([0, 1]) \ {0} and a regular hesitant fuzzy filter PL of £. 

Proof. Let F be a regular hlter of C and let PL be a hesitant fuzzy set on C defined by 

/r „ f t if x G F, 

U:L -G £*([0,1]), x i — f \ 

I 0 otherwise, 

where r G £*([0,1]) \ (0). Since 1 G F, we have 77(x) C r = 77(1) for all x G L. 

Let x,y, z G L. If z G F and z — > (x 7 — > y) G F, then y 7 G x G F by Proposition 

2.4 and Lemma 2.7. Hence 77(^) D PL(z — > (x 7 — * y)) — r — PL{y' — > x ). Suppose 
that z ^ F or z G (x 7 G y) F. Then PL(z) = 0 or 77(x 7 G y) = 0, and so 

77 (z) fl 77 (z -G (x 7 — » y/)) = 0 C PL(y' — > x ). It follows from by Theorem 3.6 that PL 

is a regular hesitant fuzzy hlter of £, and it is obvious that F = 77 r . This completes the 
proof. □ 


4. MF-hesitant fuzzy filters 

Definition 4.1. A hesitant fuzzy set 77 on C is called an MF- hesitant fuzzy hlter of C 
if the r-hesitant level set 77 r on C is an MF-h Iter of C for all r G 7^([0, 1]) with 77 r 7 ^ 0. 

Theorem 4.2. A hesitant fuzzy set PL on £ is an MV -hesitant fuzzy filter of £ if it is a 
hesitmit fuzzy filter of £ with the following additional condition: 

(4.1) (Vx, y G L) (77(3/ ->• x) C 77(((x -G y) -G y) -G x)) . 

Proof. If 77 is an MF-hesitant fuzzy hlter of £, then 77 r is an MF-h Iter of £ for all 

r G £*([0,1]) with PL t ^ 0. Hence it is hlter of £. and so PL is a hesitant fuzzy hlter of £. 

For any x,y G L, let PL(y -G x) =5. Then y — » x G 77 , 5 , and so ((x G y) G y) G x G 77^ 

since PLs is an MF-hlter of £. Thus 77 (y -G x) = 5 C 77(((x -G y) Gy) -G x). 
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Conversely, suppose that PL is a hesitant fuzzy filter of £ which satisfies the condition 

(4.1) . Let t G ^([0, 1]) be such that PL T ^ 0. Then PL r is a filter of £. Let x,y G L be 
such that y — » x G PL r . LIsing the condition (4.1), we have 

t C PL(y ai)C 7/(((x — > y) — >■ y) — ) x) 

which implies that ((x — > y) — * y) — > x G PL r . Therefore 7/ r is an ALU-hlter of £, and 
thus PL is an ALU-hesitant fuzzy hlter of £. □ 

Theorem 4.3. A hesitant fuzzy set PL on C is an MV -hesitant fuzzy filter of £ if and 
only if it satisfies the condition (3.3) and 

(4.2) (Vx, y,z G L) ( PL{z ) n H{z -A (y -A x)) C U(((x -A y) -A j/) -A x)) . 

Proof. Assume that "H is an MC-hesitant fuzzy hlter of C. Using (3.4) and (4.1), we have 
'H(z) fl H(z —>(?/—>■ x)) C T-i(y -A x) C "H(((x — > y) — > y) -A x) 
for all x, 7/ G L. 

Conversely, let PL be a hesitant fuzzy set on £ which satisfies two conditions (3.3) and 

(4.2) . Taking y 1 in (4.2) and using (2.4) induces the condition (3.4). Hence If is a 

hesitant fuzzy hlter of £ by Lemma 3.3. If we take z 1 in (4.2) and use (2.4) and (3.3), 
then we know that PL satisfies the condition (4.1). Therefore PL is an ALU-hesitant fuzzy 
hlter of £. □ 

Theorem 4.4. Let PL be a hesitant fuzzy filter of C. Then PL is an MV -hesitant fuzzy 
filter of £ if and only if the following assertion is valid: 

(4.3) (Vx, y G L) {%{{{x -A y) -A y) -A ((y -A x) -A x)) = H(l)) . 

Proof. Assume that PL is an ALU-hesitant fuzzy hlter of £. Then PL is a hesitant fuzzy 
hlter of £, and so PL r is a hlter of £ for all r G ^([0,1]) with PL T ^ 0. In particular, 
PLu( l) is a hlter of £. Let x, y G £ be such that |/4xG PLh(i)- Then 

H(l) C PL(y -A x) C PL(((x -Ay) -Ay) -a x), 

and so ((x A y) A y) A x G PLu{ i)- Therefore PLn(i) is an ALU-hlter of £, and thus 

((x -a y) -a y) -a ((y -A x) -a x) g 7^(i) 

by Lemma 2.9. Hence 7/(1) C PL(((x A y) A y) A ((y -Ax)—)- x)), which implies from 

(3.3) that PL(((x A y) A y) A ((y -Ax)—) x)) = 7/(1). 
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Conversely, let PL be a hesitant fuzzy filter of £ that satisfies the condition (4.3). Using 
(3.3), (4.3), (2.5) and (3.4), we obtain 

PL(y — » x) = PL(y — » x) D PL{ 1) 

= PL{y ^x)n PL(((x ->y) y) -A ((y x) ->■ x)) 

= PL{y ->■ x) n n{{y ->• x) ->• (((x y) y) x)) 

C ft(((z -^y)^y)^ x). 

Therefore PL is an ALU-hesitant fuzzy filter of £. □ 

Theorem 4.5. Every MV -hesitant fuzzy filter is a regular hesitant fuzzy filter. 

Proof. Let Pi be an ALU- hesitant fuzzy filter of £. If we take y := 0 in (4.1) and use (2.4), 
then 

U{1) = U { 0 -A x) C H(((x -^0)^0)^x) = Ufx" -)• x) 

and so PL(x" — > x) = PL( 1) by (3.1). Therefore PL is a regular hesitant fuzzy Liter of 

C. □ 

The converse of Theorem 4.5 is not true in general as seen in the following example. 

Example 4.6. Let C := [0, 1] (unit interval). For any a, b G L, define 

a V b = max{a, b}, a A b = rninja, b}, 


a — y 



i 

(1 — a) V b 


if a < b, 
otherwise, 


and a © 6 


0 if a + b < 1, 
a A b otherwise. 


Then C := (L, V, A, ©, — », 0, 1) is a residuated lattice (see [10]). Let PL be a hesitant fuzzy 
set on C defined by 


Pi : L -A £*([0,1]), 


(x, 1] if x G [0.5, 1], 
0 otherwise, 


Then PL is a regular hesitant fuzzy Liter of C. Let F (c, 1] for any c G L. Note that if 
c e [0.5, 1] then F is a regular Liter of C. But, if c G (0.7, 1] then F is not an MU-Llter of 
£ since 0.4 — > 0.7 = 1 e F, but ((0.7 — > 0.4) — y 0.4) — y 0.7 = 0.7 F. Hence the hesitant 
fuzzy set PL on £ which is given as follows: 


PL :£—►£*([ 0,1]), 


U if x G F, 

0 otherwise, 
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is a hesitant fuzzy filter of C which is regular. But, since 77( 0.4 — » 0.7) = 7/(1) = U and 
77((( 0.7 — > 0.4) -A 0.4) -A 0.7) = 77(0.7) = 0. Therefore PL is not an MV -hesitant fuzzy 
hlter of £. 

The following theorem shows that the converse of Theorem 4.5 is true in HL-algebras. 

Theorem 4.7. In a BL-algebra C, the notion of an MV -hesitant fuzzy filter coincides 
with the notion of a regular hesitant fuzzy filter. 

Proof. Based on Theorem 4.5, it is sufficient to show that every regular hesitant fuzzy 
hlter is an MB-hesitant fuzzy hlter. Let Pi be a regular hesitant fuzzy hlter of a BL- 
algebra C and let x,y G L. Then 77(x' -A y ') C 77(y — y x ) by Theorem 3.5. Since 
y — * x < x' — » y', we have 77(y -Ai) C PL(x' -A y') by (3.1). Hence 

77(y — > x) = Pi[x' -A y') = Pi(x' -A (x 1 -A y')) 

= PL(x' -A ( : y ' © ( : y ' -a x'))) 

= n(x' -A (y' © (x -A y"))) 

= 77((y' © (x -A y"))' -a x) 

= 77(((x -A y") -A (y' -A 0)) -A x) 

= 77(((x -A y") -A y") -A x) 

and 

77(1) = 77(y' -a y') - 77(y" -a y) 

C 77((x -A y") -A (x -A y)) 
c 77(((x -A y) -A y") -A ((x -A y") -A y")) 

C 77((((x -A y") -A y") -a x) -a (((x -a y) -A y") -A x)). 

It follows that 

77(y -A x) = 77(y -A x) fl 77(1) 

C 77(((x -a y") -A y") -A x) 

n 77((((x -A y") -a y") -A x) -A (((x -A y) -a y") -A x)) 

C 77((((x -a y) -a y") -A x)) 

C 77(((x Ay) Ay) A x). 
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Therefore U is an MU-hesitant fuzzy filter of C. □ 

Definition 4.8. A hesitant fuzzy set U on C is called a Boolean hesitant fuzzy filter of 
C if it is a hesitant fuzzy filter of C that satisfies the following condition: 

(4.4) (\/x e L) {H(x V x') = H(1)). 

Theorem 4.9. A hesitant fuzzy set U on C is a Boolean hesitant fuzzy filter of C if and 
only if the r-hesitant level set U r on C is a Boolean filter of C for all r G <^([0, 1]) with 
U T ^0. 

Proof. Suppose that U is a Boolean hesitant fuzzy filter of C and let r G <^([0,1]) with 
U T 7 ^ 0. Then U T is a filter of C, and so 1 G U T , that is, r C U( 1). It follows from (4.4) 
that t C U{1) = U(x V x') for all x G L. Hence a: V x' G U T for all x G L, and therefore 
U T is a Boolean filter of C. 

Conversely assume that U T is a Boolean filter of C for all r G <^([0, 1]) with U T ^ 0. 
Then U T is a filter of £, and so U is a hesitant fuzzy filter of C. Note that 1 G Uu{\)- Since 
Uu( i) is a Boolean filter of C, we have xVx' G Uu( i) for all x G L. Hence U(x\Zx') = U( 1), 
and therefore U is a Boolean hesitant fuzzy filter of C. □ 

Theorem 4.10. (Extension property) LetU and Q be hesitant fuzzy filters of £ satisfying 
two conditions: 

(1) H( 1) = £7(1), 

(2) (ix€L)(H(x)Q5(x)). 

If U is an MV -hesitant fuzzy filter (resp., a Boolean hesitant fuzzy filter) of C. then so 
is Q. 

Proof. Assume that U is a Boolean hesitant fuzzy filter of C. Then U(x V x') = 'H(l) for 
all x G L. Using two conditions, we have 

(4.5) g(xVx’)DH(xVx')=H(l) = g(l) 

for all x G L. Combining (3.3) and (4.5) implies that Q(x V x') = Q( 1). Therefore Q is a 
Boolean hesitant fuzzy filter of C. 

Now suppose that U is an MU-hesitant fuzzy filter of £. Using Theorem 4.4, we have 
G(1) = U(1) 

= U(((x y) y) (( y x) x)) 

Q G({(x ->■ y) ->• y) ->• {(y x) x)), 

and so G(((x — >• y) — >• y) — >■ ((y — > x) — > x)) = Q( 1) for all x,y G L. It follows from 
Theorem 4.4 that Q is an MU-hesitant fuzzy filter of C. □ 
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Abstract 

In the paper, we introduce a notion of a non- Archimedean metric space endowed with the 
non-Archimedean Pompeiu-Hausdorff metric. Using the direct and fixed point methods, we 
study the Hyers-Ulam stability of set-valued AQ-functional equations in the framework of com- 
plete non-Archimedean metric spaces. We indeed present an interdisciplinary relations between 
the theory of set-valued mappings, the theory of non-Archimedean spaces and the stability 
theory of functional equations. 

Keywords: Hyers-Ulam stability, non-Archimedean Pompeiu-Hausdorff metric, AQ-functional 
equation, non-Archimedean metric space, fixed point theorem 

1 Introduction 

The stability of functional equations was originally raised by Ulam in 1940 in a talk given at 
Wisconsin University [1]. The first answer to Ularn’s question was given by Hyers in 1941 in the 
case of Banach spaces in [2] . Thereafter, this type of stability is called the Hyers-Ulam stability. In 
1978, Rassias [3] provided a remarkable generalization of the Hyers-Ulam stability of mappings by 
considering variables. The concept of stability for a functional equation arises when we replace the 
functional equation by an inequality which acts as a perturbation of the equation. Considerable 
attention has been given to the study of the Ulam-Hyers and Ulam-Hyers-Rassias stability of 
all kinds of functional equations [4, 5, 6]. Bota-Boriceanu and Petrusel [7], Shen [8], Popa [9], 
Xu [10, 11], and Rus [12, 13] discussed the Hyers-Ulam stability for operatorial equations and 
inclusions. Castro and Ramos [14], and Jung [15] considered the Hyers-Ulam- Rassias stability for 
a class of Volterra integral equations. 

In 1897, Hensel discovered the p-adic numbers as a number theoretical analogue of power 
series in complex analysis. The most important examples of non-Archimedean spaces are p-adic 
numbers. A key property of p-adic numbers is that they do not satisfy the Archimedean axiom: 

‘Corresponding author. Email: yzhpl980@163.com(Z. Yang), wiecas@sina.com(H. Wang), sunx- 

ian@mail.ie.ac.cn(X. Sun), wjren2011@mail.ie.ac.cn(W. Ren), gluanxu@mail.ie.ac.cn(G. Xu), fukun@mail.ie.ac.cn(K. 
Fu). 
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for all x,y > 0, there exists an integer n such that x < ny. It turned out that non- Archimedean 
spaces have many nice applications [16]. During the last three decades, theory of non- Archimedean 
spaces has gained the interest of physicists for their research in particular in problems coming from 
quantum physics, p-adic strings and superstrings [17]. In [18], Huy obtained some Hyers-Ulam 
stability results concerning fixed point equations in non- Archimedean cone metric spaces. Using a 
fixed point approach, Brzdek proved the Hyers-Ulam stability of a quite wide class of functional 
equations in a single variable [19]. Mirmostafaee gave some stability results of the Cauchy equation 
in the context of non- Archimedean fuzzy spaces [20]. 

Set-valued functions in Banach spaces have been developed in the last decades. The pioneering 
papers by Aumann [21] and Debreu [22] were inspired by problems arising in control theory and 
mathematical economics. We can refer to the papers by Arrow [23] and McKenzie [24], In partic- 
ular, the stability of set-valued functional equations has been considered by many scholars. Chu 
proved the Hyers-Ulam stability of the generalized cubic set-valued functional equations in Banach 
spaces [25]. Stability of two types of cubic fuzzy set-valued functional equations was considered 
in [26]. Lee studied additive set- valued and quadratic set- valued functional equations in Banach 
spaces [27]. Notice that, the spaces discussed above are all Banach spaces. So far as we know, the 
work related with the stability of set-valued functions equation in non- Archimedean spaces needs 
to study. 

We introduce a notion of a complete non-Archimedean metric space endowed with the non- 
Archimedean Pompeiu-Hausdorff distance, which is following [19] and modifying the definition of 
a complete metric space endowed with the Hausdorff distance [27]. Although many results in 
the classic normed space theory have corresponding non-Archimedean counterparts, our proofs of 
the results on the complete non-Archimedean metric space are different and require a new kind 
of intuition. In Section 3 and Section 4, we prove the stability of the set-valued AQ-functional 
equations in the framework of complete non-Archimedean metric spaces. 

2 Preliminaries 

We will give some definitions which will be used in this paper. Let N denote the set of positive 
integers and we put No := N U {0} and M + := [0, oo). In a non-Archimedean metric space (X,d) 
the triangle inequality holds in the stronger form as follows 

d(y, v) < max{d( / u, w), d(w, v)}, y^v^w^X. (2-1) 

The non-Archimedean space theory has many applications in the filed of superstrings, p-adic strings 
and quantum physics. A typical example of non-Archimedean metric spaces is the non-Archimedean 
normed space that can be described below. 

Definition 1. A mapping \ ■ \ : K — > M + in the field K is called a non-Archimedean valuation if it 
satisfies the following conditions 

(i) \y\ = 0 if and only if y = 0; 

(ii) | yu\ = \y\\v\, y,u G IK; 
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(iii) \p + v\ < max{|/r|, \v\}, p,v G K. 


The condition (iii) is called the strong triangle inequality. By (ii), it is easy to verify that | • | 
is a homomorphism of groups. In addition, we will always suppose that | • | is nontrivial, i.e., there 
exists an po e K such that |/io| 0, 1. 

It is easy to show that \n ■ 1| <1 for n € N. If \p\ \v\ for some p, v € K, then (iii) can be 

sharpened into the equality \p + v\ = max{|//|, |i/|}. Set d(p, v) '■= \p — v\. And the space (K, d) is 
a metric space. Denote the closed ball in K by N e (p) ■= {v G IK : \v — p\ < e} for /j£K and e > 0. 
Then they form a fundamental system of neighbourhoods of p. 

Definition 2. A space (X, \ ■ |) is non- Archimedean if it is equipped with a non- Archimedean 
valuation \ ■ \ such that the corresponding metric space X is complete (i.e., every Cauchy sequence 
in X converges) . 

Let A be a non-Archimedean space. We need the following definitions: 

2 a : the set of subsets of X ; 

Cb(X): the set of closed bounded subsets of X; 

C c (X): the set of closed convex subsets of X; 

C c b(X ): the set of closed convex bounded subsets of X. 


Definition 3. For any two nonempty subsets A, B G X , the ( Minkowski ) addition is defined as 
A + B = {w G X | w = /i + g/i G 4^6 B} and the scalar multiplication as A A = {w £ X \ w = 
Xp, n 6 A} for A G M. Moreover, for A,Be C c (X), A © B := A + B. 

By Definition 3, we can obtain the following two properties: 

(1)AA + A B = A (A + B ), (2)(A + p)A C \A + fiA\ 
if A is convex, then (A + fi) A = A A + pA for all Xp > 0. 

Definition 4. Let (X,d) (d(n,o) := \fi — n\) be a non-Archimedean metric space. A gap function 
in 2 X is defined as 

Dd ■ 2 a x 2 X — > M + , DfiA, B ) = inf{c?(/Lt, v) \ p, G A, v e B}. 

In particular, Dfip, B) := Dfiip}, B) for p 6 X . 

Definition 5. The non-Archimedean Pompeiu-Hausdorff distance Hd on 2 X is defined as 
H d ■ 2 X x 2 X — > M_|_ U {+oo}, H d (A , B) = max{sup D d (p, B), sup D d (v, A)}. 

/iSA u£B 

By using Definition 5, we have the following properties of the non-Archimedean Pompeiu- 
Hausdorff distance. 

Proposition 1. For A, A\,B,B\ 6 C c b(X ) and A > 0, the following properties hold 

(i) H d (A © Ai, B © Bi) < rna x{H d (A, B), H d (A\, Hi)}; 

(ii) H d (XA, XB) = XH d (A, B); 

(iii) H d (A,A l ) = H d (A®B,A 1 ®B). 
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Then, (C c b(X), H d ) is a complete non- Archimedean metric semigroup. Using the method 
given by Debreu [22], one can prove that (C c b(X), Hd) can be isometrically embedded in a non- 
Archimedean norrned space. 

Now we consider that a set-valued function f : A — y C c b(Y ) satisfies the following additive- 
quadratic (AQ) set- valued functional equation, 

f(kx + y) © f(kx -y) = f(x + y) © f(x - y) © (k - l)[(k + 2)f(x) © kf(-x)], (2.2) 

for a fixed integer with k > 2. Eskandani et al. [32] and Xu et al. [31] have established the general 
solution and investigated the generalized Hyers-Ulam stability of (2.2) in quasi- /3-normed spaces 
and non- Archimedean norrned spaces. 

The main purpose in our paper is to prove the generalized Hyers-Ulam stability of the set- 
valued AQ-functional equation (2.2) in complete non- Archimedean norrned spaces using the direct 
and fixed point methods. 


3 Stability of the Set- Valued Functional Equation: a Direct Method 


Throughout this paper, we always suppose that A is a linear space over Q or a non- Archimedean 
field of characteristic different from 2 and k (i.e. |2| ^ 0, \k\ 0), and that y is a complete non- 

Archimedean norrned space over a non- Archimedean field of characteristic different from 2, 3 and 
k ( a fixed integer k > 2). 

For convenience, we use the following abbreviation for a given function / : X — > C c b(y ) : 


£f(x,y) ■= H d (f(kx + y)®f{kx-y),f(x + y)®f(x-y)®(k-l)[(k + 2)f(x)®kf(-x)]). (3.1) 
Theorem 1. Assume that [0, oo) is a mapping satisfying 


, im hlAA?) = o, X ,ye*. 

n— \K \ ,l 


And, suppose that for each x € X the limit 


lim max 

n— >oo 


f (plk^x, 0) ^ . 


denoted by <p a (x), exists. If f : X — >• C c b(y) is an odd mapping such that 

£f{x,y) < <p(x, y), x,y € A, 

then there exists an additive mapping A : X — > C c b(y) such that 

1 


Moreover, if 


H d (f(x),A(x )) < |^| <p a (x), x € A. 


v t f viWx, 0) . . . 

inn iim max — — j — : * < j < n + i\ = U, 


i — >oo n — >oo 

then A is the unique additive mapping satisfying (3.5). 


(3.2) 


(3.3) 


(3.4) 


(3.5) 


(3.6) 
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Proof. Setting y = 0 in (3.4), we get 

H d (f(kx),kf(x )) < -^-<p(x, 0),x G X. 


(3.7) 


Replacing x by k n 1 x in (3.7), we get 


H d 


f(k n x ) /(fc n - 1 x)\ 1 

* < : r<p(k X X,0),X € X. 


k r 


k 


71—1 


12 • k ri 


(3.8) 


(3.8) and (3.2) imply that j j is a Cauchy sequence. Since y is complete, we conclude that 

the sequence 1 r is convergent. Let A(x) = lim -f^fikAx). Using induction one can show 

l * J n— >-oo K 


that 




f(k n x) 

k n 


, /(x) ) < ttytt max 


J ip(k^x, 0) 


— — max < — — 

\2k\ \ | k\J 


: 0 < j < n > , x G X, n G N. 


(3.9) 


Letting n — > oo and using (3.3) we can get (3.5). (3.2) and (3.4) imply that 

CA(x, y) = j^Cf(k n x, k n y ) < Jim ^ip^x, k n y) = 0, x, y G X. 


Therefore, the mapping A : X — > C c b(y) satisfies (2.2). By Lemma 2.2 in [32], we get that the 
mapping A is additive. To prove the uniqueness property of A, let A be another additive mapping 
satisfying (3.5). Then 


H d (A(x),A'(x)) < lim j—jH d (A(k i x), X(k l x)) 


< lim max{H d (A(k l x), f{k l x)), H d (X {k l x), f{k l x))} 

1 f (pik^x, 0) 

< t— t lim lim max < — — - — : * < j < n + % 

\2k *-)-oo n-»-oo ( | ky 


(3.10) 


for all x G X . If 


then A = A' . 


lim lim max 

i—>oo n—>oo 


p{k^x, 0) 

\W 


: i < j < n + i 


= 0, 


(3.11) 

□ 


Corollary 1. Assume that the function f3 : [0, oo) — > [0,oo) satisfies 

(i) /3(\k\t) < P(\k\)/3(t) for all t > 0; 

(ii) (3(\k\) < \k\. 

Let 5 > 0. Assume that X is a normed space and that f : X — > C c b(y ) is an odd mapping such 
that 

£f(x,y) < <5[/3(M) +P(\y\)] 

for all x,y G X. Then there exists a unique additive mapping A : X — > C c b(y) such that 

H d (f(x),A(x)) < j^5/3(\x\),x G X . 
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Proof. If we set if(x,y) = 5[/3(|x|) + /3(|?/|)] for all x,y € X, then we have 


ip(k n x,k n y) 
hm — < hm 


I k\ r 


(m\)\ 

n—foo y \k\ ) 


if(x,y) = 0 (x,y e X), 


~ f ifik 3 x, 0) ) 

Wa\x) = hm max < — — : 0 < j < n > = ip(x, 0), 

n—Kx> [ J 

, , f ibfk^x, 0) "1 , ijj(k l x,k l y) 

hm hm max < — ; — — — : i < j < n + i> = hm ; — = 0. 

[ \ky J i—>oo \ky 


i — ^oo n— >oo 

By Theorem 1, we can get the corollary. 


□ 


Remark 1. The classical example of the function (3 is the mapping f3(t) = t r for all t > 0, where 
r > 1 with the further assumption that \k\ < 1. The assumption \k\ < 1 cannot be omitted. 

Remark 2. A similar result can be formulated as Theorem 1 if we define the sequence A{x) := 
lim k n f(-X:) under suitable conditions on the function ip(x). 

n— >oc K 

Theorem 2. Assume that a mapping : X x X — >• [0, oo) satisfies 


lim ‘pg^p) =0 ^ y€X 

n— >oo \k\ zn 


(3.12) 


And suppose that for x G X the limit 


lim max 

n— >oo 


f (pfWx, 0) ^ . 


(3.13) 


denoted by f q (x), exists. If an even mapping f : X C c b(y) satisfies the following condition 


£f(x,y) < <p(x,y) 

for all x, y G X, then there exists a quadratic mapping Q : X — > C c b(y) such that 

1 


H d (f(x),Q(x )) < -p ~Mx),x€ X. 


Moreover, if 


lim lim max 

2 ->-oo n — >-oo 


r ipiyx, o) , 

{ |fc|2j ■»<J<" + U=o, 


then the quadratic mapping Q is unique. 
Proof. Setting y = 0 in (3.14), we have 


1 


H d (f(kx),k f(x)) < — t<p(x,0) 


(3.14) 


(3.15) 


(3.16) 


(3.17) 


for all x G X. Replacing x by k n l x in (3.17), we get 

' f(k n x) f(k n ~ 1 x)\ 1 




k 2n ' /j2(n— 1) 


< 


ip{k n 1 x,0) 


12 • k 2r 


(3.18) 
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for all x € X. (3.18) and (3.12) imply that j j is a Cauchy sequence. Since y is complete, 
we can obtain that j - ^ 2n -t 1 1 is convergent. Let Q(x) = lim ?woc jkaf{k n x). Using induction one 


can show that 


H d 


f(k n x) 

k^ n 


>/(*)) < TTtTm max 


( tp{k? x, 0) 


: 0 < j < n 


(3.19) 


\2k 2 \ { \k\ 2 i 

for x G X and n 6 N. By taking n to approach infinity in (3.19) and using (3.13) one can obtain 
(3.15). By (3.12) and (3.14), we get 

£Q(x,y) = lirn ~^£f(k n x,k n y) < lim — ^ip(k n x, k n y) = 0 

n— >oo /c n— >oo /c y n 

for all x, y G X. Therefore, the mapping Q satisfies (2.2). By [[32], Lemma 2.1] we get that the 
mapping Q is quadratic. Let now 


lim lim max 

i— »oo n— >-oo 


f tpitix, 0 ) 

{ Via :»<J<n + U=0. 


Assume that Q is another quadratic mapping satisfying (3.15). Then 
H d (Q(x),Q' (x)) < lim — \^H d (Q(k l x), Q' (k l x)) 


2 i 

< Urn -^- ma,x{H d (Q(k l x),f(k l x)),H d (Q'(k l x),f(k l x))} 

i^-oc \k\ Al 

1 f ipf&X, 0) ) 

< T7T72T lim lim max \ — rrWi — ■i< 3 <n + i}= 0 

\2k z \ t—>oo n— »oo ( \k\ 2 3 J 


(3.20) 


for all x € X. Hence Q = Q . 

Corollary 2. Suppose that the function fi : [0,oo) — > [0, oo) satisfies the following conditions 

(i) fi(\k\t) < P(\k\)f)(t) for any t > 0; 

(ii) /3(\k\) < \k\ 2 - 

Let X be a normed space and 6 > 0. If the even mapping f : X — > C c b(y) satisfies 

\£f(x,y)\ < $[P(\x\) + P(\y\)\ 

for x, y € X, then there exists a unique quadratic mapping Q : X — > C c b(Y ) such that 

Hd(f(x),Q(x)) < T^ 2 i S P(\x\) 

for x E X. 

Proof. Setting ip(x,y) = <5[/3(|x|) + /3(|y|)] for all x, y £ X, we can obtain 

ip(k n x,k n y ) ( /3(|L|) V 1 . . . . 

lim vtjzu < hrn XfXI <p(x,y) = 0 (x,y G X), 

n—t oo \kr n n— >oo \ \kr J 

f pik^x, 0) "I 

Vq{x) = f hmmax| — — : 0 < j < nj = ip(x, 0), 


□ 


lim lim max 

i—>oo n—too 


( ip(k^x, 0) 


l \k\^ 


:i<j<n + i>= lim 


ip(k l x, k l y) 


\k\ 


2 i 


= 0. 


The corollary can be deduced by Theorem 2. 


□ 
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Theorem 3. Assume that the function p> : X x X — >• [0,oo) satisfies 


ip(k n x, k n y) 

n—^oc I M2 n "iX,y fc A. . 


Suppose that for each x G X the limit 


denoted by <p a (x), and 


f (plk^x, 0) 
lim max < — — — : 0 < i < n > , 
n-> oo \ \k\3 ~ ' 


f (pl&x, 0 ) 

lim max — — T — : 0 < j < n } , 
n->oo ( 


denoted by (p q {x), both exist. Let f : X — >• C c b(Y) be a mapping satisfying Cf{x,y ) < ( p{x,y ) for all 
x,y £ X . If f can be decomposed into an even and odd part, then there exist an additive mapping 
A : X — > C cb (y ) and a quadratic mapping Q : X — > C c b(y) such that 

Hd(f(x),A(x ) © Q{x)) < j^j- max |max{(^ a (x), <p a (-x)}, ^ ma x{<p q (x), ^ g (-x)}| (3.21) 


/or all x £ A. 
Moreover, if 


f ip(k J x, 0) . 

lim lim max < — — — : i 


i — ^oo n— >oo 


l 


< j < n + i 


(3.22) 


T T ( < p(k 3 x, 0) ) 

= lim lim max < — — 7 r — :z< 7 <n + z>= 0 , 
i->ocra->oo ( |jfc| 2 .? _ J 

i/ten A and Q are both unique. 

Proof. Assume that f(x) = / e (x) © fo(x). We have for all x, y £ A 

£fo{x,y) < ^-max{tp(x,y),<p(-x,-y)}, 

Cf e {x,y) < 1^7 max{^(s, 7 /), <p(—x, —y)}- 

By Theorems 1 and 2, there exist an additive mapping A : X — > C cb (y) and a quadratic mapping 
Q : X -> C c 6 (T) satisfying 

Hd(fo(x),A(x)) < y-yr m.wc{tp a {x),<p>a{—x)}, 

|4«| 

H d (fe(x),Q(x)) < J^max{<p q (x),(p q (-x)} 

for all x £ A . Therefore 

H d (f(x),A(x)®Q(x)) < max.{H d (f 0 (x),A(x)),H d (f e (x),Q(x))} 


< max | max{t^ a (x), <^ a (-x)}, ^ max{^(r), ^(-.x)}| 


(3.23) 


for all x £ A. 
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4 Stability of the Set- Valued Functional Equation: a Fixed Point 
Method 

In this section, we establish the generalized Hyers-Ulam stability results for the mixed set-valued 
AQ-functional equation (2.2) in non- Archimedean Banach spaces by using the fixed point method 
introduced by Radu in [28]. 

Let O be a set. A mapping V : Q x O — »• [0, oo] is called a generalized metric on 0 if V satisfies 
the following three conditions: 

(i) T>(n, u) = 0 if only if p = u; 

(ii) V(p, v) = V(u, p), v, p G LI; 

(iii) V(u, p) < V{v, w) + V{w, /i), v, p, w G Ll. 

For explicitly later use, we recall the following lemma proposed by Diaz and Margolis in [30]. 

Lemma 1 ([30]). Assume that (Ll,V) is a complete generalized metric space, and that T : D — > D 
is a strictly contractive mapping with Lipschitz constant L < 1, that is 

V(Tx,Ty ) < LT>(x,y),x,y G D. 

Then, for each given either 


P(T"x,T n+1 x) = oo,n > 0, 

or there exists a non-negative integer 71 q such that 

(1) V(T n x,T n+1 x) < oo for all n > no; 

(2) the sequence {T n (x)| is converges to a fixed point y*; 

(3) y* is the unique fixed point ofT in the set D* = {y G D | T>(T n °x, y) < oo}; 

(4) V(y,y*) < ^jp{y,Ty) for all y G . 

Theorem 4. Let p : X x X — >■ [0, oo) he a mapping such that there exists an 0 < L < 1 with 

ip(kx,ky) <\k\Lip(x,y) (4.1) 

for all x, y G X . If the odd mapping f : X — »• C c b{y) satisfies 

£f(x, y) < <p(x, y), X,yex, (4.2) 

then there exists a unique additive mapping A : X — > C c b(y ) such that 

H d (f (x) , A(x)) < ^ _ L ^ (x,0) (4.3) 

for all x G X . 

Proof. In (4.2) setting y = 0, we have 

H d (f(kx),kf(x)) < -^(x,0) (4.4) 
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for all x € X. Set Q := {g \ g : X —*■ C c b(y), g( 0) = {0}}, and we then introduce the generalized 
metric on Q: 


T>(g, h) = inflC £ (0, oo) | H d (g(x), h(x)) < C<p(x, 0),\/x £ X}. (4.5) 

It is easy to show that (Q,T>) is a complete generalized metric space. We now define a mapping 
T : Ll — > Q as 


(' Tg)(x ) = -g(kx), g £ ft, x £ X. 


(4.6) 


Let g, h £ Q and C £ [0, oo] be an arbitrary constant with V(g , h) < C. The definition of V implies 


H d (g(x), h(x)) < Cip(x , 0), x £ A. 


(4.7) 


By the last inequality, we can obtain 


H d 


— g(kx ), —h(kx) ) < CLip(x, 0), Vx £ A. 


(4.8) 


Hence, V(Tg,Th) < LV(g,h). It follows from (4.4) that T>(Tf,f ) < < oo. Therefore, by 

Lemma 1 , the operator T has a unique fixed point A : X —>■ C c b(y ) in the set Q* = {g £ 
H | T>(f,g) < oo} such that 

A{x) := lim ( T n f)(x ) = lim - l -f{k n x) (4.9) 

n— >oo n— >• oo K' L 

and A(kx) = kA(x) for all x £ X. Also, 


V{A,f)<^-jV{TfJ)< 


1 

|2fc| (1 — L) ' 


(4.10) 


Then (4.3) holds for all x £ X. 

Now we will prove that A is additive. By (4.1), (4.2) and (4.9), we have 


CA(x,y) = lim -^—Cf(k n x,k n y)< lim -^—(p(k n x,k n y)< lim L n ip(x,y) = 0 
V n^oo \k\ n ~ n^oo\k\ n ~ n-+oo 


for all x, y £ X. Therefore, it follows form [[32], Lemma 2.2] that A is an additive mapping. □ 


Corollary 3. Let 5 > 0, r > 1, \k\ < 1. If f : X — » C c b(y) is an odd mapping and satisfies the 
following condition 

£f(x,y) < 6(\x\ r + \y\ r ), x,yeX, 
then there exists a unique additive mapping A : X -A- C c b(y) such that 

H d (f(x), A(x)) < | 2 | (W ‘_n. n ^r, 1 ^ 

Proof. Set if(x, y) = (5(|x| r + |y| r ) for all x, y £ X. Then we can get the corollary by Theorem 4 by 
L = | Af- 1 <1. □ 


The following example is a modification of the example of [31] and it shows that the assumption 
\k\ < 1 cannot be omitted in Corollary 3. 
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Example 1. For a prime number p > 2 if the set- valued mapping / : Q p — > C c b(Q p ) satisfies 
f(x) = [0, x 3 ], then for <5 = 1 and r = 3 

£f(x,y) < max{|x| 3 , \y\ p } < |x| 3 + |y| 3 , x,y G Qp. 

However, for k = 2 we have \k\ p = |2| p = 1 and 


H d Q/( 2"x), W /( 2"+V)l = |2 2 "| p |3| p |i|S = |3| r |x|J 

for all x G and n G N. Hence {7^;/(2 n x)} is not a Cauchy sequence for each nonzero x G Q p . 

Similar to Theorem 4, we have the following theorem. 

Theorem 5. Assume that : X x X — > [0, oo) is a function such that there exists an 0 < L < 1 
with 


p(x,y) < ^(p(kx,ky) 

\k I 

/or x, y G T. If the odd mapping f : X — > CQ/T) satisfies 

£f(x,y)<<p(x,y), x,yeX, 

then there exists a unique additive mapping A : X — »• C c b(T) such that 


(4.11) 


(4.12) 


H d (f(x),A(x)) < | 2 fc|(^_ L) ^°). ‘ T G ( 4 - 13 ) 

Corollary 4. Let 5 > 0, 0 < r < 1, and \k\ < 1. If the odd set-valued mapping f : X — >• C/f/T) 
satisfies 

£f(x,y)<6(\x\ r + \y\ r ), 

for all x,y G Tf, then there exists a unique additive mapping A : X — >• CQ/T) such that 

Hd(f(x),A(x)) < | 2 | (Wr 1 _n,| ) ^r,^e V 

Proof. Set <y?(x, y) = <5(|x| r + |y| r ) for x, y G X . The corollary can be obtained by using Theorem 5 
with L = |fc| 1_r <1. □ 


We then give an example to show that the assumption \k\ < 1 cannot be omitted in Corollary 
4. 


Example 2. For a prime number p > 2 if the set-valued function / : Q p — *• C c b(Q p ) satisfies 
/(x) = [0,x3], then for <5 = 1 and r = 

£f(x,y) < max{|x|p, |y|p} < |x|£ + |y|£, x,y G Q p . 

However, for k = 2 we have \k\ p = |2| p = 1 and 


^(2”/(/x), 2"+ 1 /(^t I x) | = |2 


p|l - 25 |p|x|p = |1 - 25 |p|x|| . 


for all x G Qp and n G N. Hence {2 n f(^x)} is not a Cauchy sequence for each nonzero x G 


^ 2n /J llj rrui ce iv/i V/U/on livnzjoi o te v_ \£p • 
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Theorem 6. Assume that (p : X x X — > [0, oo) is a function such that there exists an 0 < L < 1 
with 

<p(kx,ky) < \k\ 2 L<p(x,y). (4.14) 

for all x, y £ X. If the even set-valued function f : X — >• C c b{y) satisfies 

£f(x, y) < ip(x, y), x, y £ A, (4.15) 

then there exists a unique quadratic mapping Q : X — > C c b(y ) such that 

H d (f{x),Q{x)) < 21(1 _ x£X. (4.16) 

Proof. Setting y = 0 in (4.15), we get 

Hd{f{kx),k 2 f(x )) < |i|^(x,0), x £ X. (4.17) 

Let Q := {g \ g : X — > C c b(y)}, and we then introduce a generalized metric on fl: 

V(g,h) = inflC £ (0, oo) | Hd(g(x), h{x)) < Cp(x, 0), Vx £ T}. (4.18) 


It is easy to show that fl := {g \ g : X — > C c b(y )} is a complete generalized metric space. Define 
an operator T : D — > D as 

(Tg){x) = ^g(kx), \/gen,x£X. (4.19) 

Let g,h £ D and C* £ [0, oo] be an arbitrary constant with T>(g, h) < C. By the definition of 
the metric V, we can get 

Hd(g(x),h(x)) < Ctp(x, 0), x£X. (4.20) 

By the given hypothesis and the last inequality, we get 


H d (^g{kx),^h{kx) \ < CLip(x, 0), Vx £ X. 


(4.21) 


Hence, V(Tg,Th ,) < LV(g,h). (4.17) implies that V(Tf,f) < < oo. Therefore, by Lemma 1, 

T has a unique fixed point Q : X — > C c b(y ) in the set 12* = {g £ D | V(f, g) < oo} such that 


Q(x) := lim (7 ""/)(x) = lim -^/(fc"x), 

n— >oo n— >oo /c 


(4.22) 


and Q{kx) = k 2 Q(x ) for all x £ X . Also, 


v(Q.f)<P- L v (r/,/)<pD^. 

Then, (4.16) holds. By (4.14), (4.15) and (4.22) we obtain 

£Q(x,y)= lim -1—Cf{k n x, k n y) < lim j-^-(p(k n x,k n y) < lim \k\ n ip{x, y) = 0 


(4.23) 


for all x, y £ X. So by Lemma 2.1 in [32], we get that the mapping Q is quadratic. 
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Corollary 5. Let S > 0, r > 2, |/c| < 1. If f : X — »• C c b(y) is an even set-valued mapping 
satisfying 

Cf{x,y)<5(\x\ r + \y\ r ), x,yeX, 
then there exists a unique quadratic mapping Q : X — > C c b(y) such that 

H d (f(x),Q{x)) < \ 2 ^ k \ 2 _ m S \ x \ r ’ xeX - 

Proof. Set tp(x,y) = (5(|x| r + \y \ r ) for all x,y E X. By Theorem 6 with L = \k\ r ~ 2 < 1, we can get 
the corollary. □ 

Example 3. For a prime number p > 2 if a set-valued mapping / : Q p — > C c b(Q p ) satisfies 
f(x) = [0, x 4 ], then for S = 1 and r = 4, 

Cf{x,y) < max{|x| 4 , |y| 4 } < |x| 4 + |y| 4 , x,y G 

However, for k = 2 we have \k\ p = \2\ p = 1 and 

H, (T/(2”x), ^T_/(2'>+‘x)) = 2 2n |p|3|p|x|p = |3| p |x|p. 

for all x € Q p and n € N. Hence { 23?r/(2 n a:)} is not a Cauchy sequence for each nonzero x G Q p . 

Similarly, we can obtain the following theorem. 

Theorem 7. Let (p : ft x X — >■ [0, oo) 6e a mapping such that there exists an 0 < L < 1 with 

<p(x,y)<-^<p(^,fy,x,yeX. (4.24) 

If the even set-valued mapping f : X — > C c b(y) satisfies 

£f(x, y) < <p(x, y ), x, yeX, (4.25) 

then there exists a unique quadratic set-valued mapping Q : X — y C c b(y) such that 

H d (f(x),Q(x))< . 2fc2 * _ L ^ <p{x,0), xdX. (4.26) 

Corollary 6. Let 5 > 0, 0<r<2 and \k\ < 1. If the even mapping f : X — > C c b(Y) satisfies 

£f{x,y) < 6(\x\ r + \y\ r ), x,y E X, 
then there exists a unique quadratic mapping Q : X — > C c b(y) such that 

H d {f(x), Q{x)) < \ 2 ^ k \ 2 _ xeX - 

In Corollary 6 the assumption \k\ < 1 cannot be omitted . 
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Example 4. For a prime number p > 2 if / : Q p — > C c /,(Q P ) is defined as f(x) = [0, |2| p ], then for 
d = 1, k = 2 and r = 0, 

£f(x,y) = |12 | p < 1 = 6 (x,y e Q p ). 

Note that if p > 2, then |2 n | p = 1 for each integer n, we have 

H d (2 n /(2- n .x),2 n+1 /(2-( n+1) x)) = |2 n+1 | p = 1. 

for all x £ Q p and n G N. Hence {2 n /(2 _n x)} is not a Cauchy sequence for x G Q p . 

Theorem 8. Assume that (p : X x T — >• [0, oo) is a function such that there exists an 0 < L < 1 
with 

<f{kx, ky) < \k\ 2 Ltp(x, y),x, y G T. (4.27) 

Suppose that f : X — > C-bi/T) is a set-valued mapping such that 

£f(x, y) < <p(x, y), x, y G X. (4.28) 

If f can be decomposed into an even and odd part, then there exist a unique additive mapping 
A : X — » C c b(y) and a unique quadratic mapping Q : X — > C c f,(y) such that 

H d (f(x), A(x) 0 Q(x)) < 2 ^ ^ max{y(x, 0), <p(-x, 0)}, x G X. (4.29) 

Proof. Assume that f(x ) = / e (x) 0 f 0 (x). Let tp(x,y) = ||y ma x.{ip(x,y),<p(—x,—y)}, then by 
(4.27) and (4.28), we have 

if(kx,ky) < \k\ 2 Lip(x, y) < \k\Lip(x,y), 

£fo{x,y ) < ip(x,y),£f e {x,y) < ip(x,y). 

Hence by Theorems 4 and 6, there exist a unique additive mapping A : X — >• C^fy) and a unique 
quadratic mapping Q : X — >■ Ccb(y) such that 

H d (f 0 (x),A(x)) < m l_ L) ^ x ^ 

H d (fe(x),Q(x )) < | 2 fc2|(i _ L / (^°) 

for all X G T. Therefore 


H d (f(x), A(x) © Q(x)) < max{# d (/ 0 (x), A(x)),iL d (/ e (x),Q(x))} 

5 m “ { latKi-L) ^’ 0)> |2tf |(! - l7 ' 0) } 

< | 4 fc2|(i _ £) max{y(x, 0), y(-x, 0)} 


for all x G X. 


(4.30) 


□ 
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Corollary 7 . Let 5 > 0, 2 < r, \k\ < 1 and f : X — )• C c b(y ) 6e a set-valued mapping for which 

£f{x,y) < 6{\x\ r + \y\ r ), x,yeX. 

If f can be decomposed into an even and odd part, then there exist a unique additive mapping 
A : X — >■ C c b(y ) and a unique quadratic mapping Q : X — > C c b(y) such that 

1 


H d (f(x),Q(x ) © A{x)) < 


©|x|' 


x € X. 


m\k\ 2 ~\k\ * 

Similar to Theorem 8, one can obtain the following theorem. 

Theorem 9. Let (p : X x X — > [0, oo) be a function such that there exists an 0 < L < 1 with 


<f(x,y) < |^j -<p(kx,ky) 

for all x, y G X. Let f : X — > C c b(y) be a mapping such that 

Cf(x,y) <p{x,y), x,yeX. 


(4.31) 


(4.32) 


If f can be decomposed into an even and odd part, then there exist a unique additive mapping 
A : X — > C c b(y) and a unique quadratic mapping Q : X — > C c b(y ) such that 


H d (f(x),A(x)®Q(x)) < 


1 


ma x{ </?(£, 0), p(—x, 0)}, x € X. 


(4.33) 


|4/c 2 | (1 - L) 

Corollary 8. Let 5 > 0, 0 < r < 1, |fc| < 1 and f : X — > C c b(y ) 

Cf{x,y) <8{\x\ r + \y\ r ), x,yeX. 

If f can be decomposed into an even and odd part, then there exist a unique additive mapping 
A : X — > C c b(y) and a unique quadratic mapping Q : X — >• C c b(y) such that 


Hd(f(x), Q{x) © A(x)) < 


1 


~\k\) 


<5|ar| 


x € X. 


Acknowledgements 

This work is supported by the National Natural Science Foundation of China (Grant No. 41301493). 


References 

[1] S.M. Ulam. A Collection of Mathematical Problems. Interscience Publishers, New York (1968). 

[2] D.H. Hyers. On the stability of the linear functional equation. Proceedings of the National 
Academy of Sciences 27 (1941) 222-224. 

[3] T.M. Rassias. On the stability of linear mappings in Banach spaces. Proceedings of the Amer- 
ican Mathematical Society 72 (1978) 297-300. 


1159 


Xian Sun etal 1145-1161 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


[4] D.H. Hyers, G. Isac , T.M. Rassias. Stability of Functional Equations in Several Variables. 
Birkhauser, Boston (1998). 

[5] S.M. Jung. Hyers-Ulam-Rassias Stability of Functional Equations in Mathematical Analysis. 
Hadronic Press, Palm Harbor (2001). 

[6] C. Mortici, T.M. Rassias, S.M. Jung. The inhomogeneous Euler equation and its Hyers-Ulam 
stability. Applied Mathematics Letters 40 (2015) 23-28. 

[7] M.F. Bota-Boriceanu, A. Petrusel. Ulam-Hyers stability for operatorial equations and inclu- 
sions. Analele Univ. I. Cuza Iasi 57 (2011) 65-74. 

[8] Y. H. Shen. Hyers-Ulam-Rassias stability of first order linear partial fuzzy differential equations 
under generalized differentiability. Advances in Difference Equations (2015) 2015:351. 

[9] D. Popa, I. Ro§a. On the best constant in Hyers-Ulam stability of some positive linear opera- 
tors. Journal of Mathematical Analysis and Applications 412 (2014) 103-108. 

[10] T.Z. Xu, Z.P. Yang. A fixed point approach to the stability of functional equations on non- 
commutative spaces. Results in Mathematics DOI 10.1007/s00025-015-0448-0. 

[11] Z.P. Yang, T.Z. Xu, M. Qi. Ulam-Hyers stability for fractional differential equations in Quater- 
nionic analysis. Advances in Applied Clifford Algebras 26 (2016) 469-478. 

[12] I. A. Rus. Ulam stability of ordinary differential equations. Studia Univ. Babes-Bolyai, Math. 
LIV(4)(2009) 125-133. 

[13] I. A. Rus. Remarks on Ulam stability of the operatorial equations. Fixed Point Theory 10 
(2009) 305-320. 

[14] L.P. Castro, A. Ramos. Hyers-Ulam-Rassias stability for a class of Volterra integral equations. 
Banach Journal of Mathematical Analysis 3 (2009) 36-43. 

[15] S.M. Jung. A fixed point approach to the stability of a Volterra integral equation. Fixed Point 
Theory and Applications 2007, Article ID 57064, 1-9. 

[16] A. Khrennikov. Non-Archimedean Analysis: Quantum Paradoxes, Dynamical Systems and 
Biological Models. Kluwer Academic Publishers, 1997. 

[17] V.S. Vladimirov, I.V. Volovich, E.I. Zelenov. p-adic Analysis and Mathematical Physics. World 
Scientific, 1994. 

[18] N.B. Huy, T.D. Thanh. Fixed point theorems and the Ulam-Hyers stability in non- 
Archimedean cone metric spaces. Journal of Mathematical Analysis and Applications 414 
( 2011 ) 10 - 20 . 

[19] J. Brzdqk, K. Cieplinski. A fixed point appraoch to the sability of functional equations in 
non- Archimedean metric spaces. Nonlinear Analysis 74 (2011) 6861-6867. 


1160 


Xian Sun etal 1145-1161 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


[20] A.K. Mirnostafaee, M.S. moslehian. Stability of additive mappings in non- Archimedean fuzzy 
norrned spaces. Fuzzy Sets and Systems 160 (2009) 1643-1652. 

[21] R. J. Aumann. Integrals of set-valued functions. Journal of Mathematical Analysis and Appli- 
cations 12 (1965) 1-12. 

[22] G. Debreu. Integration of correspondences. Proceedings of Fifth Berkeley Symposium on Math- 
ematical Statistics and Probability 2 (1966) 351-372. 

[23] K.J. Arrow, G. Debreu. Existence of an equilibrium for a competitive economy. Econometrica 
22 (1954) 265-290. 

[24] L.W. McKenzie. On the existence of general equilibrium for a competitive market. Economet- 
rica 27 (1959) 54-71. 

[25] H.Y. Chu, A. Kim, S.Y. Yoo. On the stability of the generalized cubic set- valued functional 
equation. Applied Mathematics Letters 37 (2014) 7-14. 

[26] Z.H. Wang. Stability of two types of cubic fuzzy set-valued functional equations. Results in 
Mathematics Doi. 10.1007/s00025-015-0457-z. 

[27] J.R. Lee, C. Park, T.M. Rassias. Hyers-Ulam stability of set-vaulued mappings. Mathematics 
Without Boundaries (2014) 323-336. 

[28] V. Radu. The fixed point alternative and the stability of functional equations 
Theory 4 (2003) 91-96. 

[29] S.M. Jung. A fixed point approach to the stability of the equation f(x + y) 

Australian Journal of Mathematical Analysis and Applications 6 (2009) 1-6. 

[30] J.B. Diaz, B. Margolis. A fixed point theorem of the alternative for the contractions on general- 
ized complete metric space. Bulletin of the American Mathematical Society 74 (1968) 305-309. 

[31] T. Z. Xu, Z. P. Yang, J. M. Rassias. Direct and fixed point approaches to the stability of 
an AQ-functional equation in non-Archimedean norrned spaces, Journal of Computational 
Analysis and Applications 17 (2014) 697-706. 

[32] G. Z. Eskandani, P. Gavru^a, J.M. Rassias. Generalized Hyers-Ulam stability for a general 
mixed functional equation in quasi- /3-normed spaces[J]. Mediterranean Journal of Mathematics 
8 (2011) 331-348. 


Fixed Point 

__ f{x)f{y) 
f(x)+f{y ) ' 


1161 


Xian Sun etal 1145-1161 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Solution and stability of nonic functional equations in 
non- Archimedean normed spaces 

John Michael Rassias 1 , Seong Sik Kim 2 and Soo Hwan Kim 2 

1 Pedagogical Department E.E., Section of Mathematics and Informatics, 

National and Capodistrian University of Athens, 

4, Agamemnonos St., Aghia Paraskevi, Athens 15342, Greece 
E-mail: jrassias@primedu.uoa.gr; jrass@otenet.gr 

2 Department of Mathematics, Dongeui University, 

Busan 614-714, Korea 
E-mail: sskim@deu.ac.kr 
E-mail: sh-kim@deu.ac.kr 

Abstract: In this paper, we establish the general solution and stability of the following nonic 
functional equation: 

/0 + 5 y) - 9 f(x + Ay) + 36 f(x + 3 y) - 84 f(x + 2 y) + 126/(x + y) - 126/(x) 

+ 84/ (x -y)~ 36 f{x - 2 y) + 9 f(x - 3 y) - /(x - Ay) = 9 !/(y), 
where 9! = 362880 in non- Archimedean normed spaces. 

1. Introduction and Preliminaries 

The stability problem of functional equations originated from a question of Ulam [26] concerning 
the stability of group homomorphisms. The first affirmative partial answer to Ulam’s question was 
given by Hyers [11]. The result of Hyers by obtaining a unique linear mapping near an approximate 
additive mapping was generalized by Rassias [22]. The paper of Rassias has provided a lot of 
influence in the development of what we called the generalized, Hyers-Ulam-Rassias stability of 
functional equations. In 1994, Gavruta then generalized the Rassias’ result in [8] for unbounded 
Cauchy difference by a general control function. In 2003, Radu [20] proposed a new method for 
obtaining the existence of exact solutions and error estimations, based on the fixed point alternative. 
Cadariu and Radu [5] proposed a novel method for studying the stability of the Cauchy functional 
equation based on a fixed point result in generalized metric spaces. A great number of papers 
(see [2, 6, 9, 12, 13, 21, 24, 25, 28] and references therein for more detailed information) on the 
subject has been published, generalizing Ulam’s problem and Hyer’s theorem in various functional 
equations. 

In 1897, Hensel [10] discovered the p-adic numbers as a number theoretical analogue of power 
series in complex analysis and introduced a normed space which does not have the Archimedean 
property. Let p be a prime number. For any nonzero rational number x £ Q, there exists a unique 
integer n x £ Z such that x = f p 71 *, where a, b are integers divisible by p. Then the p-adic absolute 
value |x| p = p- n * is a non-Archimedean norm on Q. The completion of Q with respect to the 

°2010 Mathematics Subject Classification: 39B52, 39B82, 46S50, 47B48 

°Keywords: Generalized Hyers-Ulam stability; Nonic mappings; Non-Archimedean normed 
spaces 
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2 Solution and stability of nonic functional equations 

metric d(x,y) = \x — y\ p is denoted by Q p which is called the p-adic number field. Note that if 
p > 2, then \2 n \ p = 1 for each integer n £ Z; however, \2\2 < 1. 

Let us recall some basic definitions and facts concerning non- Archimedean normed spaces [14] . 
By a non- Archimedean field we mean a field K equipped with a function (valuation) | • | from K 
into [0, oo ) such that |r| = 0 if and only if r = 0, |rs| = |r||s|, and |r + s\ < max{|r|, |s|} for all 
r, s € IK. Clearly, |1| = | — 1| = 1 and |n| < 1 for all n £ N. In the rest of the paper, let |2| ^ 1. 

In any field K the function | ■ | : K — > [0, oo) defined by 

r 0, xeX; 

\ 1, otherwise 

is a valuation which is called trivial, but the most important examples of non- Archimedean fields 
are p-adic numbers which have gained the interest of physicists for their research in some problems 
coming from quantum physics, p-adic strings and superstrings [27]. 

Let A' be a vector space over a scalar field K with a non- Archimedean nontrivial valuation | - 1 . A 
function || • || : X — > R is a non- Archimedean norm (valuation) if it satisfies the following conditions: 
(NA1) ||*|| = 0 if and only if x = 0; 

(NA2) || ra; || = |r|||*|| for all r £ IK, * £ X ; 

(NA3) ||* + y || < max{||*||, ||p||} for all x, y £ X (: the strong triangle inequality). 

Then (A, || ■ ||) is called a non- Archimedean normed space. It follows from (NA3) that 

||* n — * m || < max{||*j + i — Xj\\ : m < j < n — 1} for n > m 

and so a sequence {*„} is Cauchy in X if and only if {* n+1 — *„} converges to zero in a non- 
Archimedean normed space. If every Cauchy sequence is convergent, the non-Archimedean normed 
space is said to be complete and called a non-Archimedean Banach space. 

In 2005, Arriola and Beyer [1] investigated stability of approximate additive mappings / : Q p — > 
R. They showed that if / : Q p — > R is a continuous mapping for which there exists a fixed e such 
that |/(* + y) — /(*) — f(y)\ < e for all x,y £ Q p , then there exists a unique additive mapping 
T : Q p — > R such that | /(*) — T(*)| < e for all * G Q p . In 2007, Moslehian and Rassias [18] 
proved the Hyers-Ulam stability of functional equations in complete non-Archimedean normed 
spaces. Then a lot of papers on the stability of other many equations have been published in 
non-Archimedean normed spaces ([3, 4, 16, 17, 19, 23]). 

Now, we consider the following nonic functional equation 

/(* + 5y) — 9/(* + Ay) + 36/(* + 3y) - 84/(* + 2y) + 126/(* + y) - 126/(*) 

+ 84/(* -y) - 36/(*- 2y) +9/(* - 3y) - /(* -Ay) = 9\f(y). 

Then the function /(*) = * 9 is a solution of the functional equation (1.1). Thus, the functional 
equation (1.1) is called the nonic functional equation and every solution of the nonic functional 
equation is said to be a nonic mapping. 

In this paper, using the direct and fixed point methods, we prove the generalized Hyers-Ulam 
stability of (1.1) in non-Archimedean normed spaces. 
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2. Properties of the nonic functional equation (1.1) 

In this section, we investigate the properties and the general solution of the nonic functional 
equation (1.1). 

Theorem 2.1. Let X andY be linear spaces. The nonic functional equation (1.1) has the following 
properties: 

(i) /( 0 ) = 0 . 

(a) /(— x) = -f{x). 

(Hi) /( 2x) = 2 9 f(x). 

Proof, (i) Replacing x = 0, y = 0 in (1.1), we get /( 0) = 0. 

(ii) Replacing x = 0, y = x and x = x,y = —x in (1.1) and adding the two resulting equations, 
w e get /(-x) = - f(x ). 

(iii) Replacing ( x,y ) with (0,2x) and ( 5x,x ) in (1.1), respectively, we get 


f(10x) - 8/(82; ) + 27f(6x) - 48 /(4a;) - 362838/(2x) = 0. 
f(10x) - 9f(9x) + 36f(8x) - 84/(7x) + 126/(6x) - 126/(5x) 

+ 84/ (4a;) - 36/(3x) + 9f(2x) - 362881/(x) = 0. 

Subtracting the equations (2.1) and (2.2), we find 

9f(9x) - 44/(8x ) + 84/(7x) - 99/(62;) + 126/(5x) - 132/(4x) 

+ 36/(3x) - 362847/(2x) + 362881/(x) = 0. 

Replacing (x, y) with (4x,x) in (1.1) and multiplying the resulting equation by 9, we get 
9/(9x) - 81/(8x) + 324/(7x) - 756/(6x) + 1134/(5x) - 1134/(4x) 

+ 756/(3x) - 324/(2x) - 3265839 /(x) = 0. 

Subtracting the equations (2.3) and (2.4), we get 

37/(8x) - 240/(7x) + 657/(6x) - 1008/(5x) + 1002/(4x) 

- 720/(3x) - 362523/(2x) + 3628720 /(x) = 0. 

Replacing (x,y) with (3x,x) in (1.1) and multiplying the resulting equation by 37, we find 
37/(8x) - 333/(7x) + 1332/(6x) - 3108/(5x) + 4662/(4x) 

- 4662/(3x) + 3108/(2x) - 13427855/(x) = 0. 

Subtracting the equations (2.5) and (2.6), we arrive at 

93/(7x) - 675/(6x) + 2100/(5x) - 3660/(4x) 

+ 3942/(3x) - 365631/(2x) + 17056575/(x) = 0. 

Replacing (x,y) with (2x,x) in (1.1) and multiplying the resulting equation by 93, we get 
93/(7x) - 837/(6x) + 3348/(5x) - 7812/(4x) + 11718/(3x) 

- 11625/(2x) - 33740865/(x) = 0. 

Subtracting the equations (2.7) and (2.8) and then dividing by 2, we obtain 

81/(6x) - 624/(5x) + 2076/(4x) - 3888/(3x) 

- 177003/(2x) + 25398720 f{x) = 0. 


(2.1) 

( 2 . 2 ) 

(2.3) 

(2.4) 

(2.5) 

( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 

(2.9) 
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Replacing (x,y) with (*,*) in (1.1) and multiplying the resulting equation by 81, we get 

81/(6*) - 729/(5*) + 2916/(4*) - 6723/(3*) 

+ 9477/(2*) - 29400570 /(*) = 0. 

Subtracting the equations (2.9) and (2.10), we arrive at 

105/(5*) - 840/(4*) + 2835/(3*) - 186480/(2*) + 54799290/(*) = 0. 
Replacing (x,y) with (0,*) in (1.1) and multiplying the resulting equation by 105, we get 
105/(5*) - 840/(4*) + 2835/(3*) - 5040/(2*) - 38097990/(*) = 0. 
Subtracting the equations (2.11) and (2.12), we can obtain 

-181440/(2*) + 92897280 /(*) = 0, 


which gives 


/( 2*) = 2 9 f(x). 


This completes the proof. 


( 2 . 10 ) 


( 2 . 11 ) 

(2.12) 


(2.13) 

□ 


A function A : X — > A' is said to be additive if A(x + y) = A[x) + A(y) for all x,y £ X. Let 

n € Z + . A function A n : X n — > Y is called n-additive if it is additive in each of its variables. 

A function A n is called symmetric if A n (xi , ..., * n ) = A„(*^( 1 ), ..., x n ( n \) for every permutation 
{ 7r ( 1) , ..., 7r(rz) } of 1, ..., n. If A n (x i, ..., x n ) is an ?r-additive symmetric map, then A n (x i, ...*„), its 
diagonal is the function A n (x, x) for * £ X and denoted by A n (x). Evidently, A n (rx ) = r n A n (x) 
whenever * £ X and r £ Q. Further the resulting function after substitution *! = ••• = *; = * 
and *;_|_i = ••• = *„ = y in A n (x i, ...,* n ) will be denoted by A l,n ~ l (x,y). 

A function p : X — > Y is called a generalized polynomial function of degree n provided that there 

exist A n (x) = A° £ Y and i-additive symmetric function Ai : X — > Y (1 < i < n) such that 

P{x) =^Z Al {x) 

i = 0 

for all x G X and A n ^ 0. Let / : X — > Y. The difference operator defined as follows: 

A h f(x) = /(* + h) - /(*) 

for £ X. In fact, a difference operator can be extended to an n-order difference operator in the 
usual composition way by induction. For each h £ X and n £ Z + U {0}, define 

A n h +1 f(x)=AhoAlf(x) 

with the convention A ”/(*) = /(*) and A \f(x) = A hf[x). Furthermore, a more general difference 
operator which was used in the Frechet functional equation, can be defined as 

A h u ...,h n+1 f(x) = A n+ i o • • • o A h J{x), 

where *, hi, ..., h n + 1 £ X. 

Lemma 2.2 (see [29]). Let G be a commutative semigroup with identity, S be a symmetric group 
and n be a non-negative integer. Assume that the multiplication by n! is bijective on S, that is, for 
every b £ G, the equation n\a = b has a unique solution in S. Then the function f : G — > S' is a 
solution of Frechet functional equation 

Ai 1 ,...,i„ +1 /(*o) = 0 
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for all Xq,Xi, ...,x n+ i £ G if and only if f is a polynomial of degree at most n. 


Theorem 2.3. A function f : X — > Y is a solution of the functional equation (1.1) if and only if f 
is of the form fix) = A 9 (x) for all x £ X, where A 9 ix) is the diagonal of the 9- additive symmetric 
map A 9 : X 9 — > Y. 


Proof. We can rewrite the functional equation (1.1) in the form 


f(x) 


^ [/( x + 5 y) - /( x - 4 y)\ - ^ [/( x + 4 y) - f(x - 3 y)] 

+ y [fix + 3 y) - f(x - 2 y)\ - [/( x + 2 y) - /( x - y)\ + f(x + y) - 2880 f(y). 


(2.14) 


It follows from Lemma 2.2 that / is a generalized polynomial function of degree at most 9 and so 
/ is of the form 

9 

f(x) = Y J A n (x) (2.15) 

n— 0 

for all x £ X, where A°(x) = A° is an arbitrary element of Y and A n (x) is the diagonal of the 
n-additive symmetric map A n : X n — > Y for n = 1, 2, ..., 9. Since /( 0) = 0 and / is odd, we have 
A°(x) = 0 and A 2 (x) = A^(x) = A & (x) = A 8 (a;) = 0. Thus, the expression (2.15) can be 


f{x) = A 9 {x) + A 7 (x) + A 5 { x) + A 3 {x) + A^x) 


for all x £ X. Since /( 2x) = 2 9 f(x) and A n (rx) = r n A n (x ) whenever x £ X and r £ Q, we obtain 

2 9 [A 7 {x) + A 5 { x) + A 3 {x) + A'ix)) = 2 7 A 7 (x) + 2 5 A 5 (x) + 2 3 A 3 (x) + 2A 1 (x). 

Hence, we get A l { x) = — ^{192 A 7 (x) + 240 A 3 {x) + 252 H 3 (x)) and so A 7 (x) = H 5 (x) = A 3 { x) = 
A 3 ix) = 0 for all x £ X. Therefore, we obtain that f(x) = A 9 ( x) for all x £ X. 

Conversely, assume that f(x) = A 9 ( x) for all x £ X , where A 9 {x) is the diagonal of the 9- 
additive symmetric map A 9 : X 9 — > Y . According to the definition of additive function, we get 

A n (x + y)= A n (x) + A n {y) + nA^fx, y) + n{jl ~ l) A n ~ 2 ^ix, y) + • • • + nA 3 ’ n ~\x, y), 

A n {rx ) = r n A n (x) for all n = 1,2,..., 9 and A s ’ t {x,ry) = y) ( s,t = 1, 2, ..., 8, s + t = 9) 

whenever x,y £ X and r £ Q. Letting the above equalities into (2.14), / satisfies the functional 
equation (1.1). This completes the proof of Theorem 2.3. □ 


3. Stability of nonic functional equations 

In this section, we prove the generalized Hyers-Ulam stability of the nonic functional equation 
(1.1) in non-Archimedean normed spaces using the direct and fixed point methods. Throughout 
this section, we define the difference operator 

&f(x, y) =/( x + 5 y) - 9f(x + Ay) + 36 f{x + 3 y) - Mf{x + 2 y) + 126/(x + y) - 126 f(x) 

+ 84 f{x -y)~ 36 fix - 2 y) + 9 fix - 3 y) - fix - Ay) - 9 !/(y). 


3.1. Direct method 
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Theorem 3.1. Let X be an additive semigroup and Y be a non- Archimedean Banach 
ip : X x X — > [0, oo ) be a mapping such that 


i im dT/iTY! = o 


|2 


9 | n 


for all x,y £ X, and the limit 


g>d{x) = lim max 

n — >oo 


r®£) . 


I 2 9 |t 


: 0 < j < n 


exists for all x £ X, where 


1 


= jgjj max{9?(0, 2x), <^(5x, x), |9|y>(4x,x), |37|<p(3x, x), 
\93\ip(2x,x), |162| <p(x,x), |210|v?(0, x)} 
for all x £ X. Suppose that a mapping f : X — > Y with /( 0) = 0 satisfies 

\\Af(x,y)\\ < <p(x,y) 

for all x,y £ G. Then there exists a nonic mapping Af : X Y such that 

1 


\\f(x)-Af(x)\\ < |^g| p d {x) 


for all x £ X . Moreover, if 


J^OO 


lim lim max ^ |r)fl|fc p(2 k x) :j<k<n + jf=0 


| 2 9 |* 


for all x £ X, then A f is the unique nonic mapping satisfying (3.f). 

Proof. Replacing (a :,y) with (0,2x) in (3.3), we get 

||/(10x) - 8/(8x) + 27/(6x) - 48/(4x) - 362838/(2x)|| < <^(0, 2x) 


Replacing (x,y) with (5x, x) in (3.3), we have 

||/(10x) - 9/(9x) + 36/(8x) - 84/(7x) + 126/(6x) - 126/(5x) 

+ 84/(4x) - 36/(3x) + 9/(2x) - 362881/(x) || < <p( 5x, x) 
for all x £ X. Subtracting (3.6) and (3.7), then 

|| 9/(9x) - 44/(8x) + 84/(7x) - 99/(6x) + 126/(5x) - 132/(4x) 

+ 36/(3x) - 362847/ (2x) + 362881/(x)|| 

< max{(/?(0, 2x), ip(5x, x)} 

for all x £ X. Replacing (. x,y ) with (4x,x) in (3.3), we get 

|| 9/(9x) - 81/(8x) + 324/(7x) - 756/(6x) + 1134/(5x) - 1134/(4x) 
+ 756/(3x) — 324/(2x) — 3265839/(x)|| < |9|v?(4x,x) 
for all x £ X. Subtracting (3.8) and (3.9), we get 

|| 37/(8x) - 240/(7x) + 657/(6x) - 1008/(5x) + 1002/(4x) 

- 720/(3x) - 362523/(2x) + 3628720/(x)|| 

< max{(/?(0, 2x), ip( 5x, x), |9|(/j(4x, x)} 


space. Let 

(3.1) 

(3.2) 

(3.3) 

(3.4) 

(3.5) 

(3.6) 

(3.7) 

(3.8) 

(3.9) 

(3.10) 
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for all x £ X. Replacing (x,y) with (3®,®) in (3.3), we have 

||37/(8®) - 333/(7®) + 1332/(6®) - 3108/(5®) + 4662/(4®) 

- 4662/(3®) + 3108/(2®) - 13427855/(®)|| < |37|v?(3®,®) 
for all x £ X. Subtracting (3.10) and (3.11), we find 

||93/(7a;) - 675/(6®) + 2100/(5®) - 3660/(4®) + 3942/(3®) - 365631/(2®) + 17056575/(® 
< max{<£>(0, 2x),ip(5x, ®)), |9|y>(4®, ®), |37|y>(3®, ®)} 


(3.11) 


for all ® £ X. Replacing (x,y) with (2®,®) in (3.3), we get 

||93/(7®) - 837/(6®) + 3348/(5®) - 7812/(4®) + 11718/(3®) 

- 11625/(2®) - 33740865/(®)|| < |93|y>(2®,®) 
for all ® £ X. Subtracting (3.12) and (3.13), we obtain 

||81/(6®) - 624/(5®) + 2076/(4®) - 3888/(3®) - 177003/(2®) + 25398720/(®) 


1 

< — 


| 2 | 


max |<^(0, 2®), y>(5®, ®), |9|(/?(4®, ®), |37|</?(3®, ®), |93|<^(2®,®) j 


for all ® £ A'. Replacing (x,y) with (®,®) in (3.3), we get 

|| 81/(6®) - 729/(5®) + 2916/(4®) - 6723/(3®) 

+ 9477/(2®) - 29400570/(®)|| < |81|y>(®,®) 
for all ® £ X. Subtracting (3.14) and (3.15), we find 

|| 105/(5®) - 840/(4®) + 2835/(3®) - 186480/(2®) + 54799290/(®)|| 
1 


< 


| 2 | 


max|</>(0,2®),(p(5®,®), |9|</j(4®, ®), |37|^>(3®, ®), |93|(/?(2®, ®), |162|<^(®, ®) | 


(3.12) 

(3.13) 

(3.14) 

(3.15) 

(3.16) 


for all ® £ A'. Replacing (®,y) with (0,®) in (3.16), we get 

|| 105/(5®) - 840/(4®) + 2835/(3®) - 5040/(2®) - 38097990/(®)|| < |105|^(0,®) (3.17) 

for all ® £ A'. Subtracting (3.16) and (3.17), we get 
|| 181440/(2®) - 9289280/(®)|| 


1 

< — 


| 2 | 


max |V(0, 2®), ip( 5®, ®)), |9|<p(4®, ®), |37|y>(3®, ®), |93|^(2®, ®), 1 162 1 y>(®, ®), |210|y>(0, ®)| 


for all ® £ A. Thus, we deduce that 

11 /( 2 ®) — 2 9 / (®) || 

1 


< 


— max jc/?(0, 2®), <p(5®, ®), \9\ip(4x,x), \37\ip(3x, ®), |93|<^>(2®,®), 


|9 

| 162 |vj(®,®), |210|v?(0,®)| 

=‘ (p(x) 

for all ® £ X. It follows from (3.18), we have 

/(2s) 


(3.18) 


def 


2 9 


- /( x) < | 29 |¥>( x ) 


(3.19) 
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for all x £ X. Replacing x by 2 n x in (3.19), then we get 

< |29prV(2 n *) (3.20) 

for all x £ X. From (3.20) and (3.1) the sequence is a Cauchy sequence. Since X is a non- 

Archimedean Banach space, { } is convergent. So, we can define the mapping Af : X — > Y 
by A f{x) = lirrp^oo) /( 2 2 9n x) } for all x £ X. By induction, we can show that 


f(2 n+1 x) 

f(2 n x) 

2 9 ("+ 1 ) 

2 9n 


/( 2 n x) 


2 9v 


- f( x ) = | 


j = o 


<^ max 


/( 2i +1 x) /( 2?x) 

2 9 ( 1 + 1 ) 


2 9 i 


f y{ 2*x) 
l |2 9 |t 


: 0 < j < n| 


(3.21) 


for all a; £ A and n £ N. By taking n — > oo in (3.21) and using (3.2), we obtain the desired 
inequality (3.4). 

It follows from (3.1) and (3.3) that 

I|A.V( I , S )|| < £ n =0 

for all x, y £ X. Then the mapping Af : X —>Y satisfies (1.1), that is, A F is the nonic mapping. 
To prove the uniqueness property of A /", let A f be another nonic mapping satisfying (3.4). Then 

||AA(aO-A/»||= lim -^||AT(2%) - N'{Vx)\\ 

3 ^ oo | Z y |J 

< .lim T-^ry max{||7V r (2- 5 a;) — / (2 J ar) || , \\f(2 3 x) — A/” , (2 J a:)||} 

J^OC 1 2 M P 

1 r p(2 k x) . , i 

< lim Inn max : j < k < n + j 1 


- | 2 9 


j — >-oo i 


{ |2 


9\k 


for all x £ X. It follows from 


r ip(2 k x'j i 

lim lim max \ ‘ : j < k < n + j\ = 0 

3 — >00 n — >00 l J 

for all x £ X that AT = A f . This completes the proof. 

Corollary 3.2. Let p : [0, 00 ) — > [0,oo) be a mapping satisfying 

p(\2\t) < p(\2\)p(t), p(|2|) < |2| 9 

for all t > 0. Let 9 > 0 be real number and f : X — > Y be a mapping with /( 0) = 0 satisfying 

||A/(ai,y)|| < 9(p(\x\) + p(\y\)) 

for all x,y £ X. Then there exists a unique nonic mapping Af : X — > Y such that 


\\f(x)-Af(x)\\ < |^| <Pd(x) 


(3.22) 


for all x £ X, where 


max {p(|2|), (p(|5|) + 1), |9|(p(|4|) + 1), 
|37|(p(|3|) + 1), |93|(p(|2|) + 1), |324|, |210| } . 
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Proof. If a mapping [0,oo) is defined by p{x,y) = 0(p(\x\) + p{\y\)), then we would 

have 

lim ^fy) = lim (4M)V, a) = o 

n — >oo |2 9 | n n — >oo V |2 9 | / V ' 


for all x,y £ X since p( |2|) < |2| 9 , and 

Pd{x) = lim max 


p{2^x) 

|2 9 |t 


: 0 < j < n > = p(x) 


exists for all x £ X, where 

m max |p(|2|), (p(|5|) + 1), |9|(p(|4|) + 1), 

|37|(p(|3|) + 1), |93|(p(|2|) + 1), |324|, |210|} 

for all x £ X. Also, we get 

lim lim max j -^p(2 k x) :j<k<n + j\ = lim -^.p(2 J x) = 0 

j— >oo n — >oo |z| y J j— >oo 

for all x £ X. By applying Theorem 3.1, we obtain the desired result. This completes the proof. □ 


3.2. Fixed point method 

Next, we investigate the generalized Hyers-Ulam stability of the nonic functional equation (1.1) 
in non-Archimedean normed spaces using fixed point method. We recall the following fixed point 
theorem which was proved by Diaz and Margolis. 

Theorem 3.3. [7] Let (12, d) be a complete generalized metric space and T : 12 — > 12 be a strictly 
contractive mapping with Lipshitz constant L. Then, for any x £ 12, either d(T n x,T n+1 x) = oo 
for all nonnegative integers n > 0 or other exists a natural number n Q such that 

(i) d(T n x,T n+1 x) < oo for all n > n 0 ; 

(ii) the sequence {T n x} is convergent to a fixed point y* of T; 

(Hi) y* is the unique fixed point ofT in the set 12i = {y £ 12 : d(T n °x,y ) < oo}; 

(iv) d{y,y*) < for all y G 12i- 

Theorem 3.4. Assume that X is a non-Archimedean normed space and Y is a a non-Archimedean 
Banach space. Let p : X x X — > [0, oo) be a mapping such that there exists a constant 0 < L < 1 
with 

p(2x,2y)<\2 9 \Lp(x,y) (3.23) 

and linin^oo ^p(2 n x,2 n y) = 0 for all x,y £ X . If f : X —> Y is a mapping with /( 0) = 0 
satisfying 

\\Af(x,y)\\<p{x,y) (3.24) 

for all x,y £ X, then there exists a unique nonic mapping Af : X — > Y such that 

\\f(x)-Af(x)\\ < | 2 9 L ' p(x) (3.25) 
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10 Solution and stability of nonic functional equations 

for all x £ X, where 

1 


Proof. From (3.18) we obtain 


<p(x) = |gj| max |V(0, 2x), ip(5x, x), |9|</?(4rc, a:), |37|</?(3x, x), 


|93|<^(2x, a:), 1 162 1 ip(x,x), |210|y>(0, x)|. 


/ 0*0 - 


/(2a:) 


2 9 


< W ^{x) 


(3.26) 


for all x £ X. Let Q be a set of all mappings from X into Y and a generalized metric d on as 
follows: 

d(g, h) = inf{a £ [0, oo) : ||<?(a:) — h{x ) || < af>{x), \/ x £ X}, 
where, as usual, inf <f> = +oo. It is easy to show that (f2, d) is a generalized complete metric space. 
Now, we consider the linear mapping T : LI — > LI defined by 

g(2x) 


Tg{x) = 


2 9 


for all x £ X. Let f,g £ LI and a £ [0, oo) be an arbitrary constant with d(f, g) < a. Then 
|| f(x) — g(z)|| < atp(x) for all x £ X and so 

\\Tf(x) -Tg(x) || < j^gj- ||/(2x) - g{ 2x)\\ < T^r^(2a:) < aUp( x) 

for all x £ X. Thus, d(f,g) < a implies that d(Tf,Tg) < La. This means that 

d(Tf,Tg)<Ld(f,g) 

for all f,g £ Cl. It follows from (3.18) that d(Tf,f) < for all x £ X. From the conditions (2) 
and (3) of Theorem 3.3, there exists a mapping Af : X — » Y, which is a unique fixed point of T in 
the set fix = {g £ Ll : d(f, g) < oo}, such that 

M{x) = lim ^f(2 n x) 

n — >-oo 

for all x £ X since limn^oo d(T n f, Af) = 0. Again, from the condition (4) of Theorem 3.3, we 
obtain 

which implies the inequality (3.25). 

If we replace x by 2 n x and y by 2 n y in (3.3), then we obtain 


Af(2 n x,2 n y) 


2 9r 


< ]T;I|A/(2"i,2” 9 )|| < P^ v (2"x,2"«) 


(3.27) 


for all x, y £ X. Taking as the limit n oo in (3.27), we deduce that AAf(x,y) = 0 for all 
x,y £ X. That is, the function Af : X — > Y is nonic, as desired. This completes the proof. □ 


Corollary 3.5. Let X be a non- Archimedean normed space over IK and Y be a non- Archimedean 
Banach space. Let 9 > 0 be real number and f : X — > Y be a mapping with /( 0) = 0 satisfying 

\\Af(x,y)\\ < 9 

for all x, y £ X. Then there exists a unique nonic mapping Af : X — > Y such that 

9 


\\f(x)-Af(x)\\< 


|2240|(|2 9 | - |2P|)' 


(3.28) 


1171 


John Michael Rassias et al 1 1 62-1 1 74 


J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.6, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


J.M. Rassias, S.S. Kim and S.H. Kim 11 

Corollary 3.6. Let 9,p > 0 be real numbers with 0 < p < 9 and f : X — > Y be a mapping with 
/( 0) = 0 satisfying 

\\Af(x,y)\\<9(\\xr + \\y\n 

for all x,y £ X. Then there exists a unique nonic mapping A f : X such that 

\\f{x)-Af{x)W< |29 | M | 2p| IN1 p (3-29) 

for all x £ X , where 

M P = p max | |2| p , |5|* + 1, |9|(|4 |p + 1), |37|(|3|* + 1), |93|(|2|* + 1), |324|, |210|}. 

Corollary 3.7. Let 9,p,q > 0 be real numbers with p + q < 9 and f : X — > Y be a mapping with 
/( 0) = 0 satisfying 

\\Af(x,y)\\ < 6»||a;|| p ||y|| 9 

for all x,y £ X. Then there exists a unique nonic mapping A f : X —>Y such that 

II fix) - N(x)\\ < |2 / M ^ +g| l|a:|r g (3.30) 

for all x £ X , where 

M p , q = p max ||5| p , |9||4| p , |37||3] p , \93\\2\*, |162|} 

Remark. Let X be a normed space and Y be a Banach space in Theorem 3.5. Let ip : X x X — > 
[0, oo ) be a mapping such that there exists a constant 0 < L < 1 with 

tp(2x,2y) < 2 9 Lip(x,y) 

for all x,y £ X. Suppose that / : X — * Y be a mapping with /( 0) = 0 satisfying ||A/(x, y)|| < 
ip(x,y) for all x,y £ X. Using the fixed point method, we can show that there exists a unique 
nonic mapping A/” : X — > Y satisfying (3.24) and 

11/0*0 -■^’0*011 < 2 9(i- l) ^ x ^ ( 3 -3i) 

where 

<p(x) = (^(0, 2x) + ip(5x, x) + 9v?(4;r, x) 

+ 37(/?(3x, x) + 93</?(2cc, x) + 162 ip(x, x) + 210vj( 0, a;)^ 

for all x £ X (see [15]). 

It is easy to show that the approximation in non-Archimedean normed space (see (3.25)) is 
better than the approximation in (Archimedean) normed space (see (3.31)). 
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Abstract 

Multi-granulation dual hesitant fuzzy rough set is an extension of intuitionistic 
fuzzy multi-granulation rough sets and multi-granulation fuzzy rough sets. For further 
studying the theories and applications of multi-granulation dual hesitant fuzzy rough 
sets, in this paper, we mainly investigate reduction approaches of the multi-granulation 
dual hesitant fuzzy rough sets. We develop a reduction approach in multi-granulation 
dual hesitant fuzzy decision information systems based on multi-granulation dual h- 
esitant fuzzy rough sets to eliminate redundant dual hesitant fuzzy granulations. And 
an example is provided to illustrate the validity of this approach. 

Key words: Multi-granulation fuzzy rough set; Multi-granulation dual hesitant 
fuzzy rough set; Reduction approach 


1 Introduction 

Rough set theory, introduced by Pawlak [19,20], is a new mathematical approach to 
cope with imprecision and uncertainty in data analysis, and can be regarded as a valid 
means of granular computing [21]. In Pawlak’s rough set model, a key notion is equivalence 
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relation. However, the equivalence relation is a very stringent condition which may limit 
the application of rough sets. Therefore, by replacing the equivalence relation with other 
binary relations, such as fuzzy, interval-valued fuzzy, intuitionistic fuzzy, hesitant fuzzy 
and interval-valued hesitant fuzzy, and so on, lots of researchers have proposed many new 
rough sets model. For example, Dubois and Prade [4] initiated two rough set models which 
are called rough fuzzy sets and fuzzy rough sets. Furthermore, Wu et al. [31,32] studied 
various generalized fuzzy approximation operators which are characterized by different 
sets of axioms. According to fuzzy rough sets in the sense of Nanda and Majumda [18], 
Jena and Ghosh [8] presented the concept of intuitionistic fuzzy rough sets which are 
not defined by an approximation space. By using a special type of intuitionistic fuzzy 
triangular norm min, Zhou and Wu [48] discussed various relation-based intuitionistic 
fuzzy rough approximation operators. Meanwhile, they [49] also investigated intuitionistic 
fuzzy rough approximations on one universe based on intuitionistic fuzzy implicators. 
In [46], Zhang et al. proposed a generalized interval- valued fuzzy rough set and applied 
it to decision making. Very recently, rough set theory has been developed into hesitant 
fuzzy environment and interval-valued hesitant fuzzy environment, and the results are, 
respectively, called hesitant fuzzy rough sets [41] and interval- valued hesitant fuzzy rough 
sets [45]. 

The generalization of Pawlak’s rough set model has become a new research hotspot 
from the perspective of granular computing. Since Qian et al. [22] proposed multi- 
granulation rough set (MGRS) theory, lots of fruitful results about MGRS theory have 
been achieved. Qian et al. [23] proposed an incomplete multi-granulation rough set model 
by using multiple tolerance relations on the universe, and studied decision-theoretic rough 
sets based on multi-granulations [25]. She et al. [27] investigated topological structures of 
MGRSs. Yang et al. [42] extended Qian’s MGRS model to fuzzy environment and explored 
a MGRS based on fuzzy relations. Along the lines of Qian’s MGRSs, Xu et al. [36] ini- 
tiated an ordered MGRS model. And they [34, 35] also proposed multi-granulation fuzzy 
rough sets based on multiple classical equivalence relations and multi-granulation fuzzy 
rough sets in a fuzzy tolerance approximation space. Through combining MGRSs and 
intuitionistic fuzzy rough sets, Huang et al. [7] proposed intuitionistic fuzzy MGRSs and 
gave a reduction approach of this model. Liu et al. [9, 10] presented covering fuzzy rough 
sets based on MGRSs. To handle data sets in the context of hybrid attributes, Lin et 
al. [11] introduced the neighborhood-based MGRSs, generalized the covering into multi- 
granulation environment and proposed the covering based on optimistic and pessimistic 
MGRSs [12], More recently, Liang et al. [16] presented an efficient rough feature selection 
algorithm through a multi-granulation view. Yang et al. [43] proposed a test cost sensitive 
multi-granulation rough set model to take the test cost into consideration in both data 
mining and machine learning. 

As one of the extensions of Zadeh’s fuzzy set [50], hesitant fuzzy (HF) set theory, 
initiated by Torra [28,29], permits the membership degree of an element to a set having 
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several possible values, and can express the hesitant information more comprehensively 
than other extensions of fuzzy set. Since the appearance of hesitant fuzzy set, it has 
attracted more and more scholars’ attention. For example, Xu and Xia [33,37,38] discussed 
the aggregation operators, correlation measures, distance, and similarity measures for HF 
sets. Meanwhile, Chen et al. [2] gave correlation coefficients of HF sets and applied 
them to clustering analysis. Subsequently, Liao et al. [15] proposed novel correlation 
coefficients between hesitant fuzzy sets and and applied them to decision making. In [5], 
Farhadinia introduced information measures for HF sets. Rodrguez et al. [26] proposed 
a HF linguistic term set providing a more powerful form to represent decision makers’ 
preferences in the decision making process. Liao and Xu [13,14] developed a hesitant fuzzy 
VIKOR method based on some new measures, and proposed some new hybrid weighted 
aggregation operators under hesitant fuzzy multi-criteria decision making environment. 
Zhang and Wei [51] proposed an extension of VIKOR method based on hesitant fuzzy set 
in decision making problem. 


Dual hesitant fuzzy (DHF) set, introduced by Zhu et al. [44], is a comprehensive set en- 
compassing fuzzy sets, intuitionistic fuzzy sets [1], hesitant fuzzy sets, and fuzzy multiset- 
s [17] as special cases. By several possible values for the membership and nonmembership 
degrees, dual hesitant fuzzy sets are more objective than hesitant fuzzy sets to describe 
the vagueness of data or information. In recent years, many authors have investigated 
multiple attribute decision-making theories and methods under the dual hesitant fuzzy en- 
vironment [3,6,30,40]. Very recently, the combination of dual hesitant fuzzy sets and other 
uncertainty theories is becoming a research hotspot. For example, by integrating rough 
set theory with dual hesitant fuzzy sets, Zhang et al. [47] proposed a single-granulation 
dual hesitant fuzzy rough set (SGDHFRS). Based on the SGDHFRSs, they presented the 
concept of multi-granulation dual hesitant fuzzy rough sets (MGDHFRSs) in which two 
types of this model are proposed: one is called the optimistic MGDHFRS; the other is 
called the pessimistic MGDHFRS. The relationships among the optimistic MGDHFRS, 
the pessimistic MGDHFRS and the SGDHFRS are then established. However, reduc- 
tion approaches of the MGDHFRSs are not still be investigated. In order to develop 
the application of the MGDHFRSs, topological properties and reduction approaches on 
MGDHFRSs further need to be studied. The objective of this paper is mainly to focus on 
the study of reduction approaches of the MGDHFRSs. 


The rest of the paper is organized as follows. The next section reviews some basic 
concepts considered in the study, such as HF sets, DHF sets and MGDHFRSs. In Section 3, 
we propose a reduction approach of MGDHFRSs to eliminate redundant DHF granulations 
by a numerical example. Finally, we conclude the paper in Section 4. 
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2 Preliminaries 

2.1 Dual hesitant fuzzy sets 

As an extension of hesitant fuzzy sets, dual hesitant fuzzy sets are defined by Zhu et 
al. [44] as follows: 

Definition 2.1 ( [44]) Let U be a fixed set, a dual hesitant fuzzy set B on JJ is described 
as: 

B = {< x,ho(x),go(x) > \x € U}, 

in which ho(x) and go(x) are two sets of some values in [0,1], denoting the possible 
membership degrees and non-membership degrees of the element x € U to the set B re- 
spectively, with the conditions: 0 < 7,77 < 1 and 0 < 7 + + i) + < 1, where for all x £ U, 
7 € h 0 (x),ri £ go (x), 7 + £ h£(x) = U ieho ^ x) max{^}, g + £ g£(x) = U r, egB ^max{rj}. 

For convenience, the pair d(x) = (hj$(x), go(x)) is called a DHF element denoted by 
d = ( h,g ). The set of all DHF sets on U is denoted by DHF(U). 

2.2 Multi-granulation dual hesitant fuzzy rough sets 

In [47], Zhang et al. proposed a SGDHFRS by integrating rough set theory with dual 
hesitant fuzzy sets. First, they introduced a DHF relation as follows: 

Definition 2.2 ( [47]) Let U, V be two nonempty and finite universes. A DHF subset M 
of the universe U x V is called a DHF relation from U to V, namely, M is given by 
M = {< (x,y),h R (x,y),g R (x,y) > \{x,y) G U x V}, 
where : U x V — >• [0, 1] are two sets of some values in [0,1], denoting the possible 

membership degrees and non-membership degrees of the relationships between x and y 
respectively, with the conditions: 0 < 7, 7 < 1 and 0 < 7 + + r/ + < 1 , where for all 
(x,y) G U x V, 7 G h R (x,y),rj G gm(x,y), 7 + G h£(x,y) = U 7ehm(x ^max{j}, )] + G 
ffm(x,y) = U ^egR(x,y)max{r}}. 

In particular, if U = V, we call M a DHF relation on U. In what follows several special 
DHF relations are introduced as follows: 

Definition 2.3 ( [47]) The DHF relation M from U to V is said to be serial if for each 
x G U, there exists a y G V such that h R (x,y) = {1} and g R (x,y) = {0}; M is said to 
be reflexive on U if h R (x,x) = {1} and g R (x,x) = {0} for all x G U; M is referred to 
as a symmetric DHF relation on U if h R (x,y) = h R (y,x) and g R (x,y) = g R (y,x) for all 
x,y G U. 

If a DHF relation M on U is reflexive and symmetric, it is called a DHF tolerance 
relation on U . 
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Based on the above DHF relation, lower and upper DHF approximation operators are 
defined as follows: 

Definition 2.4 ( [47]) Let U be a nonempty and finite universes and M be a DHF tol- 
erance relation on U. The pair (U, M) is called a DHF tolerance approximation space. 

For any A € DHF(U), the lower and upper approximations of A with respect to (U, M), 
denoted byM.( A) and M(A), are two DHF sets ofU and are, respectively, defined as follows: 

1(A) = {< x,h MA) (x),g RW (x) > \x € U}, (1) 

M(A) = {< x,h i(A) (x),g W(A) (x) >\ xeU}, (2) 


where 


h R ( A) (x) = A yj eu{m(x,yj ) v h A {yj)}, g R ^(x) = 'L yjeU {h R (x,y j ) A g A (yj)}; 

h R(A)( x ) = -yjeu{hM.(x, yj) A h A ( yj )}, g R{A) (x) = L yj& {g R {x,yj) Y g A (yj)}. 

M(A) and M(A) are, respectively, called the single- granulation lower and upper approxi- 
mations of A with respect to ( U , M). The pair QR(A), M(A)) is called a SGDHFRS of A with 
respect to (U, M), and M, M : DHF(U) DHF(U) are referred to as single granulation 
lower and upper DHF rough approximation operators, respectively. 

Based on the SGDHFRSs, Zhang et al. [47] presented two MGDHFRS models: one is 
called the optimistic MGDHFRS; the other is called the pessimistic MGDHFRS. 

Definition 2.5 ( [47]) Let U be a nonempty and finite universe of discourse and M,; ( 1 < 
i < m) be m DHF tolerance relations on U; the pair (U, {M*|l < i < m}) is called the DHF 
tolerance approximation space. For any A € DHF(U), the optimistic multi- granulation 
dual hesitant fuzzy lower and upper approximations of A with respect to (U, {Mj|l <i< 
m}), denoted by (A) and Y1 T=i (A), are two DHF sets and are, respectively, 

defined as follows: 

m O 

(A) = {< x, R i °(A)(* T )i 9j2ihi Ri°(A)(‘ T ) > \ x ^ U}, (3) 

i — 1 


E M * ( A ) = > |x G U }’ (4) 


where 
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i Kj°(A) — —i= i {9M.i{x,yj) y h^iuj)} , 

5 E -iR.O (a) (x) = Ajlj y y jeU {hKi(x, yj ) A 5A (%■)}, 

fc E"i«i °(A)( a; ) = “ % ' e(7 { hR ^ X ’ y i"> ^ 

n| r( A )(ig) = v r i ^%ef/ {SRi(®,!/j) v 9A(yj)}- 

The pair (X)2=i Mj°(A), M* (A)) is called an optimistic MGDHFRS of A with 

respect to ([7,{Mj|l < i < m}). If J2iLi^i° ( A) = X^iM? (A), t/ien A is referred to 
as optimistic- definable in (U, {Mj|l <i< m}); otherwise, A is referred to as optimistic- 
undefinable in (U, {Mj|l < i < m}). 

Definition 2.6 ( [47]) Let (£/,{Mj|l < i < m}) be the DHF tolerance approximation 
space. For any A G DHF(U), the pessimistic multi- granulation dual hesitant fuzzy low- 
er and upper approximations of A with respect to (U, {Mj|l < i < m}), denoted by 
X]”=i^i P (A) and ^G^Mj (A), are two DHF sets and are, respectively, defined as fol- 
lows: 

m P 

(A) = {< x, hj 2 ^ iRi n^(x),gj 2 ^i R .n^(x) 

i= 1 


£"< < a > = (< 
i = 1 

where 

/l- £™iK; P (A)( x ) = N.'St/ {«Ri (*,%■) ^ h A ( yj )}, 

9 Er=i»/(A)( x ) = ~y^ u I 71 ® i( x >yj) * 9A(yj)}, 

[R / - : , 1 -yj&J {hR.i(x,yj) A h A (yj)}, 

9 ^FfR i p (A)^ = {0Ri(®> Vj) ^ 5a(2/j)}- 

T/ie pair (X^i Mi P (A), Mi (A)) is called a pessimistic MGDHFRS of A with 

respect to (U, {Mj|l < i < m}). 7/^™ 1 Mj P (A) = Y1T=i Mi (A), then A is referred to as 
pessimistic- definable in (U, {Mj|l < i < m}); otherwise, A is referred to as pessimistic- 
undefinable in (U, {Mi|l < i < m}). 

Then, Zhang et al. [47] established the relationships among the optimistic MGDHFRS, 
the pessimistic MGDHFRS and the SGDHFRS. 

Theorem 2.7 ( [47]) Let U be a nonempty and finite universe of discourse and M*(l < 
i < m ) be m DHF tolerance relations on U. For any A G DHF(U ), M,- (A) and 

YZi Mj (A) are the optimistic multi- granulation dual hesitant fuzzy lower and upper ap- 
proximations of A with respect to (U, {Mi|l < i < m}), respectively. Then, 


> \x G U}, (5) 

> \x G U}, (6) 
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(1) YZ iRi °(A) = 

(2) Y?=i^° ( A) = Ifil^^A). 

Theorem 2.8 ( [47]) Let U be a nonempty and finite universe of discourse and R*(l < 
i < m) be m DHF tolerance relations on U. For any A € DHF{JJ ), X^uR? (A) and 

— p 

YILi Rj (A) are the pessimistic midti- granulation DHF lower and upper approximations 
of A with respect to (U, {R,:|l < i < m }), respectively. Then, 

(1) YZi Ki P (A) = fhl” = A 1 Mi(A), 

( 2 ) E™^ P (A) = l^(A). 

3 Approximation reduction approach in multi-granulation 
DHF decision information system 

In this section, we establish a practical reduction approach in multi-granulation DHF 
decision information system (MGDHFDIS) based on the MGDHFRS model. The objective 
of reduction is to obtain a smallest subset of DHF relations that may preserve consistence 
of MGDHFDIS. 

Definition 3.1 Let apr=(U,M. = {Rj|l < i < m }) be the DHF tolerance approximation 
space, A be the DHF set and M°, M°, M p , C R. 

(1) -I/Xr^R 0 Rj°(A) = YT=i Ri (A), then R° is referred to as a consistent optimistic 

lower approximation of apr. If R° is a consistent optimistic lower approximation, and no 
proper subset of R° is a consistent optimistic lower approximation, then R° is called an 
optimistic lower approximation reduct of apr. 

(%) If XR;eR p i P ( A) = X^r=i®v P (A)> then R p is referred to as a consistent pes- 
simistic lower approximation of apr. If R p is a consistent pessimistic lower approxima- 
tion, and no proper subset o/R p is a consistent pessimistic lower approximation, then R p 
is called a pessimistic lower approximation reduct of apr. 

(3) If Yu s° (A) = Y'lL i (A), then R° is referred to as a consistent optimistic 

upper approximation of apr. If R° is a consistent optimistic upper approximation set, and 
no proper subset of R is a consistent optimistic upper approximation, then R is called 
an optimistic upper approximation reduct of apr. 

- — p - — P p 

(4) If Ed b p (A) = Xf=i®v (A); then R is referred to as a consistent pes- 

P 

simistic upper approximation of apr. If R is a consistent pessimistic upper approxima- 

— p — p 

tion, and no proper subset o/R is a consistent pessimistic upper approximation, then R 

is called a pessimistic upper approximation reduct of apr. 
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Table 1: DHF relation Mi in Example 3.3 


UxU 

Xl 

x 2 

X3 

x 4 

X\ 

({1,1}, 

({0.4, 0.5}, 

({0.2, 0.3}, 

({0.6, 0.8}, 

{0,0}) 

{0.2, 0.4}) 

{0.5, 0.7}) 

{0.1, 0.2}) 

X2 

({0.1, 0.2}, 

({1,1}, 

({0.2, 0.3}, 

({0.4, 0.5}, 

{0.7, 0.8}) 

{0,0}) 

{0.6, 0.7}) 

{0.5, 0.5}) 

X 3 

({0.2, 0.2}, 

({0.5, 0.8}, 

({1,1}, 

({0.3, 0.4}, 

{0.6, 0.7}) 

{0.2, 0.2}) 

{0,0}) 

{0.5, 0.6}) 

X4 

({0.3, 0.5}, 

({0.4, 0.5}, 

({0.2, 0.3}, 

({1,1}, 

{0.4, 0.5}) 

{0.2, 0.4}) 

{0.5, 0.7}) 

{0,0}) 


Table 2: DHF relation M 2 

in Example 

3.3 

UxU 

X\ 

x 2 

X3 

x 4 

Xl 

({1,1}, 

({0.3, 0.5}, 

({0.2, 0.2}, 

({0.4, 0.5}, 

{0,0}) 

{0.2, 0.5}) 

{0.7, 0.8}) 

{0.3, 0.5}) 

X 2 

({0.2, 0.2}, 

({1,1}, 

({0.4, 0.6}, 

({0.2, 0.5}, 

{0.6, 0.8}) 

{0,0}) 

{0.3, 0.4}) 

{0.3, 0.5}) 

X 3 

({0.1, 0.3}, 

({0.4, 0.5}, 

({1,1}, 

({0.1, 0.2}, 

{0.5, 0.6}) 

{0.3, 0.4}) 

{0,0}) 

{0.7, 0.8}) 

x 4 

({0.2, 0.5}, 

({0.1, 0.1}, 

({0.5, 0.6}, 

({1,1}, 

{0.3, 0.5}) 

{0.8, 0.9}) 

{0.3, 0.4}) 

{0,0}) 


From Definition 3.1, we see that the lower approximation reduct is the smallest subset 
of M = {Mj|l < i < m} which preserves the lower approximations of all DHF sets in U . 
And so is for the upper approximation reduct. 

Definition 3.2 A multi- granulation DHF decision information system is a quads S = 
(U, {Mj|l < i < m},D,V), where U is a nonempty and finite universe; {Mj|l < i < m} 
is a set of m DHF relations on U ; D is a nonempty and finite set of decision attributes; 

V = {g(x, d)|.x G U, d G D} is a set of the relationships between U and D, and g(x, d) is a 
DHF element denoted as g(x,d) = {hd(x),gd(x)). We call g(x,d) the decision DHF value 
of x under decision attribute d. 

Example 3.3 A MGDHFDIS can be described as follows: U = {x\, x 2 , x$, X 4 }; Mj(l < 
i < 5) are DHF relations on U shown as Tables 1-5; D = {d \ , d 2 \; V = {g(xi,dj)\xi G 
U,dj G D}, where g(x\,di) = ({0.3, 0.4}, {0.2, 0.6}), g(x 2 ,d\) = ({0.3, 0.5}, {0.4, 0.5}), 
gfadi) = ({0.3, 0.7}, {0.2, 0.3}), g{x A ,d 1 ) = ({0.2, 0.3}, {0.6, 0.7}), g( Xl ,d 2 ) = ({0.5, 0.7}, 
{0.2, 0.3}), g(x 2 ,d 2 ) = ({0.5, 0.6}, {0.2, 0.4}), g{x 3 , d 2 ) = ({0.2, 0.4}, {0.3, 0.6}) and g(x 4 , d 2 ) 
= ({0,0.1}, {0.8, 0.9}). 


On the basis of Definition 3.1, approximation reducts in MGDHFDIS based on the 
MGDHFRS model are defined as follows. 
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Definition 3.4 Let a MGDHFDIS = (U, { M,; 1 1 < i < m},D , V), where U = {xi,X 2 , • • • , x n } 
and D = {d \ , d- 2 , ■ ■ ■ , d v }, Dj = {< Xj, g(xi, dj) > \ Xi G U, dj G D} G DHF(U). 

(1) For all j {l < j < v), if Y,R i& RoRi° (Dj) = Y!jL\ R>i °(Dj), then M° is referred 

to as a consistent optimistic lower approximation of MGDHFDIS. If is a consistent 
optimistic lower approximation, and no proper subset o/K° is a consistent optimistic lower 
approximation, thenR° is called an optimistic lower approximation reduct of MGDHFDIS. 

(2) For all j( 1 < j < v), if YIr^rp ^ P (Dj) = Ri P (Dj), then M p is referred to 

as a consistent pessimistic lower approximation of MGDHFDIS. //M p is a consistent pes- 
simistic lower approximation, and no proper subset o/M p is a consistent pessimistic lower 
approximation, then M p is called a pessimistic lower approximation reduct of MGDHFDIS. 

(3) For all j( 1 < j < v), if E R . eS o ( D j) = YT=i Ri°( D j), then M° is referred 

to as a consistent optimistic upper approximation of MGDHFDIS. If is a consis- 
tent optimistic upper approximation, and no proper subset of M is a consistent opti- 
mistic upper approximation, then M is called an optimistic upper approximation reduct 
of MGDHFDIS. 

(4) For all j( 1 < j < v ), */(^) = YT=i ^ (Dj), then R P is referred to 

P 

as a consistent pessimistic upper approximation of MGDHFDIS. IfM. is a consistent pes- 

— p 

simistic upper approximation, and no proper subset o/M is a consistent pessimistic upper 

— p 

approximation, then M is called a pessimistic upper approximation reduct of MGDHFDIS. 

In order to obtain the optimistic and pessimistic approximation reducts of MGDHFDIS, 
we introduce the concepts of DHF vectors and DHF matrices. In the text that follows, 
without loss of generality, we suppose that the first HF elements in all the DHF elements 
have the same length k, and the second HF elements in all the DHF elements have the 
same length l. 

Definition 3.5 Let n— dimensional vector a = ( 01 , 02 ,- ■ ■ ,a n ) T , where cti = (hi, gi)( 1< 
i < n) are n DHF elements. Then we call a a n— dimensional DHF vector. If M nm = 
(ai, d- 2 , • • • , a m ), where dj( 1 < j < m) are m n— dimensional DHF vectors, then we call 
M nm a n x m DHF matrix. Specially, a n— dimensional DHF vector can be viewed as a 
n x 1 DHF matrix. 


Based on Definition 3.5, a MGDHFDIS can be described as multiple DHF matrices 
(DHF relation matrices) and vectors (called decision DHF vectors). For example, by using 
DHF relation matrices and decision DHF vectors, the MGDHFDIS in Example 3.3 can be 
described as follows: 




/ ({ 1 , 1 }, { 0 , 0 }) 

({0.1, 0.2}, {0.7, 0.8}) 
({0.2, 0.2}, {0.6, 0.7}) 
V ({0.3, 0.5}, {0.4, 0.5}) 


({0.4, 0.5}, {0.2, 0.4}) 
({Id}, {0,0}) 
({0.5, 0.8}, {0.2, 0.2}) 
({0.4, 0.5}, {0.2, 0.4}) 


({0.2, 0.3}, {0.5, 0.7}) 
({0.2, 0.3}, {0.6, 0.7}) 
({ 1 , 1 }, { 0 , 0 }) 
({0.2, 0.3}, {0.5, 0.7}) 


({ 0 . 6 , 0 . 8 }, { 0 . 1 , 0 . 2 }) \ 
({0.4, 0.5}, {0.5, 0.5}) 
({0.3, 0.4}, {0.5, 0.6}) 
({ 1 , 1 }, { 0 , 0 }) / 
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Table 3: DHF relation M3 in Example 3.3 


UxU 

X\ 

X2 

X3 

X4 


({1,1}, 

({0.2, 0.4}, 

({0.1, 0.2}, 

({0.3, 0.4}, 

X\ 

{0,0}) 

{0.5, 0.6}) 

{0.6, 0.8}) 

{0.4, 0.6}) 


({0.1, 0.2}, 

({1,1}, 

({0.5, 0.6}, 

({0.3, 0.5}, 

X2 

{0.7, 0.8}) 

{0,0}) 

{0.2, 0.3}) 

{0.4, 0.4}) 


({0.0, 0.5}, 

({0.1, 0.2}, 

({1,1}, 

({0.7, 0.9}, 

X 3 

{0.4, 0.4}) 

{0.7, 0.8}) 

{0,0}) 

{0.1, 0.1}) 


({0.3, 0.4}, 

({0.2, 0.3}, 

({0.3, 0.6}, 

({1,1}, 

X 4 

{0.5, 0.6}) 

{0.5, 0.7}) 

{0.3, 0.4}) 

{0,0}) 


/ ({1,1}, {0,0}) ({0.3, 0.5}, {0.2, 0.5}) ({0.2, 0.2}, {0.7, 0.8}) 

({0.2, 0.2}, {0.6, 0.8}) ({1,1}, {0,0}) ({0.4, 0.6}, {0.3, 0.4}) 

({0.1, 0.3}, {0.5, 0.6}) ({0.4, 0.5}, {0.3, 0.4}) ({1,1}, {0,0}) 

V ({0.2, 0.5}, {0.3, 0.5}) ({0.1, 0.1}, {0.8, 0.9}) ({0.5, 0.6}, {0.3, 0.4}) 


/ ({1,1}, {0,0}) ({0.2, 0.4}, {0.5, 0.6}) ({0.1, 0.2}, {0.6, 0.8}) 

({0.1, 0.2}, {0.7, 0.8}) ({1,1}, {0,0}) ({0.5, 0.6}, {0.2, 0.3}) 

({0.0, 0.5}, {0.4, 0.4}) ({0.1, 0.2}, {0.7, 0.8}) ({1,1}, {0,0}) 

V ({0.3, 0.4}, {0.5, 0.6}) ({0.2, 0.3}, {0.5, 0.7}) ({0.3, 0.6}, {0.3, 0.4}) 


( ({1,1}, {0,0}) ({0.4, 0.6}, {0.3, 0.4}) ({0.6, 0.7}, {0.3, 0.3}) 

({0.1, 0.2}, {0.7, 0.7}) ({1,1}, {0,0}) ({0.5, 0.6}, {0.2, 0.3}) 

({0.3, 0.4}, {0.5, 0.6}) ({0.5, 0.5}, {0.3, 0.4}) ({1,1}, {0,0}) 

V ({0.4, 0.5}, {0.3, 0.5}) ({0.0, 0.2}, {0.7, 0.8}) ({0.1, 0.4}, {0.5, 0.5}) 


/ ({1,1}, {0,0}) ({0.5, 0.5}, {0.4, 0.5}) ({0.1, 0.2}, {0.6, 0.8}) 

= ({0.1, 0.1}, {0.8, 0.9}) ({1,1}, {0,0}) ({0.6, 0.7}, {0.2, 0.3}) 

Rs ({0.0, 0.3}, {0.6, 0.7}) ({0.2, 0.5}, {0.4, 0.5}) ({1,1}, {0,0}) 

V ({0.4, 0.5}, {0.3, 0.4}) ({0.1, 0.2}, {0.6, 0.8}) ({0.1, 0.2}, {0.6, 0.8}) 

and decision DHF vectors: 


O2 


({0.4, 0.5}, {0.3, 0.5}) \ 
({0.2, 0.5}, {0.3, 0.5}) 
({0.1, 0.2}, {0.7, 0.8}) 
({ 1 , 1 }, { 0 , 0 }) / 

({0.3, 0.4}, {0.4, 0.6}) \ 
({0.3, 0.5}, {0.4, 0.4}) 
({0.7, 0.9}, {0.1, 0.1}) 
({ 1 , 1 }, { 0 , 0 }) / 

({0.8, 0.9}, {0.1, 0.1}) \ 
({0.2, 0.3}, {0.6, 0.7}) 
({0.3, 0.4}, {0.6, 0.6}) 
({ 1 , 1 }, { 0 , 0 }) 

({0.2, 0.3}, {0.5, 0.6}) \ 
({0.2, 0.3}, {0.6, 0.7}) 
({0.2, 0.2}, {0.6, 0.7}) 
({ 1 , 1 }, { 0 , 0 }) 



T 


Now, the union, intersection and complement of two DHF vectors and matrices can be 


defined as follows: 


Definition 3.6 Let a\ = (an, ai2, - • • , ai n ) T and 0.2 = (021, a22,- • • ,ot2 n) T be two 
n— dimensional DHF vectors, where an = (hn,gu) and 02 i = (hai, <72i)(l < i < n) are 
DHF elements. Assume that Mi = (Sn, a\2, ■ ■ ■ , a i m ) and M2 = (a 2 i,a 22 ) - '' , «2 m) be 
two nxm DHF matrices, where a\ 3 and a2j(l < j < m) are n— dimensional DHF vectors; 
then, 

(1) a\ W a .2 = (an Y a2i, ai2 - «22, • • ■ , «i n Y a2 n ) T , 
where an Y a 2 * = {({h^- s) V h^}, {g^ A gl^})\l < s <k, 1 <t < 1}(1 < i < n); 
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( 2 ) Q?1 (TT «2 — {oill A 0121 , ot 12 A a 22 , ' ' ‘ , CLln A a 2n ) T i 
where a u A a 2i = {({A^ A h 2j ; (s) }, V ^ (<) })|1 < s < 

( 3 ) The complementary vector of a\ is denoted as 

(«i) c = (~ a ii, ~ ai2, • • • , ~ «i/, 

w/iere ~ a u = {/hf s) })|l < s < k,l < t < l }( 1 < 

( 4 ) Ml tyj M 2 = (ail «21, «12 022, • ■ ■ , aim W «2m); 

( 5 ) M\ Ini M2 = (an Ini c?2i , «12 Ini 022, aim rffl a 2m ); 

( 6 ) The complementary matrix of Mi is denoted as 
Mi c = ((an) c , (ai 2 ) c , • • • , (ai m ) c ) T . 


k, 1 < t < £}(1 < i < n ); 


i < n); 


In the following we introduce the product operation of DHF matrices. 


Definition 3.7 Let P and Q be two DHF matrices, and 


1 (Pll,P n ) (Pl2>P 12 ) 

fel.P 2 i) (P22,P 22 ) 

\ (Pm I ^ P m 1 ) (Pin2 * A m2 ) 

( (9n.£n) (9i2.£i 2 ) 

(921. ?ai) (Q 22 ,Q 2 2 ) 

\ (5«,l,^i) (Qw 2,Q w2 ) 


(PlvoPlJ ^ 

(p2v: ' Pj2w ^ 

(Pmw 1 P mw ) / 

(9lm£i n ) ^ 
(QwmQ wn ) ) 


Then, the product of P and Q is a m x n DHF matrix, denoted as follows: 

M = PoQ = ((r^,r^)) 1 < i < ml < j < n , 
where 

fij = Vi< u <w{Piu A ?„j} = { V (pfj s) A Cj S) )l 1 < s < 

= Ai<u<«,{p iu V q uj } = { A (Piu ] V Cf )|1 <*<*}• 


In the following discussions, for convenience, we don’t distinguish between DHF vectors 
and DHF sets on U. 


Theorem 3.8 Let M be the DHF relation on U , Mr be DHF matrix of M and A € 
DHF(U); then 

(1) 1(A) = (Mr o A c ) c , 

(2) M(A) = Mr o A, 

where 1(A) and R(A) are the single- granulation lower and upper approximations defined 
in Definition 2.f. 

Proof. It can be easily verified from Definitions 3.7 and 2.4. □ 

According to Theorems 3.8, 2.7 and 2.8, we conclude that the following theorem holds. 


1197 


Yanping He et al 1187-1206 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.7, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Table 4: DHF relation R4 in Example 3.3 


UxU 

Xl 

X2 

X 3 

X4 

Xl 

({1,1}, 

({0.4, 0.6}, 

({0.6, 0.7}, 

({0.8, 0.9}, 

{0,0}) 

{0.3, 0.4}) 

{0.3, 0.3}) 

{0.1, 0.1}) 

X2 

({0.1, 0.2}, 

({1,1}, 

({0.5, 0.6}, 

({0.2, 0.3}, 

{0.7, 0.7}) 

{0,0}) 

{0.2, 0.3}) 

{0.6, 0.7}) 

X 3 

({0.3, 0.4}, 

({0.5, 0.5}, 

({1,1}, 

({0.3, 0.4}, 

{0.5, 0.6}) 

{0.3, 0.4}) 

{0,0}) 

{0.6, 0.6}) 

X4 

({0.4, 0.5}, 

({0.0, 0.2}, 

({0.1, 0.4}, 

({1,1}, 

{0.3, 0.5}) 

{0.7, 0.8}) 

{0.5, 0.5}) 

{0,0}) 


Table 5: DHF relation M5 

in Example 3.3 

UxU 

Xl 

X2 

X 3 

X4 

X\ 

({1,1}, 

({0.5, 0.5}, 

({0.1, 0.2}, 

({0.2, 0.3}, 

{0,0}) 

{0.4, 0.5}) 

{0.6, 0.8}) 

{0.5, 0.6}) 

X2 

({0.1, 0.1}, 

({1,1}, 

({0.6, 0.7}, 

({0.2, 0.3}, 

{0.8, 0.9}) 

{0,0}) 

{0.2, 0.3}) 

{0.6, 0.7}) 

X 3 

({0.0, 0.3}, 

({0.2, 0.5}, 

({1,1}, 

({0.2, 0.2}, 

{0.6, 0.7}) 

{0.4, 0.5}) 

{0,0}) 

{0.6, 0.7}) 

X4 

({0.4, 0.5}, 

({0.1, 0.2}, 

({0.1, 0.2}, 

({1,1}, 

{0.3, 0.4}) 

{0.6, 0.8}) 

{0.6, 0.8}) 

{0,0}) 


Theorem 3.9 Let Rj(l < i < m) be rn DHF relations on U , Mr. be the DHF relation 
matrices of M,; ( 1 < i < m) and A G DHF(U); then 

( 1 ) E£i* °(A) = w- o a c ) c , 

^ E™^V) = ^(Mr, o A); 

w e;=i^ p (a) = ^(m* o a c ) c , 

( 4 ) E™^ P (A) = yfl 1 (A% i O A). 


Example 3.10 (Continued from Example 3.3) According to Theorem 3.8(2), we have 


Mi(Di) = M Rl o D, =(({0.3, 0.5}, {0.2, 0.5}), ({0.3, 0.5}, {0.4, 0.5}), 
({0.3, 0.7}, {0.2, 0.3}), ({0.3, 0.5}, {0.4, 0.5})) T , 

l2(Oi) = Mr 2 o D, =(({0.3, 0.5}, { 0.2, 0.5}), ({0.3, 0.6}, {0.3, 0.4}), 
({0.3, 0.7}, {0.2, 0.3}), ({0.3, 0.6}, {0.3, 0.4})) T , 

Mi(Oi) = Mr 3 o D, =(({0.3, 0.4}, {0.2, 0.6}), ({0.3, 0.6}, {0.2, 0.3}), 
({0.3, 0.7}, {0.2, 0.3}), ({0.3, 0.6}, {0.3, 0.4})) r , 
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M 4 (Oi) = Mr 4 o D, =(({0.3, 0.7}, {0.2, 0.3}), ({0.3, 0.6}, {0.2, 0.3}), 
({0.3, 0.7}, {0.2, 0.3}), ({0.3, 0.4}, {0.3, 0.5})) r , 

15(00 = Mr 4 o O, =(({0.3, 0.5}, {0.2, 0.5}), ({0.3, 0.7}, {0.2, 0.3}), 
({0.3, 0.7}, {0.2, 0.3}), ({0.3, 0.4}, {0.3, 0.6})) T . 

Then by Theorem 3.9(2) and (4), we obtain 

-5 ° 

Y (°i) =((i°- 3 ’ °- 4 }’ {°- 2 ’ 0-6}), ({0.3, 0.5}, {0.4, 0.5}), 

i= 1 

({0.3, 0.7}, {0.2, 0.3}), ({0.3, 0.4}, {0.4, 0.6})f, 

and 

-5 P 

Y ( Di ) =(({°- 3 ’ 0 - 7 >’ {°- 2 > °- 3 })’ ({°- 3 ’ °- 7 i’ {°- 2 ’ °- 3 })’ 

i= 1 

({0.3, 0.7}, {0.2, 0.3}), ({0.3, 0.6}, {0.3, 0.4})) T . 

Similarly, we have 

!}(D 2 ) = M Rl O D 2 =(({0.5, 0.7}, {0.2, 0.3}), ({0.5, 0.6}, {0.2, 0.4}), 
({0.5, 0.6}, {0.2, 0.4}), ({0.4, 0.5}, {0.2, 0.4})f, 

3MD 2 ) = Mr 2 o D 2 =(({0.5, 0.7}, {0.2, 0.3}), ({0.5, 0.6}, {0.2, 0.4}), 
({0.4, 0.5}, {0.3, 0.4}), ({0.2, 0.5}, {0.3, 0.5})) r , 

W~ 3 (0 2 ) = Mr 3 o D 2 =(({0.5, 0.7}, {0.2, 0.3}), ({0.5, 0.6}, {0.2, 0.4}), 
({0.2, 0.5}, {0.3, 0.4}), ({0.3, 0.4}, {0.3, 0.6})f, 

3MD 2 ) = Mr 4 o D 2 =(({0.5, 0.7}, {0.2, 0.3}), ({0.5, 0.6}, {0.2, 0.4}), 
({0.5, 0.5}, {0.3, 0.4}), ({0.4, 0.5}, {0.3, 0.5})) T , 

K 5 (B 2 ) = Mr 4 o D 2 =(({0.5, 0.7}, {0.2, 0.3}), ({0.5, 0.6}, {0.2, 0.4}), 
({0.2, 0.5}, {0.3, 0.5}), ({0.4, 0.5}, {0.3, 0.4})) r . 

Then 

-5 ° 

Y ( D2) °- 7 }’ {°- 2 ’ °- 3 i)’ °- 6 >’ i°- 2 ’ °- 4 i)’ 

i=i 

({0.2, 0.5}, {0.3, 0.5}), ({0.2, 0.4}, {0.3, 0.6})) T , 
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and 



According to Theorem 3.8(1), we have 


Mi(Di) = 



l2(Di) = (Mr 2 o 0 1 c ) c =(({0.3, 0.4}, {0.4, 0.6}), ({0.3, 0.5}, {0.4, 0.5}), 

({0.3, 0.5}, {0.4, 0.5}), ({0.2, 0.3}, {0.6, 0.7})) T , 

M3(Bl) = (Mm 3 o D! C ) c =(({0.3, 0.4}, {0.3, 0.6}), ({0.3, 0.4}, {0.4, 0.5}), 

({0.2, 0.3}, {0.6, 0.7}), ({0.2, 0.3}, {0.6, 0.7})f, 

M4(Bl) = (Mm 4 o D! C ) c =(({0.2, 0.3}, {0.6, 0.7}), ({0.3, 0.5}, {0.4, 0.5}), 

({0.3, 0.5}, {0.4, 0.5}), ({0.2, 0.3}, {0.6, 0.7})f, 



Then according to Theorem 3.9(1) and (3), we obtain 


5 


o 


E R - 


(D t ) =(({0.3, 0.4}, {0.3, 0.6}), ({0.3, 0.5}, {0.4, 0.5}), 



and 


5 


p 




(Di) =(({0.2, 0.3}, {0.6, 0.7}), ({0.3, 0.4}, {0.4, 0.5}), 


({0.2, 0.3}, {0.6, 0.7}), ({0.2, 0.3}, {0.6, 0.7})). 


Similarly, we have 
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M2(D 2 ) = (M R2 o B 2 c ) c =(({0.3, 0.5}, {0.4, 0.5}), ({0.3, 0.4}, {0.3, 0.6}), 

({0.2, 0.4}, {0.3, 0.6}), ({0.0, 0.1}, {0.8, 0.9})) r , 

Ms(D 2 ) = (M R3 o B 2 c ) c =(({0.4, 0.6}, {0.3, 0.4}), ({0.2, 0.4}, {0.3, 0.6}), 

({0.1, 0.1}, {0.7, 0.9}), ({0.0, 0.1}, {0.8, 0.9})) t , 

M4(D 2 ) = (Mr, o B 2 c ) c =(({0.1, 0.1}, {0.8, 0.9}), ({0.2, 0.4}, {0.3, 0.6}), 

({0.2, 0.4}, {0.3, 0.6}), ({0.0, 0.1}, {0.8, 0.9})) t , 

M5(B 2 ) = (Mr 5 o B 2 c ) c =(({0.5, 0.6}, {0.2, 0.4}), ({0.2, 0.4}, {0.3, 0.6}), 

({0.2, 0.4}, {0.3, 0.6}), ({0.0, 0.1}, {0.8, 0.9})) t . 

Then 

5 ° 

^2 Ki (D 2 ) =(({0.5, 0.6}, {0.2, 0.4}), ({0.5, 0.5}, {0.3, 0.5}), 

1=1 

({0.2, 0.4}, {0.3, 0.6}), ({0.0, 0.1}, {0.8, 0.9})f, 


(D 2 ) =(({0.1, 0.1}, {0.8, 0.9}), ({0.2, 0.4}, {0.4, 0.6}), 

2=1 

({0.1, 0.1}, {0.7, 0.9}), ({0.0, 0.1}, {0.8, 0.9})). 


It is well known that a discernibility function is a key notion to reduction algorithms 
in rough set theory. Therefore, by constructing the discernibility functions, we present 
a practical method to determine the optimistic and pessimistic approximation reducts of 
MGDHFDIS. 


Definition 3.11 Let MGDHFDIS = (U, {Mj|l < j < m},D = {dj|l < i < v},V), 
\U\ = n and Dj(l < i < v) be decision vectors. Denote 

m O 

( D *) = ' ' ' ,°m)( 1 < * < 

j = 1 

where o iu = {({o^ (s) }, {p^ W })|l < s < k, 1 < t < Z}(1 < u < n); 


(Bj) = (on,Oi 2 , ■ ■ ■ ,o in )( 1 <i<v), 
j= 1 
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where o iu = {({o^}, {o*®}) |1 < s < k, 1 < t. < Z}(1 < u < ra); 

m P 

^ = ( livPi2 ’ ' ' ' >Pj( 1 ^ ^ V )’ 
i=i 


where p. u = {{{pF },{pF J })|1 <s<k,l<t< Z}( 1 < « < n); 

( D A = (Pil>Pi2> ' ' ' ’AnX 1 < * < *0, 
i=i 

w/iere = {({p^}, {p? (t) })|l < a < k, 1 < t < Z}( 1 < u < n); 

■ • • .EijnX 1 < * < v, 1 < J < m)> 

w/i,ere = {({rjf }, {rX?})|l < a < A:, 1 < t < Z}( 1 < u < n); 

%(Dj) = (r i j 1 ,f i j 2 , ■ ■ ■ ,f ijn )( 1 < i < v, 1 < j < ra), 

w/iere r iju = {({r^f }, {r^})|l < s < fc, 1 < t < Z}( 1 < u < n). 

Then, the optimistic lower approximation discernibility function of MGDHFDIS is 

v n k l 

S°= A A A A( V RjA V %); 


i=l u=l s-1 t=l ,<>) ,<*) 1<j<m 

—XJU —XU ’ — J — 


a(t) u (t) ./ 

r • —o ,l< 7 <m 

—xju —XU ’ — ^ — 


i/ie optimistic upper approximation discernibility function of MGDHFDIS is 

n v n k l 

/ = A A A A ( V RjA 


i=l u = 1 .5=1 i=l *(») „(*) < < 

XU 1 — 


V 

ct(s) 
iu ’ 

rat? 

V 


<r(t) ct(£) ./ 

r — o ,l<7<m 

—XJU —XU ’ — J — 


V 

cr(t) 
in ’ 

imc 

V 


^3)1 


f/ie pessimistic lower approximation discernibility function of MGDHFDIS is 

v n k l 

pP A A A A / \/ TO A 

_ /\ V 5 

2=1 1i=l S=1 t=l cr(s ) <r(s) ^ cr(t) a(t) A ^ 

r • =p v ,l< 7 <m r- — p 

—xju t—XU ’ — J — — iju £_in ’ — J — 

the pessimistic upper approximation discernibility function of MGDHFDIS is 

p v n k l 

/ = A A A A ( V 

i=1 u=l S=1 t=l ^o-(s) _—cr(s) 


\7 


A 


V 


r~ifu=Pl„',l<3<m 


—i r(t ) _ <r(t) -i ^ 

r ■ —v / ,l< 7 <m 

xju l xu ’ — J — 


^3 > 


According to Definitions 3.11 and 3.4, we can easily obtain the following theorem. 

Theorem 3.12 Let MGDHFDIS = (C/, {K.y 1 1 < j < m},D = {cZj|l < i < n},D), 

\U\ = n. We can convert the approximation discernibility functions f°, f , f p and 

_p _ “1 hi _ n OL 2 @2 

f of MGDHFDIS into their disjunction forms f = V ( A ®Asi)) / = V ( A ^a/ 32 ), 

o=l /?=! a = 1 /}=! 

n «3 /?3 _p Q4 hi 

f_ p = V ( A ^a/ 33 ), and f = V ( A K a/ 34 ), respectively. Then, B° = {M Q( gi|^ = 

a=l /3=1 a=l /3=1 
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1,2,- •• ,/?!}(« = 1,2,--- , ai ), B° = {R a/32 \P = 1,2,- ■■ ,&}(<* = 1,2,--- ,a 2 ), B p a = 
{M Q/33 |/3 = 1,2, ••• ,/3 3 }(a = 1, 2, • • • ,a 3 ), and B^ = {M a/34 |/3 = 1, 2, • • • , /3 4 }(a = 
1 , 2 , • • • , a 4 ) are f/ie optimistic lower upper, and pessimistic lower and upper approximation 
reducts of MGDHFDIS, respectively. 

From Theorem 3.12, we see that all the approximation reducts of MGDHFDIS can be 
obtained through using the discernibility functions defined in Definition 3.11. 


Example 3.13 (Continued from Example 3.10) From Definition 3.11, we obtain 
f® = ((M 2 V M 3 V M 5 ) A M 3 A M 5 ) A (Mi A M 5 ) = Mi A M 3 A M 5 , 

/ = (M 3 A Mi A ((M 4 V M 5 ) A Mi A M 5 )) A (M 2 A M 3 A M 5 ) = Mi A M 2 A M 3 A M 5 , 

fl = (M 4 A M 3 ) A (M 4 A (M 3 V M 4 V M 5 ) A Mi A (M 2 V M 3 V M 4 V M 5 ) A M 3 ) = Mi A M 3 A M 4 , 
and 

f = (M 4 A M 5 A (M 2 V M 3 )) A Mi = (Mi A M 2 A M 4 A M 5 ) V (Mi A M 3 A M 4 A M 5 ). 

Hence, by virtue of Theorem 3.12, we draw the conclusion that the optimistic lower 
approximation reducts of MGDHFDIS are {Mi,M 3 ,Ms}; 

The optimistic upper approximation reducts of MGDHFDIS are {Mi,M 2 , M 3 , M 5 }; 

The pessimistic lower approximation reducts of MGDHFDIS are {Mi,M 3 ,M 4 }; 

The pessimistic upper approximation reducts of MGDHFDIS are {Mi,M 2 ,M 4 , M 5 } and 
{Mi, M 3 , M 4 , M 5 }. 


4 Conclusion 

As two new mathematical approaches to cope with imprecision and uncertainty in data 
analysis, DHF sets and MGRS theory have their own advantages. Considering the facts, 
Zhang et al. [47] proposed a MGDHFRS by combining DHF sets and MGRS theory which 
includes many existing MGRS models as special types, such as MGRSs [22], MGFRSs 
in a fuzzy tolerance approximation space [34] and IFMGRSs [7]. Since the MGDHFRS 
includes both ingredients of DHF sets and MGRSs, it is more effective and flexible than 
both DHF sets and MGRSs to handle imprecise and imperfect information. In this study, 
in order to further investigate the applications of MGDHFRSs, we present a reduction 
method in MGDHFDIS based on MGDHFRSs. An example is also provided to illustrate 
the validity of this method. Generally, this reduction approach based on discernibility 
functions can be extended to other various rough set models in the context of defining 
discernibility functions. 

In the future, topological structures of the MGDHFRSs are the main research direction 
considered by our group. Moreover, it is important and interesting to further investigate 
the applications of the MGDHFRSs. 
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THE FEKETE-SZEGO PROBLEM FOR SOME CLASSES 
OF ANALYTIC FUNCTIONS 

ADAM LECKO, BOGUMILA KOWALCZYK, OH SANG KWON AND NAK EUN CHO 


Abstract. Given an analytic standardly normalized function g in D := {z € C : \z\ < 1}, 
by C(g) will be denoted the class of analytic standardly normalized function / such that 

Reje^A/Ml > 0) z€ n, 

l a(z) J 

for some <5 £ ( — 7r/2, tt/ 2). For the class C(g) the Fekete-Szego problem is examined. 


1. Introduction 


In [3] Fekete and Szego found the maximum value of the coefficient functional 

$a(/) := |«3-Aa||, AG [0,1],. 

over the class S of univalent functions / in the unit disk D := {z € C : \z\ < 1} of the form 


( 1 . 1 ) 


f(z ) =z + Y] a n z n , z G 


n=2 


By applying the Loewner method they proved that 


max 4>*( f) = 
feS 


1 + 2 exp (— 2A/ (1 - A)) , 

1, 


A G [0, 1), 
A = 1. 


The problem of calculating maxjgj- <E\(/) for various compact subclasses T of the class 
A of all analytic functions / in D of the form (1.1), as well as for A being an arbitrary real 
or complex number, was considered by many authors (see e.g., [8], [12], [23], [14], [10], [20], 
[13], [2]). 

Let S* denote the class of starlike functions, i.e. , / G S* if / G A and 

Re i|+) >0 , 2€D . 

/(+> 

Let S c denote the class of convex functions, i.e., / G S c if / G A and 

Re { 1 + w} >0 ' * eD ' 

Given <5 € (— 7r/2, n/2) and g G A, let Cs{g) denote the class of all functions / G A such 

that 

(1.2) R e{e W ^r} > O’ Z€D ‘ 


2010 Mathematics Subject Classification. 30C45, 30C80. 

Key words and phrases. Fekete-Szego problem, starlike functions, convex functions, close-to-convex func- 
tions, close-to-convex functions with argument 8. 
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For g G A let 

C(g) := (J C s (g) 

<5e(— 7t/2,7t/2) 

and for 5 G ( — vr/2, 7r/2) let 

C S ■= U C t(9). 

g&A 

Given <5 G (— 7t/2,7t/ 2) and g G 5*, functions in Cs(g) and in C(g) are called close-to- 
convex with argument 5 with respect to g and close-to- convex with respect to g, respectively. 
For 6 G (— 7t/2,7t/ 2) let 

C*s ■■= U Cs(g), C c s := U C$(g). 

g£S* g£S c 

Let 

C* := |J (J C*fo) 

<5e(— 7r/2,7r/2) gS<S* 

denote the class of close-to-convex functions and let 


C c := (J (J C 5 ( 5 ). 

5e(-7r/2,7r/2) 3S<S C 


For details on close-to-convex functions see [22, pp. 184-185], [11], [7] (cf. [6, Vol. II, pp. 
1-11]). The class C was considered in [1], 

For the whole class C* of close-to-convex functions, the sharp bound of the Fekete-Szego 
functional on M was calculated by Koepf in [14] who extended the earlier result for the class 
Cq due to Keogh and Merkes [12], namely, he proved that 

( |3 — 4A|, A G (— oo, 1/3] U [1, + 00 ), 

(L3) max4> A (/) = maxd> A (/) = < l/3 + 4/(9A), A G [1/3, 2/3], 

/eC /eC ° [l, AG [2/3,1]. 

For the class C c of close-to-convex functions with respect to convex functions, the sharp 
bound of the Fekete-Szego functional on the interval [0, 1] was studied by Srivastava, Mishra 
and Das in [25], who extended the earlier result for the class Cg due to Abdel-Gawad and 
Thomas [1] . By Theorem 3 of [1] , Theorems 1 to 4 of [25] and by observation in Section 2 of 
the paper [18], the following result holds: 


(1.4) 


and 


max$ A (/) = max 4> A (/) 

JtC JcL 0 


5/3-9A/4, A G [0,2/9] 
2/3 + 1/ (9A), A G [2/9, 2/3], 


(1.5) maxd> A (/) ^ 5/6, Ag(2/3,1], 

jec c 

Given a G [0,1], let 

3 ‘ iz) := (T^y- Z€D ' 

and 

h a (z) := - — - — , zGi. 

1 — az 

The corresponding classes C(g a ) and C(h a ) are defined, respectively, by the following condi- 
tions: 

(1.6) Re je i<5 (l — az) 2 /(z)} > 0, zGD, 
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3 


and 

(1.7) Re je i<5 (l — az)f'(z)^ > 0, * € D, 

where 5 € (— 7r/2, tt/2). 

The upper bound on the Fekete-Szego functional for the class C{g a ) was obtained in [15], 
where it was shown that 


max 

f&C(g a ) 


<M/) 


(1.8) 


< < 


- H — a + a 2 — (1 + a) 2 X 
3 3 

2 9 /l (2 — 3A) 2 

3 + “ \3 2 — |2 — 3A| 4 



A € K\ (n(a),T 2 (a)), 
A G [ri(a),r 2 (a)], 


where 


ri(a) 


2a 

3(1 + a)’ 


T2(a) 


2(2 + a) 

3(1 + a)' 


As it is well known, the Koebe function k := g\ and the function h := hi are extremal 
for various computational problems in the class S* of starlike and in the class S c of convex 
functions, respectively. The Fekete-Szego problem was separately considered for the class 
C{k) in [16] and for the class C(h) in [17], i.e., when a := 1 in (1.6) and (1.7). Setting a := 1 
into (1.8) we get the result for the class C(k). 

For a := 0 the condition (1.6) as well as (1.7) is of the form 


(1.9) 


Re{e i<5 /(- 2 )} > 0, +D. 


Functions / having such a property are called of bounded turning with argument 5 and form 
the class C$(h) denoted usually as V'(5), and further the class V of functions called of bounded 
turning (cf. [6, Vol. I, p. 101]). On the other hand, the condition (1.7) is known as a famous 
criterium of univalence due to Noshiro [21] and Warschawski [27] (cf. [6, p. 88]). By setting 
a := 0 into (1.8) we get the following result published, among other results, in [10, Theorem 


2.3]: 


max<h A (/) = -. 


In this paper we unify mentioned results proving the Fekete-Szego inequality for the class 
C(g) with g € A such that 

l/(0)|<4. 


2. Main result 

By V we denote the class of all analytic functions p in B of the form 

OO 

(2.1) p(z) = l + ^2 c n z n , zeD, 

n= 1 


having a positive real part in ED. Let 



L(z) 

£ T := {z € C : \z\ = 1} let 

1 + z 

zGl 

For each e 

~ 1-z’ 

Clearly L e 

L s (z ) 

€ V for every e G T. 

:= L(sz), 

z G ED. 
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The inequalities (2.2) and (2.3) below are well known. They can be found in [24, pp. 41 
and 166]. 

Lemma 2.1. If p GV is of the form (2.1), then 


(2.2) 

|c n | <2, n G N 

and 


(2.3) 

C2- d <2-A 

2 - 2 


Both inequalities are sharp. The equality in (2.2) holds for every function L e G V, £ £ T. 
The equality in (2.3) holds for every function 

Pt,e ( z ) := tL ( el6 ^) + (1 - t)L ( e 2ld z 2 ) 

= 1 + 2 te w z + 2 e 2W z 2 + . . . , 

where t £ [0, 1] and 9 £ M. 

Now we prove the main theorem of this paper. The idea of the proof is based on the 
Koepf’s method [14] of calculating for close-to-convex functions with A restricted to the 
interval (1/2, 2/3). However, we apply it homogenously for the class C(g) for all real A in the 
same manner as in [15] and [16]. Also the Laguerre’s rule of counting zeros of polynomials in 
an interval is the key tool in the proof. 

We recall shortly the Laguerre’s rule of counting zeros of polynomials in an interval (see 
[19], [9], [26, pp. 19-20]). Given a real polynomial 

(2.4) Q(it) = aou n + a\u n + • • • + a n —\u + a n 
consider a finite sequence (q k ), k = 0, 1 , . . . , n, of polynomials of the form 

k 

(2.5) q k (u) = y ^aju k ~ j . 

3=0 

For each uq £ M let N(Q] uq) denote the number of sign changes in the sequence {q k (u o)) , k = 
0, 1, . . . , n. Given an interval I Cl, denote by Z(Q ; I) the number of zeros of Q in I counted 
with their orders. Then the following theorem due to Laguerre holds. 

Theorem 2.2. If a < b, Q(a) / 0 and Q{b) f 0, then Z(Q;[a,b]) = N(Q;a) — N(Q;b) or 
N(Q\ a) — N(Q] b ) — Z(Q ; [a, b\) is an even positive integer. 

Note that q k ( 0) = a k and q k { 1) = Y^ k j=o a j- Thus in the case of the interval [0, 1] Theo- 
rem 2.2 reduces to the following useful corollary. 


Corollary 2.3. IfQ{ 0) ^0 andQ{l) / 0, then Z(Q; [0, 1]) = N(Q; 0)-N(Q; 1) orN(Q;0)- 
N(Q ; 1) — Z(Q] [0, 1]) is an even positive integer, where N(Q ; 0) and N(Q] 1) are the numbers 
of sign changes in the sequence of polynomial coefficients ( a k ) and in the sequence of sums 



where k = 0, 1, . . . , n, respectively. 


The main theorem of the paper is 


Theorem 2.4. If g £ A is of the form 

OO 

(2.6) g{z) = z + ^2b n z n , z GO, 

n ='2 
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with 

(2.7) 

then 


M < 2, 


max ( f ) 
/ecfo) 


(2.8) 

where 

(2.9) 


< < 


l b s-\xH 


n(N) : = 


+ (i + M) 

(2 - 3A) 2 |6 2 | 2 




A G M \ [ti(|6 2 |),t 2 (|6 2 |)] , 


+ 


12(2-|2 — 3A|) + 3' Ae l T i(N)>72(M)]| 


m 


3(N + 2) : 


T"2 ( | ^2 1 ) : = 


2(|fe 2 |+4) 
3(|6 2 | + 2)‘ 


Proof. Let g G A be of the form (2.6) and / € C(g) be of the form (1.1). Observe that 
/ G C(g) if and only if 


(2.10) 


zf'(z) = e lS g(z) ( p(z ) cos 6 + i sin 5) , z € B, 


for some <5 G ( — vr/2, vr/2) and p G 7L Setting the series (1.1), (1.3) and (2.1) into (2.10) by 
comparing coefficients we get 



1 

/ -i<5 

02 = 

2 

( cie 


1 

/ — i(5 

o 3 = 

— 

c 2 e 


3 

V 


( 2 . 11 ) — - 1 

Let AgI. Using (2.3) from the above we have 

4>a (/) = ja 3 — Aa|| 

-c 2 e -115 cos d H — ci 6 2 e _1<5 cos 5 H — 63 
3 3 3 


1 


— -^-A(c 2 e 2l<5 cos 2 6 + 2ci& 2 e ll 5 cos5-|-6| 


f-b 3 - - A \h A 2 + x ( c 2 - 7 T e 1 <S cos5 


+-c 2 ^1 — j^Ae l 5 cos5^ e 1,5 cos d + — -A^ ci& 2 e 1,5 cos 6 


< 


R&3 - 7 A hi 


+ 7 2- 


ci 


cos 6 + 


ci 


1 — - Ae 1,5 cos 5 


cos 5 


+ 


1 


|ci||6 2 | cos 6 




+ LM 

l 3 6 


1 — ( 3A — -A 2 I cos 2 5 — 1 
4 


(2.12) 


+ 


1 - 1 x 

3 2 


|ci|| 6 2 | ) cos5. 
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Set x := | ci | and y := cos<5. Clearly, y £ (0,1] and, in view of (2.2), x £ [0,2], It is 
convenient to use in further computation 7 := 2 — 3A instead of A. For 7 £ M let 


« 7 (y) : = y 2 , v e [o, l]. 


By the assumption (2.7), set |&2 1 := 2 a, where a £ [0, 1]. Set R := [0, 2] X [0, 1]. For a € [0, 1] 
and 7 € M define 

Fa,-y(x, y ) := (4 + X 2 (s 7 (y) - 1) + 2a|7|x) y, (x, y) £ R. 

Hence and from (2.12) we have 


(2.13) 


max 3>\(f) < 

fec(g) 




+ \ max F a7 (x,y). 

6 ( x,y)£R 


Now for a £ [0, 1] and 7 £ M we find the maximum value of F a 7 on the rectangle R. 

1. In the corners of R we have 

-Fa, 7 (0,0) = F a>7 (2,0) = 0, 

(2.14) F a , 7(0,1) = 4, 

7 (2, 1) = 2(1 + 2a)| 7 |. 

2. For x = 0 and y £ (0, 1) we have a linear function and for x £ (0, 2) and y = 0 we 
have a constant function. 

3. For x £ (0, 2) and y = 1. let 

G a , 7 {x ) := F an (x, 1) = ^ (I7I - 2) x 2 + 2a|7|x + 4. 

For I7I = 2 we get the linear functions, so let I7I / 2. Then G' a (x) = 0 if and only if 


2 «ItI 

x = —7 =: x, 

2-M 


a, 7* 


Thus x a>7 £ (0, 2) if and only if 

(2.15) 


a / 0 A 0 < < 1. 

2 - 7 


The left-hand inequality in (2.15) holds if and only if 

(2.16) a / 0A0 < |y| < 2. 

We can write the right-hand inequality (2.15) as 

(1 + a)| 7 | — 2 


2 - 


< 0 


and, in view of (2.16), it holds when |y| < 2/(1 + a). But 2/(1 + a) < 2 for a £ (0, 1], so this 
with (2.16) yields that x„ i7 £ (0, 2) if and only if 

(2.17) «/0A0< | 7 | < 

1 + a 

Thus the function G a ~ f has a critical point in (0,2), namely, x a>7 as the unique one, if 
and only if (2.17) holds. Moreover we have 


(2.18) 


2a 2 7 2 

Fa,7(x Qj7 , 1) — G a ^ 7 (x a ^ 7 ) — — pyj T 4. 
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4. For x = 2 and y € (0, 1), let 

HaM '■= Facv&y) = ^{y s i(y) + a \i\ y) • 

For I7I = 2 we have the linear functions evidently, so let | 7 | 7^ 2. Note first that 

(2.19) s 7 (y)> 0, 3/ 6 (0,1), 

since the equation s 1 {y) = 0, y € (0, 1), equivalently written as 

(2.20) ( 4 - 7 V = 4, y 6(0,1), 

has no solution. Indeed, as y 2 > 0, we have | 7 | < 2. But from (2.20) we obtain 


y = 


> 1, 


4 - 7 2 

which is a contradiction. Thus (2.20) has no solution, so (2.19) holds. Taking into account 
(2.19) we have 

1 


(2.21) 


ys'Jy) = 


-\ l -V 2 ) y2 s 2 Jy) -l 


' 1 - ( 1 - | 7 2 ) y 2 


S'yiy) 


(0,1). 


Using (2.21) we get 


H'a^y) = 4 ( « 7 (y) + 


s*(y) - 1 


+ a| 7 | , y 6 (0, 1). 


Hence 

(2.22) 

if and only if 


H ' an {y) = 0 


2 s 7 (y) + a| 7 |s 7 (y) -1 = 0, 


= : s 


0,7- 


i.e., in view of (2.19) if and only if 
(2.23) »,(„) = + V- 8 + ^ 

As | 7 | / 2, so from the above we get the equation 

,0 0,3 ..2 _ 4 - “V + «| 7 |V 8 + a 2 7 2 

y “ 2(4 - 7 2 ) 

Thus the solution of the equation (2.24), and hence of (2.22), exists if and only if 


(2.25) 


q < 4 — a 2 7 2 + Qf| 7 j y / 8 _ +o 2 7 2 < ^ 


2(4 - 7 2 ) 

Let | 7 | < 2. The left-hand inequality in (2.25) is clearly true since 4 — a 2 7 2 > 0. Write 
the right-hand inequality in (2.25) equivalently as 

(2.26) a| 7 | V8 + a 2 7 2 < 4 - (2 - a 2 ) 7 2 . 

The above inequality can hold only when 

2 


(2.27) 


M < 


y/2 -a 2 ' 
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But 2/y/2 — a 2 < 2, so squaring (2.26) and reducing we equivalently have 

(2.28) (l-a 2 ) 7 4 -4 7 2 + 4 >0. 

Let a = 1. Then, taking into account (2.27), the inequality (2.28) holds if and only if 
| 7 | < 1. Let a G [0, 1). Then (2.28) holds if and only if 

l7l > \l rr^— or | 7 | < J ^ . 

VI — a Vl + a 

Hence, from (2.27) and by the fact that for a € [0, 1), 

I 2 2 I 2 

V 1 + a ~ V2 - a 2 ~ V 1 ~a' 

we see that (2.28) and, consequently, (2.25) holds if and only if 


(2-29) | 7 | < 

V 1 + a 

In this way, we proved that for a e [0,1], the inequality (2.28), so (2.25) holds if and 
only if (2.29) holds. 

Let | 7 | > 2. Then the left-hand inequality in (2.25) holds if and only if 


(2.30) “ItIv/S + a 2 7 2 < a 2 7 2 — 4. 

Note that a 2 7 2 — 4 < 0 for | 7 | < 2/a, so then (2.30) is false. Assume that | 7 | > 2/a. 
Squaring (2.30), after reducing, we get | 7 | < 1/a, which contradicts the assumption. 

Thus we proved that the function H a 7 has a critical point in (0, 1), namely, 


V = 


'4 — a 2 7 2 + a| 7 |^/a 2 7 2 + 8 


2(4 - 7 2 ) 


Va, 7j 


as the unique solution of (2.24), if and only if (2.29) holds. Moreover, 


^0,7(2) 2/a,7) H a ry (//O^) 


(2.31) 


'4 — a 2 7 2 + ck| 7 | 7/ 8 + a 2 7 2 


2(4 - 7 2 ) 


+ a 2 7 2 + 3a 


5. We will prove that for each a € [0, 1] and 7 € R the function F ail has no critical point 
in (0,2) x (0,1). 

We have 

dFg, 7 _ q 
dx 

if and only if 

y{x{s 1 (y) - 1) + a| 7 |) = 0, 
and since y 7^ 0 and x 7^ 0, if and only if 


(2.32) *,(//) -1 ye (0,1). 

x 

Observe hrst that 7 7^ 0 because if 7 = 0, then the equation (2.32) reduces to so(y) = 
1, y e (0, 1), which has no solution in (0, 1). 

If a = 0, then the equation (2.32) reduces to s^(y) = 1, y e (0,1), which is satisfied if 
and only if | 7 | = 2 and y e (0, 1) is any. On the other hand, if | 7 | = 2, then the equation 
(2.32) is satisfied for a = 0 only. 

Since x > 0, by comparing (2.32) and (2.19), we additionally see that x > a| 7 |. 
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Thus the solution of (2.32) can exist only when 
(2.33) (a = 0 A |y| = 2) V (a / 0 A 7 / 0 A |y| / 2 A x > 0)7!). 

Squaring then (2.32) we obtain 


(2.34) 




X X 

Since by (2.19), s 7 (y) / 0 for y € (0, 1), taking into account (2.21) we have 

dF a , 7 . , 2 / / n 1U0 | | ,{^{y)~l)x 2 

= 4 + x (s 7 (y) — 1) + 2a|7|x + ■ 


dy 

Thus, by using (2.32) and (2.34), we have 


*7(y) 




a, 7 


if and only if 


dy 


4 + x z ( — ) 4- 2a\^\x + 


= 0 


2 a|y| a 2 y 2 
~f~ o 


1 - 


x * 

«Jt[ 

X 


= 0 , 


and after simplifying, if and only if 


4 + a | 7 | x+ - 2a H l2 + 7 2l = 0 . 

x — a|7| 


a|y|x 2 — 4x + 4a|y| =0, x € (0, 2). 


Thus 

(2.35) 

Note first that for a = 0 the equation (2.35) has no solution. Let a / 0. From (2.33), 
7/O. Then the discriminant A = 16(1 — a 2 y 2 ) > 0 if and only if 0 < |y| < 1/a. Note 
that A = 0 if and only if |y| = 1/a, and then the equation (2.35) has no solution. Thus the 
equation (2.35) has no root when |q| > 1/a. Consequently, for a = 0 and 7 € M as well as 
for a € (0, 1] and |y| > 1/a the function F an has no critical point in (0, 2) X (0, 1). 

Thus by (2.33) we consider 

(2.36) a ^ 0 A |y| / 2 A 0 < |y| < 1/a A x > a\^\. 

Solving now (2.35) we have 


x = 


2 — 2^1 — a 2 7 2 


N - %1 ; q 7 , X 

«I7| 

Since X2 ;a , 7 > 0 and xi ;aj7 X2 ; a,7 = 4, so we immediately see that 0 < xi ;Qj7 < 2 < X2 ;a ,7- 
Thus X2 ;a ,7 ^ (0, 2) and it remains to consider xi ; q , i7 . 

Observe that xi ;Q , i7 > a\ 7). Indeed, this follows from the fact that the inequality 


2 + 271 — a 2 7 2 


— • ^2;a,7* 


2-2 vT^ 


2^2 


a* 7 


«ItI 


> a 


is equivalent to 

2 — a 2 q 2 > 2y/f — a 2 7 2 , 
which is evidently true for 0 < |q| < 1/a. 
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Setting x := aq ;0!)7 into (2.34) we have 


2 a|y| a 2 y 2 


s 2 {y)-l = -^l + 2 . 

*Tl;a,7 ^l;a,7 


Hence 


2. ,2 


2a|7| a 2 y 


^2 _ x i;a,7 _ 2 a\-f\xi ;a , 7 - a 2 q 2 


1 1 2 
1 “ 4 7 




l;a,7 


, 1 2 
1 - 4 7 


(2.37) 


^4 — a 2 y 2 — 4^/ 1 — a 2 7 2 ^ a 2 y 2 

(l - \A - a 2 7 2 ) ( 4 - 7 2 ) 

A solution in (0, 1) of (2.37) exists if and only if 

^4 — a 2 7 2 — 4\/l — a 2 'y 2 ') a 2 7 2 

(2.38) 0 < A 9 4 < 1 

(l - \A ~ « 2 7 2 ) ( 4 - 7 2 ) 

By (2.36) consider 


(2.39) a / 0 A |y| / 2 A 0 < |y| < — . 

a 

We will prove that then the condition (2.38) is false. 

(A) Suppose that 2 < |y| < 1/a. Since, as easy to check, the left-hand side of the 
inequality 

(2.40) 4 — a 2 y 2 > 4y/l — a 2 7 2 

is positive, by squaring and computing, we equivalently get the inequality 

a 2 y 2 + 8 > 0, 

which is true. Hence and by the fact that 4 — q 2 < 0 we see that the left-hand inequality in 
(2.38) is false. 

(B) By (2.39) it remains to consider 

a / 0 A 0 < I7I < — < 2. 

a 

(a) As in Part (A), we prove that (2.40) holds. Hence and by the fact that 4 - 7 2 > 0 
we see that the left-hand inequality in (2.38) holds. 

(b) Since 4 — q 2 > 0, write the right-hand inequality in (2.38) as 

^4 — a 2 q 2 — 4 i/l — a 2 7 2 ^ a 2 y 2 < ^1 — i/l — a 2 7 2 ^ (4 — q 2 ) 
and, after computing, equivalently as 

(2.41) (8 - 2(1 + 2a 2 ) 7 2 ) yj\ - a 2 y 2 < (a 4 + a 2 )y 4 - 2(1 + 4a 2 )y 2 + 8. 

We will show that (2.41) is false. To verify it, we will prove that the inequality 

(2.42) s a (t) > r a (t), (0,1/a 2 ), 
holds, where 

s a (t) := (8 - 2(1 + 2 a 2 )i) \/l - a 2 t, t € [0, 1/a 2 ] , 
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and 

r a (t) := (a 4 + a 2 )t. 2 — 2(1 + 4 a 2 )t + 8, t G [0, 1/a 2 ] . 

Then substituting t := y 2 into (2.42), we get the true inequality which shows that (2.41) is 
false. 

Let 

w a (t) := s 2 a {t ) - r 2 (i), t G [0, 1/a 2 ] . 

Thus after computing we have 

(2.43) Ri Q (t) = a 4 f 3 (4 — (1 + a 2 ) 2 t) , t G [0, 1/a 2 ] . 

Note that ie a (i) = 0 if and only if 


t = 0 V t 


4 

(1 + a 2 ) 2 ta ’ 


since, as easy to check, t a £ [0, 1/a 2 ] for a € (0, 1]. 

Let a := 1. Then L = 1 and by (2.43), 

wi(t) = (si(t) - n(t))(si(t) + ri(t)) = 4f 3 (l - t) > 0, t G (0, 1). 

Hence and from the fact that 

si(0) + n(0) = 16 > 0, 

it follows that 

si(f) - ri(t) > 0, i 6(0,1), 

which confirms (2.42). 

Let now a 6 (0, 1). Then by (2.43), 

(2.44) w a (t) = (s a (t) ~ r a (t))(s a (t) +r a (t)) > 0, fe(0,f a ), 

and 

(2.45) w a (t) = (s a (t) - r Q (t))(s Q (t) + r a {t)) < 0, te(t Ql l/a 2 ). 

Since 

s Q (0) + r a (0) = 16 > 0, 

from (2.44) it follows that 

(2.46) s a (t) - r a (t) > 0, t€(0,t a ). 

Similarly, since 



from (2.45) it follows that 

(2.47) s a (t)-r a (t)> 0, t 6 (t a , 1/ a 2 ) . 

Thus from (2.46), (2.47) and by the continuity of the functions s a and r a at t := t a , we have 

s a (t) - r a (t) > 0, t 6 (0,1 /a 2 ), 


which confirms (2.42). 

Thus, taking into account Parts (A) and (B), we proved that (2.41) is false, so the 
condition (2.38) does not hold and, therefore the equation (2.37) has no solution in (0, 1). 

In this way, the proof that for a 6 [0, 1] and 7 € R the function F a i7 has no critical point 
in (0, 2) x (0, 1) is finished. 

6. Now we calculate the maximum value of F ar/ in R, which, as was shown, is attained 
on the boundary of R. Let a € [0, 1]. 
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(A) I7I > 2/(1 + a). Taking into account Part 3 with (2.17) and Part 4 with (2.29), we 
see that the maximum value of F ar/ is attained in a corner of R. Thus by (2.14) it suffices to 
compare the following values: 

(2.48) 0, 4, 2(l + 2a)| 7 |. 

Since, for |y| > 2/(1 + a), 

4 + 8 a; 

2(l + 2a)| 7 |>-±^>4, 

1 + a 

so from (2.48) we have 

(2.49) max F an (x,y) = F a>7 ( 2, 1) = 2(1 + 2a) M- 

(a :,y)eR 


(B) 2/(1 + a) < | 7 | < 2/(cc + 1). Taking into account Part 4 with (2.17) and Part 5 

with (2.29), we see that the maximum value of F a i7 is attained in a corner of R or in ( x a i7 , 1) . 
Thus we compare all values (2.48) and, by (2.18), the value 


Fa,') (T'a,7, 1) 


2a 2 7 

2-M 


Observe that 

2 a 2 7 2 

2-n + 4>2(l + 2a)|7|. 

Indeed, since | 7 | < 2/ (a + 1) < 2, the above after computing is equivalent to the inequality 


((1 + q ) 2 | 7 |_ 2 ) 2 > 0 , 


which clearly holds. Thus 

(2.50) max F ai (x, y) = F a ~ (x a 7, 1) 

(x,y)GR ” 


2 a 2 7 

2-M 


(C) 7 = 0. Taking into account Part 3 with (2.17) and Part 4 with (2.29), the maximum 
value of F a fi is attained in a corner of R or in the point (2,y a> o) = (2, 1 / x/2) • Thus, by 
comparing all values (2.48) for 7 := 0 and, by (2.31), the value 


F a , 0 (2, y a , 0) — 2, 


we have 


(2.51) max F afi (x,y) = F afi ( 0, 1) = 4. 

{x,y)eR 

(D) 0 < M < v / 2/( a + !)• Then we compare all values (2.48) and, by (2.18) and (2.31), 
Fa,') (x a , 7) 1) and F an (2, y Q)7 ) . We will show that the value F an (x a ,y, 1) is the largest one. 
(Di) Since | 7 | < y/2/(a + 1) < 2 for a € [0, 1], so a 2 7 2 /( 2 — | 7 |) > 0 and therefore 

Fa , 7 (3'a,7) 1 ) — 4. 

Moreover, repeating arguments of Part (B), we see that 

Fa , 7 (x a , 7, 1) > 2(1 + 2ck)| 7 |. 

(D2) Thus it remains to prove that 

(2.52) F a ^ (x a , 7 , 1) > F a ,y (2, ya,')) 
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i.e., in view of (2.18) and (2.31), that 



As I7I < 2, so both sides of (2.53) are positive. Thus squaring (2.53) and computing we 
equivalently have 

a 4 |7| 5 + (6a 4 — 8a 2 ) 7 4 + (20a 2 + 8) 1 7 1 3 — (8a 2 + 16) 7 2 — 24|7| + 48 

(2.54) > a | 7 |(2-| 7 |)(a 2 7 2 + 8 ) 3/2 . 

To verify that (2.54) holds, we will show that 

(2.55) Q a (u) > S a (u), u £ [0, u a ], 
where u a := y/2f{a + 1), 

Q a (u) := a 4 u 5 + (6a 4 — 8a 2 ) u 4 + (20a 2 + 8) u 3 

— (8a 2 + 16) u 2 — 24 u + 48, u £ [0, u a \, 

and 

S Q (u) := au { 2 — u) ( a 2 u 2 + 8 ) 3//2 , u £ [0, u a ]. 

(1°) a = 0. Then uq = y/2 and the inequality (2.55) reduces to 

Qo(u) = u 3 — 2 u 2 — 3u + 6 = (u 2 — 3) (it — 2) > 0 = S'o(tt), u £ 0, V2 , 

which is true. Thus (2.55) holds, which confirms (2.54). 

(2°) a = 1. Then u\ = 1 and the inequality (2.55) reduces to 

u 5 - 2 u 4 + 28 u 3 - 24 u 2 - 24 u + 48 

(2.56) > u(2 - u) (u 2 + 8) 3/2 , u £ [0, 1] . 

Since 

u 5 - 2 u A + 28 u 3 - 24u 2 - 24 u + 48 > u 5 - 2 u 3 + 28 u 3 - 24 -24 + 48 

= u 5 + 26u 3 > 0, «e[0, 1], 

so both sides of (2.56) are nonnegative. Thus squaring (2.56) and computing we equivalently 
get the inequality 

(u - l) 2 (2 u 6 + 32u 4 + 40u 3 - 92« 2 + 144u + 144) >0, u £ [0, 1], 

which clearly holds. To see this, replace u 2 by u. Thus (2.55) holds, which confirms (2.54). 
(3°) a G (0,1). Define 

V a (u) := Q 2 a {u) - 5 2 (u), u £ [0, u a ). 

We will show that 

(2.57) V a {u) > 0, u€[0,u a ], 

i.e., that 

(2.58) (Qa(u) - S a (u))(Q a (u) + S a (u)) > 0, u6[0,u a ]. 

Further, taking into account that Q a and S a are continuous functions with 

Qai o) - 5 q (0) = 48 > 0, 
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from (2.58) we deduce that 

Qa(u) - S a (u ) >0, tie [0, u a ], 

i.e. , that (2.55) holds. 

Now we prove that (2.57) holds, i.e., that the following inequality holds: 

V a (u) 

= (a 4 it 5 + (6a 4 — 8a 2 ) u 4 + (20a 2 + 8 ) u 3 — (8a 2 + 16) u 2 — 24 u + 48)" 

— a 2 u 2 ( 2 — u ) 2 ( a 2 u 2 + 8) 3 > 0, u € [0, u a ], 
which after computation is equivalent to 

V a (u) = (a 8 — a 6 )u 9 + (2a 8 — 5a 6 + 5a 4 )n 8 

+ (20a 6 - 16a 4 - 8 a 2 )u 7 + (-12a 6 + 6a 4 + 36a 2 + 4 )u 6 
+ (16a 4 - 24a 2 - 16 )u 5 - (8a 4 + 124a 2 + 8)« 4 + (272a 2 + 96)u 3 

9 

— (176a 2 + 60)it 2 — 144u + 144 =: ^~^ajU 9_J >0, u € [0,u a ]. 

i=o 

As in (2.5), let (qk), k = 0, 1, . . . , 9, be a sequence of polynomials of the form 

k 

Qk{u) = ajU k ~ j , u G [0 ,u a \, 

l=o 

corresponding to the polynomial Q := V a in (2.4) for Laguerre’s rule. 

(a) Now we check the signs of the elements of the sequence (%( 0)), i.e., of the sequence 
( ak ) for k = 0, 1, . . . , 9. A simple computing shows that for a € (0, 1) we have 


qo (0) 

= a 6 (a 2 — 

1) <0, 

qi (o) 

Q 

CN 

Q 

II 

- 5a 2 + 5) > 0, 

92 ( 0 ) 

= 4a 2 (5a 4 

- 4a 2 - 2) < 0, 

93 ( 0 ) 

= 2(— 6a 6 

+ 3a 4 + 18a 2 + 2) > 0, 

94 ( 0 ) 

= 8(2a 4 - 

3a 2 - 2) < 0, 

95 ( 0 ) 

II 

1 

P 

4^ 

+ 31a 2 + 2) < 0, 

96(0) 

= 272a 2 + 

96 > 0, 

97(0) 

= -176a 2 

- 60 < 0, 

98 (0) 

= -144 < 

0 , 

99 ( 0 ) 

= 144 > 0, 



N(V a ; 0) = 7 

, a 6 (0, 1). 


(b) Now we check the signs of the elements of the sequence ( qk(u a )) for k = 0, 1, . . . , 9. 
(i) k = 0. We have 

qo(u) = a 6 (a 2 — 1), u £ [0,it a ]. 

Thus 

(2.60) qo{u Q ) < 0, a 6(0,1). 
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(ii) k = 1. We have 

qi(u) = a 4 ((a 4 — a 2 )u + 2a 4 — 5a 2 + 5) , u G [0, u a \. 

We will show that 

(2.61) qi(u a ) > 0, a G (0,1), 

i.e. , after computing that 

(2.62) -(2a 4 - 5a 2 + 5 )y/a + 1 < (a 4 - a 2 )\/2, aG(0,l). 

Observe that since both sides of (2.62) are negative, after squaring and computing we equiv- 
alently get 

(2.63) 4a 8 - 2a 7 - 18a 6 + 2a 5 + 43a 4 - 50a 2 + 25 > 0, aG(0,l). 

To verify that (2.63) holds, we will show that 

(2.64) w(t) > 0, t G [0, 1], 
where 

w(t) := 4f 8 - 2 1 7 - 18 1 6 + 2 1 5 + 43t 4 - 50f 2 + 25 

= : *€[0,1]. 
i=o 

Note that the numbers of sign changes in the sequence of polynomial coefficients (&&), and in 
the sequence of sums (^2^ =0 bj^J 5 . where k = 0, 1, . . . , 8, equal 4, i.e., N(w, 0) = N(w, 1) = 4. 
Applying Corollary 2.3, we see that the polynomial w has no zero in the interval (0, 1) and, 
since w( 0) = 25 > 0, so (2.64) and, consequently, (2.63) holds. Thus (2.61) is confirmed. 

(iii) k = 2. We have 

q- 2 (u) = (a 8 — a 6 )u 2 + (2a 8 — 5a 6 + 5a 4 )rt + 20a 6 — 16a 4 — 8a 2 , u G [0, u a \. 

We will show that 

(2.65) q 2 {u a ) < 0, a G (0, 1), 
i.e., after computing that 

\/2a 2 (2a 4 - 5a 2 + 5) 

(2.66) < (-2a 5 - 18a 4 + 16a 2 + 8 )y/a + 1, a G (0, 1). 

It is easily seen that the left-hand side of (2.66) is positive and since 

-2a 5 - 18a 4 + 16a 2 + 8 > -2a 2 - 14a 2 - 4a 4 + 16a 2 + 8 

(2.67) = —4a 4 + 8 > 0, aG(0,l), 

so is the right-hand side of (2.66). Thus squaring (2.66) and computing we equivalently get 

-4a 12 + 2a 11 + 58a 10 + 198a 9 + 85a 8 - 320a 7 - 254a 6 

(2.68) -32a 5 - 41a 4 + 128a 3 + 128a 2 + 32a + 32 > 0. 

To verify that (2.68) holds, we will show that 

(2.69) w(t)> 0, tG [0,1], 
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where 

w(t) := —At 12 + 2t u + 58i 10 + 198f 9 + 85 1 8 - 320f 7 - 254f 6 

12 

-32 1 5 - 41 1 4 + 128t 3 + 128t 2 + 32t + 32 =: ^ bjt 12 ~ j , t 6 [0, 1], 

3=0 

Note that the numbers of sign changes in the sequence of polynomial coefficients ( bk ) and in 
the sequence of sums bj'j , where k = 0, 1, . . . , 12, equal 3, i.e., N(w; 0) = N(w\ 1) = 3. 

Applying Corollary 2.3, we see that the polynomial w has no zero in the interval (0, 1) and, 
since w(0) = 32 > 0, so (2.69) and, consequently, (2.68) holds. Thus (2.65) is confirmed. 

(iv) k = 3. We have 

q-z(u) = (a 8 — a 6 )u 3 + (2a 8 — 5a 6 + 5a 4 )u 2 + (20a 6 — 16a 4 — 8 a 2 )u 
— 12a 6 + 6a 4 + 36a 2 + 4, u £ [0, u a \. 

(2.70) 

We will show that 

(2.71) q^{u a )> 0, a 6(0,1), 
i.e., after computing that 

a 2 (a + 1)(— a 5 — 9a 4 + 8a 2 + 4)\/2 
< (2a 8 - 6a 7 - 11a 6 + 3a 5 + 8a 4 + 18a 3 + 18a 2 

(2.72) +2a + 2) y/at + l, a 6 (0,1). 

Since for a 6 (0, 1), 

-a 5 - 9a 4 + 8a 2 + 4 > -2a 4 + 4 > 0 

and 

-6a 7 - 11a 6 + 18a 3 + 18a 2 > -6a 3 - 11a 2 + 18a 3 + 18a 2 
= 12a 3 + 7a 2 > 0, 

so both sides of (2.72) are positive. Thus squaring (2.72) and computing we get equivalently 
4a 17 - 22a 16 - 72a 15 - 100a 14 - 67a 13 + 217a 12 + 223a 11 
-531a 10 - 748a 9 - 24a 8 + 652a 7 + 1112a 6 + 1056a 5 

(2.73) +540a 4 + 220a 3 + 84a 2 + 12a + 4 > 0. 

Observe now that the left-hand side of (2.73) is greater or equal to 

4a 17 - 22a 12 - 72a 12 - 100a 12 - 67a 11 + 217a 12 + 223a 11 
-531a 7 - 748a 6 - 24a 6 + 652a 7 + 1112a 6 + 1056a 5 
+540a 4 + 220a 3 + 84a 2 + 12a + 4 
= 4a 17 + 23a 12 + 156a 11 + 121a 7 + 340a 6 + 1056a 5 
+540a 4 + 220a 3 + 84a 2 + 12a + 4 

which is clearly positive for a 6 (0, 1). Thus (2.73) holds, which confirms (2.71). 

(v) k = 4. We have 

<74 (u) = (a 8 — a 6 )u 4 + (2a 8 — 5a 6 + 5a 4 )u 3 + (20a 6 — 16a 4 — 8 a 2 )u 2 

+(— 12a 6 + 6a 4 + 36a 2 + 4 )u 

(2.74) +16a 4 - 24a 2 - 16, u € [0, u a \. 
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We will show that there exists a unique a € (0, 1) such that 

(2.75) <7 4 M = 0, 
i.e. , after computing, a unique a £ (0, 1) such that 

(2a 8 - 6a 7 - 11a 6 + 3a 5 + 8a 4 + 18a 3 + 18a 2 + 2a + 2) y/2 

(2.76) = (-2a 7 - 18a 6 - 8a 5 + 8a 4 + 12a 3 + 20a 2 + 8a + 8) y/a + 1. 
To verify that (2.76) holds, we will show that the equation 

(2.77) r(t) = s(t ) 
has a unique solution in (0,1), where for t £ [0, 1], 

r(t) := (2 t 8 - 6 t 7 - lit 6 + 3t 5 + 8 t 4 + 18 t 3 + 18 t 2 + 2t + 2) y/2, 
s(t) ■= (— 2f 7 - 18t 6 - 8t 5 + 8t 4 + 12t 3 + 20t 2 + 8t + 8) y/t + 1. 

Define 

u>(t) := -s 2 (t) — r 2 (t), t £ [0, 1]. 


Thus 


w(t) = 4 t 16 - 26t 15 - 46t 14 - 70t 13 - 189t 12 - 82 t n 

+145t 10 + 204t 9 + 424t 8 + 528 1 7 + 316t 6 + 92t 5 

16 

— 188f 4 - 304t 3 - 180t 2 - 88 1 - 28 =: ^ bjt 16 ^ , t € [0, 1], 

3 = 0 

Note that the numbers of sign changes in the sequence of polynomial coefficients ( bk ) and 
in the sequence of sums ^ Sj =0 b^j , where k = 0, 1, . . . , 16, equal 3 and 2, respectively, i.e., 
N(w, 0) = 3 and N(w, 1) = 2. Thus applying Corollary 2.3, we see that the equation 

(2.78) w(t.) = ( s(t ) - r(t)) ( s(t ) + r(t)) = 0 

has a unique zero t =: to- Since iu(0) = —28 and rc(l) = 512, so to € (0, 1). Observe that for 
t £ [0, 1] we have 

> 2t 8 — 6 1 4 - lit 3 + 3t 5 + 8t 4 + 18t 3 + 18t 2 + 2t + 2 

V2 ~ 

= 2 1 8 + 3 1 5 + 2t 4 + 7 1 3 + 18t 2 + 2t + 2 > 0 


and 


g(0 

+ 1 


> — 2t 4 - 18t 2 - 8 1 3 + 8t 4 + 12t 3 + 20t 2 + 8t + 8 

= 6t 4 + 4t 3 + 2t 2 + 8t + 8 > 0. 


Hence r(t ) > 0 and s(t) > 0 for t £ [0, 1]. Thus from (2.78) it follows that r(to) = s(to)- 
Consequently, the equation (2.77) has a unique solution in (0, 1), namely, t = to- Thus, (2.76) 
so (2.75) holds with a := to- 

Moreover, since for a = 1 we have ui = 1 and q&{u\) = ^ 4 ( 1 ) = 8 > 0, we deduce that 

(2.79) q 4 (u a )<0, a £ (0 ,a 0 ), 
and 

(2.80) q 4 (u a ) > 0, a£(ao,l). 
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(vi) k = 5. We have 

q^u) = (a 8 — a 6 )u 5 + (2a 8 — 5a 6 + 5a 4 )u 4 + (20a 6 — 16a 4 — 8a 2 )u 3 

+(— 12a 6 + 6a 4 + 36a 2 + 4 )u 2 + (16a 4 - 24a 2 - 16)u 
—8a 4 — 124a 2 — 8, u G [0, u Q \ . 

We will show that 

(2.81) qb{u a ) <0, a G (0, 1), 
i.e. , after computing that 

(a 8 + 10a 7 + 13a 6 - 10a 4 - 16a 3 - 14a 2 - 8a - 4) y/2 

< a(— 2 a 7 + 6a 6 + 13a 5 + a 4 + 25a 3 + 44a 2 

(2.82) +15a + 2)v'a + l, a G (0, 1). 

Clearly, for a G (0, 1) we have 

a 8 + 10a 7 + 13a 6 - 10a 4 - 16a 3 - 14a 2 - 8a - 4 < 0, 

so the left-hand side of (2.82) is negative. But the right-hand side of (2.82) is clearly positive. 
In this way, (2.82) holds, which confirms (2.81). 

(vii) k = 6. We have 

qe(u ) = (a 8 — a 6 )rt 6 + (2a 8 — 5a 6 + 5a 4 )ix 5 + (20a 6 — 16a 4 — 8a 2 )it 4 

+(— 12a 6 + 6a 4 + 36a 2 + 4 )u 3 + (16a 4 - 24a 2 - 16 )u 2 
— (8a 4 + 124a 2 + 8 )u + 272a 2 + 96, u G [0, u a }. 

We will show that 

(2.83) q&{u a ) >0, a G (0, 1), 
i.e., after computing that 

a(— 2a 7 + 6a 6 + 13a 5 + a 4 + 25a 3 + 44a 2 + 15a + 2)y/2 

< (2a 7 + 18a 6 + 8a 5 + 60a 4 + 124a 3 + 72 a 2 

(2.84) +40a + 16) y/a + 1, a G (0, 1). 

Both sides of (2.84) are positive evidently. Thus squaring (2.84) and computing we get 
equivalently the inequality 

4a 16 - 26a 15 - 54a 14 - 62a 13 - 361a 12 - 1474a 11 
-3097a 10 - 5658a 9 - 11809a 8 - 19102a 7 - 21382a 6 
-18548a 5 - 12975a 4 - 6756a 3 - 2588a 2 - 768a - 128 < 0, 

which is clearly true for a G (0, 1). Thus (2.83) is confirmed. 

(viii) k = 7. We have 

q 7 (u) = (a 8 — a 6 )u 7 + (2a 8 — 5a 6 + 5 a 4 )u 6 + (20a 6 — 16a 4 — 8a 2 )-u 5 

+(— 12a 6 + 6a 4 + 36a 2 + 4)tt 4 + (16a 4 - 24a 2 - 16)u 3 
-(8a 4 + 124a 2 + 8 )u 2 + (272a 2 + 96)i i - 176a 2 - 60, u G [0, u a ]. 

We will show that 

(2.85) q 7 (u a ) > 0, a G (0, 1), 
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i.e. , after computing that 

(-4a 8 + 12a 7 + 26a 6 + 46a 5 + 182a 4 + 235a 3 
+119a 2 + 49a + 15) \J a. + 1 
< (2a 8 + 20a 7 + 26a 6 + 68a 5 + 184a 4 + 196a 3 

(2.86) +112a 2 + 56a + 16) \/2, a €(0,1). 

Both sides of (2.86) are positive evidently. Thus squaring (2.86) and computing we equiva- 
lently get 

(a 2 - 1)(— 16a 15 + 88a 14 + 304a 13 + 904a 12 + 2348a 11 + 3964a 10 
+4560a 9 + 1228a 8 - 9016a 7 - 22876a 6 - 30417a 5 - 25691a 4 

(2.87) -14838a 3 - 6286a 2 - 1889a - 287) >0, a € (0, 1). 

Since for a € (0, 1) we have 

-16a 15 + 88a 14 + 304a 13 + 904a 12 + 2348a 11 + 3964a 10 
+4560a 9 + 1228a 8 - 9016a 7 - 22876a 6 - 30417a 5 
-25691a 4 - 14838a 3 - 6286a 2 - 1889a - 287 
< -16a 15 + 88 a 7 + 304a 6 + 904a 5 + 2348a 4 + 3964a 3 
+4560a 2 + 1228a - 9016a 7 - 22876a 6 - 30417a 5 
-25691a 4 - 14838a 3 - 6286a 2 - 1889a - 287 
= -16a 15 - 8928a 7 - 22572a 6 - 29513a 5 - 23343a 4 
-10874a 3 - 1726a 2 - 661a - 287 < 0, 

so (2.87) holds. Thus (2.85) is confirmed. 

(ix) k = 8. We have 

qs(u) = (a 8 — a 6 )u 8 + (2a 8 — 5a 6 + 5 a 4 )u 7 + (20a 6 — 16a 4 — 8 a 2 )u 6 

+(— 12a 6 + 6a 4 + 36a 2 + 4 )u 5 + (16a 4 - 24a 2 - 16 )u 4 
-(8a 4 + 124a 2 + 8 )u 3 + (272a 2 + 96 )u 2 
— (176a 2 + 60)u — 144, m € [0, u a ]. 

We will show that 

(2.88) qs{ua) <0, a G (0, 1), 
i.e., after computing that 

(2.89) r(a) < s(a), a €(0,1), 
where 

r(a) := (4a 7 + 36a 6 + 16a 5 + 120a 4 + 212a 3 + 36a 2 

—28a — 4) \J a. + 1, a € (0, 1), 

and 

s(a) := (-4a 8 + 12a 7 + 26a 6 + 46a 5 + 182a 4 + 235a 3 + 119a 2 

+49a + 15)\/2, a G (0, 1). 

We see at once that 

(2.90) s(a) > 0, a €(0,1). 
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It is easily seen that for a E (0, 1), 

s 2 (a) — r 2 (a) = (-s(a) — r(a)) (s(a) + r(a)) 

= 16a 16 - 104a 15 - 216a 14 - 600a 13 - 1444a 12 - 1472a 11 
+1276a 10 + 9956a 9 + 25220a 8 + 48204a 7 + 73421a 6 
+76706a 5 + 50275a 4 + 20320a 3 + 5611a 2 + 1350a + 217 > 0. 

Hence either 

(2.91) s(a) — r(a) > 0, s(a) + r(a) >0, a € (0, 1), 
or 

(2.92) s(a ) — r(a) < 0, s(a) + r(a) <0, a E (0, 1). 

Supposing that (2.92) holds, we see that then s(a) < 0 for a E (0, 1). However this contradicts 
(2.90). Thus (2.91) holds so (2.88) is confirmed. 

(x) k = 9. We have 

q 9 (u) = V a (u), m£[0,4 

We will show that 

(2.93) q 9 (u a ) >0, a E (0, 1), 
i.e., after computing that 

(-4a 8 + 12a 7 + 26a 6 + 46a 5 + 164a 4 + 163a 3 + 11a 2 
—23a — 3)V a + 1 

< (2a 8 + 20a 7 + 26a 6 + 68a 5 + 166a 4 + 124a 3 + 4a 2 

(2.94) —16a — 2)\/2, a E (0, 1). 

To verify that (2.94) holds, we will show that 

(2.95) r(t) < s(t), 1 E (0,1), 

where 

r(t) := (— 4f 8 + 12f 7 + 26t 6 + 46t 5 + 164t 4 + 163f 3 + lit 2 

— 23f — 3)Vt + 1, t E [0, 1], 

and 

s(t) := (2 1 8 + 20f 7 + 26f 6 + 68f 5 + 166t 4 + 124f 3 + 4f 2 

-16t-2)y/2, t E [0, 1]. 

Let 

w(t) := s 2 (t) — r 2 (t), t E [0, 1]. 

Thus after computing we have 

(2.96) w(t) = (t — l) 2 (f + 1) (2f + 1) v(t), 
where 

v(t) ■= -8 1 13 + 40f 12 + 168t n + 556t 10 + 1464t 9 + 

+2776t 8 + 4148t 7 + 4220t 6 + 2358t 5 + +455t 4 

13 

(2.97) — 176f 3 — 106t 2 — 18t — 1 =: bjt k ~\ t E [0, 1]. 

j = o 
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We use now Corollary 2.3 since v(0) = — 1 / 0 and u(l) = 15876 / 0. Note that the 
numbers of sign changes in the sequence of polynomial coefficients (bf.) and in the sequence 

of sums (£jL 0 &i) , where k = 0, 1, . . . , 13, equal 2 and 1, respectively, i.e., N(v; 0) = 2 
and N(v; 1) = 1. Applying Corollary 2.3, we see that the polynomial v has the unique zero 
t =: to G (0, 1). Moreover to is the zer ° of order 1. Hence and from (2.96) it follows that to is 
the unique zero of order 1 of w in (0, 1), also. Since 

u;(0) = v(0) = -1 < 0, 


so from (2.96) and by the continuity of the function w we 

have 

(2.98) 

w{t ) = (s(t) 

-r(t))(s(t) + r(t)) < 0 , 

t G ( 0 , to) 

and 




(2.99) 

™(f) = ( s (0 

-r(t))(s(t) + r(t)) > 0 , 

t G (to 5 1) ■ 

Since 





s( 0 ) + r( 0 ) = -2V2-3 < 0 , 


from (2.98) it follows that 

(2.100) s(t) — r(t) > 0, t G (0,t 0 ), 
and 

(2.101) s(t)+r(t)< 0, t G (0,t 0 ). 
Similarly, since 

s(l) + r(l) = 784\/2 > 0, 

from (2.99) it follows that 

( 2 . 102 ) s(t) — r(t) > 0 , t G (to, 1 ), 
and 


(2.103) s(t) + r(t)> 0, t G (t 0 , 1). 
Thus from (2.100) and (2.102) we have 

(2.104) s(t) — r(t) > 0, t G (0, 1) \ {to}. 
Moreover, from (2.101) and (2.103) is follows that 

(2.105) s(to) + r(t 0 ) = 0. 

The continuity of the function s — r and (2.104) yield 

(2.106) s(to) - r(t 0 ) > 0 . 

Suppose now that 

(2.107) *(to) - r(t 0 ) = 0. 

Hence and from (2.105) we have 


s (t 0 ) = r(t 0 ) = 


Thus 

r(t) 


+ 1 

and 

s{t) 


V2 " 


= (t - *oM*) 

(t - to)cr(t), 


0 . 

te [0, 1 ], 
*e [0,1], 
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where g and a are some polynomials in [0, 1]. Hence 

w(t) = s 2 (t ) - r 2 (t) = (t- t 0 ) 2 (2 a 2 (t) - (t + 1 )g 2 (t)) , t £ [0, 1], 

which yields a contradiction since, as was shown, to is the unique zero of order 1 of w in 
(0,1). Thus the strong inequality in (2.106) holds, which together with (2.104) finishes the 
proof of (2.95). In this way (2.93) is confirmed. 

Summarizing, from (2.60), (2.61), (2.65), (2.71), (2.75), (2.79), (2.80), (2.81), (2.83), 
(2.85), (2.88) and (2.93) it follows that for three cases, namely, for a £ (0, ao), a := ao and 
a £ (ao, 1), where ao is the unique root of the equation (2.75), we have 

N(V a ;u a ) = 7. 


Hence, by (2.59) and by Corollary 2.3 we conclude that for each a £ (0, 1) the polynomial V a 
has no zero in (0 ,u a ), and since H a (0) = 144 > 0, so (2.57) holds. Thus (2.55) is confirmed, 
which finishes the proof of the inequality (2.52). 

Summarizing, taking into account (2.49)-(2.52), we proved that 


max F a ^(x,y) 
( x,y)eR 


[ 2(l + 2a)| 7 |, 


\ 2 aV 

l 2-M 


+ 4, 


M > 

ItI < 


2 


1 + a ’ 
2 


1 T a 


Finally, substituting 7 = 2 — 3A and a = 1 62 1 /2, the above and (2.13) yield (2.8). □ 


Remark 2.5. Since the condition (2.7), i.e. , the inequality 1 62 1 < 2 holds for g € S, Theo- 
rem 2.4 is true for the class C(g), where g is in S. 


Now we recall the result for the class C(g a ) proved in [15]. 
Theorem 2.6. Let a £ [0, 1], Then 


max 4 >a( f) 
fec(g a ) 


(2.108) 


where 


< < 


2 4 

— + —a + a J — (1 + a) 2 A 
o o 

1 (2 - 3A) 


a " |1 ~ A| + - 


3 2 — |2 — 3A| 
2a 


A €R\(r'(a),r"(a)), 
+ ?, A £ [r / (a),r"(a)], 


r a : = 


3(1 + a) 


, r»: = 


2(2 + a) 

3(1 + a)' 


Proof. Let a £ [0, 1]. Since 


9a(z) = 


(1 — az) 2 


^?ra n 1 z n , z £ D, 


n= 1 


SO 

(2.109) 62 = 2a, 63 = 3a 2 

Then in view of (2.9) we have 


n(N) = 


2 |& 2 | 


2a 


3 ( | b 2 1 + 2) 3(1 + a) 


= : r'(a) 


and 


T”2 ( | ^2 1 ) = 


2(|6 2 |+4) 2(2 + a) „ 


3(| 6 2 1 + 2) 3(1 + a) 


=: t (a). 
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Now for Ael \ [t' ( a) , t" (a)\ by using (2.109) the inequality (2.8) is of the form 

1, 1 


max $ A (/) < 

f£C(g a ) 


^3 - 


3"“ 4 

= a 2 |l-A| + (l + 2 a) 


+ (1 + M) 

2 


- - A 
3 


-A 


24 o 

— + —a + a — (1 + a) A 

O O 


and for A G \t' ( a),r" (a)] of the form 


max 4 >a (/) < 

/eC( S a) 




(2 - 3A) 2 |6 2 | 2 2 

12(2 - |2 - 3A|) 3 


a 


1 - A| + 


(2 — 3A) 2 A 
2 — |2 — 3A| / 



23 


□ 


For a := 1 we get the following result proved in [16]. 

Corollary 2.7. 


(2.110) 


max 4> a ( f) 

f&m 

|3 — 4A|, 

<< 1 (2 — 3A) 2 


A G (— oo, 1/3] U [1, +oo), 


3 2-|2-3A[ +|1_A| + 3’ A S [I/3 ’ 1] - 


Let now formulate the result for the class C(h Q ). 
Theorem 2.8. Let a € [0, 1], Then 


max 4 >a (/) 
/eC(M 


( 2 . 111 ) 


where 


< < 


a 


1 - 1 x 

3 4 


a 2 I — 


+ (1 + cc) 

1 (2 - 3A) 2 

12 ' 2 — |2 — 3A| 

2a 


+ 


- A 


^"I A 


Ael\ [r , (a),r"(a)] 


+ -, A G[r'(a),r"(a)] 


r a := 


t" {pi) : = 


Proof. Let a G [0, 1]. Since 


h n (z) = 


2(4 + a) 
3(2 + a)’ ’ ‘ 3(2 + a)' 

OO 

^a n -^ n , zGi, 


1 — az 


n= 1 


SO 

(2.112) b 2 = a, 6 3 = a 2 . 

Then in view of (2.9) we have 


n(N) = 


2| & 2 I 


2a 


3(|6 2 | + 2) 3(2 + a) 


= : r'(a) 
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nu w 2 (l 6 2| +4) 2(4 + a) „ 

T ^M) = Q ,|, I , 0 ^ = 0.0 , „A = : T («)• 


3(|6 2 | + 2) 3(2 + a) 

Now for Ag 1\ [r'(a), t"{q)\ by using (2.112) the inequality (2.8) is of the form 


max & x (f) < 

feC(h a ) 


- |A6l 


= a 




+ (1 + M) 

+ (1 + q) 


1 -* 




and for A £ \t' ( a),r" (a)] of the form 

max 4 >a (/) < 

feC(h a ) 


- -\bl 


= a 




(2 — 3A) 2 |6 2 | 2 2 

12(2 - |2- 3A|) 3 

(2 — 3A) 2 A 2 
+ 12(2 — |2 — 3A|) / + 3' 


Thus (2.111) was proved. 

For a := 1 we get the following result proved in [17]. 

Theorem 2.9. 


(2.113) 


max \ ( f ) 

feC(h) 




< < 


+ -|2-3A|, 


1 (2 - 3A) 2 


l 12 2 — |2 — 3A| 


+ 




A £ (— oo, 2/9] U [10/9, +oo), 


+ 3, A £ [2/9,10/9], 
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Abstract 

We prove the existence and uniqueness of fractional neutral impulsive differential 
equations with infinite delay via contraction mapping principle and fixed point technique 
for condensing map. We use the resolvent operator technique for integral equations to 
make the mild solution of the problem more appropriate. 

Keywords: Fractional differential equations, Fractional order impulsive conditions, 
Neutral differential equations, Infinite delay, Resolvent operators. 

MSC 2010: 34A37, 34K45, 34K30, 35R11, 47D09. 

1 Introduction 

In recent years, a significant number of the investigates managed the possibility of the frac- 
tional differential equations in different areas of engineering and science disciplines, for ex- 
ample, rheology, viscoelasticity, biomedical, control theory, porous media. Fractional differ- 
ential equations give an incredible mathematical model for real world phenomena, in which 
the fractional rate of progress relies on upon the impact of the hereditary effects and describ- 
ing the long memory of the systems. For detailed investication of the fractional differential 
equations, we read [4, 13, 19, 23]. 

The hypothesis of partial neutral integro-differential equations with infinite delay have 
been utilized for displaying the advancement of physical systems, in which the reaction 
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depends on the present and previous history of the system. This sort of equations emerge in 
the theory of heat conduction in material with fading memory [18]. Since we consider the 
infinite delay, we use the notion is phase space which acts as an essential part in the study of 
qualitative theory of delay equations. This idea was presented by Hale and Kato in [7]. 

Study of impulsive differential equations turn into an essential field of research because of 
their various applications. The purpose behind this applicability emerges from the way that, 
numerous real world processes and phenomena which are subjected amid their improvement 
to short-term external impacts can be demostrated as impulsive differential equations with 
non-integer order and which cannot be depicted by using classical differential equations [15]. 
For more subtle elements of fractional impulsive differential equations, see [5, 6, 16, 21]. 

Similar results for integer order derivative for abstract neutral functional differential 
equations with impulsive condition was studied by [2, 8, 12]. The work on fractional neu- 
tral impulsive differential equations with infinite delay are carried out by [3, 22]. In [14] N. 
Kosmatov studied the fractional order initial value problems with fractional impulses by the 
contribution of Caputo and Riemann-Liouville derivatives. 

Hernandez et al. [9], examined that the concepts of mild solutions utilized as a part of 
a few late writing on abstract fractional differential equations are not suitable. In [9], he 
consider the more appropriate mild solution of the abstract fractional differential equations 
with time by means of resolvent operator for integral equations [20] . The same idea was used 
by some authors to show the existence of fractional differential equations without impulse, 
see [1, 10]. But in our best of knowledge this resolvent operator concept was not used in 
the fractional impulsive differential equations of order lies in (1, 2). Note that the order of 
integration determines the shape of the memory function. 

Impulsive fractional differential equations is constructed with either the lower bound as 
the corresponding impulses or the lower bound as zero at each impulses. Here we construct 
the solution of fractional order impulsive Cauchy problem involving Caputo derivative with 
lower bound as zero. That is the different solutions keeping in each impulses the lower bound 
as zero. This will improve the characterization of the memory property of the factional 
derivative. 

Motivations of the study in [9, 14] and the applications of fractional order derivative give 
rise in this present article. Here we prove the existence and uniqueness theorems of mild 
solutions for fractional neutral impulsive differential equations with infinite delay given by 


c Dq+(u{1 ; ) + q(t, u t )) = g/ u(t) + p(t, u t ), t # t t , t e 2T := [0, a], 

c D^ + u(tt) ~ = h(u tx ), f = 1, • • • , m, 

u( 0) = (p £ S$ A , m'( 0) = z £ S’, 


( 1 . 1 ) 

(1.2) 

(1.3) 


where 0 < fi < 1 and a £ (1,2). Here g/ is the infinitesimal generator of a cosine operator 
family [C(t)}/>o on a Banach space <§. The memory function u t : (-oo,0] — > <§, u t (cr) = 
u{t + cr), cr < 0, associated with some suitable abstract phase space SS A , 0 = to < h < ■■■ < 
t m+ i = a are pre-fixed values and the appropriate functions p, q : x SS A — » £, I t : SS A — > 
<§ , f = 1, • • • , m, which are defined later. 
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We derive the mild solution of (1 . 1)-(1 .3) by resolvent operator technique. The existence 
results of fractional neutral impulsive differential equations with infinite delay via fixed point 
technique for condensing map and the uniqueness of the problem is verified by using con- 
traction mapping principle. 

2 Preliminaries 

Let the space US’, S') is the set of all bounded linear operators from Banach space S into 
Banach space S' provided with the norm || • \\ £(/:/;>). Here the domain takes the norm 

IMI^cO = INI + \\-<// u\\. Further more, S r (u, S) symbolizes the closed ball having center at u 
and distance r in S. 

The class of all continuous functions from 3J into S is referred by CfLT; S) with the 
sup-norm || • \\c(j-g)- Likewise C y (J';S), 0 < y < 1 is the set of all y-Holder S- -valued 
continuous functions from J into S' provided with \\u\\cv(j-,g) = II u\\c{j-,S) + [M \cnj-,£), where 

n..n \\u{t)-u(s)\\s 

im\CY(J-,g) - SUp^^j^gj- — — . 

Now, we present the piece- wise continuous space PC(S) which is framed by set of all the 
functions u : 3T — » S such that the function w(-) is continuous at t 4- h, u(t ( + ) and u(t~) = w(tj) 
exists for every f = 1, 2, • • • , m. We can easily seen that it is a Banach space concerning the 
norm ||w||pc(<?) = sup leJ \\u(t)\y. 

We consider the phase space (38 A , II • \\'ig A ), is a linear space of function u, mapping from 
(-oo, 0] into S with respect to the seminorm || ■ ||^ A , which is previously addressed in Hino et 
al., [11] to examine the infinite delay problem. We assume the space 38 A meets the axioms 
given below: 

(1) If u : (-oo, v + a ] —> S, v e R, a > 0 such that u v e 38 A , and u\[ V , v +a\ e PC([v, v + a ]; S), 
then the subsequent conditions hold for all t 6 [v, v + a) 

(i) u, e 38 A - 

(ii) \\u(t)\\g < &\\u\\a A 

(iii) Ikl \a A < - v)sup{||«(j)||^ : v < s < t} + SDl(f - v)\\Uy\\a A , where 9Tc,5f : 

[0, oo) — > [1, oo), is locally bounded and continuous respectively; § > 0 is a constant. 
51, §, 9Jf are independent of u(-). 

(2) The phase space 38 A is complete. 

We know that the Caputo fractional derivative of a function u of order a > 0 defined as 
follows: 


c D a 0+ u(t) = I": a D n u(t), n = fcr], 

where I^uit) = £ (l - s) a ~ l 2 u(s)ds. Also, in general the Caputo derivative c D" jt is a left 

inverse of /£+ but not a right inverse, i.e., we have c Dyi^ + u(t) = u(t), and I^ + c DQ+u(t) = 
u(t) - «( 0) - tu\ 0), for 0 < a < 2. 
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Next, we consider that the Volterra integral equation 

u(t) = — — f {t- s) a ~ l £/u(s)ds + pit), t G J, (2.1) 

T(«) Jo 

has a corresponding resolvent operator [S(t)} f > 0 on S’, see [9] and p in C(ff ; S). More de- 
tailed explanations about resolvent operator for integral equations one can refer [20] . The 
definition of mild solution for the integral equation (2.1) by utilizing the concept presented 
in [20] is given in [9]. 


Definition 2.1. [9, Definition 1.2 ] A function u in the space C(ff ; S) is called a mild solution 
of( 2.1) on fj, if J'it - s) a ^ l u(s)ds in C(ff; and 

srf C 1 

u{t) = — — it - sf~ l uis)ds + pit), t G J. 

r(«) Jo 

Definition 2.2. [20, Definition 1.4] A resolvent operator S it) for equation (2.1) is said to be 
differentiable, ifSifu G Tf /11 ([0, oo); S’) for every u G Lfisrf) and there is p G L* w ,([0, oo)) 
with ||S'(f) M || < ip(t)\\u\\$(^), a.e. on [0, oo), for every u G S>i^). 

Lemma 2.1. [9, Lemma 1.1 ] Suppose (2.1) admits a differentiable resolvent S(t) and if 
p G C(ff ; 3>(srf)), then 

u(t) = pit) + I S' it - s)pis)ds, t G fj , 

Jo 

is said to be a mild solution of (2.1). 


Now, our point is to present the concept of mild solution for equation (1.1) to (1.3). In 
this way, we first identify that if u(-) is a solution of ( 1 . l)-( 1 .3), then one can estimate the 
corresponding integral equation given by 


u(t) = 0(0) + <?(0, 0) + (z + f)t - q(t, u,) + T(2-/3) ^ tf l (t - t^fi (u,f) 


— f 

Ha) Jo 


0<t t <t 


it ~ S) a 1 ^/u(s)ds + -j— f ( 

Ha) Jo 


(t - s) a l p(s, u s )ds, t G J, (2.2) 


where j t q(t, u t ) | f=0 = f, £, is independent of u. 

Motivated by Definition 2.1 and the representation (2.2), we introduce the following 
definition. 


Definition 2.3. A function u : (-oo, < 7 ] — > S’ is a mild solution of (1.1)-(1.3), if u( 0) = 
0, u'( 0) = z, u\j G PC(S), ^3— j^(t - s) a ~ l u(s)ds G £>ig/), V t g ff, and 

u(t) = 0(0) + r/(0, 0) + (z + f)t - q(t, u t ) + T(2 - /3) ^ fff\t - h)I t (u k ) 

o</t</ 

sS r 1 r r 

+ — — r I (t- s) a ~ 1 u(s)ds + — — I (t - s) a ~ l p(s, u fids, t G J, 

r(a?) Jo r(a) Jo 

where j t q(t, u t ) | f=0 = f, f is independent ofu. 
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3 Existence and Uniqueness Results 


Now, we will make the subsequent hypotheses: 

(HI) p : ff x SS A —■ > S>(£^) is continuous function and let L p £ C(ff\ R) such that 
II p(t, VJ i) - p{t, TU2)\\®W) < L p (t) \\VTi - C7 2 ||^ a , t £ J, tJ7i, TU 2 £ ^ A . 

(H2) The function belongs to C(ff ; R) and a non-decreasing function 

IT : [0, +oo) (0, +oo) such that \\p(t, nrllkoo < m p (t)W(\\vr\\^ A ), 

t € J, m £ a- 

(H3) q : ff x — » ^(.20) is continuous function and L q £ C(2T; R) with 

II q(t, m i) - q(t, tu 2 )\\^) < L q (t)\\m x - m 2 \\gi A , t £ J, m 2 £ ^ A . 

(H4) Ci > 0, and C 2 > 0 such that \\q(t, nr)||^ A < CilMk A + C 2 , t £ J, m £ ^ A . 

(H5) 7 t : ^ A — > @>(srf) are continuous functions and let positive constants L t such that 

||/ t (cr 1 ) - / t (tzr 2 )||^) < LiWvJi - Tu 2 \y A , f = 1,2 ,■■■ ,m, m x , m 2 £ J? A . 

(H6) Let dj, > 0 and d\ > 0 such that ||/ f (tir)ll < d\\\vj\\ + d \ for all 1 = 1, 2, • • • , m, m £ dd A . 

From Lemma 2.1 we note the subsequent Proposition, 


Proposition 3.1. Suppose equation (2.2) admits a differential resolvent operator 
{5 (Oko an d ifp,q e C(ff x SS A \ &(£/)), I\ £ C(SS A \ 3>(s^)), then 


u(t) = 0(0) + <7(0, 0) + (z + - q(t, u , ) + r(2 - J3) Y rf *(f - t t )I t (u tt ) 


0<t t <t 


f (t-sf l p(s, u s )ds + f S'J - 
T(a) Jo Jo 

+r(2 -/?) V zf“'(,y - t t )I t (u H ) + f(s- T) a ~ x p(T, u T )dr 
f&i. Jo 


5 ) (0(0) + < 7 ( 0 , 0) + (z + f)s - q(s, u s ) 
\ 

ds, t £ ff, 


0«i<s 


is called a mild solution of the problem ( 1.1 )-( 1.3 ). 

Let a function x : (-oo, «]—><? be defined by x 0 = 0 and jc(t) = 0(0) + ^ S '( t - s)f(0)ds 
for all t £ J. It is easily say that ||x,|| < 1 + IMIz.i(.7;R)) + ®UII0lkt> where s Kt fl = 

snp t€j Wf), Si n = sup /(Ej ${(!). 

Theorem 3.1. Assume that (HI), (H 3) and (H 5) are satisfied, and if 

K(\\L q (t)\\ + r(2 -P)a Yj + ll^ll^crw) < !■ 


Then (1.1)-(1.3) has a unique mild solution. 
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Proof. Let the space 3?(a) = {u : (-00, a] — » $ : u 0 ,u\j e PC(S’)) endowed with the 
sup-norm. Now by Proposition 3.1, we consider the operator X : 3f(a) — » ^(a) by 




Tw(Z) = < 


0, t € (—00, 0], 

0, 0) + (z + - <?(Z, M/ + JCf) + r(2 - /3) 2o</,</ + **) 

+ fh) fo( ( - 5 )“ _1 P ( 5 ’ u s + + £ s '(* - 5 ) (9(0. 0) + (Z + £)s 

-<70, “.v + x s ) + r (2 - /?) ZoKttKs - h)h(u tt + x,J 
+ r>) £( s ~ T )“ _ 1 P(L u t + x T )drj ds, t € J. 


It is easily seen that \\u t + x t \ \gg A < ft 0 |MI, + (ft fl §(l + IMIl'ctw) + ®UII0IL» A . where 
IMIr = sup 0 <,< f ||m(s)||. 

Let u € a ) and from the assumption (HI), (H 3) and (H 5), we get that 


f 


IIS'O - s)(q( 0, <f>) + (z + f)s - q(s, u s + x s ) + f(2 -(3) 


^ 1 r 

x y! £ l ( s - h)/i ( u u + X tt ) + - — I (s - T) a ~ l p(r, u T + Xr)dr) 
c6rt, r (a) Jo 


0<tf<s 

< (Hq(0, 0)|| + a\\z + £|| + HgO, u s +x s ) || + T(2 - p)a 

^ qCH ' 

x Zj + + ~^77 J IP( T ,M r + x. 

0<tf<a 


ds 


aY(a) 


IMIl> 


C7:R) 


which follows that s —* S'(t - s)(q( 0, 0) + (z + - q(s, u s + x s ) + T(2 - / 3 ) £o < tk< A~\s- 

ti)Ifu h + x tt ) + -J- fj(s - r) a_l p(r, u t + x T )dr) is integrable on [0, t], W e fj . Then, the 
operator X is well defined and X have the values in ,°Z(a). 

Now, for u and v in 3f(a) and t e fj, we get 


II Xu(t) - £v(f)|| < II q(t, u t + x t ) - q(t, v t + x t )\\ + T(2 - /?) ^ zf \t - t t ) 

0 <t t <t 

x||/f (u h + Xt,) - h(v k + *„)|| 

+ 77— f (t-s) a ~ 1 Hp(s,u s )-p(s,v s )Hds 
Hor) Jo 

+ I s) (IM>,*L + x0 -q(s,v s + X0H 

Jo 

+r (2 -jS) y - h))l|/ t (^ t + *,,) - h(v H + x fi )|| 


0</f <5 


+ 77— f (s -rf l \\p(T,u r )- p(T,v T )\\di\ds 

Hor) Jo I 
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< 


\\L q (t)\\ C( j m + r(2-p)a Y 


0</j<a 


+ - 


aT(cr) 


\\Lp(t)\\c(j-#.) (1 + _ v t\\ss A 


< 




\\L q {t)\\ C{jm +T(2-(3)a Yj 


0</j <a 


+ - 


QT(cr) 


ll^/)(0llc(J‘;R) I (1 + IMhcy*)) 


\\u-v\\ t . 


Then X is a contraction map and has a fixed point u(-) of X. Thus, we determine that u(-) is 
a unique mild solution of (1 . 1)-(1 .3). □ 

Theorem 3.2. Let S it) be compact for all t > 0, (7/ 2) - (7/6) are satisfied and if 


5T, 


Ci + T(2-/3)a V ff ‘j/ + — ||/n p (f)|| liminf 

< ^ ry I try) r— »oo 


0 <t\<a 


W(r) 

r, \ >\ m py i )W mil mi 

a 1 (a) r->oo r 


< 1, 


JUIMOII + r(2 -J0)a J] *f -1 Z*)(l + IMI) < 1. 




r/ien (!.!)-( 1.3) has a mild solution. 


Proof. Take r > 0, such that 


C, 


+ 2Ct + 


Ci + T(2 - f3)a Y V d l 


0<(j<a 


(R a r + (fl„§(l + IMhcjjR)) 


+m a )ma A ) + T(2 ~{3)a Y V d \ + Hz + fll« + -^-IK(f)|| 


0<tf<a 


aY(a)" py 

xW(R a r + (RMI + IMIlW + ®UIMk)) (1 + IMI) < s. 


for all s > r. 

Let the operator X : 21, (0, ,°I(a)) — » ,SL(a) be defined likewise considered in the previous 
Theorem 3.1, and in a similar manner we can easy to see that X is well defined. Now, our 
aim to show that X : S, (0, iF(a)) — > S, (0, 3f(a)) is a condensing map. 

The subsequent steps shows the remaining proof. 

Step 1. X has values in S r (0, i.e., TS,.(0, iF(a)) c 2? r (0, iF(a)). 
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0<t t <t 


Let u € 'BriO, iZ ia)) and t e J, then 
IMOII < 11^(0, 0)|| + || q(t, u t + x t )\\ + T(2 -P)Yu ~ hWl ^ + 

T~) f ( 

(a) Jo 

+ f ||S'(f - j)|| (11^(0, 0)11 + ||<?(5, u s + *,)|| + llz + £||s 
Jo 

+r(2 -j3) £ ^ l (s-tm(u tt + x tt )\\ 


+\\z + tj\\t+— — ( t-s) a \\p(s,u s + x s )\\ds 

r(ar) 


- r 

(a) Jo 


0<f(<s 


+ F(Q0 ^ (S- T f 1 \\p(T,U T + X T )\\dT]ds 


< 


CMU + 2C 2 + Cilk + x,\\a A + T(2 ~P)a zf (d\\\u tl + 


Xu\ 


0</j<a 


+dt) + llz + £11 a + — — \\m p (t)\\W(\\u t + x t \\^ A ) (1 + IM|) 

Oft (O') 


< 


Ci 


+ 2C?2 + 


Ci + r(2 - f3)a Yj ^ d \ 


0<t t <a / 


+r(2 - P)a ^ zf 1 J t 2 + ||z + £||a 


+ 


0<tt<a 


aT(a) 


\\mJt)\\W(r*) 


(i + IMI) 


where r* = 5 \ a r + ($*„$>(! + IMIzJ ( ,7;R)) + ^a)H0ll^- 

This implies that ||£m(Z)|| < r, i.e., Xu e B r ( 0, and XB r { 0, 3f(a)) c B r ( 0, 

The remainder of the proof continuing with the decomposition operator X = X ,= i %, 
where 

X { u{t) = < 7 ( 0 , 0) + (z + £)f - q(r, u t + x t ) + T( 2 - /3) ^ zf~‘(t - r t )/ t (w ;[ + *,,) 


0</t« 


5) (^(0, 0) + (z + £> - <?(s, u s + x s ) 


Xiu{t) 

X 3 u(t) 


+ f s’(t- 

J 0 

+T( 2-/3) £ f-\s-h)k{u h +x tt ) 

0<h<s j 

i r 

— — (t - s) a ~ l p(s, u s + x s )ds 

r(«) Jo 

f S'(t - s)-j— f (s- r) a '~ 1 p(r, u T + x T )dTds 
Jo r(«) Jo 


Step 2. T, is a contraction map on 21, (0, 2- ' (a)). 
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Let u £ S r (0, 3f(a)). 


||S lM (0 - 2iv(0ll 


< \\q{t,u t + x,)- q(t,v, + x t )\\ 

+r (2 -P)Yj *?"*(' ~ MM** + **) " h (v* + **)|| 

o <t t <t 

+ f ||S'(f — 5)11(11^(5, u s + *,) -q(s, v, + x s )\\ 

Jo 

+r (2 -P)Yj *?"'(* ~ «(«* + **) - / t (v fl + ) 1 1 ) 

0<tt<s 

< (11^(011 + r(2 -/?)« *f _1 L0ik - v f |b A (i + imi) 

0<t f <a 

< &a(\\L q m + r(2 -/3)a J] tf _1 L,)(l + IMDIIm - v|| f . 

0 <tx<a 


Hence, X, is a contraction map on S,.(0, JJa)). 

Step 3. is a completely continuous map. 

It is easy to see that the map X 2 is continuous, since the function / is continuous. 

Next, we only we need to prove that X 2 is a compact operator. 

Let 0<e<t<a,u£ 3f(a). From the mean value theorem for the Bochner integral (see 
[17, Lemma II. 1.3]), we have that 


£ 2 u(t) = — — f (t - 5 )“ x p(s, u s + x s )ds + — — f (t - sf x p(s, u s + x s )ds 
r(a) Jo r(or) J e 

G £ e*i(0, <f) + ^ co({(t - sf~ l p(s, u s + x s ): s £ [ e , f]}) 

Q-r(a) 1 (Q:) 

where Q = ||OT p (7)||lL(r*), and the notion co{U) refers the convex hull of the set U . 

Since from [9, Lemma 2.2], the map i c is compact and p £ C(JT x SS A \ from the 

above inclusion we find that X 2 S r ( 0, 3? (a)) = {X 2 u(t) : u £ S r (0, 3? (a))} cC f + K e , where 
K e is compact and diam(C e ) = — > 0 as e — > 0. This proves that the set X 2 S r (0, 3f(a)) is 

relatively compact in space £ for all l in JJ . 

Consider / > 0, 0 < t < a such that 0 < t + I < a, and for u e S,.(0, 3f(a)), 


\\X 2 u(t + l) - X 2 u(t)\\ < 


— r 

;«) Jo 

— r 

a) J, 


Ha) 

+ 


((t ~sf 1 -(t + 1- sf 1 )||p(j, u s + X s )\\&{af)ds 


( t + l - sf Jl/Ks, U s + xfWg^ds 


< 


< 


T(a) 

2 r 

o-rio') 
2 Ql a 
aT(a) 


II P(s,u s + X s )\\&^) 


which implies that X 2 S, (0, a )) is equicontinuous. 

Hence from the above results X 2 is completely continuous. 
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Step 4. The operator X 3 is completely continuous. 

Let t G [0, a) and consider &(s) = ^ J'(t - s) a ~ l p(s, u s + x s )ds. For u G S r (0, 23(a)) 
and there exist e > 0, we take l G (0, e ) such that t + l < a, and from [10, Lemma 2.2], 


X 3 u(t + l) - X 3 u(t) || 

'(t + l — s)3S(s) || ds + 


< r H5'( 

Jo 

* f 


f IIS' 

f- 


(s)(0>(t -s + l)-^(t- s )) II 


< 


<p(t + l- S ) II ^(s) + | ^(5)[|^’|] C »(J-;^))/ 0 '^5 

22 / 


ar(a) 




<p(t + l- s)ds + r \\cp \\ Li(J) 


which proves that T 3 fS r (0, 3? (a)) is right equicontinuous at t in [0,a). The above discussion 
allow us to show that X 3 S r ( 0, '3d (a)) is left equicontinuous at t in the interval (0, a]. From 
this argument we say that X 3 (B r ( 0, 23(a)) is equicontinuous. 

In this sequel we finally prove that {X 3 u(t) : u G £>, (0, 23(a))} is relatively compact in S, 
V t G (0, a]. 

Take 0 < t < a and Q\ = ||m p (OI|VF(r*)||^|| L i( [0je ]). The set V = [33S(s) : s e J~,u e 
S r (0, 33(a)) | is relatively compact in S, since from the previous Step 2. If u belongs to 
S r ( 0, 23 (a)), by using the concept in [17, Lemma II. 1.3], we get 


X 3 u(t) = J" S'(t - s)33(s)ds + J' S'(t - s)33(s)ds 

G B Qi <p( 0, S) + (t - e)co({S'(s)y : s G [e,t],y G V}) 

Qrr(o') 

and hence, {X 3 u(t) : u G S r (0, 3¥(a))} c Sqi^( 0, S)+K e , where K e is compact and — > 0 

as e — > 0. This proves that {X 3 u(t) : u G S,(0, iF(<3))} is relatively compact in S. Hence we 
finally conclude that X 3 is completely continuous. 

From the above steps we can say that the operator X : S r ( 0, 23(a)) — > f8 r (0, S(aj) is a 
condensing map. Then the existence results follows from [17, Theorem IV.3.2]. □ 
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4 Application 


We look at the following partial fractional impulsive neutral differential equations with infi- 
nite delay of the form 


£>o+ v(t, 77 ) + 


JY 


a(t - s, rj)v(s, £,)d£,ds 


d 2 C' 

= v(f, 77 ) + d(t, t- s,?], v(s, T}))ds, it, T])£jX [0, 7r], 

— oo 


v(t, 0 ) = v(f, -tt) = 0 , t ej, 
v(r, t/) = 0(r, 77 ), 0 < 77 < 7 r, r < 0, 


c lf 0+ v(4)(ri)- c D P 0 Mti)(r])= P 

*7 — cx 


e t (q - 5)v(5, 77 ) 7 / 5 , 


(4.1) 

(4.2) 

(4.3) 

(4.4) 


where 0</3<l,l<a<2, and (p e = !PCo x L 2 (g, S). Assume that d : R 4 — > R, e t : 
R — > R, a : R — > R are continuous functions and — dt p'' exists. 0 < t\ < ■ ■ ■ < t m < a are 
prefixed numbers. 

Let the space S = L 2 ([0, jt]). Let srf : &(&/) c S — > S be defined by srfu - u" with 
3>isrf) consist of set of all u and u" in S such that w(0) = u(n) = 0. If {£(0} f >o is a strongly 
continuous cosine family on S , then srf is its infinitesimal generator. The well known result 
that the associated sine operator S(f) is compact for every t e [R and hence (A - s4)~ 1 is 
compact for every A belongs to 

Consider 


i r 

u(t) = I (t - s) a ~ l £/u(s)ds, s > 0 , 

Her) Jo 

have an analytic resolvent {5 (f)} f >o on S given by 


5(0 = 


d-i e M A a ~\A a -srf)~ x dA, t > 0, 

< J1 qjj 

I, t = 0 , 


with r p>u consisting of the rays {ge' v : g > 0} and {ge~ w : g > 0}. Here r P;U , v e (n, |), is a 
contour, [20, Example II.2.1]. 

To represent the equations (4.1)-(4.4) in the form of (1. 1)-(1 .3) by 

->0 f+n 

a(s ,£, rj)g(s, Qd£ds, 


q(t, S)0l) 
pit , s)tn) = 

hwm = f 

— < 


X u r*n 

oo 0 

f 


d{t, s,tj, g(s, rj))ds 


e t is)gis, rj)ds 


Therefore, under the appropriate conditions on the functions a, d, e t , the mild solution ex- 
ists for partial fractional impulsive problem (4.1)-(4.4) in view of Theorem 3.2 and unique- 
ness results exists from Theorem 3.1. 
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Conclusion 

In this work we consider the fractional neutral infinite delay differential equations with frac- 
tional impulsive conditions involving Caputo derivative of order lies in the interval (1,2). To 
improve the characterization of the memory property of the fractional derivative, we con- 
sider the lower bound at each impulse as zero. We use resolvent operator to derive the mild 
solutions in order to make it as more appropriate. 
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Abstract 

In this paper, firstly, we study the solution to linear matrix inequality AXB + (AXB)* ^ C for 
Hermitian matrix C . Furthermore, for the applications, we derive the representations for the common 
Re-nnd solution to equations AX = C and XB = D, and the Re-nnd (1,3, 4}-inverse for square matrix. 

Keywords: Matrix inequality, Re-nnd solution, Re-nnd generalized inverse 

AMS (2000) Subject Classification: 15A09, 15A24 

1 Introduction 

Let C mxn denote the set of all m x n matrices over the complex field C, Cg denote the set of all mxrn 
Hermitian matrices, U n denote the set of all n x n unitary matrices. For A £ C mxra , its range space, rank 
and conjugate transpose will be denoted by R(A), r(A) and A* respectively. i + (A) and i~(A) denote 
the numbers of the positive and negative eigenvalues of a Hermitian matrix A counted with multiplicities, 
respectively. The identity matrix of order n is denoted by /„■ 

For a matrix A £ C mxn , the Moore-Penrose inverse X is defined to be the unique solution of the four 
Penrose equations [1] 

(1) AX A = A, (2) XAX = X , (3) (AX)* = AX, (4) (XA)* = XA. 

For convenience, we denote Ea = I — AA' and Fa = I — A' A. 

The Hermitian part of A £ C mxm is defined by H(A) = ^(A + A*). We say that A is Re-nnd (Re- 
nonnegative definite) if H(A) ^ 0 and A is Re-pd (Re-positive definite) if H(A ) > 0. Let A^’ be the 
‘Corresponding author. E-mail addresses : liuxifu211@hotmail.com (X. Liu). 
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Re-nnd {i,j, • • • , fc}-inverse of square matrix A. Recently, some researches on Re-nnd solution and Re-nncl 
generalized inverse were done by several authors [2-7]. 

The Lowner partial ordering is one of the most basic concepts for characterizing relations between 
two Hermitian matrices. A challenging research topic on Hermitian matrices is to solve linear matrix 
inequalities (LMIs) induced from the Lowner partial ordering, such as 

AXB + ( AXB )* > C, (1.1) 

AXB + (AXB)* < (>, <)C, AX + (AX)* ^ «,>,<)<?, AX A* > «, >, <)C. 

In this article, we consider the matrix inequality (1.1), where A £ C mxn , B £ C pxm and C £ Cg are 
given, X £ <C nxp is variable matrix. 

Newly, some special cases of (1.1) were considered by several authors, such as: the case that C is 
nonnegative definite matrix [8], the case B = I m [9], the case that block matrix (A B* ) is full row 
rank [10]. Researches on other linear matrix inequalities can be found in [8, 11]. For the applications, (1.1) 
can be used to establish the general forms of Re-nnd solution of matrix equation AXB = C [10], and the 
solution of matrix equation AX A* = B (or AX = B) subject matrix inequality constraint CXC* ^ D 
[12, 13], and the Re-nnd inverses Ari’ 2 ’*\ Are’ 1 '* (i = 3,4) of square matrix [3, 4, 10]. In [2, 6], the authors 
provided some necessary and sufficient conditions for the existence of common Re-nnd and Re-pd solutions 
to AX = C and XB = D, however, the general solutions are still unsolved. 

We are, therefore, motivated to focus our research interest on (1.1) without any restrictions on matrices 
A, B, C. 

It is well known that (1.1) can equivalently be written as 

AXB + (AXB)* = C + VV* (1.2) 

for some V. Tian and Rosen [8] shown that equation (1.2) is solvable for X if and only if VV* satisfies 
E g VV* = -E g C, E a VV*E a = -E a CE a , FbVV*Fb = -F b CFb, (1.3) 

where G=( A B* ) . 

This paper is organized as follows. In section 2, firstly, we establish some necessary and sufficient 
conditions for the solvability of matrix inequality (1.1), secondly, we derive a general form for VV* , finally, 
we present a general solution of X to matrix inequality (1.1). Furthermore, for the applications, we provide 
the explicit expressions for the common Re-nnd solution to equations AX = C and XB = D, and the 
Re-nnd generalized inverse AA> 3 > 4 ) 0 f square matrix A. 
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Before proceeding to the next section, we list some useful results which will facilitate the proof of our 
theorems. 

Lemma 1.1. ([14]) Let A £ C^, B £ C mxr! and C S C px ™ be given. Then 


max i±[A — BXC — (BXC)*] = min H±(M\), i±(M 2 )\ , 

xec nxm 

min i±[A — BXC — (BXC)*] = r( A B C* ) + max{i = i-(Al' 1 ) — r(X 1 ), i±(M 2 ) — r(N 2 )} , 

.YeC" xm 

where 


Mi = 


A B 
B* 0 


, m 2 = 


A C* 
C 0 


Xi = 


ABC* 
B* 0 0 


Lemma 1.2. ([14]) Let A £ C]), B £ C mxn , and denote M = 

i±(M) = r(B) + i±(E B AE B ). 


A B 
B* 0 


N 2 = 


. Then 


ABC* 
C 0 0 


Lemma 1.3. ([15]) Let A,B £ C mxn be given. Then the matrix equation AXX* = B has a solution for 
XX* if and only if R(B ) C R(A), AB* ^ 0 and r(AB*) = r(B). In this case, the general solution can be 
written in the following parametric form 

XX* = B*(AB*^B + F a WW*F a , 


where W £ C nxn is arbitrary. 

Lemma 1.4. ([16]) Given matrices A,B,C,D £ C pxn . The matrix equations 7lXX*7l* = BB* and 
CXX*C* = DD* have a common Hermitian nonnegative-definite solution if and only if R(B) C R(A) 
(or r ( A B ) = r(A)) and there exists T £ U„ such that 

E CFa (DT-CA^B) =0. (1.4) 


If a common Hermitian nonnegative-definite solution exists, then a representation of the general common 
Hermitian nonnegative-definite solution is XX* with 

X = A^B + F a (CF a )\DT - CA^B) + F a F CFa Z , 

where Z £ C nxn is arbitrary and T £ U„ is a parameter matrix satisfying (1.4). 

Lemma 1.5. ([8]) Let A £ C mxp and B £ C qxm and C £ are given. Then the matrix equation 
AXB + ( AXB )* = C has a solution X £ C pxq if and only if 

(A B* )( A B* y C = C, E a CE a = 0, F B CF B = 0. 
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In this case, the general solution can be written as 

X = 2^ + -^2)1 

where X\ and X 2 are general solutions of the equation AX\B + B*X 2 A* = C. 

Lemma 1.6. ([17]) Let A ± £ C mxn , B x £ C pxk , A 2 £ C mxl , B 2 £ C qxk and C £ C mxk be known and 
X\ £ C nxp , X 2 £ C lxq unknown; A I = E Al A 2 , N = B 2 F Bl , S = A 2 Fm ■ Then the following statements 
are equivalent: 

(i) The system A\XiB\ + A 2 X 2 B 2 = C is solvable; 

( ii ) The following rank equalities are satisfied, 

r( Al ° )=r( A ' ° ) r( A 2 ° ) = r ( A ^ 

\ 0 B 2 ) \ 0 s 2 )' r \ 0 B x ) { 0 B x J ’ 

( B 1 

r(C A- l A 2 ) = r ( A 1 A 2 ) , r B 2 

V C 

In this case, the general solution can be expressed as 

Xi = a\cb\ - a\a 2 m^e Ai cb\ - a\sa\cf Bi n^b 2 b\ - a\sve n b 2 b\ +F Ai U + ZE Bi , 

X 2 = M ] E Al CB\ + f m s ] sa\cf Bi n ] + F m (V - S^SVNN" 1 ) + WE B2 , 

where U , V , W and Z are arbitrary matrices over complex field with appropriate sizes. 

Lemma 1.7. ([8]) Let A £ C mxn , B £ C mxk and C £ C lxn . Then 

r ( A B)= r(A) + r(E A B), ^ ( ^ ) = r ( A ) + P (CF A ), 
r ( A q ) = r(B) + r(C) + r(E B AF c ). 

Lemma 1.8. ([9]) Let A, G £ <C n xm . There exists a Re-nnd solution to equation AX = C if and only 
if R(C) C R(A), AC* is Re-nnd. There exists a Re-pd solution to equation AX = C if and only if 
R(C) C R(A), i+(AC* + CA *) = r(A). 

2 Main results 

In this section, our purpose is to investigate the solution to the linear matrix inequality (1.1), and then 
apply our result to establish the general expressions for the common Re-nnd solution to AX = C and 
XB = D , and the Re-nnd {1, 3, 4}-inverse for square matrix A. 
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First, we come to establish some necessary and sufficient conditions for the solvability of matrix in- 
equality (1.1). 

Theorem 2.1. Let A £ C mxn , B £ C pxm and (J g C™ be given, X £ C nxp be variable matrix, denote 
G = ( A B* ) . Then the following statements are equivalent: 

(1) Matrix inequality (1.1) is solvable; 

(2) E a CE a < 0, F b CF b 0, and 

r(C A B* ) + r(A) = r ^ ^ B * ) , r ( C A B* )+r(B)=r( £ 

(3) r(E G CE A ) = r(E G CF B ) = r(E G C), E a CE a < 0 and F B CF B < 0. 

Proof. Note that (1.1) can be rewritten as C — AXB — ( AXB )* ^ 0. So, (1.1) is solvable if and only if 


A B* \ 
0 0 


min i + [C - AXB - (AXB)*} = 0. 


Applying Lemma 1.1, we get 


min i | [C - AXB - (AXB)*] 

= r(C A B* ) + max j i + ( %* 0 


CAB* 


A* 0 0 M l+ [ B 0 


C B* 


= r ( C A B* ) + max jr(A) +i + (E A CE A ) - r ^ a* ^ \ 
r(B)+i + (F B CF B )-r^ C B * B * 

Letting the right hand side of (2.1) be zero yields 

r ( C A B* ) +r(A)+i + (E A CE A ) = r 
r(C A B* ) +r(B)+i + (F B CF B ) = r 
which are equivalent to 

r(C A B ) + r(A) = r ^ Q Q 

r ( C A B )+r(B) = r y B 0 0 

EaCEa ^ 0 and FbCFb ^ 0 . 


CAB* 

A* 0 0 

CAB* 
B 0 0 


CAB* 
B 0 0 


( 2 . 1 ) 


(2.2) 

(2.3) 


Applying Lemma 1.7 to (2.2) and (2.3) yields r(E G CEA) = r(E G C) and r(E G CFs) = r(E G C) respec- 
tively. Thus, the proof is complete. □ 

Next, we present some properties for matrices A , B and C which satisfy the conditions in Theorem 

2 . 1 . 
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Corollary 2.1. Let A £ C mxn , B £ C pxm anc i (j g c™ k e given, denote G = ( A B* ). If the 
conditions in the statement (2) or (3) of Theorem 2.1 are satisfied, then the following hold, 


r(E G CE G ) = r(E G C) or R{E G CE G ) = R{E G C ), E G CE G < 0, (2.4) 

R[E A CE G (E G CE G )iE G CE A - E A CE A ] C R(E A GG% (2.5) 

E a CE g (E g CE g )^E g CE a - E a CE a > 0, (2.6) 

R[F B CE G (E G CE G )^E G CF B - F b CF b } C R(F b GG*), (2.7) 

F B CE G (E G CE G YE G CF B - F b CF b > 0. (2.8) 

Proof. It follows from the two rank equalities of statement (2) in Theorem 2.1 that 


r({C A B*)*JnR^(A* 0 0 )*) =0, r(( G a B*y)nR((B 0 O)*)=0. 

Hence, 

r((c a B-y) ns((£ ° “)’)=«, 

which means that 

/ C A B* \ 

r l A* 0 o\=r(C A B*)+r(AB*). 

\ B 0 0 J 

By Lemma 1.7, we have 

/ C A B* \ 

r(E G CE G ) + 2r(G) = r A* 0 0 = r(G A B*)+r(A B* ) = r{E G C) + 2r(G), 

\ B 0 0 J 

SO, 

r(E G CE G ) = r(E G C) or R(E G CE G ) = R(E G C). 

On the other hand, it follows from Lemma 1.2 that 

i + (E G CE G )+r(G) = i + ^ A* 0 0 j = 4 ( ^ ) + r(B) 

= r(B) + r{F B A) + i + (Ep BA F B CF B E FBA ) 

= r(B) + r{F B A) = r(G ), ( F B CF B ^ 0 is used) 

means that i + (E G CE G ) = 0 or E G CE G ^ 0. Then (2.4) holds. 

Furthermore, applying Lemma 1.7, and elementary block matrix operations, we get 

r(£ j4 GG t ) = r(E A G ) = r ( A G )- r(A) = r(G) - r(A), 
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r ( E A GG^ E A CE G (E G CE G )^E G CE A - E A CE A ) 

= r ( E a G E A CE G (E G CE G yE G CE A - E A CE A ) 

= r( A G CE G (E G CE G )fE G CE A — CE A ) — r(A) 

= r(G CE G (E G CE G )lE G CE A - CE a ) - r(A) 

= r[E G CE G {E G CE G ^E G CE A - E G CE A ] + r(G) - r(A) 

= r(G)-r(A)=r(E A GG'). (R(E G CE G ) = R{E G C) is used) 


Thus, (2.5) is evident. 

By Lemma 1.2 and (2.4), one can compute that 


i_[E A CE G (E G CE G )'E G CE A - E A CE A \ 

= i+[E A CE A - E a CE g (E g CE g )'E g CE a ] = i + ( E a CE a ) ~ H(E G CE g ) 


■ J ( E g 0 \ ( C C\( E g 0 
+ 1 V 0 E A )\C C )\ 0 E a 



C C G 0 

C C 0 A 

G* 0 0 0 

0 A* 0 0 


\ 

— r(G ) — r(A) 



f c 

0 

G 

0 \ 

f C 

0 

0 

A 


0 

0 

-G 

A 

0 

0 

-G 

A 

4 

G* 

-G* 

0 

o - r ( G ) - r ( A ) = 4 

0 

—G* 

0 

0 


{ 0 

A* 

0 

o ) 

l A* 

A* 

0 

0 


r(G) — r(A) 


/CO 0 0 A \ 

0 0 -A -B* A 

= 4 0 -A* 0 0 0 -r(G)-r(A) 

0 -B 0 0 0 

\ A* A* 0 0 0 / 

(CO 0 0 A \ 

0 0 -A —B* 0 

= 4 0 -A* 0 0 0 — r(G) — r(A) 

0 -B 0 0 0 

A* 0 0 0 0 / 

/ C 0 0 A \ 

= *+ o _ 0 G o - r(G) - r(A) = i+(E A CE A ) = 0, 

\ A* 0 0 0 ) 


which is equivalent to (2.6). 

Similarly, (2.7) and (2.8) can be proved. □ 

When the matrices A, B and C satisfy the conditions in Theorem 2.1, then, by Lemma 1.3 and Lemma 
1.4, we get the solution of VV* to (1.3). 
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Lemma 2.1. Let A £ C mxn , B £ C pxm and C £ C B be given, X £ C nxp be variable matrix. Denote 
G = ( A B* ),P = E a GG\ Q = FbGG^Fp, and 

H x = E a CE g (E g CE g )^E g CE a - E A CE A , H 2 = F B CE G (E G CE G ? E G CF B - F B CF B . 

Suppose that the conditions in the statement (2) or (3) of Theorem 2.1 are satisfied, then equations in 
(1.3) have a common solution for VV* , which can be written as 

VV* = -CE G (E G CE G ) f E G C + GG f WW*GG f , (2.9) 

where 

li l 

W = P^Hl + Q\H}T- F b P'h} ) + FpFqZ , (2.10) 

with T £ U m and Z £ C mxm are arbitrary. 

Proof. In view of Lemma 1.3 and Corollary 2.1, we know that EqVV* = — EqC is solvable, and the 
solution of VV* can be formed by 

VV* = -CE G {E G CE G y E g C + GG ] WW*GG\ (2.11) 

where W £ C mxm is arbitrary. Substituting VV* into the last two equations in (1.3) produces 

E A GG f WW*GG f E A = E A CE G (E G CE G ) f E G CE A - E A CE A 4 H u (2.12) 

F b GG f WW* GG f F b = F B CE G (E G CE G )*E G CF B - F B CF B 4 H 2 . (2.13) 

Corollary 2.1 shows that both (2.12) and (2.13) are consistent. Next, we come to prove that (2.12) and 
(2.13) have a common Hermitian nonnegative- definite solution WW*. 

By Lemma 1.4, the matrix equations (2.12) and (2.13) have a common Hermitian nonnegative-definite 
solution if and only if there exists T £ U m such that 

E FBGG i FEAGGi (HiT- FsGGHEaGG^H?) = 0. (2.14) 

It follows from Lemma 1.7 that 

r (F b GG'F EaGG i) = r ( ) - r(F A GG t) = r ( ) - r(F A G) 

= r (i] r( ^ _ r(yB ^ ~ ( A G ) “ r ( A ^ 

= r(G) — r(B) = r(F B GG^), 

i.e., R(F b GG^ F E aGG t) = R(F b GG^), therefore E FbGG tp’ E ^ GGt = E FbGG \ and 

e FbG&Feagg ^f b gg\f a gg^h? =0. 
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Applying Lemma 1.7 again and (2.4), we have 

r[E FBGG ,H 2 \ = r ( F B GG^ H 2 ) - r(F B GG t) = r ( F B G H 2 ) - r(F B G) 

= r ( B* G CE g (E g CEg)'E g CF b ~CF b )~ r{B) - r{F B G) 

= r ( G CE G (E G CE G )^E G CF B ~CF b )^ r(G) 

= r[E G CE G {E G CE G )^E G CF B - E G CF B } = 0, 

l 

means that E FbGG ^H 2 = 0, i.e., E FbGG t F ^ GG \^2 = 0- Hence, (2.14) holds for any T € U m , and there 
exists a common Hermitian nonnegative-definite solution to (2.12) and (2.13). By Lemma 1.4, the common 

Hermitian nonnegative-definite solution is WW* with 

ii l 

W = P^H? + F P Q ] (P 2 2 T - F B GG t P t iL 1 2 ) + F P F Q Z 

ii i 

= P ] H? +Q\HiT-F B P^H 1 2 ) + F p FqZ, (2.15) 

where T £ U m and Z £ C mxm are arbitrary. 

Substituting (2.15) into (2.14) yields (2.9). □ 

Combining Theorem 2.1 and Lemma 2.1, we can deduce the following result. 

Theorem 2.2. Let A £ C mxn , B £ C pxm , C £ C B be given, X £ <C nxp be variable matrix, and suppose 
that matrix inequality (1.1) is solvable. Then, a general solution to (1.1) can be expressed as 

X=*(X 1+ X*), (2.16) 

where 

Xi = A\C + VV*)B^ — A^ B*M\C + VV*)B^ — A^ 1 S(B*)\C + VV*)N^ A* 

—A^SYiE N A*B^ + F a Y 2 + Y 3 E b , (2.17) 

x 2 = M\C + VV*)(A*y +S' l S( y B*)\C+VV*)N'< +F m(Y 1 ~S' i SY 1 NN' i ) + Y 4 F a , (2.18) 

with VV* is given by (2.9), M = E A B*, N = A*F B , S = B*F M , and Yj ( i = 1,2, 3,4) are arbitrary 
matrices over complex field with appropriate sizes. 

Proof. Since the matrix inequality (1.1) is equivalent to (1.2), where VV* is given by (2.9). In view of 
Lemma 1.5, the general solution to (1.2) can be written as 

X=^(X 1+ X*), 

where X\ and X 2 are general solutions of the equation 

AX 1 B + B*X 2 A* = C + VV*. (2.19) 
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It follows from (1.3) and Lemma 1.6 that (2.19) is solvable, and 

Xi = A\C + VV*)B^ - A^B*M^E a (C + VV*)B^ - A^S(B*^{C + VV*)F B N^ A* B^ 
-A^SY l E N A*B^ + F a Y 2 + Y 3 E b , 

X 2 = M*E a (C + TR*)(T*) t + F m S'S(B*)'(C + VV*)F B N 't + Fm(Y ! - SYiNN^) + Y 4 F A , 

where M = E A B * , N = A*F B , S = B*Fm , and Y t , (i = 1,2, 3,4) are arbitrary matrices over complex 
field with appropriate sizes. Together with M^E A = M\ F B N t = and FmS t = S*, then (2.17) and 
(2.18) are followed. □ 

In [2], the author presented some sufficient and necessary conditions for the existence of common Re- 
nnd solution to AX = C and XB = D, however, the general solution has not been established by now. 
Next, we restudy this problem, and derive its general solution. 

Theorem 2.3. Let A, C € C nxm , and B,D £ C mxn , suppose that both AX = C and XB = D have a 
a Re-nnd solution. If the pair of equations have a common solution (i.e., AD = CB), then there exists a 
common Re-nnd solution if and only if 

r (i- -ir) =T {r -M') =r (y -d'b)' < 2 - 20) 

In this case, a general common Re-nnd solution can be written as 

X = A'C + F a DB' + ^(Yi+y 2 *), (2.21) 

where, 

Yi = F a (C + VV*)E b ~ F a M\C +VV*)E B - E b F m (C + VV*)NiE B - EbFmZ^nFa, 

Y 2 = M'(C + VV*)F a + S'S{C + VV*)N* + E B F M (Z 1 -S'SZ 1 NN*)F A , 

VV* = -CE G (E G CE G ) f E G C + GG f WW*GG f , 

11 1 
W = P f H 2 + Q 1 ' (iJ 2 2 T - H? ) + F p Fq Z , 

Hi = A*ACE G (E G CE G )*E G CA*A- A*ACA*A, 

H 2 = BB^CE^EcCEa^EaCBB^ -BB^CBBK 

with C = —[{A^C + F a DB t) + (A*C + F a DB^)% G = ( F a E b ), M = A^AE B , N = F a BB\ 
S = E b Fm, P = A^AGG^, Q = BB^GG^ Fp, T e U m and Z , Xi e C mxm are arbitrary. 

Proof. The rank equality (2.20) was obtained by [Theorem 2.1, 2], Furthermore, by [Lemma 1.1, 2], a 
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general common solution to AX = C and XB — D can be expressed as 

X = A^C + F a DB^ + F a YE b , (2.22) 

where Y £ C mxm is arbitrary. Therefore, there exists a common Re-nnd solution X if and only if 
X + X* ^ 0 for some Y, i.e., 

F a YE b + ( F a YE b )* > -pt(7 + F A DB*) + (A*C + F A DB t)*] 4 C (2.23) 

is solvable. Applying Theorem 2.2 to (2.23) yields 

Y = ±(Y 1+ Y 2 *), (2.24) 

where 

Yi = F a (C + VV*)E b - F a E b M\C + VV*)E b - F a SE b (C + VV*)N^F a E b 
— F a S Z\ e n f a e b + a^az 2 + z 3 bb\ 

Y 2 = M f (C + VV*)F A + S f SE B (C + VV*)N f +f m {Z 1 - S^SZj.NN^) + Z 4 A^A, 

with M = A^AEb, N = F a BB\ S = E b Fm , and Z , : . (* = 1,2, 3,4) are arbitrary matrices over complex 
field with appropriate sizes. Together with F A S = E b Fm, FmE b = E b Fm , we have 

F a YiE b = F a (C + VV*)E b - F a E b M\C + VV*)E B - F A SE B (C + VV*)N^F A E B - FaSZ^EnFaEb 
= F a (C + VV*)E b ^ F a M\C + VV*)E b - E B F M (C + VV*)N^ E B - E B F M Z X E N F A , 
E b Y 2 F a = E b M\C + VV*)F a + E b S'SE b (C + VV*)N^F A + E b F m {Zi - S'SZ^N^Fa 
= Aft (C + VV*)F a + S^S{C + VV*)N^ + E b F m {Z 1 - S^SZ 1 NN^)F A . 

Denote Y\ = F A Y\E B and Y 2 = E B Y 2 F A . Combining (2.22) and (2.24) produces (2.21). □ 

Since the Re-nnd generalized inverse A^ 1,3,4 ) can be regarded as the common Re-nnd solution of 
A* AX = A* and XAA* = A *, where A £ C mxm , therefore, by Theorem 2.3, we have the following 
result. 

Theorem 2.4. Let A £ C mxm . Then there exists a Re-nnd generalized inverse A^ 1,3,4 ) if and only if 
A* A 2 , A 2 A* are Re-nnd, and 


f A* A A* \ ( A* A (A*) 2 \ ( A* A A* A \ 

r ^ AA* -A J - r (, AA* -AA* ) ~ r \ AA* -A 2 )' 

In this case, a general Re-nnd generalized inverse A^ 1,3,4 ) can be written as 

4e’ 3,4) = A f + ±(Y 1 + Y 2 *), 


(2.25) 
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where, 

Vi = F a (C + VV*)E a - F a M\C + VV*)E a - E a F m (C + VV*)N'E a - EaFmZ^nFa, 

Y 2 = Mi(C + VV*)F A + &S(C + VV*)N i +E A F M (Z 1 -StSZ 1 NNi)F A , 

VV* = -CE G (E G CE G ) f E G C + GG f WW*GG f , 

11 1 

W = P ] {Hi T - AA* H 'l ) + F P F Q Z , 

H 1 = A^ACEGiEGCEc^EGCA^A-A^ACA^A, 

H 2 = AA^CE G (E G CE G )^ E G CAA^ — AA^ C AA^ . 

with C = -[At + (At)*], G = ( F a E a ), M = A^AE a , N = F a AA\ S = E A F M , P = A^AGG^, 
Q = A At GGt Fp , T £ U m and Z, Zi £ C mxm are arbitrary. 

Proof. In view of Lemma 1.8, A* AX = A* and XAA* = A* have Re-nnd solution if and only if A* A 2 and 
A 2 A* are Re-nnd respectively. Moreover, by Theorem 2.3, these two equations have a common Re-nnd 
solution if and only if 

( A* A A* \ _ f A* A (A*) 2 A A* A A* A A* \ 

r \AA* -A ) ~ r ^ AA* -AA*A ) ~ r ^ AA* -A 2 A* J ’ 

which is equivalent to (2.25). The formula of Afe’ 3,4 ' follows directly by (2.21). The proof is complete. 

□ 
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Existence and Stability Results for Quaternion Fuzzy 
Fractional Differential Equations 
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Abstract 

We consider the initial value problem of quaternion fuzzy fractional differential equations 
in the generalized regular fuzzy function space. And we propose a notion of the disturbed 
fuzzy Dirac operator. By using the associate space method and fixed point theorem, a sufficient 
condition for the existence and stability of the solution of the initial value problem is given. 

Keywords: quaternion-valued grades of membership, quaternion fuzzy fractional differential 
equation, associate space, generalized regular function, Hyers-Ulam stability 

1 Introduction 

The notion of fuzzy complex number was first proposed by Buckley in [1], In [2], Tamir et al. 
pointed out the limitations of the mixed fuzzy and crisp definition of [3] and generalized it by 
allowing a fuzzy phase term. As illustrated with examples in [2], the advantage of this augmented 
definition of complex fuzzy sets is its ability to accommodate fuzzy cycles. In order to extent fuzzy 
complex number, the concept of the fuzzy quaternion number was introduced by Moura et al., who 
in [4] discuss some concepts such as their arithmetic properties, infimum, supremum, distance, and 
so on. The quaternion membership function was given by a mapping u : H — > [0,1] such that 

u(a + bi + cj + dk) = min{A(a), B(b), C(c), D(d)}, 

where A, B , C , D are all real fuzzy numbers. Yang et al. proposed a different definition of quaternion 
fuzzy sets and discussed entailed results which parallel those of regular fuzzy numbers in [5]. 

The study on fractional differential equations has been rapidly advancing in recent years. Frac- 
tional equations have received increasing attentions [6, 7, 8, 9, 10, 11]. Recently, Agarwal et al. 
considered a differential equation of fractional order with uncertainty and presented the concept 
of solution [12]. They considered the Riemann-Liouville differentiability which was a combina- 
tion of Hukuhara difference and Riemann-Liouville derivative. The shortcomings of applications 
of Hukuhara difference was discussed in [13] by Bede and Gal. The results on existence and u- 
niqueness of the solution were later established in [14, 15, 16, 17], and in [18, 19]. Salahshour et 

‘Corresponding author. Email: zhanpengyang@mail.ie.ac.cn(Z.P. Yang), iecasrwj@163.com(W.J. Ren). 
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al. applied fuzzy Laplace transforms to solve fuzzy differential equations [20, 21]. The numerical 
solution of the fuzzy differential equation was obtained in [22, 23, 24]. Furthermore, Malinowski 
introduced random fuzzy fractional integral equations-theoretical [25]. 

The study of stability problems for functional equations is related to a question of Ulam [26] 
concerning the stability of group homomorphisms and affirmatively answered for Banach spaces 
by Hyers [27]. Some authors then considered the stability of the fuzzy difference and functional 
equations [28, 29, 30, 31]. In this paper, we consider existence and stability of the solution for 
quaternion fuzzy fractional differential equations. By the associate space method and fixed point 
theorem, we given a sufficient condition of the Hyers-Ulam stability for quaternion fuzzy fractional 
differential equations. Moreover, We provide a way of incorporating such the theory of fuzzy 
fractional differential equations into quaternionic analysis. 

2 Notation and Basic results 

Let Px(m 3 ) denote the set of all nonempty convex compact subsets of R 3 . The Hausdorff metric 
for A, B £ Pk( R 3 ) is defines by 

d(A, B) = inf{e | A C N(B, e ) and B C N(A, e)}, 

where N(A,e ) = {i 6 R 3 | ||x — y\\ < e for some y £ A}. 

Throughout this paper, we put A := {0, 1, 2, 3} and denote by eo = 1, e\ = i, e 2 = j, e 3 = k, 
where i, j, k are units of the real quaternion algebra H. 

In [5], Yang et al. considered quaternion fuzzy sets on R 3 , i.e. , quaternion grades of membership. 

Definition 1. [5] The quaternion membership function f is defined by 

f(V,x) = eofo(V) + eifi(x) + e 2 / 2 (x) + e 3 / 3 (x), 

where V is to be interpreted as a set in a fuzzy set of sets and x as an element ofV. 

In particluar, for x £ R 3 , we have 

f(x) = fo(x)e 0 + /i(x)ei + / 2 (x)e 2 + / 3 (x)e 3 , 

where /o,/i,/2,/3 : ^ 3 [0,1]. Denote / by (/o, fi, f- 2 , /s)- The r = (r 0 , n, r 2 ,r 3 )- level sets for 

/ = (/o, fi, h, h) is defined by 


[/r = [/o] r °n[/ 1 r n[/ 2 pn[/ 3 p. (2.1) 

Denote T n the set of all v : R n — > [0, 1] satisfying all of the following conditions: 

(i) v is normal, i.e., there exists xq £ R n such that n(x o) = 1; 

(ii) u is fuzzy convex, i.e., for all ti,t 2 £ R n , A £ [0, 1]: 

v (Xti + (1 - A)t 2 ) > min{i/(t 1 ), z/(t 2 )}; 
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(iii) v is upper semi-continuous; 

(iv) [is] 0 is compact. 

Moreover, we define J- 4n as follows: 

P An = {(i/q, vi, vz, v 3 ) € T n x F n x T n x T n \ 

3*o, s.t., vi(t 0 ) = 1,1 e A}. 

Then, for is = (; is 0 , zq, i/ 2 , ^ 3 ) £ P 4n , [/]“ = PleApl] ai G Pr(R 3 ) for all ai G [0, 1], l G A. 

For /, 5 G -F 4n , where / = (/ 0 , f\,h, /s) and 5 = (g 0 , 51 , 5 - 2 , 53 ), and A is a scalar, let 

/ + 5 = (/o + 5o,/i +5i,/2 + 52,/3 + 53 ), 

A/ = (A/o, A/i, A/ 2 , A/3). 

Let us define D : T n x J 7 ” — > [0, 00 ) by 

£>(Ti, ^ 2 ) = sup{d([i/!] r , [is 2 ] r ) | r G [0, 1]}, (2.2) 

where d is the Hausdorff metric. ( T n , D ) is a metric space which can be embedded isomorphically 
as a cone in a Banach space [32], However, D is not a suitable metric for our space of interest, 
P 4n , as we quickly see that linearity is violated. Instead, let us consider the product metric D' on 
? 4n =F n x jrn xF n x jn For f = ( /q> /l; / 2 , / 3 ) € F 4n and g = (go, 51, 52, 53 ) G -F 4 ™, we define 
D' : F 4n x F An — > [0, 00 ) by the relation 

D\f,g) = L>'((/ 0 ,/i,/2,/3),(5o,5i,52,53)) 

= ma x{D(fi,gi)}. 
ze A 

Then, IT is a linearity preserving metric for F An . Since J 7 " 4 ” C F 4n , D’ is also a metric for P An . 
Hence, ( J 74 ”, ZT) is a complete metric space. Now, as (J 74n , ZT) is a metric space and D' preserves 
linearity, by the Arens-Eells theorem [33] there exists an embedding P 4n B where B is a Banach 
space. The zero element on P An then reads 04 ( 2 :) = (0(x), 0(x), 0(x), 0(.x)) G F 4n . 

We define strongly generalized differentiability as in [13] in terms of the generalize Hukuhara 
difference. For x, y G J 74 " , if there exists z G J 74 " such that x = z + y or y = x + (— 1 )z, we write 
x © y = z and call z the difference of x and y. 

A fuzzy-valued function / defined in the bounded, simply connected domain SI C K 3 is a 
mapping / : Cl — > P 4n , and / can be represented in a form / = Y^j=o e jfj{ x )- Its conjugate / is 
defined by 

3 

/ = e 0 f 0 (x) © ^2 e jfj( x )i 
3 = 1 

where fj(x) are continuous fuzzy- valued functions in x = (aq, x 2 , aq) G H. 

Definition 2. Let H C M 3 be a bounded, simply connected domain. We call a mapping F : Cl — > P An 
strongly generalized partial derivative at x = (aq,aq,aq) € Cl if there exists some G P 4n such 
that 
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(i) there exists the differences F(-,Xi + h, •) © Ff,Xi, ■), 
F(-,Xi,-)Q F(-,Xi~ h,-) and 


OF F(-,Xi + h, •) © F(-,Xi, •) F(-,Xi, •) © F(-,Xi - h, •) 

— — = lim = lim 

OXi h—*o+ h h- s>o+ h 


or 

(ii) there exists the differences F(-,Xi , •) © Ff,Xi + h, ■), Ff, Xi — h, •) © Ff, Xi, •) and 


OF Ff, Xi, ■) © Ff, Xi + h, ■) F(-,Xi-h,-)QF(-,Xi,-) 

— — = lim = lim 

OXi h-+ 0+ —h h-> o+ —h 


or 

(Hi) there exists the differences F(-,Xi + h, •) © F(-,Xi, ■), Ff, Xi — h,-) © F(,Xi, •) and 

OF Ff,Xi + h,-) © F(-,Xi,-) F(-, Xi - h, ■) © F(-, Xi, •) 

= lim f = lim 7 , 

OXi ft— i o+ h h->.o+ —h 


or 

(iv) there exists the differences Ff,Xi, •) © F(-,Xi + h , ■), F(-, x,, •) © F(-, Xi — h, •) and 

dF _ lim F(-,Xj, •) © F(-,Xt + h, •) _ lim F(-,Xj, •) © - h, •) 

h— >o+ —h h-+ o+ h 


In general, we have the following results on the connection between the strongly generalized 
partial derivative of F and its endpoint function Ff and Ff. 

Let F \ ii —f F 4n be a quaternion fuzzy function. If F is strongly generalized partial derivative 
at x £ ii, then we have the following case: 

If F is strongly generalized partial derivative at x € ii in (i), then, for each a t e [0, 1 \,Fu and 
Fi r are strongly generalized partial derivative functions at x and 


where 


and 



( 2 . 8 ) 

(2.9) 


Definition 3. Let F : ii — > F 4n be a continuous mapping. The fuzzy Riemann-Liouville integral 
of F is defined by 

(Lo+ F )(x) = f Q ( x i -Tf~ 1 F(-,T,-)dr, , (2.10) 

where x G ii, Xi > 0, 0 < ft < 1. 


Then, the Riemann-Liouville integral of a quaternion fuzzy-valued function F can be expressed 


as follow: 

{Io+F a )(x) = [(lS + Fn(x),(lS + F r a )(x)], 
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where 


and 


( Xi - rf 1 F l a (-, t, -)dr 


(l'o+ F r)(x) = (Xi - T)f> t, -)dr. 


Definition 4. The fuzzy Riemann-Liouville fractional derivatives of order n — 1 < 
fuzzy-valued function F is defined by (provided it exists ) 


1 B n f Xi 


Similarly, we have 


( RL dJ + F“)(x) = [(^D^Fi«)(s),(^ + F«)(x)], 


— r iRLnh (RLnP 


where ( RL D^ + F fi)(x) = 

1 d n 

r(n - /3) dx™ J 0 

and ( RL D f3 + F?)(x) = 

1 d n r Xi 

T(n - 13) dx( J 0 

Definition 5. The fuzzy Caputo derivative of F for n — 1 < (3 < n and x 6 fl is 
( c Fq + F)(x) (provided it exists) and defined by 


r’(x i -T)”-‘ J - 1 F 1 «(.,T,.)<iT 

Jo 


(Xi-T) n 13 1 F“(-, r, -)dr. 


(C ' D »* F)(I) = f <*< - ■) dr. 


f) r 

n-P-1 ° 


Then, 


( C B^ + F a )(x) = [( u D R + F n(x),( u D R + F r a )(x)l 

i on 

n— /3— 1 ° 


(C nP 


C nh 


where 


( c D^F?)(x) = f <*< - ')dT 


and 


(C dP 


Now let us introduce the fuzzy Dirac operator as 

3 


r) n 

t-B-1 ° 


Xi-T) n -( ) - 1 -^ F ?(;T,-) dT. 






k = 1 


_d_ 

<9xa 


The fuzzy Dirac operator acts on / as follows 


Df = ^ e k ej 


k=l,j=0 


dfj 

dx k 


[3 < n for 

( 2 . 11 ) 


denoted by 

( 2 . 12 ) 
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Definition 6. The disturbed fuzzy Dirac operator is the operator which is defined by 

Dpu = Du + /3D, 


where fi is a real number. 

Definition 7. A fuzzy function u : fl — > is called a generalized regular fuzzy function if it 

satisfies Dgu = 64 . 

Definition 8. Let L(t , x, u ) be a first order differential operator depending on t, x, u and the 
first order derivative fjf-, while l(t,x,u ) is a differential operator on the time t. Then L is called 
“associated” to l if L transforms solutions of lu = 64 into solutions of the same equation for fixed 
t, i.e. lu = O 4 implies l[Lu] = 64 . 

If A : y — > X is an operator, let us consider the fixed point equation 


x = a(x), x e y 


(2.13) 


and the inequation 


d(y, A(y)) < e. 


(2.14) 


Definition 9. The equation (2.13) is called generalized Hyers-Ulam stable if there exists : M + -* 
M + increasing, continuous at 0 and ip( 0) = 0 such that for each e > 0 and for each solution y* of 
(2.14) there exists a solution x* of the fixed point equation (2.13) such that 


d{y*,x*) < if(e). 

If there exists c > 0 such that fi(f) := ct, for each t £ K + , the equation (2.13) is said to be 
Hyers-Ulam stable. 


3 Main results 

In this section, we consider the initial value problem 

. c ^p^ + Ba+c ^ Liu) , (31) 

u( 0 , x) = ip(x), 

where x = {x\,X 2 ,xf) £ D and is a bounded, simply connected domain in M 3 ; t £ [0, T] is the 
time variable; c Dff +t is the Caputo fractional derivative of t\u = u(t,x ) is quaternion fuzzy- valued 
functions defined in [0, T] x LI. A (j l = A^\t, x); B = B(t, x) and C = C(t, x) are quaternion- valued 
functions defined in [0, T] x LI. The initial function <p(x) is a generalized regular fuzzy function. 

It is easy to show that solutions of the initial value problem are fixed points of the operator 

B(u) := u(t,x ) = ip(x) + =-!— [ (t - r)" _1 L(u)dr. (3.2) 

r(a) Jo 
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In order to use fixed points theorem, we have to estimate the integro-differential operator on the 
right-hand side of (3.2). That is a little bit difficult because the integrand contains derivative with 
the spacelike variables Xj. But we can estimation it by using the following two properties of the 
associated function space: 

(i) The operator maps the space into itself. Here we use the concept “associated pair” [34, 35, 
36]. 

(ii) For the element of the associated space one has an “interior estimate” [36], that is, the norm 
(metric) of the derivative with respect to spacelike variables of the element of the associated space 
can be estimated by the norm of the element. 

For our subsequent results, we need the following hypotheses. 


(hi) 4 1} = 4 2) = -4 3) , 

4(1) _ 4(2) _ _ 4(3) 

Til — — /1 3 , 

4 1 1 ) _ _ 4(2) _ 4(3) 
n . 2 — .a j — vi 0 , 

4 (B _ _ 4(2) _ _ 4(3). 
^3 — — > 


(H2) (DAW + pAW - 2Hie 0 )ei = (DAW + pAW - 2B 2 e 0 )e 2 = 

(DAW + pAW - 2B 3 e 0 )e 3 - 

(H3) pDAW e 1 + 2 p 2 £ 3 =1 Afe^i + 2 P 2 A^ ) e 0 + DB + 2 p(B 2 e 2 + B 3 e 3 ) = 0; 


(H4) DpC = DC + PC = 0 for each t e [0, T\. 

Theorem 1 . Assume that AW(t,x)(j = 1,2,3 ),B(t,x) and C(t,x) are all quaternion-valued func- 
tion for t G [0,T]. The operator L is associated with the operator Dp if hypotheses (H1)-(H4) are 
satisfied. 

According to Definition 8 , we can obtain that the operator L is associated with the operator 
Dp, if Dpu = 64 implies Dp(Lu) = O 4 . Here, we omit the proof. 

To solve the initial value problem (3.1) we need the interior estimate of generalized fuzzy regular 
functions. 


Theorem 2. Let C f l S2 and fl S2 C Ll. Let mD denote the finite measure ofLlcW 1 and u be a 

generalized fuzzy regular function. We obtain the interior estimate of generalized regular functions 


/3 2 (^43 + l(^4 , 

dxif / dist.(Q Sl , dLl S2 ) ’ 4 


D 

= gD' (u, 0 4 ). 


(3.3) 


Proof. Assume that u is a quaternion- valued function. By Theorem 5 in [37], we have 

du 


dxi 




Si 


dist(yt Sl , dfl 


s 2 


= T] U 


s 2 • 


(3.4) 


L s 2 ) 
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Now, for a generalized fuzzy regular function u, we consider its endpoint function uf and uf. It 
easy to see that uf and uf are also generalized regular functions. Then, we obtain their interior 
estimate as follows: 


duf 

dxi 


^ /j 2 (3^)l[3+l ( 3^)|] 

dist(n sl ,dn S2 ) 11 H|s2 


(3.5) 


and 


Moreover, we can obtain 


duf 


dxj 


< 


(3 2 (»)![3 + l(3g!)|] 




dist(Q Sl , <9fl 


, f du ~ \ . 

D — , 0 4 = sup <J d 

\dXi ) 0<a<l 

du 
dxi 

/J 2 ( Sgl)l[3 + l(3gl)l| 


= sup { d 

0<a<l 


< 


si) 


du 
dxi 
du 
dxi 


,(0)4 

,(0)4 


dist(Q Sl , d£i S2 ) 

sup |d([uf,<],(0) 4 )| =i]D'(u, 0 4 ). 


0<a<l 


(3.6) 


(3.7) 


This concludes the proof. 


□ 


Theorem 3. Assume that L satisfies the hypotheses of Theorem 1 and assume that is an arbitrary 
generalized fuzzy regidar function. The initial value problem (3.1) is solvable in the conical domain 
M a = {(i,.x) : s G fi,0 < t < ff • dist(x,d£l)}(a is small enough). The solution u(t,x ) is also 
generalized fuzzy regular function for each t. Moreover, the fixed point equation u = B(u ) is Hyers- 
Ulam stable. 


Proof. To prove this, we know that the solution of the differential equation (3.1) must satisfy the 
Volterra equation 

1 

B{u) := u(t,x) = ip(x) + — — -v- / (t - r)" _1 L(u)dr. (3.8) 

r(a) Jo 

We then proof that the operator B has a fixed point. It is easy to see that B maps C([0, T] x Q, E *) 
to itself. Moreover, we have 


D'(B(u) © B(v), 0 4 ) = l/( A© [\ t - tY~ 1 L{u) dr, 

r(a) Jo 

Ah [ (.t-rY^L^dr) 

T(a) Jo 

= At A* - r ) a_1 (5Z A ^tt—D\u © v,0 4 ) + BD (u © v, 0 4 )dr 
-1 \ a ) Jo •_ 1 PXj 


(3.9) 


< At( A ^ + 3r)N)D(u © v, 64) [ (t - r) Q 1 dr 

r (a) Jo 


1 


T(o: + 1) 

:= 7 D (uQv, 0 4 ), 


(M + 3 r]N)t a D (u © v, 0 4 ) 
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where M = ||i?||, N = maxj = i j 2 , 3 {||A( J ')||}. 

We may then choose a number t > 0 such that 

7 = r( + Zl l N )T a < L 

I (a + 1) 

Then in the domain M a = {(t, x) : x 6 P, 0 < t < a ■ dist(x, dfi) < r}, B is a contraction mapping. 
Thus, by the Banach’s fixed point theorem, we obtain the desired uniqueness of the solution of 
the differential equation. Theorem 2.10 in [38] implies that the operator B is a c-weakly Picard 
operator with the positive constant c = and the fixed point equation u = B(u) is Hyers-Ulam 
stable. 

Moreover, the solution u(t, x) belongs to the associated space for each t. The solution u(t, x) is 
also generalized regular. □ 
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Set-valued quadratic /^-functional inequalities 

Choonkil Park and Jung Rye Lee* 


Abstract. In this paper, we introduce set-valued quadratic p-functional inequalities and prove the 
Hyers-Ulam stability of the set-valued quadratic p-functional inequalities by using the fixed point 
method. 


1. Introduction and preliminaries 

Set-valued functions in Banach spaces have been developed in the last decades. The pioneering paper 
by Aumann [5] and Debreu [14] were inspired by problems arising in Control Theory and Mathematical 
Economics. We can refer to the papers by Arrow and Debreu [3], McKenzie [27], the momographs by 
Hindenbrand [20], Aubin and Frankowska [4], Castaing and Valadier [8], Klein and Thompson [25] and 
the survey by Hess [19]. 

The stability problem of functional equations originated from a question of Ulam [53] concerning the 
stability of group homomorphisms. Hyers [21] gave a first affirmative partial answer to the question of 
Ulam for Banach spaces. Hyers’ Theorem was generalized by Aoki [2] for additive mappings and by 
Rassias [42] for linear mappings by considering an unbounded Cauchy difference. A generalization of 
the Rassias theorem was obtained by Gavruta [18] by replacing the unbounded Cauchy difference by a 
general control function in the spirit of Rassias’ approach 

The functional equation 

f(x + y) + f{x -y)= 2f(x) + 2 f(y) 

is called a quadratic functional equation. In particular, every solution of the quadratic functional 
equation is said to be a quadratic mapping. A Hyers-Ulam stability problem for the quadratic functional 
equation was proved by Skof [52] for mappings / : A — > Y, where A is a normed space and Y is a 
Banach space. Cholewa [12] noticed that the theorem of Skof is still true if the relevant domain A is 
replaced by an Abelian group. Czerwik [13] proved the Hyers-Ulam stability of the quadratic functional 
equation. The functional equation 

2 f(x + y) + 2 f{x -y)= /( 2x) + f(2y) 

is called a Jensen quadratic functional equation. In particular, every solution of the Jensen quadratic 
functional equation is said to be a Jensen quadratic mapping. The stability problems of several functional 
equations have been extensively investigated by a number of authors and there are many interesting 
results concerning this problem (see [1, 17, 18, 22, 23], [39] [41], [43] [51], [54, 55]). 

Let A be a set. A function d : X x A — » [0, oo] is called a generalized metric on A if d satisfies 

(1) d(x, y) = 0 if and only if x = y; 

°2010 Mathematics Subject Classification: 47H10, 54C60, 39B52, 47H04, 91B44. 

°Keywords: Hyers-Ulam stability, set-valued quadratic p- functional inequality, fixed point. 

* Corresponding author. 
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Set-valued quadratic p-functional inequalities 

(2) d(x,y) = d(y,x) for all x,y £ X; 

(3) d(x, z) < d(x, y) + d(y, z) for all x,y,z G X. 

Let (X, d) be a generalized metric space. An operator T : X — > X satisfies a Lipschitz condition with 
Lipschitz constant L if there exists a constant L > 0 such that d(Tx,Ty) < Ld(x,y) for all x,y £ X. 
If the Lipschitz constant L is less than 1, then the operator T is called a strictly contractive operator. 
Note that the distinction between the generalized metric and the usual metric is that the range of the 
former is permitted to include the infinity. We recall the following theorem by Margolis and Diaz. 

Theorem 1.1. [9, 15] Let (X, d) be a complete generalized metric space and let J : X — ► X be a strictly 
contractive mapping with Lipschitz constant L < 1. Then for each given element x £ X , either 

d(J n x, J n+1 x) = oo 

for all nonnegative integers n or there exists a positive integer no such that 

(1) d(J n x , J n+1 x) < oo, V?i > no; 

(2) the sequence { J n x} converges to a fixed point y* of J; 

(3) y* is the unique fixed point of J in the set Y = {y £ X | d(J n °x, y) < oo}; 

( 4 ) d(y, y*) < j^pd(y, Jy) for all y € Y. 

In 1996, Isac and Rassias [24] were the first to provide applications of stability theory of functional 
equations for the proof of new fixed point theorems with applications. By using fixed point methods, 
the stability problems of several functional equations have been extensively investigated by a number 
of authors (see [10, 11, 29, 34, 35, 38]). 

Let Y be a Banach space. We define the following: 

2 V : the set of all subsets of Y ; 

Cb(Y) : the set of all closed bounded subsets of Y; 

C c (Y ) : the set of all closed convex subsets of Y ; 

C c b(Y) : the set of all closed convex bounded subsets of Y. 

On 2 y we consider the addition and the scalar multiplication as follows: 

C + C' = {x + x' :x£C,x' £ C'}, A C = {Ax : x £ C}, 

where C , C' £ 2 y and Asl. Further, if C, C' £ C c {Y), then we denote by C © C' = C + C’ . 

It is easy to check that 

XC + XC' = X(C + C'), (A + n)C C AC + pC. 

Furthermore, when C is convex, we obtain (A + p,)C = XC + yC for all A, y £ R + . 

For a given set C £ 2 r , the distance function d(-, C) and the support function s(-, C) are respectively 
defined by 

d(x,C) = inf{||x — y\\ : y £ C}, x £ Y, 

s(x*,C) = sup {(x*,x) : x £ C}, x*£Y*. 

For every pair C, C' £ Cb{Y), we define the Hausdorff distance between C and C' by 
h(C, C) = inf {A > 0 : C C C' + A By, C C C + A By}, 

where By is the closed unit ball in Y. 
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The following proposition reveals some properties of the Hausdorff distance. 

Proposition 1.2. For every C,C',K,K' G C c b(Y) and A > 0, the following properties hold 

(a) h(C ®C,K®K')< h{C, K) + h{C , K'); 

(b) h{\C,\K) = A h(C,K). 

Let {C cb (Y),®, h) be endowed with the Hausdorff distance h. Since Y is a Banach space, (C c b(Y), ®, h) 
is a complete metric semigroup (see [8]). Debreu [14] proved that {C c b(Y), ®, h) is isometrically em- 
bedded in a Banach space as follows. 

Lemma 1.3. [14] Let C(By*) be the Banach space of continuous real-valued functions on By * endowed 
with the uniform norm || • ]]„. Then the mapping j : (C c b{Y),®, h) — > C(By), given by j{A) = 
satisfies the following properties: 

(a) j(A ® B) =j(A)+j(B); 

(b) j(X A) = A j(A); 

(c) h(A,B) = \\j(A)-j(B)\\ u ; 

(d) j(C c b(Y)) is closed in C(By .) 
for all A,Bg C c b(Y) and all A > 0. 

Let / : Cl — > ( C c b(Y ), h) be a set-valued function from a complete finite measure space (fl, S, v) into 
C c b(Y). Then / is Debreu integrable if the composition j o f is Bochner integrable (see [7]). In this 
case, the Debreu integral of / in O is the unique element ( D ) f Q fdv € C c b(Y) such tha j((D ) f Q fdv) 
is the Bochner integral of j o /. The set of Debreu integrable functions from Q to C cb (Y ) will be 
denoted by D(Q,C c b(Y)). Furthermore, on D(H, C c b{Y)), we define (/ + g)(cv) = /(w) © g(cv ) for all 
f,g € C c b(Y)). Then we obtain that ((H, C c b(Y)), +) is an abelian semigroup. 

Set-valued functional equations have been extensively investigated by a number of authors and there 
are many interesting results concerning this problem (see [6], [30] [33], [36, 37]). 

Using the fixed point method, we prove the Hyers-Ulam stability of the following set-valued quadratic 
p-functional inequalities 

Hf( x + V) © f( x ~ y)^f{x) © 2 f{y)) < p-h (2 f(x + y) © 2 f(x - y ), /( 2x) © f(2y)) (1.1) 

and 

h(2f(x + y)® 2 f(x - y), /( 2x) © f{2y)) < p-h (/( x + y) © f(x - y),2f(x) © 2 f(y)) . (1.2) 

Throughout this paper, let X be a real vector space and Y a real Banach space. 

2. Stability of the set- valued quadratic ^-functional inequality (1.1) 
Throughout this section, assume that p is a positive real number less than 

Using the fixed point method, we prove the Hyers-Ulam stability of the set-valued quadratic p- 
functional inequality (1.1). 

Definition 2.1. Let / : X — y C c b(Y). The quadratic set-valued functional equation is defined by 

f(x + y)® f(x - y) = 2 f(x) © 2 f(y) 

for all x, y £ X. Every solution of the quadratic set-valued functional equation is called a quadratic 
set-valued mapping. 
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Definition 2.2. [26] Let / : X — > C c b(Y). The Jensen quadratic set-valued functional equation is 
defined by 

2 f(x + y)® 2 f(x - y) = /( 2x) © f(2y) 

for all x, y £ X . Every solution of the Jensen quadratic set- valued functional equation is called a Jensen 
quadratic set-valued mapping. 

Lemma 2.3. Suppose that f : X — > {C c b{Y), h) is a mapping satisfying /( 0) = {0} and 

h(f(x + y)® /( x - y),2f(x) © 2 f(y)) < p-h (2 f(x + y) © 2 f(x - y), /(2a;) © f(2y)) (2.1) 

for all x,y £ X. Then f : X — > ( C c b(Y),h ) is a quadratic set-valued mapping. 

Proof. Letting y = x in (2.1), we get h(f(2x),4f(x)) = 0 for all x £ X . Thus /( 2x) = 4 f(x) and so 
Hf(x + y)® f(x- y),2f(x)®2f(y)) < p ■ h (2f(x + y) © 2f(x - y), f(2x) © f{2y)) 

= p-h (2 f(x + y)® 2 f(x - y), 4 f(x) © 4 f(y)) 

= 2 p ■ h(f(x + y) © f(x - y), 2 f{x) © 2f(y)) 

for all x, y € X. Since p < h(f(x + y) © f(x — y), 2 f(x) © 2 f(y)) = 0 and so 

f(x + y)® f{x -y)= 2 f{x) © 2/(y) 

for all x, y £ X . □ 

Theorem 2.4. Let ip : X 2 — » [0,oo) be a function such that there exists an L < 1 with 

V{x, y) < jT(2x,2y) 

for all x,y £ X. Suppose that f : X — > iC c b(Y),h) is a mapping satisfying /( 0) = {0} and 

Hf{x + y)® fix - y),2fix) © 2 fiy)) < p-h (2 fix + y)® 2f{x - y), /(2a;) © f{2y)) + ipix, y) (2.2) 

for all x,y £ X. Then there exists a unique quadratic set-valued mapping Q : X — > ( C c b{Y),h ) such 
that 

Hf{x),Q(x)) < ^ L ^ L pix,x) (2.3) 

for all x £ X. 

Proof. Let y = x in (2.2). Since fix) is convex, we get 

h{f i2x), 4 f (x)) < p{x,x) (2.4) 

and so 

h [fix), 4 /(|)) < ^ jTix,x) ( 2 . 5 ) 

for all x £ X. 

Consider 

S:={g: g : X C cb (Y ), fl (0) = {0}} 
and introduce the generalized metric on X , 

dig, f) = inf {/a £ (0, oo) : higix), fix)) < pp{x, x), x £ X }, 
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where, as usual, inf <j> = +oo. It is easy to show that (S, d) is complete (see [16, Theorem 2.4] and [28, 
Lemma 2.1]). 

Now we consider the linear mapping J : S — > S such that 

J9(x) :=4 g 

for all x £ X. 

Let g,f £ S be given such that d(g, f ) = e. Then 

Hg(x),f(x)) < £ip(x,x) 

for all x £ X. Hence 

h{Jg{x),Jf(x)) = h (ig (|) ,4/ = 4/l (g ,/ (|)) < L ip(x,x) 

for all x £ X. So d(g, f)=£ implies that d(Jg, J f) < Le. This means that 

d(Jg, J f) < Ld(g,f) 

for all g, f £ S. 

It follows from (2.5) that d(f , J f) < j. 

By Theorem 1.1, there exists a mapping Q : X — ► Y satisfying the following: 

(1) Q is a fixed point of J, i.e. , 

Q^)=l Q ( x ) (2.6) 

for all x £ X. The mapping Q is a unique fixed point of J in the set 

M = {g £ S : d(f, g) < oo}. 

This implies that Q is a unique mapping satisfying (2.6) such that there exists a n £ (0, oo) satisfying 

h(f{x),Q{x)) < gtp{x,x) 


for all x £ X; 

(2) d(J n f, Q) — > 0 as n — > oo. This implies the equality 


lim 4 n f(£)=Q( X ) 

n—>o o \Z / 

for all x £ X; 

(3) d(f,Q) < yz -zd(f,Jf), which implies the inequality 

d(f,Q)< L 


4-4 L 


This implies that the inequality (2.3) holds. 
By (2.2), 


<P- '*|2-4"/|^)®2-4"/(^ 

<P-M2-4"/|TL»)®2.4"/(^ 


<V(^)«4V(^r) 


+ i n tfi f — — 
Y \2 n 2 n 

+ L n ip(x, y) 
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and so 

h(Q(x + y) © Q(x - y), 2 Q(x) ® 2 Q(y)) < p- h (2 Q(x + y) © 2 Q(x - y),Q(2x) ® Q{2y)) 
for all x, y € X. By Lemma 2.3, Q(x + y) © Q(x — y) = 2 Q(x) © 2 Q(y), as desired. □ 

Corollary 2.5. Let p > 2 and 9 > 0 be real numbers, and let X be a real normed space. Suppose that 
f : X — > ( C c b(Y ), h ) is a mapping satisfying /( 0) = {0} and 

Hf(x + y)® f(x-y),2f(x)®2f(y)) < p ■ h (2f{x + y) © 2f(x - y), f{2x) © f{2y)) 

+ wi p +iMn ( 2 . 7 ) 

for all x,y £ X. Then there exists a unique quadratic set-valued mapping Q : X — > Y satisfying 

h{f{x),Q{x)) < J^\\x\\ p 

for all x € X . 

Proof. The proof follows from Theorem 2.4 by taking 

<p(x,y) ■■= e(ikr + bin 

for all x, y £ X. Then we can choose L = 2 2 ~ p and we get the desired result. □ 

Theorem 2.6. Let <p : X 2 — > [0,oo) be a function such that there exists an L < 1 with 

¥>(x,y) < 4L<p (|, |) 

for all x,y £ X. Suppose that f : X — > ( C c b(Y),h ) is a mapping satisfying /( 0) = {0} and (2.2). Then 
there exists a unique quadratic set-valued mapping Q : X — > (C c t(Y), h) such that 

h{f(x),Q(x)) < - -^-<p(x,x) 

for all x £ X. 

Proof. It follows from (2.4) that 

h ^f(2x)^j < ^p{x,x) 

for all x £ X. 

The rest of the proof is similar to the proof of Theorem 2.4. □ 

Corollary 2.7. Let 2 > p > 0 and 9 > 0 be real numbers, and let X be a real normed space. Suppose 
that f : X — > (C c b(Y), h) is a mapping satisfying /( 0) = {0} and (2.7). Then there exists a unique 
quadratic set-valued mapping Q : X — » Y satisfying 

h{f(x),Q(x)) < ~^\\x\\ p 

for all x £ X. 

Proof. The proof follows from Theorem 2.6 by taking 

<p(x,y) ■■= 0{\\x\\ p + ||i/|| p ) 

for all x, y £ X. Then we can choose L = 2 P ~ 2 and we get the desired result. □ 
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3. Stability of the set-valued quadratic ^-functional inequality (1.2) 
Throughout this section, assume that p is a positive real number less than 2. 

Using the fixed point method, we prove the Hyers-Ulam stability of the set-valued quadratic p- 
functional inequality (1-2). 

Lemma 3.1. Suppose that f : X — > ( C cb (Y),h ) is a mapping satisfying /( 0) = {0} and 

h(2f(x + y)® 2 f(x - y), /( 2x) © f{2y)) < p-h (f(x + y) 0 f{x - y), 2f(x) 0 2 f(y)) (3.1) 

for all x,y £ X. Then f : X — > ( C cb (Y),h ) is a Jensen quadratic set-valued mapping. 

Proof. Letting y = 0 in (3.1), we get /i(4/(cc), /( 2x)) = 0 for all x € X. Thus /( 2x) = 4 f(x) and so 
2h(f(x + y)®f(x-y),2f(x)®2f(y)) = h(2f{x + y)®2f(x-y),4f(x)®4f(y)) 

= h(2f(x + y)®2f(x-y),f(2x)®f(2y)) 

< p- h(f(x + y)<£> f(x -y),2f(x)®2f(y)) 
for all x, y G X. Since p < 2, h(2f{x + y) 0 2 f(x — y), /( 2x) 0 f(2y)) = 0 and so 

2 f(x + y)® 2 f(x -y)= /( 2x) © f(2y) 

for all x, y G X. □ 

Theorem 3.2. Let <p : X 2 — > [0,oo) be a function such that there exists an L < 1 with 

p{x, y) < -tp(2x,2y) 

for all x,y £ X. Suppose that f : X ( C c b(Y),h ) is a mapping satisfying /( 0) = {0} and 

h(2f(x + y) © 2 f(x - y),f( 2x) 0 f(2y)) < p ■ h(f(x + y)® f(x - y), 2 f(x) 0 2f(y)) + ip(x, y) (3.2) 

for all x,y £ X. Then there exists a unique Jensen quadratic set-valued mapping Q : X — > (C c b(Y), h) 
such that 

h{f(x),Q{x)) < 4 ^ al T(x,0) 

for all x £ X . 

Proof. Let y = 0 in (3.2). Since f(x) is convex, we get 

h(f(2x), 4/(x)) < <p(x,0) (3.3) 

and 

h (f{x)Af (I)) < T (|,o) < ~^t{x, 0) (3.4) 

for all x £ X. 

Consider 

S:={g: g : X ^ C cb (Y), g(0) = {0}} 
and introduce the generalized metric on X , 

d{g, f) = inf{p £ (0, oo ) : h{g(x), f(x)) < ptp(x, 0), x £ X}, 

where, as usual, inf 0 = +oo. It is easy to show that (S,d) is complete (see [16, Theorem 2.4] and [28, 
Lemma 2.1]). 
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Now we consider the linear mapping J : S — >• S such that 

J 9 (x) :=4 g (|) 

for all x £ X. 

By the same reasoning as in the proof of Theorem 2.4, one can show that 

d(Jg,Jf ) < Ld(g,f) 

for all g,f £ S. 

It follows from (3.4) that d(f , J f) < j. 

The rest of the proof is similar to the proof of Theorem 2.4. □ 

Corollary 3.3. Let p > 2 and 9 > 0 be real numbers, and let X be a real normed space. Suppose that 
f : X — > ( C c b(Y ), h) is a mapping satisfying /( 0) = {0} and 

h(2f(x + y)®2f(x-y),f(2x)®f(2y)) < p ■ h{f{x + y) © f(x - y), 2f(x) © 2f(y)) 

+ ^(INI P + Ilyin (3-5) 

for all x,y £ X. Then there exists a unique Jensen quadratic set-valued mapping Q : X — >■ Y satisfying 

h{f(x),Q(x)) < y^||*|| p 

for all x £ X. 

Proof. The proof follows from Theorem 3.2 by taking 

<p(x,y) ■= 0{\\x\\ p + ||y|| p ) 

for all x, y £ X. Then we can choose L = 2 2 ~ p and we get the desired result. □ 

Theorem 3.4. Let p : X 2 — > [0,oo) be a function such that there exists an L < 1 with 

<p{x,y) < (|, !) 

for all x,y £ X. Suppose that f : X — > ( C c b{Y),h ) is a mapping satisfying /( 0) = {0} and (3.2). Then 
there exists a unique Jensen quadratic set-valued mapping Q : X — > (C c b{Y), h) such that 

h(f(x),Q{x)) < 4 ^ AL T(x,0) 

for all x £ X . 

Proof. It follows from (3.3) that 

h (f(x), ^/( 2x)^ < ^<p(x,0) 

for all x £ X. 

The rest of the proof is similar to the proofs of Theorems 2.4 and 3.2. □ 

Corollary 3.5. Let 0 < p < 2 and 9 > 0 be real numbers, and let X be a real normed space. Suppose 
that f : X — > (Ccb(Y), h) is a mapping satisfying /( 0) = {0} and (3.5). Then there exists a unique 
Jensen quadratic set-valued mapping Q : X — » Y satisfying 

h(f(x),Q( x)) < -j-^IMT 

for all x £ X . 
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Proof. The proof follows from Theorem 3.4 by taking 

P(x,y) := 6»(||xf + ||y|| p ) 

for all x, y £ X. Then we can choose L = 2 P ~ 2 and we get the desired result. □ 
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APPROXIMATE TERNARY QUADRATIC 3-DERIVATIONS ON TERNARY 
BANACH ALGEBRAS AND C*-TERNARY RINGS 

HOSSEIN PIRP, SHAGHAYEGH ASLANI, VAHID KESHAVARZ, THEMISTOCLES M. RASSIAS, 
CHOONKIL PARK* AND YOUNG SUN PARK* 


Abstract. In the current article, we use a fixed point alternative theorem to establish the 
Hyers-Ulam stability and also the superstability of a ternary quadratic 3-derivation on ternary 
Banach algebras and CP-ternary rings. 


1. Introduction and preliminaries 

Ternary algebraic operations were considered in the 19th century by several mathematicians 
and physicists such as Cayley [5] who introduced the notion of cubic matrix which in turn was 
generalized by Kapranov, Gelfand and Zelevinskii in 1990 [22]. As an application in physics, 
the quark model inspired a particular brand of ternary algebraic systems. The so-called Nambu 
mechanics which has been proposed by Nambu [25] in 1973, is based on such structures. There 
are also some applications, although still hypothetical, in the fractional quantum Hall effect, 
the non-standard statistics (the anyons), supersymmetric theories, Yang-Baxter equation, etc, 
(see [1, 351). The comments on physical applications of ternary structures can be found in 
([6, 12, 17, 18, 26, 27, 31]). 

We say that a functional equation (Q) is stable if any function g satisfying the equation 
(Q) approximately is near to true solution of (Q). A basic question in the theory of functional 
equations is as follows: when is it true that a function, which approximately satisfies a func- 
tional equation, must be close to an exact solution of the equation? If the problem accepts a 
unique solution, we say the equation is stable. Also, if every approximately solution is an exact 
solution of it, we say the functional equation is superstable (see [3]). The first stability problem 
concerning group homomorphisms was raised by Ularn [34] and partially solved by Hyers [20] . 
In [29], Rassias [16] generalized the result of Hyers for approximately linear mappings. Gajda 
[15] answered the question for another case of linear mapping, which was rased by Rassias. 
The stability problems of various functional equations have been extensively investigated by a 
number of authors (see [13, 14, 21]). 

The functional equation f(x + y) + f(x — y) = 2 f(x) + 2 f(y) is called quadratic functional 
equation. In addition, every solution of the above equation is said to be a quadratic mapping. 
A Hyers-Ulam stability problem for the quadratic functional equation was proved by Skof [33] 
for mappings f : X Y, where A is a norrned space and Y is a Banach space. Later, 
Czerwik [7] proved the Cauchy-Rassias stability of the quadratic functional equation. Since 
then, the stability problems of various functional equation have been extensively investigated 
by a number of authors (see [4, 9, 11, 23, 28]). As it is extensively discussed in [30], the full 
description of a physical system S implies the knowledge of three basic ingredients: the set of 
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the observables, the set of the states and the dynamics that describes the time evolution of 
the system by means of the time dependence of the expectation value of a given observable 
on a given statue. Originally the set of the observables were considered to be a C^-algebra 
[19]. In many applications, however, this was shown not to be the most convenient choice, and 
so the C*-algebra was replaced by a von Neumann algebra. This is because the role of the 
representation turns out to be crucial, mainly when long range interactions are involved. Here 
we used a different algebraic structure. 

A ternary algebra is a complex Banach space, equipped with a ternary product (x, y, z) — > 
[ x , y, z] of A 2 3 into A, which is linear in the outer variables, conjugate linear in the middle 


variable, and associative in the sense that 


x,y, [z,u,v\ 


X, [y, z, u]v 


[x,y,z\,u,v 


and 


satisfies ||[x, y, z}\\ < ||x|| • ||y|| • ||z||. A (7*-ternary ring is a complex Banach space, A equipped 
with a ternary product which is associative and linear in the outer variables, conjugate linear 
in the middle variable, and ||[x,x,x]|| = ||x|| 3 (see [37]). 

If a C'*- ternary algebra (A, [•,•,•]) has an identity, that is, an element e £ A such that 
x = [x, e, e] = [e, e, x] for all x G A, then it is routine to verify that A, endowed with the 
operation xoy := [x,e,y\, x* := [e,x, e] is a unital (7*-algebra. Conversely, if (A, 6) is a 
unital C*-algebra, then [x,y, z] := xoy*oz makes A into a C'*-ternary ring. 

Recently, Shagholi et al. [32] proved the stability of ternary quadratic derivations on ternary 
Banach algebras. Moslehian investigated the stability and the superstability of ternary deriva- 
tions on C*-ternary rings [24], Xu et al. [36] used the fixed point alternative (Theorem 4.2 
of current article) to establish the Hyers-Ulam stability of the general mixed additive-cubic 
functional equation, where functions map a linear space into a complete quasi fuzzy p-normed 
space. The Hyers-Ulam stability of an additive-cubic-quartic functional equation in NAN 
-spaces was also proved by using the mentioned theorem in [2], 

In this article, we prove the Hyers-Ulam stability and the superstability of ternary quadratic 
3-derivations on ternary Banach algebras and (7*-ternary rings associated with the quadratic 
functional equation /(x + y) + f(x — y) = 2/(x) + 2 f(y) using the fixed point theorem. 


2 . Stability of ternary quadratic 3 -derivations 

Throughout this article, for a ternary Banach algebra (or (7*-ternary ring) A , we denote 


n— times 

A x A x • • • x A 


by A n . 

Definition 2 . 1 . Let A be a ternary Banach algebra or C* -ternary ring. Then a mapping 
D : A -A A is called a ternary quadratic 3-derivation if it is a quadratic mapping that satisfies 


D 

+ 

+ 


[xi,x 2 ,x 3 ], [2/1 , 2/2 , 2/3] , [zi,z 2 ,z 3 ] 

D([x i,x 2 ,x 3 ]), [yi,y 2 ,y 3 ], [y{, y 2 , y 3 ], [z^z^z^], [zi,z 2 ,z 3 ] 
[xi,x 2 ,x 3 ], [xj[ , X2, X3] , D(\yl,y* 2 ,yl\), [z^z^Zg], [zi,z 2 ,z 3 ] 
[xi,x 2 ,x 3 ], [xj[ , x<]> , X3] , [ [2/1 , 2/1 ^ 2/3] ^ [yi,y2,y3},D{[zi,z 2 ,z 3 \) 


for all xi, x 2 , x 3 , 2/i , 2/2 , y 3 , zi, z 2 , z 3 G A. 
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It was proved in [10] that for the vector spaces X and Y and a fixed positive integer k, the 
mapping / : X -A Y is quadratic if and only if the following equality holds: 

— ^ = k 2 f(x) + k 2 f(y) 

for all x, y £ X. Also, we can show that / is quadratic if and only if for a fixed positive integer 
k, we have 

f(kx + ky) + f(kx - ky) = 2 k 2 f{x) + 2 k 2 f(y) 

for all x, y £ X. Before proceeding to the main results, to achieve our aim, we need the 
following known fixed point theorem which has been proved in [8]. 

Theorem 2.2. Suppose that (Q,d) is a complete generalized metric space and J : Q, -A is a 
strictly contractive mapping with the Lipschitz constant L. Then, for any x £ Ll, either 

d(J n x, J n+l x) = oo, Vn > 0, 

or there exists a positive integer no such that 

(1) d(J n x, J n+1 x) < oo for all n > no; 

(2) the sequence {J n x} is convergent to a fixed point y* of J ; 

(3) y* is the unique fixed point of J in A = {y £ : d(J n °x,y) < oo}; 

(4) d(y, y*) < j^pdiy, Jy) for all y £ A. 


2 / 


kx + ky 


+ 2 / 


kx — 


In the following theorem, we prove the Hyers-Ulam stability of ternary quadratic 3-derivation 
on C* -ternary rings. 

Theorem 2.3. Let A be a C* -ternary ring, f : A -A A be a mapping with /( 0) = 0, and also 
let ip : A 11 -a- [0, oo) be a function such that 


(i) 




< 99 ( 0 , b, 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ), 


(2) 


/ ( | [xi,X 2 ,X 3 ], [2/1, 2/2, 2/3], [Z 1 ,Z 2 ,Z 3 ] 

f ([ xi , X 2 , X 3 }), [2/1, 2/2, 2/3], [2/l,2/2,2/3], [Z*, Z2,Z3] > [21, 22, 2 3 ] 
[x 1 ,X 2 ,X 3 ], [x{,X2,xl\, f{[y\,yl,yt]), [zl,zZ,Z3], [zi,z 2 ,z 3 ] 
[xi,X2,X 3 \, [x\,x* 2 ,xl\, [[2/1 , 2/2 , 2/3] , [2/1, 2/2, 2/3], /([21, 2 T 2 , 23])] 


< <^(0, 0, Xi, X2, x 3 , 2 / 1 , 2/2, 2/3, 21 , 2 : 2 , 23 ) 

/or all n £ T = {A £ C : |A| = 1} and all a, b, x\, x 2 , x 3 , 2 / 1 , 2 / 2 , 2 / 3 , 21 , 22 , z 3 £ A. If there exists 
a constant M £ (0, 1) suc/i that 

(3) <^(2a, 26, 2xi, 2x 2 , 2x 3 , 2y 1 ,2y 2 , 2 y 3 , 2z\, 2 z 2 , 2z 3 ) 

< 4 M^(a, 6 , xi, x 2 , x 3 , 2 / 1 , 2/2, 2/3, 21 , 22 , 23 ) 

/or all a, 6 , xi, X 2 , x 3 , yi, j/ 2 , 2 / 3 , 21 , Z 2 , 23 £ A, then there exists a unique ternary quadratic 3- 
derivation D : A — > A snc/i that 

(4) ll/W - »(o)|| <Atg^(a) 

/or all a £ A, where 'if (a) = </?(a, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0) . 
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Proof. It follows from (3) that 


(5) 


lim 

j->° o 


<p(yg, Vb, 2?xi,2?x 2 , 2 ?x 3 , y yi ,yy 2 , 2Jy 3 , 2? zi, 2? z*, 2? z 3 ) 

4? 


= 0 


for all a, 6, x\,x 2 , x 3 , y\ . y 2 , y:i, z i, Z 2 , z% £ A. Putting n = 1, b = 0 and replacing a by 2 a in (1), 
we have 


4 /(«) - / (2a) 


< if (2a) < if (2a) < 4 Mif(a) 


and so 


( 6 ) 


/(«) 


for all a £ A. We consider the set 14 : 
metric on X as follows: 



< Mif(a ) 


{h: A^ A |/i(0) = 


0 } 


and introduce the generalized 


d(h \ , / 12 ) := inf{K € (0, 00 ) : ||/ii(a) — / 12 (a) || < Kif(a),Va € A}, 


if there exists such a constant K , and d(/ii, ^ 2 ) = 00 , otherwise. One can show that (14, d) is 
a complete metric space. We now show that J : 14 -A 0 by 


(7) 


d(h)(a) = |/i(2a) 


for all a e A Given hi, h -2 £ 14, let K £ an arbitrary constant with d(h\, / 12 ) < K . that is, 

(8) d(hi(a),h 2 (a)) < Kif(a) 

for all a £ A. Substituting a by 2 a in (8) and using (3) and (7), we have 

||(J7ii)(a) - (J7i 2 )(a)|| = |||/ti(2a) - h 2 (2a)\\ < ^ Kif(2a ) < KMif(a) 

for all a £ A and thus d(Jh\, Jh 2 ) < KM. Therefore, we conclude that d(Jh\, Jh 2 ) < 
Md(h\, h 2 ) for all h\,h 2 £ 14. It follows from (6) that 


(9) 


d(Jf,f)<M. 


By Theorem 2.2, the sequence { J n f} converges to a unique fixed point D : A — > A in the set 
14 1 = {h £ 14, d(f, h) < 00 }, i.e., 


( 10 ) 


0 n n 

lim — = D(a), 

n — >00 4 


for all a £ A. By Theorem 2.2 and (9), we have 

d(f.D)<fAA< 

J ’ ~ 1 - M ~ 


M 


1 -M 


The last inequality shows that (4) holds for all a £ A. Replace 2 n a and 2 n b by a and b, 
respectively. Now, dividing both sides of the resulting inequality by 2 n , and letting n goes to 
infinity, we obtain 


(ID 


2D 


fia + [ib 


+ 2 D 


/j,a — /j,b 


= n 2 (D(a) + D(b)) 
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for all a,b G A and p £ T. Putting p = 1 in (11), we have 


2 D ( + 2D f =D(a) + D(b ) 


for all a,b £ A. Hence D is a quadratic mapping by [33, Proposition 1], So it follows from the 
definition of D, (2), (5) and (10) that 


[xi,x 2 ,x 3 ],[y 1 ,y 2 ,y 3 ],[z l ,z 2 ,z 3 ] ) 

- D([x 1 ,X 2 ,x 3 ]),[y 1 ,y 2 ,y 3 ,\, [y \ , y%, y * z ] , [zj\ Z3], [zi, z 2 , z 3 \ 

- [xi,x 2 ,x 3 \,[x* 1 ,x2,xl\, D([yl,y2,yl\),[zl,zZ,zl\,[z 1 ,Z2,Zz] 

- [xi,x 2 ,x 3 ], [x\,x%,xl], [y{, y* 2 , 2/3], [2/1, 2/2, 2/3], D([zi, z 2 , z 3 ]) 

= JLim (±f ( [[2"x 1? 2"x 2 , 2 n x 3 ], [2 n yi, 2 n y 2 , 2 n y 3 ], [2 n Zl ,2 n z 2 , 2 n z 3 ]] ) 

- ^ / ( [2 n xx , 2 n x 2 , 2 n x 3 ] ) , [yi , y 2 , y 3 ] , [yt,yl,yt],[z{,zl,zl},[zi,z 2 ,z 3 ] 

- [xi,x 2 ,x 3 ], [x*,X2,Xg], ^f(\2 n y\,2 n y* 2 ,2 n yl]), [z^, z%, z%], [z 1 ,z 2 ,z 3 \ 

- [xi,x 2 ,x 3 ], [xi,X2,Xg], [yl,y 2 ,y 3 \, [2/1 , 2/2 , 2/3] , ^;/([2 n ^i, 2 n z 2 , 2 n z 3 ]) 
< lim -^(0, 0, 2 n xi, 2 n x 2 , 2 n x 3 , 2 n Vl , 2 n y 2 , 2 n y 3 , 2 n Zl ,2 n z 2 , 2 n z 3 ) = 0 

n — >00 4 

for all xi,x 2 ,x 3 ,yi,y 2 ,y 3 ,z!,z 2 ,z 3 6 A and so 


D ( [xi,x 2 ,x 3 ],[yi,y 2 ,y 3 ],[zi,z 2 ,z 3 ] ) 

= D([xi,X 2 ,X 3 ]), [2/1, 2/2, 2/3], [2/1 , 2/2 > S/3 ] 5 [^1 > > [^1 5 ^2, 2^3] 

+ [xi,x 2 ,x 3 ], [xi,X 2 ,x 3 ], D([yl,y2,y 3 ]), [zl,z%,z%], [z 1 ; z 2 ,z 3 J 
+ [xi,x 2 ,x 3 ], [Xi,X 2 ,X 3 ], [ 2 / 1 , 2/2 » 2 / 3 ] >[yi>2/2,2/3],-D([zi,z 2 ,z 3 ]) , 

which means that D is a ternary quadratic 3-derivation. □ 

Corollary 2.4. Letp,6 be nonnegative real numbers such that p < 2 and let f be a mapping 
on a C* -ternary ring A with /( 0) = 0 and 

1 2 / ( f^±A\ + 2 / ( _ „2(/( 0 ) + /(6))|| < + ii/.|i n, 
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/( [xi,x 2 ,x 3 ],[yi,y 2 ,y 3 ],[z 1 ,z 2 ,z 3 ] ) 

- /([xi,X 2 ,X 3 ]), [2/1, 2/2, 2/3], [y*,y2,y3]d z u z 2> z 3],[ z l’ z 2> z 3] 

- [xi,X2,X 3 ], [xl,xZ,X%], f([yl,yl,yt\), [z{, Z%,Z%], [Z!,Z 2 ,Z 3 ] 

- [xi,x 2 ,x 3 ], [x\,x%,xl], [yt,yt,yt],[yi,y 2 ,y 2 \,f{[zi,z 2 ,z 2 \) 

< 9 (\\ Xl \\ p + \\x 2 \\ p + ||x 3 || p + \\yi\\ p + ||y 2 || p + WysV + IMI P + IMI P + |NI P ) 

for all n £ T and all a , b, xi, x 2 , x 3 , yi,y 2 , y 3 , z 1, z 2 , Z 3 € A. Then there exists a unique ternary 
quadratic 3 - derivation D : A — >• A satisfying 

ii/w -0HI1 

for all a £ A. 

Proof. The result follows from Theorem 2.3 by putting 

ip(a,b,x 1 ,x 2 ,x 3 ,yi,y 2 ,y 3 ,zi,z 2 ,z 3 ) := 9{\\a\\ p + ||6|||| p + ||xi|| p + ||x 2 || p + ||x 3 || p 

+ \\yi\\ p + M p + ||y 3 || p + INI P + IMI P + INI P ) 

for all a,b,xi,x 2 ,x 3 ,yi,y 2 ,y 3 ,z 1 ,z 2 ,z 3 € A. □ 

Now, we establish the superstability of ternary quadratic 3-derivations on (7*-ternary rings 
as follows: 

Corollary 2.5. Let p, 9 be nonnegative real numbers such that lip < 2 and let f be a mapping 
on a C* -ternary ring A with /( 0) = 0 and 

(12) 1 1 2/ + 2/ _ „2 (/(o) + /(4)) | < 0 . || 0 ||p . || () ||p, 

/( [xi,x 2 ,x 3 \,[y 1 ,y 2 ,y 3 ],[z 1 ,z 2 ,z 3 ] ) 

- /([xi,x 2 ,x 3 ]),[yi,y 2 ,y 3 ], [yl,y%,yt\,[ 4 , z %, zl],[z u z 2 , z 3 \ 

- [xi , x 2 , x 3 ] , [x* , X2 , x 3 ] , f([yl,y 2 ,y 3 }),[zl,z 2 ,z 3 },[zi,z 2 ,z 3 \ 

- [xi,x 2 ,x 3 ], [xl,x 2 ,x%\, [y{,y 2 ,y%l [yi,y 2 ,y 3 ]J{[zi, z 2 , z 3 \) 

< 9 ■ Hxxf • ||x 2 || p • ||x 3 || p • Hrf • ||y 2 || p • \\y 3 \\ p ■ IMI P ■ IMI P ■ INI P 

for all y £ T and all a, b, xi, x 2 , x 3 , yi, y 2 , y 3 , z±, z 2 , z 3 £ A. Then f is a ternary quadratic 

3-derivation on A. 

Proof. Putting a = b = 0 in (12), we get /( 0) = 0. Now, if we put b = 0, y = 1 and replace a 

by 2 a in (12), then we have /(2a) = 4/(a) for all a £ A . It is easy to see by induction that 
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f[2 n a) = 4 n /(a), and so f(a) = for all a G A and n G IV. It follows from Theorem 2.3 

that / is a quadratic mapping. Putting 

<^(a, b, X!,x 2 ,x 3 , yi, y 2 , 2 / 3 , 21, z 2 , 2:3) 






MkiriNri^r 


in Theorem 2.3, we can obtain the desired result. 


□ 


Theorem 2.6. Let A be a ternary Banach algebra, and let f : A -» A be a mapping with 
/( 0) = 0, and also let ip : A 5 -A [0, 00 ) 6 e a function such that 

(13) || f(ya + yb) + f{ya- fib) - 2 y 2 {f{a) + /(6))|| < </?(a, 6, 0, 0, 0, 0, 0, 0, 0, 0, 0) 

[xi,x 2 ,x 3 ], [yi,y2,V3], [zi,z 2 , z 3 \ 

/([xi,x 2 ,x 3 ]), [2/1, 2/2, 2/3], [ [2/1 , 2/2, 2/3], [ 4 , 4 ,^], [21,^2,23] 

L 

( 14 ) - [ [xi , X 2 , x 3 ] , [Xi , X2 , X3] , /([2/1 , 2 / 2 , 2/3]), [21,22,23], [zi,z 2 ,z 3 ] 

Xl,X 2 ,X 3 \, [x-[ , X2 , X3] , [ 2 / 1 , 2 / 2 , 2 / 5 ], [ 2 / 1 , 2 / 2 , 2 / 3 ], /([ 2 l, ^2, 2:3]) 

< 99(0, 0 , Xi, X 2 , X 3 , 2 / 1 , 2 / 2 , 2 / 3 , 21, Z 2 , 23) 

/or all fi G T and all a, b , xi, x 2 , x 3 , 2 / 1 , 2 / 2 , 2/3 , 21 , z 2 , 23 G A. If there exists a constant rn G (0, 1) 
such that 


(15) 


<^( 2 a, 2b, 2 xi, 2 x 2 , 2 x 3 , 2y 1 ,2y 2 , 2 y 3 , 2zi, 2 z 2l 2 z 3 ) 
< 4m<p(a, b, x 1 ,x 2 ,x 3 ,yi,y 2 ,y 3 , z u z 2 , z 3 ) 


for all a,b,x\,x 2 ,x 3l yi,y 2 ,y 3 , zi,z 2 ,z 3 G A I/ien t/iere exis/s a unique ternary quadratic 3- 
derivation D : A -A A satisfying 


(16) 


ll/(o) - £>(a)|| < T 4??7 ^V’(a) 

1 — m 


/or all a € A, where if (a) = <p(a, a, 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 , 0 ) . 

Proof. Using (15), we obtain 

r p{2. n a, 2 n b, 2 n xi, 2 n x 2 , 2 n x 3 , 2 n yi, 2"y 2 , 2 n y 3 , 2 n z\, 2 n z 2 , 2 n z 3 ) 

( 17 ) 1/m ^ = 0 

n —¥ 00 4 

for all a,b, xi, x 2 ,x 3 ,yi,y 2 ,y 3 , zi, z 2 , z 3 G A. Putting y = l,a = b and replacing a by 2 a in 
(13), we get 

/(2a) - 4/(a) < if (a) 

for all a G A. By the last inequality, we have 


(18) 


\f( 2a ) ~ /(°) < |^(a) 


for all a G A. Similar to the proof of Theorem 2.3, we consider the set Q := {h : A — > A\h(0) = 
0 } and introduce a generalized metric on Q by 

d(g,h) := inf{C G (0,oo) : 1 1 27 (a) — h{a) || < Cif(a),\/a G ^4}, 
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if there exists such constant C, and d(g, h) = oo, otherwise. Again, it is easy to check the fact 
that (H, d) is a complete metric space. We now define the linear mapping T : 17 — > H by 


(19) 


T{h)(a) = |/i(2a) 


for all a G A. For arbitrary elements g,h G H and C G (0, oo) with d(g, h) < C, we have 
(20) \\g(a) - h(a)\\ < Ctl>(a) 

for all a G A. Replacing a by 2a in the inequality (20) and using (15) and (19), we we have 

\\{Tg)(a) ~ ( Th)(a)\\ = |||G(2a) - h{2a)\\ < ^C^(2a) < Crmp(a ) 

for all a G A. Thus d(Tg,Th) < Cm. Therefore, we conclude that d(Tg,Th) < md(g,h ) for 
all g,h€.$l. It follows from (18) that 


( 21 ) 


d(TfJ)<\. 


Hence T is a strictly contractive mapping on H. Now, Theorem 2.2 shows that T has a unique 
fixed point D : A — >• A in the set Hi = {h G H, d(f, h ) < oo}. On the other hand, 


(22) 


0 n n 

lim — = D(a) 

n->- oo 4 


m 


for all a G A. By Theorem 2.2 and (21), we obtain 

1 — m 4(1 — m) 

i.e. , the inequality (16) is true for all a G A. Let us replace a and b in (13) by 2 n a and 2 n b 
respectively, and then divide both sides by 2 n . Passing to the limit as n — > oo, we get 

(23) D(ga + gb) + D{ga — gb) = 2 g 2 D(a) + 2 g 2 D(b) 
for all a, b G A and A G T. Putting g = 1 in (23), we have 

(24) D[a + b) + D{a - b) = 2 D(a) + 2 D(b) 

for all a, b G A. Hence D is a quadratic mapping. 

It follows from (14) that 


— / 
4.9 n J 


(25) 


[2 n xi, 2 n x 2 , 2 n x 3 ], [2 n yi ,2 n y 2 , 2 n y 3 ], [2 n Zl , 2 n z 2 , 2 n z 3 ] 


[43 ^/(t 2 ^ 1 ’ 2 ^ 2 ’ 2 ^ 3 ])’ [ 2 /i> 2/2, 2/3], [[2/1, 2 / 1 , 2/3], i z *> z 2 , ^3], [21^2^3] 
[xi,S2,* 3 ], [Xi,X2,*3], Jtof([ 2n yb 2n y2> 2n y3])’ [4,4,41 l Z ^ Z 2 ,« 3 ] 
[xi,X2,aj 3 ], [x^Xa.Xg], [^,^^3], [2/1 , 2/2 , 2/3] , ^ n f([ 2 n z 1 , 2 n z 2 , 2 n z 3 \) 


< ^(0, 0, 2 n xi, 2 n X 2 , 2 n x 3l 2 n yi , 2 n y 2l 2 n y 3 , 2 n Zl , 2 n z 2 , 2 n z 3 ) 


for all x 1 ,x 2 ,x 3 ,yi,y 2 ,y 3 ,z 1 ,z 2 ,z 3 G A. 
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Taking the limit in the equality (25) and using (17), one obtains that 

D ( [xi,X2,X3],[yi,y2,y3],[zi,Z2,z 3 } ) 

= D([xi,x 2 ,x 3 ]),[yi,y 2 ,y 3 ], [yl,y 2 ,yt]A z i, z 2 , z t\A z ^^ z 3 \ 

+ [xi,x 2 ,x 3 ], [x\,xl,xQ, D([y\,yl,yl]), [z\, %,!%], [21,22,23] 

+ [xi,x 2 ,x 3 ], [xl,x 2 ,X 3 ], [yt,V2,y 3 ], [yi,y2,y3],D([zi,Z 2 ,Z 3 ]) 

for all a, b, xi, x 2 , x 3 , yi, 1/2, 2 / 3 , z i, Z2, z 3 G A. Therefore, D is a ternary quadratic 3-derivation. 
This completes the proof. □ 

The following corollaries are some applications to show the stability and superstability of 
ternary quadratic 3-derivations under some conditions. 

Corollary 2.7. Let A be a ternary Banach algebra. Letp,0 be nonnegative real numbers such 
that p < 2 and let f be a mapping on a C* -ternary ring A with /( 0) = 0 and 

f(pa + pb) + f (pa - ixb) - 2p 2 (f(a) + /(&)) < 0(||a|| p + ||6|||| p ), 

/( [xi,X2,x 3 \,[yi,y2,y 3 \,[zi,Z2,z 3 \ ) 

- f([x 1 ,X 2 ,x 3 \),[y 1 ,y 2 ,y 3 \, [yl,yl,yl\,[z{,zl,zl\,[z 1 ,z 2 ,z 3 ] 

- [x 1 ,X2,X 3 \,[x* 1 ,X2,X* 3 ], f([y$,yZ,y 3 ]),[z$,zZ,z£],[zi,Z2,Z 3 ] 

- [xi,x 2 ,x 3 ],[xl,X2,xl], [yt,yZ,y£\,[yi,y 2 ,y 3 ],f{[zi,Z 2 ,z 3 ]) 

< 0(ikrir + ii^r + n* 3 r + iiy 1 n p + iirf + iirf + imi p + ini p + inh 

for all n E T and all a, b, xi, x 2 , x 3 , yi,y 2 , 2/3, zi, z 2 , z 3 E A. Then there exists a unique ternary 
quadratic 3-derivation D : A — >• A satisfying 

2' p 0 

\\f(a)-D(a)\\< I - Yp \\ar 

for all a G A. 

Proof. The result follows from Theorem 2.6 by putting 

ip(a,b,x 1 ,X 2 ,x 3 ,yi,y 2 ,y 3 , zi, Z 2 , z 3 ) := 0{\\a\\ p + ||6|||| p + ||xi|| p + ||x 2 || p + ||x 3 || p 

+ \\yi\\ p + Il2/ 2 || p + ||2/ 3 || p + \\zi\\ p + \\z 2 \\ p + \\z 3 \\ p ) 

for all a,b,x 1 ,X 2 ,x 3 ,yi,y 2 ,y 3 ,zi,z 2 ,z 3 G A. □ 

Corollary 2.8. Let p, 0 be nonnegative real numbers such that 11 p < 2 and let f be a mapping 
on a C* -ternary ring A with /( 0) = 0 and 

(26) II f{pa + pb) + f(pa - fib) - 2 p 2 (f{a) + f(b)) || < 0(||a|| p ||&|| p ), 
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/( [xi,X 2 ,X 3 \, [yi, 3/2, 3/3], [zi,z 2 ,z 3 \ ) 

- /([xi,x 2 ,x 3 ]), [ 2 / 1 , 2 / 2 , 2 / 3 ] , [yi,y2,y3\A z i, z 2,4b[ z i, z 2, z 3\ 

- [xi,X2,X 3 \,[xl,X2,xl], f([y$,y%,yZ]),[zl,zZ,zZ],[zi,Z2,Z3\ 

- [xi,x 2 ,x 3 ], [x\,xl,x%], [; yl,y 2 ,y 3 ], [yi, y 2 , 2 / 3 ], f([zi, z 2 ,z 3 ]) 

< e • ||xif • l\x 2 \\ p • \\x 3 \\ p ■ \\yi\\ p • ||y 2 || p • ||y 3 || p • IMI P • IMI P • IMI P 

for all n G T and all a, b, x±, X 2 , x 3 , yi, y 2 , y 3 , 24 , Z 2 , z 3 G A. Then f is a ternary quadratic 
3-derivation on A. 

Proof. If we put a = b = 0 in (26), then we have /( 0) = 0. Moreover, letting b = 0, y = 1 
and replacing a by 2a in (26), we obtain /(2a) = 4 /(a) for all a € A. Similar to the proof of 
Corollary 2.5, we can show that / is a quadratic mapping. Putting 

<p(a, b, xi,x 2 ,x 3 , yi,y2, 2/3, zi,z 2 ,z 3 ) 

:= e ■ ||af • \\b\\ p ■ ||xif • ||x 2 f • IMI P • Hyif ■ l|y 2 || p ■ \\y3\\ p ■ ||m|| p • lk 2 || p • Ik 3 || p 
in Theorem 2.6, we can obtain the desired result. □ 
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Abstract 

In this paper, we introduce a new class of coupled systems of boundary value problems for 
fractional differential equations which contains multiple orders of fractional derivatives and integrals, 
and discuss the existence and uniqueness of solutions. We apply Leray-Schauder’s alternative and 
Banach’s contraction mapping principle to obtain the desired results. Illustrative examples is also 
included. 

Key words and phrases: Fractional differential systems; nonlocal boundary conditions; integral 
boundary conditions; fixed point theorem. 

AMS (MOS) Subject Classifications: 34A08, 34B15. 


1 Introduction 

Differential equations of fractional order have played a significant role in engineering, science, and pure 
and applied mathematics in recent years. Fractional differential equations arise in the mathematical 
modeling of systems and processes occurring in many engineering and scientific disciplines such as 
physics, chemistry, aerodynamics, electrodynamics of complex medium, polymer rheology, economics, 
control theory, signal and image processing, biophysics, blood flow phenomena, etc. [1]- [4] . Fractional- 
order boundary value problems involving a variety of classical, nonlocal and integral boundary conditions 
have been addressed by many authors, for instance, see [5]- [13] and the references cited therein. 

Coupled systems of fractional-order differential equations also constitute an interesting and impor- 
tant field of research in view of their applications in many real world problems such as anomalous 
diffusion [14], disease models [15]-[18], ecological models [19], synchronization of chaotic systems [20]- 
[22], etc. For some theoretical works on coupled systems of fractional-order differential equations, we 
refer the reader to a series of papers [23]- [28]. 

Recently in [29] a new class of fractional boundary valued problems was introduced, which contains 
four orders of Riemann-Liouville fractional derivatives, two in fractional differential equation and two 

* Corresponding author 
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in boundary conditions of the form 

/ (\D a + (l-\)D?)x(t) = t £ (0, T), 

\ s(0) = 0, pD^x{T) + (1 - n)D^x{T) = 73 , 


(1) 


where D ^ is the Riemann-Liouville fractional derivative of order (f> £ {a, /3, 71 , 72 } such that 1 < a, (3 <2 
and 0 < 71, 72 < a — (3, 73 € R, the given constants 0<A<1, 0</z<l and / € C([0, T ] x R, R) is a 
continuous function. Existence and uniqueness results were obtained by means of Banach’s contraction 
mapping principle, Krasnoselskii’s fixed point theorem and Leray-Schauder’s nonlinear alternative. 

In this paper, we study a coupled system of fractional differential equations 

f (\D a + (l-\)D0)x(t) = f(t,x(t),y(t)), t £ (0,T), 1 <«,/?< 2 
{ (2) 
l (AiD Ql + (1 - Ai)!)^ 1 ) y(t) = g{t,x(t),y{t)), t£(0,T), l<a 1 ,f3 1 <2, 

subject to the following type of boundary conditions 


®(0) = 0, pD^x(T) + (1 - n)D^x(T) = 73 , 
2/(0) = 0, yJ 5 'y{T) + (1 - Pi)/ i 2 2 /(T) = <5 3 , 


where D $ denotes the Caputo fractional derivatives of order </> G {a, (3, a\, (3\, 71 , 72 }, I x denotes the 
Riemann-Liouville fractional integral of order y € {<5 i,<5 2 }; 73>^3 £ R, 0 < A, < 1, 0 < y, yi < 1 and 
/, g : [0, T] x R 2 — > R are appropriately chosen functions. 

The paper is organized as follows. In Section 2, we recall some basic definitions of fractional calculus 
and present two auxiliary lemmas. The main results are presented in Section 3. We give two results: 
the first one derives the existence of solutions via Leray-Schauder’s alternative, whereas the second one 
concerning existence and uniqueness of solutions is established by Banach’s contraction principle. We 
also discuss two examples for illustration of the existence-uniqueness results. 


2 Preliminaries 

Before presenting two auxiliary lemmas, we recall some basic definitions of fractional calculus [1, 2]. 

Definition 2.1 For (n— 1) — times absolutely continuous function y : [0, 00 ) — > R, the Caputo derivative 
of fractional order q is defined as 

c D q y(t) = . 1 - [ (t - s) n ~ q ~ 1 y ( ' n \s)ds, n - 1 < q < n, n = [q] + 1, 

1 \ n Q) Jo 

where [< 7 ] denotes the integer part of the real number q. 

Definition 2.2 The Riemann-Liouville fractional integral of order q is defined as 


i q y{t) = 


1 


y{s) 


-ds, q > 0 , 


T(q)J 0 ( t- S y~ q 

provided the integral exists. 

Lemma 2.3 The boundary value problem 

(A D a + (1 - A )D< 3 ) x(t) = w(i), t G (0, T), 

x(0) = 0, pD^x(T) + (1 - fi)D l2 x(T) = 73 , 
is equivalent to the following integral equation 

A- 1 


c(t) = 


Ar(a - (3) 


[ (t~s) a 13 1 x(s)ds+ j (t~s) a 1 w(s)ds 

Jo AT(a) J o 


(4) 
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t 

A} 


73 




MA- i) 


Ar(a-/3-7i) J Q 


r T 

/ (T-s) Q - /3 - Tl - 1 a:(s)ds 

Jo 


a— 7i — 1 


Ar(a — 71 ) J 0 
(1-m)(A-1) ' t 
Ar(a — /3 — 72) Jo 

1 ~ h 

Ar(a - 72 ) 


)(s)ds 


f{T-s) 

Jo 

r T 

/ (T-s) a - /3 - 72 - 1 a:(s)ds 
Jo 

(T-s) a - 72 - 1 w(s)ds^, 1 EJ:=[ 0 ,T], 


where the non zero constant Aj is defined by 

fiT 1 - 11 (l-p.)r 1 - 72 

1 r(2- 7 i) r(2 - 72) 

Proof. The first equation of (4) can be rewritten as 


(5) 

( 6 ) 


D a x(t) = ^ D s x{t) + T-w(t), t £ J. (7) 

A A 

Applying the Riemann-Liouville fractional integral of order a to both sides of (7), we obtain 

x(t) = — — -rr j (t — s) a P 1 x(s)ds+ f \t — s) a 1 oj(s)ds + C\ + C 2 t, 

AT (a — p) Jo XT (a) Jo 

where constants Ci, C 2 £ K. The first boundary condition of (4) implies that C± = 0. Hence 

x (t) = Yr? — ~T\ f {t~ s) a ~ /3 ~ 1 x(s)ds+ — lr-r f (t- s) a - 1 u>(s)ds + C 2 t. (8) 

AT (a — p) Jo XT (a) Jo 

Taking the Caputo fractional derivative of order if £ {71,72} such that 0 < J) < a — (3 to ( 8 ), we deduce 
that 


D^x(t) = 


Substituting the values ip = 
we obtain a constant 73 as 


A — 1 


XT(a- fl-ip) Jo 


fit -8) 

Jo 

■ fit- S ) 

Jo 


a—p—ip—l 


x(s)ds 


ot— 'ip— 1 


ui(s)ds + C 2 - 




AT(a - ip) Jo ' W T(2-ip) 

7x and ip = 72 to the above relation and using the second condition of (4), 


73 = 


m(a - 1) 


f iT~s) 

Jo 


at— (3— 7 i — 1 


x(s)ds 


XT(a- /3 -jO Jo 

rT ..rrl — 71 






AT(a — 7l ) Jo ' W r (2 - 7l ) 

(1-m)(A-1) rT 
AT(a — /3 — 72) Jo 

AT(a — 72) Jo 


C 2 


■ [ (T - s) a -^- 1 oj(s)ds + 

Jo 

f (T — s) a ~ , 3 ~' y 2 ~ 1 x(s)ds 


which yields 
1 


C 2 = 


Ai 


73 


MA - 1) 


AT(a-/3-7i) Jo 


r T 

/ (T — s) a ~ l 3 ~' yi ~ 1 x(s)ds — 

Jo 


AT(a — 71) Jo 


[ (T - s) a ~ 11 ~ 1 u(s)ds 

Jo 
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(1-/*)(A-1) 
AT(a - /? - 72 ) 



s) Q 13 72 1 x(s)ds — 


1 ~ M 

AT(a - 72 ) 



s )“ -72 


1 u>(s)ds 


Substituting the value of the constant C 2 into ( 8 ), we deduce the integral equation (5). The converse 
follows by direct computation. This completes the proof. □ 

In the same way, we obtain the following result with the Riemann-Liouville fractional integal bound- 
ary conditions. 


Lemma 2.4 The boundary value problem 

(A !^ Q1 + (1 - Xi)D^) y(t) = (t), t G (0, T) 

2/(0) = 0, mi^NCO + (1 - vi)I S2 y(T) = S 3 , 
is equivalent to the following integral equation 

Ai -1 ( l . 1 


y(t) = 


AiT(ai — Pi) J 0 


/ (t~8) 
Jo 


011 — pi — 1 


c /ii(Ai - 1 ) 

A 2 l AiT(i5i + «i — Pi) J Q 


y(s)ds 

T 


Mi 


AiT((5i + «i) Jo 
(1 — Ml)(A! — 1 ) ^ 

AlT(^2 + Cti — Pi) Jo 

1 - Ml 


AiT(ai) 7o 

[ (T — s) Sl+ai ~ /3l ~ 1 y(s)d. 
Jo 

f (T — s) Sl+ai ~ 1 uii(s)ds 

Jo 


j (t — s) ai 1 ui (s)ds 
Jo 


f (T — s) S2+ai ~ /3l ~ 1 y(s)ds 
Jo 


jT (T-s)' 52 + “ 1 - 1 wi(s)dsj. 


AiT(( 52 + ai) 
where the non zero constant A 2 is defined by 

PiT l+Sl (1 - pi)T 1+s 2 


t G J, 


A 2 — 


T (2 + cb) r (2 + (5 2 ) 


(9) 


(10) 


( 11 ) 


3 Main Results 


Let us introduce the space X = {u(t) \ u(t) € C(J, R)} endowed with the norm ||u|| = sup{|u(t)|,t G J}. 
Obviously (X, | • ||) is a Banach space. Also Y = {u(i)|v(t) G C(J, R)} endowed with the norm 
||t>|| = sup{|w(t)|, t G J} is a Banach space. Then the product space (X x Y, ||(it, w)||) is also a Banach 
space equipped with norm ||(u, u)|| = ||tt|| + ||i>||. 


In view of Lemmas 2.3 and 2.4, we define the operator T: XxY^XxY by 


T(u,v){t) 


Ti(u,v)(t) A 
% (u,v)(t) J ’ 


where 


Ti(u,v){t) = — ^ r [ (t-s) a 13 1 u{s)ds+ -J— ( ( t-s) a 1 f(s,u{s),v(s))ds 
\T(a-p)Jo XT (a) Jo 


AT (a; — P) 

t ( /x ( a - 1) 


A x l 73 AT(a — P — 7l ) Jo 


/ V - s) 
Jo 


a-p-'fi-l 


,(s)ds 


AT(a — 71 ) Jo 


f ( T-s) a 71 1 f(s,u(s),v(s))ds 
Jo 
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(1-//)(A-1) f T 
Ar(a — /3 — 72 ) Jo 

[ T (t- 

Ar(a — 72 ) J 0 1 


AL [ (T - s) a - 0 -^- 1 u(s)ds 
72) J 0 

J (T - s) a -' l2 ~ 1 f(s,u(s),v(s))ds S j, 


T 2 (u,v)(t) = 


Ai^q-i -pj Io 5 ' >ai * + Air(a-i) J 0 ^ ~ ^ w(s),u(s))ds 

+ ^ (* 3 - A ~ 1} A T - 

A2 Y Air(5i + ai — pi) J 0 

~ A ,TO+a,) / «(»),»(»))* 

Air(d 2 + ai — pi) Jo 


+ — 1(5 Mi(^i - 1) f 

A2 1 Air(<5i + «i — /?i) 7o 


1 - Ml 

Air(<5 2 + cki) 


Let us introduce the following hypotheses which are used hereafter. 

(Hi) Assume that there exist real constants k t . z/j > 0 (i = 1, 2) and fc 0 > 0, 1'o > 0 such that V27 € R, 
(* = 1, 2) we have 

\f(t,xi,x 2 )\ <ko + h\xi\ + k 2 |ar 2 |, 

|s(Mi,® 2)| < v 0 + V]\x\ \ + v 2 \x 2 \. 

(H2) Assume that /, h : J x R 2 — > R are continuous functions and there exist constants rrij, rij, *=1,2 
such that for all f G J and m , £ R, i = 1, 2, 

|/(t,ui,u 2 ) - f(t,v i,u 2 )| < mi|ui - ui| + m 2 |u 2 - v 2 \ 


\g(t, ui,u 2 ) - g(t,v i,v 2 )\ < ni|iii - ui| + n 2 \u 2 - v 2 \. 


For the sake of convenience, we set constants 


T“ _7l+1 /r T 0-72 " 1 " 1 (1 — /i) 

1 Ar(a + 1 ) + AAiT(a — 71 + 1) AAir(a — 72 + 1 ) ’ 

T a -P\\ — 1| T a -P~n + 1 n\\- 1| 7’a-/3-72 + 1 (l_ /x )|A_ i| 


Ar(a — /3 + 1 ) AAiT(a — j3 — 71 + 1 ) AAiT(a — j3 — 72 + 1) ’ 

_ T ai T Sl+ai+1 Hi T S2+ai+1 (l - hi) 

Air(ai + 1) AiA 2 r((5i + ol \ + 1) AiA2r(^2 + cci + 1) 

T ai ~^|Ai -1| T s i +ai -P 1+1 Hi\Xi-l\ T &2+a i-^i +1 (i — jm)|Ai — 1| 

A 1 r(ai — pi + 1) AiA 2 r(5i + cki — Pi + 1) AiA2r(i52 + o-i — Pi + 1) 


M 0 = min{ 1 — ( Miki + Ni + M 2 v 1), 1 — (. Mik 2 + M 2 v 2 + N 2 )}, h, Ui > 0 (i = 1, 2). (16) 


The first result is based on Leray-Schauder alternative. 
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Lemma 3.1 (Leray-Schauder alternative) ([30] p. 4 -) Let. F : E — > E be a completely continuous 
operator (i.e., a map that restricted to any bounded set in E is compact). Let 

£(F) = {x € E : x = A F(x) for some 0 < A < 1}. 

Then either the set £(F) is unbounded, or F has at least one fixed point. 

Theorem 3.2 Assume that (Hi) holds. In addition, it is assumed that 

Mi k [ T A' i T .\ I ‘2 u \ <1 1 and A/| h '2 T A /2 1^2 T IV 2 1, 

where M\ and M 2 a,re given by (13) and (15) respectively. Then the system (2)-(3) has at least one 
solution. 


Proof. First we show that the operator T:XxY—>XxY is completely continuous. By continuity 
of functions / and g, the operator T is continuous. 

Let 0 = {(it, v) € X x Y : ||(w, u)|| < r} C X x Y be a bounded set. Then there exist positive 
constants L\ and L 2 such that 

\f(t,u(t),v(t))\< L 1 , \g(t,u(t),v(t))\ < L 2 , V(«,«)ea 

Then for any (u,v) € Cl, we have 

\Ti(u,v)(t)\ < a ^ q ^ {t- s)“" /3 - 1 |u(s)|ds+ {t- s) 0 ‘~ 1 \f(s,u(s),v(s))\ds 


t (. . /x(A-l) rT 

+ 1- 73 + 


Ai 


Ar(a — /3 — 71) J 0 


XT (a) 

/ J (T-s) Q - /3 - 7l - 1 |u(s)|ds 

Jo 


ot — 71 — 1 


< Li 


Ar(a — 71) J 0 

(1 ~ M)|A — 1 

Ar(a - /? 

1 — 0 
Ar(a — 72) Jo 

T 


/ V - S) 

Jo 

^ iy* 

f{T~s) 

Jo 


\f(s,u(s),v(s))\ds 


i-/3-72-1| 


i(s)\ds 


“ 72 1 |/(s 1 w(s),u(s))|c/sJ 
T a -T 1+V T a -^ +1 (l - n) 


and consequently, 
Similarly, we get 


Ar(a + 1) AAiT(a — 71 + 1) AAiT(a — 72 + 1) 
T a-/3 |A — 1 | T a -P-”< 1+1 fj, |A- 1 | 

Ar(a — /? + 1) AAir(a — /? — 71 + 1 ) 

ya — 72+1(1 _ At)|A _ 1| I [73[r 

AAir(a — (3 — 72 + 1) _ Ai 
L 1 M 1 + ATir + |7 3 |T/Ai 

||71(u, u)|| < L 1 M 1 + Nir + |7 3 |T/Ai. 


\\T 2 {u,v)\\ < L 2 M 2 + N 2 r + |<5 3 |T/A 2 . 

Thus, it follows from the above inequalities that the operator T is uniformly bounded. 

Next, we show that T is equicontinuous. Let t\,t 2 G [0, T] with t\ <t 2 - Then we have 
\Ti{u{t 2 ),v{t 2 )) - Ti(u(ti),v(ti))\ 
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< 


|A~ 1 | 
AT (a - (3) 

1 

+ Ar(a) 

1*2 ~ *i| 

A, 


[ (*2 — s)“ 13 1 u(s)ds — [ (ti — s) a 13 1 u(s)ds 

Jo Jo 

[ (*2 - s) a ~ 1 f(s,u(s),v(s))ds- [ Oi - s) a ~ 1 f(s,u(s),v(s))ds 
Jo Jo 


173 1 


M|A — 1| 


Ar(a — /3 — 71) Jo 


r T 

/ (T - s) a ~^^' yi ~ 1 u(s)ds 

Jo 


XT(a — 71) J o 
(1 - M )|A- 1| 
Ar(a — /3 — 72 ) 7 0 
1 - A* 


[ ( T-s) a 71 1 /(s,w(s),i;(s))(is 
./0 

fiT-s) 

Jo 


a-/3-72-l. 


;(s)Ts 


(T-s) a 72 1 /(s,u(s),i;(s))(isj 


< r 


Ar(a - 72) 

" [2 (t2 - h) a ~P + jtrf - *?"> - 1| ^ 1*2 -til f |A- i|/ir a -^~ 71 
Ar(a — /? + 1) 

| A — 1 1 (1 — /i)T a-/3-72 ' 


Aj \ Ar(a — (3 — 71 + 1 ) 


Ar(a - (3 - 72 + I) 


1*2 *1 1 1 73 1 

Ai 


+ L 1 


2 (* 2-* 1 )“- 1 + |*2 “*i I , 1*2 - h \ 


Ar(a + 1 ) 


(1 - n)T a ~^ \ 

Ai \^Ar(a — 71 + 1) + AT(a — 72 + 1) J 


Analogously, we can obtain 

I T 2 {u{t 2 ),v{t 2 )) - T 2 (u(t 1 ),v(t 1 ))\ 

< r [ [2(f 2 ~ + 1C 1-/31 |*2 *1 1 f |A!-1| 

AiT(ai — Pi + 1) A 2 yAir(Ji + (%i — Pi + 1) 

lA^lKl-MjT^-M l |*2 * 1 1 1^ 3 1 

AiT((52 + ai — /?i + 1) y A2 

r 2(t 2 -*i) ai - i +i*2 i - i -*r~ i i 1 * 2 -*ii ( mT 6 ^ (i~^)t s -+^ \ 

Air(ai + 1 ) A 2 ^ Air(Ji + ai + 1 ) Air(5 2 + cti + 1 ) y 


As t 2 — *1 — * 0, the right-hand sides of the above inequalities tends to zero independently of (u, v ) € O. 
Therefore, by the Arzela-Ascoli theorem, the operator T (it, v) is equicontinuous, and thus the operator 
T (it, u) is completely continuous. 

Finally, it will be verified that the set £ = {(it, v) € X x F|(u, f) = 9T(u, v), 0 < 6 < 1} is bounded. 
Let (u, v) € £, with ( u,v ) = 9T(u,v). For any t € [0,T], we have 

u(t) = 9Ti(u,v)(t), v(t) = 6T 2 (u,v)(t). 


Then 


H*)l < (fc 0 + fci|M| + /c 2 |M| 


jr, 


rpa — 71 + 1 


9 


+lh 


T a -P\\ — 1| 
Ar(a -(3 + 1) 


Ar(a-l-l) AAir(a — 71 + 1 ) 

T a-^- 7 i+i M |A_ i| 

AAiT(a - (3 — 71 + 1) 


T a-/3- 72 + l ( - 1 _^| A _ 1 | 


AA^a - (3 - 72 + 1) J Ar 


NT 


7’a-7 2 Tl( 1 _ M ) 

AAir(a — 72 + I) 
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and 


K*)l < Oo + z'ilMI + HMI) 

T s 2+ai + i( X _ 


Hence we have 

and 

which imply that 


'J’Oi i 


T 


-<5i+ai + l 


Ml 


AiA2r(i52 + ci\ + 1) 


Air(ai + 1) AiA 2 r(<5 1 + a\ + 1) 

r |Ai-i| 

h l|v|1 l_Air(«i - /3i + 1) • 


r* 1 +ai'-ft+i /il |A 1 - 1| T s 2+« 1 -M 1 +i( 1 _ ^ tl )|A 1 - 1| 


AiA 2 r(5i + cx i — pi + 1) AiA2r(<52 + on — /3i + 1) 

IMI < Afi(fc 0 + fci||w|| + folMI) + iVi||«|| + I73IT/A1 

||f || < M 2 (u 0 + ml|M| + HMD + -HMI + \S 3 \T/A 2 , 


M + M 


M; 

Ao 


— (^Miko + M 2 v 0 + |7 3 |T/Ai + |(J 3 |r/A 2 ) 

+{M\k\ + N\ + M 2 ^i)||u|| + ( Mik 2 + M 2 v 2 + 7V 2 ) 1 1 ^ | 


Consequently, 


0,A)|| < 


Miko + M 2 v 0 + \~jz\T / A\ + | A3 |CT/ A2 
Mn ’ 


for any t £ [0,T], where Mo is defined by (16), which proves that 8 is bounded. Thus, by Lemma 3.1, 
the operator T has at least one fixed point. Hence the boundary value problem (2)-(3) has at least one 
solution. The proof is complete. □ 


In the second result, we prove existence and uniqueness of solutions of the boundary value problem 
(2)-(3) via Banach’s contraction principle. 

Theorem 3.3 Assume that (H 2 ) holds. In addition, assume that 


Mi(mi + m 2 ) + Ni + M 2 (ni + n 2 ) + N 2 < 1, 


where Mi, N±, AI 2 and N 2 are given by (12) and (15), respectively. Then the system (2)-(3) has a 
unique solution on J. 

Proof. Define sup tGJ f(t, 0,0) = F 0 < 00 and sup tg j g(t, 0, 0) = Go < 00 such that 

> N 1 M 1 + N 2 M 2 + J^JT/Ai + \6 3 \T/A 2 
~ 1 — Mi (mi + m 2 ) — M 2 (m + n 2 ) — (iVi + N 2 ) 


We show that TB r C B r , where B r = {(u, v) £ X x Y : ||(«, u)|| < r}. 
For (u,v) € B r , we have 


\Ti(u,v)(t)\ < 


|A-lj 
AT (a - (3) J 0 


1 


Ar(a) j o 
T 
Ai 


r T 

/ (T-s)“" /3 " 1 |u(s)Ms 
Jo 

[ (T - s) a ^ 1 [\f(s,u(s),v(s)) - /(s, 0,0)1 + |/(s,0,0)|]ds 
Jo 


T . . m|A-1| 

+ HN + 


AT(a — /3 — 71) Jo 


f{T-s) 

Jo 


a—0—ji — l I 


t(s)|ds 


M 


AT(a — 7i) Jo 


[ ( T-s) a 71 1 [\f(s,u(s),v(s)) - f{s, 0,0)| + |/(s,0,0)|]ds 
Jo 
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Ar(a -/3 — 72 ) Jo 


r T 

/ (T-s)“- /3 - 72 - 1 |u(s)|cfe 
Jo 


1 - M 


Ar(a — 72 ) Jo 
< (toi||w|| + to 2 ||l’|| + Fq) 


( T - s) a 72 1 [\f(s,u(s),v(s)) — /(s, 0)| + |/(s,0,0)|]dsj 

T a- 7 2 + 1 ( 1 _ /Lt ) 




— 71 + 1 


+ 11* 


Ar(a+ 1 ) AA!r(a — 7 ! + 1 ) AAiT(a — 72 + 1 ) 
|A- 1 | T“- / 3 - 7 l+ V|A- 1 | 


Ar(a — (3 + 1 ) AAiT(a — f 3 — 71 + 1 ) 


T a-/3- 7 2+l( 1 _ A( )|A_ 1 | 

AAir(a — /3 — 72 + 1 ) 


173 |T- 


ct- 1 


Ai 


< Mi [(mi + m 2 )r + F 0 ] + Air + | 7 3 |T/Ai. 


Hence 


||Tl(w, f)|| < Mi [(mi + m 2 )r + F 0 ] + N x r + | 7 3 |T’/A 1 . 
In the same way, we can obtain that 

||'7^(tx, v)|| < M 2 [(ni + n 2 )r + G 0 \ + N 2 r + |<5 3 |r/A 2 . 
Consequently, ||T(m, u)|| < r. 

Now for (u 2 , v 2 ), (ui, q) £ I x Y, and for any t € [0, e], we get 

\T 1 (u 2 ,v 2 )(t) - Ti(ui,vi)(t)\ 

|A — 1| rT 


< 


( (T — s) a p 1 |m 2 (s) - m(s)\ds 
Jo 

f (T — s) a ^ 1 \f(s, u 2 (s),v 2 (s)) - f(s,ui(s),vi(s))\ds 
Jo 

[ T (T - - Ul (s)\d s 

Jo 


Ar(a - (3) Jo 
1 

Ar(a, j 0 

, T a - X ( n\X — 1| 


Ai \^Ar(a - (3 - 71 ) j 0 

rT 




Ar(a — 7 r) Jo 
(1 ~~ A*)|A — 1| 
Ar(a — /? — 72 ) Jo 

1 - l-t 


Ar(a — 72 ) Jo 
< (toi||m 2 - Mi|| + m 2 ||f 2 - fill) 
T a ~ 72+1 (l-/i) 


[ ( T-s) a 71 1 \f(s,u 2 (s),v 2 {s)) ~ f(s, u 1 (s),v 1 (s))\ds 
Jo 

[ (T — s) a ~ f3 ~ 72 ~ 1 \u 2 {s) - Wields 
Jo 

[ (T — s) a ~' Y2 ~ 1 \f (s, u 2 (s) , v 2 {s)) - /(s,^l(s),^l(s))|ds 
Jo 




rpa— 71+1 




AAir(a — 72 + 1 ) 

7’a-0-72+l( 1 _ M )| y \_ 1 | 


II M 2 - Mill 


Ar(a + 1 ) AA 1 r(a- 7 i + l) 

T a ~d\\-\\ T a -P-Ti +1 n | A — 1 | 


Ar(a — (3 + 1 ) AAiT(a — (3 — 71 + 1 ) 


AAir(a — f3 — 72 + 1) 

< M 1 [(toi||m 2 - Mill + 777-2 1 1 ^2 - fill) + Ai||m 2 - Mr || 

< Mxirni + to 2 )[||m 2 - Mi|| + ||m 2 - fi||)] + Ai[||m 2 - Mr || + ||f 2 - fill] 

< [Mr (mi + m 2 ) + Ai][||m 2 - Mi|| + ||f 2 - fi||], 

and consequently we obtain 

||7i ( m 2 , f 2 ) - Ti(Mi,fi)|| < [Ml (mi + m 2 ) + Ai][||m 2 - ui|| + ||r 2 - fi ||] ■ 


(17) 
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Similarly, 

\\T 2 (u 2 ,V 2 ) - T 2 («i,t;i)|| < [M 2 (ni + n 2 ) + AT 2 ] [||'u-2 - «i|| + \\v 2 - f 1 1|] - 
It follows from (17) and (18) that 

\\T(u2,v 2 ) - T(ui,ui)|| < [Mi (mi + m 2 ) + Ni + M 2 (m + n 2 ) + -/V 2 ](||w 2 - ui|| + ||u 2 - i>i| 


(18) 


Since Mi (mi + m 2 ) + Ni + M 2 (n i + n 2 ) + _/V 2 < 1, therefore, T is a contraction operator. So, By 
Banach’s fixed point theorem, the operator T has a unique fixed point, which is the unique solution of 
problem (2)-(3). This completes the proof. □ 

Example 3.4 Consider the following coupled system of fractional differential equations with multiple 
orders of fractional derivatives and integrals boundary conditions of the form 

y 2 {t) 


1 sin ( 

3 V 4 


io(i + \y(t)\) 


t € [0, 3/2], 


^29/ 15 + A^16/l 5 \ (t) = _±_ + 

1 38 J y 1 t + 1 

(| ° 19/13 + |^ 15/13 ) y(t) = Vt + 3+ X M e -\^)\ + ^tan- 1 (M) , t € [0,3/2], 


x(0) = 0, 

2 /( 0 ) = 0 , 


ff-D 8 / 15 x ^ | „ | • .. . 


9 

16 

2 


7 

16" 


/'Ml 


(19) 


Here A = 33/38, a = 29/15, (3 = 16/15, T = 3/2, Ai = 24/27, aq = 19/13, = 15/13, /t = 9/16, 

7i = 8/15, q 2 = 11/15, 73 = 1/3, /xi = 2/5, <5i = 1/2, 62 = 3/2, <5 3 = 2/7. From all constants, 
we can compute that Ai = 1.307202573, A 2 = 1.050302214. Mf = 3.248792650, JVi = 0.4373542422, 
M 2 = 2.869543745 and N 2 = 0.3962406719. Clearly, 


\f(t,,x,y)\ = 


t 


1 • ( \ x \ 
, + - sm — 
t + 1 3 l 4 


3 1 . . 1 , 

- 5 + 12 W + iO l!/l ' 


10(1 + M) 


and 


\g(t,x,y)\ = 

< 


Vt + 3 + ^-e ^ + Man 

JL U Cj 


3 1 . 

vi + io N 


1 

12 


|y|- 


Setting ko = 3/5, k\ = 1/12, k 2 = 1/10, = 3/ x/2, = 1/10 and v 2 = 1/12, we have 

Mi A;i + M 2 i/i + Ad = 0.9950413375 < 1 and Mff 2 + M 2 v 2 + N 2 = 0.9602485823 < 1. 

Therefore, by applying Theorem 3.2, the boundary value problem (19) has at least one solution on 
[0,3/2], 

Example 3.5 Consider the following coupled system of fractional differential equations with multiple 
orders of fractional derivatives and integrals boundary conditions of the form 


t + 1 


( -D 17 / 9 + x{t) = 

\53 53 J y ’ 2 


( — 
l 46 


<t)\t 


1 


sin \y(t )\ cos 27rt, f € [0,1/2], 


2(1+ k(t)l) ' 3- 

^ + m - { -I- (If*) + \ (“f) • - [0.1/2,. 

x(0) = 0, 




-l 


(20) 


2 /( 0 ) = 0 , 


jwi) + jwi)4 
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Here A = 49/53, a = 17/9, (3 = 10/9, T = 1/2, Ai = 41/46, ai = 13/7, (h = 8/7, p, = 13/31, 71 = 5/9, 
72 = 4/9, 73 = 3/4, p x = 6/11, S x = 5/2, S 2 = 7/2, = 2/3, f{t, x,y) = ((t+ l)/2) + ((|Lc|e-* 2 )/(2(l + 

kl))) + (( sin lyl cos27ri )/( 3 )) and g(t, x, y) = (f/4)+tan“ 1 (|a;|/3) + ((i/ 2 + 2|j/|)/(8(l+|y|))). From above 
information, we can calculate that Ai = 0.7921804090, A 2 = 0.004528637717. M x = 0.3706636539, 
N\ = 0.09832444532, M 2 = 0.4209829845 and N 2 = 0.1927580748. It is easy to see that 

I f(t,x,y) - f(t,u,v) | < ^\x - u\ + y - u|, 

and 

I g(t,x,y) -g(t,u,v)\ < -|x-u| + -\y - v\. 

Putting mi = 1/2, m 2 = 1/3, n\ = 1/3 and n 2 = 1/4, we deduce that 

Mi (mi + m 2 ) + N x + M 2 (m + n 2 ) + N 2 = 0.8455423059 < 1. 

Hence, by using Theorem 3.3, the boundary value problem (20) has a unique solution on [0, 1/2]. 
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Abstract 

In this paper, we introduce a new kind of nonlocal nonlinear flux type integral boundary con- 
ditions and discuss the existence and uniqueness of solutions for a coupled system of fractional 
differential equations supplemented with these conditions. We apply Leray-Schauder’s alternative 
and Banach’s contraction mapping principle to obtain the desired results. An illustrative example is 
also included. Our results are new and enrich the existing material on coupled systems of fractional 
differential equations equipped with integral boundary conditions. 

Key words and phrases: Fractional differential systems; nonlocal boundary conditions; integral 
boundary conditions; fixed point theorem 

AMS (MOS) Subject Classifications: 34A08, 34B15. 

1 Introduction 

Fractional differential equations appear in the mathematical modeling of several systems and processes 
occurring in many branches of applied sciences such as blood flow phenomena, control theory, signal and 
image processing, reaction-diffusion models, aerodynamics, electrodynamics of complex medium, poly- 
mer rheology, etc. [1]- [4] . Fractional order differential equations are also found to be of great support in 
describing the hereditary properties of various materials and processes. With this advantage, fractional- 
order models have become more realistic and practical than the corresponding classical integer-order 
models. Fractional-order boundary value problems involving a variety of classical, nonlocal and integral 
boundary conditions have been addressed by many authors, for instance, see [5]- [10] and the references 
cited therein. 

Coupled systems of fractional-order differential equations also constitute an interesting and impor- 
tant field of research in view of their applications in many real world problems such as anomalous 
diffusion [11], disease models [12]-[15], ecological models [16], synchronization of chaotic systems [17]- 
[19], etc. For some theoretical works on coupled systems of fractional-order differential equations, we 
refer the reader to a series of papers [20]- [24]. 

The integral boundary conditions provide a descent approach to relax the limitation of circular 
cross-section of blood vessels with an arbitrary shaped cross-section of such vessels in the study of 
blood flow problems [25] and model the problem of bacterial self-organization [26]. Recently, in [27, 28], 
the authors investigated fractional-order differential inclusions and equations with nonlocal nonlinear 
flux type integral boundary conditions. 

In this paper, we consider a more generalized version of flux type integral boundary conditions 
and develop the existence criteria for a coupled system of Caputo type fractional differential equations 
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equipped with these new conditions. Precisely, we investigate the following coupled system of Caputo 
type fractional differential equations 


c D q x{t) = f(t,x(t),y(t)), t £ [0, 1], l<g<2, 
c D p y(t) = h(t,x(t),y(t)), fe[0,l], l<p<2, 


(1) 


supplemented with the nonlocal nonlinear flux type integral boundary conditions: 

a/(0) = a f x'(s)ds, x(\) = P f g(x'(s))ds, 0 < £ < 1, 
Jo Jo 

y'{ 0) = oli f y l (s)ds, 2 /( 1 ) = Pi f g(y'(s))ds, 0 < 0 < 1, 
Jo Jo 


( 2 ) 


where c D q , c D p denote the Caputo fractional derivatives of order q and p respectively, f,h: [0, ljxKx 
R — ► R, g : R — >• R are appropriately chosen functions, and a, P, aq, Pi are real constants. 

The objective of the present paper is to enhance the theoretical treatment of coupled systems 
further by considering a new boundary value problem of coupled fractional-order differential equations 
supplemented with nonlocal nonlinear flux type integral boundary conditions. The paper is organized 
as follows. In Section 2, we recall some basic definitions of fractional calculus and present an auxiliary 
lemma. The main results are presented in Section 3. We give two results: the first one derives the 
existence of solutions via Leray-Schauder’s alternative, whereas the second one concerning existence and 
uniqueness of solutions is established by Banach’s contraction principle. We also discuss an example 
for illustration of the existence- uniqueness result. 


2 Preliminaries 


Before presenting an auxiliary lemma, we recall some basic definitions of fractional calculus [3, 2]. 

Definition 2.1 For (n— 1) — times absolutely continuous function y : [0, oo) —t R, the Caputo derivative 
of fractional order q is defined as 

c D q y(t)==-J r f (t - s) n ~ q ~ 1 y {n \s)ds, n - 1 < q < n, n = [q] + 1, 

r (n -q) Jo 

where [</] denotes the integer part of the real number q. 

Definition 2.2 The Riemann-Liouville fractional integral of order q is defined as 


I,y(t) = f hi w^h ds - " >0 ■ 


provided the integral exists. 

To define the solution for the problem (l)-(2), we use the following lemma. 

Lemma 2.3 Let at; ^ 1. For <j> £ C([0, 1] , R) , the linear problem consisting by the equation 

c D q x(t) = p(t), t £ [0, 1], 1 < q < 2, 
supplemented with the boundary conditions 

2 /( 0 ) = a f x'(s)ds, a;(l) = P [ g{x' (s))ds, 0 < £ < 1, 

Jo Jo 


is equivalent to the integral equation 
C (t - of ?- 1 


x(t) = [ 
Jo 


(t - s) ’" 4,(s)ds ■ a(i - 11 


« r s (s - r ) q ~ 2 


r(«) 


l-a? Jo Jo Pg-l) 


-<f>{r)dTds — 


1 (1 - s) 9_1 


+P / 9 


(s~r) 


q-2 


1 0 r(g-l) 


-0(r)dr 


« r s 


1-aUo Jo T^ir^ (T)drd T s - 


-cj)(s)ds 


( 3 ) 


( 4 ) 


( 5 ) 
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Proof. It is well known that the general solution of the fractional differential equation (3) can be 
written as 


c(t) = c 0 + C\t + 

Jo 


4 (t-s)*" 1 


<p(s)ds 


io r (q) 

where Cq,Ci eK are arbitrary constants. Using the boundary conditions (4) in (6), we find that 


( 6 ) 


co = 


0 i s {i 


L l %bir*M** 


£ r s (s-T) q ~ 2 

r( 

« r (s — t ) 9-2 


r(g - 1) J ) ( T ) dTds J ds 


and 


ci = 


« t - ( s - r )«- 2 


-<p(T)d,Tds. 


l-«Uo Jo r (<7~ !) 

Substituting the values of Co,Ci in (6), we get (5). The converse follows by direct computation. This 
completes the proof. □ 


3 Main Results 

Let us introduce the space X = {u(t)\u(t) G C([0, 1],R)} endowed with the norm ||w|| = sup{|u(t)|,t G 
[0,1]}- Obviously (X, | • ||) is a Banach space. Also Y = {u(i)|v(t) G C ( [0, 1] , M) } endowed with the 
norm ||d|| = sup{|v(t)|,f € [0, 1]} is a Banach space. Then the product space {X x Y, ||(u,t;)||) is also a 
Banach space equipped with norm ||(it,ti)|| = ||u|| + ||i>||. 

Ti(u,v){t) 


In view of Lemma 2.3, we define the operator T : X x Y — > X x Y by T(u, v)(t) = 


where 

Ti(u,v)(t) 


T 2 (u,v)(t) 


and 

T 2 (u,v){t) 


l {± WT mV{S) ' V(,))i ‘ + T lr < Si L ( r(,-l) fMr),v(r))drds 
~ L I fO,u(s),v(s))<Is + P ^r(g-l) ^ T , u(t) , v{T))dr 

I ( -^^fOMr)Mr))drd,y s , 


f t (t-s)P-\ . .. . ,,, ai(t-l) f 6 f s (s — t) p ~ 2 . . . , 

/o — T{p} — h ( s ' u ( s )’ v ( s )) ds + i_ ai o J Q J Q r(p-l) M r Xr),u(T))dTrfs 

L ^ T(p) — Hs,u{s),v{s))ds + g(j^ ^ h(r, u(t), v(r))dT 


oil 


r e r s ( s _ T ) p ~ 2 \ 

J„ J a r(p-l) HrMC.HOdrd, Us, «.M 1. 


Let us introduce the following hypotheses which are used hereafter. 

(Hi) Assume that there exist real constants fcj, X t > 0 (i = 1,2) and ko > 0, Ao > 0 such that 
Vccj eR, (i = 1, 2) we have 

\f(t,xi,x 2 )\ <k 0 + ki\xi\ + k 2 \x 2 \, \h(t,xi,x 2 )\ < A 0 + Ai|®i| + A 2 |x 2 |. 

(H 2 ) \g(v)\ < |u|, Vu G K. 
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(H 3 ) Assume that f, h : [0, l]xR 2 -> K are continuous functions and there exist constants rrij, Hi, i = 1,2 
such that for all t € [0, 1] and Ui, Vi G R, * = 1, 2, 


\f(t,ui,u 2 ) - f(t,v i,v 2 )| < m.i\ui - vi\ + m 2 \u 2 - v 2 \ 


and 

\h(t,ui,u 2 ) — h(t,vi,v 2 )\ < ni|rti - i>i| + n 2 \u 2 - v 2 \. 
For the sake of convenience, we set 


Mi = 


1 


2 + 




m 


r(5 + l)l r(g + 2) 


m 2 = 


1 


2 + 




+ 


\Pi 


F(p + 1 ) \ T(p + 2) 


q + 1 + 


p+ 1 + 


|1 - J 

M 

|1 - Oi0| 


and 


M 0 = min{ 1 — (Miki + M 2 X\), 1 — {M\k 2 + M 2 X 2 )}, ki, A» > 0 (i = 1, 2 ). 


( 7 ) 

( 8 ) 

(9) 


The first result is based on Leray-Schauder alternative. 

Lemma 3.1 (Leray-Schauder alternative) ([29] p. f.) Let F : E — x E be a completely continuous 
operator (i.e., a map that restricted to any bounded set in E is compact). Let 

£(F) = {x G E : x = X F(x) for some 0 < A < 1}. 

Then either the set £{F) is unbounded, or F has at least one fixed point. 

Theorem 3.2 Assume that (Hi), (H 2 ) hold. In addition it is assumed that 

Miki + M 2 X\ <c 1 and AIik 2 T M 2 X 2 <C 1, 

where M\ and M 2 are given by (7) and (8) respectively. Then the system (l)-(2) has at least one 
solution. 


Proof. First we show that the operator T: XxY^-XxY is completely continuous. By continuity 
of functions f, h and g, the operator T is continuous. 

Let SI C I x 7 be bounded. Then there exist positive constants Li and L 2 such that 


\f{t,u(t),v(t)\ < Li, \h(t,u(t),v(t)\ < L 2 , \/(u,v) G ft. 
Then for any (it, v) G ft, we have 

r* r s ( s - ry ~ 2 


\Ti(u, v)(t)\ < 


rt (* - 1 1 1 n n N| rf , K*- 1 )! 

-| f{s,u{s),v(s))\ds + 


m 
- 1 (i-*y'i 


1 - <1 Jo Jo r(g - 1 ) 


\f{r,u{T),v{r))\dTds 




\f(s,u(s),v(s))\ds + p / g 


1 ' ^(s-t)®- 2 


/ 0 r( 9 -i) 


\f{r,u(T),v{r))\dr 


« I s (s-t)9- 2 


\l-at\J 0 Jo T(q — !) I /(t ’ u(t )’ v { T ))\dT~dsj ds 


G L\ < 

which implies that 


1 


2 + 




T(q+1)\ \l-af\ T(q + 2) 


q + 1 + 


l-af\ [’ 


\Ti{u, i>)|| < Li 


1 ( 2+ 


F(g + l)V \l-a£\ r(g + 2) 


q + 1 + 


1 - a(\ 


= L 1 M 1 . 
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Similarly, we get 

IIT2MU < L 2 < 


r(p + i) 


2 + 


let'll e p 


1 / 5 : 


1 - ai&\ / r(p + 2) 


11 ' P +i+ Kl 


|1 - 


— L 2 M- 2 . 


Thus, it follows from the above inequalities that the operator T is uniformly bounded. 

Next, we show that T is equicontinuous. Let ti,t 2 £ [0, 1] with ti <t 2 . Then we have 
\Ti(u(t 2 ),v(t 2 )) - Ti(w(ti),tj(fi))| 


< L\ 




HM - ti| 

|1 - Ml 


« r- (s — r) 9-2 

o T(q-l) 


-drds 




{ m C l<ij - s), "‘ - (tl - s), ~' ]ds + m C (h - s)q ~' ds + t 


a\\t 2 -ti\ 


-Ml r(g + l) 


< 


M \°(t t I \f q t q \] I T M 

r(JTT) 2 * "" * -'ill + 0 r( , + 1) - 


Analogously, we can obtain 

I T 2 (u(t 2 ),v(t 2 )) ~ T 2 (u(ti),v(ti))\ < hY + | t p 2 - t?|] + 

Therefore, the operator T(u,v ) is equicontinuous, and thus the operator T(u,v) is completely continu- 
ous. 

Finally, it will be verified that the set 8 = {(w, v) £ X x Y\(u, v) = XT(u, v), 0 < A < 1} is bounded. 
Let (u,v) £ £, with (u,v) = A T(u,v). For any t £ [0, 1], we have 


Then 


Ht)\ < 


r(« + i) 


2 + 


u(t) = A Ti(u,v)(t), v(t) = A T 2 (u,v)(t). 

i<m 9 \ , m 


1-MI/ r(g + 2) 


and 


K*)l < 


1 


2 + 


\ai\S p 


|/5i 


q + 1 + 


p+ 1 + 


a 


1 - Ml y 

l«i| 


(ko + fci||u|| + fell^H), 


>(A 0 + Ai||u|| + A 2 |M|)- 


r(p+l)\ \l- ai 0\J T(p + 2)y \l — a\6\. 

Hence we have 

IMI < Afi(fe 0 + fei||u|| + k 2 \\v\\), |M| < M 2 (A 0 + Ai||u|| + A 2 ||v||), 

which imply that 

IMI + IMI = ( Miko + M 2 Ao) + (Miki + M 2 Ai)||«|| + ( M\k 2 + M 2 A 2 )|MI 

Consequently, 


(MMII < 


Miko + M 2 Ao 
M n : 


for any t £ [0, 1], where Mq is defined by (9), which proves that £ is bounded. Thus, by Lemma 3.1, 
the operator T has at least one fixed point. Hence the boundary value problem (l)-(2) has at least one 
solution. The proof is complete. □ 

In the second result, we prove existence and uniqueness of solutions of the boundary value problem 
(l)-(2) via Banach’s contraction principle. 
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Theorem 3.3 Assume that (H 2 ), (H :i ) hold. In addition, assume that 

Mi (mi + m 2 ) + M 2 (ni + n 2 ) < 1, 

where M\ and M 2 are given by (7) and (8) respectively. Then the system (l)-(2) has a unique solution. 

Proof. Define sup tg j al ] f(t, 0,0) = IVi < oo and sup tg [ 0 g(t, 0, 0) = N 2 < 00 such that 

^ N\ A/| + A- 2 At 2 

~ 1 — Mi (mi + m 2 ) - M 2 (m + n 2 ) 

We show that TB r C B r , where B r = {(u,v) € X x Y : ||(u, u)|| < r}. For (u,v) € B r , we have 
|Ti(u,u)(t)| < f o ^~Y(l ) — “ /M’°)l + |/M,0)|)ds 

+ \Y^al\I 0 Jo ( 'r(g - l) (l/(DM( T )w(' r )) - /(t, 0, 0)| + \f(t, 0, 0)\)drds 

+ L ^ T(q) d/( s > u ( s )> w ( s )) ~ /(*, ° s °)| + |/(t,0,0)|)ds 

+ \P\ f o 9^J o <y r(q T -l) (I /( r w( T )w( T )) - /ft, 0,0)1 + |/(t,0,0)|)dr 

+ |l_ a ^| J o J q ^-(|/(t,u(t),u(t)) - /(t, 0,0)| + |/(t,0,0)|)drds Ids 

[ 1 |a|£« 1 

- jr(q + 1) + |i-<|r(g + i) + r(g + i) 

+1^1 (f(TTT) + |i-J°r(, + 2 ) ) }(™.IHI + ”>*11 + wo 

= Mi [(mi + m 2 )r + A^i]. 

Hence 

||Ti(u, u)(t)|| < Mi [(mi +m 2 )r + iVi]. 

In the same way, we can obtain that 


||T 2 (u,u)(t)|| < M 2 [(m + n 2 )r + N 2 ). 

Consequently, ||T(u, v)(t)\\ < r. 

Now for (u 2 , v 2 ), (m, q) £ I x Y, and for any t € [0, e], we get 
\T 1 (u 2 ,v 2 )(t) - T 1 (u 1 ,v 1 )(t)j 

< J ^ — \f(s,u 2 (s),v 2 (s))-f(s,u 1 (s),v 1 (s))\ds 

+ |w~<| J 0 J 0 ( 'r(q T -l) I f(D u 2( T ),M T )) - I / ( T ; M i ( r ) ; fi ( r ) ) I drds 

+ L ^ r( 5 J) — l/( s - u 2(s),^2(s)) - f{s, u 1 {s),v 1 {s))\ds 

+ \P\ J o ^r(g- 1) I f( s >M s )iM s )) - /(s,m(s),t;i(s))|dT 

+ | 1 J ^^3^-|/(s,U2(s),V2(s)) - /(s,ui(s),vi(s))|dTds'jds 
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I 1 1 

- \r(q + l) + | l - a £| r(g + l ) + T(q + 1) 

+l/l1 ( fgTT ) + | i - J°rfa + 2 > ) } (raill “ 2 " + ~ t ' lll) 

= Mi ( toi||u 2 -«i|| +m 2 ||u2 -t>i||) 

< Mi (mi + m 2 )(||u 2 - mi|| + ||u 2 - ui||), 


and consequently we obtain 


\\Ti(u 2 ,v 2 )(t) - Ti(ui,t;i)|| < Mi(mi + m 2 )(||« 2 -Ui|| + ||v 2 -Mi||). 


(10) 


Similarly, 

|| T 2 (u 2 ,v 2 )(t) - T 2 (ui,vi)\\ < M 2 (m +n 2 )(||u 2 - ui|| + ||u 2 - ui||). (11) 

It follows from (10) and (11) that 

II T(u 2 ,v 2 )(t) -T{u i,t>i)(t)|| < [Mi (mi +m 2 ) + M 2 (m + n 2 )](||u 2 -Mi|| + ||v 2 -ui||). 

Since Mi (mi + m 2 ) + M 2 (m + n 2 ) < 1, therefore, T is a contraction operator. So, By Banach’s fixed 
point theorem, the operator T has a unique fixed point, which is the unique solution of problem (l)-(2). 
This completes the proof. □ 


Example. Consider the following system of fractional boundary value problem 

4(t + 2)n + |I(t)| +1 + ^ sin2y(t) ’ 


c D 3/2 x(t) = 


1 2/0)1 


C£,3,2!/,t) = 30 8i " (2 ” (i))+ 16(l + | a ( ( )|) ' 2 

1 /M 3 1 r 1 

x'(0) = - J x (s)ds, x(l) = - J g{x (s))ds, 

l l '(°) = ^Jo = \j 0 9 ^ y '^ ds - 


+ o’ t e t 0 ’ *]’ 


(12) 


Here q = p = 3/2, a = 1/2, Ql = 4/5, £ = 1/3, 9 = 1/4, /3 = 1/3, ft = 3/4, g{v) = j ^ j^j ^ J’ 

/(t - "• v) = whp T+tsi + 1 + s si " 2 -• “ d h{t ■ ■ v) = w, si,,(2 ™ ) + Wtw) + Wilh the 

given data, we find that Mi ss 1.9027815, M 2 « 1.6365646. Note that \f(t, u\,u 2 ) — f(t,v i,u 2 )| < 

— |ur - u 2 | + — \vi - v 2 \, \g(t,ui,u 2 ) - g{t,v i,v 2 )\ < —\ui - it 2 | + — |m - u 2 |, and Mi(?m + m 2 ) + 
16 16 lb 16 

M 2 (n i + n 2 ) w 0.4424181 < 1. Thus all the conditions of Theorem 3.3 are satisfied and consequently, 
its conclusion applies to the problem (12). 


4 Conclusions 

We have obtained the existence criteria for the solutions of a coupled system of nonlinear Caputo 
type fractional differential equations equipped with a new kind of nonlocal nonlinear flux type integral 
boundary conditions. Our results are new in the sense of introduced integral boundary conditions (2) 
and contribute to the theory of coupled systems of fractional differential equations. 
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Abstract 

The aim of this paper is to introduce a new non-convex hybrid algorithm for a 
family of countable quasi-Lipschitz mappings. We establish strong convergence theo- 
rems of common fixed points for a uniformly closed asymptotically family of countable 
quasi-Lipschitz mappings in a Hilbert space. 
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Key words and phrases: Hybrid algorithm, quasi-Lipschitz mapping, nonexpansive 
mapping, quasi-nonexpansive mapping, asmptotically quasi-nonexpansive mapping 


1 Introduction 

Fixed point theory of special mappings like nonexpansive, asymptotically nonexpansive, 
contractive and other mappings is an active area of interest and finds applications in many 
related fields like image recovery, signal processing and geometry of objects [13] . From time 
to time, some versions of theorems relating to fixed points of functions of special nature 
keep on appearing in almost in all branches of mathematics. Consequently, we apply them 
in industry, toy making, finance, aircrafts and manufacturing of new model cars. For 
example, a fixed-point iteration scheme has been applied in intensity modulated radiation 
therapy optimization to pre-compute dose-deposition coefficient matrix, see [12]. Because 
of its vast range of applications almost in all directions, the research in it is moving rapidly 

* Corresponding author 
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and an immense literature is present currently. The construction of fixed point theorems 
(for example, Banach fixed point theorem) which not only claim the existence of a fixed 
point but yield an algorithm, too (in the Banach case fixed point iteration x n+ \ = f(x n )). 
Any equation that can be written as x = f{x) for some mapping / that is contracting 
with respect to some (complete) metric will provide such a fixed point iteration. Mann’s 
iteration method was the stepping stone in this regard and is invariably used in most of 
the occasions, see [4]. But it only ensures weak convergence, see [2] but more often then 
not, we require strong convergence in many real world problems relating to Hilbert spaces, 
see [1]. So mathematician are in search for the modifications of the Mann’s process to 
control and ensure the strong convergence (see [2, 3, 5-9, 11] and references therein). 

Most probably the first noticeable modification of Mann’s Iteration process was pro- 
posed by Nakajo and Takahashi [9] in 2003. They introduced this modification for only 
one nonexpansive mapping in a Hilbert space, where Kim and Xu [5] introduced a mod- 
ification for asymptotically nonexpansive mappings in the Hilbert space in 2006. In the 
same year Martinez- Yanes ad Xu [7] introduced a modification of the Ishikawa iteration 
process for a nonexpansive mapping for a Hilbert space. They also gave modification of 
the Halpern iteration method in a Hilbert space. Su and Qin [11] gave a monotone hybrid 
iteration process for nonexpansive mappings in a Hilbert space. Liu et al. [6] gave a novel 
iteration method for a finite family of quasi-asymptotically pseudo-contractive mappings 
in a Hilbert space. 

Let H be a Hilbert space and C be a nonempty closed and convex subset of H. Let 
P c (-) be the metric projection onto C. A mapping T : C — > C is said to be nonexpensive if 
\\Tx — Ty\\ < ||.t — y|| for all x, y e C. Denote by F(T) the set of fixed points of T. It is well 
known that F(T) is closed and convex. A mapping T : C — > C is said to be quasi- Lips chitz 
if F(T) / 0 and \\Tx — p\\ < L\\x — p\\ for all x G C, p G F(T), where 1 < L < oo is a 
constant. If L = 1, then T is known as quasi-nonexpansive. It is well-known that T is said 
to be closed if x n — > x and || Tx n — x n \\ — * 0 as n — > oo implies Tx = x. T is said to be 
weak closed if x n — x and || Tx n — x n \\ — > 0 as for n — > oo implies Tx = x. It is admitted 
fact that a mapping which is weak closed should be closed but converse is no longer true. 

Let {T n } be a sequence of mappings from C into itself with a nonempty common fixed 
points set F. Then {T n } is said to be uniformly closed if for any convergent sequences 
{ z n } C C with conditions ||T n ^ n — z n \\ — > 0 as n — > oo, the limit of { z n } belongs to F. 

In 1953 Mann [4] proposed an iterative scheme given as 

Xn - i — (1 cx n )x n T cr n T(.'c n ), n — 0, 1, 2, ... . 

Guan et al. [3] established the following non-convex hybrid iteration algorithm corre- 
sponding to Mann iterative scheme: 

".To £ C = Qq, choosen arbitrarily, 

Un — (1 (^n)^n T OL n T n X n , Tl ^ 0, 

< C n = {z G C : || y n - z\\ < (1 + (L n - l)a n )\\x n - z\\ n A, n> 0, 

Qn — {z £ Qn—1 ■ {%n Z, Xq X n ) ^ 0}, H ^ 1, 

. x n+l = PcoC„nQn X 0- 

They also established non-convex hybrid iteration algorithms and proved some strong 
convergence results relating to common fixed points for a uniformly closed asymptotically 
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family of countable quasi-Lipschitz mappings in a Hilbert space. They applied their results 
for the finite case to obtain fixed points. In this article we established a kind of non- 
convex hybrid iteration algorithm concerning S'P-iterative process [10] and proves strong 
convergence theorems of common fixed points for a uniformly closed asymptotically family 
of countable quasi-Lipschitz mappings in a Hilbert space. We also present an application 
of our algorithm. 

2 Main results 

In this section we formulate our main results. 

Definition 2.1. Let C be a closed convex subset of a Hilbert space H , and Let {T n } be 
a family of countable quasi-L n -Lipschitz mappings from C into itself. {T n } is said to be 
asymptotically if lim n _ >0O L n = 1. 

The following lemmas is well known. 

Proposition 2.2. Let C be a closed convex subset of a Hilbert space H . For x £ H and 
z € C, z = Pcx if and only if we have (x — z, z — y) > 0 for all y € C. 

Proposition 2.3. Let C be a closed convex subset of a Hilbert space H . For any given 
xq £ H , we have p = Pcx o if and only if (p — z, xq — p) >0 for all z 6 C. 

Proposition 2.4. ([3]) Let C be a closed convex subset of a Hilbert space H and let {T n } 
be a uniformly closed asymptotically family of countable quasi-L n -Lipschitz mappings from 
C into itself. Then the common fixed point set F is closed and convex. 

Theorem 2.5. Let C be a closed convex subset of a Hilbert space H , and let {T n } : C — > C 
be a uniformly closed asymptotically family of countable quasi-L n -Lipschitz mappings from 
C into itself. Assume that a n £ (0,1] and 0 n , 7n £ [0,1] for all n £ N. Then { x n } 
generated by 

xo € C = Q o, choosen arbitrarily, 

Vn — (1 ) z n A n P 0 , 

i — (1 Pn ) tn T PrfTntn , n P 0 , 
tn — (1 r )n)x n T r ) n T n x n , n P 0, 

Cn — {z e C . || y n ^|| — [1 T L n {a n T (3 n -j- ‘loi n f3 n 
— 2 o n y n — 2/3 n y n + 3 oc n (3 n 'y n ) T- L.^(o n /I n + o n y n 
Pfin'Yn 3o n /d n y n ) + OL n f3 n -y n L n o: n (3 n qVj 
T OinPn A CX n '~tn A PnTn ^nPnTn\ \ \%n ^ll} LI A, n P 0, 

Qn — £ Qn—1 ■ {%n %•> *^0 %n) ^ 0 }, H P 1 , 

x n + 1 PcdC n r\Q.„Xo, 

converges strongly to PfXq, where coC n denotes the closed convex closure of C n for all 
n > 1 and A = {z £ H : \\z — PfXq\\ < 1}. 
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Proof. We give our proof in following steps. 

Step 1. We know that coC n and Q n are closed and convex for all n > 0. Next, we 
show that F (1 A C coC n for all n > 0. Indeed, for each p € F n A, we have 

|| Vn P || — ||(1 Qn)z n “1“ Qn^nZn P 1 1 

= ||(1 - a n )((l - (3 n )t n + PnT n t n ) + OC n T n (( 1 - Pn)t n + P n T n t n ) ~ P\\ 

— II (1 Q! n )((l /3 n )[(l ^fn) x n F 'Yn'I'n x n\ F Pn-^niQ r Yn) x n F ^fnFi x n \ ) 

T OL n T n (f 1 Pn)[Q 'Jn) x n F 'Jn'Fn x n\ F PnFifA 'Jnj^n F r )nF'n x n\) P\\ 

— ||(1 Ot n f3 n 7 n F QnPn F Qn'Jn F Pn'Jn QnPn'ln) (-Tn p) 

“I - ( Qn -|- /3 n + 7n 2 (X n Pn ‘^Qn'Jn 2/3 n y n T 3 G: n /4 n 7n ) ( F n X n p) 

F (ttnPn F Qn'Jn F Pn'Jn 3 CX n Pn ^'in ) ( F n X n p) F Ot n f3 n 'y n {T n X n p) || 

5; (1 Qn Pn Tn F QnPn F QnFn F Pn'Jn QnPn'ln) | Y'n p|| 

“I - {.Qn T Pn F 7n — 2 Qt n Pn 2 Qnln ‘^Pn'Jn F 3ot n P n 'y n ) L n \\x n p|| 

T ( Q n Pn F Qnln F Pnln ^QnPnln)F n ||.T n p|| F QnPnln^-‘n\\ X r. p|| 

= [1 F L n (cx n F Pn F In — 2 QtnPn 2 Qnln ~ 2 Pnln F 3 QnPnln) 

T L n (a n Pn F Qnln S' Pn In 3 QnPnln) F QnPnln-^n 

Pn In F QtnPn F Qnln F Pnln QnPnln] \ x n p\\ 

and p G A, so p € C n which implies that FnA C C n for all n > 0. therefore, FnA C cdC n 
for all n > 0. 

Step 2. We show that F n A C WC n n Q n for all n > 0. it suffices to show that 
F n A C Q n for all n > 0. We prove this by mathematical induction. For n = 0 we have 
F D A C C = Qq. Assume that F D A C Q n . Since x n+ \ is the projection of xq onto 
coC n fl Qn, from Proposition 2.2, we have 


{X n +1 ~ Z, X n+ 1 ~ X 0 ) <0, \/z G CoC n fl Q n 

as F n A C coC n fl Q n , the last inequality holds, in particular, for all z € F fl A. This 
together with the definition of Q n + 1 implies that F n A C Q n + 1 - Hence the F n A C 
coC n fl Q n holds for all n > 0. 

Step3. We prove {x n } is bounded. Since F is a nonempty closed and convex subset of 
C, there exists a unique element z$ G F such that Zo = PpXQ. From x n +\ = PcdC n nQ n x o, 
we have 

||.T n+ l - .To|| < \\Z - To|| 

for every z € cdC n D Q n . As zo € F n A C cdC n Fl Q n , we get 

||t„ + i - to|| < ||^o - -Toll 

for each n > 0. This implies that {T n } is bounded. 

Step 4. We show that {x n } converges strongly to a point of C (we show that { x n } is 
a Cauchy sequence). As x n+ \ = PcdC n nQ n x o C Q n and x n = Pq„xo (Proposition 2.3), we 
have 

||T n+ l - To|| > ||T„ - To|| 
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for every n > 0, which together with the boundedness of ||x n — xo|| implies that there exists 
the limit of \\x n — xo||. On the other hand, from x n+m G Q n , we have (x n —x n+m , x h —xq) < 
0 and hence 

||Tn+m T n || — | (Xn+rn To ) (x'n To)|| 

— | Y'n+m .Toll || X n Xo|| 2 T n , X n Xq) 

— 1 1 T'n+m TO 1 1 II T n To 1 1 

— ► 0, n — > oo 

for any m > 1. Therefore {x n } is a cauchy sequence in C. then there exists a point q G C 
such that lim n _ >0O x n = q. 

Step 5. We show that y n —> q as n —> oo. Let 

D n = {z G C : || y n — z\\ 2 < \\x n — z|| 2 + (L^ — 1 )(L^ + 1)}. 


From the definition of D„, we have 


D n — {z G C 
= {zeC 
= {z £ C 


(y n - z, y n ~ z) < (x n - z, x n - z) + (Ll - 1 )(Ll + 1 )} 

\\yn\\ 2 — 2 (y n , z) + \\z\\ 2 < ||x n || 2 — 2(x n , z) + ||z|| 2 + (L^ — 1)(L^ + 1)} 
2 (t n -y n ,z) < 1 1 x n 1 1 2 \\y n \\ 2 + (L? n -l)(L? n + l)} 


This shows that D n is convex and closed, n G Z + U {0}. Next, we want to prove that 
C n C D n , n > 0. 

In fact, for any z G C n , we have 

|| Vn z\\ ^ [1 L L n (a n + f3 n + q n 2a n f3 n 2cr n y n 2/3 n q n + 3 oc n (3 n , y n ) 

T L, n ( Oi n fj n -j- O-n'yn T Pn£n 3o n /I n y n ) + a n finlnL n Ot n (3 n 
T a n Pn T C^n'Jn T Pn'Yn ®n/^n7n] | Tn O | 

— ||.Tn z|| T [2(L n {a n T Pn T qn 2 ot n (3 n 2cx n r ) n 2/3 n q n T 3cx n f3 n 'y n ) 

T L n (a n p n T CLnTn T Pn'Yn 3 CXnPn'Yn) T •T n Pn Y n T n Un P n q n 
T Ot n p n T Qtn'Jn + Pn~in QtnPnYn)®tn (L// ( O:,, -f- p n T q n 2 OL n P n 
2o: r £(n 2 Pn~fn T 3 CXnPnYn) T L n (ot n P n -j- O-nYn T Pn'Yn 3 Ot-nPuYn) 

T a n Pn'y n L n Qu P n qn T OtnPn T (%nYn T- PnYn (^■nPn'ln) ] ||Tn ^|| 

< 1 1 Xn - z|| 2 + [2(L^ - 1) + (l£ - l) 2 ] 1 1 T n - ^|j 2 

= ||x n - ^|| 2 + - l)(l£+ 1)|| T n - ^|| 2 . 

From 

Cn = {q £ C : ||y n — ^ll ^ [1 T L n (cx n + p n + qn — 2 a n p n — 2 cx n 'y n 2/3 n q n + 3 cx n p n 'y n ) 
T L n (a n p n T a n q n T Pn'Jn 3 OlnPn'Jn) T ( ^nPr£inL ri (Yn °>n qn T &nPn 
T Otn'Jn T Pn~!n OlnPn'Jn] \ \^n ^"11} O vl, U ^ 0, 

We have C n C A, n > 0. Since T is convex, we also have cdC n C A, n > 0. Consider 
G coCn-i, we know that 

hn - z\\ < \\x n - z|| 2 + (Ll - 1 )(I? n + l)||x n - ^|| 2 

< 1 1 x n — z\\ 2 + (Ll — l)(Ll + 1). 
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This implies that z £ D n and hence C n C D n , n > 0. Sinnce D n is convex, we have 
cd(C n ) C D n , n > 0. Therefore 

|| y n - x n+ i\\ 2 < \\x n - x n+ i|| 2 + (Lfj - l)(l£ + 1) -> 0 

as n — ► oo. That is, y n — > g as n — > oo. 

Step 6. We show that g £ F. From the definition of y n , we have 

( U-n T Pn T 'Yn OLn'Yn finYn (%nPn T C^nPn'Yn) 

T (t ~X-nYn T fin'Yn T 2oi n fi n 'f n ) T n T ^nPn^fn^n 1 1 PnXn T'n | 

— 1 1 Vn X n 1 1 > 0 

as n — > oo. Since a n £ (a, 1] C [0, 1], from the above limit we have 

lim — > oo||T n T n — T n || = 0. 

n 

Since {T n } is uniformly closed and x n — > g, we have g £ F. 

Step 7. We claim that g = zo = PfXq, if not, we have that ||to — p\\ > ||to — zoll- 
There must exist a positive integer N, if n > IV, then ||to — t„|| > ||to — zo||j which leads to 

1 1 Z0 X n || — 1 1 Zq X n X n .To 1 1 

= ||z 0 - X n 1 1 2 + ||t„ - Toll 2 + 2{zq - X n ,X n - To). 

It follows that [zq — x n ,x n — To) < 0 which implies that zoEQ n , so that zqEF, this is a 
contradiction. This completes the proof. □ 

In [3], we show an example of C n which does not involve a convex subset. 

Corollary 2.6. Let C be a closed convex subset of a Hilbert space H , and let T be a closed 
quasi-nonexpansive mapping from C into itself. Assume that a n £ (0, 1] and (3 n , / y n £ [0, 1] 
for all n £ N . Then { x n } generated by 

To £ C = Qo, choosen arbitrarily, 

Vn — (1 ) z n T Oi n Tz n , n P 0, 

Z n = ( 1 - Pn)t n + PnTt n , n > 0, 

* tn — (1 'Yn)x n T r )nTx n , n P 0, 

C n = {z £ C : ||y n - z\\ < \\x n — ^||} D A, 

Qn — { 7 £ Qn—1 • {Xn Xq X n ) F 0}, 

,x n +! = Pc n rQ n xo, 


n > 0, 
n > 1, 


converges strongly to Pf{t) to> where A = {z £ H : \\z — Ppx o|| < 1}. 

Proof. Take T n = T, L n = 1 in Theorem 2.5, in this case, C n is convex and closed and , 
for all n > 0, by using Theorem 2.5, we obtain Corollary 2.6. □ 
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Corollary 2.7. Let C be a closed convex subset of a Hilbert space H , and let T be a 
nonexpansive mapping from C into itself. Assume that a n G (0, 1] and fd n , 7 n G [0, 1] for 
all n G N . Then {x n } generated by 

xq G C = Qo, choosen arbitrarily, 

Un — (1 (%n)z n "L ^-riFz n , Tl L 0 , 

Z n = (1 - (3n)t n + (3 n Tt n , n > 0 , 
tn — (1 7ro)*Tn T 'YnTx n , 71 P 0, 

C n = {z G C : ||y n - z|| < ||x„ - z\\} fl A, n > 0, 

Qn — { G Qn— 1 . (x n Z , Xo ^ 0}, // ' 1 ■ 

Xn+1 = ^fc„nQ„^o, 

converges strongly to Pp(T) x o, where A = {z G H : \\z — Pf-ToII £ 1}- 

3 Applications 

Here, we give an application of our result for the following case of finite family of asymp- 
totically quasi- nonexpansive mappings {T n }^-Q. Let 

|| T{x - p|| < kij \\x - p\\, V.x G C, p G F, 

where F is the common fixed point set of {T n }^ = q 1 and lirn^oo k % 3 = 1 for all 0 < i < 
N — 1. The finite family of asymptotically quasi- nonexpansive mappings {T n is said 
to be uniformly L-Lipschitz if 

\\T-x - T-y\\ < L id \\x - y\\, \tx,y G C 

for all i G {0, 1, 2, ..., N — 1}, j > 1, where L > 1. 

Theorem 3.1. Let C be a closed convex subset of a Hilbert space H , and let {T n }^Z q 1 : 
C — > C be a uniformly L-Lipschitz finite family of asymptotically quasi-nonexpansive 
mappings with a nonempty common fixed point set F. Assume that a n G (0, 1] and /3 n , 7 n G 
[0, 1] for all n G N . Then {.x n } generated by 

xq G C = Qo, choosen arbitrarily, 

Un — (1 0^n)z n T Ol n T i/ ^ Z n , H P 0, 

Z n = (1 - Pn)t n + PnT^t n , n > 0, 

t n = (1 - 7 n)x n + 7 n T^ X n , H > 0, 

Cn — {z £= C ' || y n z\\ ^ [1 fin Tn 2 OL n fin 

2 ct n 7 n 2 fin^in 3(^ n /? n Tn) ^nT n 

“^/^nTn 3ck n /3 n Tn) ^ n fi n ^ n ^(ji}j(n) Tn 

+Ct n /? n + G^Tn fin^in ^n/?nTn] ||^n ^ 11 } ^ ^ ^ 0 , 

Qn = {•£ ^ Qn — 1 • (^n 2, ^0 *^n) — 0} ? ^ 1> 

*^n+l — -PcoCnflQn^O, 
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converges strongly to Pfxq, where coC n denotes the closed convex closure of C n for all 
n>l,n = ( j(n ) — 1 )N Fi(n) for all n > 0 and A = {z E H : \\z — Pfx o|| < 1}. 

Proof. We can drive the prove from the following two conclusions. 

Conclusion 1. is a uniformly closed asymptotically family of countable 

quasi-L n -Lipschitz mappings from C into itself. 

Conclusion 2. F = O^Lo C{T n ) = fXfi=o F{F-^), where F(T n ) denotes the fixed point 
set of the mappings T n . □ 

Corollary 3.2. Let C be a closed convex subset of a Hilbert space H , and letT : C — ► C be 
a L-Lipschitz asymptotically quasi-nonexpansive mappings with nonempty common fixed 
point set F. Assume that a n E (0,1] and fi n -,ln £ [0,1] for all n E N. Then {x n } 
generated by 

.To E C = Qo, choosen arbitrarily, 

Un — (1 a n ) z n F a n T z n , n P 0, 

Z n = (1 - Pn)t n + (3 n T n t n , n > 0, 
tn — (1 'JnjXn + 'y n T X n , H P 0, 

Cn — {z E C . \\y n ^|| X [1 “I - k n (a n X fin “b Pn 2 Ql n fin 

2 Qtn'Jn 2 finPn H“ 3 QL n fin'~tn) F k n ((X n fin F ( -X n F n 
F firm n 3 Oinfin'~tn) F QL n fin'~ink n CX n fin T n 

Foi n fin F CXn'Jn F finUn ^nfinPnl ||*Tn ^l]} C A, n P 0, 

Qn — {z E Q n — 1 • {Xn Z, Xq X n ) P 0}, 11 ^ 1 , 

x n + 1 = PcoC n riQn X Oi 

converges strongly to Pfxq, where coC n denotes the closed convex closure of C n for all 
n > 1 and A = {z E H : \\z — PfXq\\ < 1}. 

Proof. Take T n = T in Theorem 3.1, we get the desired result. □ 
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Abstract 

We generalize an intermixed algorithm to three and m-strict pseudo-contractions 
in Hilbert spaces and show that this algorithm converges strongly to the fixed points 
of three and m-strict pseudo-contractions in Hilbert spaces, independently. Conse- 
quently, we can find the common fixed points of these mappings. 
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1 Introduction 

Let C be a nonempty closed convex subset of a real Hilbert space H with its inner product 
(•j •) and norm || • |. A mapping T : C — > C is said to be nonexpansive if 

\\Tx-Ty\\ < \\x — y\\ 

£ C. We use Fix(T ) to denote the set of fixed points of T. A mapping 
is said to be strictly pseudo-contractive if there exists a constant 0 < A < 1 

II Tx - Ty \\ 2 < \\x - y \\ 2 + A||(J - T)x - (I - T)y\\ 2 , V®, y £ C. 

It is well known that every strictly pseudo-contractive mapping is also nonexpansive 
mapping but a nonexpansive mapping may not be pseudo-contractive mapping. For the 

* Corresponding author 


for all x, y 
T : C C 
such that 
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rest of this article, we reserve C to be a nonempty closed convex subset of a Hilbert space 

H. 

Iterative construction of fixed points is a celebrated idea in these days in the realm 
of nonlinear mappings. T : C — ► C be a nonlinear mapping and {a n } be a real number 
sequence in (0, 1). For fixed xq G C arbitrarily, define a sequence { x n } by the following 
manner 


Xn -\- 1 — tt n X' n -p (1 (X n ^jTx n . Tl A 0. (1.1) 

which is the Mann’s iteration scheme ([11])- If T is a nonexpansive mapping with Fix{T ) ^ 
0 and {a n } satisfies the condition o a n(l — &n) = oo, then the sequence { x n } generated 

by Mann’s algorithm converges weakly to a fixed point of T ([14]). Now, it is a common fact 
that, in infinite-dimensional Hilbert spaces, Mann’s algorithm fails to converge strongly 
. An active area of research today is to develop Iterative methods for nonexpansive 
mappings; see [1-4, 7-10, 14-19] . But for strict pseudo-contraction mappings, iterative 
methods are far less developed though Browder and Petryshyn [1] started this work in 
1967. Because of some powerful applications, (see Scherzer [15]), we desired to create 
algorithms for computation of the fixed points of strict pseudo-contraction mappings. As 
Mann’s algorithm is too strong enough to approximate fixed points of pseudo-contractions, 
we need to find other type of iterative algorithms, see [6, 12,21], The first attempt was 
made by Ishikawa [9] with the following Ishikawa algorithm which can be viewed as a 
double-step Mann’s algorithm. 


j Vn — (1 ftn)x n T f3 n Tx n , 

\aPi+i = (1 - atn)Xn + a n Ty n , n > 0, 

where {a n } and {/3 n } are sequences in the interval [0, 1], T is a (nonlinear) self-mapping 
of C, where .To G C arbitrarily. Ishikawa proved that his algorithm converges in norm to a 
fixed point of a Lipschitz pseudo-contraction T if {a n } and {/?„} satisfy certain conditions 
and if T is compact. 

In 2000, Noor [13] gave following three step Noor iterative scheme 

Zn — (1 T n)x n -j- r ) n Tx n , 

* Vn — (1 Pn) Xn T ftr/T Z n . 

,x n +\ = (1 - a n )x n + a n Ty n , n> 0, 

In [20], the following algorithm for two strict pseudo-contraction mappings S and T is 
given which converges strongly. 

Algorithm 1.1. For given To G C, yo G C arbitrarily, let the sequences { x n } and {y n } 
be generated iteratively by 

j X n -i-i — (1 fln)x n + (3 n P(j\oCnf (yn) T (1 ^ ^n)x n -p k,Tx n ] , TL 0, 

|_2/n+i — (1 Pn ) Vn T Pn Pc [ ^ n 9 ( T n ) T (1 k Oi n )y n kSy 7 i\, n P 0, 

where {a n } and {fd n } are two real number sequences in (0, 1). 
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The quest for the answer of the question, can we develop an iterative algorithm which 
strongly converges to fixed points of finite many strict pseudo-contractions? However 
the answer of this problem is still not known. In this paper, Our main purpose is to 
give a redundant intermixed algorithms for three and m-strict pseudo-contractions. It is 
shown that the above said algorithm converges strongly to the fixed points of three and 
m-strict pseudo-contractions, independently. As applications, we can find these common 
fixed points in the settings of Hilbert spaces. 


2 Preliminaries 

The metric projection from H onto C is defined as: for each point x € H, Pcx is the 
unique point in C with the property: 

\\x - P C X II < \\x -y\\, y ec, 


where Pc is given by 


Pcx € C, (x - P c x , y - P c x) <0, y 6 C. 

Consequently, Pc is nonexpansive. Following well-known lemmas will be important for 
our results. 

Lemma 2.1. ([12]) Let T : C — > C be a X-strictly pseudo-contractive mapping. Then 
I — T is demi-closed at 0, that is, if x n — *■ x G C and x n — Tx n —> 0, then x = Tx. 

Lemma 2.2. ([10]) Let { x n } and {y n } be bounded sequences in a Banach space E and 
{Pn} be a sequence in [0, 1] with 0 < lim inf, woc /3 n < lim sup JWOO (3 n < 1. Suppose that 
X n +1 = (1 - Pn)x n + PnZ n for all n > 0 and limsup, woo (||z n+ i - z n || - \\x n+ i - x n \\) < 0. 
Then lim, woo \\z n - x n \\ =0. 

Lemma 2.3. ([16]) Assume {a n } is a sequence of nonnegative real numbers such that 
a n + 1 < (1 — 7n)on + 7n^n> n > 0, where {'y n } is a sequence in (0, 1) and {<5 n } is a sequence 
in R such that 

(i) ££= o 7n = oo; 

(ii) limsup, woo S n < 0 or J2n=o \bnhn\ < oo. 

Then lim, woo a n = 0. 

3 Main results 

Let C be a nonempty closed convex subset of a real Hilbert space H. Let T : C C 
be a A-strict pseudo-contraction. Let / : C — ► H be a pi-contraction, g : C — > H be a 
/^-contraction and h : C — * H be a /93-contraction. Let k e (0, 1 — A) be a constant. 

Now we give the following redundant intermixed algorithm for three strict pseudo- 
contractions Ti, X2 and X3. 
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Algorithm 3.1. For given xo G C, yo G C and z$ G C arbitrarily, let the sequences {x n }, 
{y n } and {z n }be generated iteratively by 

Xn+1 — (1 / dn)%n "1" ftnPc \otnf(yn) H~ (1 k OL n )x n T TT[ X n ] , n ft 0, 

* !Jn + 1 — (1 ftn ) Vn T ftnPc\pn9(,Zn) T (1 k Tin ) Vn F kT 2 9n\j 71 ft 0, (3-1) 

1 — (1 ftn ) Z n T ftnPc[^nh{x n ) (1 k Q! n )z n kT 3 Zn\, Tl ft 0, 

where {a n } and {ft n } are two real number sequences in (0, 1). 

Remark 3.2. Note that this algorithm is said to be the redundant intermixed algorithm 
as {x n } in { z n } and { z n } is in {y n } and {y n } is in { x n }. So we can use this algorithm to 
find the fixed points of T\, T \ and T 3 , independently. 

Theorem 3.3. Suppose that Fix{T \ ) ft 0, Fix{T 2 ) ft 0 and Fix(Tft) ft 0. Assume the 
following conditions are satisfied: 

(Cl) lim n _ >0O a n = 0 and a n = oo; 

(C2) ft n G [Ci, £ 2 ] C (0, 1) for all n ft 0. 

Then the sequences {x n }, {y n } and {z n } generated by (3.1) converge strongly to the 
fixed points PFix^fiv*), PFi X {T 2 ) 9 (x*) and Pfix{t 3 )K x *) °f t i, T 2 and T 3 , respectively, 
where x* G Fix(Ti), y* G FixftTft) and z* G Fix{T 3 ). 

Note that, Pc[otf + (1 — k — a)I + kT] is contractive for small enough a, see [20]. 
First, we give the following propositions. 

Proposition 3.4. The sequences {x n }, {y n } and { z n }are bounded. 

Proof. Since Fix(Tft) ft 0, FixftTft) ft 0 and Fix(T 3 ) ft 0, we can choose x* G Fix(T\), 
y* G Fix(T 2 ) and z* G Fix{T 3 ). From (3.1), we have 

||*Tn+l X || — ||(1 ftn)x n p ftnPc[^nf{yn) F (1 k OL n )x n p A'T [ xft 3? || 

< ftn\\ PcWnfiVn) + (1 ~ k - a n )x n F kTiX n \ - X*\\ 

+ (1 - ft n )\\x n ~ X* || 

< ftnUnWfiyn) - x*\\ + ft n \\(ft- - k- a n )(x n - X*) F k(TiX n - T\X*) || 

+ (1 - ftn) \\x n - X* || 

< ftnUnWfiyn) ~ f(y*)\\ + ftn(*n\\ f (y*) ~ X*\\ F (1 - ft n )\\x n ~ X* \ 

+ ftn(l - a n ) \\x n - x* || 

< Plft n a n \\yn - y* II + ft n Un\\f(y*) - X* || + (1 - a n ft n )\\x n - X*\\ 

< pftnUnhn ~V*\\ + fin&n || f(y*) -X*|| + (1 - a n ft n )\\x n - X*\\, 

where p = max{pi , p 2 , p 3 }- 
Similarly, we have 

\\y n +l ~ y* || < P2ftn(*n\\Zn ~ Z*\\ + ftn&n\\ g(z*) ~ y*\\ + (1 - OL n ft n )\\y n - y* 

< pftna n \\z n - Z* II + ft n a n \\g{z*) - y*W F (1 - a n ftn)\\y n - y* || 

and 

ll^n+l Z || ^ P'-iftnPn \\Xn X || + ft n Ol n \\h(x ) Z || + (1 a^nfin) \\Zn Z 
F PftnPn 1 1 X n X || T ftn^n || h{x ) Z || + (1 Q! n ft n ) \\z n Z || 
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By adding (3.2), (3.3) and (3.4), we obtain 


\x n +i - x*\\ + \\y n+ i -y* || + \\z n +i ~ 2 *|| 

<[!-(!- p)a n Pn\(\\x n - x*\\ + || y n - y*\\ + || z n - z*||) + a n (3 n (\\f(y*) - x* 

+ \\g{ X *)-y*\\ + \\h{z*)-z*\\) 

< max / \\x n - a;* 1 1 + \\y n ~ y* || + \\z n ~ z* ||, 

II f(y*) - all + ||g(x*) - 2/11 + II g(x*) - 2*|| ) 

1-p j' 


By induction, we have 


\\x n - x*\\ + || y n -y * || + ||2„ - z*|| 

< max j||xo - a;* || + ||yo ~ V * II + INo — 2*|| # . 

II f(y*) ~ x*|| + ||g( 2 *) - j/j + \\h(x*) - 2 *|| \ 

1 -a J 

So, { x n }, {y n } and { z n } are bounded. This completes the proof. □ 

Proposition 3.5. \\x n - Tix n \\ ->• 0, ||y n - T 2 y n || ->• 0 and || z n - T 3 z n \\ —> 0. 

Proof. We will prove it for {x n } and {z n }, for {y n } it is similar. We first estimate ||.T n+ i — 
x n \\. Set u n = Pc[otnf(yn) + (1 — k — a n )x n + kT\x n ], n > 0. It follows that 


||^7i+l % || i; ||oin+l / (Z/n+l) + (1 k Qt n + l)^'n+l T kT\X n +\ 

- Ot n f{y n ) - (1 - k - a n )x n + kTix n \\ 

— 11(1 ^ ®n+ l)(-^n+l Xn) T k{T\X n +\ T'l.'C n )|| 

+ a n+l ( WfiVn+l) || T H^nll ) + a n{\\ f (ijn) || T H^nll) 
T ( 1 Q! n -)-i ) ||x n _)_i X n || T Q! n -)-i ( || f (jjn + 1 ) || T ||x n ||) 

+ OL n {\\f{y n )\\ + IWD- 


Since a n —> 0, we deduce that 


limsup(||tt n+ i - u n || - ||x n+ i -x n \\) < 0. 

n— >oo 

From Lemma 2.2, we get 


lim, woo ||it n - x n 1 1 = 0 and lim, woo ||x n+ i - x n || = 0. 

From (3.1), we derive 

\\x n+ i - Tix n || < (1 - Pn)\\x n - Tix n \\ + /3 n a n \\f(y n ) - Tix n \\ 

Pn (1 k CXn ) 1 1 X n T\ X n \ \ 

= [1 - (k + a n )(3 n ]\\x n - TiX n \\ + PnUnWfiVn) ~TiX n \\. 
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Thus 

|| %n 


It follows that 


TlXn || ^ \\x n *^n+l|| “1“ H^n+l ^~i^n|| 

< [1 - (k + a n )Pn] \\x n - Tix n \\ + (3 n a n \\f(y n ) - Tix n \\ 

\\%n ^n+1 1| • 


| %n ^l^n|| ^ 


1 


(fc + Qtnjfin 

0. 


I %n 3?n+l|| “1“ Pn&n\\f(yn) -^l«^n||) 


Similarly, we can obtain 

lim ||y n -T 2 y n || = 0. 

n — >00 

Now, we will prove 

lim || z n - T 3 z n \\ = 0. 

n— >oo 

Set w n = Pc[a n h(z n ) + (1 — k — a n )z n + kT 3 z n \, n > 0. It follows that 

\\w n+1 -w n \\ < \\a n+ ih(x n+ i) + (1 - k- a n+ i)z n+ i + kT 3 z n+ 1 
o n /i.(x n ) (1 k Qt n )z n -j- kT 3 z n \\ 

— 11(1 k ®n+l ) (^n+l Z n ) T k(T 3 Z n -\.\ T3,Z n )|| 

T a -n + 1 ( II h(x n +\ ) || T || %n || ) T &n(\\h(x n ) || -j- || Z n || ) 
^ (1 Qt n +1 ) || Zn+1 Zn II T 1 ( II h(x n +\ ) || T || Z n || ) 

+ a n (\\h(x n ) || + 1 1 z n ||). 

Since a n — > 0, we deduce that 

limsup(||tu n+ i - w n || - ||z n +i - z„||) < 0. 

n— >oo 

From Lemma 2.2, we get 


lim, woo || w n - z n || =0 and lim, woo ||z n+ i - z n || = 0. 


From (3.1), we derive 


\\z n +i - T 3 z n II < (1 - Pn)\\z n - T 3 z n \\ + P n a n || h(x n ) - T 3 z n \\ 

+ (3 n { 1 - k- a n )\\ z n - T 3 z n || 

= [1 - (k + a n )P n ]\\z n - T 3 z n \\ + (3 n a n \\h(x n ) - T 3 z n ||. 


Thus 


Zn 


It follows that 


|| ^ || Z n ^n+1 || H - ||^n+l ^3^n|| 

< [1 - [k + a n )(3 n ]\\z n — T 3 z n \\ + /3 n an\\h(x n ) -T 3 z n || 
T \\z n Z n -f- 1 1| . 


I z n T 3 z n 1 1 ft 


1 


( k T a n )(3 n 

0. 


^n+l|| T Pn^n\\h{x n ) T3,Z n ||) 


This completes the proof. 


□ 
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Note that the mapping Pc[af + (1 — k — a) I + kT\] is contractive for small enough a. 
Thus, the equation x = Pc[tf(x) + (1 — k — t)x + kT i x] has a unique hxed point, denoted 
by xt, that is, 

x t = Pc[tf{x t ) + (1 - k - t)x t + kTix t } ( 3 . 5 ) 

for small enough t. 

In order to prove Theorem 3 . 3 , we need the following lemma. 

Lemma 3 . 6 . Suppose Fix(T{ ) ^ 0 , i = 1 , 2 , 3 . Then as t — > 0 , the net {lc* } defined by 
( 3 . 5 ) converges strongly to a fixed point of I). 

Proof. Let z* G Fix(T\ 3). From ( 3 . 5 ), we have 

|| zt - z*\\ = || P c [th(z t ) + (1 - k - t)zt + kT 3 z t \ - 2*|| 

< t\\ h(zt) -z*\\ + ||(1 - k- t)(z t - z*) + k{T 3 z t - z*)\\ 

< tpi\\z t - 2*|| + t\\h(z*) - 2*|| + (1 - t)\\zt - 2*11, 

hence 

[| zt - 2*|| < — — — 1| h(z*) - 2* || . 

I -pi 

Thus, {zt} is bounded. Again, from ( 3 . 5 ), we get 

j| z t - T 3 z t || < t\\h(zt) - T 3 z t || + (1 - k - i)||2 t - T 3 2 t ||. 

It follows that 

] \zt ~ T 3 z t || < Y^-j\\K z t) ~ T 3 z t || -> 0 . 

Let {t n } C ( 0 , 1 ). Assume that t n —> 0 as n —> 00. Put z n := zt n . We have lim, woo ||2 n — 
T 3 z n |j = 0 . Set rrit = th(zt) + (1 — k — t)zt + kT 3 zt, for all t. Then, we have zt = Pcf^t > 
and for any 2* G Fix(T 3 ), 

zt - z* = zt- m t + m t - z* 

= zt- m t + t(h(zt) - z*) + (l-k- t)(zt - z*) + k(T 3 z t - z*). 

From the property of the metric projection, we deduce 

(. zt - m t , z t - z*) < 0. 

So 

|| Zt - 2* II 2 = ( z t - m t , z t - 2*) + ((1 - k - t)(z t - 2*) + k(T 3 z t - 2*), z t - 2*) 

+ t(h(z t ) - 2*, z t - 2*) 

< ||(1 - k- t)(zt - 2*) + k(T 3 z t - 2 * ) || \\zt - 2*|| 

+ t(h(z t ) - h(z*), z t - 2*) + t(h(z*) - z*,z t - 2*) 

< [1 - (1 - Pi)t\\\z t - 2* || 2 + t(h(z*) - 2*, z t - 2*). 

Hence 

||2 t - 2* || 2 < — - — - (h(z*) - 2*, z t - 2*), V2* G Fix(T). 

ifi-pi) 

By the similar arguments as that in [ 12 ], we can obtain that the net {zt\ converges strongly 
to 2* G Fix(T 3 ). This completes the proof. □ 
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From Lemma 3.6, we know that the net {zt} defined by zt = Pc[tu+(1 — k— t)zt+kT 3 zt], 
where u G H converges to P F i X (T 3 ) u ■ Let z* G Fix(T 3 ) and y* G Fix(T 2 ) and x* G 
Fix(T\). If we take u = h(z*), then the net {zt} defined by zt = Pc[th(z*) + (1 — k — 
t)zt + kT 3 z t ] converges to P Fix (T 3 )h(y*) ■ 

Finally, we prove Theorem 3.3. 

Proof. Now, we prove that x n — P Fix (T{) f (y*) , IJn ->• P F i X (T 2 )9{ z *) and z n P F i x (T 3 )h(x*) , 
where x* G Fix(T\), y* G Fix(T 2 ) and z* G Fix(T 3 ). First we observe that, if the sequence 
{w n } is bounded and ||rc n — Tw n \\ — > 0, we easily deduce that 

lim sup(/ (P F ix(T 2 )9( z *)) - PpixwfiyliWn - P F ix( Tl )f(y*)) < 0, 

n— >oo 

lim sup(g(P F i X ^T 3 ' ) h(x * ) ) - P Fix (T 2 )9( z *),w n ~ P F ix{T 2 )9( z *)) < 0 
n— >00 

and 

lim SWp(h(P Fix ^T 1 )f (V*)) ~ P F ix(T 3 )H x *), w n ~ P Fi x{T z )h{x*)) < 0. 
n— > 00 

We set 

'u n = Pc[a n f(y n ) + (1 - k - a n )x n + kTix n ], n > 0, 

< v n = P c [a n g(z n ) + (1 - k - a n )y n + kT 2 y n ], n> 0, 
m n = Pc[a n h(x n ) + (1 - k - a n )z n + fcr 3 z n ], n > 0. 

Thus, we deduce that the sequences {u n }, {v n } and {m n } are bounded; and \\u n —T\u n \\ — > 
0, \\v n — T 2 v n \\ — > 0 and \\m n — T 3 m n \\ — > 0. Therefore, 

lim sup(/ {P F ix(T 2 )9{ z *)) - P F ix(T{)f{y*),Un - PFix( Tl )f(y*)) < 0, 

n— >oo 

limsup(^(P J?ia . (r3 )/»(x*)) - P Fix (T 2 )9( z *),Vn - P F ix(T 2 )9 ( z *)) < 0 

n— »oo 

and 

limsup(/i(P i r ix (T 1 )/(y*)) - P F i X (T 3 )k{x*f m n - P F ix(T 3 )h(x*)) < 0. 

n— KX) 

Next, we estimate \\u n - PFix(Ti)/0/*)||- Set it n = a n f(y n ) + (1 - k - a n )x n + kT 3 x n , 
v n = at n g(z n ) + (1 - k - a n )y n + kT 2 y n and m n = a n h(x n ) + (1 - k - a n )z n + fcT 3 z n for 
all n. 

WUn-Ppix^fiylW 2 

= \\Pc[Un]-P F ix(T 1 )f(y *)\\ 2 

< (U n ~ P F ix{T{)f(y*), U n - P Fix{Tl )f(y*)) 

= ( a n f(y n ) + (1 - k - a n )x n + kTix n - P Fix ( Tl )f{y*), U n - P Fix ( Tl ) f (y*)) 

< <*n(f(Vn) - PFix( Tl )f(y *), Un - P Fix{Tl )f(y*)) 

+ (1 - a n )\\x n - P Fix{Tl )f(y*)\\\\Un - P F ix{T\)f (y*) II 
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< \ x n - P F ix(T\)f ill*) IP + 2 I \Un ~ P F ix( Fl ) f {y*)\\ 2 

+ a n (f(y n ) - f(P Fix{T2 )9(z*)), U n - P Fix{Tl) f (y*)) 

+ a n (f(P Fix{T2) g(z*)) ~ P Fix{Tl )f{y*)i U n - P Fix{Tl) f(y*)) 

< l -^\ \Xn - P F ix {Tl) f{y *)\\ 2 + \\\Un - P Fix{Tl )f(y*) II 2 

+ Ot n p\\y n — P F ix(T 2 )9( z *)\\\\Un ~ P F i x ( Fl ) f {V*) II 

+ a n (f(P Fix{ T 2) g(z*)) - P Fix{Tl )f(y*), u n - P Fix{Tl )f(y*)) 

< 1 -^\\x n - P Fix ( Tl )f(y*) II 2 + \\\Un - P F i X ( Tl )f(y*)\\ 2 
+ Zf{\\Vn - P Fix (T 2 )9(z*) II 2 + 11 Un- P Fix{Tl )f(y*) II 2 ) 

+ a n (f(P Fix{ T 2) g(z*)) - P Fix{Tl )f(y*), u n - P Fix(Tl )f(y*)), 

so, we have 

WUn-PpixwHylW 2 

^ T ll^re - P F ix(Ti) f (.9*) IP + T — 1 1 2/rx — P F ix(T 2 )9( z *) || 2 

1 - a n p v ' 1 - a n p y ' 

2a 

+ r3 ^(/(^(T 2) ff(^)) - Ppix^ny*), Un - P Fix(Tl )f(y*))- 

Thus 

| K + 1 - P H , (Tl) /(?/*)|| 2 

< (1 - Ai)||®n - ^(T 1 )/(^)f + Aill^n - ^(T 1 )/(^)f 

< (1 - T~~^~ a nPn)\\ x n - P F i x{Tl )f(y*) || 2 + - ^ ( T 2 )ff(^)f 

1 - a n p 1 - a n p 

+ ^ _ n ^ n ^ (f(P F ix(T 2 )9{z*)) ~ P F i X (T!)f{y*), U n ~ PFixpr^fiy*))- 

Similarly 

\\Vn+i - P F ix(T 2 )9{z*)\\ 2 

< fl - T^-aA) ||*/n - P F ix(T 2 )9(z*) II 2 + - P Fix{ T 3) h(y*)\\ 2 

\ J- <^nP / J- ^nP 

+ _ n ^ n p {g{P F i X (T 3 )Hy*)) - P F ix(T 2 )9(z*), v n - P Fix{ T 2 )9(z*)) 

and 

\\ z n+i ~ P F i X (T 3 )h{ x *)\\ 2 

< fl - T~ —OinPn") \\Zn ~ P F ix(T 3 )h(x *)\\ 2 + ||x n “ P F ix(Ti)f (y*) If 2 

V 1 - Oi n P J 1 - a n P 

+ - P F ix(T 3 )h(x *), M n - P Fix{T3) h(x*)). 

I OL n p 

9 


1330 


Waqas Nazeeretal 1322-1333 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.7, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Combing all above, we have 

\\x n +l - PFix(Ti) f (y*)l| 2 + \\yn+l - PFix(T 2 )S{ z *)\\ 2 + \\ z n+l ~ P Fix{T 3 )h(x*)\\ 2 

< fl - * P a n fi n \\\x n - P F i x ( Tl )f{y*) II 2 + hn - PFix(T 2 )9( z *) II 2 ) 

\ j- OL n p J 

T II z n ~ PFix(Ts)h{x )|| ) 

+ (f (P F ix{ T 2 )d{ z *)) ~ PFixmfiV*), Un ~ Ppix^fiy*)) 

1 Oi n p 

+ i _' l ^ n p (g{PFix(T 3 )H x *)) - PFix(T 2 )9i z *), Vn ~ PFix(T 2 )d( z *)) 

+ ^<M4 1 (T 1 )/(!/’)) - P F ix(T 3 )h(x*), M n - P Fix{ T 3) h(x*)). 

1 Oi n p 

Therefore, x n -> P Fix(Tl )f(y*), Vn P F ix(T 2 )9i z *) and z n -> P Fix (T 3 )h( x *) ■ This 
completes the proof. □ 

4 An redundant intermixed algorithm for m-strict pseudo- 
contractions 

Let Tj : C — > C be A-strict pseudo-contractions, fi : C —> Ff be /^-contractions for 
i = 1,2, 3, ..., rn and k G (0, 1 — A) be a constant. 

We propose the following redundant intermixed algorithm for m-strict pseudo-contra- 
ction mappings T* for i = 1,2, 3, m. 

Algorithm 4.1. 

•ihUi = (1 - / 3 n )xl + PnPc[a n fi{Xn) + (l-k - a n )xl + kTix\], 

x 2 l+1 = (1 - Pn)xl + P n Pc[a n f 2 (Xn) + (1 ~k~ a n )x. \ + kT 2 x%], 

< xf l+1 = (1 - Pn)xl + PnPc[&nh{Xn ) + (1 ~ k - a n )x l + kT 3 xl], 

X™ +1 = (1 - fi n )x™ + f3 n Pc[oinf4{xl l ) + (1 - k- a n )x ™ + kT m x™}, n > 0, 

where {a n } and {fi n } are two real number sequences in (0, 1). 

Theorem 4.2. Suppose that Fix(Ti ) 0. Assume the following conditions are satisfied: 

(Cl) lim, woo a n = 0 and a n = 

(C2) G [Ci, 6] C (0, 1) for all n > 0. 

Then the sequences { x l n } generated by (4.1) converge strongly to the fixed points 
PFix(Ti)fi{x*) ofTi, where x l * G Fix(Tf) for all i = 1,2, 3, ...,m. 

5 Conclusions 

In this article, we presented an intermixed algorithm for three and m-strict pseudo- 
contractions in Hilbert spaces which are extensions of the results in [20]. We also proved 
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that, the above algorithm converges strongly to the fixed points for three and m-strict 
pseudo-contractions in Hilbert spaces, independently. Consequently, we can find the com- 
mon fixed points of three and m-strict pseudo-contractions in Hilbert spaces. 
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ON FIXED POINT THEOREMS IN DUALISTIC PARTIAL METRIC 

SPACES 

MUHAMMAD NAZAM 1 , MUHAMMAD ARSHAD 2 , CHOONKIL PARK 3 * AND DONG YUN SHIN 4 * 


Abstract. In this paper, we introduce dualistic contractive mappings and use such map- 
pings to prove some fixed point theorems. The results extend various comparable results 
existing in the literature. Moreover, we give examples that show the superiority and effec- 
tiveness of our results among corresponding fixed point theorems in partial metric spaces. 

Keywords: Fixed point, dualistic partial metric, monotone mapping. 

AMS 2010 Subject Classification: 46S40; 47H10; 54H25. 

1. Introduction and preliminaries 

In [6], Matthews introduced the concept of partial metric space as a suitable mathemat- 
ical tool for program verification and proved an analogue of Banach fixed point theorem in 
complete partial metric spaces. O’Neill [7] introduced the concept of dualistic partial met- 
ric, which is more general than partial metric and established a robust relationship between 
dualistic partial metric and quasi metric. In [10], Oltra and Valero presented a Banach 
fixed point theorem on complete dualistic partial metric spaces. They also showed that the 
contractive condition in Banach fixed point theorem in complete dualistic partial metric 
spaces cannot be replaced by the contractive condition of Banach fixed point theorem for 
complete partial metric spaces. Later, Valero [10] generalized the main theorem of [9] using 
nonlinear contractive condition instead of Banach contractive condition. 

Alghamdi et. al.[l], presented the following theorems in partial metric spaces, which are 
stated below: 

Theorem 1. Let ( X,p ) be a complete partial metric space and let T : X -A X be a weakly 
contractive mapping. Then T has a unique fixed point x* £ X and the Picard iterative 
sequence {T n (.x)} ne N converges to x* with respect to r(p s ), for every x £ X. Moreover, 
p(x*,x*) = 0. 

Theorem 2. Let (X,p) be a complete partial metric space and let T : X — > X be a 
Kannan mapping. Then T has a unique fixed point x 6 X and the Picard iterative sequence 
{T n { ®)}neN converges to x* with respect to r(p s ), for every x £ X . Moreover, p(x*,x*) = 0. 
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We shall prove new fixed point theorems that generalize fixed point theorems provided 
by Alghamdi, Shahzad and Valero in [1], We will show, with the help of examples, that the 
new results allow us to find fixed points of mappings in some cases in which the results in 
partial metric spaces cannot be applied. The key feature in these fixed point theorems is 
that the contractivity condition on the nonlinear map is only assumed to hold on elements 
that are comparable in the partial order. However, the map is assumed to be monotone. 

Throughout, in this paper, the letters M + , M and N will represent the set of nonnegative 
real numbers, real numbers and positive integers, respectively. 

Let us recall some mathematical basics of dualistic partial metric space to make this paper 
self-sufficient. 

Definition 1. [7] A dualistic partial metric on a nonempty set X is a function D : XxX — >• 
M satisfying the following properties, for all x,y,z,G X: 

(A) x = y<=> D(x,x) = D(y, y) = D(x,y). 

(A) D(x,x) < D(x,y). 

(A) D(x,y) = D(y,x). 

(A) D(x, z ) < D{x, y) + D(y , z) - D{y, y). 

And the pair (A, D ) represents a dualistic partial metric space. 

If (A, D) is a dualistic partial metric space, then the function dp : X x A — > R~*~ defined 
by 

do(x,y) = D(x,y) - D(x,x) 

is a quasi metric on A such that t(D ) = r{do) for all x, y G A. 

Remark 1. It is obvious that every partial metric is a dualistic partial metric but the 
converse is not true. To support this comment, define D v : 1 x M -A 1 by 

A/O, y) =xVy = sup{x, y} 

for all x, y £ R. It is clear that D\j is a dualistic partial metric. Note that D\j is not a 
partial metric, since A/(— 1, — 2) = — 1 ^ M + . However, the restriction of D v to M + , D v |r+, 
is a partial metric. 

Example 1. If (A, d) is a metric space and c E M is arbitrary constant, then 

D(x,y) = d(x,y) + c. 
defines a dualistic partial metric on X. 

Example 2. Let A = M and define the function D : X x A — * M by 

D (x, y) = x + y - xy 

for all x < y A 1. Then (A ,D) is a dualistic partial metric space. 

Following [7], each dualistic partial metric D on A generates a To topology t(D) on A 
which has, as a base, the family of D-balls {Bd{ x, e) : x € A, e > 0} and Bp {x, e) = {y £ 
A : D(x, y) < e + D (x, x)}. 

Definition 2. [7] Let (A , D) be a dualistic partial metric space. 
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FIXED POINT THEOREMS IN DPMS 

(1) A sequence {x n }raeN in (X,D) converges to a point x £ X if and only if D(x,x) = 
lim^oo D(x,x n ). 

(2) A sequence {x n } ne N in (A, D ) is called a Cauchy sequence if 
limn^-^oo D{x n , x m ) exists and is finite. 

(3) A dualistic partial metric space (A, D) is said to be complete if every Cauchy se- 
quence {x n }neN i n A - converges, with respect to t(D), to a point x E A such that 

D{x , X ) — lim n,m—too D{x n , X n f). 

Following lemma will be helpful in the sequel. 

Lemma 1. [7, 10] 

(1) A dualistic partial metric (A, D ) is complete if and only if the metric space (A, d s D ) 
is complete. 

(2) A sequence {x n } n( =N hr A converges to a point x G A, with respect to r{d s D ) if and 
only if lim n _ 5 . 00 D(x, x n ) = D(x, x) = lim n) „ woo D(x n , x m ). 

(3) If lim r) _ 5 . 00 x n = v such that D(v, v) = 0 then lirrp^oo D(x n , y ) = D(v, y) for every 
yex. 

Later on, Oltra and Valero [9] established a Banach fixed point theorem for dualistic 
partial metric spaces in such a way that the Matthews fixed point theorem is obtained as a 
particular case. The aforesaid result can be stated as follows: 

Theorem 3. Let (A, D) be a complete dualistic partial metric space and let T : A — »• A be 
a mapping such that there exists a € [0, 1 [ satisfying 

\D(T(x),T(y))\<a\D(x,y)\, 

for all £ A. Then T has a unique fixed point x* € A. Moreover, D(x*,x*) = 0 and 
the Picard iterative sequence {T n (.xo)}neN converges to x* with respect to r(d s D ), for every 
x e A. 


2. Main results 

In this section, we shall prove the dualistic partial metric versions of Theorems 1 and 2. 

Definition 3. Let (A, P,D) be an ordered dualistic partial metric space. A self map T 
defined on X is said to be a Kannan type dualistic contractive mapping if there exists 
k 6 [0, 1 [ such that 


\D(T(x),T(y))\ < ±[\D(x,T(x))\ + \D(y,T(y))\] (2.1) 

for all comparable x, y G A. 

Our first main result is given below. 

Theorem 4. Let (A, -A) be a partially ordered set and (A ,D) be a complete dualistic par- 
tial metric space. Let T : X — > A be a nondecreasing mapping. If T satisfies following 
conditions; 

(1) T is a Kannan type dualistic contractive mapping. 


1336 


MUHAMMAD NAZAM et al 1334-1343 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.7, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


M. NAZAM, M. ARSHAD, C. PARK, D. SHIN 

(2) there exists xq G X such that xq P T(x o). 

(3) if {x n } is a nondecreasing sequence in X such that {x n } — > x G X, then x n -< x. 
Then T has a fixed point x* such that D(x*,x*) = 0. 

Proof. Let us consider the Picard iterative sequence {x n } n£ N with initial point Xo £ X (i.e., 
x n = T(x n - 1 ) for all n G N). Of course, if there exists n G N such that x n = x n+ \ = T(x n ), 
then x n is a fixed point of T. On the other hand, if x n x n+ \ for all n G N, then 
x n x n+i ■ Indeed by xq T(x o), we obtain xq x\. Since T is nondecreasing, xq x\ 
implies T(x o) ri T(x i) and so x\ x 2 . Continuing in this way, we get 

xo ^ xi P x 2 P x 3 P ■ ■ ■ P x n P x n+ i ■ ■ ■ 

Since x n x n+ \ for each n G N, using contractive condition (2.1), we have 

\D(x 1 ,x 2 )\ = \D(T(x 0 ),T(xi))\ 

< ^[\D(x 0 ,T(x 0 ))\ + |D(xi,T(xi))|] 

= 7 }[\ D (xo,xi)\ + \D(xi,x 2 )\], 

which implies 

(! - ^)\D(xi,x 2 )\ < t^\D(xo, x\)\ 

and so 

\D{xi,x 2 )\ < X\D(x 0 ,xi)\, 

where A = 2 f k and 0 < A < 1. 

Similarly, 

|-0(x2,x 3 )| = |0 (T(xi),T(x 2 ))| 

< ^[\D(xi,T(xi))\ + \D(x 2 ,T(x 2 ))\]. 

Thus, 

|0(ai2,ai3)| < \\D(xi,T(x 1 ))\ < X 2 \D(x 0 ,xi)\. 

Continuing in this way, we have 

\D(x n ,x n+ i)\ < X n \D(x 0 ,x l )\. (2.2) 

Since x n x n , from the contractive condition (2.1), we get 

\D(x n , x n )\ < kX n ^ 1 \D(x 0 ,x 1 )\. (2.3) 
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In order to prove that {x n } is a Cauchy sequence in (X,D), we shall prove that {x n } is a 
Cauchy sequence in (X,d s D ). Clearly, 

D{Xni X n +l) 44(x n ,X n ) ft | D(x n , X n _|_i) | + | D(x n , X n .) | 

< X n \D(x 0 ,x 1 )\ + kX n ~ 1 \D(x 0 ,x 1 )\ 

< A n (3 — k)\D(xo, xi)| 

for all n £ N. Thus for a fixed p£ N, 


D{.x n +p—ii x n +p) D(.Xn+p— i) x n -\-p— i) ft \ ( 3 k)\D(x 0 ,xi)\ (2.4) 

for all n £ N. 

Now using (D 4 ) and (2.4), we have 

D[XniX n -\-p) d(x n ,X rl ) ft D(x n , X n +l) D(x n -\-lX n 4-2') ■ 


V - 1 

T 44(x n -|_p_i, x n -\-p ) ''y ' -D(x n _|_j, Xn.-i-j) 

i=0 


< (A n + A n+1 + . . . + A"+f- 1 )(3 - A:)|D(x 0 ,xi)| 

A n 

< T \( 3 “ k)\D(x 0 ,xi)\. 


Similarly, 

X n 

44(x n _| _p,.T n ) Z?(x n -)_p, x n _|_p) ft — — (1 + A; ) | D(xq, xi) | . 

Consequently, 

X n 

d]j(x n , Xm ) < 4 yct^I- d ( x 0 ’ x i)I 

for all n + p = m > n £ N 

This leads to lim n)TO _ ) . 0O d s D (x n , x m ) = 0. Thus, {x n } is a Cauchy sequence in (X,d s D ). 
Since (X,D) is a complete dualistic partial metric space, by Lemma 1, (X,d s D ) is also 
complete and there exists x* £ (X, d s D ) such that x n — > x* as n — >• 00, i.e. , 


lim d s D (x n , x*) = 0 . 

71— >■ OO 

By Lemma 1, we have 


lim D(x*, x n ) = D(x*, x*) = lim D(x n ,x m ). (2-5) 

n— >-oo n,m— >oo 

Since lim^^^oo do{x n , x m ) = 0, the inequality (2.3) implies that lim n)rrwoo D(x n , x m ) = 0, 
which shows that { x n } is a Cauchy sequence in (X,D). From (2.5), we get 

D(x*,x*) = lim D(x n ,x*) = 0. (2.6) 

n— >oo 

Now, it follows from the hypotheses (3), (2.1) and (ZA 4 ) that 
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D(x*,T(x*)) 


< D(x*,x n ) + D(x n ,T(x*)) - D(x n ,x n ), 

< D(x*,x n ) + \D(x n ,T(x*))\ + \D(x n ,x n )\, 

< D(x*,x n ) + ^[\D(x n -i,x n )\ + D(x*,T(x*))] + \D(x n ,x n )\. 


Hence we obtain 

(1 - ^ )D(x*,T(x *)) < D(x*,x n ) + ^\D(x n -i,x n )\ + \D(x n ,x n )\. 
Letting n — > oo and using (2.3) and (2.2), we obtain 


(1 _ ^)D(x* ,T(x*)) < 0. 

and so D(x* ,T(x*)) < 0, but also 0 = D(x*,x*) < D(x* ,T(x*)). We deduce that 

D(x* ,Tx*) = D(x*,x*) = D(T(x*),T(x*)) = 0. 

This implies that x* = T(x*). Hence x* is a fixed point of T with D(x*,x*) = 0 and 
{T n { x)} ng pj converges to x* with respect to r{d s D ) for any □ 

Remark 2. In case when D(x,y) G M + for all x, y G X, Theorem 4 reduces to Theorem 2. 

A natural question that can be raised is whether the contractive condition in the state- 
ment of Theorem 4 can be replaced by the contractive condition in the statement of Theorem 
2. The following easy example provides a negative answer to this question. 


Example 3. Consider the complete ordered dualistic partial metric (M, <,D V ). Define the 
self-mapping Tq : M — > M by 


T 0 Or) 


0 if x fiD 

— 1 if x = 0 


It is easy to check that To is nondecreasing with respect to usual order on M and for all 
comparable x,t/£K, contractive condition 

D v (T 0 (x),T 0 (y)) < ^[D v (x,T 0 (x)) + D v (y,T 0 (y))] 

holds. However, T$ does not have a fixed point. Observe that Tq does not satisfy the 
contractive condition in the statement of Theorem 4 ■ Indeed, note that for all k G [0, 1[, we 
have 

1 = |T) V (— 1, —1)| = |L>v(T 0 (0),To(0))| > \ [|A/(0,T 0 (0))| + |L» V (0, T 0 (0))|] 

= k\ (0 V (—1)| = 0. 


For next result, we begin with following definition. 
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Definition 4. Let (X,A,D) be an ordered dualistic partial metric space. A mapping T : 
X — y X is said to be a weakly dualistic contractive if there exists a : X x X — > [0, 1[ such 
that for all 0 < a < b 


9(a,b ) = sup{a(x,y) : a < \D(x,y)\ < b} < 1, 
and for all comparable x, y E X 

\D(T(x),T(y))\<a(x,y)\D(x,y)\. 


(2.7) 


Example 4. Consider ([— 1, 1], <, D\/) an ordered dualistic partial metric space. Define the 
mapping T 3 : X -» X by 

T 3 (x) = 


X 2 + 1 

for all x E X. We define a : [—1, 1] x [—1, 1] — > [0, 1] by 

' D v (T 3 x,T 3 y ) 

a{x,y) = <( 


if D\j (x, y) / 0 


Dv(x,y) 

0 ifD v (x,y) = 0 


D i'T x T ] 

Observe that / ' — - — > 0 provided that D v (x, y) / 0. It is easy to check that a(x , y) < 

D\/(x,y ) 

for all comparable x,y G [—1,1] and that 9(a,b ) < 1 for all a, b e M with 0 < a < b. 
Moreover, 


\D v (T 3 x,T 3 y)\ < a(x,y)\D v (x,y)\ 
for all comparable x,y G [—1,1]. 

Theorem 5. Let ( X , A) be a partially ordered set and ( X , D ) be a complete dualistic partial 
metric space. LetT : X — >• X be a nondecreasing mapping. Assume thatT satisfies following 
conditions; 

(1) T is a weakly dualistic contractive mapping. 

(2) there exists xo G X such that xq ^ T(x 0 ). 

(3) either T is continuous or if {x n } is a nondecreasing sequence in X such that {x n } — > 
x G X, then x n A x. 

Then T has a fixed point x* with D(x*,x*) = 0. 

Proof. Consider the Picard iterative sequence {x n } n( =N with an initial point xq G X (i.e., 
x n = Tx n - 1 for all n G N). It is clear that if there exists n G N such that x n = x n+ \, then 
x n is a fixed point of T. On the other hand, if x n x n +\ for each n G N, then x n A x n + 1 • 
Indeed by xo A T(x 0), we obtain xo A x\. Since T is nondecreasing, xo A x\ implies 
T(x 0) A T(x 1), and so xi A X2- Continuing in this way, we get 

xo A xi A x 2 A x 3 A ■ ■ ■ A x n A x n+ \ A ■ ■ ■ 
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Since x n x' n +i for each n G N, using contractive condition (2.7), we have 

\D(x n ,x n+ i)\ = \D(T(x n -i),T(x n ))\ 

— Oi{x n —\ , Xn) | D(x n —\ , Xn) | 
is | D(x n —\ , Xn) | . 

This implies that the sequence {\D(x n , x n +i)|} ne N is decreasing and bounded below. So it 
converges to r G M with 

r = inf \D(x n -i,x n )\ > 0. 
neN 

We claim that r = 0. For the purpose of contradiction, assume r > 0. 

0 < r < \D(x n ,x n +i)\ < \D(x n -i,x n )\ < ■ ■ ■ < \D(x 0 ,x 1 )\. 

It implies 0 < r < \D(xq, xi)| and so we deduce that 

0 = 0(r, \D(xq, xi)|) = sup {a(x,y) : r < \D(x,y)\ < \D(x 0 ,xi)\} < 1. 

Now from contractive conition (2.7), we get 

r < \D(x n ,x n+ i)\ 

< a(x n -i,x n )\D(x n -i,x n )\ 

< 9(r,\D(x 0 ,xi)\)\D(x n -i,x n )\ 

< 6 2 (r,\D(x 0 ,xi)\)\D(x n - 2 ,x n -i)\ <... 

< 0 n (r,\D(x o ,xi)\)\D(x o ,xi)\. 

Therefore, 

r< lim 9 n (r,\D(x 0 ,xi)\)\D(x 0 ,xi)\. 

n— >oo 

This implies that r < 0, which is a contradiction. Consequently, r = 0 and hence 

lim \D(x n ,x n+ i)\ = 0 = lim D(x n ,x n+ 1 ) = 0. (2.8) 

n—¥ oo n— >oo 

Now since x n ^ x n , by arguing like above, we can show that \im. n ^,. 00 \D{x n ,x n )\ = 
lim.n_j.oo D(x n ,x n ) = 0, since 

\D(x n ,x n )\ < a(x n -i, x n -i)\D(x n -i, x n -i)\ 

for all n G N and thus the sequence {\D(x n , iC n )|} n eN is decreasing and bounded below. 

Next we show that { x n } is a Cauchy sequence in the metric space (X,d s D ). It is clear 
that 


D{x n ,x n+ 1 ) - D(x n ,x n ) < 9 n ( 0, \D(x 0 ,xi)\)\D(x 0 ,xi)\ + 9 n ( 0, \D(x 0 ,x 0 )\)\D(x 0 ,x 0 )\ 

< 9 n [\D(xo,xi)\ + \D(x 0 ,x 0 )\] 

for all nGN, where 9 n = (9 n ( 0, \D(xo,xi)\) V 9 n ( 0, \D(xq, xo)|)) for all n G N. This implies 
that, for a fixed p G N, we have 
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.D(x n , X n _|_p) D(x n7 X n ) ^ D(x n: X n _|_l) T Z?(x n _|_lX rl -)-2) + • ■ • 

P-1 

-|- D(x n -\-p—\, X n +p) ^ ^ D(x n +ii •En+i) 


i = 0 


< (9 n + r +1 + . . . + Xl )\ + |D(so, X 0 )|] 

e n 


< 


i - 


-[|D(x 0 ,xi)| + |£>(x 0 ,x 0 )|] 


for all n G N. Similarly, we can calculate that 


6 r ' 


D(x n+P ,x n ) - D(x n+P , x n+p ) < -[|D(x 0 ,xi)| + |L>(x 0 ,x 0 )|], 

1 — U 

which implies that lim n _^ 0O d s D (x n , x n+p ) = 0. Hence {x n } is a Cauchy sequence in (X, d s D ). 
Since (X, D) is a complete dualistic partial metric space, by Lemma 1, (X, d s D ) is also com- 
plete and there exists x* E (X, d s D ) such that x n — > x* as n — oo, i.e. , lim n _ > . 0O d s D (x n , x*) = 
0. Now again from Lemma 1, we get 


D(x*,x*)= lim D(x„,x*) = lim D(x n ,x m ); m = n + p. 

n— >oo n,m — >00 

Now since lim, V7W0C d D (x n ,x m ) = 0, lim n)m _ KX) [.D(x n , x m ) - D(x n ,x n )] = 0 and 

lim D(x n ,x m )= lim D(x n ,x n ) 

n,m— >00 n— >00 


(2.9) 


but (2.8) implies that 
It follows directly that 


lim D(x n ,x n ) = 0. 

n— >00 

D(x*,x*) = lim D(x n ,x*) = 0. 


( 2 . 10 ) 


Now if T is continuous, then 

x* = lim x n = lim T n (x 0 ) = lim T n+1 (x 0 ) = T( lim T n (x 0 )) = T(x*). 

n— >oo n— >oo n— >• oo n— >oo 

Now if T is discontinuous, then by the hypotheses (3), we have 


< 

D(x*. 

) ^n, 

) + 

m(x n 

, T(x*)) - D(x n ,x n ) 

< 

D{x* . 

) %rij 

) + 

I D(x r 

„T(x*))| + |Z>(x n ,x n )| 

< 

D(x* . 

) 

) + 

Q:(x n - 

_i,x*)|D(x n _i,x*)| + | D(x n ,x, 

< 

D{x* . 

) 

) + 

\D{ Xr 

i-i,x*)\ + \D(x n ,x n ) |. 

— lining oo 

D(. 


X*) = 

0, D(x* ,T(x*)) < 0, but also 


0 = D(x* ,x*) < D(x*, T(x*)). 

We deduce that 

D(x*,Tx*) = D(x*,x*) = D(T(x*),T(x*)) = 0. 

This implies that x* = T(x*). Hence x* is a fixed point of T with D(x*,x*). 


□ 
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Remark 3. Since every dualistic partial metric is an extension of partial metric, Theorem 
5 is an extension of Theorem 1. 

There arises the following natural question: 

Whether the contractive condition in the statement of Theorem 5 can be replaced by the 
contractive condition in Theorem 1? 

The following example provides a negative answer to the above question. 

Example 5. Consider the complete ordered dualistic partial metric (M, <, Dy) and the self- 
mapping To defined as in Example 3. Then, for fixed k G [0, 1[, it is easy to verify that for 
all comparable x, y G M, the contractive condition 

Dv(T 0 (x),T 0 (y)) < a(x,y)D v (x,y) 

holds with a(x,y) = k. However, Tq does not have a fixed point. Observe that Tq does not 
satisfy the contractive condition of Theorem 5. Indeed, there is no mapping a : 1x1 — > [0, 1[ 
such that 


1 = |T» V (-1, -1)| = |T>v(T 0 (0), T 0 (0))| > a(0, 0)| T> v (0, 0)| = 0. 

Remark 4. Significance of the above results lies in the fact that these results are true 
for all real numbers whereas such results proved in partial metric spaces are only true for 
positive real numbers. 
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Abstract. In this paper, a kind of new Stancu-Bezier type operators is intro- 
duced. The Korovkin type approximation theorem of these operators is inves- 
tigated. The rates of convergence of these operators are studied by means of 
modulus of continuity. Then, by using the Ditzian-Totik modulus of smooth- 
ness, a direct theorem concerned with an approximation for these operators is 
also obtained. 

Keywords: Stancu-Bezier type operators; Korovich type approximation theo- 
rem; Rate of convergence; Modulus of continuity; Modulus of smoothness 
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1. Introduction 


In 2012, Ren [6] introduced Bernstein type operators as follows: 

n — 1 

L n (f-,X) = mP n , 0 (x) + J2 Pn,k{x) B nM + /(W.n (*), (1) 

k = 1 


where / £ C[ 0,1], a; £ [0,1], P n ,k{ x) = ™ ' S Jx k (l-x) n k (k = 0,1,..., n), 

and B n>fc (/) = B(nkMn-k)) So tnk ~ X ( 1 - t) n ^~ kpl f{t)dt (, k = 1, •••, n — 1), 
is the beta function. 

The moments of the operators L n {f\x) were obtained as follows (see [6]): 
Remark 1. For L n (t m \ x), m = 0,1, 2, we have 


(i) L n (l ; x) = 1 ; 

(ii) L n (t;x) = x\ 


(hi) L n (t 2 ;x ) 


n ( n ~ -0 g 
n 2 + 1 


n + 1 
n 2 + 1 X ' 


In 2015, Inspired by [1], Ren and Zeng [7] introduced new type Bezier oper- 
ators, which is the Bezier variant of the Bernstein type operators Ln(f;x ), as 
follows: 


«(/;*) = f(°)Q { nl( x ) 


n— 1 

£ 

k = 1 




( 2 ) 


‘Corresponding authors: Mei-Ying Ren and Xiao-Ming Zeng. 
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where / G C[0, 1], x G [0, 1], a > 0, Q^(ar) = J“ k (x) - J“ fc+ 1 ( x), J„, n +i( x ) = 

n 

o, j n ,k( x ) = Z) p n,i{x), Pn,k{x ) {k = 0, B n>k (f) (fc = 1, n — 1) and 

i—k 

B(., .) are as stated in (1). 

In the present paper, we will study the Stancu variant of the new type 
Bezier operators L n<a (f',x), which have been given by (2). We introduce new 
Stancu-Bezier type operators as follows: 


n— 1 


L n,a\f^ x ) = f{^—)Q ( n, o( x ) + E (/) + /(^X^)<9n“n ( x ), (3) 


n + 7 


fc=i 


where /, x, a, Q^\{x){k = 0 , 1 , n) are as stated in ( 2 ), /?, 7 are two given real 
parameters satisfying the condition 0</3< 7 , is the beta function, and 


B 


(+7) 


(/) = 


^ fo t nk -\ 1 - t)"!"-*)- 1 /^)*, A = 1, n - 1, . 


n,k \J / B(nk,n(n—k )) JO u ^ V n+7 

It is clear that L^’a\f\x) are bounded and positive on C[0,1] . When /3 = 
7 = 0, L^a\f;x) become the operators L n , a (f;x). 

The goal of this paper is to study the approximation properties of these 
operators with the help of the Korovkin type approximation theorem. We also 
estimate the rates of convergence of these operators by using a modulus of con- 
tinuity. Then, we obtain the direct theorem concerned with an approximation 
for these operators by means of the Ditzian-Totik modulus of smoothness. 

In the paper, for / G C[0, 1], we denote ||/|| = max{\f(x)\ :x£ [0,1]}. 
oj(f,S) (5 > 0) denotes the usual modulus of continuity of / G C[0, 1]. 


2. Auxiliary results 


Now, we give some lemmas, which are necessary to prove our results. 
Lemma 1. Let a > 0, x G [0, 1], 0 < /3 < 7 . We have 

(i) L^\l-x) = l- 

(ii) lim x) = x uniformly on [ 0 , 1 ]; 

n— >00 ’ 

(iii) lim L^Q\t 2 \x) = x 2 uniformly on [ 0 , 1 ]. 

n— >-oo ’ 

Proof (i) Since Y2=o Q^l( x ) = 1> so, by (3), we get L^Q\ 1; x) = 1. 
(ii) by (2) and (3), we have 


Png'* fax) = ~^—L n , a {t\x) + 

’ n +7 n +7 

thus, by Lemma 2 (ii) in [7], we have lim (t; x) = x uniformly on [0,1]. 

n— >00 

(iii) by (2) and (3), we have 

L n,a ] {t 2 ;x) = (—^—) 2 L n>a (t 2 -,x) + b (t; X ) + 

n + 7 (n + 7 ) z n + 7 

thus, by Lemma 2 (iii) in [7], we have lim L^a\t 2 ; x) = x 2 uniformly on [0,1] 

n— >00 

Lemma 2. (see [4]) For x G [0, 1], k = 0, 1, ..., n, we have 


0 < 0 (a) (x) < i -s -, 

_ «„,*(*) - | P a : (x)> 0 < a < 1. 


aP n , k {x), a > 1; 


Lemma 3. (see [5]) For 0 < cc < 1, n > 0, we have 

n 

El*" "sr^fcO*) < (« + l) 1 - a (A s )“n+ 

fc =0 
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where the constant A s only depends on s. 
Lemma 4. Let a > 0, 0 < /? < 7 , We have 


(i 

(ii) = 


( 0.7 )/*\ k+0_ 


(iii) = 


■(*' + ") + 


2k ft 




(n + 'y) z (n 2 + 1) n (n + j ) 2 (n + 7) 2 ' 


Proof By [7], we have £„,*,( 1) = 1, B ntk (t) = |, B n ^(t 2 ) = -^q^fe 2 + £), 
so, by simple calculation, we obtain 

(i)sS 7) (U = c 


(iii ia&V) = 


n~ „ , .«) N Un /3 


(u + 7 ) ; 


r Bn : k(t 2 ) + 


;( fc2 


/3 1 


B n ,k{t) + 

i- 

ifc , 2k/3 /3 2 


(n + 7 ) 2 ’ v ' (n + 7) 2 


B n ,k(l) 


(n + 7 ) 2 (?r 2 + 1 ) n (n + 7) 2 (n + 7) 2 
Lemma 5. For a > 1, a: £ [0, 1], 0 < /? < 7 , we have 


(ii)4 8 7(|t-i|;»)<y a °^ + ^ T) -. 


Proof (i) For a > 1, a: € [0, 1], 0 < /3 < 7, by (3), Lemma 2, (1) and Remark 
1 , we obtain 

L n,a\(.t- X) 2 ^) 


n— 1 


= - X ) 2 Qnl( X ) + - X ) 2 ) + (7W - X ) 2 0i“n(^) 

n + 7 fe=1 n + 1 


< a[(-^ - x) 2 p nfi {x) + J2 p nA x ) B n^\( t ~ x ) 2 ) + (zrpr ^ x "> 2Pn ^ x ^ 


= a[ 


jL n {t 2 -,x) + 


k= 1 

2n/3 


f n + P 

y n - 


= «{ 


(n + 7) 2 ’ 7 (n + 7) 2 

n 

n 2 ,n(n — 1) 2 n + 1 


L n (t~, x) + 


(n + 7) : 


, B n (\\ x)] 


Tl (3 <2 

—2ax( L n (t ; x ) 4 L n (l; a;)) + ax 2 L n (l; x) 

n + 7 n + 7 


a;] + 


2 npx 


( 3 2 -1 0 , na: + /L 

(n + 7) 2L n 2 + 1 n 2 + l" J (n + 7) 2 ' (n + 7) 2 02 n + 7 


+ar 

n 3 + n 2 — 2 p"fn 2 — 2/+y 
;al (n + 7 ) 2 (n 2 + l) 5 


'(!-*) + 


— 2/?7n 2 — 2/?7 + 7 2 ?i 2 + 7 2 
(n + 7 ) 2 (n 2 + 1) 


(n + 7) 5 


^ r n + 1 n \ , ^ 2 + ^ 2 1 
< “ 7 — ; — ^®(1 - *) + 7 — 7 — 77 
(n + 7) 2 (n + 7) 2 

a(n + 1 + / 3 2 + 7 2 ) 


< 


< 


(n + 7) 2 
2a(l + 7) 
n + 7 
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(ii) 


In view of L 


(/3.T) 


(i ; x ) 


1, by the Cauchy- Schwarz inequality, we have 


L n,a ] (\t-x\;x) < 



(( t-x) 2 \x ), 


thus, we get 


L^(\t-x\;x)<J 2a ^ 7) . 

y n + 7 


Lemma 6. For 0 <q<1,i€ [0, 1], 0 < /3 < 7 , we have 

(i) 

(ii) Ln’aHl*- x \’> x ) < 


W-T) . n -f _ 


where the constant Mi 13 ’ 7 ' only depends on a,/ 3 , 7 - 

Proof (i) For 0 < a < l,x € [0, 1], 0 < /3 < 7 , by (3), Lemma 2 and 
Lemma 4, we obtain 

= ~ X ?Qnfii. X ) + X < 3?fc( iE ) jB S 7) ((* - X ) 2 ) + (uUE - z) 2 Qi a n(:r) 

< - X ) 2 Pnfi( X ) + X ~ X ^ ~ X f P n,n{ X ) 

' ' 7 k = 1 


sEa:*M[ r -^ 2 +-)+ 2kp 

(n + r y) z ri. 


k=0 


P 2 9 k + B 2 

— 2x 1 - x 


(n + 7) 2 in + 7) 2 n + 7 


( n + 7 )2 X^ ~ X( fc - nX ) P nA X ) 


1 AzA: 


/c— 0 


+ (n + 7 )2 X(“ + P 2 - 2 P^ X + 


fc =0 

=: I\ + I 2 + / 3 . 


By Lemma 3, we get Ji < (n + 1) “( 7 l 2 )“ < 2(Ai)“n “, I 2 < 


(n 


n(n+l) | 
(n+7) 2 1 

2(/3+7)yTt(n+l) , 


E |fc-n®|P“ fc (*) < ^ + CT" + 1 J (n + 1 )-°(A^)° < 4(/3 + 7 )(Yli) c 


k—0 


here the constant A±(i = 1, 2) only depends on a. 

n n 

Using the Holder inequality, we have E Pn k( x ) — ( n +l) 1_Q [E Pn,k(x)] c 

k - o ’ fc= o 

and | ^ + fB 2 — 2f3 / yx + ^f 2 x 2 \ < 1 + (/? + y) 2 , so, we have 


/ 3 < (n + D^EX ^.fc(*)] a < 2[! + 0? + 7) 2 ] 7 


k—0 


Denote m)' 3,7 ^ = 2(H 2 )“ + 4(/3 + 7 )(Hj_)“ + 2[1 + (/3 + y) 2 ], then we can get 
L^\(t - x) 2 ;x ) < M^n~ a . 

(ii) Since 





(i;z 




((t-x) 2 ;x), 
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thus, we get 

L n,a ] i\t-x\-,x) < \J M^’ 7) • 

Lemma 7. For f G C[ 0, 1], x G [0, 1], a > 0, and 0 < /3 < j, we have 

I L^Xf-x) |<||/||. 

Proof By (3) and Lemma 1 (i), we have 

\L^(f-,x)\< ||/||L^)(l;x) = ||/||. 


3. Main results 

First of all we give the following convergence theorem for the sequence 

Theorem 1. Let a > 0, x G [0, 1], 0 < f3 < 7 . Then the sequence {L^ff\f; x)} 
converges to f uniformly on [0, 1] for any f G C[0, 1]. 

Proof Since dJnfS' 1 (/; x) is bounded and positive on C[0, 1], and by Lemma 1, 
we have lim || L^a\e m ; •) — e m || = 0 for e m (t) = t m , m = 0, 1, 2. So, accord- 

n— >• 00 

ing to the well-known Bohman-korovkin theorem ([2, P.40, Theorem 1.9]), we 
see that the sequence {L^fa\f\x)} converges to / uniformly on [ 0 , 1 ] for any 
/GC[ 0,1], 

Next we estimate the rates of convergence of the sequence {L^} by means 
of modulus of continuity. 

Theorem 2. Let f G C[0, 1], x G [0, 1], 0 < /? < 7 . Then 
(i) when a > 1 , we have 


Ka 7) (/; •) - /II < [1 + V2a(l+7)M/, —===y, 

\/n + 7 

(ii) when 0 < a < 1 , we have 


\ L n,a\f^ x )- f( x )\ < (1 + \J M^’ l] )w{f,n = ). 


Here the constant only depends on cq/3, 7 . 

Proof (i) When a > 1, by Lemma 1 (i), we have 

I L n,a\f> x ) - f( x ) I 

ft n ~ l 

< 1 /(— ) - /(*)iqSo(*) + XI - /(*)i) 

n + 7 fc=l 

+ l/( r?L X^) - /(^IQn^nW 
n + 7 


A 

+ 

,n + P 


n—1 


< X \)Q { n,o ( X ) + X I* - X l)) 

” + 7 fc=l 


+<*>(/, I XX - 

iL i - j 

<(i + VST^|Y^-x|M/,^i =«„ )0 


)el Q oY) 
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n— 1 1 

+ J2 Qnl(. X ) B n,k\0- + Vn + j\t - X\)u(f, ,— - )) 

k—1 v ' 

+(1 + - *IM/, ^=)Q$(*) 

- w(/ ’ T^7 ) + ^ T7w(/ ’ - *!;*)> 

so, by Lemma 5 (ii), we obtain 

|4^ 7) (/;*) - m\ < [1 + \/2a(l+7)M /, - 7 ==)- 

V n + 7 


The desired result follows immediately. 

(ii) When 0 < a < 1, by Lemma 1 (i), we have 

- /OOI 

a n ~ 1 

< v(f, 1-2— - x\ )Qi“o(x) + ^ \t - ar|)) 

n + 7 k= 1 

- A)Q { nli X ) 

n + 7 

< (1 + n^| ^ x\)u}(f,n~%)Q ( “l(x) 

Tl 7 

n— 1 

+ < 3i?fe( x )- B i^ 7) (( 1 + nf I* - *IV(/,n~ f )) 

fc=l 

+(l+n^|^ti? -x|)w(/,n“^)Q^(a;) 

n + 7 

< u}(f,n~^) +n%u}(f, n~^)L ( f f\\t- x\-,x), 


so, by Lemma 6 (ii), we obtain \L^a\f',x)—f(x)\ < {\+\j n~%). 
The desired result follows immediately. 

Theorem 3. Let f € C , 1 [0, 1], x £ [0,1], 0 < /3 < 7 . Then 

(i) when a > 1 , we have 

< l\\f\\+“if, + V2a(l + 7))]lP^-^; 

Vn + 7 y n + 7 

(ii) when 0 < a < 1 , we have 


l^i 7 ) (/;*)-/(*)l<[||/ , ll + w(/ , t 


M‘ 


(/3.7) 


(/3.7) n - c 


M. 


Here the constant only depends on a, ^, 7 . 

Proof Let / £ C' 1 [0, 1]. For any t, x £ [0, 1], <5 > 0, we have 


1 / 0 ) - fix) - fix) (t 


x)\ < | [ \f(u) - f'(x)\du\ 

J X 

< u(f ,\t - x\)\t - x\ 

< u{f',S)(\t-x\ + S- 1 (t-x) 2 ), 
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hence, by the Cauchy-Schwarz inequality, we have 
I L n,£ ] (f(t) - /O ) - ~ x); x)\ 

< U{f, S) -x\;x) + - x ) 2 ; xj) 

< a ;(/', Ln,a\ l;x) + <5 _1 \J ' Lmfa\{t - x) 2 ;x))\J L^a\{t - x ) 2 ; x). 

So, we get 

I L n,a\f-,X) - f{x) | 

+w(/',<5)(l + 8~ x \J {{t - x) 2 ;x))^L ntCl ((t - x) 2 ;x). (4) 

(i) When a > 1, taking 5 = in (4), by Lemma 5 and inequality (4), 

we obtain the desired result. 

(ii) When 0 < a < 1, taking 5 = n~^ in (4), by Lemma 6 and inequality (4), 
we obtain the desired result. 

Finally we study the direct theorem concerned with an approximation for 
the sequence by means of the Ditzian-Totik modulus of smoothness. 

For the next theorem we shall use some notations. 

For / £ C[ 0, 1], (p(x) = \/x(l — x), 0 < A < 1, x £ [0, 1], let 

. . . . h<p x (x). Jvp x (x ).. 

<*V (/,*) = sup sup \f(x+ — ^— L )~f{x x-^)| 

be the Ditzian-Totik modulus of first order, and let 

A>(/,t) = inf {\\f-g\\ +t\\v x g'\\+t T ^\\g'\\} (5) 

g&Wx 

be the corresponding K-functional, where W\ = {f\f £ ACi oc [0,l],\\ip x f\\ < 
00, \\f\\ < oo}. 

It is well known that (see [3]) 

K^{f,t) < Cu v x (f,t), (6) 

for some absolute constant C > 0. 

Now we state our next main result. 

Theorem 4. Let / £ C[0, 1], a > 1, x £ [0, 1], 0 < /? < 7, ip(x) = y/x(l — x), 
S n (x) = <p(x) + - , 0 < A < 1. Then there exists an absolute constant C > 0 

such that 

I £& 7 ) (/;s) - m\ < %==)■ 

V n + 7 

Proof Let g £ W\, by Lemma 1 (i) and Lemma 7, we have 

I L n,a\f^ x ) ~ f( X ) I 

< \ L nfa\f - 9\x)\ + \f{x)-g{x)\ + \L^Q\g-,x)- g(x)\ 
<2\\f-g\\ + \LVri( g -,x)-g(x)\. (7) 
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Since g(t) = f* g'(u)du + g{x), 1; x) = 1, so, we have 

\L%S\g-, x ) - 9{x) | < | J I g'(u)\du; x)| 

< \\5 X J\\L^Q\\ jj-\u)du[,x). ( 8 ) 

By the Holder inequality, we get 

\[ S~ x (u)du\< \ f 5~ l {u)du\ x \t - x] 1 ^ . (9) 

J X J X 

Since 


5 n 1 {x) ^ min{ip 1 (x), y/n + 7 ), (10) 

here a ~ b means that there exists some constant C > 0, such that C _1 6 < a < 
Cb. 

Also, by (11) in [7] , we have 

| f tp- 1 (u)du\ < 4\t — x^- 1 (x) , (11) 

J X 

thus, by (9), (10) and (11), we obtain 

\[ S~ x (u)du\<C5~ x (x)\t-x\, ( 12 ) 

J X 

also, by ( 8 ) and ( 12 ), we have 

\ L n£ ) ( 9 -,x)-g(x)\ < C\\5 x g' \\L^Q\5~ X (x)\t — x\;x) 

= C\\6 x g'\\S- x (x)L^(\t-x\-,x). (13) 

In view of the proof of Lemma 5 (i) , we have 

Ln^dt-xf^x) < a[ n* 1 x(l-x)+ ^ _^~ 7 2 ], 

’ (n + ^y (n + 7) 2 

so, by the Cauchy- Schwarz inequality and Lemma 1 (i), we have 


L n,a\\t - x \; x) < \J L ( n ^\l;x)\J L { £h!\(t -x) 2 ;x) 


/ r n + l . / 0 2 -*- /v2 

< Waf- — : — ^-x(l — x) + 


C 


(n + y ) 2 * 
S n (x) 


(n + 7) 2 


y/n + 7 ’ 


so, by (13) and (14), we obtain 


\L^\g-,x)-g(x)\<C S ^l \\5 x g% 

thus, by (7), (15) and 6 n (x) = tp(x) + ^=, we have 
\L^\f-,x) - f(x) | 

<^[11/- 511 + ^1= Ill'll] 

y/n + 7 


<C[ll/-5ll 


<c[ll/-sll 


5 "” A(a;) II aVII + 5 SS(^7^) A ll5 , ll] 


\AT+7 

^n~ X (x) 1 1 \ / 1 1 , Jl- X (x) yf 


y/n + 7 


IIaV 


\AT +7 \/n + 7 

) 


V n + 7 ' 


(14) 


(15) 


(16) 
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Then, in view of (16), (5) and (6), we obtain 




')<cv(/> : 


where C is a positive constant, in different places, the value of C may be differ- 
ent. 
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ABSTRACT 

The main objective of this paper is to study the global stability of the positive solutions and the periodic character 
of the difference equation 

i | . Q J 'En—l T bx n —} i n . 

x n _|_i ax n + px n —i + 'y x n —j i H | > ti 0, 1, 

cx n -i + ax n -k 

where the parameters a, (3, 7 , a, b, c, d, € (0, 00 ) and the initial conditions x_ s , x_ s+ i ..., x_i and x 0 are 
positive real numbers where s = max{l, k}. Examples to illustrate the importance of our results. 

Keywords: difference equations, stability, global stability, boundedness, periodic solutions. 

Mathematics Subject Classification: 39A10 


1. INTRODUCTION 

Difference equations have always played an important role in the construction and analysis of mathematical 
models of economic process, biology, ecology, physics and so forth. The study of nonlinear rational difference 
equations of higher order is of paramount importance, since we still know so little about such equations. 

In [1] Papaschinopoulos et al. studied the asymptotic behavior and the periodicity of the positive solutions 
of the nonautonomous difference equation 

x n 1 

*Tn + 1 = "b 

Kalabusic et al. [2] investigated the global character of the solution of the nonlinear rational difference 
equation 

„ _ px n ^i+8x 

Xn+l — Bx n -i+Dx n -k ■ 


Elsayed et al. [3] studied the global stability character and the periodicity of solutions of the recursive 
sequence 

. bXn — l+CXn — k 

Xn+l ~ aX n - s + dXri _ l+eXri _ k ■ 

Zayed et al. [4] investigated the behavior of the following rational recursive sequences 


Xn+l — CLX n 


bx n 

CXn—dX-n 
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El-Moneam et al. [5] obtained the boundedness, the periodicity and the global stability of the positive solution 
of the difference equation, 

_ . bXn — l-\-CXn — 2-\-fXn—3-\-rXn — A 

X n ~\- 1 = ax n + , I — I I — 2 — 

ri < 1 n 1 citc ri _i+ex n _2+pa; n _3+sx n _4 

El-Dessoky [6] studied the global stability, the boundedness and the periodicity of the nonlinear difference 
equation 

T*n+1 — OjX n T bx n — k "l - CX n —l er u _ s -Q3; u _t ’ 77 — L 

For other related results, see [1 - 30]. 

Our aim in this paper is to obtain some qualitative behavior of the positive solutions of the difference equation 


X n+1 = ax n + f3x n -l + JXn-k + +dLcZ_l ' 71 = °) ■■■> 


( 1 ) 


where the parameters a, /?, 7, a, b, c, d € (0, 00) and the initial conditions x_ s , X- s+ \ ..., X-i and xq are 
positive real numbers where s = maa;{7, fc}. 


2. LOCAL STABILITY OF THE EQUILIBRIUM POINT 

In this section, we study the local stability character of the equilibrium point of Eq. (1). 

Eq. (1) has equilibrium point and is given by 

x*=ax* + l3x*+'yx* + * c 

If a + (3 + 7 < 1, then the only positive equilibrium point x* of Eq. (1) is given by x* = ^ 1 _ a _ a ^[ b 1 u c+d ) ■ 

Theorem 2.1. (i) Let ad > cb, a + f3 + 7 < 1 and 7 > ( ad ~| > °)(^~° I ~^-T)) jhen equilibrium x* of Eq. (1) is 
locally asymptotically stable. 

(ii) Let cb > ad, a + fd + 7 < 1 and (3 > ^f ien equilibrium x* of Eq. (1) is locally 

asymptotically stable. 

Proof: Suppose that G : (0, oo ) 3 — > (0, 00 ) be a continuous function defined by 

G(u 0 , ui, u 2 ) = auo + f3ui + 7U2 + ZltdZ ■ ( 2 ) 


Therefore, it follows that 


dG(u 0 , u 1, U2) 


du 0 


= Of, 


0G(up, Ml, U2) 
du 1 


a 1 ( ad—cb)u2 

P (cui+du 2 ) 2 ’ 


dG(u 0 , u 1, n 2 ) 
dun 


( ad—bc)up 
( cu\+du 2 ) 2 


Then, we see that 

dG(x * , x*, x*) dG(x* , x * , x*) /Q i i a d— cb)(l — a — /I — 7) dG(x * , x*, x*) (ad— bc)(l— a— /I— 7) 

Oni P “r (c-M)(a-|-b) i 7 (c+ 4 )(a+ 6 ) 

Under the conditions of part (i), we get 


a 


a 1 (nd-c6)(l-a-^-7) 

P + (c+d)(a+6) 


+ 


_ (ad-bc)( l-a-j3-7) 
' (c+d)(a+b) 


< 1, 


, o , (ad— cb)(l— a — /j— 7) , _ (nd-6c)(l-a-/3-7) 1 

(c+d)(a+b) " l_ T (c+d)(a+b) ^ 1 


and so 


a + j3 + 7 < 1. 

Then the equilibrium x* of Eq. (1) is locally asymptotically stable, the proof of part (i) is complete. 
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Under the conditions of part (ii), we get 


a + 


o (be— ad) {1 — a — {3 — y) 

P ( c+d)(a+b ) 


+ 


i (bc-ad)(l-a-p-i) 
' ( c+d)(a+b ) 


n I a _ (bc-ad)(l-ot-p—y) , , (bc-ad)(l-a- fj-j) 

'P (c+d)(a+b) T 7 "r (c+d)la+b) 


< 1 , 
< 1 , 


and so 


a + f3 + 7 < 1 . 

Then the equilibrium x* of Eq. (1) is locally asymptotically stable, the proof of part (ii) is complete. 


Example 1 . See Figure (1) when we take the Eq. (1) with 1 = 4, k = 3, a = 0.2, /3 = 0.1, 7 = 0.5, a = 0.4, 
b = 0.3, c = 0.6 and d = 1 and the initial conditions X -4 = 0.6, X -3 = 7, X -2 = 2, x-i = 3 and xq = 5. 


X(n+l)=alfa X(n)+ beta X(n-l)+gamma X(n-k)+((a X(n-l)+b X(n-k))/(c X(n-l)+d X(n-k))) 



Fig. 1. sketch the behavior of the solution of Eq. (1). 


Example 2. The solution of Eq. (1) is local stability if l = 4, k a 3, a = 0.2, /3 = 0.1, 7 = 0.2, a = 0.4, 
b = 0.3, c = 0.6 and d = 1 and the initial conditions x _4 = 6, X -3 = 1.1, X -2 = 0.8, x_i = 2 and xq = 0.2 (See 
Fig. 2). 


X(n+l)=alfa X(n)+ beta X(n-l)+gamma X(n-k)+((a X(n-l)+b X(n-k))/(c X(n-l)+d X(n-k))) 



Fig. 2. Plot the behavior of the solution of equation (1) under the conditions (i). 
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Example 3. Figure (3) shows that if l = 4, k = 3, a = 0.2, /3 = 0.3, 7 = 0.2, a = 0.4, b = 2, c = 1.6 
and d = 1, then the solution of Eq. (1) is local stability with the initial conditions x _4 = 6 , x _ 3 = 1.1, 
x_ 2 = 0 . 8 , X-i = 2 and x 0 = 0 . 2 . 


X(n+l)=alfa X(n)+ beta X(n-l)+gamma X(n-k)+((a X(n-l)+b X(n-k))/(c X(n-l)+d X(n-k))) 



n 


Fig. 3. Plot the behavior of the solution of equation (1) under the conditions (ii). 


Example 4. See Figure (4) when we take Eq. (1) with l = 4, k = 3, a = 0.2, (3 = 0.28, 7 = 0.82, a = 0.4, 
b = 0.3, c = 0.6 and d = 1 and the initial conditions x _4 = 6 , X -3 = 1.1, X -2 = 0.8, x_i = 2 and x 0 = 0.2. 



Fig. 4. Draw the behavior of the solution of Eq. (1). 


3. GLOBAL STABILITY OF THE EQUILIBRIUM POINT 

Theorem 3.1. The equilibrium point x* is a global attractor of Eq. (1) if one of the following conditions holds: 

(i) ad — cb ^ 0, b ^ a. 

(ii) cb — ad ^ 0, a ^ b. 


Proof. Let r, s be nonnegative real numbers and assume that H : [r, s} 3 —*■ [r, s] be a function defined by 


H(u 0 , Ui, Ui) 


au 0 + (3ui + 7 U 2 + 


aui -\-bu2 

cu±-\-du2 ’ 
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Then 

dH( up, U1, U]_) _ dH(up, Ml, Ml) _ a , (ad-cfyuj , dH(up, u i, ui) _ (ad-bc)up 

dup 1 dui Y ( cup+dui ) 2 0^2 ' (ct/o+ 4 tAi ) 2 * 

We consider two cases: 


Casel: Assume that ad — cb > 0 , a + /3 + 7 < 1 and 7 > ( ad is true, then we can easily see 

that the function H(u 0 , Ui, u 2 ) is increasing in u 0 , U\ and decreasing in u 2 . Suppose that (to, Ad) is a solution 
of the system 

M = H(M, Ad, m) and to = H (to, to, Ad). 

Then from Eq. (1), we see that 

M = aM + f3M + 7 m + a C M+ b dZ and to = am + (3m + 7 M + a ^XdM , 


then 


c(l — a — f3)M 2 + d(l — a — (3)mM — cymM — d^m 2 = aM + bm , 

c(l — a — /3)m 2 + d( 1 — a — / 3)mM — cymM — d'jM 2 = am + bM , 

Subtracting this two equations, we obtain 

(M — to) {(c(1 — a — /3) + dq) (M + to)] + (& — a)} = 0, 

under the condition a + /3 < 1, 6 ^ a, we see that M = to. Then a:* is a global attractor of Eq. (1). 

Case 2: Assume that cb > ad, (3 + 7 < 1 and /3 > 7 ) j g ^ ru6) then we can easily see that the 

function H(u 0 , U\, u 2 ) is decreasing in Uq , u\ and increasing in u 2 . Suppose that (to, M) is a solution of the 
system 

M = H(m, to, M) and m = H(M, M, to). 

Then from Eq. (1), we see that 

M = aTO + /3TO + 7 M+^§,, and to = «M + /3M + 7 ?n + , 

then 


d(l — 7 )Ai " 2 + c(l — 7 )mM — c (a + (3) to 2 — d (a + /3) toM = am, + bM, 

d( 1 — 7 )to 2 + c(l — 7 )toM — c (a + /3) Ad 2 — d (a + /3) toM = aM + bm, 

Subtracting this two equations, we obtain 

(Ad - to) {(d(l - 7 ) + c (cc + /3)) (Ad + to)] + (a - 6 )} = 0, 

under the condition 7 ^ 1, a^b, we see that Ad = m. Then a;* is a global attractor of Eq. (1). 

Example 5. The solution of Eq. (1) is global stability if l = 4, k = 3, a = 0.02, (3 = 0.01, 7 = 0.03, a = 0.4, 

b = 1 , c = 0.2 and d = 1 and the initial conditions a :_4 = 6 , X -3 = 1 . 1 , x _2 = 0.8, a:_i = 2 and xq = 0.2 (See 

Fig. 5). 

Example 6 . Figure (6) shows the global stability of the solution of Eq. (1) when l = 4, k = 3, a = 0.02, 
j3 = 0.2, 7 = 0.1, a = 1.1, b = 0.3, c = 1 and d = 0.3 and the initial conditions a :_4 = 6 , X -3 = 1.1, 
a :_ 2 = 0 . 8 , a:_i = 2 and xq = 0 . 2 . 
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X(n+l)=alfa X(n)+ beta X(n-l)+gamma X(n-k)+((a X(n-l)+b X(n-k))/(c X(n-l)+d X(n-k))) 



Fig. 5. sketch the behavior of the solution of Eq. (1) when ad ^ cb and b ^ a. 


X(n+l)=alfa X(n)+ beta X(n-l)+gamma X(n-k)+((a X(n-l)+b X(n-k))/(c X(n-l)+d X(n-k))) 



Fig. 6 . Shows the behavior of the solution of Eq. (1) when cb ^ ad, a ^ b. 


4. BOUNDEDNESS OF THE SOLUTIONS 

Theorem 4.1. Every solution of Eq. (1) is bounded if (3 + 7 < 1. 

Proof. Let {x n }ffL_ s be a solution of Eq. (1). It follows from Eq. (1) that 


%n-\-l 


ax n + f3x n _i + jXn-k + 


ax n — 1 -\-bx n — k 
CXn~l+d,Xn-k 


ax n + f3x n -l + JXn-k + 


ax n _i 

cx n —i-\-dx n _k 


+ 


bx n _k 

cx n —i-\-dx n —k ’ 


Then 


x n+1 < ax n + f3x n _i + jXn-k + = ax n + f3x n _i + qa; n _ fc + f ^ for all n > 0. 

By using a comparison, we can right hand side as follows 


y n + 1 = ay n + (3y n -i + 7 y n -k H f 

c d 


and this equation is locally asymptotically stable ifo + /3 + 7 <l, and converges to the equilibrium point 
V* = ed( i_tL^_ 7) • Therefore 


lim supy n < 

n — >00 


ad-\-bc 

cd(l— ot— ( 3 — 7) * 
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Thus the solution is bounded. 

Theorem 4.2. Every solution of Eq. (1) is unbounded if a > 1 or (3 > 1 or 7 > 1. 

Proof. Let {x n }ff = _ a be a solution of Eq. (l).Then from Eq. (1) we see that 

x n+ i = ax n + px n -i + 'yXn—k + f k k > otx n for all n > 0. 

We see that the right hand side can be written as follows y n +\ = oiy n . Then 

Vn + 1 = a n y n + const., 

and this equation is unstable because a > 1, and lim y n = 00 . Then by using ratio test {x n }°° = _ a is unbounded. 

n— >00 n b 

Using the same technique, we can prove the other cases. 

Example 7. When l = 4, k = 3, a = 1.3, f3 = 0.5, 7 = 0.2, a = 0.4, b = 0.3, c = 0.6 and d= 1, the solution 
of Eq. (1) with initial conditions x _4 = 6, X -3 = 1.1, X -2 = 0.8, x_i = 2 and Xq = 0.2, the solution of the 
difference equation is unbounded (See Fig. 7). 



Fig. 7. Plot the behavior of the solution of equation (1) when a > 1. 


Example 8. Figure (8) shows that l = 4, k = 3, a = 0.2, (3 = 1.5, 7 = 0.5, a = 0.4, b = 0.3, c = 0.6 and 
d = 1, the solution of Eq. (1) with initial conditions x _4 = 6, a;_ 3 = 1.1, x_ 2 = 0.8, x_i = 2 and x 0 = 0.2 is 
unbounded. 



Fig. 8. Draw the behavior of the solution of equation (1) when (3 > 1. 
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Example 9. Figure (9) shows the solution of Eq. (1) is unbounded if l = 4, k = 3, a = 0.2, /3 = 0.4, 7 = 1.2, 
a = 0.4, b = 0.3, c = 0.6 and d = 1 and the initial conditions x _4 = 6 , x _ 3 = 1.1, x -2 = 0.8, x_i = 2 
and x 0 = 0 . 2 . 



Fig. 9. Shows the behavior of the solution of equation (1) when 7 > 1. 


5. EXISTENCE OF PERIODIC SOLUTIONS 

Theorem 5.1. If l is an even and k is an odd, then Eq. (1) has a prime period two solutions if 

(6 — a) (c - d) (1 + a + /? — 7 ) > 4 (be (a + ff) + ad (1 - 7 )) , (3) 


where a < b, c < d, 7 < 1 and 7 < 1 + a + j3. 

Proof. Suppose that there exists a prime period two solution ... P , Q, P, Q, ..., of Eq. (1). We see from 
Eq. (1) when l is even, and k is odd that 

P = aQ + PQ + 1 P+^±^ and Q = aP + ^P + 1 Q+ 

Then 

c (1 — 7 ) PQ + d (1 — 7 ) P 2 = c{a+(3)Q 2 +d(a + p)PQ + aQ + bP, (4) 

c(l - 7 ) cPQ + d(l - 7 ) Q 2 = c(a + ff) P 2 + d(a + /3) PQ + aP + bQ. (5) 

Subtracting (4) from (5) gives 

d (1 - 7 ) (P 2 - Q 2 ) = c (a + /3) (Q 2 - P 2 ) - a(P - Q) + b(P - Q ), 


(d (1 - 7 ) + c (a + p)) (P - Q)(P + Q) = (b- a) ( P-Q ), 


Since P ^ Q , it follows that 


Again, adding (4) and (5) yields 


(d (1 — 7 ) + c (a + ff)) (P + Q) = b - a, 


P + Q 


b—a 

d(l — 'y)+c(a+@) ‘ 


2 PQ (c(l- 7 )-d(a + /3)) = (c(a + (3) -d (1 - 7 )) (P 2 + Q 2 ) + (a + b){P + Q), 


( 6 ) 

( 7 ) 
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It follows by (6), (7) and the relation 

P 2 + Q 2 = (P + Q ) 2 - 2 PQ for all P,Q eR, 

that 

2PQ (c (1 - 7 ) - d (a + /3)) = (c (a + /3) - d (1 - 7 )) ((P + Q) 2 - 2 PQ) + (a + b)(P+Q), 


2 (c - d) (1 + a + /? - 7 ) PQ 

2 (c - d) (1 + a + 13 - 7 ) PQ 

2 (c — d) (1 + a + 13 - 7 ) PQ 


(P + Q) [(c (a + (3) —d(l — 7 )) ( P + Q) + (a + 6 )] , 

f b—a A ( (c(a+^) — d( 1 — 7)) (6— a) + (a+6)(d( 1 — 7) +c(a+^)) 

y d(l-7)+c(a+/3) J ^ d(l-7)+c(a+/3) 

0 ( b—a A ( bc(a+/ 3 )+ad( 1 — 7) \ 

\^(l- 7 )+c(a+/ 3 ) ) ^ d{ l- 7 )+c(a+/ 3 ) ) 


PQ = 


(b—a)(bc(ot+l3)+ad( 1 — 7 )) 


(c— d)(l+a+/3— 7 )(d(l— 7 )+c(a+/ 3)) 2 ' 

Now it is clear from equations ( 6 ) and ( 8 ) that P and Q are the two distinct roots of the quadratic equation 


(8) 


(d (1 - 7 ) + c (a + (3)) t 2 - {b - a) t + 


(b—a)(da— / yad-\-(3cb) 


(c-d)(l+a+/3- 7 )(d(l — 7 )+c(a+j 0 )) 


0. 


(9) 


and so 

f b-a \ 2 ^ 4 (b— a)(fcc(g+/ 3 )+ad(l — 7)) 

V d(l-^)+c(a+[}) J (c-< 2 )(l+a+/ 3 — 7)(d(l— 7)+c(a+/3)) 2 ’ 

(h — n\ 7> 4 (bc(a+/ 1 )+ad(l — 7)) 

1 ' (c-d)(l+a+^-7)(4(l-7)+c(a+/3)) 2 ' 

For b > a, c> d and 7 < 1, 7 < 1 + a + (3, then 

(b — a) (c — d) (1 + a + f3 — 7) > 4 (be {a + f3) + ad (1 — 7)) . 
Therefore Inequality (3) holds and the proof is complete. 


Example 10. Figure (10) shows the Eq. (1) has a prime period two solution when l = 4, k = 3, a = 
0.001, (3 = 0.03, 7 = 0.06, a = 0.1, b = 0.9, c = 0.8 and d = 0.06 and the initial conditions X -4 = Q , 
x _ 3 = P, x -2 = Q, X-i = P and x 0 = Q such that P = 2(d(1 _ b ~ ) ^ a+)3)) and Q = 2 ( d (i-i)+cia+P)) where 

C _ //ft \2 4(b— q)(fec(a+/3)+a4(l — 7 )) 

a ) ( C _ d )(i +a+ ^_ 7 ) 


X(n+l)=alfa X(n)+ beta X(n-l)+gamma X(n-k)+((a X(n-l)+b X(n-k))/(c X(n-l)+d X(n-k))) 



Fig. 9. Plot the solution of Eq. (1) has a periodic solution. 
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Theorem 5.2. If l is an odd and k is an even, then Eq. (1) has a prime period two solutions if 

(a — b) (d — c) (d — c) (1 + a + 7 - f3) > 4 (ad (a + y) + cb (1 - /?)) , (10) 

where b < a, c < d and (3 < a + 7 + 1 • 

Proof. Suppose that there exists a prime period two solution ...P, Q, P, Q, ..., of Eq. (1). We see from 
Eq. (1) when l is odd, and k is even that 

P = aQ + /hP + 7 Q+||±5§ aad Q = aP + f3Q + iP+'^F- 

Then 

c (1 — /?) -P 2 + d (1 — /3) PQ = c (o' + 'y) PQ + d (o' + / y) Q 2 T &P T bQ> (11) 

c(l — j3) Q 2 + d(l — (3) PQ = c(a + y)PQ + d(a + y)P 2 +aQ + bP. (12) 

Subtracting (11) from (12) gives 

c ( 1-/3) (P 2 - Q 2 ) = -d (a + 7) (P 2 - Q 2 ) + a(P - Q) - b(P - Q ), 

(c(l-/3)+d(a + 7 ))(P-0)(P + 0) = (a- 6) (P-Q), 

Since P ^ Q , it follows that 

(c (1 - /3) + d (a + 7)) (P + Q) - a - 6, 

P + Q = c (l_/3)Vd(a+7) ‘ ( 13 ) 

Again, adding (11) and (12) yields 

2d (1 - p) PQ + c (1 - /3) (P 2 + Q 2 ) = 2c (a + 7) PQ + d(a + 7) (P 2 + Q 2 ) + (a + b)(P + Q), 

2 PQ (d(l-l3)-c(a + 7)) = (d (a + 7) - c (1 - /3)) (P 2 + Q 2 ) + (a + 6)(P + Q), (14) 

It follows by (13), (14) and the relation 

P 2 + Q 2 = (P + Q) 2 - 2PQ for all P,QeR, 

that 

2PQ (d (1 - f3) - c (a + 7)) = (d (a + 7) - c (1 - (3)) ((P + Q) 2 - 2 PQ) + (a + b)(P + Q), 


2 (d — c) (1 + a + 7 — /3) PQ = (P + Q)[(d(a + y) - c(l - /3)) (P + Q) + (a+ b)] , 


= 2 


PQ 


( a ~ b 

(d(a+ 7 ) — c(l— /3))(a— 6) + (c(l — /3)+d(a+7))(a+6) 

\c(l-/3)+d(a+i) J 

o f a—b ^ 

c(l-/3)+d(a+7) 

I / ad(a+7)+cfe(l-/3) \ 

\ c(l-p)+d(cx+j) j 

1 ^ c(l-/3)+d(a+7) ^ 

(a — f>)(ad(a+ 7 )+cf>(l— /3)) 

(d— c)(1+q+ 7— /3)(c(l — /3)+d(a+7)) 2 ‘ 


(15) 


Now it is clear from equations (13) and (15) that P and Q are the two distinct roots of the quadratic equation 


(c (1 - + d (« + 7)) ? - (a b) t + (d _ c ;^ ( ^g ( t-Tgh 7 )) 


= 0 . 


(16) 


and so 


( s=k \ 2 

V c(l-/3)+d(a+7) J 

( a-b ) 


> 

> 


4(a-b)(ad(ot-\- / y)-\-cb(l — f3)) 
(d-c)(l+a+7-/3)(c(l-/3)+d(a+7)) 2 ’ 

4(ad(a+7)+c6(l — 0 )) 
(d-c)(l+a+7-/3) 
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For b < a, c < d and /3 < 1 + a + 7 , then 

(a — b) (d — c) (d — c) (1 + a + 7 - /?) >4 (ad (a + 7 ) 4- cb (1 - f3)) . 

Therefore Inequality (10) holds and the proof is complete. 

Example 11. Figure (11) shows the Eq. (1) has a prime two solution when l = 1, k = 4, a = 0.001, 
/ 3 = 0.6, 7 = 0 . 02 , a = 0.9, b = 0 . 2 , c = 0.05 and d = 0.55 and the initial conditions x_± = Q, x _ 3 = 
p x _2 = Q, S-! = P and x 0 = Q, such that P = 2 (e( 1 _ a ^^f a+7)) and Q = 2 (e( 1 _ a ^+';f a + 7 )) where £ = 

!(n M 2 4(a— b)(ad(a+ 7 )+eb(l — p)) 

V 1 1 (d-c)(l+a+7-/S) 


X(n+l)=beta X(n-l)+gamma X(n-k)+((a X(n-l)+b X(n-k))/(c X(n-l)+d X(n-k))) 



Fig. 11. sketch the solution of Eq. (1) has a periodic solution. 


Theorem 5.3. Equation (1) has no prime peiiod two solutions if l and k are even and f3 + 7 + 1 ^ 0. 

Proof. Suppose that there exists a prime period two solution ...P, Q, P, Q, ..., of Equation (1). We see 
from Equation (1) when l and k are even that 

P = aQ + 0Q + 7Q + ig±g, (17) 

Q = aP + (3P + 1 P+^^. (18) 

Subtracting (17) from (18) gives 

(a + /3 + 7 + 1) (P - Q) = 0, 

Since a + /3 + 7 + 1^0, then P = Q. This is a contradiction. Thus, the proof is completed. 

Example 12. Figure (12) shows the Eq. (1) has no period two solution when l = 4, k — 4, a = 0.2, fd = 
0.7, 7 = 0.4, a = 0.8, b = 0.3, c = 0.6 and d = 0.9 and the initial conditions x _4 = 6, X -3 = 7, X -2 = 2, x_i = 3 
and x 0 = 5. 
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X(n+l)=beta X(n-l)+gamma X(n-k)+((a X(n-l)+b X(n-k))/(c X(n-l)+d X(n-k))) 



Fig. 12. Draw the solution of Eq. (1) has no periodic when l and k are even. 

Theorem 5.4. Equation (1) has no prime period two solutions if l and k are odd and 1 — (3 — 7 ^ 0. 

Proof. Suppose that there exists a prime period two solution ...P, Q, P, Q, ..., of Eq. (1). We see from 
Eq. (1) when l and k are odd that 


P = aQ + pP + jP+if^, 
Q = aP + /3Q+ 7 Q + fg£g. 


( 10 ) 

(20) 


Subtracting (19) from (20) gives 


(1 — a — (3 — 7) {P — Q) = 0, 


Since 1 — a — /3 — 7 / 0, then P = Q. This is a contradiction. Thus, the proof is completed. 
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OSCILLATION OF SOLUTIONS 
OF CERTAIN LINEAR 
DIFFERENTIAL EQUATIONS 

YONG LIU AND XIAOGUANG QI 


ABSTRACT. In this article, we mainly investigate the growth of solutions of certain 
higher order linear differential equations. The results we obtain generalize some previous 
results of P. C. Wu and J. Zhu. 


1 INTRODUCTION 


In this paper, we assume that the reader is familiar with the fundamental results and the 
standard notations of the Nevanlinna theory(e.g.see [8, 14, 15]). In addition, we will use 
the notations a(f), A(/), A( j) to denote the order, the lower order, the exponents of 

the convergence of the zero-sequence and the exponents of convergence of pole-sequence of 
a meromorphic function f(z), respectively. 


For a set E C R + , let m(H), respectively denote the linear measure, respectively 

the logarithmic measure, of H. By we denote the characteristic function of H. 

Moreover, the upper logarithmic density and the lower logarithmic density of H are defined 

by 


log densH 


limsup( / (xH (t) /t)dt)/ log r 


nr 

log densH = lint inf ( / (\H (t) / t)dt)/ log r, 

1 *°° 


2010 Mathematics Subject Classification. Primary 30D35, 39B12. 

‘The work was supported by the NNSF of China (No. 10771121, 11301220, 11401387, 11661052), the NSF of 
Zhejiang Province, China (No. LQ 14A010007), the NSF of Shandong Province, China (No. ZR2012AQ020) 
and the Fund of Doctoral Program Research of Shaoxing College of Art and Science(20135018). 

Key words deficient functions, complex differential equations, value distribution, infinite 
order. 


1 


1366 


YONG LIU etal 1366-1374 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.7, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


where %lL(i) is the characteristic function of the set H. 

For the second order linear differential equation 

f" + A(z)f' + B(z)f = 0, (1.1) 

many authors have investigated the growth of solutions of (1.1), where A(z) and B(z) are 
entire functions. It is well known that if B(z) is transcendental and /i, fi are two linearly 
independent solutions of equation (1.1), then at least one of f\, fi must have infinite order. 
On the other hand, there exist some equations of the form (1.1) that possess a solution / ^ 0 
of finite order; for example, f(z) = e 2z satisfies f" + e~ 2z f — (2e~ 2z + 4 )/ = 0. Thus a nat- 
ural question is: what conditions on A(z) and B(z) can guarantee that every solution / ^ 0 
of (1.1) has infinite order? Many authors have focused on this subject, such that ([1-3, 9-13]) 

Recently, P. C. Wu and J. Zhu [12] proved the following result: 

Theorem A. [12] Let A(z) be a meromorphic function with finite order having a finite 
deficient value. Suppose that B(z) is a meromorphic function satisfying the following con- 
dition: 

A(i) < MS) < 1. 

Then every solution / ^ 0 of equation (1.1) is of infinite order. 

Thus a natural question arises: whether does the conclusion hold when /. i(B ) = \ ? 

We give an affirmative answer, and get the following interesting result: 

Theorem 1.1. Let Aq(z) be a meromorphic function with A(^) < fJ-(Ao) < And 
let Aj(z)(j = 1, 2, • • • , k — 1) be meromorphic functions with finite order having a finite 
deficient value. Then every solution / ^ 0 of 

+ Ak_i(z)f( k ^ + • • • + Ai(z)f'(z) + Ao(z)f = 0 (1-2) 

satisfies a(f) = oo. 


2 SOME LEMMAS 


Lemma 2.1. [7] Let f(z) be a transcendental meromorphic function of finite- order a, and 
let e > 0 be a given constant. Then there exists a set H C (1, oo) that has finite logarithmic 
measure, such that for all z satisfying \z\ 0 H U [0, 1] and for all k,j, 0 < j < k, one has 


f [k \z) 

fW{z) 


< I / q( fc -j)(°'- 1 + £ ) 


(2.1) 


Similarly, there exists a set E C [0, 27r) of linear measure zero such that for all z = re 10 
with 1 2 :| sufficiently large and 9 e [0, 27 r) \ E, and for all k,j , 0 < j < k, the inequality (2.1) 
holds. 
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Lemma 2.2. [5] Let f(z) be a meromorphic function of finite order a. Given ( > 0 and 
1,0 < l < there exist a constant K(a,Q and a set Eq C [0, oo) of lower logarithmic 
density greater than 1 — C such that for all r £ and for every interval J of length l 



f'(re id ) 

f{re ie ) 


de<K(a,C){l\ogj)T(r,f). 


By the remarks following Theorem 8.1 in [4] and ref [9], we can obtain that 
Lemma 2.3. Suppose that g{z) is an entire function of p(f) = | , and satisfies 


log L(r,g) = o(log M{r,g)) 


where L{r, g) = imn| z i =r \g(z)\,M (r, g ) = maxu^ \g{z) \ ■ There exists a set G of logarithmic 
density 1, a set H of density 0, a real-valued function g>{r), and a positive function 'k(r) 
varying slowing in the sense that 


lim 

r— >oo 


'k(r) 


1 ,r £ G 


for all a > 0, such that for r £ G — H 

log |y(re*^ +¥ ’( r ^)| = (cos(^) + o(l))r 2 ^(r), r — ► oo, 


(2.1) 


( 2 . 2 ) 


uniformly for Lp £ [— tt, ir\. 

Lemma 2.4. [6] Suppose that g(z) is transcendental and meromorphic in the plane, of 
lower order p < a < 1, and define L(r,g) = min{|g( 2 :)| : \z\ = r} and 

Y\ = {r > 1 : log L(r, g) > 7 (cos 7 ra + S(oo,g) - 1 )T{r,g)}, . 

where 7 = si ™ Q . Then Y\ has upper logarithmic density at least 1 — 7 • 

Lemma 2.5. Suppose f(z) is meromorphic and < p{f) < Then either, for every 

5 < p(f), there exists r m — * 00 such that 

log | f{z)\>r s m (2.3) 


for all z satisfying \z\ = r m . Or, for every 5 < g(f), if 

k r = {9 <E [0, 27r) : log | /(re* 0 ) | < r 5 } 

there exists a set E\ C [1, 00) of upper logarithmic density 1 such that for r £ E\, 


m(K r ) — > 0, r — > 00 . 

Proof. Let f(z) = where l{z) is canonical products(or polynomial) formed by the poles 
of f(z), and g{z) is entire. From A(j) < g(f), we have 

= A(Z) = er(l) < n(f), p(f) = p(g). 
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We divide our proof into two cases: 

Case 1: /a(f) < ^ . Since A(y) < //(/), we have <5(oo,/) = 1. Let A^y ^ < 6 < a\ < 
g(f) < a < Tj. By Lemma 2.4, then there exists a set E\ of (1, oo), having lower logarithmic 
density 1 — such that for all r € E\ we have 

log L(r, /) > 7COS7T aT(r,f) > r ai > r s , 

where 7 = si ™ a . Hence, for every S < /i(/), there exists r m — * 00 such that 

log I f(z) | > r s m 

for all z satisfying \z\ = r m . So (i) holds. 

Case 2: ) There exist the following two subcases: 

Subcase 2.1. If there exists r n — > 00 with 

log L(r n , g) > a log M(r n , g) as r n — oo (2.4) 

for some a > 0. Hence for given 0 < e < min { S S } , by (2.4) we have 

log L(r n , f) > log L(r n , g) - log M(r n , l ) 

> ari +£ - > r s n . (2.5) 

So (i) also hold. 

Subcase 2.2. Otherwise 

log L(r,g) = o(log M(r,g)). (2.6) 

We choose max{<5, A(j)} < ^ < a < n(g). We note that E* = G — H has logarithmic 
density 1, where G, H are defined as in Lemma 2.3. By Lemma 2.3, (2.1), (2.2), (2.6) and 
the fact that E* has logarithmic density 1, we obtain 

'L(?’)r2 _ £ — > 00, (2.7) 

as r — > 00. Defining 

K* r = {6 e [0,27 r] : log \g(re l9 )\ < r ^}. 

By (2.2) and (2.7), for all r £ E* we have that 

m(K * r ) — ► 0. 

Set F = {z\f(z) = 00}, since A( j) < ^, we have mi(F) < 00. Obviously, E** = E* — F has 
logarithmic density 1. If 6 e K r for all r E E** , we have 

log \g(re l9 )\ < log \ f(z)\ + log M(r, d) < r s + < r a . 

So, K r C K*. Thus Lemma 2.5 holds. □ 


4 


1369 


YONG LIU etal 1366-1374 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.7, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Lemma 2.6. Suppose f(z) is a nonconstant meromorphic function of order a < o\ < oo. 
For a positive number a, there exists a set E(a ) C [l,oo) with finite linear measure such 
that 


m(E(a ) n [ — , er] ) < exp (— r Q ),r > ro(/), 
and that, for \z\ = r 0 E(a), we have 

| fW(z) 


m 


< exp(r 3a ), r >r 0 (/), J = 1,2,--- ,k. 


Proof. Let A (a, 6) = {z : \z — a\ < <5} and let denote all the zeros and poles 

of f(z), respectively. Let A = A\ U A 2 , where A\ = U M A(^, | exp(— 3|^| 2 ")), A 2 = 
U u A(m u , % exp(— 3|m y | 2Q )). 

Suppose Ei = {t > 1 : A n {|z| = t} / 0}. Obviously 

m(Ei(a) 0 [-, er]) 

< ^{n(3r, /) + n(3r, y)}exp(-r 2 ") 

2 o 1 

< -(3r) fTl exp(— r"“) < -exp(— r“),r > rHa) 

re re 

for |z| = r 0 We consider the differentiated Poisson- Jensen formula, for \z\ = r and 

R = 3r, we have 


z/'(z) 1 

7 

z 


+ E< 

|( M |<3r 

+ E 

|m„|<3r 


Z — l, 


+ 


z — m,. 


log|/(3re^)| ,^^ re \ 2 d6 
(3 re w — z) z 

\ 

(3r) 2 - l^z 
rndz 

(3 r) 2 — m^z 


We use the method of ref [9] , 
zf(z) 

m 


we also obtain 

< ^{m(3r,/) + m(3r, j)} 

+4r(n(3r, /) + n(3r, i))e^ 9r ^ 2 “ + 0(1) 

< (8r + 3)r CT1 e (9r)2 “. 


Hence 


/'(*) 


m 


< (8 r + 


< e' 


We use the same method to each of the functions f , f^ k \ we get there exists a set if (a) 
such that 


T 

m(E(a) O [-, er]) < exp(— r“), 
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and if \z\ = r qL E(a), we obtain 




m 


< e r “,1 < j < k 


Evidently 


. r r em(E n er]) , N 

mAEfa) n -,er ) < 5 = o(l). 

e r 


Since er]) = 2, we obtain that the logarithmic density of E is 0. □ 

By the remarks following Theorem 8.1 in [4] and ref [9], we can easily get that 

Lemma 2.7. Suppose f(z ) is meromorphic of A(y) < /jff) < 1 and 0 < e < min( M ^ 2 1 
//(/)). Suppose there exists an unbounded set of r -valued such that 

log \f{re ie )\ > r^^~ £ 

for all 9 G [0, 27t]. Suppose also that E% C [l,oo) satisfies 

m(E 3 n er]) < exp (— r 6e ), r > Rq. 
e 

Then there is an unbounded set of s-values with s 0 E% such that 

log|/(^)|>^)- 2£ 

for all 9 G [0, r] . 


3 Proof of Theorem 1.1 

Suppose that Aj(z) ( j = 1, 2, • • • ,k — 1) has a finite deficiency 5(aj, f) = ‘la.j > 0 at aj G C. 
By the definition of deficiency, for all sufficiently r, we get 

m(r, — ) > ajT{r,Aj). 

aj 

Hence, for all sufficiently r, there exists a point z r satisfying \z r \ = r and 


log | Aj(z r ) — aj | < —ajT(r,Aj). 


By Lemma 2.2, we choose l > 0 so small that 

1 rv ■ 

k ( p ,< p )( i , iogy)<f- 

Then for all r G E v and for every interval J, we obtain that 


f 

A 1 -(re 16 ) 

ij 

Aj(re ld ) 


c\ • 

d9 < -A-T(r,Aj) 


(3.1) 
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where E v is a set with lower logarithmic density greater than 1 — ip. Suppose z r = re lSr 
and (p > 0 be a sufficiently small number, we choose a number 6q > 0, \0 r — $o| < l, and a 
set E v C [0, oo) with lower logarithmic density greater than 1 — <p. For all given r 6 E v 
and for all 0 € \0 r — /3, 0 r + j3 \ , we have 


log | Aj(re ld ) -a,j | 

= log | Aj(re ier ) ~ a j\ + j e J t lo S \ A A elt ) 


< — aT(r, Aj) + r 


f 6 

A! j (re 1 *) 

J d r 

Aj(re lt ) 


\dt | 


<-|T(r,^)<0. 


CLj\dt 


Thus for \z r \ = r G i?(<£>) \ [0, n] and 0 € [0 r — @r + #o]) we obtain 

|^(re i0 )| <1^1 + 1. (3.2) 

Let transcendental / ^ 0 be a finite order solution of (1.2), and suppose A(^y ) < di A o)- 
We divide the proof into two cases depending on the growth property of Aq(z) by Lemma 2.5. 


Case 1. For given e,0 
r m — > oo such that 


< £ < 


min 1 - M /), 4 £ 1 }. 


there exists a sequence 


log|A 0 (z)| >r AAA ~E 


From (1.2), we get 


f {k \z) I , ,1 f^z) 


\Mz)\< hrV- + 1^-1 


m 


m 


H H |vli(z)| 




m 


(3.3) 


(3.4) 


By Lemma 2.6, set a = 7s, there exists a set E a C [l,oo) with finite linear measure 
satisfying 

m(E a D [~,er]) < e ~ r&E , r > Rq (3.5) 


and if \z\ = r £ E a , we get 




m 


< e r , 1 < j < k, r > Rq 


(3.6) 


By Lemma 2.7, there exists a sequence s m — > oo, s m 0 E a such that for all 6 6 [0, 2tt\, 

log\A 0 (s m e id )\ > S (d Ao) " 2£ . (3.7) 

With (3.1), (3.4), (3.6), (3.7), as s rn — ► oo, we have 

exp (s AA ° A2e ) < (| ai| H f |a fc _i| + k) exp (4? £ ). (3.8) 

Thus, (3.8) is impossible. 
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Case 2. For given e, 0 < e < , If 

K r = {6e [0,27 r) : log \g(r ie )\ < r ^~ £ }, 


there exists a set £2 C [0, 00) having logarithmic density 1 such that m(K r ) — > 0, as r — * 00 
in E 2 . 


By Lemma 2.1, there exists a set £3 C [0,oo) with linear measure zero such that for all 
\z\ = r 0 £3, we get 


f {k \z) 

m 


< \z\ ka ^~ 1+£ 


(3.9) 


Note that £4 = £(</?)n£2\£3 has a positive lower logarithmic density, and for all sufficiently 
large r £ £4, we have [9 r — <f>, 9 r + (f)\—K r / 0. Hence, there exist unbounded points 2 = re 10 
such that (3.2), (3.9) and log \Ao(re ie )\ > r ^ Ao ^~ £ , we obtain that 


exp{ r M(A°)- £ } < ( fc+ | a |) r M/)+ 1 . 


(3.10) 


Obviously, (3.10) is impossible. By case 1, and case 2, we obtain that a(f) = 00. 

If rational function / ^ 0 be a solution of (1.2), using the above similar method, we can 
get a contradiction. Hence, Theorem 1.1 hold. 
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OSCILLATION CRITERIA FOR FORCED AND DAMPED 
NABLA FRACTIONAL DIFFERENCE EQUATIONS 

JEHAD ALZABUT, THABET ABDELJAWAD, HUSSAM ALRABAIAH 


Abstract. Based on the properties of Riemann-Liouville difference and sum 
operators, sufficient conditions are established to guarantee the oscillation of 
solutions for forced and damped nabla fractional difference equations. Numer- 
ical examples are presented to show the applicability of the proposed results. 
We finish the paper by a concluding remark. 


1. Introduction and preliminaries 

The study of oscillation of solutions for various type of equations including dif- 
ferential, difference and dynamic equations on time scales has been the object of 
many researchers in the last five decades. Indeed, great efforts have been put in 
the direction of establishing new oscillation criteria for these type of equations; see 
the monographs [1, 2, 3, 4], 

Due to their widespread applications in science and technology, the fractional 
differential equations have started to attract more attention among physicists and 
mathematicians. Indeed, it was found that various interdisciplinary applications 
can be elegantly modeled by the help of these equations. For instance, the nonlinear 
oscillation of earthquake and heart beats and the stability of brain tumor growth can 
be modeled by using fractional derivatives; the reader can consult the paper [5, 6] 
for more details. In parallel to the recent developments in research, the investigation 
of oscillation property for fractional differential equations has continued and thus 
many significant results have lately appeared [7, 8, 9, 10, 11, 12, 13]. On the 
other hand, difference equations have shown tremendous applications in numerical 
and computational simulations [14, 15]. However, the oscillation of damped or 
forced difference equations have comparably gained less attention among researchers 
[16, 17, 18, 19]. For fractional difference equations, fairly few papers have recently 
published on the oscillation of their solutions [20, 21, 22]. 

Following this trend in this paper, we consider the following forced and damped 
nabla fractional difference equation 

(1 -p(n))VV^(n) +p(n)\7%y(n) + q(n)f(y{n)) = g{n), n £ Ni, 
V(J 1 -q ^ 2/(1) = 2/(1) = c, 

where Vq y and are the Riemann-Liouville fractional difference and sum 

operators of y of order a, respectively, a £ (0, 1) is a real number, c is a constant, 
Ni = {1, 2, . . .} and 


2000 Mathematics Subject Classification. Primary 26A33, 39A10; Secondary 34K11. 

Key words and phrases. Oscillation; Forced and damped difference equations; Fractional dif- 
ference equations. 
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(H) p, g are real sequences from Ni —> R, p(n) < 1, q is a positive real sequence 
from Ni — > R + and / : R — » R such that > 0 for all s ^ 0. 

To the best of their observations, the authors claim that there is no paper in the 
literature concerning with the oscillation of solutions of nabla fractional difference 
equation involving forcing and damping terms. Therefore, the equation under con- 
sideration and the obtained results are essentially new and have their own merits. 

Definition 1. A solution x of (1.1) is said to be oscillatory if it is neither eventually 
positive nor eventually negative, otherwise, it is called non-oscillatory. 


Throughout this paper, we will make use of the following notations, definitions 
and some known results of V fractional operators [23]. For any a,t £ R, the a 
rising function is defined by 

(1.2) *“ = ^r, *eR\{...,- 2 ,-l,0 } , 


with the convention that 0 Q = 0. T is the well known Gamma function satisfying 
the property T(a + 1) = aT(a). 

Definition 2. [23] For a £ (0, 1) and p(s) = s — 1, we have 

I. The nabla operator is defined by Vy(n) = y(n) — y(n — 1), n£Ni. 

II. The Riemann-Liouville fractional sum of order a is defined by 

i n 

(1.3) Vo“y(n) = — r— ^(n-p(s))“^ 1 j/(s), neNj. 

^ S= 1 

III. The Riemann-Liouville fractional difference Vq of order a is defined by 
(1-4) V„”!,(n) = VV 0 - M 9 (n), n £ N, 

and hence 

V n 

(1.5) V£j/(n) = — r^(n-p(s))~ a y(s), n £ Ni. 


Lemma 1. [23] For a £ (0, 1) and n £ N 0 , we have 
1. The relation 


( 1 . 6 ) 


-OL—1 


S7f a \7%y(n) = y(n)-—y(l). 

T(a) 


2. The power rule is defined by 


(1.7) 


ro. + a + i) "**"- ** > ~ L 


Lemma 2. [24] For e > 0, we have 


(1.8) 


T(n)n e 
Inn — - 

n -¥ oo r(n + e) 


= 1. 
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2. The main results 

In this section, we establish the main results of this paper. Indeed, sufficient 
conditions are established for the oscillation of the solutions of equation (1.1). 

Theorem 1. Let the assumption (H) and the following conditions hold 


(2.1) 


and 

(2.2) 


lim inf 


(n — p(s)) a 1 r 


P(s) 


M + ^2 g(r)P(r) 

r=no + 1 


< 0 , 


lim sup 


(n-p(s)r- 1 


S = 1 


P(S 


M + ^2 9 (r)P{r) 
r=n 0 + 1 


> 0 , 


where M is a constant and P{n ) = n"=n 0 ( i-pO) ) f or n ° ^ ^i- TVien ever V 
solution of (1.1) is oscillatory. 

Proof. For the sake of contradiction, assume that y(n) is a non-oscillatory solution 
of (1.1). Then, the solution y is either y{n) > 0 or y(n ) < 0 for n £ Ni. Let 
y(n) >0, n £ Ni. From equation (1.1), we obtain 

(1 -p(n))WJj/(n) + p{n)(V%y)(n) = -q{n)f(y{n)) + g(n) < g{n) 

Multiplying both sides of the above inequality by -P(n), we get 

(2.3) VV“y(n)P(n - 1) + V“y(n)VP(n) < g(n)P(n), 

where P(n— 1) = (l —p(n))P(n) and VP(n) = p(n)P(n) have been used. However, 
the left side of (2.3) can be written in the form 

(2.4) v(v?i/(n)P(n)) < g(n)P(n). 

Taking the sum of both sides from no + 1 to n, we have 


or 

(2.5) 


n 

v o y{n)P(n) < V0?/(no)P(no) + ^ g(s)P(s), 

s=n 0 + l 


/(n) < 


M 

P(n) 


1 

P(n ) 


J2 9 (s)P(s), 

S=«o + l 


where M = Vq y(no)P(no). Applying the operator V x “ on both sides of the above 
inequality, we get 


( 2 . 6 ) 


vrvfa(n) < vr Q 


r M 
-P(n) + 


1 

P(n) 


J2 9 (s)P{s ) 
s=rao + l 


In view of (1.3) and (1.6), we observe that 

77 a 1 

(2-7) Vr“V^(n) = y(n) - —^2/(1)- 

r (a) 
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and 


M 1 \ - 

+ ~pF\ E 9(s)P(s 
P ( n ) s =tT+ 1 


1 


r(a) 


^(n-p(s)) ( 


-i 


M 


1 


(2 ' 8) “ r(a) ^ v "' L P(s) 1 P(s) 

v 7 s=l v 7 v 7 r— n 0 + l 

Combining (2.7) and (2.8), the inequality (2.6) becomes 


X] 9 (r)P(r) 


y(n) < 


n ' 


.CL— 1 


- 1 

l 9(1) + rw^ 


r(a) T(a) ^ P(s) 

Multiplying the above inequality by n 1_Q , we get 


M + 9(r)P{r) 

r=«o+ 1 


n 1 a y{n ) < n 1 “n 


i_„ Sitt 2/(1) , n 


1 “ n (n — p(s)) a 1 


r(a) r(a) 


E 

S— 1 


P(t 


M + ^ g(r)P(r) 
r=n 0 + l 


However, we note that n 1 Q n“ 1 = ^ • By the help of Stirling formula 


(1.8), we observe that 


lim n 1_a n a_1 = lim 

n— >• oo n— >■ oo 


= lim 


TT(n + a — 1) F(n + a) 
n°T(n) r(n + a) 
T(n + a — 1) 


nl'ln + a — i) nr(?z + a — 1) 

urn — = lim — - 

n -¥ oo T(?r + a) ri->oo r(n + a — 1 + 1) 

nT(n + a — 1) 


(2.9) = lim — — — 

n-¥ oo (n + a — l)r(?r + a — 1) 

By virtue of (2.9) and condition (2.1), we conclude that 


= 1. 


lim inf nr a y(n) < — oo, 

n— >oo 


which contradicts the assumption that y(n ) > 0. 

In case y(n) <0, n € Ni, nevertheless, we get 

v(Vo?/(n)P(n)) > 9 (n)P(n) 
or 

VSbW > W) + r® s 9(,)p(s) ’ 

v 7 v 7 s=n 0 +l 

where M = \/Qy(no)P(no). Following similar steps, we end up with 


- 1 — q„q— 1 2/(1) , nl 

r(a) r(a) fri 


*y{n) > 


n n 


(n — p(s)) a 1 r 

P(s) 


M + E 9(r)P{r) 

r=no+l 


The analysis in (2.9) and condition (2.2) implies that limsup n _ > , 00 n 1 a y(n) > oo, 
which contradicts the assumption that y(n) < 0. The proof is finished. □ 


Let z(n) = 5Z"=i( n — P( s )) a y( s ) where y(t) is a solution of equation (1.1). 
Then, by relations (1.3) and (1.4) we get 

(2.10) Vz(n) = T(1 - a)Vgy(n). 

It is clear that z and y have the same dynamical character. We will use relation 
(2.10) to prove the following theorem. 
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Theorem 2. Let the assumption (H) and the following conditions hold 


( 2 . 11 ) 


and 


lim inf > 

n . — ^ 


1 

W) 


S 

M + Y g{r)P{r) 

r=no+l 


— 00 , 


(2.12) 


lim sup 


s = 1 


1 

W) 


s 

M + ^ g(r)P(r) 
r=r»o + l 


= 00 , 


where M is a constant and P(n ) = U"= no ( i-pO) ) f or n ° ^ ^°. Then every 
solution of (1.1) is oscillatory. 


Proof. For the sake of contradiction, assume that y{n ) is a non— oscillatory solution 
of (1.1). Then, the solution y is either y(n) > 0 or y(n) < 0 for n £ Ni- Let 
y(n) >0, n £ Ni. Following similar steps as in the proof of Theorem 1, we reach 
to 

VSv{n> < + rkj S 9(*> p <*). 

v K ' s=n 0 +l 

It follows from (2.10) that 


Vr(n) < 


r(i - a) 

P(n) 


n 

M+ Y, 9(s)P(s) 

s=r»o + l 


Taking the sum of both sides from n o + 1 to n, we have 


z{n) < z(n 0 ) + F(1 - a) Y 

s=n 0 + l ^ ^ 


s 

M + E g(r)P(r) 

r=n 0 + 1 


In view of condition (2.11), one can easily see that the right hand side of the above 
inequality tends to — oo as n — > oo which contradicts with the fact that z(n) > 0. 
In case y{n ) <0, n £ Ni, then in the same manner we obtain 


n 

z(n) > z(n 0 ) + F(1 — a) Y. 

s=n o + l 


1 

W) 


s 

M + Y 9{r)P(r) 

r=n o + l 


In view of condition (2.12), the right hand side of the above inequality tends to oo 
as n — > oo which contradicts the fact that z(n) <0. □ 


3. Examples 

In this section, we present two examples to demonstrate the validity of the results 
in Theorem 1 and Theorem 2. By finding a non-oscillatory solution, the first 
example shows that the assumptions of Theorem 1 cannot be ignored whereas in 
the second example we verify that the assumptions of Theorem 2 are satisfied thus 
we conclude that all solutions are oscillatory. 
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Example 1. Consider the following forced and damped nabla fractional difference 
equation 


(3-1) 


fvv|»(n) - y(n) + ^ (n) = 6 n € Nr, 


Vo^(i) = y (i) = -r(-), 

where a = p(n) = q(n) = f(y) = V and g(n) = 6 ~ 3 g (?) . There- 

fore, P(n ) = nil (|) = (§)"• By simple calculations, we get 


(3.2) 


6 - 3r(|) /3y| 

_ 8 \ 2 / 
s= 1 r= 2 


n ~ s 

^(n-s+ !)“*(-) M + J2 


> 0 . 


Inequality (3.2) implies that condition (2.1) of Theorem 1 is not satisfied. On the 

other hand, one can easily figure out that y(n) = ni is a non-oscillatory solution 
for equation (3.1). 

Example 2. Consider the following forced and damped nabla fractional difference 
equation 


(3-3) 


t^VVq y(n) - ^V 0 4 y(n) + q(n)f(y(n)) = n 2 T(n), uSNi, 
Vf*y(l) = y(l) = c, 


where a = \, p(n) = — | and g(n ) = n 2 V(n). Therefore, P(n ) = JJli (f) = (|) ? 
Furthermore, we get 


lim sup (I) \ M + Y r2r(r ) ( l) 

n—> oo , \ O / \t±/ 

s— 1 r— 2 

which implies that condition (2.11) of Theorem 2 holds. Therefore, every solution 
of (3.3) is oscillatory. 


4. A CONCLUDING REMARKS 

The oscillation of solutions of fractional differential equations is considered to 
be one of the hottest topics among researchers nowdays. For fractional difference 
equations, however, the oscillation of solutions is still at its first stages of progress. 
We consider here this problem for a general form of equations involving forcing and 
damping terms which make the equation under consideration adequately represents 
real phenomena. Two main results are established to guarantee the oscillation of 
solutions. For numerical treatment, we examined our results by presenting two 
examples which show that the proposed assumptions are sufficient. 

There are some points that feature the results of this paper and make them inno- 
vative. Equation (1.1) is considered in general form which covers many particular 
cases. No restriction is imposed on the forced term g in equation (1.1). The results 
of this paper can be extended to equation involving delay argument 

(1 - p(n)) VV^y(n) + p(n)(V%y)(n) + q(n)f(y(n - r)) = g(n), n G Ni, 

where r > 0. It is worthy to mention that every solution of the above equation is 
also oscillatory under assumption (H). That is, the delay argument has no influence 
on the oscillatory behavior. The results of this paper can be also carried out upon 
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employing the right fractional difference operator, we recommend the reader to 
consult the paper [23] for more details. The above equation with delay argument 
is then converted to an equation with advanced argument. Unlike most of the 
papers appeared in the literature which studied oscillation property for difference 
equations involving delta operator, we consider here an equation involving nabla 
operator which is more appropriate upon calculations. 
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Abstract 

In this paper, we present a novel C 2 surface modeling method only based on the values of 
the original function. There are two schemes to generate a family of the interpolation surfaces. 
Identified uniquely by the values of the tension parameters a,.j and /3,j, each interpolant of 
the family is C 2 continuous in the whole interpolating region, and which can be represented 
by using basis functions clearly. More important, since there are free positive parameters in 
the interpolants, the shape of the interpolating surfaces can be modified by selecting suitable 
parameters for the unchanged interpolating data. Also, the interpolants are stable for any pos- 
itive parameters, and the error estimate formula of the interpolators are derived. Numerical 
examples show that the interpolators give a good approximation to the interpolated function 
and the shape of the interpolating surfaces can be modified. 

Keywords: C-spline; bivariate rational interpolation; surface modeling; shape control 


1 Introduction 

In various applications such as industrial design and manufacture, atmospheric analysis, geology 
and medical imaging, etc., it is often necessary to generate a smooth surface that interpolates a 
prescribed set of data. For most applications, C l smoothness is generally sufficient. However, 
curvature continuity sometimes is needed and this leads to the need for C 2 smoothness. 

For generating a C 1 smooth surface, there are many ways to tackle this problem [3, 9, 10, 16, 
22], But, generating a C 2 bivariate interpolation is a more difficult task. In [9], a bicubic spline 
interpolation scheme was proposed as a extension of the theory of cubic splines to two dimension, 
this type of interpolation scheme has become the standard scheme for rectangular regions, and which 
has studied in many literatures [4, 7, 17]. In recent years, some of the literatures have contributed to 
the C 2 bivariate interpolation also. For example, in [5], Brou and Mehaute proposed a construction 
of C r bivariate rational splines over a triangulation, via a finite element approach; In [6], a novel 
surface modeling scheme was presented based on an envelope template, and G 2 or C 2 composite 
surfaces can be obtained utilizing the envelope template sweeping over the data points; In [8], a 
rationally corrected quintic Bezier triangular patch scheme of degree 9 over degree 4 and controlled 
by 27 Bezier points was used to define a smooth surface through scattered data, and a convex 
combination technique was employed to enable C 2 continuity conditions on the boundaries of the 

‘Corresponding author: sunqh@sdu.edu.cn 
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triangle to be satisfied; In [11], a refinable function vector of C 2 -quartic splines was introduced for 
generating approximation quadrilateral subdivisions, and that of C 2 -quintic splines was constructed 
for generating a second order Hermite interpolatory quadrilateral subdivision; In [12], two families 
of solutions provided by two Hermite subdivision schemes HD 2 and HB? were investigate, and a 
C 2 interpolant on any semiregular rectangular mesh was generated with Hermite data of degree 2; 
In [18], two C 2 shape-preserving bivariate interpolant on rectangular grids were developed by using 
polynomial splines; In [20], C l - and C 2 -continuous spline-interpolation surfaces were constructed 
in a regular triangular net with the help of polynomial basic functions; In [21], author proved that 
there exists a C 3 piecewise polynomial of degree 7 on the twice CT type split of a triangle, which 
interpolate arbitrarily given values and derivatives of orders up to 3 at the vertices and on the 
edges of the triangle. 

Most of above C 2 bivariate spline interpolations are in fact polynomial interpolations. However, 
one of the disadvantages of the polynomial spline method is that the local shape can not be modi- 
fied for the interpolating surfaces while interpolating data is unchanged. Further, generating a C 2 
bivariate interpolation usually requires up to second-order partial derivative values of the interpo- 
lated function, or to solve a system of consistency equations for second-order partial derivatives at 
the data sites. Unfortunately, in many practical problems, the partial derivatives are difficult to 
get. Thus, in order to generate the C 2 surfaces required for CAGD, the following conditions must 
be satisfied: (a) the surfaces are constructed based only on function values; (b) the parameters of 
constructed surfaces can be modified without changing the given data. 

In fact, in recent years, motivated by the univariate rational spline interpolation, the C 1 bivari- 
ate rational spline, which has a simple and explicit mathematical representation with parameters, 
has been studied [1, 13, 14, 15]. Since the parameters in the interpolation function are selective 
according to the control constrains, the constrained control of the shape becomes possible. 

In this paper, motivated by C 2 rational spline curve [2], a C 2 piecewise bivariate rational 
spline interpolation which can be modified by using new parameters, will be concerned based only 
on function values. To solve the problem, a new approach is proposed by using a constructed 
interpolation function comprising a simple and explicit mathematical representation with the new 
parameters a ltJ and (3ij. This paper is arranged as follows. In Section 2, a piecewise bivariate 
rational spline interpolation with parameters is constructed over rectangular mesh. Section 3 
discusses the C 2 continuity of the interpolant. In Section 4, the basis of this interpolator is derived, 
and the bounded property is obtained. Sections 5 deals with the error estimates of the interpolator. 
Some numerical examples are given in Section 6, which show that this interpolator gives a good 
approximation to the interpolated function and the shape of the interpolating surfaces can be 
modified by selecting suitable parameters. 

2 Construction of bivariate rational spline interpolant 

Let 0 : [a, 6; c, d] be the plane region, and {( Xi , ?/*, fi,j),i = 1,2 ,n;j = 1, 2, • • • , m} be a given 
set of data points, where a = x\ < X 2 < • • • < x n = b and c = y\ < y -2 < ■ ■ ■ < y m = d are 
the knot spacings, fij = f(xi,yj). dij and eij are chosen partial derivative values and 

9 ^&y V ' > at the knots ( X{,yj ), respectively. Let h n = Xj+i — x t , and lj = yj+i — yj , and for any point 
(x,y) € [xi,Xi + i',yj,yj + i\ in the xy-plane, let 6 = (x — Xi)/hi and rj = (y — yj)/lj ■ Denoting 

a (*) _ /i+l, j ~ fi,j A (y) _ fi,j + 1 ~ fi,j 
hi ’ ^ h • 

First, for each y = yj . j = 1,2, • • • ,m, construct the x'-direction interpolating curve, this is given 
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by 


where 


PiA x ) 



i = l, 2 ,- • • ,n - 1, 


(1) 


PU X ) = (! - - 9) 2 Vij(*) + 02 (! - 9)W?j(x) + 6 3 f i+1J , 

q*j(x) = (1 - 9) 2 + 0(1 - 6)a it j + 0 2 , 


with 


V*j(x) = (aij + 1 )fij + hidij + 0(1 - (1 - 9)a it j)(f i+ ij - f itj - hidij ), 

(x) — ipi,j T l)/i+l,j hid{-\- \ j (1 0)(1 9 a i,j)(fi+l,j fi,j l,j)j 


and Qjjj > 0. This interpolation P*j(x) defined by (1) is called the rational quintic interpolator 
which satisfies 


= hi, p:,m+ i) 


fi+l,ji P%j ( x i) — di,j ) Pi,j (^i+l) — 


Further, when cqj — > +oo, the interpolant is the well-known standard cubic Hermite interpolation. 
That is to say, in this special case, the interpolant P*j(x) defined by (1) will give approximately 
the Hermite interpolation. 

If the partial derivative values dj j at the data sites are estimated using the arithmetic mean 
method: 


di,j ~ 


Ag + hi A) 


( X ) 


hi - 1 + hi 


i = 2,3, ••• ,n - 1, 


( 2 ) 


then the interpolation function P*j(x) defined by (1) is C 2 continuous in [a, b], and which satisfies 
P"{Xi) = 


1 , 3 ' 

2 


hi — i + h, 


■(Ag-Aj!^.), * = 2, 3, • • • , n — 1. 


Remark 1. At the end knots xi,x n , the derivative values are given as 


J _ aW aWi 

dlJ “ A « " “ A u>- 


d • - A ( } + h 

a n,3 ~ ^n- l,j ^ h , h 

tin - 1 + <bi-2 


(aW _ a ( x) 1 


(3) 


For each pair of (■ = 1, 2, ■ ■ ■ , n — 1 and j = 1, 2, • • • , m — 1, using the x-direction interpo- 
lation P*j(x), define the interpolation function (x.y) on [xj, Xj+i; yj, yj+\\ as follows: 


where 


p i,j{x,y ) 


Pi,j(x,y) 

%j(y) 


i = 1,2, l;j = l,2,---,m- 1, 


( 4 ) 


2/) = (4 - y) 3p i,j( x ) + vO- - v) 2y i,j + 0 2 (! - 

Qi,j(y) = (4 - d ) 2 + 0(1 - y)Pi,j + 0 2 > 
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with 

Vij = ( Pij + 1 )P* }j (x) + lj<t>i,j{x ) + <pi,j(x,y), 
w i,j = (. Pi,j + ~ + Aj(x,y), 


and 

(/>i,s(x) = (1 — 0) 3 (1 + 4 0 + 9 0 2 )ei tS + 0 3 ( 6 — 80 + 30 2 )ei+i,sj s = j, j + 1, 

<PiA x >y) = (0 - 7 ?( 1 - r /)(Aj + i))(-f?j+i( x ) - ^j(*) - hfaAx)), 
i>i,j(x,y) = (1 - r/ - r/(l - 77 ) (Pi,j + l))(P*j(x) - P* j+ i(s) + Zj^j + i(x)), 

and /3jj > 0. The interpolation function Pij(x,y) defined by (4) is called a bivariate piecewise 
rational interpolator, which satisfies 


Pi,j{x r ,y s ) = f{x r ,y s ), 


dPi,j (x r , y s ) 
dx 


= dr 


QPl.-j (Xr 


Vs) 


dy 


= e. 


r,si 


r = i,i + 1, s = J, j + 1. 


The interpolating scheme above begins in x-direction first. Now, let the interpolation begins 
with //-direction first. For each x = Xj,7 = 1,2, •••,77, denote the //-direction interpolation in 

fe/p 2 / 7 + 1 ] b y 


Qij(y) 

where 


(1 ~ d) 3 fi,j + ~ v) 2 V*Ay) + ~ 7 ?)^i,j(2/) + T/ 3 /ij+i 

(1 - 7?) 2 + ?/(l - T])Pij + ?/ 2 


1,2, •••, 777.- 1, (5) 


Vi d (y) — (0i,j T l)/ij T lj&i,j T 7/(1 (1 fi,j lj e i,j')i 

= + l)/ij+l — ljdi,j+ 1 — (1 — 77 ) ( 1 — V0ij)(fij+1 — fi,j — lj e i,j+l)i 


with / > 0. This interpolant Q* 3 (y) defined by (5) is C' 1 -continuous in [c, d], and which satisfies 


Qijfe) = fi,j, Q*Ayj+i) = /ij+i, Qljiyj) = eij, Q*iJ{y j+ 1 ) = e^+i. 


If the partial derivative values gjj at the data sites are estimated using the arithmetic mean 
method: 

e*j = -r — — — 2 — ,J = 2 , 3 , ••• ,777 - 1, 


_ AW _ 
e *,l — ^i.l 


/j_l + lj 

(y) hi 1 a (y) aW: 


/i + i: 


-(A$ - A^), 


(6) 


P . = A (y) -I (/\ {y) - A (y> 1 


, 0) 


lm— 1 T lm—2 

then the interpolation function Q*j(y ) defined by (5) is C 2 -continuous in [c, d], and which satisfies 


Q"(yj) = 


(Ag-Ag_!), j = 2, 3, •••, 777 - 1 . 


+ lj 


For each pair (i, j), i = 1, 2, • • • , 77 — 1 and j = 1, 2, • • • , 777 — 1, using the //-direction interpo- 
lation function Q*j(y), define the bivariate rational Hermite interpolating function Qij(x,y ) on 
[xi,Xi + i;yj,y j+1 \ as follows: 


Qi,j(x,y ) 


(1 - efQP{y) + 6(1 - 0) 2 U M + 6 2 ( 1 - e)W id + 0 3 Q* +1j (t/ ) 
(1 - 0) 2 + 0(1 - 0)a i;j + 0 2 


( 7 ) 
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where 


Vij = ( Oij + 1 )Q*j(v) + hi<t>i,j(y) + <Pij(x,y), 

Wij = ( Oiij + l)Q* +1J (y) - hi^ i+1J (y) + if i:j (x,y), 


with 

<t>i,s{y) = (! - h) 3 (! + 4 h + 9 V 2 )d r ,j + 77 3 (6 - 8?/ + 3r] 2 )d r:j+ i, r = i,i + 1, 

Vijfay) = (0 - 0(i - 0)(a;j + i))(Q*+ij(y) - Q*,j(y ) - Mij (z/)), 

y) = (i - 0 - 0(i - 0)(atj + i))(Q*j(s/) - Q*+ij(y) + Wi+ij(i/)). 
and ajj > 0. The interpolation function Qij(x,y ) defined by (7) satisfies 


Qi,j{x r ,y s ) — f{x r ,yg), 


dQi,j(x r , y s ) 
dx 




dQi,j (x r , y s ) 
dy 


— 6 r>s , 


r = i,i + 1, s = j, j + 1. 


The interpolating functions P t j(x, y) defined by (4) and Qi.j(x, y) defined by (7) satisfy the 
same interpolating data, but they are not the same interpolation functions. In the following, unless 
pointed out specifically, the bivariate rational interpolation based on function values means they 
are defined by (4). 


3 C 2 continuity of the interpolant 


For the C 2 continuity of the interpolation function P t j (x.y) defined by (4), we have the following 
theorem. 

Theorem 1. If the knots are equally spaced for variable x, namely, hi = (b — a)/ n, a sufficient 
condition for the interpolation function P % j(x, y), i = 1,2, • ■ ■ ,n — 1 ;j = 1, 2, • • • , m — 1, to be 
C 2 in the whole interpolating region [x\, x n ; y\, y m ] is that the parameters ff.j = constant for each 
j € {1,2 ,■■■ ,m — 1} and all i = 1, 2, • • • , n — 1, no matter what the parameters a t j might be. 
Proof. When the conditions of the theorem are satisfied, we can easily obtain that the interpolation 
function Pij(x,y ) is C 1 continuous in the interpolating region [xi,x n ;yi,y m ] (see [13]). 

Furthermore, since the rational interpolation function P* ^ (x) defined by (1) is C 2 continuous in 
[xi,x n ], it is easy to show that the bivariate interpolation function Pij(x, y ) has continuous second- 

order partial derivatives , 9 Qxdy^ anc ^ 1 dy 2 ~ ai interpolating region [xi,x n ;yi,y m ] 

d p 1 ? ■ (X) y') 

except ^ ’ for ever y y G [ypyj+ i]>J = l, 2 , • • • ,m - 1, at the points (x i: y), i = 2, 3, • • • , n - 1, 


and 


dP lj{ x ,y) 
dy 2 


for every x € \xi, Xj+i], i = 1,2, • ■ • ,n — 1, at the points ( x,yj),j = 2,3, ■ ■ ■ ,m — 
1. Thus, it is sufficient for P t .j(x, y) G C 2 in the whole interpolating region [x\,x n -,y\,y m \ if 

dP 2 ( x~I ,y) dP 2 (xC y) dP 2 (x,yl) dP 2 (x,y~ ) 

hold. 


From (4), it can be derived 
dPj :j (x,y) _ 1 


dx 2 


Qi,j(y ) 


[(1 - r/) 3 (l + rj + 2 rj 2 + ?/(l + 2r))Pi :j ) 


dx 2 


+t/ 3 (4 -5 rj + 2 if + (3 - 5 77 + 2 


+ipi( 1 - h) 3 (i + v + vPi,j ) d 


d P* j+ i(x) 
dx 2 


( 8 ) 


-^•?? 3 (1 - 77) (2 - r? + (1 - ? 7 )A,j) 


d 2 ^j + i(x) 

dx 2 
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Since 


d*<f>iA x t) _n d ‘ 2( l ) iA x i+ 1) 


dx 2 


= 0, 


dx 2 


= 0, s = j,j + 1, 


8P? (x,y) 

and the interpolation function P*j(x) is C 2 continuous, it is easy to see from (8) that — — is 
continuous at the points (xj, y), i = 2, 3, • • • , n — 1 for every y G [yj, yj + i],j = 1, 2, • • • , m — 1, when 

dP“^ ■ {px 

Pi-i, j = Ay and A-i = hi. The proof of the case which — 2 - is continuous at the points (x, yj) 
is similar. This completes the proof. □ 

Similarly, for the interpolation function Q t ,j(x, y) defined by (7), the following theorem can be 
derived. 

Theorem 2. If the knots are equally spaced for variable y, namely, lj = (b — a)/m, a sufficient 
condition for the interpolating function Qi,j(x,y),i = 1,2 ,■■■ ,n — 1 ;j = 1,2, ■■■ ,m — 1, to be 
C 2 in the whole interpolating region [xi,x n ;yi,y m ] is that the parameters ctij =constant for each 
i G {1,2, - -- , n — 1} and all j = 1, 2, • • • , m — 1, no matter what the parameters Pi,j might be. 


4 Basis of the interpolant 

From (1) and (4), the interpolation function Pjj(x,y) can be written as follows: 

i -\- 1 i+i 

p i,j(x,y) = EE K V^)fr,s “1“ V^j^r,s\^ (9) 

r—i s=j 


where 

(1 - 6Q 2 (1 - 77) 3 (1 + 0(1 + (9 - 20 2 )q^-)(1 + r] + 2r? 2 + r?( 1 + 2r])(3jj) 

ai,j ,T] ((1 - 0) 2 + 0(1 - 0)ah j + 0 2 )(( 1 - 7/) 2 + 7/(1 - rj)Pij + r/ 2 ) 

(1 - 6>) 2 7 7 3 (1 + 0(1 + 0 - 20 2 K i+1 )(4 - 57/ + 2r/ 2 + (3 - 5r/ + 27/ 2 )A,j) 
° M+1 ,7? ((1 - 0) 2 + 0(1 - 0)a:ij + i + 0 2 )((1 -77) 2 + r/(l - rj)Pij + rj 2 ) 

0 2 ( 1 - t/) 3 ( 1 + 0(3 - 50 + 20 2 )ajj)(l + 7/ + 2?/ 2 + 7/(1 + 2 r))pi,j) 
ai+hj[ ,?/ ((1 - 0) 2 + Ai - 0Ki + 0 2 )((i - V) 2 + 0(1 - v)Pi,j + 0 2 ) ’ 

_ 0 2 t/ 3 (1 + 0(3 - 50 + 20 2 )a ij+ i)(4 - 57/ + 2 t/ 2 + (3 - 5t/ + 2r/ 2 )A,j) 

a,+1J+U ’ V) ((1 - 0) 2 + 0(1 - 0)Oij + 1 + 0 2 )((1 - 0) 2 + 7/(1 - v) Pi, j + V 2 ) ’ 

0(1 - 0) 3 (1 ~ 0) 3 (1 + 0Ql,j)(l + h + 2 t/ 2 + 7/(1 + 27/)Aj) 
hj ((1 - 0) 2 + 0(1 - 0)aij + 0 2 )((1 - 7?) 2 + 7/(1 - 77) A, j + 0 2 )’ 

0(1 - 0) 3 ?/ 3 (l + 0a ij+ i)(4 - 57/ + 2 t/ 2 + (3 - 5t/ + 27/ 2 )Aj) 
iJ+U ((1 - 0) 2 + 0(1 - 0K,+i + 0 2 )((1 - 0) 2 + 0(1 - v)Pi,j + 0 2 ) ’ 

0 3 (1 - 0)(1 - 0) 3 (1 + (1 - 0)«i,j)(l + 0 + 2 t/ 2 + 7/(1 + 27/) A j) 
((l-0) 2 + 0(l-0K i + 02)((l- 7/)2+7/(l -7 /)Aj+0 2 ) ’ 

0 3 (1 - 0)?/ 3 (l + (1 - 0)aij+i)(4 - 5?? + 2r] 2 + (3 - 5t/ + 2?/ 2 )A,j) 
i+1J+U ’ V) ((1 - 0) 2 + 0(1 -0K j+1 + 0 2 )((l-r/) 2 + 7/(1 -7 /)Aj+0 2 ) ’ 

(1 - 0) 3 t/(1 - ?7) 3 (1 + 40 + 90 2 )(1 + ?? + t/Aj) 

(1 - 0) 2 + 0(1 - 0) A,j + 0 2 

^ (1 - 0) 3 7/ 3 (l - 77) (1 + 40 + 90 2 )(2 - 7 / + (1 - 7/)Aj) 

Cjj+l(0,0j 71 _ ^2 I „7i _ ^1/7. . ^2 ’ 
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Cj+ij+i(M) 


0 3 ?/( 1 — ?/) 3 (6 — 89 + 30 2 )(1 + rj + 7/Aj) 

(1 - t/) 2 + 77(1 - r])Pij + r] 2 
0 3 ?/ 3 ( 1 - ?/)(6 - 80 + 30 2 )(2 - rj + (1 - 77) A, 7 ) 
(1 - if) 2 + 77(1 - r/)Aj + t ? 2 


The teams a r ^ s (9, rf,b T)S (9 , r/), c ryS (9, if,r = i, i + 1, s = j, j + 1 are called the basis of the interpolant 
defined by (4), which satisfy 


a i,j(9, rf + dij +1 (9,if +a i+1 j{9,r)) + a i+ i j+iAA rf = 1, 
bi,j(9, rf + 67 , 7 + 1 ( 0 ,?/) - b i+ ij(9,rf - b i+ljj+ i s (9,r]) = 9(1 - 9), 

Ci,j(9, rf - Cij + i(9,rf + c i+1 j(9,if - c i+ ij +ls (9,r]) ( 10 ) 

7/(1 — 77 ) (1 — T] + 7/ 2 + 7/(1 — 77 ) A, 7 ) (1 + 9 — 1O0 3 + 150 4 — 60 5 ) 

(1 - 7 f 2 + 7/(1 - 7/)A,7 + ?/ 2 


Denote 

M = max{|/ rjS |,r = i,i + l;s = j + 1}, 

Qi = max{/i i |A,s| ) 'f = i,i + l;s = j, j + 1}, 
Q 2 = max{Zj|e r)S |,r = i,i + l\s = j, j + 1}. 


For the given data, the values of the piecewise bivariate interpolation function P h j(x, y) defined 
by (4) are bounded in the interpolating interval as described by the following theorem. 

Theorem 3. Let Pi t j(x,y) is the interpolation function over [xj, Xj+i; yj, 7 / 7 + 1 ] defined by (f). No 
matter what positive number the parameters 07 , s ( s = j, j + 1) and A , 7 take, the values of Pj jfx, y) 
in [xi,Xi+i;yj,yj + i\ satisfy 

\Pi,j(x,y)\ < M + + 0.430029Q 2 . 


Proof. From (9) and (10), it is easy to derive that 

j+lj+l i+1 j+1 i+1 J+1 

\Pi,j(x,y)\ < K,s(M)| + QlEE \ b r,s(0,v)\ + Ql E E \cr,s(0,v)\ 

r=i s=j r=i s=j r=i s=j 

i -\- 1 j~\~ 1 -1 z+1 j + 1 

^ M + 0(1 — 0)Q\ + Q 2 EE \cr,s(9, rf | < M + — Qi + Q 2 EE | Cr, s (0,77)|. 


r=2 


r=i s=j 


Since 


7 a _ 7/(1 - ?/)(l - 7/ + T/ 2 + 7/(1 - t/)A,7)(1 + 0 - 1O0 3 + 150 4 
^ ^ |Cr ’ Si ,r?jl (1 - 7/) 2 + 7/(1 - 7/) A, 7 + T/ 2 


s = j 


< (1 + 0 - 1O0 3 + 150 4 - 60 a ) 


5\ ??( 1 7/)(l 7/ + 7/ 2 ) 


1 — 2rj + 2?/ 2 


and 


max (1 + 0 - 1O0 3 + 150 4 - 6 0 5 ) = 1.14675, 
6>e[o,i] 

7/(1 — 77 ) (1 — 7 / + 7 / 2 ) 3 

r?e[o,i] 1 — 2?/ + 2 t/ 2 8 

thus, the proof is completed. □ 


60 5 ) 
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5 Error estimates of the interpolant 


Note that the interpolant defined by (4) is local, without loss of generality, it is only necessary 
to consider the interpolating region \xi, xi + \\ yj, yj+i] in order to process its error estimates. Let 
f(x,y) € C 2 be the interpolated function, and P t ^fix, y) be the interpolation function defined by 
(4) over [x u x i+ i; yj, y j+ i\. 

Denoting 


df n i df(x,y) l 

— = max , 

dy ( x, y )€D dy 


dP u dPij(x,y) 

— = max ^ 

dy (a :,y)€D dy 


where D = [xi, x'j+i; yj, yj+i]- By the Taylor expansion and the Peano-Kernel Theorem [19] gives 
the following: 


I f{x,y) - Pi,j(x,y ) | < | f{x,y) - f(x,yj)\ + \ P itj (x,yj) - P itj (x,y)\ + | f(x,yj) - 

j-Xi + l /( r , y .) 

+ I J x ffifi R ^ x ~ T )+] dr \ 


df dP 


in) 


where || - || = 


z, n\ d f dP n\ , M <9 2 /(a?, 2/y) n f Xi+1 |D u , n , 

< ^(H^ll + H^II) + H—^2—11 J Xi \^ x ~ T ^ dT ’ 

max xeixi,x i+1 ] \ 9 and 


Rx[(x - r)+] 


(x - t) - a i+1 j(9,0)(x i+1 - r) - b i+ i }j (9, 0)hi, Xi < r < x; 
-a i+ i ! j(0,O)(x i+ i - t) - b i+ljj (6,0)hi,x < r < x i+ i, 
r(r), Xi < t < x; 
s(r), x < t < x i+i . 


Thus, by simple integral calculation, it can be derived that 


where 



Rx[ (x - t) + \\(It == h 2 B(0,aij), 


m0n 9 2 (l-9) 2 (l + 29(l-9)a hJ ) 2 

{ ’ l ' J> ( l + 9(3 - 59 + 29 2 )a i , j )(l+9(l + 9~ 29 2 )a i , j )' 


( 12 ) 


(13) 


For the fixed a t j, let 

B\ x } = max B(9,ati j). 
0s [o,i] 


(14) 


This leads to the following theorem. 

Theorem 4. Let f(x,y) € C 2 be the interpolated function, and Pij(x,y ) be its interpolator defined 
by (4) in [xi,Xi+i',yj,yj+i\. Whatever the positive values of the parameters ai, s ,/3 r ,j might be, the 
error of the interpolation satisfies 


\f(x,y) - Pi, fix, y ) | < Zj(|||^| 


+ 


l ^ ll)+ft - 2 


i d 2 f(x,yj) UB (x) 


dx 2 


ho 


P) 


where B) , 

L iJ 


defined by ( 14 )- 
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Similarly, denoting || 9 H = m ax a , g [ a ,. jX . +1 ] | 9 |, then the following theorem holds. 

Theorem 5. Let f(x,y ) € C 2 be the interpolated function, and Pij(x,y ) be its interpolation 
function defined by (4) in [ Xj , Xj+i; yj, yj+i\. Whatever the positive values of the parameters ai jS , f3 r j 
might be, the error of the interpolation satisfies 

!/(*.») - *W*.»)l < Ldlgll + Ilf il) + i.?ii%a±h|| S g> +1 , 

where b\ x ^ + 1 = max^gp B(6, acij+i), and B(9,a.ij) defined by (13). 

(x) 

Furthermore, for B- J , we can conclude the following theorem. 

(x) 

Theorem 6. For any positive parameters ai jS ,s = j, j + 1, B is J are bounded, and 


— < B {x) 
16 “ *’ s 



6 Numerical examples 

For the bivariate rational spline interpolant defined by (4) , since there are three shape parameters 
in the interpolation function, when the parameters vary, the interpolation function can be changed 
for the unchanged interpolating data. Thus, the shape of the interpolating surface can be modified 
by selecting suitable shape parameters according to the control need. Also, the interpolator can 
give a good approximation to the interpolated function. In this section, in order to show the 
effectiveness which the interpolator defined by (4) approximate a function, and to describe that the 
shape of the interpolating surface can be modified by free shape parameters, some examples will 
be given. 

Example 1. Let the interpolated function be f(x,y) = sin(x' 2 + y), (x,y) G [0, 0.8; 0, 0.8], and let 
hi = lj = 0.2, then x, = 0.2(i — 1), yj = 0.2(j — 1), i,j = 1,2, 3, 4, 5. Also let = 0.3 + 0.2?' + 0.1j, 
ffj = 0.6 + O.lj. The partial derivative values d ltJ at the knots ( Xi,yj ) ( i,j = 1,2,3, 4, 5) are 
conducted by using (2) and (3). The partial derivative values ejj at the knots (. Xi,yj ) (■ i,j = 
1,2, 3, 4, 5) are given by (6). 

Figure 1 shows the graph of the interpolated function f(x,y). Figure 2 shows the graph of the 
interpolation function P{x,y) defined by (4). Figure 3 shows the surface of the error f(x,y) — 
P(x, y). From Figure 3, it is evident that the error of the interpolation is smaller than ±8 x 10 — 3 , 
this means the interpolator defined by (4) gives a good approximation to the interpolated function. 
Example 2. Let fl : [0, 1.5; 0, 1.5] be the plane region, and the interpolation data are given in Table 
1. The interpolation function P h j(x, y) defined by (4) can be constructed in [0, 1.5; 0, 1.5] for the 
given positive parameters a t j, and (f t j. In order to show that the shape of the interpolating 

surface can be modified by selecting suitable parameters according to control need, we consider 
the value control of the interpolating surface. Assume a %)] = caj+i and /3jj =constant for each 
j € {1,2,3} and all i = 1,2,3, then the interpolant Pij(x,y ) defined by (4) is C 2 in interpolating 
region [0, 1.5; 0, 1.5]. Without loss of generality, we only consider a subinterval [0.5, 1; 0.5, 1]. 

Let a i t j = 0.5, /3ij = 0.8. The partial derivative values dij and e^j at the knots ( Xi,yj ) 
are conducted by using (2) and (6), respectively. For the given interpolation data, denote the 
interpolation function by P\(x,y) which is defined over [0.5, 1;0.5, 1]. Figure 4 shows the graph of 
the bivariate rational interpolating surface P\ (x, y) with the parameters etij = 0.5, = 0.8. It is 
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Figure 1: Graph of surface f(x,y). 


Figure 2: Graph of surface P(x,y). 


x 10 3 



0 


Figure 3: Graph of surface f(x,y) — P(x,y). 



Figure 4: Graph of surface P\ (x. y) with = 
0.5, p i:j = 0.8. 


easy to compute that Pi (0.875, 0.875) = 2.84818. If the practical design requires P(0. 875, 0.875) = 
2.8, then otij = 5 and = 11.2921 can be obtained. Denote the interpolation by P 2 (x,y). Figure 
5 shows the graph of the surface P 2 (x,y) with the parameters a^j = 5 ,/3jj = 11.2921, and in this 
case P 2 (0.875, 0.875) = 2.8. 

Furthermore, if the practical design requires P(0. 875, 0.875) = 2.86, then = 0.112391 and 
/ 3i t j = 0.2 can be derived. Denote the interpolation by P^{x,y). Figure 6 shows the graph of the 
surface P;i(x, y) with the parameters a ltJ = 0.112391 , = 0.2, and in this case Ps(0. 875, 0.875) = 

2 . 86 . 

Remark 2. Each interpolant of the family of the C 2 bivariate rational spline interpolation defined 
by (4) is identified uniquely by the values of the shape parameters cqj and For different shape 


Table 1: Set of the interpolating data. 



(0,0) 

(0,0.5) 

(0,1) 

(0,1.5) 

(0.5,0) 

(0.5, 0.5) 

(0.5,1) 

(0.5, 1.5) 

fi,j 

3 

3 

2 

4 

3 

4 

2 

3 


(1.0) 

(1,0.5) 

(1,1) 

(1,1.5) 

(1.5,0) 

(1.5, 0.5) 

(1.5,1) 

(1.5, 1.5) 

fi,3 

4 

2 

3 

2 

3 

3 

2 

4 
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Figure 5: Graph of surface P 2 (x,y) with otij = Figure 6: Graph of surface Ps(x,y) with aij = 
5, fa = 11.2921. ’ 0.112391, Aj = 0.2. 

parameters, from Figures 4 to 6, we can catch sight of some minor changes of the surfaces in shape. 
It means that the shape modification of interpolating surface can be achieved by selecting suitable 
shape parameters according to needs of practical design. 

7 Concluding remarks 

Generally speaking, generating a C 2 bivariate interpolation is a very difficult task, it requires up 
to second-order partial derivatives values of the interpolated function. Usual NURBS method is 
the most popular technology in modern surface modeling, however, preset weights are needed to 
generate a C 2 rational surface, the given points play the role of the control points. 

This paper develops a new interpolating approach for construction of C 2 bivariate rational 
spline interpolants only based on the values of a function. There are two schemes to generate this 
type of interpolation function, one is interpolating from the x-direction first, another is from the 
y-direction first. In the interpolant beginning from the x-direction first, there are three positive 
shape parameters: otij+i and Aj j In the interpolant beginning from the y-direction first, there 

are also three positive shape parameters: A ,j > A+ 1 ,j an d cxi,j- Generally, when the interpolating 
data are given, because of the uniqueness of the interpolation function, the shape of interpolating 
surface is fixed. However, note that there are some free shape parameters in (4) and (7), the 
shape of the interpolating surfaces can be modified by selecting suitable shape parameters for the 
unchanged interpolating data according to the control need, and numerical examples illustrate this 
case. It means that the uniqueness of the interpolating surfaces for the given interpolating data 
becomes that of for the given interpolating data and the shape parameters. 

For each pitch of the interpolating surface, the value of the interpolation function depends on 
the interpolating data. Theorem 3 shows that the values of the interpolant is bounded in whole 
interpolating region, it means that the interpolant is stable for the positive shape parameters. 
Also, numerical example shows that the interpolator can give a good approximation to the original 
function. 
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In this paper, we investigate Brunn-Minkowski type inequalities for width- 
integrals of index i related to the Blaschke Minkowski homomorphism. Some 
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1 Introduction and Main Results 

Let /C" be the set of convex bodies, which is a compact, convex subsets with 
nonempty interiors in Euclidean space R n . S' 71-1 denotes the unit sphere in R™. 

We denote by V ( K ) the n-dimensional volume of a body K. For the standard 
unit ball B in R”, we denote its volume by = V(B). 

The support function, hx = h(K, •) : R n — > (— 00 , 00 ), of a convex body 
K g IC n is defined by (see [5, 14]) 

h(K, x) = max{i • y : y € A'}, x € R”, 

where x ■ y denotes the standard inner product of x and y. 
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The study of width-integral has a long history, and has received considerable 
attention. It was first considered by Blaschke [2], and a book by Hadwiger [6] 
detailed this problem. In 1975, width-integral was extended to width-integrals 
of index i by Lutwak in the reference [10]. For the more results associated with 
width-integrals of index i, we refer the interested reader to [8, 11-13]. 

Define by Bi(K ), ieK, the width-integrals of index i of K £ /C" (see [10]) 

B i (K)= 1 [ b{K,u) n -'dS{u ), (1.1) 

n J S n- 1 

where dS(u) and b(K, u) denote the (n— l)-dimensional volume element on S'™ -1 
and the half width, b(K,u) = |( h(K,u ) + h(K, —u)), of K in the direction u, 
respectively. If we take i = 0 in (1.1), B.fK) is just width-integral B(K). 

The map, Bi : /C" — > R, is continuous, positive, invariant under motion 
and homogeneous of degree n — i. If there exists a constant A > 0 such that 
b(K, u) = \b(L,u) for all u £ S'” -1 , then we call K and L with similar width. 
Lutwak [10] showed that if K 1 L £ /C”, then for u £ S n ~ l 

b{K + L,u) = b{K, u) + b{L , u). (1-2) 

From the above formula (1.2), Lutwak [10] established the following Brunn- 
Minkowski inequality for width-integrals of index i. 

Theorem l.A If K,L £ 1C n and i < n — 1, then 

Bi(K + L)^ < Bi(K) A + B t (L ) ^ , 

with equality if and only if I\ and L have similar width. 

The main results of the present paper are the following: 

We first establish a Brunn-Minkowski type inequality for width-integrals of 
index i similar to Theorem l.A. 

Theorem 1.1 If K , L £ IC n , then for i < n — 1 

Bi(<f>{K+L))^ < (1.3) 


with equality if and only if <1 >iv and &L are homothetic. 

Here K+L is the Blaschke sum of K , L £ JC n (see (2.7)) and $ denotes 
Blaschke Minkowski homomorphism (see Section 2.2). In fact, the more general 
result than Theorem 1.1 will be obtained at the beginning of Section 3. 

Moreover, we get the following Brunn-Minkowski type inequality of width- 
integrals of index i based on the Blaschke Minkowski homomorphism. 
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Theorem 1.2 IfKi, K 2 , ■ ■ ■ , K n _ 2 , L\, L 2 G AT 1 , and let C = (K\, K 2 , ■ ■ ■ ,K n _ 2 ), 
then for i < n — 1 

£*($(£/ L 1 + L 2 ))4| £ B i ($(C', Li)) L 2 )^ ; (1.4) 

/or * > n 

+ >B i ($(C,L 1 ))^+B i (<KC , ,£ 2 ))^ > (1.5) 


with equality in every inequality if and only z/ < t>(C, Li) and $(C, L 2 ) are homo- 
thetic. 

Here, we should note that $ denotes mixed Blaschke-Minkowski homomor- 
phism (see Section 2.2 for precise definition), and L i +L 2 is the Minkowski sum 
of L u L 2 G IC n (see (2.5)). 

Finally, we show the following result which is the more general form of the 
Brunn-Minkowski type inequality of width-integrals of index i. 

Theorem 1.3 If K U K 2 , ■ ■ ■ , K n _ 2 , K, L g JC n , let C = (K\,K 2 , ■■■ , K n _ 2 ) 
and i,j G R, then for i < n — 1 < j < n and i ^ j 


( BiMC, (K+^L)*)) \ - < / H ; (4>(C,X*)) \ - / ,B i ($((7,L*)) \ - _ 

VB j ($(C',(«-+_ 1 L)*)) > / -{BjWQK*))) L*))J ’ 

( 1 . 6 ) 

for n — 1 <i <n < j and i ^ j 


( BiWC, (K +_i L)*)) \ > / £«($(£, g«)) y-‘ /£ 1 ($(C(L*))y- 

V ^-($((7, (tf+_i £)*))>/ ~ VBj ($((7, !?*))>/ Uj^^L*))/ ’ 

(1.7) 

with equality in every inequality if and only if $>(C, K*) and &(C,L*) are ho- 
mothetic. 

Here K +_i L denotes the harmonic radial sum of K, L G S n (see (2.4)) and 
K* denotes the polar of K (see (2.2)). 


2 Preliminaries 

2.1 Radial function and polar of convex bodies 

For a compact star-shaped set K in R", let px = p{K , •) : R" \ {0} — » [0, oo) 
denote the radial function of K (see [5, 14]), that is 

p(K, u) = max{A > 0 : A • u G K}, u G S n ~ 1 . (2.1) 
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If pk is positive and continuous, then K is said to be a star body, and S n 
denotes the set of star bodies in Euclidean space M". 

For K € /C™, its polar body is defined by (see[5, 14]) 

K* = {x £ M. n : x ■ y < l,y £ K}. (2.2) 

Obviously, it follows from (2.2) that ( K *)* = K and 

h-K* = Pk i Pk * = ^ / v • (2.3) 

For A, p > 0 (not both zero) , define by A * K +_i p* L the harmonic radial 
combination of K,L £ S n (see [4]). Namely, 

p- 1 (\*K+^ l p*L,-) = \p- 1 (K,-) + pp- 1 (L,-). (2.4) 

For A ,p> 0 (not both zero), define by A • K + p ■ L the Minkowski linear 
combination of K,L £ /C” (see [5, 14]), Namely, 

h( A • I< + p ■ L, ■) = Xh(K, •) + ph(L, ■). (2.5) 

Combining (2.3), (2.4) with (2.5), we obtain that for K,L £ 1C n and A, p > 0 
(not both zero) 

(A * I< +_! p * L)* = A • K* + p ■ L*. (2.6) 

2.2 Blaschke Minkowski homomorphism 

For X,p>0 (not both zero), define by A o K+p o L the Blaschke addition 
of K , L £ K. n such that (see [5, 14]) 

S( X o K+p oL,-) = X S(K, •) + pS(L, •), (2.7) 

where S(K, •) denotes the surface area measure of K. 

Schuster [15] introduced the definition of Blaschke Minkowski homomor- 
phism as follows: A map $ : /C n — » /C” is called Blaschke Minkowski homomor- 
phism if it satisfies the following conditions 

(a) $ is continuous. 

(b) 4> is Blaschke Minkowski additive, i.e., for all AT, L £ JC n 

<f>(K+L) = +K + (2.8) 
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(c) $ intertwines rotation, i.e., for all K £ JC n and D £ SO(n) 

$(VK) = D$K. 

Here SO{n) is the group of rotation in n dimensions. 

The following result is a direct extension for the Blaschke Minkowski homo- 
morphism which is said to be the mixed Blaschke Minkowski homomorphism. 
Theorem 2. A ([15]) There is a continuous operator 

$ : AC" x • • • x AC" -> /C w , 

n — 1 

symmetric in its arguments such that for K\, ■ ■ ■ , K m £ 1C n and Ai, ■ ■ ■ , A m > 0, 
$(Ai-Ki + • • • + X m K m ) = ■ ■ ■ Aj n _ 1 $(Aj 1 , • • • , Ki n l ), 

i\,— In- 1 

where the operator $ : K n x • • • x JC n —> K, n is called mixed Blaschke Minkowski 

n— 1 

homomorphism. 

Further, the author of [15] established the following properties for the mixed 
Blaschke Minkowski homomorphism. 

(i) $ : JC n x • • • x KL n — > K, n is continuous and symmetric with respect to 
origin. 

(ii) If K, L, K u K 2 , ■ ■ • , 2 £ JC n , A, ^ > 0, and let C = (K - { , K- 2 , ■ ■ ■ , A„_ 2 ), 

then 

$(C, A • K + n ■ L) = A<F(C, K) + fi$(C, L). (2.9) 


3 The Proofs of Main Results 

Here, we first establish Theorem 3.1 which is the more general version of 
Theorem 1.1. Next, we will prove Theorems 1.2 and 1.3. 

Theorem 3.1 If K,L £ K7 1 and i, j £ R, then for i < n — 1 < j < n and i j 

- \Bj($K)J \Bj($L) J ’ 

for n — 1 < i < n < j and i ^ j 

\Bj($(K+L)) ) ~ \Bj($K)J KBj^L)] ’ 
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with equality in every inequality if and only if &K and 4>L are homothetic. 

The proof of Theorem 3.1 requires the following lemmas. 

Lemma 3.1 ([10]) If I< is a convex body in R”, then 

B 2n {I< ) < V(K*), (3.3) 


with equality if and only if I\ is origin- symmetric. 

Beckenbach-Dresher inequality [3] is an extension of Beckenbach’s inequality 
[1] which is proved by Dresher through the method of moment-space techniques. 
Lemma 3.2 (The Beckenbach-Dresher inequality) If p > 1 > r > 0, p ^ r, 
f,g> 0, and f> is a distribution function, then 


( W + g) p d<t> \ * lr (kFdf\ 

V/ E (/ + 9Y d <t>) ~ \S E f r d(f) \f E g r d(j)J 


(3.4) 


with equality if and only if the functions f and g are positively proportional. 
Here E is a bounded measurable subset in R". 

The inverse Beckenbach-Dresher inequality was established in [9] . 

Lemma 3.3 (The inverse Beckenbach-Dresher inequality) If 1 > p > 0 > r, 
p ^ r, f,g> 0, and <f> is a distribution function, then 


( I E (f + 9) p d(f \ p ~ r f S E f p d() \ p ~ r ( f E g p d(/> \ p ~ r 

\f E (f + ff) r d</>J ~ \f E f r df>J \f E g r d</)J 


(3.5) 


with equality if and only if the functions f and g are positively proportional. 

Proof of Theorem 3.1. According to (1.1) and (2.8), we obtain that for 
p > 1 > r > 0 


B n J${K+L)) = - [ b{$(K+L),u) p dS(u) 

nJ S n-i 


Similarly, 


1 

n 



(b($K, u ) + &($L, u)) p dS{u). 


B n _ r (<f>(K+L)) = - [ (I b($K , u) + 6($L, u)) r dS{u). 

n J S n-l 


(3.6) 


(3.7) 
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From Lemma 3.2, (3.6) and (3.7), this implies 

/ g ra _ p ($(/-f+L)) \ ^ 

\B n _ r ($(K+L)) ) 

/ f s „~ i (b(&K, u) + 6($L, u)) p dS(u) \ F ~ r 
\f S n-i (b(®K ) u ) + b($L,u)) r dS(u) ) 

< ( f^bj^uydSjuU ^ / / g „_ 1 6($£,<dg(u) \ ^ 

- V / S n -1 &($#, u) r dS(u) J V fs-n-1 u) r dS(u ) y 

= / g n _ p (d>/v) \^ / g n _ p ($L) \^ 

VB n _ r ($/L)/ VS„_ r ($L)7 

Let p = n — i and r = n — j. By 0 < r < 1 < p and p ^ r, we obtain that 
i < n — 1 < j < n and i ^ j. Suppose p = n — i and r = n — j in (3.8), this 
gives inequality (3.1). Similar to the above method, it follows from Lemma 3.3 
that inequality (3.2). 

The equality conditions of Lemmas 3.2 and 3.3 imply that equality holds in 
inequalities (3.1) and (3.2) if and only if 6(<f>iv, u) and b(QL, u) are positively 
proportional, namely, $>K and $>L have similar width. Since 4>/tT and d>L are 
origin-symmetric, we have 4>/v and <FL are homothetic. Therefore, equality 
holds in every inequality if and only if $>K and <1>T are homothetic. □ 

If j = n in (3.1), then B n (K) = 4- f S n-i dS(u ) = u> n is a constant, thus we 
get Theorem 1.1. 

Let i = 2n and j = n in (3.2). Note that >A', 4>L and $>(K+L) are origin- 
symmetric. Thus Lemma 3.1 implies that inequality (3.2) has the following 
result. 

Corollary 3.1 If K , L £ JC n , then 

V{$*(K+L))~^ > V(<S>*K)~^ + V{<S>*L)~^, 

with equality if and only if 4 )K and <f>L are homothetic. 

Proof of Theorem 1.2. We first prove inequality (1.4). From (1.1), (1.2), (2.9) 
and the Minkowski’s integral inequality (see [7]), we obtain that for i < n — 1 

E i ($(C',L 1 +L 2 ))^ = (- f 6($(C,L 1 + L 2 ),u) ri - i d5(u) 

\nj S n-1 
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- [ o KHC,L 1 ),u) + b(^(C,L 2 ),u)) n - i dS(u ) 

n Jgn- % 

<(- [ b($(C, LA, u) n ~ i dS(u) 

\n J S " •> 

+ (- [ b(<f>(C,L 2 ),u) n ~ l dS{u ) 

\nJsn-i 

This implies inequality (1.4). Similarly, it follows from the inverse Minkowski’s 
integral inequality that inequality (1.5). 

From the equality condition of Minkowski’s integrals inequalities, it follows 
that equality holds in inequalities (1.4) and (1.5) if and only if < F(C', Lf) and 
4>((7, L 2 ) have similar width. Since 4>(C', Lf) and < f>(C, L 2 ) are origin-symmetric, 
we obtain that equality holds in every inequality if and only if 4>(C', L{) and 
4>(C, L 2 ) are homothetic. □ 

If i = 0 in (1.4), then inequality (1.4) implies the following result. 

Corollary 3.2 IfKi, K 2 , ■ -r ,, K n _ 2 , L\, L 2 e K7 1 , andletC = (Ki,K 2 ,- ■ ■ ,K n _ 2 ), 
then 

S($(C,Lr + L 2 ))s <B($(C,L!))s + B($(C',L 2 ))», 

with equality if and only if${C, Li) and 4>(C, L 2 ) are homothetic. 

If we let i = 2 n in (1.5), and note that 4>(C, Lf), <I» ( C. L 2 ) and 4>(C, L\ +L 2 ) 
are origin-symmetric, then Lemma 3.1 implies that inequality (1.5) has the 
following result. 

Corollary 3.3 If K 1 ,K 2 ,- ■ ■ , K n _ 2 , L\, L 2 e K n , andletC = (K 1 ,K 2 ,- ■ ■ ,K n _ 2 ), 
then 

V(<S>*(C,L 1 + L 2 ))-^ > + y($*(c,L 2 ))-s, 






with equality if and only z/4>(C, L\) and 4>(C, L 2 ) are homothetic. 

Proof of Theorem 1.3. Combining (1.1) with (2.6), we obtain that for p > 
1 > r > 0 


£ n _ p ($(C, (K-^ /.)*)) 

1 / 


b($(C, (K +_! L)*),u) p dS(u) 



6(4>(C, K* + L*),u) p dS(u) 
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1 

n 



(6($(C, K*),u) + 6(d>(C, L*),u)) p dS(u). 


Similarly, 


(#+_! L)*)) 

1 / 


n 7s"-i 


(6($(C, K*),u) + &($(<?, L*),u)) r dS(u). 


By Lemma 3.2, (3.9) and (3.10), it follows that 


/ gn-gCjKC, (A'+- 1 1) > )) \ 
U n - r (1>(C, (iL+_!L)*))y 


(3.9) 


(3.10) 


/ /g-i (bfMC, K*),u) + &(d>(C, £*), u)¥dS(u) \ 

(&(*(£> K*),u) + 6($(C, L*),u)) r dS(u) J 

< ( J^bWC'K^uydSju) ^ / / 5 „- 1 &($(C',L*),«)Pd5( U ) \^ 

“ &(*(£,£*), u) r dS(u)/ 

_ / j?», p (d>(C,A-)) \^ / B„_ p (d>(C,L*)) \^ 

Un-r(<i>(C,A'*))y iB n _ r (f(C,I*))j 
If p = n — i and r = n — j in (3.11), then 0 < r < 1 < p and py^r=t-«<n — 1 < 
j < n and * ^ j. 

This implies that inequality (1.6) is given. Similar to the above method, 
Lemma 3.3 implies that inequality (1.7) holds. 

The equality conditions of Lemmas 3.2 and 3.3 see that with equality in 
inequalities (1.6) and (1.7) if and only if b($(C, K*), u) and 6(d>(C, L*), u) are 
positively proportional. Since d ) (C,K*) and d>((7, L*) are origin-symmetric, 

K* 'J and d>(C, L*) are homothetic. Therefore, equality holds in every in- 
equality if and only if d>(C, K*) and $((7, L*) are homothetic. □ 

Analogue to the proofs of Theorem 1.1 and Corollary 3.1, Theorem 1.3 has 
the following facts. 

Corollary 3.4 If K t , K 2 , • • • , K n _ 2 , K, L <E K n , and let C = (Ad, AV ■ ■ , K n _ 2 ), 
then for i < n — 1 


(K T— ! L)*)) < Bi($(C7, K *)) ^ L*)) ^ , 


with equality if and only if d>((7, K*) and d>(C, L*) are homothetic. 

Corollary 3.5 If A, , K 2 , • • • , AT„_ 2 , K, L € IC n , and let C = (K u K 2 , ■ ■ • , AT n _ 2 ), 


9 


1416 


Yibin Feng etal 1408-1418 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


then 


> V($*(C , ,/r))-» + ^($*(£7, £,*))"» 4 

with equality if and only if &(C, K*) and <&{C,L*) are homothetic. 

4 Conclusions 

We first establish some Brunn-Minkowski type inequalities of width-integrals 
of index i which are related to the Blaschke Minkowski homomorphism. Then 
together with the Blaschke Minkowski homomorphism, we use the Beckenbach- 
Dresher inequalities to give more general Brunn-Minkowski type inequalities 
of width-integrals of index i, in which some inequalities similar to Lutwak’s 
inequality are established. 
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On fuzzy mighty filters in B> E-algebras 

Sun Shin Ahn 1 and Jeong Soon Han 2 ’* 

1 Department of Mathematics Education, Dongguk University, Seoul 04620, Korea 
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Abstract. In this paper, we study several degrees in defining a fuzzy mighty filter, which is a generalization of a 
fuzzy filter in SE-algebras. 


1. Introduction 

In [6], H. S. Kim and Y. H. Kim introduced the notion of a BE- algebra. S. S. Ahn and K. S. 
So [3, 4] introduced the notion of ideals in HA- algebras. S. S. Ahn et al. [2] fuzzified the concept 
of HA- algebras, and investigated some of their properties. H. R. Lee and S. S. Ahn [7] defined 
the notions of a mighty filter and an n-fold mighty filter, and considered some related properties 
of them. 

In this paper, we study several degrees in defining a fuzzy mighty filter, which is a generalization 
of a fuzzy filter in HA-algebras. 


2. Prelimiaries 


We recall some definitions and results discussed in [3, 6]. 

An algebra (X; *, 1) of type (2, 0) is called a BE -algebra if 

(BE1) x * x — 1 for all x G X , 

(BE2) x*l = l for all x G A*, 

(BE3) 1 * x = x for all x G X, 

(BE4) x * (y * z) = y * (x * z) for all x,y,z G X (exchange). 

We introduce a relation “<” on a HA-algebra X by x < y if and only if x * y — 1. A non-empty 
subset S of a HA-algebra X is said to be a subalgebra of X if it is closed under the operation 
“ Noticing that x * x = 1 for all x G X, it is clear that 1 G S. A HA-algebra (X; *, 1) is said 

to be self distributive if x * (y * z) = (x * y) * (x * z) for all x,y, z G X. 
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Let X be a .BA-algebra and n denote a positive integer. For any elements x, y G X, let x n *y 
denote x * ■ (x * (x * y )) • • • ), in which x occurs n times, and x° * y = y. 

Definition 2.1. Let (X; *, 1) be a BE- algebra and let F be a non-empty subset of X. Then F 
is called a filter ([6]) of X if 
(FI) 1 G F, 

(F2) x * y G F and x G F imply y G F 

for all x,y G X. A non-empty subset F of a B E-algebra X is called a mighty filter ([7]) of X if 
it satisfies (FI) and 

(F3) x * (y * z) G F and x G F imply {{z * y) * y) * z E F 
for all x,y,z G X. A non-empty subset F of a BE- algebra X is called an n-fold mighty filter 
([7]) of X if it satisfies (FI) and 

(F4) x * (y * z) G F and x G F imply ((^ n * y) * y) * z e F 
for all x,y,z G X. 

Note that every mighty filter of a BE- algebra X is a filter of X. 

Proposition 2.2. Let (X; *, 1) be a BE-algebra and let F be a filter of X. If x < y and x G F 
for any y G X, then y G F . 

Proposition 2.3 Let (X;*,l) be a self distributive BE-algebra. Then the following hold, for 
any x,y,z G X: 

(i) if x < y, then z * x < z * y and y * z < x * z, 

(ii) y * z < (z * x) * (y * x), 

(iii) y * z < (x * y) * (x * z). 

A BE- algebra (X; *, 1) is said to be transitive if it satisfies Proposition 2.3 (iii). If a BE- algebra 
X is transitive, then y < z imply x * y < x * z and z * x < y * x for all x,y, z G X. 

Definition 2.4. ([5]) A fuzzy subset /i of a BE- algebra X is called a fuzzy filter of X if it satisfies 
for all x, y G X 
(dl) fi(l) > y(x), 

(d2) n(x) >mm{n(y*x),n(y)}. 

Proposition 2.5. Every fuzzy filter of a BE-algebra X satisfies the following assertions: 

(i) (Vx, y G X)(y < x n(y) < fi(x)), 

(ii) (Vx, y, z G X)(x <y*z => n(z) > min{/r(y) , /r(x)}) . 

Definition 2.6. ([5]) Let F be a non-empty subset of a BE- algebra X which is not necessary a 
filter of X. One says that a subset G of X is an enlarged filter of X related to F if it satisfies: 
(1) F is a subset of G, 
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(2) leG, 

(3) (Vx, y E X)(Vx E F)(x * y E F => y e G). 

Definition 2.7. ([5]) A fuzzy subset y of a BE- algebra X is called a fuzzy filter of X with degree 
(A, k) if it satisfies: 

(el) (Vx G X)(y{l) > Xy(x)), 

(e2) (Vx,?/ G A")(/i(x) > /tmin{/t(?/*x), /?(?/)}). 

Proposition 2.8. ([5]) Every fuzzy filter of a B E-algebra X with degree (X,k) satisfies the 
following assertions: 

(i) (Vx, y G X)(y(x*y) > X ny(y)), 

(ii) (Vx, y G X)(y < x =y y(x) > X ny(y)), 

(iii) (\/x,y,z G X)(x < y * z =y y(z) > mm{Ky(y), \n 2 y{x)}. 

3. Fuzzy mighty filters of i?i?-algebras 

In what follows, let X denote a A A- algebra unless specified otherwise. 

Definition 3.1. A fuzzy subset y of a BA-algebra X is called a fuzzy mighty filter of X if it 
satisfies (dl) and 

(d3) y(((x *y)*y)*x)> min {y(z * (y * x)),y(z)}, 
for all x, y,z E X. 

Example 3.2. Let X := {l,a,b,c,d,0} be a L?E-algebra ([7]) with the following table: 


* 

1 

a 

b 

c 

d 

0 

1 

1 

a 

b 

c 

d 

0 

a 

1 

1 

b 

c 

b 

c 

b 

1 

a 

1 

b 

a 

d 

c 

1 

a 

1 

1 

a 

a 

d 

1 

1 

1 

b 

1 

b 

0 

1 

1 

1 

1 

1 

1 


Define a fuzzy subset y : X — » [0, 1] by 

_ f 1 a b c d OA 
/X= 1 V 0.7 0.4 0.7 0.7 0.4 0.4y 

Then y is a fuzzy mighty filter of X. 

Proposition 3.3. Every fuzzy mighty filter of a B E-algebra X is a fuzzy filter of X. 

Proof. Let y 1 in (d3). Then y{x) = y{((x * 1) * 1) * x) > min{/i(x * (1 * x)),y(z)} = 
min{/t(z * x), y(z)}. Hence (d2) holds. □ 
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The converse of Proposition 3.3 may not be true in general (see Example 3.4). 
Example 3.4. Let X := {1 ,a,b,c,d} be a EE-algebra ([6]) with the following table: 


* 

1 

a 

b 

c 

d 

1 

1 

a 

b 

c 

d 

a 

1 

1 

b 

c 

d 

b 

1 

a 

1 

c 

c 

c 

1 

1 

b 

1 

b 

d 

1 

1 

1 

1 

1 


Define a fuzzy subset v : X — y [0, 1] by 

f 1 a b c d \ 

U= \0.7 0.3 0.3 0.3 0.3y 

Then v is a fuzzy filter of X, but not a fuzzy mighty filter of X, since p(((a *c) *c) *a) = y{a) = 
0.3 ^ 0.7 = p(l) = min{/i(l * (c * a)), p(l)}. 

Theorem 3.5. A fuzzy filter y of a BE-algebra X is mighty if and only if it satisfies the following 
inequality: 

(3.1) y(((x * y) * y) * x) > y(y * x ) for all x, y G X. 

Proof. Suppose that a fuzzy filter p of a EE-algebra A" is mighty. Putting z := 1 in (d3), we 

have y(((x * y) * y) * x) > ruin {// ( 1 * (y * x)), p(l)} = /a(y * x) for all x, y G X. 

Conversely, assume that y is a fuzzy filter of A" satisfying (3.1). It follows from (d2) and (3.1) 
that y(((x * y) * y) * x) > y(y * x) > min{/i(z * (y * x)), y(z)}. Hence y is mighty. □ 

Theorem 3.6. Let y, v be fuzzy filters of a transitive BE-algebra X such that y C v and 
y( 1) = zz(l). If y is mighty, then so is v. 

Proof. Let x,y e X. Since y is a fuzzy mighty filter of a EE- algebra X, by (3.1) and y C v 

we have y( 1) = y(y * (fy * x) * x)) < y(((((y * x) * x) * y) * y) * ((y * x) * x)) < v(((((y * x) * 

x) * y) * y) * (( y * x) * x)). Since y( 1) = i/(l), we get u((y * x) * ((((y * x) * x) * y) * y) * x)) = 
* x) * x) * y) * y) * (( y * x) * x)) = zz(l). It follows from (dl) and (d2) that 

v(y*x) =min{i/(l ),u(y * x)} 

= minji y{fy * x) * (((((y * x) * x) * y) * y) * x)), u(y * x)} (3.2) 

< u(((((y * x) * x) * y) * y) * x). 
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Since X is transitive, we get 

[((((?/ * x) * x) * y) * y) * x]*[((x * y) * y) * x\ 

> ((x * y) * y) * {(((y * x) * x) * y) * y) 

> ((( y * x) * x) * y) * (x * y) 

> x * ((y * x) * x) 

= (y * x) * (x * x) 

= (y * x) * 1 — 1. 

It follows from Proposition 2.5 that min {u(((((y*x)*x)*y)*y)*x) , v{ 1)} = u(((((y*x)*x)*y)*y)* 
x) < v(((x*y)*y)*x). Using (3.2), we have v(y*x) < iy(((((y*x)*x)*y)*y)*x) < v(((x*y)*y)*x). 
Therefore v(y * x) < v(((x * y) * y) * x). By Theorem 3.5, v is a fuzzy mighty filter of X. 

Proposition 3.7. Let y be a fuzzy mighty filter of a BE-algebra. Then X f := {x G X\y(x) = 
y(l)} is a mighty filter. 

Proof. Clearly, 1 G X Let x * (y * z),x G X /t . Then y(x * (y * z )) = y(l) and y(x) = /x(l) . 
It follows from (d3) that y(l) = min{/i(x * (y * z)),y(x)} < y((((z * y) * y) * z). By (dl), 
/u((((^ *y) *y) * z) = y(l). Hence ((z*y) *y) * z G X /t , Therefore X /4 is a mighty hlter of X. □ 

Definition 3.8. A fuzzy subset y of a HU-algebra X is called a fuzzy n-fold mighty filter of A" 
if it satisfies (dl) and 

(d4) y(((x n * y) * y) * x) > min{/t (,2 * (y * x)), y(z)}, 
for all x , i/yG X. 

Putting n := 1 in (d4), every fuzzy 1-fold mighty hlter of a BE- algebra X is a fuzzy mighty 
hlter of A". 

Theorem 3.9. A fuzzy hlter y of a BE-algebra X is a fuzzy n-fold mighty if and only if it 
satishes the following inequality 

(3.3) y({(x n *y) *y) * x) > y(y * x) for all x, y G X. 

Proof. Suppose that a fuzzy hlter y is a fuzzy n-fold mighty. Letting z := 1 in (d4), we have 
y(((x n * y) * y) * x) > min {// ( 1 * (y * x)), y(l)j = y(y * x) for all x, y G A". 

Conversely, assume that y is a fuzzy hlter of A" satisfying (3.3). It follows from (d2) and (3.3) 
that y(((x n *y) *y) * x) > y(y * x) > min{/i(^ * (y * x)), y(z)}. Hence y is a fuzzy n-fold mighty 
hlter of X. □ 

Theorem 3.10. Let y and v be fuzzy Liters of a transitive BE-algebra X with y C v and 
y{l) = zz(l). If y is a fuzzy n-fold mighty hlter of X, then so is u. 
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Proof. Let x, y G X. Setting w := (y * x) * x, we have y *w = y * ((y * x) * x) = (y *x) * (y *x) = 
1. Since p is a fuzzy n-fold mighty filter of a BE-algebra X, by (3.3) and p C v we have 
yu(l) = pfiy * w)) < p(((w n * y) * y) * w) < is(((w n * y) * y) * w). Since p(l) = n(l), we get 
u(((w n *y) *y) *w) = z/(l). ft follows from (dl) and (d2) that 

v(y * x) =min{z/(l ),u(y * x)} 

= min{i/(((w n * y) * y) * w), u(y * a;)} 

= min{z/(((w n * y) * y) * (( y * x) * x)), v(y * a:)} (3.4) 

= min{z/((?/ * x) * ((( w n * y) * y) * *x)), u(y * x)} 

< o(((w n * y) * y) * x). 

Since y < w, we have w n * y < x n * y, and so (( w n * y) * y) * x < (( x n * y) * y) * x. Using (3.4) 
and Proposition 2.5(i), we have u(y * x) < v({w n * y) * y) * x) < z/(((a: n * y) * y) * x). Therefore 

u(y * x) < z/(((aU * y) * y) * x). By Theorem 3.9, v is a fuzzy n-fold mighty filter of X. □ 

4. Fuzzy mighty filters of BE-algebras with degrees in the interval (0, 1] 

Definition 4.1. Let F be a non-empty subset of a BE-algebra X, which is not necessary a 
mighty filter of X. One says that a subset G of X is an enlarged mighty filter of X related to F 
if it satisfies: 

(1) F is a subset of G, 

(2) leG, 

(3) (\/x, y G X)(\/z £ F)(z * (y * x) G F =>■ ((a; * y) * y) * x E G). 

Obviously, every mighty filter is an enlarged mighty filter of X related to itself. Note that 
there exists an enlarged mighty filter of X related to any non-empty subset F of X. 

Example 4.2. Consider a B E-algebra X = {1 ,a,b,c,d} as in Example 3.4. Then E := {1} 
is not a mighty filter of X, since 1 * (c * a) = 1 G E and ((a * c) * c) * a = a ^ E. But 
G := {1, a, b, c} is an enlarged mighty filter of X related to E and G is not a mighty filter of X , 
since c*(l*d)=beG,ceG and ((d * 1) * 1) * d — d ^ G. 

Proposition 4.3. Let F be a non-empty subset of a BE-algebra X. Every enlarged mighty 
filter of X related to F is an enlarged filter of X related to F. 

Proof. Let G be an enlarged mighty filter of X related to E. Putting y 1 in Definition 4.1 (3), 
we have for all x G X, all ^GE^*(l*x) = ^*a:GE imply ((x * 1) * 1) * x = x G G. Hence G 
is an enlarged filter of X related to E. □ 

The converse of Proposition 4.3 is not true in general as seen in the following example. 
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Example 4.4. Consider a B E-algebra X = {1 ,a,b,c,d} as in Example 3.4. Let H := {1,6}. 
Then H is an enlarged filter of X related to F := {1}, but it is not an enlarged mighty filter of 
X related to F since l*(c*a) = lGF and ((a * c) * c) * a = a ^ H. 

In what follows let A and k be members of (0,1], and let n and k denote a natural number and 
a real number, respectively, such that k < n unless otherwise specified. 

Definition 4.5. A fuzzy subset y of a B E-algebra X is called a fuzzy mighty filter of X with 
degree (A, k) if it satisfies (el) and 

(e3) (Vx,y,z E X)(y(((x*y) * y) * x) > ranin {y(z * (y * x)), y(z)}). 

Example 4.6. Consider a BE- algebra X = {1, a, b, c, d , 0} which is given in Example 3.2. Define 
a fuzzy subset v : X — > [0, 1] by 

/ 1 a b c d 0 \ 

U = ^0.6 0.4 0.7 0.7 0.4 0.4/ 

Then v is a fuzzy filter of X with degree (|, |), but it not a fuzzy mighty filter of X, since 
y{ 1) = 0.6 ^ y(b) = 0.7. 

Note that a fuzzy mighty filter with degree (A, k) is a fuzzy mighty filter if and only if (A, k) = 

(M)- 

Proposition 4.7. If y is a fuzzy mighty filter of a BE-algebra X with degree (A, k), then y is a 
fuzzy filter of X with degree (A, hi). 

Proof. Putting y := 1 in (e3), we have 

y(x) = y(((x * 1) * 1) * :r) >K.min{/i(^ * (1 * x)), y(z)} 

—K,mm{y(z * x), y(z)} 

for any x,y E X. Thus y is a fuzzy filter of A" with degree (A, k). □ 

The converse of Proposition 4.7 is not true in general (see Example 4.8). 

Example 4.8. Consider a BE- algebra X = {1 ,a,b,c,d} which is given in Example 3.4. Define 
a fuzzy subset v : X — > [0, 1] by 

_ f 1 a b c d\ 

U = yO.6 0.4 0.7 0.4 0.4y 
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Then v is a fuzzy filter of X with degree (|, |), but it is not a fuzzy mighty filter of X with 
degree (f , §), since 

4 

z/(((a * c) * c) * a) = via) = 0.4 if 0.48 = - x 0.6 

5 

4 

= - x min{z/(l * (c * a)) = z/(l), zz(l)}. 

5 

Proposition 4.9. Let n be a fuzzy mighty filter of a B E-algebra X with degree (A, /t). Then 
the following holds: 

(\/x, y G X)(y(((x * y) * y) * x) > n\ y(y * x )). 

Proof. Assume that y is a fuzzy mighty filter of a BE- algebra X with degree (A, n) and let 
x,y G X. Let z := 1 in (e3). Then we have 

y(((x * y) * y) * x) >Kmin{/i(l * (y * or)), /y(1)} 

>Kmin{/i(y * x), A y(y * a:)} 

=K\y(y * x). 

This completes the proof. □ 

Proposition 4.10. Let y be a fuzzy filter of a B E-algebra X with degree (A, k) satisfying 

(Vx,y G X)(y(((x*y) * y) * x) > y(y*x)). 

Then y is a fuzzy mighty filter of X with degree (A, n). 

Proof. Let x,y,z G X. Using (e2), we have 

y(((x * y) * y) * x) >y(y * x) 

>/anin{/i(A * (y * x)), y(z)}. 

Thus y is a fuzzy mighty filter of a UU-algebra X with degree (A, n). □ 

Corollary 4.11. Let y be a fuzzy filter of X. Then y is a fuzzy mighty filter of X if and only if 

(Vx,y G X)(y(((x*y) * y) * x) > y(y*x)). 

Proof. It follows from Proposition 4.9 and Proposition 4.10. □ 

Definition 4.12. A fuzzy subset y of a UU-algebra X is called a fuzzy n-fold mighty filter of X 
with degree (A, k) if it satisfies (el) and 

(e4) ( \/x , y,z G X l)(y(((x n * y) * y) * x) > ranm {y(z * (y * x)), y(z)j). 
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A fuzzy subset y of a .B E-algebra X is called a /uzzy weak n-fold mighty filter of X with degree 
(A, k) if it satisfies (el) and 

(e5) (Vx, y,z E X)(y((x * y) * y) > ranin{/x(z * (( y n * x) * x)), y(z)}). 

Putting y := 1 and x y in (e4), and using (BE1), (BE2) and (BE3), we know that every 
fuzzy n-fold mighty filter with degree (X,k) is a fuzzy mighty filter of X with degree (A, k). 
Setting x := y in (e5) and using (BE1), (BE2) and (BE3), we know that every fuzzy weak n-fold 
mighty filter with degree (A, k) is a fuzzy mighty filter of X with degree (A, k). Hence every fuzzy 
(weak) n-fold mighty filter of X with degree (A, k) is a fuzzy filter of X with degree (A, k). 

Example 4.13. Let X := {l,a,b,c,d,0} be a BE-algebra ([6]) with the following table: 


* 

1 

a 

b 

c 

d 

0 

1 

1 

a 

b 

c 

d 

0 

a 

1 

1 

a 

c 

c 

d 

b 

1 

1 

1 

c 

c 

c 

c 

1 

a 

b 

1 

a 

b 

d 

1 

1 

a 

1 

1 

a 

0 

1 

1 

1 

1 

1 

1 


Define a fuzzy subset y : X — > [0, 1] by 

fl a b c d 0 \ 

^ = V0.6 0.7 0.3 0.3 0.3 0.3/ 

Then y is a fuzzy n(> 2)-fold mighty filter of X with degree (|, |), but it is not a fuzzy mighty 
filter of X with degree (|, |), since y(((b * c) * c) * b) = y(b) = 0.3 0.399 = | x 0.7 = y(a) = 
min{/i(a * (c * b)),y(a)}. 

Proposition 4.14. Let y be a fuzzy n-fold mighty filter of a B E-algebra X with degree (A, k). 
Then the following holds: 

(Vx, y G X)(y(((x n * y) * y) * x) > k\ y(y * x)). 


Proof. Assume that y is a fuzzy n-fold mighty filter of a HE-algebra X with degree (A, k) and 
let x,y G X. Let z 1 in (e4). Then we have 

y(((x n * y) * y) * x) >Kmin{yu(l * (y * x)), y(l)} 

>Kmm{y(y * x), A y(y * x)} 

—k\ y(y * x). 

This completes the proof. □ 
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Proposition 4.15. Let y be a fuzzy filter of a B E-algebra X with degree (A, k) satisfying 

(Vx,y G X)(y(((x n *y) * y) * x) > fi{y*x)). 

Then y is a fuzzy n-fold mighty filter of X with degree (A, hi). 

Proof. Let x,y,z G X. Using (e2), we have 

y(((x n * y) * y) * x) >y(y * x) 

>Kmin{yu(^ * (y * x)), y(z)}. 

Thus y is a fuzzy n-fold mighty filter of a HU-algebra X with degree (A, hi). □ 

Proposition 4.16. If y is a fuzzy weak n-fold filter of X, then the following holds: 

(4.1) (\/x, y G X)(y((x * y) * y) > nX y((y n * x) * x)). 

Proof. Let z := 1 in (e5). Then y((x *y) *y) > Krnin{/i(l * (( y n *x) * x)), /y(1) } > nmm{y((y n * 
x) * x), A y((y n * x) * a;)} = nXy((y n * x) * x). This completes the proof. □ 

Proposition 4.17. Let y be a fuzzy filter of a B E-algebra X with degree (A, hi) satisfying 

(Vx,y G X)(y((y n *x) * x) < y((x * y) *y )). 

Then y is a fuzzy weak n-fold mighty filter of X with degree (A, n). 

Proof. Let x,y,z G X. Using (e2), we have 

y((x * y) * y) >y((y n * x) * x) 

>K.min{yu(^ * ((y n * x) * x)), y(z)}. 

Thus y is a fuzzy weak n-fold mighty Liter of a BE- algebra X with degree (A, hi). □ 

A L>U- algebra A" is said to be n-fold mighty if (( x n *y)*y)*x = y*x for all x, y G X. 

Lemma 4.18. Let X be an n-fold mighty BE-algebra. If y is a fuzzy filter of X with degree 
(A , hi), then the following holds: 

(4.2) ( \/x , y G X)(y((y * x) * x) > Xhiy((x n * y) * y)). 

Proof. Since X is an n-fold mighty -BTAalgebra, ((x n *y)*y)*((y*x)*x) = ( y*x)*(((x n *y)*y)*x ) = 
(y *x) * (y * x) = 1, for all i,i/G X. Hence ( x n * y) * y < ((y * x) * x). Using Proposition 2.8(ii), 
we have y((y * x) * x) > X ny((x n * y) * y)). This completes the proof. □ 

Proposition 4.19. Let X be an n-fold mighty transitive BE-algebra. If y is a fuzzy filter of X 
with degree (A, hi), then it is a fuzzy weak n-fold mighty filter of X with degree (A, A hi 2 ). 

Proof. Let y be a fuzzy Liter of X with degree (A ,hi). Using Lemma 4.18 and (e2), we have 
y((y * x) * x) > Xny((x n * y) * y)) > Xhfimi\{y(z * ((x n * y) * y), y(z)}. Hence y is a fuzzy weak 
n-fold mighty Liter of X with degree (A, Xn 2 ). 
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On fuzzy mighty filters in BE - algebras 

Proposition 4.20. Let /x be a fuzzy filter with degree (A, k) of an n-fold mighty BE-algebra X. 
Then /x is a fuzzy n-fold mighty filter of X with degree (A, k). 

Proof. Let /x be a fuzzy filter with degree (A, k) of an n-fold mighty BE-algebra X. Since X is 
an n-fold mighty BE- algebra, we have *y) *y) *x) = y(y *x) > y(y * x). By Proposition 

4.15, /x is a fuzzy n-fold mighty filter of X with degree (A, k). □ 

Denote by J-m(X) the set of all mighty Liters of a Hi?- algebra X. Note that a fuzzy subset /./ 
of a BE - algebra X is a fuzzy mighty filter of X if and only if 

(Vt g [0, l ])(U(ti;t) := {x e X\b(x) >t}e i H (l) u {0}). 

But we know that for any fuzzy subset p of a Hi?- algebra X there exist A,k 6 (0, 1) and t G [0, 1] 
such that 

(1) /x is a fuzzy mighty filter of X with degree (A, k), 

( 2 ) U(Blt)^E M (X)U{d}}. 

Example 4.21. Consider a BE - algebra X = {1, a, b , c, d, 0} which is given Example 3.2. Define 
a fuzzy subset /x : X —$■ [0, 1] by 

/ 1 a b c d 0 \ 

^ = V0.8 0.3 0.9 0.3 0.3 0.3/ 

If t G (0.8, 1], then U (/i; t) = {1, b} is not a mighty filter of X, since b * (a * c) — b G C/(/x; t) and 
((c * a) * a) * c — c ^ U(b', t). But p is a fuzzy mighty filter of X with degree (0.6, 0.3). 

Theorem 4.22. Let b be a fuzzy subset of a BE-algebra X. For any t G [0, 1] with t < 
max{\, n}, ifU(B', t) is an enlarged mighty filter of X related to U(b', max | A ^ ) , then /i is a fuzzy 
mighty filter of X with degree (A, k). 

Proof. Assume that p(l) < t < A b(x) for some x G X and t G (0, A]. Then /x(x) > | > max { A 
and so x G U (p; max { A yr ) , be., U (/x; max { A 0- Since U (/x; t ) is an enlarged filter of X related to 
U(b‘, max j A K x ) , we have 1 G t/(/x;t), i.e., /x( 1) > t. This is a contradiction, and thus /x( 1) > A b(x) 
for all x G X. 

Now suppose that there exist a, 6, c G X such that /x(((a*6) *b) *a) < nmin {/x(c* (b*a)), /x(c)}. 
If we take t := nniin{/x(c * (6 * a)), /x(c)}, then t G (0, n] C (0, max{A, xc}]. Hence c * (b * a) G 
U(b; £) Q U(b ; max { AA} ) and c G f/(/x; b) C t/(/x; max j A h , } ). It follows from an enlarged mighty 
Liter that ((a * b) * b) * a & U (/x; f) so that /x(((a *b) *b) * a) > t, which is impossible. Therefore 

/x(((x * y) * y) * x) > K,mm{B(z * (y * x)),b(z)} 

for all ,x, i/,zG X. Thus /x is a fuzzy mighty Liter of A" with degree (A, /c). □ 
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Sun Shin Ahn and Jeong Soon Han 

Corollary 4.23. Let ii be a fuzzy subset of a B E-algebra X. For any t G [0, 1] with t < K if 
U(g] t ) is an enlarged mighty filter of X related to U(n; |t), then y is a fuzzy mighty filter of X 
with degree (|, £). 

Theorem 4.24. Let t G [0,1] be such that 0) is not necessary a mighty filter of a 

BE-algebra X . ff /./ is a fuzzy mighty filter of X with degree (A, k), then U (y, tmin{ A, «}) is an 
enlarged mighty filter of X related to U (/x; t ) . 

Proof. Since fmin{A, k,} < t, we have U(yt) C U(ytmm{X, k}). Since U(yt ) ^ 0, there exists 
x G U(/i;t ) and so y(x) > t. By (el), we obtain y(l) > A y(x) > X t > fmin{A, k}. Therefore 
1 G U(n]tmm{\,K,}). 

Let x,y,z G X be such that x * (y * z) G U (/r; t) and x G U(n;t). Then fj,(x * (y * z)) > t and 
n(x) > t. It follows from (e3) that 

* y) * y) * z) >Kmin{/r(x * (y * z)),n{x)} 

>K,t> fmin{A, /t}. 

so that ((z * y) * y) * z & U (/x; tmin{A, k}). Thus U (/x; tmin{A, k}) is an enlarged mighty filter of 
X related to □ 
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SYMMETRIC IDENTITIES FOR (h, ^-EXTENSIONS OF THE 
GENERALIZED HIGHER ORDER MODIFIED g-EULER 

POLYNOMIALS 

JONGKYUM KWON 1 , GYOYONG SOHN 2 , AND JIN-WOO PARK 3 ’* 


Abstract. In this paper, we introduce the ( h , g)-extensions of the generalized 
modified q-Euler polynomials. The main objective of this paper is to consider 
symmetric identities of the (h, q)-extensions of the generalized modified q-Euler 
polynomials attached to x which are derived from the p-adic fermionic integral 
on Z p . 


1. Introduction 


Let p be a fixed odd prime number. Throughout this paper, Z p , Q p and C p 
will, respectively, denote the ring of p-adic rational integers, the field of p-adic 
rational numbers and the completion of the algebraic closure of Q p . Let u p be 
the normalized exponential valuation of C p with \p\ p = p _ "r(p) = i Let q be an 

indeterminate in C p such that \q — l\ p < p - ^ 1 . The q-analogue of number x is 
defined as [ x\ q = . Note that limg_>i[x]g = x. 

Let f(x) be a continuous function on Z p . Then the p-adic fermionic q-integral 
on Z p is defined by 


r p N - 1 

/ f{x)dp,- q (x) = lim V f{x)n- q (x+p N Z p ) 

I H7 N — >oc z — 

J X=0 

i + pN ~ x 

= lim Y f(x)(-q) x 

N — ►oo 1 + q p n ^ A 

^ cc=0 


p N 

J im 'fL .f(x){-l) x q x , (see [1, 3, 4, 6, 7, 9, 11, 12, 14]). 

Z TV— >-oo z ' 
x=0 

(i.i) 


Thus, by (1.1), we get 


q f{x + 1 )dn- q (x) + / f(x)dp- q {x) = [2]q/ (0), 


(1.2) 


2010 Mathematics Subject Classification. 11B68, 11S40, 11S80. 
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and 


JONGKYUM KWON 1 , GYOYONG SOHN 2 , AND JIN- WOO PARK 3 ’* 


n — 1 


q n f f(x+n)dp. q (x) + (- 1 )"- 1 / f(x)d»- q (x) = [2] q '£,f(l)J(- 1 )"- 1 -', ( 1 . 3 ) 
Jz p Jz p ; _q 

where neN (see [5, 10-13]). 

The Euler polynomials are defined by the generating function to be 

o 00 j.n 

T-T^ = (see [2,8]), (1.4) 

e t _l_ 1 n! 

n— 0 

when x = 0, E n = E n ( 0), (n > 0), are called Euler numbers. 


It is known that the q-Euler polynomials are given by the generating function as 
follows: 


/ e ^ x+!/ ^ t d/x_q(y) = — ^j~r eXt = ^ E n>q (x)^-7, (see [1,3 — 7, 9 — 14]), (1.5) 

/'7 (76 “h 1 72! 

^ ^p ^ 1 n = 0 

when a: = 0, E n , q = E n>q ( 0) are called q-Euler numbers. 

It is known that 


J f{x)dn- i(x) = J e^ x+y ^ t dfi-i(x). 


( 1 . 6 ) 


Let x be a primitive Dirichlet character with conductor d € N with d = 1 (mod 2). 
Then, by (1.3), we get 


X{v)e {x+v)t dn-ii3i) = 


d - 1 


IX 


e dt + 1 


^ X (a)(-l) a e at e* 


a=0 


(1.7) 


=J2 En ^ x )-\^ see I 4 - 11 ]) 


n— 0 


where E n<x (x) are called the generalized Euler polynomials attached to % and x = 0, 
E n x = E n>x ( 0) is called the n-th generalized Euler number attached to y. 

From (1.7), we can derive the generalized higher order Euler polynomials at- 
tached to y as follows: 


J x f x (n x(m)) e^+y^+yr+^d^Md^M • • • d^ x {y r ) 

d - 1 \ r 

^X(a)(-l)“e at e xt 

a— 0 / 


e dt + 1 


^ j-n 

= (see [9,11]). 

n= 0 


( 1 . 8 ) 
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(h, ^-EXTENSIONS GENERALIZED HIGHER ORDER MODIFIED g-EULER POLYNOMIALS 3 

From (1.8), we consider the (h, (/(-extensions of higher order modified Euler poly- 
nomials attached to \ as follows: 

f ... f q^=i( h - l '>y‘(n x {y l ))e [yi+y2+ - +yr+x ^ t d^- 1 (y 1 )dti- 1 (y2)---dfx_ 1 (y r ) 

Jx J x ;=1 

00 4 .n 

=£*$%(*)*’ (see [9 ’ 11]) > 

n— 0 

(1.9) 


where r € N, h £ Z. 

Recently, T. Kim and D.Kim studied (h, (/(-extensions of the generalized higher 
order Euler polynomials (see [11]). So, we introduce (h, (/(-extensions of the gen- 
eralized higher order modified (/-Euler polynomials. The purpose of this paper is to 
investigate symmetric identities of (h, (/(-extensions of the generalized higher order 
modified (/-Euler polynomials. 


2. Symmetric identities for (h, (/(-extensions of the generalized 

HIGHER ORDER MODIFIED g-EULER POLYNOMIALS 

We introduce the (h, (/(-extensions of the generalized higher order modified q- 
Euler polynomials attached to x as follows: 


f ... f g Er=l(fc-0»I ( TT x(w))e [»l^ + ---^r+x],t dM _ g(yi)dM _ a(w) ... d ^ (yr) 
Jx Jx , 




n = 0 


(2.1) 


Now, we consider the symmetric identities of ( h , (/(-extensions of the generalized 
higher order modified g-Euler polynomials. 

Let u)i,i «2 e N such that w\ = 1 (mod 2) , W 2 = 1 (mod 2). Then, we consider the 
following identity. 


qT,l=i(h-i)yi 


ix Jx 


(IT N'(yz)) 


1=1 


xe [ W1W2X+W2 £r=ii<+-i ^UviUtdn-Mdfi-M-'-dn-M 


= lim 


1 


dw 2 — 1 


P N - 1 


N^a o \p N ]-~ ^ 


Wl J2i=i(h-i)vi ([J x(yi)) 

,ir=0 yi,V2,--- , Vr =0 1=1 


xe [w 1 W 2 X+W 2 Sr =1 j‘+ w l Yi’[ = l( i l+ dw 2Vl)]qt^_q^J2’[ =1 (. i l+ dw 2Vl) 

From (1.9), we have 


(2.2) 
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dw i — l 

E 

jl,h,— ,3r = 0 
r 

x (n x(yi))e [wiW2X+w 2 Er = 3 jl+wi Er = 3 ■ ■ ■ d^_ q (y r ) 


iw i — l r r r 

V' (_g)Er=i(R+ du, 2i/i) qWiJ7i=x(h-i)ii (TT / ... / q w ^T7i=i{h-i)yi 
, _ n , 1 J x Jx 

2 i ‘ ‘ ‘ — U L — 1 


i = l 


dw\ — 1 dw 2 — 1 p N — 1 

= iim y^ 

Y-s.™ 


=1 (*i +ji +j/i ) „EI=i (ft. — f) (w2j'i +u)i *i +tuit«2 yj ) 


(—q')Y^=iVH-rji-ryUqZ^l=i 


jl,h,— <3 r=0 ,v=0 yi,V 2 ,--- ,Vr=0 

r 

Xe [uJiw 2 (x+dJ2l=i 2/0+IZr=i( w; 2ji+wii I )]g*(JJ 


i=l 


(2-3) 


By the similar method as (2.3), we get 

dw 2 — 1 


■ 0 Ix(*)) 


i=l 


'X ./x 


yy (_^)Er=i(^+ dw; 22/0g^i u=i(h-i)ji ( 

31,32,— ,jr= 0 
r 

x (I] X^)^ 1 *" 2 ^ 1 Er = 3 Jl+W2 Er = 3 yil - t ^_ 9 (y 1 )^_ 9 (y 2 ) • • • d^ q (y r ) 


1 = 1 


dw 2 — 1 dw i — l p N ~ 1 

= lim V V 

4-_/ 4__/ 


yy ^_g')Er=i(h+ji+!/i)gEr=i( ?t -0( w iji+“'2ii+wiw2j/!) 


jl,h,— ,jr— o *1 ,*2 , ••• ,*r=0 J/1,3/2,'" ,J/r=0 

r 

xe [wiw 2 (x-\-d^ =1 2/i)+IZr=i( w iJ*+ w; 2ij)]®*(JJ 


1=1 


(2.4) 


Therefore, by (2.3) and (2.4), we obtain the following theorem. 


Theorem 2.1. Let joi,W 2 €N smc/i that W\ = 1 (mod 2) , W 2 = 1 (mod 2). Then, 
we have 

dw\—l r r r 

Y (-q')T,I =1 (.ii+dw 2 yi) q w 2 J2i =1 (.h-I)ji (TT x(ji)) / •••/ EF=i( ?l - 0 j/i 

, n JX J X 


3 1,32,— ijr — 0 


i = l 


x (I] x(2/0)e [ ^ lW2iE+W2 Er = 3 ^ E ‘= 3 «]« t d^_ 9 ( I / 1 )dAi_, (jte) • • • d/x- g (yr) 


i = l 

dlL2 — 1 


(II X(ii)) 


9 


i = l 


/X ^x 


_ (_ g )Er=i(^+^22/o^i ELi(^-oi« 

31,32,— ,jr= o 
r 

X (n X^)^ 1 ™ 2 ^ 1 Ji+,U2 E ‘= 3 ^d^j/OdA*-^) • • • d/i_,(|/ r ). 
1=1 


E [=1 (h-l)yi 


(2.5) 


Now, we consider that 


miw 2 a; + w 2 ^ 3i + w i E yi 

i=i i=i 


= [ w iU 


W 2 v-^ • 

> Ji + > ^ 2/i 

u>l f— ' f— ' 

1 Z=1 1=1 . 


, (2.6) 
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(h, ^-EXTENSIONS GENERALIZED HIGHER ORDER MODIFIED ij-EULER. POLYNOMIALS 5 
and 


W\W2X + W\ E ji y i 
l—l 1=1 J q 


[w 2 ] q 


W\X 


'W 1 . 

— 2,31 

W 2 ' 

1=1 1=1 


E 


yi 


(2.7) 


Therefore, by Theorem 2.1 , (2.6) and (2.7), we obtain the following theorem. 


Theorem 2.2. Let w\,w 2 £ N such that w\ = 1 ( mod 2) , w 2 = 1 ( mod 2) and 
n > 0. Then, we have 


dw i—l r r r 

[Wi] n q (-QF'= lj, Q^ U=l{h - l)j, (Y[xVl)) ■■■/ q w ^=^ h ~ 1 ^ 

31,32,— ,jr=0 Ml Jx Jx 


c(nx(«)) 


i=l 


W 2 , . .x 

W2® H Ui + J2 H b >) > 

7/J-. ^ ^ 




yi 


i = 1 


dH- q {yi)dn- q (y 2 ) ■ ■ ■ dn- q (y r ) 


dw 2 ~l r r r 

jija,— ,jr=0 1=1 X X 


: (n^)) 


Z=1 


u/1 , . . .x 

Ul +J2 H \-Jr)}yi 

W>2 ^ 


1=1 J q w 2 


dy-q{yi)dn- q (y 2 ) ■ ■ ■ dn- q (y r ). 

( 2 . 8 ) 


Thus, by (1.7) and Theorem 2.2, we obtain the following theorem. 


Theorem 2.3. Let w\,w 2 £ N such that w\ = 1 ( mod 2) , w 2 = 1 ( mod 2) and 
n > 0. Then, we have 


dwi — 1 r r 

[Wi ]q E (-Q)^ =lJl Q W2 ^ =lih ~ lhl (]Jx(ji))Ei h ^ 1 {w 2 x+ ^E^) 

31 , 32 ,— , jr =0 1=1 1 1=1 

dw 2 —I t r 

= [ W 2\q E (-g) E ‘= lJ, 9“’ 2Er=l(ft_ibi (n XUl)) E n,x^2(wiX+^-J2dl)- 

31,32,— ,jr=0 1=1 2 1=1 

(2.9) 


Now, we consider that 
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■ q 
lx J X 


X ( yi )) 


1=1 1=1 


X w 2 x E + E ^ dn- q {yi)dn- q {y 2 ) ■ ■ ■ dfjb- q {y r ) 


r 

X ( q) Wl (n x(Vi)W-MdH-M ■ ■ ■ dn- q {y r ) 


= E " 


n \ • a W2(n-i)J2i =1 jl ( W ox) 

A I [ Unt 1 Z^ Jl q ^n-i, X ,q w ^ W2X > 


=E(i)(gr e* 

i = 0 ' ' ^ ^ ' U = 1 J n w 2 


From (2.6), we have 

dw i—l r r r 

M? J2 / ■•• / q Wl ^ {h ~ l)m 

jl,h,-,jr=0 1=1 JX JX 

r r r -j n 

x(TTx( 2 /i)) w 2 x+-(j 1 +j 2 -\ \-jr) + y 2 yi dy- q (y-i)dy- q (y 2 ) ■ ■ ■ dy- q (y r ) 

1=1 L 1=1 J 

dwi — 1 r 

= E (-^^lAg^^^-OAfnxC;,)) 

jija,--- ,jr=0 1=1 


x E(jKwr 

2—0 ' ' _Z — 1 _ gtU2 

✓ \ cZu>i — 1 r 

' ' jlja,— ,jr=0 1 = 1 


x 2_^ji q 

-1 = 1 J o“2 




/ \ Wl— 1 r 

( W2a ’) E (-g) Er = lJi g E '= l(/l_i)j! (flxOi)) 

' 2 ,jr=0 1 = 1 
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By the similar method as (2.6), we get 

dw 2 — 1 


— J. r r 

[W2]q •••/ q W2j2 ‘^ (h ~ l)m 

, , n JX JX 

dy~ q (yi)dy- q (y 2 ) ■ ■ ■ dfi- q (y r ) 



' ,3r = 0 


1=1 

r 

x (Qx(y/)) 

1=1 

Wi . 

WlX H (J1+J2+- 

w 2 

' ' + jr ) 

r 

' + E« 

1=1 _ 

= (”) M’JW l]g ( Wi;r ) 

W2 — 1 

E 

(-9) E '= 


J »Jr=U 


E 

.1=1 


Ji 


( 2 . 12 ) 


Therefore, by (2.6) and (2.7), we obtain the following theorem. 


Theorem 2.4. Let w\,w 2 € N such that w\ = 1 ( mod 2) , w 2 = 1 ( mod 2) and 
n > 0. Then, we have 

W i — l 

[w^w^E^iwzx) Y, (-q)^ j ‘q^ h - l)jl 

31, h,— ,3r = o 
r 

x(I ~[ x ( ji )) 

1=1 

W2 — 1 

[W2)i (“!*) E (-q)^ j 'q^ h ~ l)j ‘ 

jl , 32 ,--' , jr =0 

r 

x(nxo-o) 

/=i 
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Some properties of (p, g)-tangent polynomials 
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Abstract We introduce (p, g)-tangent polynomials and their basic properties in- 
cluding (p, g)-derivative and (p, g)-integral. By using Mathematica, we find roots of (p, q)- 
tangent polynomials. We also investigate relations of zeros between ( p , g)-tangent polyno- 
mials and classical tangent polynomials. 
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tangent polynomials 


1. Introduction 

In [1, 2, 3], R. Chakrabarti and R. Jagannathan, G. Brodimas, et al. and M. Arik, et 
al. introduced the ( p , g)-number in order to unify various forms of g-oscillator algebras. 


For any n £ C, the (p, g)-number is defined by 


n ]p,Q ~ 


p n - q n 
p-q 


It is clear that (p, g)-number contains symmetric property, and this number reduces to 
q - number when p = 1. In particular, we can see that lim g ^.i [n] Ptq = n with p = l(see [9]). 
By using the above numbers, many researchers have studied (p, g)-calculus(see [4, 5, 8]). 


Definition 1.1. We define the (p, g)-derivative operator 

iWM = /( 7 ) ~Y ) . x/0, 

(p- q)x 

and D Ptq f( 0) = f'{ 0). The following properties of (p, g)-derivative operator are immediate. 
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Theorem 1.2. For the operator D p q the following hold 

(i) Derivative of a product D pq (f(x)g(x)) = f(px)D pq g(x) + g(qx)D PA f(x) 

= g(,Px)D p , q f(x) + f (qx)D pq g(x). 


(ii) Derivative of a ratio 


D 


P,9 


/ 0) \ = g(gx)D P , q f{ x) - f(gx)D p , q g(x) 
g{x) J g{px)g(qx) 

= g(px)D P ,qf{ x) - f(px)D P:q g(x) 
g{px)g{gx) 


In [4], R. B. Corcino found (p, gj-extension of binomials coefficients and used it to 
establish various properties related to horizontal function, the triangular function, and 
the vertical function. 


Definition 1.3. The (p, g)-analogue of (x + a) n is defined by 

_f 1 if 

(i) (x + a) pq ^ (x + a)(px + aq) ■ ■ ■ (p n ~ 2 x + aq n ~ 2 )(p n ~ 1 x + aq"" 1 ) if 

n 

(ii) (a: + a)™ q = X] 


if n = 0 
n ^ 0 ’ 


fc= o L J P>9 


p(i)q( n 2 k ) x k a n-k^ 


where 



is (p, g)-Gauss-Binomial coefficients. 


Definition 1.4. Let 2 be any complex numbers with \z\ < 1. Two forms of ( p,q)~ 
exponential functions are defined by 


e P,q( z ) = X^P® 

71 = 0 

oo 

£ P A Z ) = XX*^ 


n— 0 


nl 


These forms are connected by the following interesting relations 


^Ptq( Z )£p,q( z) 1) ^P,q{ Z ) — S p -l q -l ( z ). 

Bernoulli, Euler, and Genocclri polynomials have been studied extensively by many rnatlr- 
ematicians(see [5-7, 10-13]). In 2013, C. S. R.yoo introduced tangent polynomials and 
he developed several properties of these polynomials (see [10]). The tangent numbers are 
closely related to Euler numbers. 


Definition 1.5. Tangent numbers T n and tangent polynomials T n (x) are defined by 
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means of the generating functions 


^2 Tn n\ ~ P 2t , i “ 2 ^ 


n—0 

oo 


n\ e 2t + 1 


V- t r ‘ 

= 

' n.\ 


m^2mt 


m—0 

oo 


n\ e 2t + 1 


c 2^(-l) 


m (2m-\-x)t 


n—0 m—0 

Theorem 1.6. For any positive integer n, we have 

T n (x) = (— l) n T„(2 — x). 

Theorem 1.7. For any positive integer m(= odd), we have 

m— 1 


T n (x)=m n Y / (- 1 ) i T n ( 2l±X ), ne Z+. 

i=0 \ m / 


Theorem 1.8. For n £ Z+, we have 


fe =0 ' ' 

The main aim of this paper is to extend tangent numbers and polynomials, and study 
some of their properties. Our paper is organised as follows: In Section 2, we define 
(j>, g)-tangent polynomials and find some properties of these polynomials. In Section 3, 
we consider ( p , g)-tangent polynomials in two parameters and establish some relations 
between (p, <y)-tangent polynomials and (p, g)-Euler or Bernoulli polynomials. In Section 
4, we observe roots distributions of (p, g)-tangent polynomials and demonstrate interesting 
phenomenon. 


2. Some properties of the (p, g)-tangent polynomials 

In this section we define the ( p , <y)-tangent numbers and polynomials and establish 
some of their basic properties. We also define (p, g)-derivative and (p, g)-integral of (p, q)- 
tangent polynomials. 


Definition 2.1. For x,p,q £ C, we define {p, <y)-tangent polynomials as 


^ ' Tn tPt q{x) 


[2]p,q 


n—0 


P\p,q^ 


-e PtQ {tx), \t\ < 


From Definition 2.1, it follows that 


^ j.n w f 

F, Tn,p,q(0) |— | y = FI Tn,p,q 
n—0 n—0 


[2]p,q 


M P ,q! e Ptq (2t) + 1 ’ 


where T n , P , q is {p, g)-tangent number. If p = 1, q — > 1, then it reduces to the classical 
tangent polynomial(see [10]). 
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Theorem 2.2. Let x,p,q £ C. Then, the following hold 

m 7" n 2 n_fc »("2 k ) j -, — { ^ n ~ ^ 

[1> ln ’ p ’ q + 2^ k P ,k ’ p ’ q ■ 0 if n + 0 

k = 0 L J K ' 

n r -I 

(ii) Tn, v , q {x) + Y. I 2 n - k p( n ~^T k , p , q (x) = l 2 } P!q p®x n . 

k = 0 L Jp.9 

Proof. From the Definition 2.1, we have 

°°^ -j-Tl 

P]p,g = (1 + e p,q{ 2t)) E, Tn,p,q - 7 


n— 0 


_ X/ ( ^n>P>9 + 




n=0 \ fc=0 L J P'9 

Now comparing the coefficients of t n we find (i). For (ii) we use the relation 

™ t n 

ln,p,q(x)~ 

n — 0 


[2]p,q e p,q ( tX ) — (1 + e Pi q(2t)) El 7^ ,p,q( x )' 


n 


! 

P,9* 


E ( 2n,p,q (x) + E ffel 2"- fc p( B ^)r fc , Pl ,(*) ) ^ 


n=0 \ fe=0 L J P>9 

and again compare the coefficients of t n . 

Theorem 2.3. Let n be a non-negative integer. Then, the following holds 


5®T„- 


/ n—k, P ,qX 


7n,p,q(x) — El 
k—0 

Proof. From the definition of the (p, (^-exponential function, we have 

OO 

El Tn, P ,q{.x) 


t n [2] p o . , t n ^ 

’ - '9M = E r "'P'9T^r^E^ 2)i 


n— 0 


H - 1 


n— 0 


n ]P'9 ! ^0 


Np,q ! 


oo / n 


E E I P®Tn-k, P , q (*)x k 


t r ‘ 


I ' 


ra=0 \fe=0 L J P'9 / r“JP’<T 

The required relation now follows on comparing the coefficients of t n on both sides. 


□ 


□ 
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Theorem 2.4. Let n be a non-negative integer. Then, the following holds 

71 r - 

Tn, P)? = £ l (-l) n - k q^T k , P , q (x)x n - k . 

k = 0 L -I 

Proof. From the property of ( p , gj-exponential function, it follows that 
t n 


£1 +,P,Q 


n— 0 


H - 1 


e p, q {tx)e p -l t ql (—tx) 


y ^7n,p,q{x) r -j I £ 


t n 


n—0 

oo / n 

= £ £ 

n=0 \fe= 0 


'IP.?' n—0 


[ n ]p,<T 


(-l)"- fe g("^)r fc , p , 9 (x)^- fc 


The required relation now follows immediately. 


□ 


In what follows, we consider (p, (^-derivative of e Ptq (tx). Using the Mathematical 
Induction, we find 


„n— 1 


t n 


\n — 1 \ 


(i) k = 1 : DWe p , 9 (ta;) = £p*£ 

n=i 

oo »n 

(ii) k = i: D$ q e p , q (tx) = £ p®; 

n—i 

If (ii) is true, then it follows that 

/ OO 

(iii) fc = * + 1 : : l) e p , q {tx) = D^ q . x I £p^)a;" 


[n-i]p, q ] - 


£ 


4.71 

-i— (i+1) 


71=7+1 


( i+1 )] P , 9 ! 

= t i+ 1 p('* 1 '>e Ptq (p i+ 1 tx). 

We are now in the position to prove the following theorem. 

Theorem 2.5. For k £ N, the following holds 

D P ]jn,p, q {x) = ^ p ’1' p&T n - k ,p,q(p k x). 

l n - k\p,q- 
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Proof. Considering (p, (^-derivative of e pq (tx), we find 

j.n 00 4 .n 

c _ ( 4 _L 1 \ / X E 

ri i = 2^ J 

n=0 n— 0 


^ 4-71 ^ 4-11 

d pa^ y = f 

r) — n l u \p,q- r) — n 


[2]p,q 


5 M 1)e R9N 


e p,q(2f) + 1 P ’ 9 P ’ ? 


= t'+'o'*! 1 ) — H|Lje p ,,(p i+1 tx) 


: p( 2 ) + (i + l)]p, 9 •••[« + 2] P)9 [n + 1] ? 

^ra+i+1 


X '7~n,p,q (j? *^) 


n=0 

.i+1. 


[n + (* + l)]p, g ! 


( i + r ) [ n ]p,q n~ { i+l \ 

' Sl” + ( i + 1 )L» ! “ +,, “ * KY 


which immediately gives the required result. 


□ 


Theorem 2.6. Let a, b be any real numbers. Then, we have 

fb Y' p k 

/ T~n,p,q{%)dp, q X = — — : —— r {Tn.+ l ,p,q(b) — 7~n+l, p,q(a)) . 

Ja k=Q P l n T J-J p,q 


Proof. From Theorem 2.3, we find 

(*b nb ^ 


nO nO 

I 'Tn,p,q(%')dp' i qX = / ^ ^ 

^ CL J CL i, f) 

n 

= £ 

k = 0 
n+1 

= £ 


fc=0 

n 

k 


P 


^ k) T k ■., P , q x n - k d p , q x 


J PA 

( n 2 k )r k 


i 


p 


k,p,q 


[n - k + l] P) q 


n-k -\- 1 


fe=0 L J P>4 L "" ” 1 * JP ’ <? 

— 1 P k {Tn+l,p,q{b) - T„+l,p, g (a)) 


k—0 


p n [n+ l] Pi9 


□ 


3. Some properties of the (p, g)-tangent polynomial in two parameters 

In this section, we shall study the (p, g)-tangent polynomials involving two parame- 
ters. We shall also find some important relations between these polynomials and other 
polynomials. 
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Definition 3.1. For x, y £ C, we define (p, gj-tangent polynomial with two parameters 
as 

'Tn,p,q{x, y)~TT j" = - 77^V~~r e P,q (t x ) e p,q{ty), |t| < — . 

n=0 L'fl p,q- T- i z 

From the Definition 3.1, it is clear that 


x 4 .n °° 4 .n To] 

(*• . °) O— i i = H T n ,p, q (x) - p ’ 9 

n—0 IP’?' n—0 


nu.„! e„ )? (2t) + i ep ’ 9(te) ’ 


P]p,q 


°°^ jn °°^ -j.n 

S r ““ <0 ’ 0) HY = S T ""[SW ‘ e,.,(20 + l’ 

where 77,p,q is (p, g)-tangent number. We also note that the original tangent number, T n . 

X 4-n °° 4-71 O 

lim [ Tn > b^M — i = J2 Tn ~ = 2t T i > 
g-n z -' nh 0 ! ' n! + 1 

n—0 L J n=0 

where p = 1 and q — ► 1. 

Theorem 3.2. Let cc,p be any complex numbers. Then, the following hold 

n r 1 

(i) Tn,p,q{x,y) = ^ ” p(^Tn-k,p,q{x)y k , 


k = 0 L J P>9 

n r l ^ 

(ii) Tn,p,q(x,y) = Y J j, 'Tn—l,p,q 'y ] 
1=0 L -Ip, 9 


k 

k = 0 L J P.5 


(HjOlni /_!. L. 

p 2 x y . 


Proof. From the Definition 3.1, we have 

°°^ j.n 

J2Tn,p,q(x,y)^ 
n = 0 


n] p J ~ e p [ q (2t) + i ep ^ ep ^ 

00 t n 00 

= ^ ‘2‘T~ n ,p,q{x ) y ^ j JN 2 3 


n—0 


P’9- 


n—0 


Wp,5- 


Using Cauchy’s product and the method of coefficient comparison in the above relation, 
we find (i). Next, we transform (p, g)-tangent polynomials in two parameters as 


^ ' 7n,p,q{ x i y ) 


t n 


[2]p,q 


n—0 


H - 1 


Zp, q (tx)e PA (ty) 


^ 4-n , . 

= i J 2 p 2 s 

n—0 [ >P’ «• n—0 

Now following same procedure as in (i), we obtain (ii). 


J P,Q’ 




n—0 


n 


P,5* 
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□ 


Theorem 3.3. Setting y = 2 in (p, c/j-tangent polynomials with two parameters, the 
following relation holds 

[2 ]p,gP^X n = Tn,p,q(x, 2) + T n ,p,q{x). 

Proof. Using (p, g)-tangent polynomials and its polynomials with two parameters, we have 


El 'Tn,p,q{x i 2) 


t 


n — 0 


n 


- + Yr (x) tn - t 2 ]p-g e P-^ 2 ^ e e U x ) 

~ e ^ 2t) + 1 e v,m + 1 ( 


Now from the definition of (p, ^-exponential function, the required relation follows. 


□ 


Theorem 3.3 is interesting as it leads to the relation 


x = 


T 'Tn,p,q(%) 


[2 \p,qP 


( 3 ) 


Theorem 3.4. Let 2 


< 1. Then, the following holds 


'T'n,p,q{x) 


E 

k = 0 


(-i) fc p(5)r fcll , f( 2)x ; 


Proof. To prove the relation, we note that 

e ltf (- 2 f) =e p , q {-2t), 

where £ p , q (t) = e p -i q ~i (t). Using the above equation we can represent the (p, g)-tangent 
polynomials as 


El 7n,p,q(x) 


[2 ]p, 


n = 0 


n\ Pl q\ e p , q (2t) + i 6p k te ) 


[2 ]p,. 


£ p , 9 (-2f)e p , 9 (ta) 


1 + £p,q{~^t) 

e 1>f ( JSi) + 1 ei *f ( - 2< ) e P.«( ta? ) 

(-*r 


= EE 1 , f (2)^ T E^ ) 


n— 0 

oo f n 


n— 0 


= £ E t (-l)V»r w ,;(2 )a 

n=0 U=0 L 

which leads to the required relation immediately. 


i—k 


t n 

b*W’ 


1446 


R. P. Agarwal etal 1439-1454 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


□ 

Now we shall find relations between ( p, < 7 )-tangent polynomials and others polynomials. 
For this, first we introduce well known polynomials by using ( p , g)-numbers. 

Definition 3.5. We define (p, g)-Euler polynomials, E n _ p _ q (x), and (p, g)-Bernoulli 
polynomials, B UtPtq (x), as 


En,p,q(x )' j 


[2]p,q 


n—0 


p,q- ^ p 


At) 


— e PA (tx), |t| < 7 r, 


t 

'y 1 Bn,p,qi x ) 7~1 y = - . e p,q(tx), |t| < 27T. 

„_n l n \p,q- e p,q\ l ) 1 


n= 0 ^Jp,9' 

Theorem 3.6. For x,y £ C, the following relation holds 

Tn,p,q{x , y) 


1 

l=Q 


'7~n—l,p,q («^) 


J P><7 


ra l 


n—l 

E 

/c— 0 


n — l 
k 


P K 




J 


m 


i—k 


El,p,q( m y)- 


Proof. Transforming (p, g)-tangent polynomials containing two parameters, we find 
r e p ,g (tx)e Piq (ty) 


[2]p,g 


6p,q(2f) + 1 

[2]p,<? 

° J pAm) + 1 




-"P.9 


pAA + /" P]p, 


[2]p,q / \ e p,q(2i) + 


i e p>g , (^ a ')^ • 


Thus, for the relation between (p, g)-tangent polynomials of two parameters and (p, q)- 
Euler polynomials, we have 


y ' Tn,pAXi y) 


t r ‘ 


n—0 


, n ]pA 


tv 4-n / ^ "I 

= t E 'TnwAArfo y Em ^ 

n—0 m L n Jp>9- n=0 ^P>«' \n=0 [ J P’® 


m "Np,q ! [2]p,q 


- oo n 

1 In 


[2] r 


EE i E i,pA m v)Yl 


n—0 1=0 L J P.9 


n — l 


+ 


OO nr-] 

n 


ifEE 

l^JP.9 n =0 1=0 


Ei,pA m V ) 


fc=0 L J P.9 

T n -l,pA X ) t n 

m l [n] Pj g! ' 


3 ("-‘- fc ) '7fc,P,g( a; ) 

TO n-fc [n] Pi9 ! 


which on comparing the coefficients immediately gives the required relation. 


□ 
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Corollary 3.7. From Theorem 3.6, the following hold 

o) w*.»)-^-t rBl lTn - , ' ,(x) 

[ 1=0 


E 


k = 0 


n — l 
k 


Tk,q(x)\ f ^ 
E i,q( m y)- 


1 f n \ ( Tn-i{x) (n-l\ Tk(x) 


(ii) T n (x,y) = 


, l 


rrr 


E 


k J m n ~ k 

Theorem 3.8. For x,y £ C, the following relation holds 

7n—i,p,q(x, y ) 


Ei (my) . 


1 


1 — 1 


E l E 


Wp. 9 j=0 L-J M Vfe=Q 

Proof. We note that 


n — l 
k 


P ^ 2 ^ 'Tk : p,q(%) 'Tn—l,p,q(%') 


J p,q 


m 


i—k 


m L 


Bi, p>q (my). 


P]p,q 


-e Ptq (tx)e p>q (ty) 


e p , q ( 2 t ) + 1 

= ( , L _ ^ ,m) (■ e “ ( ” ) “ ru [2k< 

\ e P,q\m) 1 / V 

Thus as in Theorem 3.6, we have 

r 


t J \ e p , q ( 2 t ) + 1 


e P , q (tx) I • 


^ 1 Pn,p,q{ x , y) 


n — 0 


Mp,g! 


f ? (;) * w 1 1 

Wo m "[ n kg ! \ 


°°^ °°^ ^ 

E - B ™,P,g( m 2/)„ T ,„r r , 1 | E 'Tn>V,<l( X 


n — 0 


(e 

n 

l 



(e 

n 

l 


n—l 


k—0 


n — l 
k 


m n [n\p : q\ 


Mr 1 


n=0 

n—l 




j 


m n ~ k 

t n-l 


[ n ]p,g- 


7n—l,p,q\X ) / \ \ >- 

The required relation now follows on comparing the coefficients. 


Corollary 3.9. From the Theorem 3.8, the following relations hold 

1 — 1 

I I' 

l 


1 n r “| / n ~ l 

(i) Tn=i iq (x,y) = p-E /I IE 


n — l 
k 


Tk,q{x) r n —l,q{x) 


i—k 


(ii) T n _i(z,y) = Wr) £ 


;=o L J q \k= o L J q 

n—l 


n z — " \ l J \ , \ k ) m 

i=o \ / \fc— o 


m' L * rrv 

n — l\ Tkix) T n -i(x)\ 


Bi.q(my). 


n—k 


Bi{my). 


□ 
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4. The observation of scattering zeros of the (p, g)-tangent polynomials 

In this section, our aim is to find zeros of the (p, g)-tangent polynomials. From this 
work, we can investigate relations between (p, g)-tangent polynomials and classical tan- 
gent polynomials. In addition, we shall observe scattering of zeros of the (p, ^-tangent 
polynomials in three dimension. For this, we use Theorem 2.2 to calculate some elements 
of (p, g)-tangent numbers and polynomials. The first few (p, g)-tangent numbers are 

[2]p,g 

3 ’ 

9 ’ 

4[2]p,q 

9 P 27 1 

72 [2 ] Pt q 3 ( 24[2] p q _ 8[2] p ^[3]p^q \ _ 8[2] Pig [3] p , g 

81 P + ^ 81 81 ) P 81 


To ,p,q — 
Tl ,p,q = 

72,p,q = 

T 3 ,p,q — 


To compute (p, q)-tangent polynomials we employ Mathematica. The first few (p, co- 
tangent polynomials are 

rj~ / ^_P + Q 
I0,p,q\ x ) ~ 2 > 

Ti, „,,(*) = 2 (p + <?)(-! + z)> 

T 2 , p , q {x) = ^(-q 2 {-l+x)+pq(-2 + x)x+p 2 (-l-x + x 2 )), 

T 3 ,p, q {x) = * (p + <?)(<7 3 (-T + x) - p 2 q{—2 + a; 2 ) - pg 2 (— 2 + x 2 ) + p 3 (-l - a; - x 2 + x 3 )), 



Figure 1: Zeros of T ntP)q (x) for q = 0.19,0.39,0.59 
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Using computer we can investigate the zeros of T n , p , q (x). Here, our expectation is 
that a plot of T ntPtq (x) will approach to a plot of T n (x) when p = 1 and q 1. We let 
n = 100. In Figure 1, for q = 0.19,0.39,0.59, we observe from left to the right that the 
middle shape is similar to a sphere, but it seems like an ellipse because one of real roots 
is exists near to 2. 




Figure 2: 



Zeros of T n , P , q {x) for q = 



A similar pattern we see in Figure 2 for q = 0.79,0.89,0.99. From Figures 1 and 
2, it is clear that zeros of T ntPtq (x) are very similar to zeros of T n (x) given in([ll]) for 
n = 100, p = 1, q = 0.99. We can also expect that Im(x) = 0 of (p, g)-tangent polynomials 
have reflective and symmetric properties. An interesting point is the location of roots. We 
can see the empty spot in the middle of Figure 1 and observe spread of empty space in 
Figure 2. 

For n = 100, p = 1, and q = 0.19, the approximate zeros of (p, g)-tangent polynomials 
are listed in the following table. 


degree Approximate roots of (p, g)-tangent polynomials for p = 1, q = 0.19 
100 -1.36843, -1. 36556-0. 087566i, -1.36556+0.087566i, -1.35692-0. 174899i, 

-1.35692+0. 174899i, -1.34243-0.261765i, -1.34243+0.261765i, 

-1. 32191-0. 347931i, -1.32191+0.34793U, -1.29512-0.433163i, 

-1. 29512+0. 433163i, -1.26178-0.517337i, -1.26178+0.517337i, 

-1. 2219-0. 600756i, -1.2219+0.600756i, -1.17691-0.683948i, 

-1. 17691+0. 683948i, -1.12913-0.764992i, -1.12913+0.764992, 

-1. 07803-0. 84129i, -1.07803+0.84129i, -1.03576-0.58781U, 

-1. 03576+0. 58781 li, -1.02268-0.912499i-1.02268+0.912499i, 

-0. 963125-0. 978877i, -0.963125+0.978877i, -0.899648-1.0407i, 

-0. 899648+1. 0407i, -0.832427-1.09814i, -0.832427+1.09814i, 
-0.761516-1. 15116i,-0. 761516+1. 15116i, -0.68703-1. 19947i, 
-0.68703+1. 19947i, -0.609252-1.24274i, -0.609252+1.24274i, 
-0.528594-1. 28064i, -0.528594+1.28064, -0.445526-1.31298i, 
-0.445526+1. 31298i, -0.36053-1.33962i, -0.36053+1.33962i, 
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-0.274073-1. 36053i, -0.274073+1.36053i, -0.186589-1.37571i, 
-0.186589+1.375711, -0.0984547-1.38522i-0.0984547+1.38522i, 
-0. 0099887-1. 38914i, -0.0099887+1. 389141, 0.0785479-1.38753i, 
0. 0785479+1. 38753i, 0.166936-1.38039i, 0.166936+1.38039i, 
0.254936-1. 36763i, 0.254936+1. 36763i, 0.342202-1.34913i, 
0.342202+1. 34913i, 0.428262-1. 32482i, 0.428262+1. 32482i, 
0.512581-1. 29476i, 0.512581+1. 29476i, 0.594658-1.25916i, 
0.594658+1. 25916i, 0.674095-1. 218311, 0.674095+1. 218311, 
0.750625-1. 17257i, 0.750625+1. 17257i, 0.8241-1. 12221, 
0.8241+1. 1222i, 0. 894413-1. 06734i, 0.894413+1.06734i, 

0. 961386-1. 00806i, 0.961386+1. 00806i, 1.02471-0.944367i, 

1. 02471+0. 944367i, 1.08399-0.876392i, 1.08399+0.876392i, 

1. 13879-0. 804367i, 1.13879+0.804367i, 1.18869-0.728642i, 

1. 18869+0. 728642i, 1.23339-0.649655i, 1.23339+0.649655i, 

1. 27264-0. 567879i, 1.27264+0.567879i, 1.30629-0.48378i, 

1. 30629+0. 48378i, 1.33425-0.397798i, 1.33425+0.397798i, 

1. 35643-0. 310367i, 1.35643+0.310367i, 1.37275-0.221972i, 

1. 37275+0. 221972i, 1.38331-0.133155i, 1.38331+0.133155i, 

1. 3884-0. 0443556i, 1.3884+0.0443556i, 2 


The above table for 7ioo,i,o.i9(a ; ) shows that there are only two real roots, and the 
shape is similar to a sphere. 



Figure 3: Zeros of T ntPtq (x) for p — 1, q — 0.19, 1 < n < 100 
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From Figure 3 and the following table, we observe that (p, g)-tangent polynomials for 
different values of n do not have a regular pattern of the number of zeros. 


degree 

Approximate roots of (p, g)-tangent polynomials for p = 1, q = 0.19 

100 

-1.36843, 2 

99 

2 

98 

-1.37033, 0.141925, 1.39158, 2 

97 

-1.37233, 1.38851, 2 

96 

1.37639, 2 

95 

-1.16958, 1.36103, 2 

94 

1.32543, 2 

93 

1.32543, 2 

92 

0.362552, 1.33302, 2 


In Figure 4, we stack the zeros of (p, g)-tangent polynomials for 1 < n < 100. We 
put q = 0.19(tlie top-left), 0.39(the top-middle), 0.59(the top-right), 0.79(the bottom-left), 
0.89(the bottom-middle), 0.99(the bottom-right) and p = 1. We observe scattering of zeros 
of ( p , g)-tangent polynomials including a stick when q < 0.59. We expect that this stick 
exists for all values of q smaller than 0.59. From Figures 1-3, it appears that the shape of 
zeros of (p, g)-tangent polynomials is similar to a sphere for all large values of n and small 
values of q. 
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Figure 5 shows the front view of Figure 4. 



Figure 5: Zeros of T njPtq (x) for 1 < n < 100 


Conclusion 

Our first main contribution in the work is to show that the zeros of ( p , g)-tangent 
polynomials approach to zeros of classical tangent polynomials as q — > 1. To support our 
claim we obtain some specific results. Next, we show that the shape of the roots in (p, co- 
tangent polynomials is almost identical to a circle when q is small. We also observe that 
as q is large the zeros are separated into two parts maintaining the symmetry. 
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Abstract 

In this note, the strong convergence theorems of a non-convex hybrid iteration 
algorithm corresponding to Noor iterative scheme about common fixed points for a 
uniformly closed asymptotically family of countable quasi-Lipschitz mappings in a 
Hilbert space has been proved. Moreover some applications of developed algorithm is 
presented. 

2010 Mathematics Subject Classification : 47H05, 47H09, 47H10 

Key words and phrases: Hybrid algorithm, quasi-Lipschitz mapping, nonexpansive 
mapping, quasi-nonexpansive mapping, asmptotically quasi-nonexpansive mapping 


1 Introduction 

Fixed points of special mappings like nonexpansive, asymptotically nonexpansive, con- 
tractive and other mappings has become a field of interest on its on and has a various 
applications in related fields like image recovery, signal processing and geometry of ob- 
jects [13]. Almost in all branches of mathematics we see some versions of theorems relating 
to fixed points of functions of special nature. As a result we apply them in industry, toy 
making, finance, aircrafts and manufacturing of new model cars. A fixed-point iteration 

* Corresponding author 
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scheme has been applied in intensity modulated radiation therapy optimization optimiza- 
tion to pre-compute dose-deposition coefficient matrix, see [12]. Because of its vast range 
of applications almost in all directions, the research in it is moving rapidly and an im- 
mense literature is present now. Constructive fixed point theorems (for example, Banach 
fixed point theorem) which not only claims the existence of a fixed point but yields an 
algorithm, too (in the Banach case fixed point iteration = f(x n )). Any equation that 
can be written as x = f(x) for some mapping / that is contracting with respect to some 
(complete) metric will provide such a fixed point iteration. Mann’s iteration method was 
the stepping stone in this regard and is invariably used in most of the occasions see [6]. 
But it only ensures weak convergence, see [2] but more often then not, we require strong 
convergence in many real world problems relating to Hilbert spaces, see [1]. So mathe- 
matician are in search for the modifications of the Mann’s process to control and guarantee 
the strong convergence (see [2-5, 7-9, 11] and references therein). 

Most probably the first noticeable modification of Mann’s Iteration process was pro- 
posed by Nakajo and Takahashi [9] in 2003. They introduced this modification for only 
one nonexpansive mapping, where Kim and Xu [4] introduced a variant for asymptotically 
nonexpansive mappings in a Hilbert space in 2006. In the same year Martinez-Yanes and 
Xu [7] introduced a variation of the Ishikawa iteration process for a nonexpansive mapping 
in a Hilbert space. They also gave a variant of the Halpern method. Su and Qin [11] gave a 
hybrid iteration process for nonexpansive mappings which is monotone. Liu et al. [5] gave 
a novel method for a finite family of quasi-asymptotically pseudo-contractive mappings. 

Let H be a Hilbert space and C be a nonempty, closed and convex subset of H . Let 
P c (-) be the metric projection onto C. A mapping T : C — > C is said to be nonexpensive if 
\\Tx — Ty\\ < \\x — y\\ for all x, y G C. Denote by F(T) the set of fixed points of T. It is well 
known that F(T) is closed and convex. A mapping T : C — > C is said to be quasi- Lips chitz 
if F(T) / 0 and \\Tx — p\\ < L\\x — p\\ for all x G C, p £ F(T), where 1 < L < oo is a 
constant. If L = 1, then T is known as quasi-nonexpansive. It is well-known that T is said 
to be closed if x n — * x and ||T,T n — x n \\ — > 0 as n — > oo implies Tx = x. T is said to be 
weak closed if x n — >■ x and || Tx n — x n \\ — » 0 as n — * oo implies Tx = x. It is obvious that 
a weak closed mapping should be closed, but converse is no longer true. 

Let {T n } be a sequence of mappings from C into itself with a nonempty common fixed 
points set F. Then {T n } is said to be uniformly closed if for any convergent sequences 
{z n } C C with conditions ||T n 2 n — z n \\ — > 0 as n — > oo, the limit of { z n } belongs to F. 

In 1953 Mann [6] proposed an iterative scheme given as 

x a . i — (1 Q! n )x n "T a n T(x n ), n — 0, 1, 2, ... . 

Guan et al. [3] established the following non-convex hybrid iteration algorithm corre- 
sponding to Mann iterative scheme: 

.To £ C = Qo, choosen arbitrarily, 

Un — (1 ) x n T a n T n x n , n Y 0, 

< C n = {z G C : || y n - z\\ < (1 + (L n - l)a n )\\x n — z\\ D A, n> 0, 

Qn — { £ Qn—1 ■ (-Tn Z, Xq X n ) Y 0}, H ^ 1, 

. x n + 1 = PcoC n nQ n x 0 
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and proved some strong convergence results about common fixed points relating to a 
family of countable uniformly closed asymptotically quasi-Lipschitz mappings in H . They 
applied their results for the finite case to obtain fixed points. 

The Noor iterative scheme [10] was defined in 2000 as 

*Cn+l — (1 ®n)*Tn T ®nT(l/n), 

* Ijn — (1 b n ) X)i "T b n T (z n j , 

K z n — (1 Cn ) x n T c n T(x n ), n P 0. 

In this article, we established a non-convex hybrid algorithm corresponding to Noor 
iterative scheme. Then we also establish strong convergence theorems with proofs about 
common fixed points related to a uniformly closed asymptotically family of countable 
quasi-Lipschitz mappings in a Hilbert space. Some applications of presented algorithm 
were also given. 

2 Main results 

In this section we formulate our main results. 

Definition 2.1. Let C be a closed convex subset of a Hilbert space H, and let {T n } be 
a family of countable quasi-L n -Lipschitz mappings from C into itself. {T n } is said to be 
asymptotically if lim^oo L n = 1. 

The following lemmas are well known and useful for our conclusions 

Proposition 2.2. Let C be a closed convex subset of a real Hilbert space H . Given x 6 H 
and z € C. Then z = Pcx if and only if we have the relation (x — z, z — y) > 1 for all 
ytc. 

Proposition 2.3. ([3]) Let C be a closed convex subset of a Hilbert space H and let {T n } 
be a uniformly closed asymptotically family of countable quasi-L n -Lipschitz mappings from 
C into itself. Then the common fixed point set F is closed and convex. 

Proposition 2.4. Let C be a closed convex subset of a Hilbert space H . For any given 
xq € H , we have p = Pcx o if and only if (p — z, x$ — p) > 0 for all z € C. 

Theorem 2.5. Let C be a closed convex subset of a Hilbert space H, and let {T n } : C — > C 
be a uniformly closed asymptotically family of countable quasi-L n -Lipschitz mappings from 
C into itself. Assume that a n . b n , c n € (a, 1] holds for some a e (0, 1). Then { x n } generated 
by 

.To E C = Qo, chosen arbitrarily, 

Vn — (1 Q'n)Xn T a n T n z n , Tl F 0, 
z n — (1 b n )x n -T b n T n tn, n, b, 

t'7l — (1 Cti)X 77 C n T77 t X77 j , H ^ 0, 

Cn = {z € C : || y n — z\\ < [1 + (L n (l — b n ) + L,^( 1 — c n )6 n 
T b n c n L n l)Q. n ]||.T n ^||} n A, n 'P 0, 

Q 71 — { Z G Qn— 1 • (Xn Z,Xq X n ) 'P 0}, Tl P 1, 

^ x n + 1 PcoC n r\Q n Xo, 
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converges to Ppx o, where coC n denotes the closed convex closure of C n for all n > 1 and 
A = {z G H : \\z — Pfx o|| < 1}. 

Proof. We divide our proof in following seven steps. 

Step 1. It is obvious that coC n and Q n are closed and convex for all n > 0. Next, we 
show that FnAc coC n for all n > 0. Indeed, for each p G F n A, we have 

|| Vn P || — ||(1 Q'n)x n p a n T n Zn P || 

= ||(1 - a n )x n P a n T n [(a - b n )x n P b n T n t n ] - p\\ 

— 11(1 Q'n)x n P a n T n fa b n ) x n -|- b n F n ( ( 1 c n ) x n T- c n T n x n ) \ p\\ 

= ||(1 - a n )(x n -p) + (a n - a n b n )(T n x n - p) 

P ( a n b n a n b n Cjf)(T n x n p) -t- a n b n c n )(T n x n P)\\ 

< (1 - a n )\\x n -p || + (a n - a n b n )L n \\x n -p|| 

P ( a n,bn v.,, b n c n ) L y) 1 1 x n p\\ P a n b n c n )L n \\x n p \ 

= [1 P (Ln( 1 b n ) p L n {\ c n )b n + b n C n L n l)(ln] ll^-n p||> 

and p G A, so p € C n which implies that FnA C C n for all n > 0. therefore, FnA C cdC n 
for all n > 0. 

Step 2. We show that F D A C cdC n n Q n for all n > 0. it suffices to show that 
F n A C Q n , for all n > 0. We prove this by mathematical induction. For n = 0 we have 
F D A C C = Qq. Assume that F D A C Q n . Since x n+ \ is the projection of xq onto 
coC n fl Q n , from Proposition 2.2, we have 


(x n +l - Z, X n +l - Xo) <0, Vz G coCn fl Q n 

as FnA C coCnFQn, the last inequality holds, in particular, for all z € FnA. This together 
with the definition of Q n + 1 implies that F n A C Q n + 1 • Hence the F n A C coC n n Q n 
holds for all n > 0. 

Step 3. We prove that {x n } is bounded. Using closeness and convexity properties 
of F, we can say that we have a unique element zo e F such that zo = PfXq. From 
Xn+l = PcoC n nQn x <h we have 


||.T n+ i - .To|| < ||^ - To|| 

for every z 6 WC n DQ n . As zo € F n A C cd(7 n n Q n , we get 

||T n+ l - Toll < 11^0 - Xq || 

for each n > 0. This shows that { x n } is bounded. 

Step 4. We show that { x n } converges strongly to a point of C by showing that {t„} 
is a Cauchy sequenc. As x n+ \ = PcdC n nQ n x o C Q n and x n = Pq u to (Proposition 2.4), we 
have 

||t„+i - to|| > ||t„ - To|| 

for every n > 0, which together with the boundedness of ||.T n — to|| implies that there exsists 
the limit of ||T n — To||. On the other hand, from x n+m G Q n , we have (x n —x n+m , x n —xo) < 
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0 and hence 

||^n+ra %n || = ||(^n+m *^o) ^o)|| 

^ H^n+ra Xo\\ || %n ^o|| 2(x n _|_ m X n , X n Xq ) 

< \\x n+m - .Toll 2 - ||T n - Toll 2 — > 0, n —* oo 

for any m > 1. Therefore {x n } is a Cauchy sequence in C, then there exists a point q £ C 
such that lim n _ >0O x n = q. 

Step 5. We show that y n — > q, as n — > oo. Let 

-D n = {z £ C : \\y n — z\\~ < ||.T n — z|| 2 + (L^ — 1)(L^ + 1)}. 

From the definition of D n , we have 

D n = {z <EC : (y n - z, y n - z) < (x n - z, x n - z) + (l£ - 1 )(L z n + 1)} 

= {z £ C : 1 1 yn 1 1 " — 2(y n , z) + ||z|| 2 < ||T n || 2 — 2 (t„, z) + ||z|| 2 + (L^ — 1)(L^ + 1)} 

= {z £ C : 2(x n - y n ,z) < \\x n \\ 2 - \\y n \\ 2 + (L„ - 1 )(l£ + 1)}. 

This shows that _D n is convex and closed, n £ Z + U {0}. Next, we want to prove that 
C' n C D n , n > 0. 

In fact, for any z £ C n , we have 

|| Vn ^ll T [1 T (L n (l b n ) T L n (l c n )6 n -f- b n c n L n l)o n ] ||.T n z|| 

— Il^-n ^ll T [2(L n (l b n ) T L n (l Cn)b n + b n c n L n l)u n 

+ (L n (l - b n ) + L 2 (1 - c n )b n + b n c n Ll - l) 2 a 2 ] ||t„ - z\\ 2 
< \\x n - z |j 2 + [2(1% - 1) + (1% - l) 2 ]||T n - z|| 2 
= ||T n - z|| 2 + (1% - 1 )(I% + 1)||t„ - z || 2 . 

From 

C n = {z £ C : || y n — z|| < [1 + (L n (l — b n ) + L 2 (l — c n )b n 
+ b n c n i% - 1 )a n ] \\x n -z\\}f\A, n > 0, 

we have C n C A, n > 0. Using convexity of A, we have cdC n C A, n > 0. Consider 
x n £ coC Y n _i , we know that 

\\Vn ~ Z\\ < \\x n - z|| 2 + (1% - 1 )(I% + 1)||T„ - z|| 2 
< ||t„ — z|| 2 + — 1 ){Lf l + 1). 

This implies that z £ D n and hence C n C D n , n > 0. Since D n is convex, we have 
co(C n ) C D n , n > 0. Therefore 

|| y n - Ut+iH 2 < \\x n -T n+ i|| 2 + (1% - 1 )(I% + 1) 0 

as n — > oo. That is, y n —> q as n —> oo. 

Step 6. To prove that q £ F, we use definition of y n . So we have 

(ci n T a n b n T n T &nb n C n T n ')\\T n X n x n \\ — I Ijn x n \\ > 0 
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as n —*■ oo. Since a n £ (a, 1] C [0, 1], from the above limit we have 

lim || T n x n - x n \\ =0. 

n— xx) 

Since {T n } is uniformly closed and x n —* q, we have q £ F. 

Step 7. We claim that q = zq = Ppx o, if not, we have that ||to — p\\ > ||to — so||. There 
must exist a positive integer N, if n > N, then ||to — x n \\ > ||to — -So||> which leads to 

1 1 So X n || — 1 1 SO X n + X n .To 1 1 

— 1 1 So %n II T 1 1 X n To || T 2 (so X n , X n To ) • 

It follows that (so — x n , x n — To) < 0, which implies that Z(f£Q ni so that zo^F, which is a 
contradiction. This completes the proof. □ 

In [3], we show an example of C n which does not involve a convex subset. 

Corollary 2.6. Let C be a closed convex subset of a Hilbert space H , and let T : C — >■ C 
be a closed quasi-nonexpansive mapping from C into itself. Assume that a n , b n , c n £ (a, 1] 
holds for some a £ (0, 1). Then {t„} generated by 

To £ C = Qo, chosen arbitrarily , 

2 In — (1 Q j n)x n a n Tz n , T 0, 

z n — (1 byf) x n b n Tt n , n 0, 

tn — (1 L'n ) X jf -f- C n TXn . Tl A 0 , 

Cn = {s £ C : jl y n — -s|| < [1 + (T n ( 1 — b n ) + L^( 1 — c n )b n 
+b n c n L n l)o. n ]||T n s||} n A. n P 0, 

Qn — {s £ Qn— 1 • {Xn S, To X n ) 0}, II 1 ■ 

K x n +i = Pc n nQ„xo, 

converges strongly to Pf(T) x o, where A = {z £ H : \\z — Ppx o|| < 1}. 

Proof. Take T n = T, L n = 1 in Theorem 2.5, in this case, C n is convex and closed for all 
n > 0, by using Theorem 2.5, we obtain Corollary 2.6. □ 

Corollary 2.7. Let C be a closed convex subset of a Hilbert space H , and let T be a 
nonexpansive mapping from C into itself. Assume that a n , b n , c n £ (a, 1] holds for some 
a £ (0, 1). Then {T n } generated by 

To £ C = Qoi chosen arbitrarily , 

Un — (1 Q"n)x n -j- a n T z n , n > 0, 

Zn — (1 bn)x n T b n Tt ri • H P 0, 
tn — (1 C n ) X n T C n Tx n > T/ ^ 0 , 

Cn = {s £ C : ]| y n — z\\ < [1 + (T n (l — 6 n ) + 1 — c n )b n 

+b n c n L n l)o. n ]||T n s||} n vl, n > 0, 

Qn — {s £ Q n — 1 • (-T-n S, To T n ) 0}, U 1 . 

K x n +i = Pc n nQ n xo, 

converges strongly to Pp^^x o, where A = {z £ H : \\z — Pf*to|| < !}• 
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3 Applications 

Here, we give an application of our result for the following case of finite family of asymp- 
totically quasi- nonexpansive mappings {T n }^-Q. Let 

|| T{x - p|| < kij \\x - p\\, V.x G C, p G F, 

where F is the common fixed point set of {T n }^ = g 1 and lim^oo kij = 1 for all 0 < i < 
N — 1. The hnite family of asymptotically quasi- nonexpansive mappings {T n }^Z q 1 is said 
to be uniformly L-Lipschitz if 

\\ T i x ~ T iV\\ < L ij\\ x - y||, g c 

for all i G {0, 1, 2, ...,N — 1}, j > 1, where L > 1. 

Theorem 3.1. Let C be a closed convex subset of a Hilbert space H , and let {T n }^ = Zq 1 : 
C — > C be a uniformly L-Lipschitz finite family of asymptotically quasi-nonexpansive 
mappings with nonempty common fixed point set F. Assume that a n , b n , c n G (a, 1] holds 
for some a G (0, 1). Then { x n } generated by 

xo G C = Qo, chosen arbitrarily , 

2/n = (1 Q"n)%n ^ ^ 0, 

= (1 - 6 n ).x n + b n T^t n , n > 0, 
t n = (1 - c n ).x n + c n T^x n , n > 0, 

Cn = {z € C : \\y n — Z || < [1 + (^’j( n )j(n)(l — ^ra) T ^ i(n),j(n )(^ — c n)b n 

T l)o-n] 11*^71 ^||} Ll -A, U ^ 0, 

Qn — {■£ G Qn— 1 . (,T n 2, Xg L 0}, U ^ 1, 

^ra+l = PcdC n nQ„ x 0 i 

converges strongly to Ppx o, where cdC n denotes the closed convex closure of C n for all 
n > 1, n = ( j(n ) — 1 )N + i(n) for all n > 0 and A = {z G H : \\z — Pfx o|| < 1}. 

Proof. We can acquire the prove from the conclusions: 

Conclusion 1. asymptotically family of uniformly closed countable quasi- 

L n -Lipschitz mappings from C into itself. 

Conclusion 2.F = H^lo F(T n ) = P|^Lo F{T-^), where F(T n ) is the fixed point set of 
T n . 1 " □ 


Corollary 3.2. Let C be a closed convex subset of a Hilbert space H, and letT : C C be 
a L-Lipschitz asymptotically quasi-nonexpansive mappings with nonempty common fixed 
point set F . Assume that a n , b n , c n G (a, 1] holds for some a G (0, 1). Then {x n } generated 
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by 

xq G C = Qo, chosen arbitrarily , 

Vn = (1 Q"n)%n “ 1 “ & n T Znt ^ ^ 0 , 

Zn — (1 b n ^x n + b n T n ^ 0, 

t n — (1 Cn)%n H - ^ ^ 0? 

C n = {z eC : || y n - z\\ < [1 + (k n ( 1 - b n ) + fc 2 (l - c n )6 n 

+b n c n k n l)o, n ] ||.x n z||} n -A, ti 0, 

Qn = {z G Qn—1 ■ (X n ~ Z, X 0 - X' n ) >0}, 71 > 1, 

-fcoCnnQn^O) 

converges strongly to Pfx o, where cdC n denotes the closed convex closure of C n for all 
n > 1 and A = {z e H : |jz — Pp-Tol! < !}• 

Proof. Take T n = T in 3 A, we get the desired result. □ 
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Abstract 

In this paper, we have established the inclusion relations for fc-uniformly 
starlike functions under the ( D q f)(z ) operator. We define two new sub- 
class of fc-uniformly starlike functions of order a. Moreover, for functions 
belonging to these function classes, we investigate necessary and sufficient 
coefficient conditions, distortion bounds, extreme points. 

Keywords: Analytic functions, fc-uniformly starlike functions, sym- 
metric g-derivative operator. 
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1 Introduction, Definitions and Notations 

Let A denote the class of functions of the form: 

OO 

f(z) = z + ^2a n z n , (1) 

n — 2 

which are analytic in the open unit disk U = {z : z £ C and \z\ < 1} and 
S be the subclass of A consisting of the form (1) which are also univalent in 
U. A function f £ A is called starlike of order a, 0 < a < 1, if and only if 
5ft ( Z \(z) ) >£*(•£€: U). We denote by 5(a) the subset of A consisting of all 
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starlike functions of order a. For a = 0 we get the class S of functions / that 
maps U onto a starlike domain with respect to the origin. 

Also represent by T the subclass of A consisting of functions of the form: 

OO 

f(z) = z- ^2 a n z n , (a n > 0). (2) 

n= 2 


A function / G A is said to be in US(k,a), the class of fc-uniformly starlike 
functions of order a, 0 < a < 1, if / satisfies the condition 


3? 


zf'jz) 

m 


> k 


zf'{z) 


m 


- 1 


(k > 0), 


(for details see [5]). 

We remark here that the class of fc-uniformly starlike functions is an exten- 
sion of the relatively more familiar class of uniformly starlike functions investi- 
gated earlier by (for example) Goodman [9], Ronning [18], (see also the more 
recent contributions on this function class by Srivastava and Mishra [21] and 
others [11, 12, 19]). 

In the field of Geometric Function Theory, various subclasses of analytic 
functions have been studied from different viewpoints. The fractional g-calculus 
is the important tools that are used to investigate subclasses of analytic func- 
tions. Historically speaking, a firm footing of the usage of the the (/-calculus in 
the context of Geometric Function Theory was actually provided and the basic 
(or q-) hypergeometric functions were first used in Geometric Function The- 
ory in a book chapter by Srivastava (see, for details, [20]). In fact, the theory 
of univalent functions can be described by using the theory of the (/-calculus. 
Moreover, in recent years, such (/-calculus operators as the fractional (/-integral 
and fractional (/-derivative operators were used to construct several subclasses 
of analytic functions (see, for example, [1, 2, 4, 14] and [16]). In particular, 
Purohit and Raina [17] investigated applications of fractional (/-calculus oper- 
ators to define several classes of functions which are analytic in the open unit 
disk U. On the other hand, Mohammed and Darus [13] studied approximation 
and geometric properties of these (/-operators in regard to some subclasses of 
analytic functions in a compact disk. 

For the convenience, we provide some basic definitions and concept details of 
(/-calculus which are used in this paper. We suppose throughout the paper that 
0 < q < 1. We shall follow the notation and terminology as in [8]. We recall the 
definitions of fractional g-calculus operators of complex valued function f(z). 


Definition 1 Let q £ (0, 1) and define the q-numher [A] by 


[A], 


1 - q x 


I 

n — 1 

q k = 1 + q + q 2 -\ 1 - q 

, fc= o 


(A G C) 

(A = neN={l, 2, ...}). 

( 3 ) 
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Definition 2 Let q £ (0, 1) and define the q-fractional [n] ! by 

[ ft l k ]q > U e N 
[<!= fe=1 

[ 1, n= 0 

Definition 3 For a £ C, the q-shifted factorial is defined as a product ofn£N 
factors by 


(a;q) 0 = l, (a;g) n =JJ( l-aq l ), (a; q)^ = J|(l - aq l ). 


2 = 0 


2= 0 


Definition 4 (see [10]) The q-derivative of a function f is defined on a subset 
of C is given by 


fr> J-W-A /(*)-/(«*) ,, in 

— (1 _ q)z ’ 

and (D q f)( 0) = /'(O) provided /'( 0) exists. 

Note that 

f{z) - f{qz) df(z) 


( 4 ) 


lim ( D q f){z ) = lim 

q-^1- g->l- (1 — Q'JZ 

if / is differentiable. From (4), we deduce that 

oo 

(Dqf)(z) = 1 + ^ [n] g a„2 
n— 2 




n— 1 


( 5 ) 


Definition 5 (see [6]) The symmetric q-derivative D q f of a function f given 
by (1) is defined as follows: 


/n _ f(M z ) - /(« M ^ n 

\Dqf){Z) ^ 


(g-g- 1 )* ’ 

and (D q f)( 0) = /'(O) provided /'( 0) exists. 
From (6), we deduce that 


( 6 ) 






where the symbol [n] denotes the number 


l n \ q = 


q n - q~ n 


q-q 


-l 
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frequently occurring in the study of g-deformed quantum mechanical simple 
harmonic oscillator (see [7]). 

The following properties hold 

D q (f(z) + g(z)) = ( D q f)(z ) + ( D q g){z ) 


D q {f{z)g{z)) = g(q 1 z)(D q f){z) + f{qz)(D q g)(z) 


= g(qz)(D q f)(z) + f(q 1 z)(D q g)(z) 

D q Z n = R,*"" 1 . 

Finally, we have the following relation 

D q f(z) = D q 2 f{q- 1 z). 

Definition 6 Let 0 < k < oo and 0 < a < 1. By US(q; k, A, a) we denote the 
class of functions f € A satisfying the condition 


3? 


4 D gf)(z)~ 

(l-\)f(z) + \z(D q f)(z) 


— a > k 


z{Dqf)(z)^ 
(l-X)f(z) + Xz(D q f)(z) 


- 1 


(* e U). 


We also let UTS(q ; k, X, a) = US(q ; k, A, a) fl T. 


We note that 

lim US(q; k, X,a) = US(k, X,a) 
t- 

where US{k 1 A, a) is the class of dehned by Murugusundaramoorthy and Magesh 

[15]- 

Murugusundaramoorthy and Magesh [15] and Srivastava and Mislira [21] 
defined the new subclasses of the families UCV and US making use of liy- 
pergeonretric functions and fractional calculus respectively and obtained vari- 
ous interesting properties. In light of this in this paper, we study the classes 
US(q ; k. A, a) and UTS(q ; k, A, a) defining by symmetric g-derivative operator. 
We provide necessary and sufficent coefficient conditions, distortion bounds, 
extreme points for functions in UTS(q\ k, A, a). 


2 Main Results 

Theorem 7 Let f € A be given by (1). If the inequality 


Yh + !) - ( k + a )(! “ A + A M g ) 


\a„ | < 1 


— a 


(7) 


n— 2 

holds true for some k (0 < k < oo) and a (0 < a < 1) , then f £ US(q; k, A, a). 
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From Definition 6, it suffices to prove that 


z(D q f)(z) 


k \(l-\)f(z) + \z(D q f)(z) 
Observe that 

z(D q f)(z) 


- 1 


-3? 


z{D q f){z) 


(l-X)f(z) + \z(D q f)(z) 


- 1 


(l-X)f(z) + Xz(D q f)(z) 
z{D q f)(z) 


- 1 < 1-a. 


-3? 


(l-X)f(z) + Xz(D q f)(z) 


- 1 


< (k + 1) 

= (* + 1) 

< (k + 1) 


z(D q f)(z) 


£ (M«,-A[n] 9 -i+A)< 


- 1 


1 + + 

E 2 (N,-aN s - 1 +a)|o ii | 
!- 2Z (l-A+A[n] 9 )|a„| 


; (1*1 < i) 


The last expression is bounded by 1 — a if the inequality (7) holds. 
The next Corollary can be easily obtained from Theorem 7. 

Corollary 8 Let f(z) = z + a n z n . If 

1 — a 


k < 


[n\ Jk + 1) - {k + a)(l - A + A [n] ) 


, (n > 2) 


then f € US(q; k, A, a). 

Theorem 9 A necessary and sufficient condition for f (z) of the form (2) to be 
in the class UTS(q;k,X,a), is that 


71=2 L 


E [n\ g (k + l)-(k + a){l-X + X[n\ ) 


a„ ,< 1 — a. 


( 8 ) 


(0 < k < oo; 0 < a < 1; z € U). 
The result is sharp for the function f(z) given by 

f( x 1 - « 

/(z) = z- 


-z . 


[n\ q (k + l)-(k + a)(l-X + A[n] ? ) 

Proof. In view of Theorem 7, we need only to prove the necessity. If / (E 
UTS(q;k,X,a), using the fact that |3?(2)| < \z\ for any 2 , then 


1 - E MqanZ" 

n—2 


— a 


1 - E (1 - A + A [n\ )a n z n 1 

n—2 


> k 


n—2 


E ( N 0 - A N 0 - 1 + X ) a nZ 


i - E (! - A + x[n])a n z n 1 

n—2 


(9) 
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Choose values of z on the real axis so that D q f(z) is real. Upon clearing the 
dominator in (9) and letting z — » 1“ through the real values, we obtain (8). ■ 
This completes the proof. 

Letting q — > 1~ we get desired Corollary. 

Corollary 10 As special cases of Theorem 9, for k = 0 and A = 0, see [3]. 


3 Distortion Theorems 

Theorem 11 Let the function f defined by (2) in the class UTS(q ; k, A, a). Then 

r ~ (q 2 + l)(k+l)-(k+a)((l-\)q+\(q2+l) r2 - I/Ml < T + (</ 2 + i )(fc+ i ) — ( fc+c.) ( (\ — A) A (q 2 + 1) r 2 

( 10 ) 

(hi = r< 1) 

for z £ U. 

Equality in (10) holds true for the function f(z) given by 


I/Ml = hi 


9(1 - M 


( q 2 + 1 )(k + 1) - (k + a)((l - A )q + A {q 2 + 1) 
Proof. Since / € UTS(q; k, A, a), in view of Theorem 9, we have 


( 11 ) 


oo oo 

[2] g (fc + 1) ~ (fc + a )(l ~ A + A[2] g ) ^ |a n | < E [n] g (fc + 1) - (fc + a)(l - A + A[n] g ) 


n—2 


n= 2 

< 1 — a, 


which gives 


Therefore 


1 — a 


^ — 

n—2 [2]g(fc + 1) — (k + o)(l — A + A[2] 9 ) 


i/mi < hi + hr 


( 12 ) 


< r + 


<?(1— a) 

(<? 2 + l)(fc+l) — (fc+Q!)((l — A)g+A(q 2 + 1) 1 


On the other hand, 

OO 

I/Ml > hl-E^hf 


n—2 


> r — 


<?(i-q) 


(q 2 + l)(fc+l) — (fc+Q!)((l — A)<j+A(q 2 + 1) 


r 2 . 
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Theorem 12 Let the function f defined by (2) in the class UTS(q ; k , A, a). Then 

2 q(l—a) / | nf ( \\ ^ -x | 2<3'(1— a) 

~ (q 2 + l)(k+l)-(k+a)((l-\)q+\(q 2 + l) r - 1/ ( z )\ ^ 1 + (g 2 + 1 )(fc+I) — (fc+a)(( 1 — A)g+A(g 2 -|- 1 ) ' 

(13) 


I 2 I = r < 1 


for z € U. 
From (2), 

and 


l/'OAl < 1 + ^2,na n |*|" 1 < 1 + 


na^ 


n — 2 


n — 2 


i/'wi>i-E 


na n \z\ 


in - 1 


> 


nar. 


(14) 


(15) 


The assertion (13) of Theorem 12 would now follow from (14) and (15) by means 
of a rather simple consequence of (12) given by 


y^na-n - 


2(1 -a) 


n- 2 [2]q(fc + 1) — (k + a)(l — A + A[2] ? ) 

This completes the proof of Theorem 12. 


4 Extreme Points of the Function Class UTS(q ; k, A, a) 


Theorem 13 Let 

h{z) = ^ 

and 


fn{z) = z ^z n (n = 2,3,...). 

[n] q (k + 1) - (k + a)(l - A + A [n] q ) 

Then f £ UTS{q\ k, A, a) if and only if it can be expressed in the form 


fi z ) = Yl 

n = 1 


where A„ > 0 and A n = 1. 

n = 1 
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Proof. Suppose that 


m = E 


— X r 


r 1 - « „ 

[«]„(* + 1) - (k + a)(l - A + A[n] ) 


— a iz + a n z — a 


n— 2 n 


~=2 [n\„(k + 1) - {k + a)(l - X + X[n] ) 


= E A « ) z - Y, x 


1=2 [n]„(k+ !) - (A + a)(l - A + A[n] ) 


= Z ~J2 X 


~=2 [n]„(k + 1) - (k + a)(l - A + A[n] ) 


EE 1 — a [ n \ q (k + 1) - (fc + a) _ EE 

^ 2 [n],(A+l)-(A + a) 


— A „ — Ai 


= 1 — Ai < 1. 


Thus we have / € UTS(q; k, A, a). ■ 

Conversely, suppose that / € UTS(q; k, A,a). Since 


[n\ a (k + 1) - ( k + a)( 1 - A + A[n] ) 


we may set 


[n\ q (k + 1) - {k + a)(l - A + A[n] g ) 


and Ai = 1 — A„ 


1471 


Nanjundan Magesh et al 1464-1473 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Then 

m 


z + y ] a n z n — z + 'y ' A 


1 — a 


n = 2 
oo 


"=2 [n]„(k + 1) - (k + a)(l - A + A[n] ) 


^ + yy a„(2 + f n {z)) — z + yy + yy a n fn(z) 

n = 2 n=2 ri=2 

( OO \ oo oo 

1 — £ A n I 2; + £ A nfn{z) = Ai2 + A nfn{z) 
n — 2 / n— 2 n— 2 

oo oo 

Ai/i(«) + £ ^nfn(z) — y ^ \ n fn(z) 


This completes the proof. 
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ON SOLUTION OF SYSTEM OF INTEGRAL EQUATIONS VIA 

FIXED POINT METHOD 
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Abstract. In this article, following the approach of F-contractions, we establish a 
common fixed point theorem for a pair of self-mappings satisfying F-contraction of 
rational type in complete metric spaces. An example is constructed to illustrate this 
result. An application to system of integral equations is presented. 


Keywords: metric space; fixed point; rational type F-contraction; integral equation. 
AMS 2010 Subject Classification: 47H09; 47H10; 54H25. 

i 

1. Introduction and preliminaries 

Banach Contraction Principle has been extended and generalized in many directions 
(see [3, 7, 8, 9, 10]). One of the most interesting generalization of it was given by War- 
dowski [22], Later on, Abbas et al. [1] further generalized the concept of F-contraction 
and proved certain fixed point results. Hussain and Salimi [13] introduced a-GF con- 
traction with respect to a general family of functions G and established Wardowski 
type fixed point results in ordered metric spaces. Batra et al. [5, 6] extended the con- 
cept of F-contraction on graphs and altered distances. Batra also proved some fixed 
point and coincidence point results. Recently, Cosentino and Vetro [11] followed the ap- 
proach of F-contraction and obtained some fixed point theorems for Hardy-Rogers-type 
self-mappings in complete metric spaces and complete ordered metric spaces. 

In this article, following Cosentino and Vetro [11], we prove common fixed point 
theorems for a pair of self-mappings satisfying F-contraction of rational type in complete 
metric spaces. An example is constructed to illustrate this result. An application to 
system of Volterra type integral equations is presented. 

Throughout this paper, we denote (0, oo) by M + , [0, oo) by Mg , (— oo, +oo) by M and 
the set of natural numbers by N. The following concepts and results will be required 
for the proofs of main results. 

Definition 1. A mapping T : X — >• X is said to be an F-contraction if it satisfies the 
following condition: 

d(T{x), T(y )) > 0 => t + F(d(T(x), T(y ))) < F(d(x, y)) (1.1) 

for all x, y G X and some t > 0. Here F : M + — >■ M is a mapping satisfying the following 
properties: 

Corresponding authors. 
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(F \ ) F is strictly increasing. 

(F 2 ) For each sequence {a n } of positive numbers lim^c*, a n = 0 if and only if 
lining. oo F(a n ) = -oo. 

(F 3 ) There exists 9 G (0, 1) such that hm^o+loO^fa) = 0. 

Wardowski [22] established the following result using F-contraction: 

Theorem 1. [22] Let (X, d) be a complete metric space and T : X — > X be an F- 
contraction. Then T has a unique fixed point v G X and for every X 0 G X a sequence 
{T n (X 0 )} is convergent to v. 

We denote by Ap the set of all functions satisfying the conditions (iq) — (F 3 ). 

Example 1. [22] Let F : M + — >■ M be given by the formula F(a) = In a. It is clear that 
F satisfies (iq) — (F 3 ) for any n G (0, 1). Each mapping T : X — > X satisfying (1.1) is 
an F-contraction such that 

d(T(x),T(y)) < e~ T d(x,y) for all x,y G X with T(x) ^ T(y). 

Obviously, for all x,y G A" such that T(x) = T(y), the inequality d(T(x),T(y)) < 
e~ T d(x, y) holds, that is, T is a Banach contraction. 

Remark 1. From (F 3 ) and (1.1) it is easy to conclude that every F-contraction is 
necessarily continuous. 


2. Main result 


We begin with the following definitions. 

Definition 2. Let (X, d ) be a metric space. A mapping T : X — > X is called a rational 
type F-contraction if, for all x,y E X, we have 

r + F(d(T(x), T(y ))) < F ( N(x , y)) , (2.1) 

where Fg A F and r > 0, and 


N(x , y) = max < d(x, y), 


d(x,T(x))d(y,T(y)) d(x,T(x))d(y,T(y)) 1 
’ 1 + d(T(x),T(y)) J 


1 + d(x,y ) 

Definition 3. Let (X, d) be a metric space. Mappings S, T : X X are called a pair 
of rational type F-contractions if for all x, y G X, we have 

r + F(d(S(x),T(y))) < F (M(x, y)) , (2.2) 

where Fg A F and r > 0, and 


M ( x , y) = max < d(x, y), 


d(x,S(x))d(y,T(y)) d(x,S(x))d(y,T(y)) \ 


1 + d(x,y) 

The following theorem is one of our main results. 


1 + d(S(x),T(y)) J 


Theorem 2. Let (X, d) be a complete metric space and S , T : X — > X be a pair of 
mappings such that 

(1) (S', T) is a pair of continuous mappings, 
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(2) (S, T) is a pair of rational type F- contractions. 

Then there exists a common fixed point v of a pair ( S , T) in X. 


Proof. We begin with the following observation: 


M ( x , y) = 0 if and only if x = y is a common fixed point of (S, T). 

Indeed, if x — y is a common fixed point of ( S , T), then T(y) —T(x) = x = y = S(y) = 
S(x) and 


N f m \ d(x,S(x))d(y,T(y )) d(x,S(x))d(y,T(y))\ 

M( X ,y) = max |i(z, A ’ 1 + </(S(x), T(y)) ) 


= 0 . 


Conversely, if M(x,y ) = 0, it is easy to check that x = y is a fixed point of S and T. 
In order to find common fixed points of S and T for the situation when M(x, y) > 0 for 
all x,y G X with x ^ y, we construct an iterative sequence {x n } of points in X such a 
way that x 2i+i = S(x 2 i ) and x 2i + 2 = T{x 2 i+ 1 ) where i — 0,1,2, .... li x n ^ x n+ i for all 
n > 0, then from contractive condition (2.2), we get 


F (d(x 2 i + i,X 2 i+ 2 )) = F (d(S(x 2 i),T(x 2 i +1 ))) < F (M (x 2i , x 2i+ i)) -r 
for all i6NU{0}, where 

d(x 2i , S(x 2 i))d(x 2 i+ i, T(x 2i+ i)) 


M(x 2i,x 2 i+i) = max 


d(x 2 ii X 2 i+1^ , , | i/ \ 

1 + d(x 2 i, x 2 i+i) 
d(x 2 j, S(x 2 j))d(x 2 i+i, T(x 2 t+i)) 

1 + d(S{x2i),T(x2i+\)) 

d(x 2 i, x 2 i+i)d(x 2 i + i, x 2 i +2 ) dfx 2 i, x 2 i + i)dfx 2 i+i, x 2 i +2 ) 1 


= max < d(x 2 i, x 2 i+i), , , . 

L 1 + d{X 2 i,X2i+l) 

< max {d(x 2i , x 2i+ i), d(x 2i + 1 , x 2i+ 2 )} ■ 

If M(x 2 i,x 2i+1 ) = d(x 2i+ i,x 2i+2 ), then 


1 + d{x2i + l,X 2 i+2) J 


F (d(x 2i+l, X 2 i+2)) < -F (d(x 2 j+l, X2i+2)) - T, 
which is a contradiction due to F\ . Therefore, 

F {d[x 2i+ 1 , x 2 i+ 2 )) < -P 1 (d(x 2 j, X 2 i+l)) - T, 
for all i 6 N U {0}. Hence 

F(d{x n+ i,x n+2 )) < F(d(x n ,x n+ 1 )) -r, (2.3) 

for all n G N U {0}. By (2.3), we obtain 

F (d(x n , x n+1 )) < F (d(x n - 2 , x n _i)) - 2 r. 

Repeating these steps, we get 

F {d{x n , x n+ i)) < F (d(x 0 , aii)) - nr. (2.4) 

From (2.4), we obtain lim^oo F (d(x n ,x n+ 1 )) = — oo. Since F e A^, 

lim rf(x n , x n+ i) = 0. (2.5) 

n— >oo 
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From the property (F 3 ) of F-contraction, there exists k G (0, 1) such that 

lim ((d(x n , rr n+ i)) K F (d(x n , Vi))) = 0. (2.6) 

n— >oo 


By (2.4), for all n G N, we obtain 

( d(x n , x n+1 )) K (F (, d{x n , x n+ i)) - F (d(x 0 , xi))) < - (d(x n , x n+ i)) K nr < 0. (2.7) 

Considering (2.5), (2.6) and letting n — > oo in (2.7), we have 

lim (n(d(x n ,x n+ i)) K ) = 0. (2.8) 

n— > oo 

Since (2.8) holds, there exists ri\ G N, such that n (d(x n , x n+ i)) K < 1 for all n > n i or, 

d(x n , x n+ i) < — for all n > ni. (2.9) 

n« 

Using (2.9), we get for m > n > ni, 


d{x n ^ x m ) F d(x n , x n _(_i) ~\~ d(x n _|_i, x n +2) F d{x n j r 2i x n _|_3) F • ■ ■ d(x m _x, x m ), 

m—1 oo 

= ^ d(xj, Xj+i) < ^ d(x h x i+ i) 

i=n i=n 


< 


E 


1 

TT 

%k 


The convergence of the series Y^iLn ~ entails linin ^^oo d(x n , x m ) = 0. Hence {x n } is a 

i k 

Cauchy sequence in (X, d). Since ( X , d) is a complete metric space, there exists v G X 
such that x n — > v as n — > oo, moreover, X 2 n +i -F v and X 2 n +2 -F v. 

Now the continuity of T implies 


v = lim = lim x 2n +i = hrn x 2n +2 = hrn T(x 2n + 1 ) = T( lim x 2 n+i) = T(v). 

n— >oo n— >oo n— >oo n— >oo n— >oo 

Analogously, v = S(v). Thus we have S(v) = T(v) = v. Hence ( S,T ) has a common 
fixed point. Now we show that v is the unique common fixed point of S and T. Assume 
the contrary, that is, there exists u G X such that u = T(u). From the contractive 
condition (2.2), we have 


t + F{d{S{v),T{u))) <F(M(v,u )), (2.10) 

d(v, S(v))d(oj,T(uj)) d(v, S(v))d(ui , T(uj)) 


1 + d(v,y) ’ 1 + d(S(v),T(u)) 
r + F(d(v, to)) < F (d(v, to )) , , 


where 

M (v, uj) = max d(v, c u), 

From (2.10), we have 

which implies 

d{v,ui) < d(v,w), 

which is a contradiction. Hence v = u and v is a unique common fixed point of a pair 

(S, T ). □ 


( 2 . 11 ) 
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Let us consider an example to illustrate Theorem 2. 


Example 2. Let X = [1, oo] and d(x,y) = \x — y\ . Then (X,d) is a complete metric 
space. Define the mappings S, T : X — > X as follows: 

S(x) = x 2 and T(x) = x + 3 for all x e X. 

Define the function F : R + — >• R by F(x) = ln(x) for all x G R + > 0 and r > 0. 
Then the contractive condition (2.2) is satisfied. Indeed, for all x,y G X, the following 
inequality 

r + \n(d(S(x),T(y))) < In (M(x,y)) 
holds. Particularly, for x = 2 and y = 3, we have 


M( 2,3) = max Li(2, 3), V(2))rf(3, r(3)) rf (2, g (2)) rf (3. r(3)) | 

V ’ ’ \ V ’ h 1 + d(2, 3) ’ 1 + d(S2, T3) ' 

= max {1, 3, 2} = 3 


/ 


and 

d(S2,T3) = d( 4,6) = 2. 

Thus 

r + ln(d(5'(2),T(3))) = r + ln2 < ln(M(2,3)) = In 3, 

which implies 

r + F(d(S(x),T(y)))<F(M(x,y)). 

Hence all the hypotheses of Theorem 2 are satisfied and so (S, T) have a common fixed 
point. 

By setting S = T, we obtain the following result. 

Corollary 1. Let (X, d) be a complete metric space and T : X — > X be a mapping such 
that 

(1) T is a continuous mapping, 

(2) T is a rational type F -contraction. 

Then T has a unique fixed point v in X . 

Remark 2. If we set N(x, y) = max {d(x, y), d(x,T(x)), d(y, T(y))} in (2.1), then Corol- 
lary 1 remains true. Similarly, if we set M(x,y ) = ma x{d(x,y),d(x,T(x)),d(y,S(y))} 
in (2.2), then Theorem 2 remains true. 

3. Application to system of integral equations 

Now we discuss an application of fixed point theorem, proved in the previous section, 
in solving the system of Volterra type integral equations. Such a system is given by the 
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following equations 


t. 

u(t) = f(t) + J Ki(t, s, u(s))ds. (3.1) 

o 

t. 

w(t) = f(t) + J K 2 (t,s,w(s))ds. (3.2) 

o 

for all t G [0, a], and a > 0. We shall show, by using Theorem 2, that the solution of 

integral equations (3.1) and (3.2) exists. Let C([0, a],M) be the space of all continuous 

functions defined on [0, a]. For u G C([0,a],M), define supremum norm as: ]|u|| T = 
sup {u(t)e~ Tt }, where r > 0. Let C([0,a],M) be endowed with the metric 

tS[0,a] 


d T (u,v) = sup \\\u(t) — v(t)\e Tt \\ r (3.3) 

)ts[0,a] 

for all u,v G C([0,a],M). Obviously, C([0,a],M, || • || T ) is a Banach space. 

Now we prove the following theorem to ensure the existence of solution of system of 
integral equations. 

Theorem 3. Assume the following conditions are satisfied: 

(i) Ki,K 2 : [0, a] x [0, a] xRgI and f,g : [0, a] — >• M are continuous; 

(ii) Define the operators 

Su(t ) = 


Tu(t) = 

and there exists r > 1 such that 


t 

fif) + J Ki(t,s,u(s))ds, 

o 

t 

f(t) + J K 2 (t,s,u(s))ds, 

o 


\K\(t,s,u) — K 2 (t, s,v ) | < re T [M(u,v )] 
for all t,s G [0, a] and u, v G O([0, a], M), where 

«-> - -»"•»> -«» 

Then the system of integral equations given in (3.1) and (3.2) has a unique solution. 


}• 
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Proof. By assumption (ii), we have 


\Tu(t) — Sv(t)\ = \Ki(t,s,u(s) — K 2 (t,s,v(s)))\ds 


< / Te- T ([M(u,v)\e~ TS )e TS ds 


< / re T \\M(u,v)\\ T e TS ds 


< re t \\M(u,v)\\ t / e TS ds 


< re T \\M(u,v)\\ T -e 

T 


rt 


< e- T \\M(u,v)\\ T e Tt . 

| Tu(t) — Sv(t)\ e~ Tt < e~ T \\M (u, v)|| r ,, 
II Tu(t) - S'u(£)|| T < e~ T \\M(u,v)\\ T . 


This implies 

that is, 

So we have 

r + In || Tuft) - S , v(t)|| r < In \\M(u,v)\\ r . 

Thus all the conditions of Theorem 2 are satisfied. Hence the system of integral equa- 
tions given in (3.1) and (3.2) has a unique common solution. □ 
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On continuous Fibonacci functions 

Hee Sik Kim 1 , J. Neggers 2 and Keum Sook So 3 * 
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Abstract. In this paper, we define and study a function F : [0, oo) -+ R and extensions F : R — » C, F : C — > C 
which are continuous and such that if n £ Z, the set of all integers, then F(n) = F n , the n th Fibonacci number 
based on Fo = F\ = 1. If x is not an integer and x < 0, then F(x) may be a complex number, e.g., F(— 1.5) = \ +i. 
If z = a + bi, then F(z) = F(a) + iF(b — 1) defines complex Fibonacci numbers. In connection with this function 
(and in general) we define a Fibonacci derivative of / : R — > R as (A f)(x) = f(x + 2) — f(x + 1) — f(x) so that 
if (A f)(x) = 0 for all x € R, then / is a (real) Fibonacci function. A complex Fibonacci derivative A is given as 
A /(a + bi) = Af(a) + i A f(b — 1) and its properties are discussed in same detail. 

1. Introduction 

Fibonacci-numbers have been studied in many different forms for centuries and the literature on the subject is 
consequently incredibly vast. One of the amazing qualities of these numbers is the variety of mathematical models 
where they play some sort of role and where their properties are of importance in elucidating the ability of the 
model under discussion to explain whatever implications are inherent in it. The fact that the ratio of successive 
Fibonacci numbers approaches the Golden ratio (section) rather quickly as they go to infinity probably has a 
good deal to do with the observation made in the previous sentence. Surveys and connections of the type just 
mentioned are provided in [1] and [2] for a very minimal set of examples of such texts, while in [7] Kim and Neggers 
showed that there is a mapping D : M DM on means such that if M is a Fibonacci mean so is DM , that if 
M is the harmonic mean, then DM is the arithmetic mean, and if M is a Fibonacci mean, then lim.^^^ D n M is 
the golden section mean. Hyers-Ulam stability of Fibonacci functional equation was studied in [6]. Surprisingly 
novel perspectives are still available and will presumably continue to be so for the future as long as mathematical 
investigations continue to be made. In the following the authors of the present paper are making another small 
offering at the same spot many previous contributors have visited in both recent and more distant pasts. 

Han et al. [4] considered several properties of Fibonacci sequences in arbitrary groupoids. They discussed 
Fibonacci sequences in both several groupoids and groups. The present authors [8] introduced the notion of 
generalized Fibonacci sequences over a groupoid and discussed these in particular for the case where the groupoid 
contains idempotents and pre-idempotents. Using the notion of Smarandache-type P-algebras they obtained 
several relations on groupoids which are derived from generalized Fibonacci sequences. 

In [5] Han et al. discussed Fibonacci functions on the real numbers R, i.e., functions / : R — ► R such that 
for all x € R, f(x + 2) = f(x + 1) + f(x), and developed the notion of Fibonacci functions using the concept of 
/-even and /-odd functions. Moreover, they showed that if / is a Fibonacci function then lim^ = 1+ 2 V ^ . 

KNS[4445] discussed Fibonacci functions using the (ultimately) periodicity and we also discuss the exponential 

°* Correspondence: Tel: +82 33 248 2011, Fax: +82 33 256 2011 (K. S. So). 
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Fibonacci functions. Especially, given a non-negative real- valued function, we obtain several exponential Fibonacci 
functions. 

In this paper we are interested in describing properties of a function F : R — > C, the complex numbers, where 
F(x) := (Fy x _ ij Y~V X \ + Fy x j + (x — IzJ — 1) and is the greatest integer function. It follows that if x = n € Z, 
then |nj = n and F(n) = ( F n _i)° + F n + (n — n — 1), where (F n _i)° = 1 implies F(n) = F n with F 0 = F± = 1 
and F_ n = (— 1 ) n F„_ 2 so that F_i = — F_i = 0 for example. If one computes F\ directly, then F\ = F 0 + F_i 
and 1 = 1 + 0 yields Fq = 1 as well. 

It also follows that F(x) is not itself a Fibonacci function in the sense that F(x + 2) Y F(x + 1) + F(x) if 
x — \x\ Y 0, i.e. , if x fL Z. Nevertheless it is a very interesting function which allows one to define continuous 
Fibonacci numbers in an interesting manner. If one computes F(— 1.5) for example, then one finds that F(— 1.5) = 
l+i, which suggests that the function F(x) may deserve looking at in the context of the study of the zeta-function. 

Given the fact that F : R — > C and that F(R) DC 0, it also becomes a question of interest to study possible 
complex extensions of F to F : C — > C where z = a + bi means F(z) = F(a) + iF(b — 1), so that if z = a, then 
F(z) = F(a) + iF{— 1), where F(— 1) = 0 implies F(a) = F(a), i.e., F is an extension of F. According to this 
construction we find that F(1 + i) = F(l) + iF{ 0) = 1 + i as one would hope. 

A second component of the paper is a study of properties of the Fibonacci derivative A / of a function / : R — > R, 
given by the formula (A f)(x) = f(x + 2) — f(x + 1) — f(x), so that (A f)(x) = 0 means that / is then a Fibonacci 
function. If one notes that (A/) exists for any function / : R — > R, then a variety of questions may be asked 
about properties of this operator. For example (A f)(x) = f(x) is a simple type of Fibonacci derivative equation 
with many types of solutions. Other analogs of standard differential equations may also be addressed. 

Given that F : R — > C is itself a function of interest in this context, A F : R — ► C is looked at below. Finally, 
a complex version A F : C — y C defined by A F(z) = A F(a + bi) = A F(a) + i A F(b — 1), reduces for b = 0 to 
A F(a) = A F(a), i.e., A extends the operator A, and thus again it is a matter of interest to study the behavior 
of the function A F(z) for complex numbers. 

Note that because of the very rich structure of relations among the coefficients F n , we may expect there to 
eventually be development of an equally rich structure of relations among the various values of F(x) (and F(z)) 
extending the ones already known. 


2. Preliminaries 

A function / defined on the real numbers is said to be a Fibonacci function ([5]) if it satisfies the formula 

f(x + 2) = f(x + 1) + f{x) 

for any x £ R, where R (as usual) is the set of real numbers. 

Example 2.1. ([5]) Let f(x) := a x be a Fibonacci function on R where a > 0. Then a x a 2 = f(x + 2) = 
f{x + 1) + f{x) = a x ia+ 1). Since a > 0, we have a 2 = a+ 1 and a = 1+ 2 V ^ . Hence f(x) = ( l+ ^ ) x is a Fibonacci 
function, and the unique Fibonacci function of this type on R. 

If we let u 0 = 0, u\ = 1, then we consider the full Fibonacci sequence: • • • ,5, —3, 2, —1, 1, 0, 1, 1, 2, 3, 5, • • • , i.e., 
U- n = (— 1 ) n u n for n > 0, and u n = F n . the nth Fibonacci number. 
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Example 2.2. ([5]) Let {u n }'^L_ 00 and be full Fibonacci sequences. We define a function /( x) 

by f(x) := uy x j + v\_ xi t, where t = x - [x J G (0, 1). Then f(x + 2) = uy x+ 2 j + vy x+2 \t = it(|*J+ 2 ) + «(|®J+ 2 )* = 
( w ( 1*1+1) + La=J ) “b ( w (l*J+i) + v \x\ )t = f( x + 1) + f ( x ) f° r any x G R- This proves that / is a Fibonacci function. 

Note that if a Fibonacci function is differentiable on R, then its derivative is also a Fibonacci function. 

Proposition 2.3. ([5]) Let f be a Fibonacci function. If we define g(x) := f(x + t) where f G R for any x G R, 
then g is also a Fibonacci function. 

For example, since f(x) = ( 1+ ^ ) x is a Fibonacci function, g(x) = ( 1+ 2 v ^ ) z+t = ( 1+ 2 v ^ ) t /(a;) is also a Fibonacci 
function where t G R. 

Theorem 2.4. ([5]) If f{x) is a Fibonacci function, then the limit of the quotient exists. 

Corollary 2.5. ([5]) If f(x) is a Fibonacci function, then 

li,„ /(* + !) = 1W5 

a-foo /( X) 2 


3. Continuous Fibonacci functions 

Given a real number x Z, we define a map E(;r) by 
(1) F(x):= (F [x _ 1} ) x - W + F Lx j + (* - |*J - 1) 

where {F n } is the sequence of Fibonacci numbers with Fq = F\ = 1. 

Example 3.1. We compute some F(x) as follows: F(1.5) = (E[i.s-ij ) 15 A 5 ! +E[i. 5 j + (1.5 — |_1-5J — 
1) = (Fg) 0 - 5 + Fi + (1.5 - 1 - 1) = 1.5 and E(1.75) = (F 0 ) 0 ' 75 + Fi + (1.75 - |1-75J - 1) = 1.75. Moreover, 
F( 3.25) = (E [3.25— ij ) 0 25 + F l 3. 25J + (3.25 - L3.25J - 1) = (E 2 ) 025 + E 3 + (3.25 -3^1)=!^ + 2.25. 

Theorem 3.2. If we define F(n ) := F n , the 22 th Fibonacci function, then F(x) is continuous for all x G R. 

Proof. Let x := n + e where n G Z and 0 < e < 1. Then F(x) = F*_ 1 + F n + (e — 1). It follows that 
lim e _ > ,o+ F(x) = lim e _).o+ {Ff_ l + F n + (e — 1)) = F n . Let x := n — e where n G Z and 0 < e < 1. Then 

F(x) = (F [n _ e _ 1} )"- e - L"-«J + F [n _ ei + (n - e - [n - ej - 1) 

= (E„- 2 ) n - £ “ (n " 1) + F n — 1 + (n - e - (n - 1) - 1) 

= (E n _ 2) 1 e + E n _i— e 

It follows that lim e _). 0 + F(x) = lim e _> 0 + [(F„_ 2 ) 1 “ e + F„_ 1 - e] = E„_ 2 + E n _i = E„. □ 

In Theorem 3.2, we call the real number F(x) the ( continuous ) Fibonacci function at x. 

Let / : R — > R be a real-valued function. We shall consider the expression 

(A f){x) := f{x + 2) - f(x + 1) - f(x) 

to be the Fibonacci derivative of f(x). For example, if $ := 1+ 2 , then f(x) = $ x yields (A f)(x) = $ a:+2 — 
<j>*+i _ = $*(<J> 2 — tj> — 1) = 0 and similarly, if / is any Fibonacci function, then (A f)(x) = 0 for all x G R. 
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We are next concerned with determining the Fibonacci derivative of F(x) as we have defined above. 

Theorem 3.3. If F(x) is a continuous Fibonacci function , then its Fibonacci derivative is 

(2) (A F)(x) = ( F n+1 y - ( F n y - (F n ^r - (e - 1) 
where x = n + e, n £ Z, 0 < e < 1 

Proof. Given x = n + e, n £ Z, 0 < e < 1, by using the formula (1), we obtain 

(A F)(x) = F(n + 2 + e) — F(n + 1 + e) — F(n + e) 

= (-Fln+i+ej) 6 + F n+2 + (e — 1) 

-(-F|n+d) C - F n+ 1 - (e - 1) 

-(F Ln _ 1+eJ ) £ -F„-(e-l) 

= ( F n+l y - (. F n y - {F^y - (e - 1) 

□ 

Note that the map F(x) in Theorem 3.3 is not necessarily a Fibonacci function. 

The formula (2) is a function depending on e, and so we need to know the value of ^[AF(x)]. 

|[(A F)(x)] = |[(F n+1 r-(F„r-(F_ 1 r-(e- 1)] 

= ln(F„ +1 )(F„ +1 ) £ - ln(F„)(F n ) £ - ln(F n _ 1 )(F n _ 1 ) e - 1 

We denote ^[A F(x)] by (AF)'(x). 

Proposition 3.4. If F(x) is a continuous Fibonacci function, then 

(3) (A(AF))(x) = (F„ +3 ) £ - 2 (F n+2 y - ( F n+1 ) £ + 2(F„) £ + (F n _i) £ + (e - 1) 

Proof. It follows from the formula (2) that 

(A(AF))(x) = AF(x + 2)-AF(x + l)- AF(x) 

= (F n+3 ) £ - (F„ +2 ) £ - (F ra+ i) £ - (e - 1) 

~(F n + 2) £ + (F ra +i) £ — (F n ) £ + (e — 1) 

-(F n+1 ) £ + (F n y - (F n _!) £ + (e - 1) 

= (F n+3 ) £ - 2 (F n+2 ) £ - (F n+1 ) £ + 2(F n ) £ + (F n _ ! ) £ + (e - 1), 

proving the proposition. □ 

Proposition 3.5. (A F)(x) is a continuous function and (A F)(n) = 0 for all n £ Z. 

Proof. It follows from Theorem 3.3 that (A F)(x) is a continuous function. Since lim e _>.o(AF)(x) = lim^oK-Fn+i) 6- 
(F„) £ -(F„_ 1 ) e -(e-l)] = Oandlim e ^ 1 (AF)(x) = lim e ^ 1 [(F„ +1 ) e -(F n ) e -(F„_ 1 ) e -(e-l)] = F n+1 -F n -F„_! = 

0 for any n £ Z. □ 

Theorem 3.6. If F(x) is a continuous Fibonacci function, then there exists a £ (n, n + 1) such that 
(AF)'(7 n ) = 0 for all n £ Z. 


1485 


Hee Sik Kim etal 1482-1490 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


On continuous Fibonacci functions 

Proof. Since (AF)(x) is a continuous function and (A F)(n) = (A F)(n + 1) = 0, by Rolle’s Theorem, there 
exists a G (■ n,n + 1) such that (AF)'( 7 „) = ^(AF)( 7 „) =0. □ 

Theorem 3.7. If F[x) is a continuous Fibonacci function, then (A F)(x) is concave down. 

Proof. If we let T(x) := |i[(AF)(i)], then 

T (x) = |[^((A F)(x))] 

= ^-[ln (F n+1 )(F n+l y - ln(F n )(F n y - In (F n _ 1 )(F n _ 1 ) 6 - 1] 

de 

= {In (F n+1 )} 2 (F n+1 y - {In {F n )f{F n y - {In^-r)} 2 ^-!)*. 

Let n be very large so that = $ = 1+ 9 V ^ . It follows that 


T(x) 


{HFn.yyyF^y 


ln(f n _|_i) . 2 r -^n+l -je _ f l n (^ra) -i 2 r F n n e _ 

Mn(F„_y [ F n _y X MF n -iV [ F n - 1 

_ f ^ In d* + ln(Fra-l) j 2/^,\2£ 
ln(F„_i) 

ln(-Fn-i) 


If we let n — > oo, then 


(4) 


r r(s) 

n ^°° {HFn-yyyF^y 


= <j) 2e _ _ i 


If we let e := then <h 2£ — — 1 = <f> — 1 and '!> — != ^ 1 , y / <f> = \j 1 + f^ , so that (<f> — l) 2 — (v^) 2 = 


4 ~ 4 As < p rov i n g that T(x) < 0. This shows that (A F)(x) is concave down. 

We discuss a Fibonacci derivative of a function which is not a Fibonacci function as below. 
Proposition 3.8. Let f(x) := ax + b for some a, b £ R. Then 


□ 


A k+1 (f)(x) = (-1 ) k+1 ax + (-1 ) k [(k + 1 )a - b } 


Proof. The Fibonacci derivative (A f)(x) of f(x) = ax + b is f{x + 2) — f(x + 1) — f(x) = [a{x + 2) + b] — [a(x + 
1) + b] — [ax + b\ = — ax + a — b. Similarly, we obtain [A 2 (/)](x) = ax — 2a + b, [A 3 (/)](x) = —ax + 3 a—b and 
[A 4 (/)](;r) = ax — 4a + b. Assume A k (f)(x) = (— 1 ) k ax + (— 1 ) fc ~ 4 (fca — b). Then 


A fc+1 (/)(a) 


A[A fc (/)(x)] 

A k (f)(x + 2) - A \f)(x + 1) - A k (f)(x) 
(-1 ) k a{x + 2) + (-1 ) k ~ l {ka - b) 

— [(— 1 ) k a(x + 1) + {-l) k ~\ka - b )] 

— [(— l) fe aa; + (— l) fc_1 (fca — 6)] 

(— l) fc+1 aa’ + (— l) fc [(/c + l)a - b\. 


□ 


Note that [{A k + 3 + A fc + 2 ) - (A fe+1 + A fe )](/)(a;) = (-l) fe+2 2a - (-l) fe 2a = 0. 
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We need to find some conditions for a map / : R — »• R satisfying (A f)(x) = f(x). 

Proposition 3.9. Let f : R — » R be a map. If it satisfies the condition either (i) 2 f(x) = f(x + 2) — f(x + 1) 
or (ii) f(x + 1) = — /(x) for all x £ R, then (A f)(x) = f(x). 

Proof. Straightforward. □ 

Example 3.10. If /(x) := 2 X , then |( 2 X+ 2 — 2 X+1 ) = 2 X and hence A(2 x )(x) = 2 X . If we let f(x) := sin(7rx), 
then f{x + 1) = sin7r(x + 1) = — sin7rx = — /(x) and hence A(sin7rx)(x) = sin7rx. 

Now, we define a function / : R — > R satisfying the condition: 2 /(x) = f(x + 2) — f(x + 1). If we make such a 
function, then it satisfies the condition (A f){x) = f(x). 

Suppose that one defines f(x) for 0 < x < 2 at will. Then for x € [2, 3) one defines /( 2 + 0) := 2 /(0) + /(I + 9) 
where 0 < 9 < 1. If /(x) has been defined for x € [to— 1, to), then we define /(m+0) := 2/((m— 2)+0)+/(m— 1+0), 
where 0 < 9 < 1. Then f(x) is uniquely determined on [0, oo). To define f(x) for [—1,0), we have /(I + 9) = 
2/(— 1 + 9) + f(9) or /(- 1 + 9) = (/( 1 + 9) - /(0))/ 2, and thus /(-to + 9) = [/(-to + 2 + 9)- /(-to + 1 + 9)\/ 2 
inductively as well to obtain f{x) defined on the entire real line. 

Example 3.11. if/(x) := 1 on [0, 2), then f{2+9) = 2f(9)+f(l+9) = 2+1 = 3, /(3+0) = 2/(l+0)+/(2+0) = 
5 and /( 4 + 9) = 2/(2 + 9) + /(3 + 9) = 2 • 3 + 5 = 11. If we take F* = 1, Ff = 3, Ff = 5, Ff = 11, • ■ ■ , then 
{F*} is a Fibonacci sequence type satisfying F* +1 = 2 F*_ 1 + F*. We have /( 4 + 9) = 2/(2 + 9) + /( 3 + 9) = 
5/(1 + 9) + 6/(0) = F|/(l + 9) + 2 Fff{9). Assume that f(n + 9) = F*_ x f( 1 + 0) + 2 E*_ 2 /(0). Then 

/(n + 1 + 0) = 2 / (n — 1 + 0) + 2/ (?r + 0) 

= 2[F*_ 2 /(1 + 0) + 2F*_ 3 f(9)\ + [F:_J( 1 + 0) + 2F*_ 2 /(0)] 

= (2 K-1 + + 0) + 2(2F*_ 3 + F*_ 2 )f(9) 

= F*f(l + 0) + 2F*_ 1 f(9) 

4. Complex Fibonacci functions 

Given the Fibonacci sequence F 0 = l,Fi = 1, F 2 = 2, F3 = 3, • • • , we may compute F_„, n = 1, 2, • • • via the 
equation 

(5) 2 = P-n+1 + f-n 

so that FT 1 = Fi — Fq = 0,F_2 = Fo — F_i = 1 — 0 = 1,F__ 3 = F_i — F_2 = 0 — 1 = — 1, F 4 = F_ 2 — t 3 = 1 — ( — 1) = 
2, F_ 5 = F_3 - F_4 = -1 - 2 = (-1) 5 F 3 and F_ 6 = F_ 4 - F_ 5 = (-1) 6 F 4 . Assume F_ n = (-1)"F„_ 2 (n > 5). 
Then F_ (n+1) = F_ (n+1)+2 - F_ (n+1)+1 = (-l)"- 1 ^., - (— 1 ) n F n = (-1 ) n+1 (F n _ 3 + F„_ 2 ) = (-l) n F n _! 
so that F_ 2 = (— 1) 2 F 0 = 1,F_ 3 = (— 1) 1 F 4 = —1. For F_i, the formula would yield F_i = (— l) 1 F_i, i.e., 
F_ 1 = — F_ 1 which would imply F__i = 0 as well. Hence we have the result: for n > 1, 

(6) F_ n = (— l)"F Jl _ 2 

Thus, we may apply the formula (1) for x < 0 as well. For example, F(— 1.5) = (Fi _ 15 _ 1 j )( _1 - 5_ L- 1 -5J) _|_ _p _|_ 
(-1.5 - L-1-5J - 1) = (F_ 3 ) 0 ' 5 + F_ 2 + (-1.5 - (-2) - 1) = + 1 -§ = §+*, i-e., F(-1.5) = \+h the 

complex number. 
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Example 4.1. We compute F(— 4 + 9), (0 < 9 < 1) as follows: 

F{-4 + 9) = (F L _ 4+e _ij )- 4+e - L- 4+ *J + F\_ 4+0J + (-4 + 9 - [-4 + 9\ - 1) 

= (F_ 5 ) e +F_ 4 + (0-l) 

= (— 3) s + 2 + (0 — 1) 

= 3 0 (-l) 0 + 9 + l 

where (— l) 0 = exp 01n (~b, so that ln(— 1) = Log{— 1), where Log{— 1) is a “suitable branch of the Log-function”. 
Note that i 2 = — 1, so Log(-l) = Log(i 2 ) = 2 Log{i) = 21n(z). If we set In i := a + bi, then exp ln * = i = exp a exp b i 
and a = 0, b = \ yields Ini = |i. Thus 2 Ini = n i — Log(-l) and (—1)® = exp K0x , e.g., 9 = 1 yields 
(— l) 1 = exp" = -1 as required. Thus we set (— 3) e = 3 0 exp 1701 = 3 e (cos7T0 + zsin7T0). Hence 

F(— 4 + 9) = ( 3 0 cos 7 t9 + 1 + 9) + (3 s sin7T0)i 
Hence the evaluation of F(x) for x < 0 may involve complex numbers. 

Definition 4.2. Given a complex number z := a + bi G C, we define a map F : C — » C by 

F(z) := F(a) + iF(b — 1) 

where F(x) is the continuous Fibonacci function on R. We call such a map F a complex Fibonacci function. 

Given a real number a € R, we have F(a) = F(a + i0) = F(a) +iF(— 1) = F(a), so that F extends the function 
F already defined on R to the complex numbers C. 

Proposition 4.3. Given a Gaussian integer z = m + in (m, n € Z), we have 

F((m + 2) + (n + 3 )i) = F((m + 1) + (n + 2 )i) + F(m + (n + l)i)) 

Proof. Since F(m + ni) = F{m) + F{n — l)i = F m + F n _\i, we obtain F((m + 2) + (n + 3)i) = F m+ 2 + F n+ 2 i = 
(F m + 1 + Pn+i*) + ( F m + F n i) = F((m + 1) + ( n + 2)i) + Ffm + (n + l)i))- D 

Using the fact that the Fibonacci derivative is a linear mapping, we define the Fibonacci derivative for complex 
Fibonacci numbers as follows: Given z = a + bi (a,b £ R), 

AF(z) := A F{a) + i A F(b - 1) 


Proposition 4.4. Given a complex Fibonacci function F(z), we have 

A F(z) = F{z + 2(1 + i)) -F(z + l+i)~ F(z) 


Proof. Given z \= a + bi £ R, we have 

A F{z) = AF(a) + i A F{b — 1) 

= [F{a + 2) - F(a + 1) - F{a)] + i[F{b + 1) - F(b) - F(b - 1)] 
= E((n + 2) + i(b + 2)) — P((n + 1) + i(b + 1)) — F(a + ib ) 

= F{z + 2(l + i))-F(z + l+i)-F(z), 
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Hee Sik Kim, J. Neggers and Keum Sook So* 
i.e., A is the complex Fibonacci derivative. 


□ 


5. Concluding remark 


As was already been mentioned in the introduction and has been demonstrated in the paper, the extensions of 
{F n }ne z to F( x) and F(z) show themselves to be rather remarkable functions. We should note that F( 0) = F(l) = 
1, only selects one among a family of functions of this type. Considering the usual property lirn^oo = 1+ 2 V ^ 

for Fibonacci function / : R — > R, it is naturally of interest to check on a variety of limit problems of this type 
and discover properties and solutions to these problems among others. 


6. Future works 

One area which needs further investigation is the adapting of the theory developed above to general groupoids. 
In order to do this we will need to reduce formulas such as given above, which involve two (closely related) binary 
operations to those using only one such binary operation. Thus, consider an arbitrary groupoid ( X , *) and an 
element a € X. We consider functions / : X — > X such that (\/af)( x ) = {f(x)*f(x*a))*f((x*a)*a) = c and let 
these be (a, c)-(X, *)-Fibonacci-functions. That this is a true generalization can be seen as follows. Let ( X , *) = 
(R, — ) and let a = 1, c = 0. Then (Vi f)( x ) = f(x) — f(x— 1) — f(x — 2) = 0 means f(x) = f(x — l) + f(x — 2), i.e., 
an (1, 0)-(R, — )-Fibonacci-function as defined above. At the same time, if (A f)(x) = f{x + 2) — f(x + 1) — f(x), 
then (A f)(x — 2) = f(x) — f(x — 1) — f(x — 2) = {S7if)(x), so that A / is a translation of y? / on (R, — )• Using 
these approach one hopes to develop very general Fibonacci properties which may be directly applied to a great 
variety of situations and thus also with an improved chance for possible applications, due to a much larger range 
of possible models which may be available. Therefore it is among our plans to follow through with this approach 
as well as what has been mentioned in the concluding remark section also. 
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Decomposition and improved hyperbolic cross approximation of 

bivariate functions on [0, l] 2 * 

Zhihua Zhang 

College of Global Change and Earth System Science, Beijing Normal University, Beijing, China 
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E-mail: zhangzh@bnu.edu.cn 

Abstract. For a bivariate function on the unit square, if we extend it robustly into a periodic function 
on the plane, then its Fourier coefficients decay very slowly due to the discontinuity on the boundary of the 
unit square, therefore, we need a lot of Fourier coefficients to reconstruct this bivariate function. In order to 
solve this problem, for any bivariate smooth function on the unit square, we introduce a Fourier expansion with 
a polynomial term and several polynomial factors such that the corresponding Fourier coefficients decay fast. 
Using this expansion, we can construct a good approximation tool for any bivariate function on the unit square. 

1. Introduction 

It is well-known that smooth period functions can be approximated well by Fourier series. But, for a 
bivariate function / on the unit square [0,1] 2 , if we extend it into a periodic function on the plane, then its 
Fourier coefficients decay very slowly due to the discontinuity on the boundary of [0, l] 2 . So we need a lot of 
Fourier coefficients to reconstruct this bivariate function. In order to reconstruct / by fewest Fourier coefficients, 
we will develop a new approximation tool in this paper. We first construct four simple univariate polynomial 
ipi (i = 1, ..., 4) of degree 3 which is independent of /. With the help of these polynomials, we express / into a 
sum: 

/ = /i + h + 

In this decomposition formula, f± is a linear combination of tpi(x)(pj(y) (i,j = 1, . . . , 4) , /2 is a sum of products 
of a polynomial and a univariate function, and is a bivariate function whoes partial derivatives vanish 
on the boundary of [0, 1] 2 . Then we expand these univariate functions and this bivariate function into Fourier 
series, where the corresponding Fourier coefficients will decay fast. We call this process a Fourier expansion 
of / with a polynomial term and several polynomial factors. Based on this expansion, we can develop a good 
approximation tool of f by using the partial sums of these univariate Fourier series and the hyperbolic cross 
truncation of bivariate Fourier series. Precisely say, for a function / satisfying d ^ 2 g y 2 G C'([0, 1] 2 ) , if we use our 

*This research is supported by National Key Science Programme for Global Change Research 2015CB953602, Beijing Higher 
Education Young Elite Teacher Project, and Scientific Research Foundation for the Returned Overseas Chinese Scholars, State 
Education Ministry. 
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approximation tool, then the approximation error is equivalent to los N £ fd , however, if we directly expand f into 
Fourier series, the approximation errors of its partial sums and hyperbolic cross truncation are equivalent to 
-y==, ’ respectively, where N ( j is the number of Fourier coefficients used. It is clear that our approximation 

tool is much better than traditional Fourier approximation. At the end of this paper, we will extend these results 
to the case of random processes. 

Throughout this paper we always assume bivariate functions on [0, 1] 2 are real-valued. Denote by {0, l} 2 
vertexes of the unit square [0, l] 2 and by 3([0, l] 2 ) the boundary of [0, l] 2 . We say / € C^ 2 ’ 2 \[ 0, l] 2 ) if g%g y i 
is a continuous function on [0, l] 2 . Denote by sjv(/; x, y) the Fourier series partial sum of / on [0, l] 2 , i.e. , 

s N (f;x,y)= E Cmn(f)e 2mm *e 2 ” inv . 

|m|<Af |n|<JV 

Denote by s'n' 1 ( /; x, y) the Fourier series hyperbolic cross truncation of / on [0, l] 2 , i.e., 

(/; x i y) = E c mo(f) e 2mmx 

\m\—0 

(1.1) 

N 

+ E C 0n e 2 * in y+ E c mn(f) e 2 ”l m+ " 9 ), 

| n | — 1 l<\mn\<N 

For a random variable £, denote by E[£] and Var(^) its expectation and variance, respectively. For two 
random variables £,??, denote by Cov(£, rf) their covariance. We also always assume that £ is real-valued. The 
concept of the random calculus may refer the reference [2,6]. 

This paper is organized as follows: In section 2 we give a decomposition formula of a bivariate function on 
[0, l] 2 . In section 3 we discuss Fourier expansions with polynomial term and polynomial factors and estimate 
Fourier coefficients. In Section 4 we present a new approximation tool and estimate the corresponding approx- 
imation error. In Section 5 we generalize these results to random processes on [0,1] 2 . 

2. Decomposition of bivariate functions on the unit square 

Suppose that f(x,y) is a real-valued function on [0, l] 2 and / G (E 2 ’ 2 )([0, l] 2 ). First we introduce four 
fundamental polynomials: 

ipi(x) = (1 + 2x)(x — l) 2 = —(3 — 2x)x 2 + 1, 
y> 2 {x) = (3 — 2x)x 2 — —(p\(x) + 1, 

(2.1) 

tp 3 (x) = x(x- l) 2 , 
tpi{x) = x 2 {x — 1) 
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satisfying the following conditions 

¥>i(0) = l, v’i(l) = V>i(0) = <Pi(l) = 0, 

^ 2 ( 1 ) = 1, <^ 2 (0) = ¥> 2 ( 0 ) = </ 2 (l) = 0 , 

^3(0) = 1, <P 3 ( 0 ) = y> 3 (l) = ¥>3(1) = 0, 

<p' 4 (i) = 1 , p 4 (o ) = y> 4 (i) = y4(o) = 0- 


Define a bivariate polynomial: 

h{x,y) = E (f{o,v)pi{x) + f(i,u)p 2 {x)) v\+ v {y) 

v - 0 

+ E <pi+«/(y) ( 2 - 3 ) 

i /=0 V 7 

+ E ¥>3+1/ (j/)- 

This is a linear combination of {^i(x)^j(y)}j j=i ,...,4 whose coefficients depend only on values of / and partial 
derivatives of / at vertexes {0, l} 2 = {(0,0), (0, 1), (1,0), (1, 1)}. Denote 

g{x,y) = f(x,y) - fi(x,y). 


We construct a bivariate function / 2 which depends only on values of g and partial derivatives of g at the 
boundary of [0, 1] 2 . Define 


f 2 {x, y) = g{x, 0)<pi (y) + g{x, 1 )p 2 (y) + g{ 0, y)<pi(x) + g( l, y)p 2 {x) 

+ |f (0> y) l P3{x) + (1, y)ip 4 (x) + |f(x,0 )p 3 (y) + |f(x,l )<p 4 {y). 

This is a sum of products of univariate functions and fundamental polynomials pi. Finally, we let 


(2.4) 


h{x,y) = f(x,y) - fi(x,y) - f 2 {x,y). 


Then the following decomposition formula holds. 

Theorem 2.1. Let / € (E 2 ’ 2 )([ 0, l] 2 ). Then 

f(x,y) = fi(x,y) + f 2 (x,y) + f 3 (x,y), (2.5) 

where /i, / 2 , and / 3 are stated as above and satisfy 

(i) f\{x,y) is a bivariate polynomial and for ( x,y ) € {0, l} 2 , 

h (x, y) = f(x, y ) , H (x, y) = §£ (x, y ) , 

~dy{x,y) = ^(x,y), = l^dy( X ^V)i 
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i.e., g = f — fi satisfies 

g(x,y) = = 0j (*>2/) e I 0 ’ 1 ) 2 ; 

(ii) the remainder / 3 G C( 2 > 2 )([0, l] 2 ) and for ( x,y ) € <9([0, l] 2 ), 

h( x *y) = = §(]W) = ^(*.») = »• 

From the definitions of /i,/ 2 ,/ 3 , and (2.2), we can directly check (i) and (ii). 

With the help of this decomposition formula, we give a Fourier expansion with polynomial factors and a 
new approximation tool such that we can reconstruct functions on [0,1] 2 by fewest Fourier coefficients. 

3. A kind of new Fourier expansions 

In this section we give a Fourier expansion of the function on [0,1] 2 with a polynomial term and several 
polynomial factors. 

Suppose that / € CU> 2 )([ 0, l] 2 ). By Theorem 2.1, 

f(x,y) = fi(x,y) + f 2 (x,y) + f 3 (x,y), 

where /i is a polynomial which is stated in (2.3) and f 2 is stated in (2.4). We expand the first factor of each 
term in (2.4) into univariate Fourier series, such as we expand g(x, v) ( v = 0, 1) into the Fourier series: 

g{x,v)=Y J ct ) e 27limx , 

m 

where at* = fg g(x, v) e~ 2mmx dx and ~ Em=- oo- Using the integration by parts, by Theorem 2.1 (i) and 
Riemann-Lebesgue lemma, the Fourier coefficients satisfy 

a rn = Jo 1 g{x, v) e~ 2nimx dx = ^ fg 1 g (x, v) e~ 2nimx dx 

= -sfer fo &( x ’ ") e~ Mmx dx = o(£). 

Similarly, we expand g(u, y), || (v, y), ^{x, v) (u = 0, 1) into Fourier series: 

5(^y) = E^ ) e 2mnv , 

n 

gf { v i y) = E a n ] e 27viny , 


= e 2vimx . 
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From this, we see that f 2 (x,y) can be expanded into the following Fourier series with polynomial factors ipf. 

f 2 (x, y) = My)Y a ^ e 2 ^ imx + Mv)Y a m e 2n%mx 


<pi(x) E b n ] e 2 ’ niny + ip 2 (x) E e 2 ™y 

n n 

M x ) E a « 0) e 2mny + ifi(x) Y ai 1 * e 2nmy 

n n 

(y) E Pm e 2 * imx + My) E Pm e 2 ” imx 


(3.1) 


H 

a'm 

= <>&), 

rW _ 

Un — 

(v) 

an 

Hie 

0 

II 

II 

As 


and 


Finally, expand f 3 into a bivariate Fourier series: 

h(x,y) = E e 2 ^ mx+nv \ 

m,n 

where c mn {f 3 ) = f* f 3 (x, y) e - 2 ^ mx + n y'> dxdy and Y m ,n = EE-oo E^-oo- % Theorem 2.1 (ii), the 
interior integral is equal to 


I'm,, 


{x,y) 


e -2iHmx dx _ 


So the Fourier coefficients: 


>(h) = 


( 27 rim ) 2 J 0 


( '2mm ) 2 J Q dx 2 

/ 1 0 (a: ’ y ) e ' 27r ^ dy ) dx - 


Again, by Theorem 2.1 (ii), 

Cmnifs) = (^)2 fo 1 e~ 2mmx ( 2 ^- jj £fe(x, y) e~ 2 * iny dy) dx 


fo fo y) e 27ri(mx+ny) dxdy. 


(3.2) 


Summarizing up the above results, we get a Fourier expansion with polynomial term and polynomial factors, 
where Fourier coefficients decay fast. 

Theorem 3.1. Let / £ C^ 2 ’ 2 ^([0, l] 2 ) and /i,/ 2 , f 3 be stated as in (2.3)-(2.5), and tpi(i = 1, ...,4) be stated 
as in (2.1). Then / can be expanded into Fourier series with a polynomial term and several polynomial factors 
as follows: 


/ (x, y) = fi(x, y)+ E (vi+Av) E e 27rimx + ip\ +v { x ) E b n } e 2 ™ ny ) 

u = 0 \ m n / 

+ E ( V>3+A x ) Y a n ] e 27vinv + ip 3 +v (y) E Pm e 2 ™ mx ) 


(3.3) 


+ E C mn {f 3 ) e 2 ^ mX+nV \ 
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where fi(x , y ) is a polynomial which is stated in (2.3), both the second term and the third term are a combination 
of four univariate Fourier expansions and four fundamental polynomials, and for v = 0,1, 

att = Jo g(x, v) e~ 27rimx dx = o (^) , 
bW = Si g{v,y)e~ 2 * iny &x = o(±), 

(3.4) 

a n ] = fo §§("’ V ) e- 2 ™"d y = o (^) , 

= fo §£(*> v ) e~ 27Timx dx = o (4r) 

and g{x,y) = f(x,y) — fi(x,y), and the last term is a bivariate Fourier series of fo whose coefficients satisfy 

Cmn(h) ~ o ( ,,, 2 n 2 ) (m — > oo or n — *■ oo), 

C0n(/3) = o (4f) (n -> oo), (3.5) 

Cmo(/3) = o(sj) (m — > oo). 


4. A new approximation tool 

We want to reconstruct the bivariate function f(x, y) by the fewest Fourier coefficients. For this purpose, we 
take partial sums of univariate Fourier series and hyperbolic cross truncation of the bivariate Fourier series of 
Y2 Cmnifo) e 2 '' ri ( mx+ny ) in (3.3), we get a hyperbolic cross truncation of Fourier expansion of / with a polynomial 

m,n 

term and several polynomial factors. For an appropriate N £ Z+, we define such a combination of polynomials 
and trigonometric polynomials: 


t n\x,v) = h(x,y) + E \<pi+v(y) E 


|n|<AT 


H e 2 ™nx + ipi+iy ( x ) J2 b^e 2 ^) 

|n|<AT J 

+ E (<P3+v(x) E ofn ] e 2 ^ iny + <p 3 +v(y) E Pn ] e 2 * inx J + S { ^\f 3 -,x,y), 

v=0 \ |n|<Af | n | < AT J 

where the last term is the hyperbolic cross truncation of f 3 which is stated in (1.1). 

From this and (3.3), it follows that 


f(x,y) -T§\x,y) = s^ > (x,y)+s'^’(x,y), 


(i), 


„( 2 )/ 


where 


s n\ x >v) = E ( Vi+Ay) E a n ] e 2 ™ nx + (p 1+v {x) J2 b^ e 2 ™ ny 

^=0 \ |n|>JV |n|>JV , 


+ E (<P3+»(x) E °fn e 2ninv + <P3+ V (y) E pk v) e 2 ™ x ) 

IS=0 y |n|>jV |n|>]V J 


s ( N(x,y) = f 3 (x,y) - s^\f 3 ,x,y). 


(4.1) 


(4.2) 


(4.3) 


6 


1496 


Zhihua Zhang 1491-1502 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Consider the square error: 


By (4.2), we have 


II /-^ 111=/ [ \f(x,y)~T^\f-,x,y)\ 2 dxdy. 
Jo Jo 


II f-T™ |||<2|| s$ III +2 || III. 

By (4.3) and || h 1 {x)h 2 (y) |||=|| h^x) ||||| h 2 {y) |||, where || h(t) |||= \h(t)\ 2 dt, we have 

II 111 < 64 E (\\ip l+v Hill E Jn* e 2ninx ||| + || <pi+ v Hill E Ell) 

v=0 y \n\>N |n|>JV J 

+ 64 E Ml <P3+i/ Hill E a n^ e 2 ' Kiny ||| + || y>3+v ||||l E /3^e“|ll) 

v=0 \ \n\>N |n|>JV J 

By the Parseval identity of the univariate Fourier series, we get 

II 8$ |||< 64 £ (\\ Vl+v III X] (l^l 2 + lW)+ II III £ (|aM| + \fc)\ 2 ) 

|n|>JV |n>1V| 


v—0 


Again, by (3.4), 


For s%\ by (1.1), we have 


s (1) II 2 
S N II 2 


= O 


E i = °(4)- 


vM >N 


/ 0 x CXJ 

s%\f 3 ;x,y) = E c m0 (/ 3 )e 2 " m "+ E E c mn (f 3 )e 2 ™( mx + ny ) 

|m|>JV |n|>iV |m| — 0 


N 


+ E E c mn (f 3 ) e 2 ^ mx+ny \ 

\n\=l |m|> jYj 

By the Parseval identity and (3.5), we have || sff |||= + Jn\ where 


J (!) — 

E 

| c m0 (/ 3 )| 2 = 0 (^ 4 ) 


|m|>iV 

t( 2 ) 

— 

E 

OO 

E |Cmn(/3)| 2 = O 


|n|>JV | 

m | = 1 

t(3) _ 
J iV — 

N 

E 

E | c m n(/ 3 )| 2 = 


l n l =1 M>[^] 


N 

E E 


N 


= °\ E £ E £1=01 E = o(£k.g«) 

M = 1 |m|> 1 ^ r / \|ra|>iV 
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Therefore, 

II sff 111= O (^3 log iv). 

From this and (4.4), and (4.5), it follows that 

II f-T^ \\l=o(^). 

Since 5Zi<|mn|<JV ~ NlogN, by (4.1), we see that the number N d of Fourier coefficients in the approximation 
tool T^\x,y) is equivalent to NlogN, i.e., 

N d ~ N log N. 


This implies the following: 

Theorem 4.1. Let / € C^ 2,2 \[ 0, l] 2 ) and T^,' 1 be the hyperbolic cross truncation of its Fourier expansion 
with a polynomial term and several polynomial factors which are stated in (4.1). Then 

||/-< ) || 2 =o( 1 °^ Vd ), (4.6) 

where N d is the number of Fourier coefficients in T^' 1 . 

For f £ C^ 2 ’ 2 \[ 0, l] 2 ), consider the partial sums of the Fourier series of /: 


s N {x,y)= 2^ 

|m|<JV |n|<AT 




By the Parseval identity, 


oo N 

.f~S N \\l= E E \ C mn{f)\ 2 +Y E \ C mn(f)? 

\n\>N \m\—0 |n|=0|m|>AT 


From this and c m0 (/) = O (^) , c 0 „(/) = O (£) , c mn (f) = O (^), it follows that 


Wf-SN 111= O J . 

Note that the number N d of Fourier coefficients in the partial sum is equivalent to N 2 , i.e., N d ~ N 2 . So 




(4.7) 


Consider the hyperbolic cross truncation of the Fourier series of /. By (1.1) and the Parseval identity, 

oo N 

2 = E \ C mo(f)\ 2 + E E |Cmn(/)| 2 +E E 

|m|>JV |n|>JV|m|=l |n| = l \m\> 

From this and N d ~ N log N, 


/-*« 111= 


= o 


/log N 

V N 


(4.8) 


/-.S>llS=o(^ 
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Comparing (4.7), (4.8) with (4.6), we see that the approximation tool is such that we reconstruct / by the 
fewest Fourier coefficients. 


5. Uncertainty analysis 

Now we extend the above results to the case of random processes. Suppose that / is a real-valued random 
process on [0, l] 2 and f £ C^ 2,2 ^([0, l] 2 ) (Refer to [6] for random calculus). Then the decomposition formula 
(2.5) is still valid: 

/ = fi + h + fsi 


where /i and /2 are stated as in (2.3) and (2.4), respectively, and f 3 is the residual. However, now /i is a random 
polynomial, /2 is a sum of products of univariate random processes and fundamental polynomials ipi. Theorem 
2.1 and the expansion (3.3) are still valid. However, Fourier coefficients in (3.3): a,m\ bn\ &n\ Pin {v = 0,1), 
and c mn {f 3 ) are now all random variables. Consider their expectations and variances. Note that 

g(x, v) e~ 2nimx dx (^ = 0,1). (5.1) 

Since the expectation and the integral can be exchanged, 

Elatf) = f E[g(x , u)\ e~ 2 ” im *dx [y = 0,1). (5.2) 

Jo 

Since the random process g = f — fi belongs to C^ 2,2 ^([0, l] 2 ) and the expectation and the partial derivatives 
can be exchanged, the deterministic function E[g(x, y)] £ C^ 2,2 ^([0, l] 2 ). Noticing that Theorem 2.1 is still valid, 
for ( x,y ) £ {0, l} 2 . 



E[g(x,y)\ = E 




= E 




= E 


d 2 g 

dxdy 


{x,y) 


= 0 . 


Exchanging the expectation and the partial derivatives, for (x, y) £ {0, l} 2 , we get 


E\g(x,y)] 


d_ 

dx 


E\g(x,y)\ 


d_ 

dy 


E[g(x,y)\ 


d 2 

dxdy 


E\g(x,y)\ = 0. 


Therefore, 


E[a^] = 


1 

2 trim 


E[9(x,v)]\l=o + 2 TkmJo &(E[g(x,v)])e-™™dx 


= -( 2 HSF ^ e \3( x > v Wx=o + &( E l9(x,v) ])e ** im *dx 


= (2dnyfo&( E i9(x,^]) e2vimx dx = o(^) {v = 0,1). 


This implies that 


E [a { m ] \ < 7 -i— o max \-^E\g(x,v)]\ {v = 0,1). 


47 r 2 m 2 o<fc<i dx 2 

Similarly, we compute E[bn' 1 }, E[an^], E[/3m' 1 ], and E[c mn {f 3 )]. So we have the following: 
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Theorem 5.1. Let / be a random process on [0, l] 2 and / £ C^ 2,2 \[0, l] 2 ). Then, in the Fourier expansion 
(3.3) with a random polynomial and several random polynomial factors, Fourier coefficients satisfy 


E[att] 

— 0 ( m 2 ) > 

ElaW] 

^ 4-7r 2 m 2 1 9x 2 £[»(*> »0] 1 , 


E[b ( n u) } 


E[b ( n U) ] 



E[a £°] 

,h 

He 

o 

II 

E[a 

] < 4 J n 2 E[g(u,y)]\, 



= °(^) » 

E{(3^ ] 

] ^ 4 Jm 2 ™g 1 \{&a V E \9( X > V )]\ 

'k' 

II 

o 


E[c mn {h)] = o yip) , E[c mn (fs)] < I||%f [/ 3 (*>y)]|. 

where g = f — fi and /) . f 2 are stated as above. 

Now we consider the variances of Fourier coefficients in (3.3). 

Since g is a real-valued, by (5.1), we deduce that for is = 0, 1, 

\att | 2 = Jo /o g(x, is)g(t, u) e~^ im ^dxd t, 

E[ |am } | 2 ] - /o /o E[g(x, is)g(t , is) ] e~^ im ^dxdt, 

Since E[g(x,is)g(t,is)] £ C^ 2,2 ^([0, l] 2 ), by Theorem 2.1 (i) and using integration by parts, it follows that 


■»I 2 1 - 


1 = L I Siw ^ (- = o,i). 


and so 


E[\a%\ 2 ] = o — (* = 0,1). 


Noticing that Var(am^) = ^[lam'l 2 ] — (£[a^]) 2 , we get 


Var (aW)<%W) 2 ]=o 


(i/ = 0,1). 


From (5.2), it follows that 


])2 = 1 6^ [ [ d ^ {E[9{x ’ u)]E[9{t ’ ^ e-^^^-^dxdt (i/ = 0,1). (5.5) 

Again, by the covariance formula: Cov(g(a:, v), g(t, is)) = E[g(x, v)g(t , is)] — E[g(x , z/)]£’[g , (t, i/)], we have 

Var(a&>) = jf jf Cov(g(x, v), g(t, is)) e^^dxd t (is = 0,1). 


Similarly, we compute Var(6^), Vai(ctn^), Var(/?m^), and Var(c mn (/ 3 )). So we have 
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Theorem 5.2. Under conditions of Theorem 5.1, for v = 0,1, we have 
Var(am } ) < 16n \ mi Q max ^ | Cov(ff(a:, u), g(t,u)) |, 

Var(6^ } ) < Jaipur Co v(g(v,y), giy,t)) |, 

Var(a^) < TiOT x I Ww Cov (if (u 2/), ff(M)) |, 

Var(/3m ) ) < IB5^? 0 ^^ 1 l®?5t»Cov(fa(*,i/), |, 

Var(c m „(/ 3 )) < |Cov (gf^foy), J^(M)) l> 

Similar to (5.5), we can obtain that the second-order moments are as follows. For v = 0, 1, 

E[\at ] \ 2 ] = o(^r) , ^[l^l 2 ] = 0 (^ 4 ) , 

^Ilo^l 2 ] = 0 (^ 4 ) , Ull/3^1 2 ] = 0 (^ 4 ) , (5-6) 

E[\c mn {fo)\ 2 ] = 0 (^ 1 ) • 

Finally, for a random process, we still define an approximation tool T^ \x,y) as in (4.1). Now Tj^\x,y) is 
a combination of random polynomials of degree 3 and random trigonometric polynomials of degree N. Using 
the Parseval identity, by (5.6), we have the following: 

Theorem 5.3. Let / be a random process on [0, l ] 2 and / G C'( 2,2 )([0, l] 2 ), and Ty* be stated as above. 
Then the mean square error of approximation by Tjy satisfies 

E[\\f-T^ || 2 ] = o(^p), 
where N,i is the number of Fourier coefficients in T^' 1 . 


References 

[1] B. Boashash, Time- frequency signal analysis and processing, Second edition, Academic press, 2016. 

[2] B. Hajek, An exploration of random processes for engineer, 2002, see: http://www.ifp.illinois.edu/ ha- 
jek/Papers/randomprocDec 11. pdf 

[3] J.-P. Kahane, Some random series of functions, Cambridge Studies in Advanced Mathematics, Vol. 5, 2rd. Cam- 
bridge University Press, Cambridge, 1994. 

[4] D. W. Kammler, A first course in Fourier analysis, Cambridge Univ. Press, 2008. 

[5] Z. Zhang, Approximation of bivariate functions via smooth extensions, The Scientific World Journal, vol. 2014, 
Article ID 102062, 2014. doi:10. 1155/2014/102062. 


11 


1501 


Zhihua Zhang 1491-1502 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


[6] F. C. Klebaner, Introduction to stochastic calculus with application, World Scientific Publishing, 2012. 

[7] G. G. Lorentz, Approximation, Holt, Rincbart and Winston, Inc. 1966. 

[8] E. M. Stein, and G. Weiss, Introduction to Fourier analysis on Euclidean space, Princeton Univ. Press, 1971. 

[9] P. Stoica and R. Moses, Spectral analysis of signals, Prentice hall, 2005. 

[10] Z. Zhang, Environmental Data Analysis, DeGruyter, December 2016. 

[11] Z. Zhang, P. Jorgensen, Modulated Haar wavelet analysis of climatic background noise, Acta Appl Math, 140, 
71-93, 2015 


12 


1502 


Zhihua Zhang 1491-1502 



J. COMPUTATIONAL ANALYSIS AND APPLICATIONS, VOL. 24, NO.8, 2018, COPYRIGHT 2018 EUDOXUS PRESS, LLC 


Gronwall-Bellman type inequalities for the 
distributional Henstock-Kurzweil integral and 

applications * 

Wei Liu, Guoju Ye, Dafang Zhao 

College of Science, Hohai University, Nanjing 210098, P.R. China 
E-mails: liuw626@hhu.edu.cn, yegj@hhu.edu.cn, zhaodafang@hhu.edu.cn 

October 14, 2016 


Abstract: This paper is devoted to studying the Gronwall-Bellman type 
inequalities involving the distributional Henstock-Kurzweil integral. More- 
over, an linear differential equation with distributional coefficients is consid- 
ered as an application. 

Keywords: distributional derivative, distributional Henstock-Kurzweil in- 
tegral, Gronwall-Bellman inequality. 
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1 Introduction 

It is well-known that the Gronwall-Bellman inequality (also called the Gron- 
wall’s lemma or the Gronwall’s inequality) has played a fundamental role in 
the study of the qualitative behaviour of solutions of differential and integral 
equations. 

In 1919, T. H. Gronwall [1] firstly established the following integral in- 
equality. 

Lemma 1.1. Let f(t) be a continuous function defined on [a, a + e>] C 1, 
for which the inequality 

0 < f(t) < f ( af(s) + (3)ds , f G [a, a + e>] (1.1) 

J a 

’Supported by the Program of High-end Foreign Experts of the SAFEA (No. 
GDW20163200216). 
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holds, where a, (5 , <5 are nonnegative constants. Then 

0 < f(t) < /35exp(a5), t € [a, a + <5]. (1.2) 

In 1943, R. Bellman [2] generalized Lemma 1.1 to the following result. 

Lemma 1.2. Let f(t) and g(t) be nonnegative, continuous functions on 
[a, b] C R, for which the inequality 

0 <f(t)<r]+f g(s)f(s)ds, te[a,b] (1.3) 

J a 

holds, where rj is a nonnegative constant. Then 

0 < f(t) < ??exp (^j g{s)ds S j , te[a,b}. (1.4) 

Because of the importance of this inequality, over the years investigators 
have discovered many useful generalizations in order to achieve a diversity of 
desired goals in various branches of differential and integral equations [3-18]. 

However, almost all the generalizations are based on continuous func- 
tions under Riemann and Lebesgue integrals, they are not applicable to 
generalized ordinary differential equations [19, 20]. This did not really 
change until S. Schwabik [11] presented the Gronwall-Bellman inequality 
for the Henstock-Kurzweil integral in 1985, while K. Ostaszewski and J. 
Sochacki [12] gave a simpler and significant proof in 1987. As for the 
Gronwall-Bellman type inequalities for the Stieltjes integrals, we refer the 
reader to [14-18]. 

In this paper, we study the Gronwall-Bellman type inequalities for the 
distributional Henstock-Kurzweil integral, which defined by using Schwartz 
distributional derivative. It is a very wide integral form including the Rie- 
mann integral, the Lebesgue integral, and the Henstock-Kurzweil integral 
(see [19-22,27-30] for details). The space of such integrable distributions, 
denoted by Dhk > is a completion of the space of Henstock-Kurzweil inte- 
grable functions (shortly, HI \ ). 

This paper is organized as follows. Section 2 is devoted to the basic 
notations of the distributional Henstock-Kurzweil integral. Section 3 con- 
tains our main results on the Gronwall-Bellman type inequalities involving 
the distributional Henstock-Kurzweil integral, while Section 4 sets forth an 
application to an linear differential equation with distributional coefficients. 
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2 The Distributional Henstock-Kurzweil Integral 

Let (a, b ) be an open interval in M, we define 

T>((a, b )) = {4> : (a, b) — > M | f> £ Cf° and f has a compact support in (a, 6)}. 

The distributions on (a, 6) are defined to be the continuous linear functionals 
on D((a, b )). The dual space of T>((a, b )) is denoted by T>\(a, b )). 

For all / £ V'((a,b)), we define the distributional derivative f of / to 
be a distribution satisfying ( f',q f>) = —(f,<j>'), where (p £ V((a,b)) is a test 
function. Further, we write distributional derivative as f and its pointwise 
derivative as f'(t) where t £ M. From now on, all derivative in this paper 
will be distributional derivatives unless stated otherwise. 

Denote the space of continuous functions on [a, b] by C[a,b]. Let 

C 0 = {F £ C[a, b] : F(a) = 0}. (2.1) 

Then Co is an Banach space under the norm 

Halloo = sup \F(t)\ = max \F(t)\. 

te[a,6] te[a,b] 

Definition 2.1 ( [29, Definition 1]). A distribution / £ T>'((a,b)) is said to 
be Henstock-Kurzweil integrable (shortly Dhk ) on an interval [a, b] if there 
exists a continuous function F £ Co such that F' = /, i.e., the distributional 
derivative of F is /. The distributional Henstock-Kurzweil integral of / on 
[a,b] is denoted by f(t)dt = F(b) — F(a). The function F is called the 
primitive of /. 

For every / £ Dhk, $ £ F>((a, &)), we write 

(f,<f>)=[ f(t)(t>{t)dt = - ( F(t)(j>' (t)dt. 

J a J a 

The distributional Henstock-Kurzweil integral is very wide and it in- 
cludes Riemann integral, Lebesgue integral, Henstock-Kurzweil integral, re- 
stricted and wide Denjoy integral (see [21,22,27-29]). From now on, we 
write “ f[t) dt ” as “ f^f ” for short. 

For / £ Dhk , define the Alexiewicz norm in Dhk as 

ll/ll = ITIloo = sup \F(t)\ = max \F(t)\. 

t£[a,b] £E[a,&] 
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Under the Alexiewicz norm, Dhk is a Banach space, see [28, Theorem 2]. 

For F G Co, the positive part F + = max te r a w{F(t), 0}, the negative part 
F~ = max te u & ]{— F(t), 0}, and hence F = F + — F~ and the absolute value 
|F| = F + + F~ . Moreover, F + , F~, |F| all belong to Co- Let / G Dhk 
with the primitive F G Co, as in [28], define 

f+ = (F+y, r = (F-y, \f\ = \F\'. (2.2) 

Then, 

/ = /+-/", I/I = /+ + /"• (2-3) 

In Co there exists a pointwise order: for F, G G Co, F < G if and only 
if F(t) < G(t ) for all t G [a, b]. For /, g G Dhk with primitives F, G G Co, 
respectively, we say 

/ :< g (or g /) if and only if F(t) < G(t), Vt G [a, b\, (2.4) 

and 

/ 5 (or g f) if and only if J f < J^g, (2.5) 

where I is arbitrary subinterval of [a,b\. Obviously, 

£ ( m ) „ £ (P) 

f < g => f < g, (2.6) 

but the converse is not true. Particularly, if /, g are functions, then 

f(t) < g(t) (Vt G [a, b}) ^ f { "<g / § g. (2.7) 

Lemma 2.2. Let /, g G Dhk ■ Then 
(I) |/| G Pm' and | /| < / a * |/| /or all t G [a, 6|; 

(//j || |/| || = || |F'| || = || |F| IU = ||/||; 

(III) \f + g\ ? |/| + M. 

Proof. (I) and (II) see [28, Theorem 24], 

Since |F + C| < |F| + |C| in Co, (III) follows immediately from (2.3) and 
(2.4). □ 

If g : [a, 6] — ► M, its variation is Vg = sup ^T) n |g(t n ) — g(s n )|, where 
the supremum is taken over every sequence {(t n , s n )} of disjoint intervals in 
[a, b] . If Vg < oo then g is called a function with bounded variation. Denote 
the set of functions with bounded variation by BV (see [21-23]). 
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Lemma 2.3 ( [23, Theorem 2.2]). Let g, h £ BV. Then 

(i) g ± h £ BV and V(g ±h) < Vg + Vh; 

(ii) gh £ BV; 

(in) gh ~ 1 = f £ £>V if there exists constant 5 > 0 such that \h\ > 5. 

Moreover, we have the following result. 

Lemma 2.4 ( [25, Lemma 1.5]). Let F £ C[a,b] and g £ £>V. T/ien 

F'g=^J*gdF^j, (2.8) 

and 



Lemma 2.5 ( [29, Lemma 2, Integration by parts]). Let / £ Dhk, and 
g £ £>V. TTien /g £ Dhk and 

f fg = F(b)g(b)- [ ' Fdg . 

J a J a 

By Lemmas 2.4 and 2.5, it is easy to see that 

Lemma 2.6. Let f £ Dhk be the distributional derivative of F £ C[a,b], 
and g £ BV. Then 

(■ Fg)' = fg + Fg'. 

From (2.5) and Lemma 2.5, the following lemma holds. 

Lemma 2.7. Let f £ Dhk and let g be a nonnegative function on [a,b\. 

(I) If f [ y ) 0 and g is monotone on [a,b\, then 

(m) 

fg v o. 

(II) If f 0 and g is nonincreasing on [a,b], then 

(p) 

fg t o. 
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Proof. (I) Let F(t) = f* /, t £ [a, b ]. Then, F £ C[a, 6], and F > 0 on [a, 6], 

(m) 

because / y 0. Since g > 0 is monotone, then g £ 23V. By the first mean 
value theorem for Riemann integrals, there exists £ £ [c, d] C [a, 6] such that 

J Fdg = F(£)(g(d) - g(c)), £<E[c,d]. 

In view of Lemma 2.5 and (2.5), one has fg £ Dhr, and 

/ d nd 

f g = Fg \c~J Fdg 

= F(d)g(d) - F(c)g(c) - F(f)(g(d) - g(c)) 

= g{d) J f + g(c) Jc f> 0, V [c, d] C [a, b] . 

Hence, by (2.5), (I) follows. 

(II) Let F(t) = f* /, t £ [a, 6]. Then, F £ C[a, b\, and F > 0 on [a, b], 

(p) 

because f y 0. Since g > 0 is nonincreasing on [a, b], then g £ 23V and 
fg £ Drk ■ Moreover, 

f fg = Fg\ t a + f Fd(-g) 

J a J a 

> F(t)g(t) - F(a)g(a) + F(r})(g(a) - g(t)) >0, t £ [a, b], 


where F(rj) = min s6 r a f ] F(s). Thus, by(2.4), (II) holds. The proof is there- 
fore complete. □ 


Remark 2.8. In Lemma 2.7, (II) is not true if g is nondecreasing on [a,b\. 
For example, let 


/ = sin t, t £ 



and g(t) 


0, t £ [0, 7r), 

1, t £ [tt, ^f \ . 


It is easy to see that f y 0 and g is nonnegative and nondecreasing on 
[0, ^]. However, f 0 4 fg = ff 1 ' sin 2 = ^ — 1 < 0. This implies by (2.4) 
that (II) is not true. 


3 Main Results 

In this section, we shall prove that the Gronwall-Bellman type inequalities 
involving the distributional Henstock-Kurzweil integral remain valid. 
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Theorem 3.1. Let f £ Dhk > 9 '■ [a, b] — > M be a nonnegative nonincreasing 
function. If there is a constant r/ such that 

0 y / ( y rj + f fg, te [a, b] . (3.1) 

J a 

Then 

Q rj exp (yj g'j , te[a,b]. (3.2) 

Proof. Since g is a nonnegative nonincreasing function on [a, 6], then 
gex p fa 9^ is also nonnegative and nonincreasing on [a, b]. This together 
with Lemma 2.5 implies that 


fg G D HK , fgexpl - g £ D HK . 


Let x(t) = ff fg, then x(t) £ Co, x 1 = fg, and (3.1) can be transformed 
into 

(3.3) 


n (p) £ (p) r LI 

L) y j y g T x, on [a, b\. 


Furthermore, by Lemma 2.7, 0 < x(t), t £ [a, b\. Multiplying by 
g exp f a g^j on both sides of (3.3), one has 

if 9 ~ xg) exp J g^j § gg exp j gj , te [a, b\. (3.4) 

By Lemma 2.6, 


xexp ( - / g ) ) < \g - r/exp y - / g ) ) , t £ [a, b]. (3.5) 

Taking in account (2.4), we get 

0 < x(t ) < r) ^exp (/ ,)-l), Vt £ [a, b\. (3.6) 

It follows from (2.7), (3.3) and (3.6) that 

0 y / y r/ + r] ^exp (J g^j - 1 ^ = r/exp (^J g^j , te [a, b]. 


This completes the proof. 

As Lemma 1.1, we have the following consequence. 


□ 
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Corollary 3.2. Let f £ Dhk ■ If there exist positive constants K and rj 
such that 

0 § / ( y f ( Kf(s ) + rj)ds, t £ [a, b] . 

J a 

Then 

0 ( y / § rj(b — a) exp (K(b — a)) . 

Remark 3.3. If /(f) is nonnegative and Henstock-Kurzweil integrable on 
[a, b], then Theorem 3.1 and Corollary 3.2 are still valid. Therefore, Lemma 
1.1 and the corresponding result in [12] are only special cases of our results. 

For the ordering (2.5), we have the following result. 

Theorem 3.4. Let f £ Dhk , 9 '■ [o, b] — * ► R be a positive monotone function. 
If there is a constant rj such that 

0 ^f^V+ffg, te[a,b\. (3.7) 

J a 

Then 

0 ( y J / ?? exp g^j , t £ [a,b\. (3.8) 

Proof. The proof is similar to Theorem 3.1, so we omit it. □ 

Remark 3.5. Assume that /, g are nonnegative continuous functions. Since 
the ordering (2.5) equals to the pointwise ordering (see (2.7)), it is easy to 
see that Theorem 3.4 is a generalization of Lemma 1.2. 

Next we give a more general version of the Gronwall-Bellman type in- 
equality due to H. E. Gollwitzer [13]. 


Theorem 3.6. Let f £ Dhk , 9 '■ [a, b] — > M be a nonnegative nonincreasing 

(p) 

function. If there exist l £ Dhk, l t 0 on [a,b], and h £ HK, h > 0 on 
[a, b], such that 

/»/ 

0 y / < l + h / fg , t £ [a, b\. (3.9) 

J a 

Then 

0 <7 < / ? I + h J lgex.p ^ j gh^j , f £ [a, b]. (3.10) 

Proof. Since g(t) £ BV and f,l £ Dhk- Then exp f* g'j £ BV, fg £ 
Dhk i and lg £ Dhk- Suppose that x(t) = f* fg , one has x(a) = 0 and 


x' = fg, on [a, 6]. 


(3.11) 
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According to (3.9), 


0 ? / § l + hx, on [a, b\. 


(3.12) 


It turns out from (3.11), (3.12) and Lemma 2.7 that 

x' — ghx § Ig, on [a, 6]. (3.13) 

Multiplying exp f* gh^j on both sides of (3.13), we have 

(^exp J ghj x^j ^ Igexp j ghj<lg, te[a,b}. (3.14) 


Applying (2.5) yields that 


0 < x(t) < exp (^j gh^j J gl, t. E [a, b], (3.15) 


and hence, by (2.7) and (3.12), 

0 § / l + hex p (/ ghj J gl, t E [a, b ], 
which completes the proof. □ 

Corollary 3.7. Let f E Dhk, K be a positive constant. If there exist 

(p) 

l E Dhk , I h 0 on [a,b\, and h E HK , h > 0 on [a, b], such that 

nf 

0 1 fl l + h / fK , f G [a, b}. (3.16) 

J a 

Then 

0 ( y / y* ||/||iL/iexp Kh'j , t E [a, 6]. (3-17) 

Proof. Let F(t) = f* f and L(t) = /^/. By Theorem 3.6 and Lemma 2.7, 
we get 

0 (l < f § 1 + Khexp (/ J l, t E [a, 6]. (3.18) 

Moreover, in view of (2.4), 


0 < F(i) < L(f) + (^Khexp (j Khj J ij 

= IUII exp (/ Khj, t£[a,b\. 
Therefore, by (2.4) and Lemma 2.4, the assertion follows. 


(3.19) 
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Remark 3.8. In Corollary 3.7, without loss of generality, let h G C[a,b\. 
Obviously, the inequality (3.16) implies by (2.5) that 

0 < F(t) < L(t) + ( KhF < / + [ KhF, t G [a, 6]. (3.20) 

J a J a 

Since F, h e C[a, 6] are nonnegative, I\, ||/|| are positive constants, then by 
Lemma 1.2, 

0 < F(t) < ||/|| exp ^ Kh \ , te[a,b], 

which is the same result as in (3.19). Hence, our results are extensions of 
Lemma 1.2. 

Furthermore, we have another result for the ordering (2.5). 


Theorem 3.9. Let f e Dhk, 9 '■ [a, b] —> > M be a nonnegative nonincreasing 
function. If there exist l G Dhk, l V 0 on [ a,b ], and h e HK, h > 0 on 
[a, b\, such that 

0 l + h f fg, t G [a, b } . (3.21) 

J a 

Then 

0 l + h J Ig exp ^ J gh^j , t G [a, b\ . (3.22) 

Remark 3.10. If /, g, h, l are nonnegative continuous functions, the inequal- 
ities in Theorem 3.6 also hold for the pointwise order in C[a, b], because of 
(2.7). Therefore, Theorem 3.6 extends the corresponding result in [13]. 


4 Application 

In this section, we will give an application concerned about the Gronwall- 
Bellman type inequalities. 

We consider the system 

Ai{A q x)' - A' 2 x = F', (4.1) 

where the derivatives, products and equality are understood in the sense of 
distributions, see [26]. 

Assumptions 4.1. The function Aq G C[0,T], Aq / 0 on [0,T], A 1 1 G BV 
with | A] -1 1 > <)'i > 0, and A 2 G C[0,T] HBV. Furthermore, F G (7[0, T\. 

10 
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Let us notice that under Assumptions 4.1 the products A\(Aqx)' and 
A 2 x, by Lemma 2.4, are well defined for any x £ C[0, T] . 

Definition 4.2. A function x(t) is called a solution to the equation (4.1) 
on the interval [0,T] if x £ C[0,T] and A\{Aqx)' — A' 2 x — F' is the zero 
distribution. 

Firstly, we show the estimate of solutions to the equation (4.1). 

Theorem 4.3. Let the assumptions 4-1 be satisfied. If x(t) £ C[0, T] is a 
solution to the equation (4-1) on [0,T], then 

\x(t)\<\Ao 1 {t)\\\l\\ex.p(J^hj- f te[0,T], (4.2) 

where 

l = \Af l F'\, h = \Af 1 A , 2 Au 1 \. (4.3) 

Proof. By Assumptions 4.1 and (4.1), 

(A 0 xY = A^F' + Af 1 A' 2 A- 0 \A 0 x). (4.4) 

Hence, by Lemma 2.2, 

KAox/l § \Af l F'\ + \ Af x A! 2 Aff 1 \ /W)'l- (4.5) 

Jo 

Let 

l=\Af l F'\, g= 1, h = \Af 1 A' 2 A^ 1 \. (4.6) 

It is easy to see that l £ Dhk, h £ HK. Therefore, by Corollary 3.7, 

|(A 0 x)'| 1 1 Z 1 1 A. exp ^ hj , t £ [0,T], (4.7) 

which yields by (2.4) and Lemma 2.2 that 

|x(f)| < I^Iq 1 (t)|||Z|| exp ^ hj , t £ [0, T]. (4.8) 

The proof is therefore complete. □ 

Finally, we give an existence and uniqueness result. 
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Theorem 4.4. Let the Assumptions 4 A be satisfied. Moreover, either 
Aq 1 G BV with IyIq 1 ) > 5q > 0 or A '2 £ AC holds. Then (4-1) has a 
unique solution x(t) G C[0, T] satisfying 

x{t) = AQ 1 (t)k~ 1 (t) [ kAf 1 dF, fe[0,T], (4.9) 

Jo 


where 


k(t) = exp J A 0 1 A 1 1 dA 2 ^j , t G [0. T], (4.10) 


Proof. We only prove the necessity, the sufficiency is easy to prove. 
By Assumptions 4.1 and (4.1), 


(AqxY - A^A'^iAox) = Af l F’. (4.11) 


Let 


k(t) = exp 


A^ 1 Af 1 dA 2 ), t G [0,T], 


(4.12) 


\ Jo / 

It is easy to see that k(t) G C[0, T] n BV. Multiplying both side of (4.11) by 
k(t), we get 


k{A 0 x)' - kAi 1 A! 2 Aff 1 (A 0 x) = kAf 1 F'. (4.13) 

By Lemma 2.6, 

(kAox)' = kAf 1 F' . (4.14) 


Therefore, 

x(t) = Aq 1 (t)k~ 1 (t) f kAf 1 dF, tG[0,T]. 

Jo 

Let y(t) be another solution to (4.1). Then, 

x(t) - y(t) = 0, t G [0, T\. 

Therefore, x(t) satisfying (4.9) is a unique solution of (4.1). □ 
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ABSTRACT 

We obtain the formulas of the solutions of the recursive sequences 

%n%n — 5 


•^n+1 — 


4(il d= X n X n —§) 




where the initial conditions are arbitrary non zero real numbers. Also, we discuss and illustrate the stability of 
the solutions in the neighborhood of the critical points and the periodicity of the considered equations. 

Keywords: equilibrium point, recursive sequences, periodicity. 

Mathematics Subject Classification: 39A10. 


1. INTRODUCTION 

In recent years, the qualitative study of difference equations has become an active research area among a consid- 
erable number of mathematicians. Some economical and biological examples can be seen in [9,36,40,47,48,54]. It 
is commonly known that nonlinear difference equations are able to produce and present sophisticated behaviors 
regardless their orders. 

Some articles show that a great effort has been done to demonstrate and explore the dynamics of nonlinear 
difference equations (see [40]- [61]). In fact, investigating these equations is a challenge and still new in the 
mathematical world. It is strongly believed that the rational difference equations are significant in their own 
right. 

Abo-Zeid and Cinar [1] illustrated the global stability, cyclical behavior, oscillation of all acceptable solutions 
of the equation 

^ Ax n _i 

X n+1 — B — CXnXn -2 ' 

In [7], [8] Cinar considered the solutions of the equations 


Un+i — 


Vn-l 

l+ay^yn-l ’ 


Un+1 — 


Vn-l 

-l+ay n y n -i ' 


A. El-Moneam, and Alamoudy [16] examined the positive solutions of the equation in terms of its periodicity, 
boundedness and the global stability. The considered difference equation is given by 


X n -\-l — CLX n y 


bx T1 ,^ 1 +CX n ~2 + fXn-3+rx n -4 
dXn—i-\-eX n — 2-\-gX n — 3 -\-SX n — 4 ’ 


Klratibzadeh and Ibrahim [42] studied the boundedness, asymptotic stability, oscillatory behavior and discovered 
the closed form of solutions of the equation 
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X n -\-l — CLX n + 


bx n x n—l 
cx n -\-dx n — i * 


Simsek et al. [49] has found and explored solutions for the recursive formula 


Un + 1 — 


Vn-3 
l+2/n-l ' 


For other related papers, see [25-46]. 

We analyze and explore the solutions of the following nonlinear recursive equation 


Xn+1 — 


XnXn—5 


n = 0, 1, 


(1) 


x n -i{±i ± x n x n - 5 y 

with conditions posed on the initial values are arbitrary non zero real numbers. Also, we will survey some 
dynamic behaviors of its solutions. 

The linearized equation of equation 


Xn + 1 — f (Xn , X n — 1 , . . . , X n —k), Tl — 0,1,..., (2) 

about the equilibrium x is the linear difference equation 

E df(x,x,...,x) 

q x _ . Vn—i • 

i = 0 

Theorem A [43]: Assume that pi G R, i = 1,2, k and k G {0, 1,2, ...}. Then J2i=i \Pi\ < 1? is a sufficient 
condition for the asymptotic stability of the difference equation 

%n-\-k T Pl%n-\-k— 1 T ••• T Pk^n — 0? ^ — 0? 1 ? ••• • 

2. THE FIRST EQUATION X N+1 = 

This section is devoted to give a specific solution of the first difference equation which is 

X n X n —5 lo\ 

Xn+i — vz : r • (4) 

Xn— 41,1 + X n X n —5) 


Theorem 2 . 1 . Let {x n y%L_ 5 be a solution of Eq.(3). Then 

n—l 


XlOn—5 — 


XlQn—3 


XlOn-1 


XlOn+1 — 


XlOn+3 — 


= b 


i = 0 
n—l 

n 

2 — 0 

n—l 

n 

i—0 

af 


f 1 + (10 i)af \ 

n—l 

•ElOn — 4 — & | 

2 — 0 

/ 1 + (10* + 1)0/ \ 

Vl + (10* + 5 )o// ’ 

\ 1 + (10* + 6)0/ / 

/1 + (10* + 2)o/\ 

v 1 + (10* + 7 )o/ / ’ 

n—l 

•ElOn— 2 = ^ 1 1 1 
2=0 

'l + ( 10 * + 3 )a/\ 

,l + (10* + 8)a/J ’ 

/l + ( 10 * + 4 )o/\ 

\1 + ( 10 * + 9 )o/ / ’ 

n—l 

•Ei On = a n ( 
2=0 

' l + ( 10 * + 5 )a/ \ 
,l + (10* + 10)a// 


tt ( 1 + (10* + 6 )af \ 
11 \ 1 - 1 - 7Tn7 -hi \ n f ) ’ 


e(l + af) AI Vl + (10 i + ll)afj 


•ElOn+2 — 




n—l 


tt f 1 + (10* + 7)af \ 
11 I 1 4 - lint -I- 19W / ’ 


af 


c(l + 3 af) 


77 ( 1 + (10* + 8 )af ^ 
f d 1,1 + ( 10 * + 13 )a/ ) ’ XWn+A ~ 


d(l + 2af) Tl Vl + (10* + 12 )afj 

a f tt / 1 + (10* + 9 )af \ 
K 1 + 4 af) 11 l, 1 + (10* + 14)o/ J ’ 


where we put x_$ = /, x _4 = e, x _3 = d, x _2 = c, a;_i = b, xq = a. 
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Proof: The result holds for n = 0. Assume that n > 0 and our assumption true for n — 1. Then; 


*Tl0n— 15 


n — 2 

/ n 

i—0 
1-2 


1 + (10 i)af 
1 + (10* + 5 )af 


_ j tt ( 1 + (10* + 2 )af \ 
10 ”" 13 “ Vl + (10i + 7)a/J ’ 
1—2 


XlOn-11 — 


XlOn-14 


XlOn-12 


TT f 1 + (10* + !)«/ \ 
: li + (10* + 6)af J 


_ tt / 1 + (10t + 3 )af \ 

' 1 + (lOt + 8)af J ’ 


i=0 


L tt f 1 + (10* + 4 )af \ _ TT ( 1 + (10* + 5 )af ^ 

t=o V 1 + ( 10i + 9 W/ ’ 10n ' 10 1=0 v 1 + ( 10 * + 10 )«/ ) ’ 


^10n— 9 — 


XlOn-7 = 


af 


%-2 


TT / 1 + (10* + 6 )af i 
11 1 i , Cm: , iU„ / ] 1 XlOn-8 


e(l + af) 1 = 1 \l + {I0i + ll)af 


af 


c(l + 3 af) 


af 


tt / 1 + (10* + 7 )af \ 
d(l+2af) 11 \ 1 + (10* + 12)a/ / ’ 

a f tt / 1 + (10* + 9 )af \ 
6(1 + 4a/) 11 \1 + (10* + 14)a/ / ' 


Tt ( l + (10* + 8)a/ ^ 

11 \ 1 + (10* + 13)a / ) ’ XWn ~ 6 ~ 


i = 0 


Now, it follows from Eq.(3) that 

Xl0n-6%10n-ll 


XlOn—5 — 


£l0ra— lo(l + Xl0n-6Xl0n-ll) 
1—2 


n — 2 n — 2 

gf TT ( l+(10i+9)g/ A 7 TT / l + (10i+4)o/ A 

6(l+4a/) 11 y l + (10?+14)a/ ^"11 ^ l + (10i+9)a/ J 


i = 0 


i=0 


n — 2 

n 

i = 0 


( l+(10i+5)a/ 
l + (10i+10)a/ 


1 + 


6(1+4, 


n—2 n—2 

f TT ( 1+a «±M ) h TT ( 

■4 af) 11 y l+(10i+14)a/ / 0 11 ^ 


t=0 


i=0 


l + (10i+4)o/ 
l+(10i+9)a/ 


TT ( 1 + (10* + 4 )af \ 
11 \ i _l (in; mi 41 o f / 


(1 + 4a/) \1 + (10* + 14)a/ J 


tt / 1 + (10* + 5 )af \ ^ af t r / 1 + (10* + 4 )af \ 

11 \ 1 + (io* + 10)a/ / J [ (1 + 4 af) U + (10* + 14 )af ) 


1-2 


f 


1 + (lOn — 6 )af 


1 + (10* + 5)a/ \ 


H \l + (10i + 10)afj 
/ 


1 + 


af 


1 + (lOn — 6 )af 


tt / 1 + (10* + 5 )af 
fi V 1 + (10* + 10)a/ 


[1 + (lOn — 6 )af + af] 


f 


[1 + (lOn — 5)a/] 


tt / 1 + (10* + 10)u/ \ _ , TT 
ill i + nnu rv, f / 1 11 


i = 0 


1 + (10* + 5 )af J 


i = 0 


1 + (10*)a/ 

1 + (10* + 5)/ 


Also, we have 


^10n— 4 


^10n-5^10n-10 

ShOra— 9(1 + +’lOn-5 a:; 10n-lo) 
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n— 1 


/ n 


l-\-(10i)af 

l+(10i+5)a/ 


MH 


l+(10i+5)a/ 
l + (10i+10)o/ 


) 


n — 2 

af TT ( l+(10i+6)a/ \ 
e(l +af) 11 ^l + ClOi+llJa/y 
i=0 


n— 1 


i+/n 

i = 0 


l + (10i)a/ 
l + (10i+5)a/ 


Wi( 


l + (10i+5)a/ \ 
l+(10i+10)a/ ) 


Similarly 


af 


1 


1 + (lOn - 5 )af 


af 


n—2 

n 


1+(10 i-\-6)af 
e(l+o/) 11 ^l + (10i+ll)a/ 
i = 0 


1 + 


af 


1 + (10 n — 5 )af 


af 


af 


e(l + af) 

[1 + (lOn — 4)a/] 


tt / 1 + (10* + 6 )af \ 
' fi {l + (l0i + U)afJ 


[1 + (lOn — 5 )af + af] 


tt ( 1 + ( 10 * + H)a/ \ __ tt / 1 
fj {l + (10 l + 6)af ) 11 Vl 


+ (lOi + l)a / 
+ (10* + 6)a/ 


a:i0r!-3 = 


Xl0n-4Xl0n-9 


^1011-8(1 + ^lOn— 4^10n— 9 ) 

tt ( 1 + (10? + 1 )af \ gf tt- / 1 + (10* + 6 )af \ 
11 V 1 + (10* + 6 )af J e(1+a/ ) 11 V 1 + (10* + ll)a/7 


n—2 

a f TT 

< l + (10i+7)o/ \ 


d(l+2o/) 11 
i=0 

v l + (10i+12)o/ ) 



Tl— 1 

Hen 

2—0 


n—2 

\ af TT ! 

< l+(10i+6)o/ \ 

) e(l +af) 11 1 
i=0 

v l+(10i+ll)a/ ) 


n— 1 / f \ n ~ 2 

n(ira^7)n 


1-2 


af 

d(l+2af) 


i = 0 


n ( l + (10*+7)a/ 
1 l + (10i+12)a/ 




af 


„» 4 + (10i + 6)«/, 


a- 2 


11 (! + ( 10 * + 6 )af) 


af 


1 + (10 n — 4 )af ) 


n—2 

af TT 

( l+(10i+7)a/ N 

) 

1+1 

f af 

d(l+2af) 11 
i= 0 

\l + (10i+12)a/ y 

d 

\ 1 + (lOn — 4 )af 

n—2 

1 TT ( 

' l+(10i+7)af \ 

[1 + (10n - 4)a/ + af] 

(1+2 af) 11 ( 
i=0 

l+{10i+12)af J 


d 

n—2 

1 IT i 

< n-(10i+7)a/ \ 

[1 + (10n - 3 )af] 

(1+2 af) 11 1 
2=0 

^l + (10i+12)a/ J 


tt / 1 + (101 + 2 )af \ 
11 Vl + (10* + 7)a/;- 


Similarly, one can simply find the other relations. Thus, the proof is done. 

Theorem 2.2. The unique equilibrium point of Eq. (3) is the number zero which is not locally asymptotically 
stable. 
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Proof: The equilibrium points of Eq.(3) obtained by 


x (l + x 3 ) 

Arranging the previous equation gives x 4 = 0. Thus x = 0. 

Let / : (0, oo) 3 — ► (0, oo) be a function takes the form 


f(u,v,w) 


uw 

V (1 + uw) ' 


Therefore 


So 


, , X w uw 

fu(U,V,w) = — - 2 , f v {U,V,W ) = Jw{u,v,w ) = 

v{l+uw) v 2 (l + uw) 


V (1 + uw) 


2 • 


fu 1 ; fv f) f : % 5 f- 


Then by using Theorem A the proof follows. 

Example 1 . We assume x_s = 6, x _4 = 11, x _3 = 3, x _2 = 2, x_i = 1.8, xq = —7. See Fig. 1. 


plot of x(n+1)=x(n)x(n-5)/(x(n-4)(1+x(n)x(n-5)) 



Figure 1. 

Example 2. See Fig. 2, since x_s = 1.6, x _4 = 1.2, x _3 = —3, x _2 = .7, x_i = 1.8, xq = 3. 
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plot of x(n+1)=x(n)x(n-5)/(x(n-4)(1+x(n)x(n-5)) 



Figure 2. 


3. THE SECOND EQUATION X N+1 = XN Jj^ XN _ t) 

This section is devoted to obtain the solution of the difference equation which is 

XnXn — 5 

Xn -\- 1 /'ll \ ; 

Xn—4\ 1 T X n X n — 5 J 

where X 0 X -5 ^ 1. 

Theorem 3.1. Let {xn }^ = _ 5 be a solution of Eq. (f). Then for 

f 


%10n — 5 

2ff0n-3 

XlO-1 

a-’lOn+l 

•^10n+3 


(- 1 + 0 /)"’ 

d 

(-1 + a/)"’ 

b 

(-1 + a /) 71 ’ 

af 

e(— 1 + af) n + 1 ’ 

af 

ci-l + af)^ 1 ’ 


xwn -4 = e(-l + af) n , 

XlOn —2 = c(-l +af) n , 

xion = a(-l + af) n , 

a/(-l + a/) 7 


^lOn+2 = 


^10n+4 


a/(— 1 + af) r 


Proof: The result holds for n = 0. Assume that n > 0 and that our assumption true for n — 1. Then; 
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Xl0n-15 — 


XlOn-13 — 


# 10-11 — 


XlOn-9 = 


XlOn-7 — 


(-1 +af) n ~ 1 ' 
d 

(-1 +af) n ~ 1 ' 
b 

(-1 + a/)™- i: 

af 

e(— 1 + af) n ’ 

af 

c(— 1 + af) n ’ 


Xi0n-14 = e(-l + af) n \ 

#10n— 12 = c(— 1 + a/) n_1 , 


#iOn-io = a(-l + af) r 


•ElOn — 8 — 


a/(-l + a/) T 


#io«-6 = 


a/(-l + a/) r 


It follows from (4) that 


*£l0n— 5 — 


XiOn— 6^10n— 11 


#iOn-io(-l + #ion-6#io™-n) a(-l + a/)™” 1 [-1 + af) a(-l + a/) n ’ 


#i0ra-4 


#10n— 5#10n— 10 

#10ra-9(^l + #10ra-5#10n-lo) 

af , 
a(— 1 + af) n [ 

\ a f Hi , a f 


(— 1 + af) r 


e(— 1 + a/)”J [ 1+ a(-l + a/)" a( 1 + 1 


e(— 1 + af) r 


(_i+o/) h + (-i+«/). 


e(— 1 + af) n 
[1 ~af + af] 


= e(—l + af) n . 


Similarly one can simply prove the other relations. 

Theorem 3.2. Eq.(J^) has a period ten solution iff af = 2 and will be in the following form 

fr n h a f a f af af \ 

< /,e,d, c,6, a, ^ ^ ^ ^ 6, a, . 


Proof: Firstly, assume that there exists a period ten solution 


f j l a f af af af 
},e,d,c,b,a, — , — , — , — ,/,e,d, ... 
e a c b 


of Eq.(4). Then, we can notice from the solution of Eq.(4) that 


/ 

(-1 + afY 
b 


e = e(— 1 + af) n , d = — 


(-1 +o/) T 


c = c(— 1 + af) n , 


(— 1 + af) n ’ “ 1 + a ^ n ’ e e(— 1 + af) n+1 


a/(-l + a/)" a/ _ af 

d ’ c c(— 1 + a/) n+1 ’ 


af _ af(—l + af) r 
b ~ b 


(-l + a/) n = l. 
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Then 


af = 2 . 


Secondly, suppose that af = 2. Then, it is easily seen from the solution of Eq.(4) that 


10n— 5 — /) XlOn-4 — C, 2u0ra-3 — d, Xio n -2 — C, X\Q-\ — 6, 

af af af af 

•^lO n — *^10n+l — ? ^10n+2 — 7 ? *^10n+3 — ? ^10n+4 — L • 

e CL C 0 

Thus, the periodic solution of period ten is obtained and this proves the theorem. 

Theorem 3.3. Eq.(f) has two equilibrium points which are 0, f/2 and these equilibrium points are not locally 
asymptotically stable. 

Proof: The equilibrium points of Eq.(4) can be written in the following form 

_ x 2 

x(—l+x 2 ) 

Arranging this gives 

x 2 (-l+x 2 ) = x 2 

=> x 2 (x 2 — 2) =0. 

Therefore, the fixed points are 0, ±\/2. 

Let / : (0, oo) 3 — > (0, 00 ) be a function defined by 


f(u,v,w) 


uw 

V ( — 1 + uw) 


Then it follows that 


f u (u,v,w) 

f v (u,v,w) 

f w (u,v,w) 


w 

v (—1 + uw) 2 ’ 
uw 

V 2 ( — 1 + uw) ’ 
u 

v (—1 + uw) 2 ’ 


It can be seen that 

fu(x,x,x) = - 1, f v (x,x,x) = ± 1, f w (x,x,x) = - 1. 

Then by using Theorem A the proof follows. 

Example 3. We consider X -5 = .8, X -4 = 1.7, a ;_3 = .3, X -2 = 2, x-\ = 1.8, xq = .7. See Fig. 3. 
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plot of x(n+1 )=x(n)x(n-5)/(x(n-4)(-1 +x(n)x(n-5)) 



Figure 3. 

Example 4. See Fig. 4, since X-5 = 8, x _4 = 1.7, x _3 = .3, x_2 = 2, x_i = 1.8, xq = 1/4. 


plot of x(n+1)=x(n)x(n-5)/(x(n-4)(-1+x(n)x(n-5)) 



Figure 4. 


4. THE THIRD EQUATION A w+1 = 

In this section we will obtain and present the solution of the third difference equation which is 

XnXn— 5 


Xn-\-l — 


Xn— 4(1 X n X n —§} 
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Theorem 4.1. Let {x n }%L_ 5 be a solution of Eq.(5). Then for n = 0,1, ... 


XlOn — 5 


XlQn-3 


XlOn—1 


XlOn+1 


XlQn+2 


XlQn+3 


XlOn+4, 


f yr( l-maf \ 

f_Ul-(10i + 5 )afj' 


XlOn-4 


tt ( 1 - (10a + 1 )af \ 

Vl-(l° i + 6 )afJ’ 


tt ( 1 - (10* + 2 )af \ 
II l i _ nni 4- 7 \n f ) 


i = 0 
n— 1 


1 - (10* + 7 )af J ’ 

tt ( 1 - (10* + 4 )af \ 
11 V 1- (10* + 9)a / ) ’ 


»= o 

a/ 


e (l - a/) 


af 


n— 1 

n 

»=0 

n—1 


XlOn-2 — 


_ TT ( 1 - (10» + 3 )a/ \ 

11 l i - nn» 4- xw / 


i=0 

n—1 


l-(10* + 8)a// 1 
_ TT ( ^ ~ (10* + §)af 

^"“Svi -(10i + 10)o/J 


1 - (10* + 6 )af 
1 - (10* + ll)a/ 


tt ( 1 — (10* + 7 )af \ 
11 l I - ( I Oj -I- 12W / 


d(l - 2a f) V 1 ~ ( 10 * + 12 )°/ / 


a f tt f 1 — (10* + 8 )af \ 
c(l - 3 af) 11 {l-(m + 13)af) ’ 

af -pr / 1 — (10* + 9 )af \ 
b( 1 - 4a/) 11 \ 1 — (10* + 14)a/ / ' 


Theorem 4.2. 27*e unique critical point of Eq.(5) is the number zero which is not locally asymptotically stable. 
Example 5. Suppose that x_s = 8, X -4 = 1.7, X -3 = .3, x _2 = 2, x_i = 1.8, xq = 1/4 see Fig. 5. 


plot of x(n+1 )=x(n)x(n-5)/(x(n-4)(1 -x(n)x(n-5)) 



Figure 5. 

Example 6. See Fig. 6 since X -5 = —7, X -4 = 1.5, a ;_3 = —3, X -2 = 2, X-\ = 12, £0 = 4. 
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plot of x(n+1 )=x(n)x(n-5)/(x(n-4)(1 -x(n)x(n-5)) 



Figure 6. 


5. THE FOURTH EQUATION X N+1 = x N _ 4 ?-i-XN*x N - s ) 
Now, we will explore and discover the solution of the following difference equation 


2*n+ 1 


XnXn — 5 


*£n— 4:{ 1 •Kn%n— 5 ) 


0,1,..., 


( 6 ) 


where X-5X0 ^ — 1. 

Theorem 5.1. Let { x n }^ L _ 5 be a solution of Eq.(6). Then Eq.(6) has unboundedness solution (except in the 
case if af = —2) and for n = 0,1, ... 


•KlOn — 5 — 

(-l-a/)"’ 

Zion — 4 = e (— 1 - af) n , 

XlOn-3 = 

d 

XlOn -2 = c( — 1 - a/) 71 , 

(-1 - a/) 71 ’ 

2 R 0-1 = 

X\0n+1 = 

2'10n-(-3 

b 

£1 on = a(-l - a/) 71 , 

af(-l-af) n 

(-1 - a/) 71 ’ 
af 

e(— 1 — af) n+1 ’ 
af 

^10n+2 7 5 

a 

_ °/(— 1 — a /) n 

c(— 1 — a/) ra+1 ’ 

^10n+4 ^ 


Theorem 5.2. Eq.(6) has a periodic solution of period ten iff a f = —2 and written in the following form 

t , , afafaf 

/, e, a, c, 0 , a, , , , e, a, c, ... 

e a c 

Theorem 5.3. The unique equilibrium of Eq. (6) is the number zero which is not locally asymptotically stable. 
Example 7. Consider X-5 = —7, X-4 = 1.5, x _3 = —3, X-2 = 2, x-i = 12, xq = 4 see Fig. 7. 
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plot of x(n+1)=x(n)x(n-5)/(x(n-4)(-1-x(n)x(n-5)) 



n 


Figure 7. 

Example 8. Fig. 8 illustrates the solutions when x _5 = —7, x _4 = 1.5, x_ 3 = —3, x _2 = 2, x_\ = 12, 

2/7. 


plot of x(n+1)=x(n)x(n-5)/(x(n-4)(-1-x(n)x(n-5)) 



Figure 8. 
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A rational bicubic spline for visualization of shaped data 
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Abstract 

The shaped data usually needs to be represented in such a way that its visual display looks 
smooth and pleasant, its shape is preserved everywhere and the computation cost is economical. 
This work contributes to the graphical display of positive or monotone data. For this purpose, 
a new bicubic rational interpolating spline with biquadratic denominator is developed based on 
function values and partial derivatives, and simple sufficient conditions are derived on the shape 
parameters in the description of the rational function to visualize the positive or monotone data 
in the view of positive or monotone surfaces. 

Keywords: Rational bicubic spline, shape parameter, positivity, monotonicity. 


1 Introduction 

The construction method of curve and surface and the mathematical description of them is a im- 
portant issue in Computer-Aided Geometry Design (CAGD). Generally speaking, the interpolating 
data are often given as a set of values, in order to display these data, it is first necessary to construct 
an interpolant through those data; and then this interpolant is used in the subsequent contouring 
or curve and surface drawing. Thus, for the data obtained from some complex function or from 
some scientific phenomena, smooth curve or surface expression becomes crucial to incorporate the 
inherited features of the data. In many problems of industrial design and manufacturing, the given 
data often have some special shape properties, such as positivity, monotonicity and convexity, it 
is usually needed to generate a smooth function, which passes through the given set of data and 
preserves those certain shape properties of the data. 

In recent years, a good amount of work has been published that focuses on shape preserving 
curves and surfaces. Goodman and Ong [7] presented a local convexity preserving interpolation 
scheme using parametric C 2 cubic splines with uniform knots produced by a vector subdivision 
scheme. In [2, 4, 8, 9, 13, 14, 16, 18], several shape-preserving rational curves were shown for 
shaped data, such as positive data, monotonic data and convex data. Beatson and Ziegler [1] 
interpolated monotone data, given on a rectangular grid, with a C 1 monotone quadratic spline, 
and derived necessary and sufficient conditions to visualize monotone data. Floater and Pena [6] 
defined three kinds of monotonicity preservation of systems of bivariate functions on a triangle, 
and investigated some geometric applications. In [10], authors proposed a kind of monotonicity- 
preserving interpolating schemes for 2D/3D monotone data by constraints on shape parameters in 
the description of rational spline interpolants. In [12], Hussain et al. presented the C 1 rational 
bi-cubic local interpolation schemes for the shape preservation of convex, monotone and positive 
surface data. In [11], A bi-quadratic trigonometric interpolation scheme with four free parameters 
is developed for the positive and monotone 3D data. Piah et al. [15] discussed the problem of 
positivity preserving for scattered data interpolation. 
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FU: VISUALIZATION OF SHAPED DATA 


In [5] , Duan et al. developed a C 1 bivariate rational spline interpolant based on function values 
and partial derivatives under some suitable hypotheses. In [17], Sun et al. proposed a surface 
modeling method by using C 2 piecewise rational spline interpolation. This paper is concerned with 
the preservation of 3D positive data and monotone data. To solve the problem, motivated by [5, 17], 
we will first construct a new bicubic rational interpolating spline with biquadratic denominator 
based function values and derivative values of an original function. Further more, a positivity- 
preserving scheme and a nronotonicity-preserving scheme are developed to visualize 3D positive 
data and monotone data in the view of positive surfaces and monotone surfaces, respectively. 

This paper is arranged as follows. Section 2 describes about the C 1 bicubic rational spline 
interpolant to be used in the surface schemes. In Section 3, the positivity problem is discussed for 
the generation of a smooth surface which can preserve the shape of positive data. In Section 4, a 
method is developed to preserve the shape of monotone data in the view of monotone surfaces by 
making constraints on shape parameters in the description of bicubic rational interpolant. Finally, 
Numerical examples are presented to discuss and demonstrate the performance of the method in 
Section 5. 


2 Bicubic rational interpolant 


Let P = [a,b;c,d\ be the plane region, and {(xi,yj, fij) : i = 1,2,---, rz; j = 1, 2, • • • , m} be a 
given set of data points, where a = x\ < X 2 < ... < x n = b, c = y\ < 7/2 < ■ ■ ■ < y m = d are 
the knot spacings, f,j represents fij(x,y) at the point ( x^yj ). Let d* ■ and dij be chosen partial 

derivative values 9 ^g^ y ' > and 9 ^^ y ' > at the knots ( Xi,yj ), respectively. Denote hi = Xj+i — x t , 
lj = Vj+i ~l Jj, I = {1,2, • • • ,n}, J = {1,2, • • • ,m}, and for any point (x,y) € [x i ,Xi + r 1 y j ,y j+1 \, 
6 := x ^ Xl , i] := Let a * y , and 7*j be the positive parameters. First, we construct the 

re-direction interpolating curve P*j(x) in [xj,Xj + i], this is given by 

„ , , (1 - ») 3 <j fij + 0(1 - 0) 2 Y:, + » 2 (1 - 0)W-J + PftjfMj 

« (x) ( 1 - 0 )%-, + 0 ( 1 - 0 ) 7 + ' () 

where 


Vjj = Kj + + hiatjdlj, 

W tj = + 7ij)/i+i,i - h iPi,j d *i+i ji 

The interpolant P*j( x) is called a rational cubic spline interpolation in [xi,x n ], and which satisfies: 
p tj(xi) = kj, P*j(xi+i) = Ptjixi) = d*j, P* j \x i+ 1) = d* +1J - 


Using the x-direction P*j( x ) defines the bivariate function on [x*, xi + \ ; y y . y^+i] as follow: 

P(x,y) = Pi,j(x,y ) = ( 2 ) 

where 

Pi,j{x,y) = (1 - v) 3 Oii,jP*j{x ) + 77(1 - v) 2 Vij + ki 1 ~ v)Wij + V 3 Pi,jP*, j+ i(x), 

Qi,j(y ) = (1 - rjfaij + ?/(l - ykij + ?/ 3 Aj, 

with 


U J — ( T ll,j ) Pi.j (x) T bj Oj j Djj (x) . 
kbj = {Pi,j T 'li,j)Pi,j+l (* c ) — lj PiJ Di,j+l{x) , 
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and 


Di,j{x) = 


(1 - 9) 2 (a*j + 0rfj)dij 


0 2 ((l- 0 ) 7 tj + Ptj)di+U 


(1 - 9) 2 a*j + 0(1 - 0) 7 ?,. + 0 2 /?* ? - (1 - 0) 2 < ? - + 9(1 - 0) 7 * ? - + 9 2 P i 


( 3 ) 


n,J 


i,3 


h3 


n,3 


i,3 


and a t ,j > 0, > 0 , 7 ij > 0. The interpolant P(x, y) defined by ( 2 ) is called a bicubic rational 

interpolation in [xi,x n ;yi,y m ], and which satisfies 


P(x r ,y s ) = 

dP(x r ,y s ) 

dy 


f(x r ,Vs), 


dP(x r . y.s) 
dx 


d 


* 

r,s> 


= d r>s , r = i,i + 1 ; s = j, j + 1 . 


It is easy to test that the interpolant P(x , y) is C 1 in the interpolating region [a, 6 ; c, d] if the 
shape parameters satisfy a h j =constant, fi t .j =constant and 7 ij =constant, for each j e J and all 
i G I, no matter what the shape parameters a* -,/?U and 7 * - might be. 


3 Positivity-preserving surface interpolating scheme 


In engineering, industrial, and scientific problems, the construction of shape preserving interpolants 
is an everlasting demand and one of the major research areas of computer aided design. In this 
section, we identify suitable values for the shape parameters involved in P(x,y ) defined by (2), 
which make the interpolating surface to preserve positive property of given data. 

Let {(xi,yj, fij) : i = 1,2, = 1,2, be a monotone data set defined over the 

rectangular grid [xi,Xi+i;yj,yj+i\ such that fi.j > 0 for all i,j. Here, the aim is to construct a 
piecewise rational bivariate function P(x,y) on H = [xi,x n -yi,y m ] such that 

P(xi,yj ) = fij, i = l, 2 ,---,n;j = l, 2 ,---,m, 

and P(x,y ) > 0 for (x,y) E H. From (2), qij(y ) > 0 for the positive shape parameters, therefore, 
P(x, y) is positive if the following constraints hold: 

P*j(x)>0, Vij>0, W t .j > 0, P* j+1 (x)> 0. 


From ( 1 ), it is easy to see that P*j(x) > 0 holds if the following equalities are satisfied: 


Kj = ( a i,j + + h i a i,j d i,j > °. 

W i,3 = (Ptj + 7 'tj)fi+u - hiPijd* +hj > 0. 


Thus, P*j(x ) > 0 if 


% 


1,3 


> - 


hid* 


1,3 


a. 


*,3 


fi 


- 1 , 


> 


hid. 


*+i ,j 


- 1 . 


h3 


Similarly, P*j +1 (x) > 0 if 

7*,i+i 


hid : 


> - 


%j+ 1 


a ; 


i,j + 1 


fi 


- 1 , 


7 i A 

@i,j fi+l,j 

7**J+i hid* + ij+i 


i,j + 1 


A 


> 


hj+i 


fr 


- 1 . 


i+lj+l 


Consider Vjj which, after simplification, leads to 

(1 — 0 ) 3 ki + 9(1 — 9) 2 k 2 + 0 2 (1 — 9)k 3 + 9 3 k 4 


= 


(1 - 0) 2 «7 + 0(1 - 0)7*,' + OPh 


1,3 


1,3 


( 4 ) 

( 5 ) 
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where 


I — O/j ( ( 0,j_j + li,j)fi,j T IjdijQti 7 ) , 

«2 = (atij + + 7 + h i d tj a ij) + l 3 d i,3 a i,j( a i,j + 7fj)> 

«3 = (aij + + TfjO/i+ij - hi d * +1J P*j) + ljdi+ijatij(l%j + 7 tj), 

^'4 — /5jj((crjj T 7*j)/j+i,i T lj d i+i.j ^i.j ) ■ 

Note that Vy > 0 if 


7 




‘2h t d*j 

> ; — - - 1 , 


a. 




L 


> 


2 hid: 


*+i,i 




7*7 . r n 2 /ijd 

— — > nrax{ 0 , — 

a i,'J Ji,j 


7y 

@i,j fi+l,j 

“I ,- 1 


- 1 , 


iMi.j d i^- 1 y 


/*+lj 


-!}• 


Moreover, Wiy can be rewritten as 


( 6 ) 


W*b = 


(1 - 0) 3 Tl + 0(1 — 9) 2 T2 + 9 2 { 1 - 0)T3 + 0 3 T4 


(1 - 9) 2 a*j + 0(1 - 0 ) 7 *y + 6 PI 


*v 


*j 


where 


Ti — CX.*j +1 ((Pij + 7*j)/*,l+i lj d i,j+lPi,j)i 

t-2 = (Pi,j + 7*,l)(«y+i + 7i*y+i)/*j+i + M*j+i<j+i) - + 7 * 7 + 1 ), 

r 3 = {3i,j + 7*y)((/^y+i + 7fy+i)/*+iy+i — hid* +1 j +1 P*j +1 ) — (jdi+iy+iAy(/2*y+i + 7*j +1 ), 
r 4 = Pi,j+l{{Pi,j + 7ij)/i+l,j+l ~ ljdi+l,j+lPi,j)- 


Thus, it is easy to derive that V hJ > 0 if 


7 t *y + 1 2 hid*j +1 


> - 


a. 


*,i + 1 


/*b+i 


- 1 , 


|A >max{ 0 ,^M± i_i, 

Pi,j 7*7+1 /i+lj+l 


7 **y+i > 2 /ijd* +l j+1 _ ^ 

/^*y+i /i+ 17+1 

2 Zjdj+i 7 +i 


-!}• 


( 7 ) 


Based on the analysis above, from (4)-(7), the following theorem can be obtained. 

Theorem 1. Let {( 27 , yj, f t .j) : i = 1,2,---, n; j = 1,2,---, rn} be a positive data set defined over 
the plane region [xi,x n ;yi,y m ] such that fi tJ > 0 for all i and j, where /*y represents fij(x,y) at 
the point ( Xi,yj ). Let d*j and dij be the chosen partial derivatives. Then the bivariate rational 
spline interpolant P(x,y) defined in (2) visualize positive data in the view of positive surface if the 
positive shape parameters satisfy the following constraints: 


7 


*J 
<3 

jli 

3* • 

Pi, 3 

7*7 


a 


1,3 


Ti,j 

Pi, 3 


> max{ 0 , 

> nrax{ 0 , 

> nrax{ 0 , 

> nrax{ 0 , 


2 hi df j _ 

fi,3 h 

2hid} +1 j 

2hidi,j 2h % d n+ ] j 

fi,j f (s+17 

2lj (li.j -\ 1 j 2ljdi+ 17+1 

fi,j+ 1 /j+ 17+1 


1 }, 

!}■ 
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4 Monotonicity-preserving surface interpolating scheme 

In this section, we will develop a monotonicity preserving surface interpolating scheme for the given 
monotone interpolating data. 

Denote = (f i+ hj - fij)/h u = (fij+i - • Let {( Xi , yj, f itj ) : i = 1, 2, • • • , n; j = 

1 , 2, • • • , m} be a monotone data set defined over the rectangular grid [ Xi , Xj+i! yj, Vj+i] such that 
fi+ij > fij , fi,j + 1 > fi,j for all i, j, or equivalently A > 0, > 0. For a monotone surface 

P(x,y), it is necessary that the corresponding first partial derivatives d*j and should meet: 


d*j > 0, dij > 0, for all i = 1, 2, • • • , n; j = 1, 2, • 


, m. 


Using the result developed in [3] : Bicubic partially blended surface patch inherits all the properties 
of network of boundary curves , we just need to consider the nronotonicity of the boundary curves 
in the interpolating surface. 

The function P(x,yj ) is monotonic increasing if and only if P'(x,yj ) > 0. From (2), we can 
derive that 


P'(x,yj) = 


(i - 0) 4 Ci + 6(1 - efc 2 + e 2 (i - 6) 2 c 3 + e 3 (i - e)c 4 + <? 4 c 5 
((i-eyap + eti-e^p + e^py 


( 8 ) 


with 


Ci = a* 2 dij, 

c 2 = 2«u[(/?u + 7 u)a 1J - yy.,.,;. 

Gi = (7*j + 7 IjKj + Pij) + *°ZjPh) A ij - + 7 ij)dij - /?*,•«! + 7^)^+iJ, 

C 4 = 2 jf(\‘j + T^Ag - (\"j,jdi.j\ 

C 5 = /3*j^+ij. 

It is evident that C\ and C5 are positive, and C 2 > 0 if ^4A > — 1, C4 > 0 if 5sA > — 1. 


Further, since 


Ci = J(C 2 + C 4 ) + ( 7 * 2 + 2aU^)Ag - 


2 

1 


.1 


> VC 2 + C 4 ) + 'YijG'Tij Ag - 


1 


,U) 


'Y* • 2d* • "v* • 2d* 

it is easy to see that C3 > 0 if Aa > — and AA > . 

^ i.j A • • 


Similarly, we have 


. _ (1 - 7 ) 4 JLi + 2r?(l - r]) 3 K 2 + ?/ 2 (l - ?/) 2 A 3 + r/ 3 (l - rj)K 4 + 7] 4 I< 5 

((1 - r]) 2 aij + r/(l - 7/) 7ij - + ?7 2 A,j) 2 


where 


(9) 


A'l = cvjjdij , 


K 2 = 2aij[(Pij + 7 'ij)A-j - 

A3 — (hi.j A 7i,j{ a i,j A fiij) A 4o!j jfdij ) A — Pi,j(p-i,j A 7i,l ) A.j + 1 A 7? 7 ) ^i-.j ‘ 

A 4 = 2/3jj[(aij + 7*,j)Ay - ajjdjj] 

A'5 = ( 3 2 jdij+ 1. 


fy) 
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Hence, Ki > 0 (k = 1, 2, ■ • • , 5) hold if > 

' l ,3 



and ffi 1 - > 
Pi, 3 


A (y) ' 

i,3 


Thus, the above discussion is epitomized in the form of following theorem. 

Theorem 2. Let {(xi,Uj, fi,j) : i = 1,2 , = 1, 2, • • • , m} be a monotone data set defined 
over the plane region [xi,x n ;yi,y m ] such that ft+i.j > fij, fij+i > fi,j for all i and j, where a = 
x\ < X 2 < ... < x n = b, c = y\ < j /2 < • • ■ < y m = d are the knot spacings, fij represents f%,j{x, y) 
at the point ( Xi,yj ). Let d*j and dij be the chosen partial derivatives, so that d*j > 0 and dij > 0. 
Then the bivariate rational spline interpolant P(x,y ) defined in (2) visualize monotonic data in the 
view of monotone surface if the positive shape parameters satisfy the following constraints: 


Ti,j 

<i 


2d* • 

^ za h3 
(*)’ 


A. 


h3 


P, 


2d: 


> 


*+i ,j 


h3 


A 


(x) 

i,3 


Ti,j 

a i,j 


> 


2d r] 


A 


(: y )’ 
hi 


Pi, 3 


> 


2d, 


i,j + 1 


A 


C y ) 

i,3 


5 Demonstration 

In this section, we shall illustrate the positivity preserving scheme and the nronotonicity preserving 
scheme developed in Sections 3 and 4 with some examples, respectively. 

Example 1. First of all, let us take the example of a positive data in Table 1. This data is generated 
approximately from the following smooth positive function by taking the values truncated to four 
decimal places: 


fix, y) = exp(— x 2 — 2y) + 0 . 01 , 0 < x, y<8. ( 10 ) 

The interpolant P[x, y) defined by (2) is identified uniquely by the given interpolating data and 


Table 1: A positive data set taken from function (10). 


y/x 

0 

2 

4 

6 

8 

0 

1.0100 

0.0283 

0.0103 

0.0100 

0.0100 

2 

0.0283 

0.0103 

0.0100 

0.0100 

0.0100 

4 

0.0100 

0.0100 

0.0100 

0.0100 

0.0100 

6 

0.0100 

0.0100 

0.0100 

0.0100 

0.0100 

8 

0.0100 

0.0100 

0.0100 

0.0100 

0.0100 


the values of shape parameters. We take a* ■ = P*j = a lt] = ffij = 1 and 7 * • = 7 jj = 2, the inter- 
polant coincides with the bicubic Hermite interpolant. Figure 1 shows the graph of corresponding 
interpolating surface P\{x,y ), which loses the positivity. 

For the same data set in table 1, we employ Theorem 1 to compute the values of shape param- 
eters, which are taken as: a* ■ = /3* • = a t j = ffij = 0.4 and 7 * • = 7 ij = 3. Figure 2 provides the 
graph of the corresponding bicubic rational interpolant P 2 (x,y). It is obvious to see from Figure 2 
that the shape of the data has been preserved by the surface representation. 

Example 2. Here, we consider the example of a monotonic data in Table 2. This data has been 
generated approximately from the following smooth function: 

f(x, y) = sin(x 2 + y 2 + xy), 0<x,y<0.6. ( 11 ) 

This example will illustrate how visualization of 3D monotone data can be achieved in the view of 
monotone surfaces only by selecting suitable shape parameters for unchanged interpolating data in 
Table 2. For any values of the shape parameters, it cannot be guaranteed that the bicubic rational 
surface generated by (2) is monotone. For example, we take a*j = a t ,j = 1, P*j = = 8 and 
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Figure 1: Non-positive Hermite surface P\. 


Figure 2: Positive rational surface P 2 - 


Table 2: A monotone data set taken from function (11). 


y/x 

0 

0.2 

0.4 

0.6 

0 

0 

0.0400 

0.1593 

0.3523 

0.2 

0.0400 

0.1197 

0.2764 

0.4969 

0.4 

0.1593 

0.2764 

0.4618 

0.6889 

0.6 

0.3523 

0.4969 

0.6889 

0.8820 


7 *j = 7 ij = 0.1. Figure 3 shows the graph of the corresponding rational surface P 3 (x,y), which 
loses the nronotonicity in its display. Figure 4 is a different view of Figure 3 obtained after making 
a rotation, it confirms quite clearly that the surface is not preserving nronotonicity feature. 



0.50 0.1 0.2 0.3 0.4 0.5 0.6 0.7 


Figure 3: Non-monotonic rational surface P 3 . Figure 4; A differ ent view of surface P 3 . 

Now, we employ Theorem 2 to compute the values of shape parameters, which are taken as: 
o*j = (3*j = ctij = (3ij = 0.6 and 7 *j = 7 = 1.2. Figure 5 provides the graph of the corresponding 
bicubic rational interpolant Pi(x,y). It is obvious to see from Figure 5 that the shape of the 
monotone data in Table 2 has been preserved by the surface representation. Figure 6 is produced 
from this data set using a bicubic Hermite interpolant. 
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Figure 5: Monotonic rational surface P 4 . 


Figure 6: Monotonic Hermite surface -P5. 


6 Concluding remarks 

In engineering, industrial and scientific problems, the construction of shape preserving interpolants 
is an everlasting demand and one of the major research areas of computer aided design. This work is 
a contribution towards the graphical display of data when it is positive or monotone. To overcome 
the problem, we present a new bicubic rational interpolating spline with the shape parameters 
based on function values and partial derivatives. Further, a positivity-preserving scheme and a 
monotonicity-preserving scheme are developed to visualize positive data and monotone data in the 
view of positive surface and monotone surface, respectively, and the simple sufficient conditions are 
derived on the shape parameters in the description of the rational function. 
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Abstract 

This article presents a new explicit viscosity rule for nonexpansive mappings in 
Hilbert spaces. The strong convergence theorems of the rule is proved under certain 
assumptions imposed on the sequence of parameters. Moreover, we give applications to 
a more general system of variational inequalities, the constrained convex minimization 
problem and A'-mapping. 
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Key words and phrases: Explicit viscosity rule, nonexpansive mappings, variational 
inequality, minimization problem, A'-mapping 


1 Introduction 

In this paper, we will take H as a real Hilbert space with inner product (•, •) and the 
induced norm |j • ||, and C as a nonempty closed subset of the Hilbert space H . A mapping 
T : H — > H is called nonexpansive if 

||T(x)-T0/)||<||x-y||, Vx,y€H. 

A mapping / : H — > H is called a contraction if there exists 0 G [0, 1) such that 

\\f(x) - f{y)\\ < 6\\x — y\\, fix, y G H. 

Note that F(T) is the set of fixed points of T. The following strong convergence 
theorem for nonexpansive mappings in real Hilbert spaces is given by Moudafi [8] in 2000. 

* Corresponding author 
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Theorem 1.1. Let C be a noneempty closed convex subset of the a Hilbert space H . Let 
T be a nonexpansive mapping of C into itself such that F(T ) is nonempty. Let f be a 
contraction of C into itself with coefficient 6 e [0, 1). Pick any .To £ C, let {T n } be a 
sequence generated by 


x n+ i = -r~—f{x n ) + — ^ — T( x n ), n > 0, 

J- \ £n 1 T" C n 

where the sequence {e n } in (0, 1) satisfies 

(1) lim, woo e n = 0, 

(2) ££= o = oo, 

(3) lim n ^ 0O -i| = 0. 

Then {x n } converges strongly to a fixed point x* of the mapping T , which is also the 
unique solution of the variational inequality 

({I ~ f)x, y — x)< 0, V€F(T). 

In other words, x* is the unique fixed point of the contraction Pp{T)fi that is, Pp(T)f( x *) 
* 

= x . 

This type of method for approximation of fixed points is called the viscosity approxi- 
mation method. 

In 2015, Xu et al. [11] applied the viscosity method on the midpoint rule for nonex- 
pansive mappings and give the following generalized viscosity implicit rule: 

x n +i = a n f( x n ) + (1 - a n )T ; Vn > 0. 

This use contraction to regularize the implicit midpoint rule for nonexpansive map- 
pings. They also proved that the sequence generated by the generalized viscosity implicit 
rule converges strongly to a fixed point of T, which can also solved variational inequality. 

Ke and Ma [6] motivated and inspired by the idea of Xu et al. [11] and they proposed 
two generalized viscosity implicit rules: 

x n +i = a n f( x n ) + (1 - a n )T (s n x n + (1 - s n )x n+ i) 


and 

Xn+l — o n x n -f- /?/( T n ) + 'y n T {s n x n + (1 S n ).T n ^_l) 

for n > 0. 

In [3,7], new viscosity rules and applications are developed. But they correspond to 
one step viscosity rule. 

In this paper, we give the following new two step explicit viscosity rule: 

j 2'ji+l — (1 (^n) f (.Xn) Ot n T \yn) , 

| Vn — (1 Pn)x n T PnT (x n ) . 

We also give many applications of above rule. 
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2 Preliminaries 

Now, we recall the properties of the metric projection. 

Definition 2.1. Pc : H — > C is called a metric projection if for every point x £ H, there 
exist a unique nearest point in C, denoted by Pcx , such that 

\\x~Pcx\\ < \\ x ~y\l Vy^c. 

The following lemma gives the condition for a projection mapping to be nonexpansive. 

Lemma 2.2. Let C be a nonempty closed convex subset of a real Hilbert, space H and 
Pc : H — > H be a metric projection. Then 

(1) II P C X - Pcy\\ 2 < {x - y, Pcx - Pcy) for all x,y <E H. 

( 2 ) Pc is a nonexpansive mapping, that is, \\x — Pcx\\ < \\x — y\\ for all y 6 C . 

(3) (x — Pcx, y — Pcx) < 0 for all x £ H and y € C. 


In order to verify the weak convergence of an algorithm to a fixed point of a nonex- 
pansive mapping we need the demiclosedness principle: 

Lemma 2.3. (The demiclosedness principle) ([2]) Let C be a nonempty closed convex 
subset of a real Hilbert space H and T : C — ► C such that 

x n — *■ x* G C and (I — T)x n — > 0. 

Then x* = Tx* , where —> and — >■ denote strong and weak convergence, respectively. 

In addition, we also need the following convergence lemma. 

Lemma 2.4. ([11]) Assume that {x n } is a sequence of non-negative real numbers such 
that 

a n + 1 ^ (1 r )n)o. n T- 5 n , Vn P 0, 

where { 7 n } is a sequence in ( 0 , 1 ) and{5 n } is a sequence such that 

(1) E“ 0 7n = OO, 

(2) lim, woo sup ^ < 0 or IM < 00 . 

Then lim, woo a n = 0 as n —* 00 . 


3 Main results 

Theorem 3.1. Let C be a nonempty closed convex subset of a real Hilbert space H . Let 
T : C — ► C be a nonexpansive mapping with F(T) / 0 and f : C —> C be a contraction 
with coefficient, 6 e [0, 1). Pick any xo £ C, let { x n } be a sequence generated by 

j 2-71+1 = (1 — (X-n) f (,Xji) + a n T(y n ), 

| hn — (1 fn ) X n -j- (3 n T (Xn) , 

where {cc n } and {fd n } are sequences in (0, 1) satisfying the following conditions: 
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(1) lim, woo OL n = 1 and lim, woo (3 n = 1, 

(ii) Yln= 0 “n = 00 and E5Eo Ai = °°; 

(iii) E“=0 l a «+i - «n| < oo and E^Eo \@n+i - fin\ < OO , Vn > 0, 

(iv) lim n _ >0O ||x n - T(x n ) || = 0. 

TTien {x n } converges strongly to a fixed point x* of the mapping T which is also the 
unique solution of the variational inequality 

((I-f)x,y-x)> 0, VyGF(T). 

In other words, x* is the unique fixed point of the contraction Pp{T)fi that is, Pp{r)f{ x *) 


Proof. We divide the proof into the following five steps. 

Step 1 . Firstly, we show that x n is bounded. 

Indeed, take p £ F(T) arbitrarily, we have 

\\x n +i ~P II = ||(1 - a n )f(x n ) + a n T(y n ) - p\\ 

= ||(1 - a n )f(x n ) - (1 - a n )p + a n T(y n ) - a n p || 

< (1 - a n )\\f(x n ) -p\\ + a n \\ T(y n ) - p\\ 

< (1 - <Xn)\\f(x n ) - f(p) II + (1 - a n )\\ f(p) -p\\ 

+ a n \\y n -p || 

< (1 - a n )9\\x n -p\\ + (1 - a n )\\f(p) -p\\ 

+ a n \\y n -p\\. 

Now, consider 

WVn-pW = ||(1 - Pn)x n + PnT(x n ) ~ p\\ 

= ||(1 - (3 n )x n - (1 - P n )p + P n T(x n ) - (3 n p\\ 

< (1 - (3 n ) \\x n - p\\ + fi n \\ T(x n ) - p\\ 

< (1 - fi n ) \\x n ~p || + fi n \\x n ~p\\ 

< \\x n - P\\- 

Using this in (3.2) we have 


\\x n +i -P || < (1 - a n )6 \\x n -p || + (1 - a n )\\ f(p) -p || + a n \\x n - p\\ 
= [(1 - a n )6 + a n ] \\x n -p\\ + (1 - a n )\\f(p) - p\\ 

= [l-l + o: + (1- a n )0\ \\x n - p\\ + (1 - a n )\\f(p) - p\\ 

= [1 - (1 - a) + (1 - a n )6]\\x n - p\\ + (1 - a n )\\f(p) - p\\ 
= [1 - (1 - a n )(l - 9)]\\x n -p\\ 

+ (l-a„)(l-9) (jUll/M-pIl). 

Thus, we have 


\\x n+ i -p || < max 


\Xn~P\\, 


1-9 


Wf(p)-P\\ 


(3.2) 
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Similarly 


From this 


x n -p\\ < max <J \\xn-! -p\\, ( y^-g\\f(p) -p\\ 


IK+i ~P\\ < max<J |K -p||, ( Y—y\\f{p) ~P\\ 

< max \ ||x n -i -p||, ( j^Wfip) ~ P\\ 


< max | ||x 0 — p||, (jz-gllfip) > 

which shows that {x n } is bounded. From this we deduce immediately that {/( x n )}, 
{T(x n )} are bounded. 

Step 2. Next, we want to prove that lim, woo ||x n+ i — x n \\ = 0. 

For this consider 


H^n+l X r 


= ||(1 - a n )f(x n ) + a n T(y n ) - (1 - a n _i)/(x n _i) - a n _iT(y n _i) || 
= ||(1 - a n )(f(x n ) - f(x n - 1 )) - (a n - a n -i)f(x n -i) 

+ a n (T(y n ) - T(y n _i)) + (a n - a n _i)T(y n _i)|| 

F (1 Q! n )0||ai n X n — 1 1| H - | Q-n C^n—1 | || l) f (^n-l) 1 1 

+ a: n ||y n - Vn—l || • 


(3.3) 


Now, consider 


hn Un—l || 

= ||(1 - / 3 n )x n + (5 n T{x n ) - (1 - (3 n - i)x n _i - f3 n -iT(x n -i)\\ 

— 11(1 Pn){Xn X n —\ ) {Pn fin— 1 )x n — 1 "F Pn{T {x n ) T (x n —\)) 

+ (Pn - Pn-l)T(x n - 1 )|| 

F (1 /3n)||x n X'f'i — r 1 1 "F | Pn Pn— 1 1 1 1 — l) X n — 1 || Pn\\Xn X n —\ 

F ||*Tn Xji — r 1 1 "F | Pn Pn— 1 1 ||-^'(®ti— l) X n — 1 ||. 

Using this in (3.3) we get 


H^'Tl+l X r , 


F (1 ®re)^||®n X n —\ || H~ \ot n C^n— 1 1 1| T{y n —\) / (x n —i) || 

+ CL n ||ai n X n — 1 || + Qt n \P n Pn-l\\\T(x n -l) .T n _l|| 

— [(1 O! n )0 "F Q! n ] \\x n x n — 1 1| ~F | ot n a n -i 1 1| T{y n —i ) f (x n _i ) || 

"F QL n \Pn Pn— 1 1 ||-^'(Xn— l) X n _i||. 


Let A n = (1 -a n ) so X n 6 (0, 1) since a n G (0, 1) Yl™=o ^ n = oo, E5Eo \a n -a n -i\ < oo 
and E ^=0 I Pn - Pn— 1 1 < OO. By using Lemma 2.4, we get lim n _ >0O ||x n+ i - x n || = 0. 

Step 3. Now we want to prove that lim^oo \\x n — T(y n )|| = 0. 
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Now, consider 

\\x n - T(y n ) || < \\x n - T(x n ) || + || T(x n ) - T(y n ) || 
is ||*Tn T(x n )|| T ||x n y n || 

— \\Xji T(x n )|| T \\x n (1 Pn)x n ftnT (x n ) || 

< ||x n - T(x„)|| + P n \\x n - T(x n ) || 

< (1 +P n )\\x n - T(x n ) || 

— >■ 0 as n — > oo. 

Step 4. In this step, we claim that lim sup n ^, 0O (x* — /(x*),x* — x n ) < 0, where 
x* = P F{T) f(x*). 

Indeed, we take a subsequence {x Hi } of { x n } which converges weakly to a fixed point 

p of T. Without loss of generality, we may assume that {x Ui } — *■ p. From lim^oo |x n — 

Tx n || = 0 and Lemma 2.3 we have p = Tp. This together with the property of the metric 
projection implies that 

limsup(x* — f(x*), x* — x n ) = limsup(x* — /(x*), x* — x ni } 

n— »oo n — >00 

= (x* -/(x*),x* -p) 

< 0. 

Step 5. Finally, we show that x n — > x* as n — > oo. 

Here again x* £ F(T) is the unique fixed point of the contraction P F (T)f ■ Consider 

1 1 2-n+i - x * || 2 = ||(1 - a n )f(x n ) + a n T(y n ) - x*|| 2 

= ||(1 - a n )[f(x n ) - x*] + a n [T(y n ) - x*]|| 2 
= (1 - a n )l\\f(x n ) - x* || 2 + (1 - a„) 2 || T(x n ) - x* || 2 
+ 2a n (l - a n )(f(x n ) - x*, T(y n ) - x*) 

< ot 2 n \\y n - x* || 2 + (1 - a n ) 2 \\f(x n ) - x*\\ 2 
+ 2a n (l - a„)(/(x„) - /(x*), T(y n ) - x*) 

+ 2a n (l - a n )(f(x*) - x*, T(y n ) - x*) (3.4) 

< a 2 n \\y n — x* || 2 + (1 - a n ) 2 ||/(x n ) - x*|| 2 

+ 2a n (l - a n )||/(x n ) - f(x*)\\\\T(y n ) - x*|| 

+ 2a n (l - a n )(f(x*) - x*, T(y n ) - x*) 

< «nll Vn - x*\\ 2 + 2a n (l - a n )9\\x n -x*||||y n -x*|| 

+ (1 - a n ) 2 ||/(x n ) - x* || 2 

+ 2a n (l - a n )(f(x*) - x*, T(y n ) - x*). 

Now, consider 

\\y n -x*\\ = ||(1 - P n )x n + p n T(x n ) - x* || 

= ||(1 - / 3 n )x n - (1 - (3 n )x* + / 3 n T(x n ) - (3 n x*\\ 

< (1 - fin) \\x n X* || +P n \\T(x n ) — X* || 

< (1 - (3 n )\\x n x* || + (3 n \\x n x* || 

< \\x n — x || . 
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Using (3.5) in (3.4) we get 

1 1 2-71+1 - X*\\ 2 

< atn\\x n - £*|| 2 + 2a n (l - a n )6\\x n - x*||||x n - x*\\ 

+ (1 - a n ) 2 \\f(x n ) - .x* || 2 + 2a n (l - a n )(f(x*) - x* , T(y n ) - x*) 

< a 2 \\x n - x*\\ 2 + 2a n (l - a n )6\\x n - x*||||x n - x*|| 

+ (1 - a n ) 2 \\ f(x n ) - x* || 2 + 2a n (l - a n )(f(x*) - x* , T(y n ) - x*) 

< [a 2 + 2a n (l - a n )9] \\x n - x*\\ 2 + (1 - a n ) 2 \\f(x n ) - x*|| 2 
+ 2a n (l - a n )(f(x*) - x * , T(y n ) - x*). 

Note that a n 9 < a n since a n € (0, 1) and 9 e [0, 1). 

2 o. n 9 <C 2 cx n 


implies 

2o+$(l Q+) <C 2a n (l Q+) 

implies 

“h 2o+$(l Q+) ^ n ri *4* 2a n (l Q+)* 

So we have 

\\x n +i x* || 2 < [a 2 +2a n (l - a n )] \\x n - x*\\ 2 + (1 -a n ) 2 \\f(x n ) -x*|| 2 
+ 2a n (l - a n )(f(x*) - x*, T(y n ) - x*) 

< [2 a n - a 2 )] \\x n - x* || 2 + (1 - a n ) 2 \\f(x n ) - x*|| 2 

+ 2a n (l - a n )(f(x*) - x*, T(y n ) - x*) g 

< 2a n \\x n -x*|| 2 + (1 - a n ) 2 \\f{x n ) -x*|| 2 
+ 2a n (l - a n )(f(x*) - x*, T(y n ) - x*) 

< 2[1 - (1 - a n )\\\x n - x* || 2 + (1 - a n ) 2 \\f(x n ) -x*|| 2 
+ 2a n (l - a n )(f(x*) - x*, T(y n ) - x*). 

By lim )woc a n = 1 we have 

lim gup (1 - a n ) 2 \\f(x n ) - x* || 2 + 2a n (l - a n )(f(x*) - x*, T(y n ) - x*} 

n— >0 ° (1 “ a n) (3.7) 

= lim sup[(l - a n )\\f(x n ) - x*\\ 2 + 2 a n (f(x*) - x*,T(y n ) - x*}] < 0. 


From (3.6), (3.7) and Lemma 2.4 we have 

lim \\x n+ i - Xfi 1 1 2 = 0, 

n— > 00 

which implies that x n — > x* as n — > 00 . This completes the proof. □ 
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4 Applications 


4.1 A more general system of variational inequalities 

Let Cbe a nonempty closed convex subset of a real Hilbert space H and { A }^ ;1 : 
C —> H be a family of mappings. In [1], Cai and Bu considered the problem of find- 
ing x'| , x %, ..., x* N E C x C x • • • x C such that 

(X n A n x* n + x\ - x* N , x - x\) > 0, 

(Xn-iAn^x^^ + x* N - x* N _ 1} x - x* N ) > 0, 

! (4-1) 

(X 2 A 2 X 2 + Xg — X 2 , x — x'3) > 0, 

(X\A\x\ + X 2 — x\, x — x \ ) >0, Vx E C. 

The equation (4.1) can be written as 

(x\ - {I - X N A N )x* N , x - x\) > 0, 

(x* N - (I - AAT_iH A r_i)x^_ 1 , X ~ X* N ) > 0, 

< ; 

(xg - (I - A 2 A 2 )x2, x — xQ > 0, 

(x * 2 — {I — X\A\)x\, x — X 2 ) >0, Vx G C, 

which is a more general system of variational inequalities in a Hilbert space, where Aj > 0 
for allz E {1,2, 3,..., A}. We also have following lemmas. 

Lemma 4.1. ([6]) Let C be a nonempty closed convex subset of a real Hilbert spaces H. 
For i G {1, 2, 3, ..., N}, let A 4 : C — > H be 5i-inverse-strongly monotone for some positive 
real number 5i, namely, 

{- Aa - Aiy, x-y) > Si\\AiX - A { y |[ 2 , Vx, y G C 


Let G : C — > C be a mapping defined by 

G(x) = Pc {I - XnA n )P c (I - Xn-iAn-i) • • • 
Pc (I - x 2A 2 )P c (I - Ai A{)X, Vx G c. 


(4.2) 


If 0 < Xi < 2 Si for all i G {1,2, ..., N}, then G is nonexpansive. 

Lemma 4.2. ([5]) Let C be a nonempty closed convex subject of a real Hilbert space H. 
Let Ai : C —> H be a nonlinear mapping, where i G {1, 2, 3, ..., N}. For given x* G C, 
i G {1, 2, 3, ..., N}, (x{, X2, Xg, ..., x* N ) is a solution of the problem (4.1) if and onli if 


x{ = P C (I - X n A n )x* n , 

X* = Pc {I - Xi-iAi-^x*^, 2 = 2,3, 4, ..., N, 


that is, 


x\ = Pc (I ~ XnA n )P c {I - Xn —\A]\ f —i) ■ ■ ■ 
P C {I ~ X 2 A2)P c (I - XiA^xl, Vx G C. 
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From Lemma 4.2, we know that x\ = G'(.xJ), that is, is a fixed point of the mapping 
G, where G is defined by (4.2). Moreover, if we find the fixed point x\, it is easy to get 
the other points by (4.3). Applying Theorem 3.1 we get the result 

Theorem 4.3. Let C be a nonempty closed convex subject of a real Hilbert space H. For 

i G {1, 2, 3, , N}, let Ai : C H be 5i-inverse-strongly monotone for some positive real 

number 5i with F(G) fi 0, where G : C — > C is defined by 

G(x) = Pc (I - \nAn)Pc(I - \n-iAn-i) • • • 

Pc (I - A 2 A 2 )Pc(I ~ Ai AJx, V® G C. 

Let f : C —* C be a contraction with coefficient 8 G [0, 1). Pick any xq G C. let { x n } 
be a sequence generated by 

j 2-n+l — (1 &n) f fan) P Oi n G{yn ) , 

| Dn — (1 fn)^n T ^nG {x t! j , 

where A* G (0,25,), i = 1, 2, 3, ..., N, {a n } and {/3 n } o, r e sequences in (0,1) satisfying the 
conditions (i)-(iv). 

Then {x n } converges strongly to a fixed point x* of the nonexpansive mapping G, which 
is also the unique solution of the variational inequality 

((I-f)x,y-x)> 0, Vj/GF(T). 

In other words, x* is the unique fixed point of the contraction Pf(G)L that is, Tf(G)/(* t *) 
= x*. 

4.2 The constrained convex minimization problem 

Now, we consider the following constrained convex minimization problem: 

min0(x), (4.4) 

x&C 

where <j> : C —> R is a real-valued convex function and assumes that the problem (4.4) is 
consistent. Let Ll denote its solution set. 

For the minimization problem (4.4), if (j> is (Frechet)differentiable, then we have the 
following lemma. 

Lemma 4.4. (Optimality Condition) ([5]) A necessary condition of optimality for a point 
x* G C to be a solution of the minimization problem (4.4) is that x* solves the variational 
inequality 

{V(f{x*),x - x*) >0, VxG C. (4.4) 

Equivalently, x* G C solves the fixed point equation 

x * = p c ( x * - AV<KO) 

for every constant A > 0. If, in a addition <f> is convex, then the optimality condition (4.5) 
is also sufficient. 
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It is well known that the mapping Pc (I — AT) is nonexpansive when the mapping A 
is d-inverse-strongly monotone and 0 < A < 25. We therefore have the following result. 

Theorem 4.5. Let C be a nonempty closed convex subset of the real Hilbert Space H. 
For the minimization problem (4.4), assume that <f> is ( Frechet ) differentiable and the 
gradient V(/> is a 5-inverse-strongly monotone mapping for some positive real number 5. 
Let f : C — ► C be a contraction with coefficient 6 G [0, 1). Pick any xq G C, let {x n } be a 
sequence generated by 

x n +i = (1 - a n )f(x n ) + a n P c { 1 - A V(f)(y n ), 
y n = (1 - Pn)x n + PnPci 1 - A V<j))(Xn), 

where \ G (0, 25), {a n } and {j3 n } are sequences in (0, 1) satisfying the conditions (i)-(iv). 

Then {x n } converges strongly to a solution x* of the minimization problem (4.4), which 
is also the unique solution of the variational inequality 

((I - f)x,y-x) > 0, Vy G Q. 

In other words, x* is the unique fixed point of the contraction Pnf, that is, Pnf(x*) = 
x*. 

4.3 The /l-mapping 

In 2009, Kangtunyakarn and Suantai [4] gave a AT-mapping generated by T\, T^, T 3 , ..., T]y 
and Ai, A 2 , A 3 , ..., A a j as follows. 

Definition 4.6. Let C be a nonempty convex subset of a real Banach space. Let {Tj}A =1 
be a family of mappings of C into itself and let Ai, A 2 , A 3 , ..., Xjy be real numbers such that 

0 < A* < 1 for every i = 1,2, 3, ..., N. We define a mapping K ■. C —> C as follows: 

lh = A 1 T 1 + (1 - Ai)J, 

U 2 = A 2 T 2 Ai + (1 - A 2 )Ai, 

U N -1 = Ajv-iTv-iLjv -2 + (1 — Xn-i)Un-2, 

K = Un = XnTnUn-i + (1 — \n)Un-i- 

Such a mapping is called a K -mapping generated by T\, T 2 , X 3 , ..., T/v and Ai, A 2 , A 3 , ..., Xjy. 

In 2014, Suwannaut and Kangtunyakarn [10] established the following result for K- 
mapping generated by Ti, T 2 , T 3 , ..., T N and Ai, A 2 , A 3 , ..., Xn- 

Lemma 4.7. Let C be a nonempty closed convex subset of a real Hilbert space H . For 

1 = 1,2, 3, ..., N, let {Ti}^L 1 be a finite family of ki-strictly pseudo-contractive mapping of 
C into itself with ki < lo\ and D^i A(Tj) 0, namely, there exist constants ki G [0,1) 
such that 

WPx-Tiyf < \\ x -yf + ki\\(I-Tf)x-(I-Tf)y\\ 2 , \/x,y G C. 
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Let Ai, A 2 , A 3 , A/v be real numbers with 0 < A* < L 02 for all i = 1,2,3 , N and 
a>i +L 02 < 1. Let K be the K -mapping generated by Ti, T2, T3, ..., T/v and Ai, A2, A3, ..., A/v- 
Then the following properties hold: 

(a) F(K) = f)l 1 F(T i ), 

( b ) K is a nonexpansive mapping. 

On the bases of above lemma, we have the following results. 

Theorem 4.8. Let C be a nonempty closed convex subset of a real Hilbert space H . For 
i = 1,2, 3, ..., N, let {Tj}^ 1 be a finite family of ki-strictly pseudo-contractive mapping of 
C into itself with ki < uj\ and H^i ^(Tj) / 0. Let Ai, A2, A3, ..., A n be real numbers with 
0 < A, < u )2 for all i = 1,2, 3, ..., N and ui\ + ui 2 < 1- Let K be the K -mapping generated 
by Ti, X2, X3, ..., T/v and Ai, A2, A3, ..., Xjy.Let f : C — > C be a contraction with coefficient 
0 € [0, 1). Pick any x'q € C, let { x n } be sequence generated by 

j 2-n+l — (1 ®n) f (x 7 f) T Ol n K (yn)i 

|_2/n — (1 Pn)x n + (X)i) . 

where {a n } and {fd n } are sequences in (0, 1) satisfying the conditions (i)-(iv). 

Then {x n } converges strongly to a fixed point x* of the mappings {T t }f =l , which is also 
the unique solution of the variational inequality 

N 

{(I-f)x,y-x), VyeF(K) = f]F(T i ). 

%=\ 

In other words, x* is the unique fixed point of the contraction P^n F r T .\f , that is, 
p nili F(Ti)f( x *) = x *- 
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Abstract 

We give some strong convergence theorems about asymptotically nonexpansive 
non-self mappings. In the end we give some applications of our results in the form of 
examples. Our results extend the results already proved. 
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1 Introduction 

Fixed points of special mappings like asymptotically nonexpansive, nonexpansive, con- 
tractive and other mappings has become a field of interest on its on and has a variety of 
applications in related fields like image recovery, signal processing and geometry of ob- 
jects. Almost in all branches of mathematics we see some versions of theorems relating 
to fixed points of functions of special nature. As a result we apply them in industry, toy 
making, finance, aircrafts and manufacturing of new model cars. Because of its vast range 
of applications almost in all directions, the research in it is moving rapidly and an immense 
literature is present now. 

* Corresponding author 
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Let C be a nonempty subset of a real normed space E of A mapping T : C — > C is 
asymptotically nonexpansive if there exist a sequence {k n } C [0, oo) with lim, woo k n = 1 
such that || T n x — T n y || < k n \\x — y || for all x,y £ C and n > 1. This class was introduced 
by Goebel and Kirk in 1972, see [4]. Ever since it has occupied a central place in fixed 
point theory and other related fields concerning about special mappings. 

Theorem 1.1. If C is a nonempty closed convex subset of a real uniformly convex Banach 
space E and T : C — > C is an asymptotically nonexpansive mapping, then T has a unique 
fixed point in C. 

However, in 1991, Schu [9] developed the modified Mann process for the approximation 
of fixed points of an asymptotically nonexpansive self mapping which is defined on a 
nonempty closed convex bounded subset of a Hilbert space given as follows: 

Theorem 1.2. Let C be a nonempty closed convex bounded subset of a Hilbert space H 
and T : C — > C be a completely continuous and asymptotically nonexpansive mapping with 
sequence {k n } C [1, oo] having lim, woo k n = 1 and (k'n — 1) < oo. Let {a n } be a real 
sequence in [0, 1] with condition e < a n < 1 — e for all n > 1 and for some e > 0. Then 
the sequence {x n } defined recursively by 


{ x\ £ C ( arbitrarily ), 

Xn -\- 1 — (1 (Xn)%n T Q-ndd VCin V n A 1 

converges strongly to some fixed point of T. 


( 1 . 1 ) 


In the above theorem, T is a self mapping of C. where C is a nonempty closed convex 
subset of H . If, however, the domain D(T ) of T is a proper subset of H and T : D(T ) — > H 
is a mapping the modified iteration {x n } may fail to be well defined. 

To overcome this, in 2003, Chidume et al. [3] introduce the concept of asymptotically 
nonexpansive non-self mappings. 

Let E be a real Banach space. A subset C of E is called a retract of E if there exist 
a continuous mapping P : E — > E such that Px = x for all x £ C. Every closed convex 
subset of a uniform convex Banach space is a retract. A mapping P : E — > E is called a 
retraction if P 2 = P. It is clear that if P is a retraction, then Py = y for all y in the the 
range of P (see [3]). 


Definition 1.3. Let C be a nonempty subset of a normed linear space E. Let P : E — > C 
be a nonexpansive retraction of E onto C. A non-self mapping T : C — ► E is said to be 
asymptotically nonexpansive if there exist a sequence k n C [0, 1) with lim noo k n = 1 such 
that 

\\T(PT) n - 1 (x)-T(PT) n - 1 (y)\\ < k n \\x - y\\ (1.2) 

for all x,y £ C and n > 1. 

Chidume et al. [3] introduced the following iterative scheme: 


xi £ C, 

x n +i = p{{ 1 - a n )x n + a n T(PT) n ~ 1 x n ) 


(1.3) 
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for all n > 1, where {a n } C (0, 1) and proved some results of strong convergence and weak 
convergence for asymptotic nonexpansive non-self mapping. 

Throughout this paper, we denote Fix(T ) = {x 6 C : Tx = x}. 

Remark 1.4. If T : C — ► C is a self mapping, then P becomes identity and we have 

1. The non-self mapping with (1.2) coincides with an asymptotically nonexpansive self 
mapping in ( 1 . 1 ). 

2. Both iterations (1.3) and (1.1) coincide. 

After Chidume et al. many authors proved weak and strong convergence theorems 
for asymptotically nonexpansive non-self mapping in Banach spaces [6-8,10]. Guo and 
Guo [7] introduced following new iterative scheme which is given as: 

Let E be a real Banach space, C be a nonempty closed convex subset of E and 
P : C —> E be a nonexpansive retraction of E onto C. Let T : C — » E be an asymptotically 
nonexpansive non-self mapping defined by 

' Xl € C, 

< y n = P(( 1 - f3 n )x n + (3 n T(PT) n ~ 1 x n ), (1.4) 

„ 2-71+1 = ^((1 - &n)Xn + OL n T(PT) n ~ l y n ) 

for all n > 1, where {a n } C (0,1) and {/3 n } C [0,1]. They proved some theorems of 
strong convergence and weak convergence of the above iteration for an asymptotically 
nonexpansive non-self mapping T : C — ► E. 

In this paper, we first introduce a new iterative scheme {x n } defined as follows: 

xi e C, 

< Vn = P(( 1 - Pn)Xn + P n T{PT) n ~^X n ), 

' Zn = P(( 1 - 'Yn) Vn + 7 n T (PT)^ 1 y n ) , 
x n+1 = P(( 1 - a n )x n + a n T(PT) n ~ 1 (^±^)) 

for all n > 1, where {a n } C (0, 1) and {/?„}, { 7 n} C [0, 1]. We first use the condition which 
is weaker than the completely continuous mappings, given in [5] named as the condition 
(BP). Secondly, we prove some strong convergence theorems for our iteration scheme for 
an asymptotically nonexpansive non-self mapping. It is important to remark that our 
results extend the results in [3,5]. Finally, we give examples to explain the main results 
of this paper. 

2 Some lemmas 

In this section we give some key lemmas which will be used to prove the main results of 
this paper. 

Lemma 2.1. ([11]) Let p > 1 and R > 0 and E be a Banach space. Then E is uniformly 
convex if and only if there exist a continuous, strictly increasing and convex function 
g : [ 0 , oo) — > [ 0 , oo) with < 7 ( 0 ) = 0 such that 

II As + (1 - A )y\\P < A||sf + (1 - A) \\yr ~ w p (\)g(\\x - y\\) 
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for all x,y G 6(0,6) = {x £ E : \x\ < 6} with A G [0, 1], where w p ( A) = A(1 — A) p + 
A p (l — A). 

Lemma 2.2. Let E be a real uniformly convex Banach space and C be a nonempty convex 
subset of E. Let T : C — > E be an asymptotically nonexpansive non-self mapping with 
{h n } C [l,oo) such that — 1) < oo and Fix(T ) / 0. Let { x n } be the sequence 

defined by (1.5), where {a n } C [0, 1) and {/3 n }> {in} C [0, 1]. Then 

(a) \\x n+ i - p\\ < h 2 n \\x n -p\\ for all p G Fix(T). 

( b ) lim, woo \\x n — p\\ exists for all p G Fix(T). 

Proof. Take T 2 = T\ = T and S 2 = Si = I in [6], we obtain the required result (see [5]). □ 

Lemma 2.3. Let E be a real uniform convex Banach space and C be a nonempty closed 
convex subset of E. Let T : C — > E be an asmyptotically nonexpansive non-self mapping 
with {h n }, {h' n } C [1, 00 ) and h' n < h n such that Y^=i{^n — 1) < 00 , — 1) < 00 

and Fix(T) / 0. Let {x n } a sequence defined in (1.5), where 

0 < lim inf a n , lim sup a n < 1, lim sup fi n < 1, lim sup q n < 1 . 

n n — n — n — 


Then lim, woo \\x n — Tx n || = 0. 

Proof. By Lemma 2.2, we know that lim,,^.^ ||x n — p\\ exists for all p G Fix(T). So 
{.Xn -p}, {yn -p}, {z n -p}, {T(PT) n - l x n -p}, {T(PT) n - l y n -p} and {T(PT) n ~ l z n -p} 
are all bounded so we have a real number R > 0 such that 

{x n -p,y n -P,z n - Pl T{PT) n - l x n - p,T{PT) n -'y n -pT{PT) n ~ l z n - p} C 6(0,6), 

for all n > 1. It follows from (1.5) and Lemma 2.1 that 

\\Vn -Pf < ||(1 - Pn)(x n -p)+Pn(T(PT) n - 1 X n -p)\\ 2 

<(l-p n )\\( Xn -p)f + f 3 n \\(T(PTr-h n -p)f 

- (3 n(l - (3 n )g{ \\x n - T(6T)"- 1 Xn II) 

< (1 - f3 n )hl\\{x n - p) II 2 + Pnh* \\x n - p\l 2 
= hl\\{x n -p)\\\ 

\\z n ~p\\ 2 < 11(1 -Tn){y n -p) + ln(T(PT) n ~ 1 y n - p) || 2 

<(l- 7 n)||(2/n-p)|| 2 + 7n||(T(6rr-V-p)l| 2 

— 7n(l — ln)g{\\yn ~ T(PT) n ~ 1 y n \\) 

< (1 -ln)h'l\\(y n ~ P)f + Inh'lhn ~ pf 

= h'l\(y n -p) II 2 

< h 'l h l\i x n ~ P)\\ 2 
<hi\\(x n -p)\\ 2 . 
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Also 

\\x n +i ~ p \\ 2 < (1 -a n )(x n -p) + a n ^T(PT) n ~ 1 ( ^' l + - p^j 

<(l-a n )\\x n -p\\ 2 + a n (riPTy^l^^-p^ 2 

- a n (l - a n )g( x n - T(PT)"- 1 ) 

< (1 - a n )h? n \\x n - p\\ 2 + a n h ,2 n h 2 Vn ^ — - p 

- a n (l - a n )g ( x n - T{PT) n ~ l ^ 

< (1 - a n )hl\\x n -p\\ 2 + ^a n ti 2 n h 2 n {\\y n - p\\ 2 + || z n - p\\ 2 ) 

- a n {l - a n )g ( x n - T{PT) n ~ l ^ 

< (1 - a n )h* \\x n - p\\ 2 + a n h* n \\x n - p\\ 2 

- a n (l - a n )g ( x n - T{PT) n ~ l ^ 

= h s n \\x n -p\\ 2 - a n {\ - a n )g^ x n - r(Pr) n ~ 1 y 

where g : [0, oo) — > [0, oo) is a continuous, strictly increasing and convex function with the 
condition <7(0) = 0. Since we have condition 0 < lim inf, woo a n and lim sup n _ >00 a n < 1. 
So there exist two real numbers a, 6 £ (0,1) and a positive integer no such that a < a n < b 
for all n > no, so 

a(l - 6)5(|| x n - T(PT) n ~ 1 y n ||) < h 4 || x n -p |[ 2 - || x n+1 -p || 2 


and 

a(l - 6)5(|| x n - T(PT) n ~ 1 z n ||) < ti A || x n -p || 2 - || x n+ i -p || 2 . 

Since lim^oo h n = 1 and lim, woo h! n = 1 , there exist positive integer mo , to and real 
number s, s' £ (0, 1) such that (3 n h n < s and 7 n h' n < s' for all n > mo and 

|| Un - x n \\ < P n \\ T(PT) n ~ 1 x n - x n || 

< f3 n \\T(PT) n ~ 1 x n - T(PT) n - 1 y n \\+f3 n \\x n - T(PT) n ~ 1 y n \\ 

< /3 n h n \\x n - VnW + \\x n “ T(PT) n ~ 1 y n || . 


Similarly, 


| Zn X n \ | ^ J n h n \\x n z n | “t“ ||t1?2 T(PT') Z ^ 


Hence 


(1 - s) \\y n x n 1 1 < (1 - f3 n hn)\\y n ~ x n \\ < \\x n - T(PT) n 1 y n \ 


(1 - s')\\z n - X n \\ < (1 - 1nh'n)\\z n - X n \\ < \\x n - T(PT) n 1 Z n \\. 
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So we have 

lim || y n — x n \\ = 0 and lim \\z n — x n \\ = 0. 

n— >oo n— xx> 

Furthermore from 

IK - T{PT) n ~ l x n \\ < K - T{PT) n ~'y n || + || T(PT) n ~ l y n - T(PT) n ~ 1 x n 

+ \\x n - T(PT) n - l y n \\ + h n \\y n - x n \\, 

it follows 

lim \\x n — T(PT) n ~ 1 x n \\ 

n— xx> 

Using equations, we get 

lim K+i “ T(PT) n - x y n 
n— xx) 

lim llxn+1 - T{PT) n ~ l z n 

n— >oo 

lim K+i - y„|| =0 
n— xx) 

lim K+i - z„|| = 0 
n— xx) 

Now 

Il*n - Ts n || < ||x n - T{PT) n ~ l x n \\ + \\T(PT) n ~ l x n - Tx n \\ 

< \\x n - T(PT) n ~ l x n \\ + \\T{PT) n ~ l x n - T(PT) n ~ 1 y n _i || 

+ I KPTKV-! - Tx n || + WTiPTY^Xn - T (PT)^ 1 z n ^\\ 

+ \\T(PT) n - 1 z n - 1 -Tx n \\, 

and using above condition we get required result lim^oo |x' n — Tx n || = 0. The completes 
the proof. □ 


= 0 . 

I = o. 
1 = 0 . 


3 The conditions (BP) 

Here we recall the condition introduced in [5] . Let E be a Banach space and T : E — > E be 
a bounded linear operator. In 1966, Browdin and Petryshyn [2] considered the existence 
of a solution of the equation f = u — Tu by iteration of Picard-Poincore-Newmann, 

( X0 G - T +f (3 ' 1} 

I ^n+1 — T X n + / , 


\xo € E 

jxn+r = T n x o + (/ + Tf + • • • + T”- 1 /), Vn > 0, / e E. 
In fact, in 1958, Browder [1] proved the following. 


(3.2) 


Theorem 3.1. Let E be a reflexive Banach space. Then a solution u of the equation 
u — Tu= f exists for a given point f G E and an operator T which is asmyptotic bounded 
if and only if the sequence {x n } defined by (3.1) is bounded for any fixed xq G E. 
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Relaxing the assumption of reflexivity on E, under a slight sharp condition on T, 
Browden and Petryshyn proved the following: 

Theorem 3.2. Let E be a Banach space, T : E — ► E be a bounded linear operator which 
is asymptotically convergent, that is, {T n x} converges in E for all x £ E. Then we have 
the following: 

(1) If f £ R( 1 — T), the sequence { x n } converges to a solution u of the equation 
u + Tu = /. 

(2) If any subsequence {x Hk } of the sequence { x n } converges to an element y £ E, then 
y is a solution of the equation y — Ty = f. 

(3) If E is a reflexive Banach space and the sequence {x n } is bounded, then the sequence 
{x n } converges to a solution of the equation u + Tu = /. 

Motivated by the above theorem, we have the concept of the condition (BP) as in [5] 
given by 

Let E be a real norrned linear space, C be a nonempty subset of E and T : C —> E be 
a mapping 

Definition 3.3. (Condition) The pair (T, C) is said to satisfy the condition (BP) if for 
any bounded closed subset G of C, {z : z = x — Tx, x £ G} is a closed subset of E. 

Let E and F be Banach spaces. Recall that a mapping T : E — * F is completely 
continuous if it is continuous and compact (that is, C is bounded implies that T(C) is 
compact) or a weakly convergent sequence (x n — > x weakly) implies a strong convergent 
sequence (Tx n —> Tx). 

Next we establish a relation between the condition (BP) and completely continuous 
mapping given as: 

Proposition 3.4. Let E be a real norrned linear space, C be a nonempty subset of E and 
T : C — > E be a completely continuous mapping. Then the pair (T, C ) satisfy the condition 
(BP). 

Proof. It is similar as in [5]. □ 

Remark 3.5. ([5]) The converse of the above proposition does not holds in general. 


4 Strong convergence theorems 

Now we turn to strong convergence theorems for the asymptotically nonexpansive non-self 
mappings with condition in the real uniformly convex Banach spaces. First two results 
correspond to our new scheme where as remaining results are the same results in [3] and [5] , 
which are the simple derivations of our result. 

Theorem 4.1. Let E be a real uniformly convex Banach space and C be a nonempty closed 
convex subset of E. Let T : C —> E be an asymptotically nonexpansive non-self mapping 
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with {/i n }, {/in} C [1, oo) and, h' n < h n such that Y^=i(hn — 1) < oo, Y^= i(Ki — 1) < oo 
and Fix(T) / 0. Let {x n } be a sequence defined by 

X\ £ C, 

< Vn = P(( 1 - Pn)x n + fi n T (PT)^ 1 X n ) , 

' Zn = P((l - 7 n)lfo + 7 n T (PT)^ 1 y n ) , 
x n+1 = P((l -a n )x n + a n T{PT) n - 1 {y^)) 

for all n > 1, where 

0 < lim inf a n , lim sup a n < 1 , lim sup (3 n < 1 , lim sup 7 n < 1 . 

n— > °° n— > oo n— xx) n— > oo 

If the pair (T, C) satisfy the condition (BP), then the sequence {x n } converges strongly to 
a fixed point of T. 

Proof. Let G = {x n }, where A denotes the closure of A. Since the sequence { x n } is 
bounded in C by Lemma 2.2 and so G is a bounded closed subset of C. As pair (T, C) 
satisfy (BP) conditions, it follows that 

N = {z = x — Tx : x e (7} 

is closed. Lemma 2.3 guarantees {x' n — Tx n } C N and x n — Tx n — > 0, {y n — Ty n } C N 
and y n — Ty n —> 0 as n —> oo. Clearly the zero vector 0 G JV so there exist a q & G such 
that q = Tq so q £ Fix(T ). Since q & G so there exists a positive integer no such that 
x'n 0 = q or there exists a subsequence {x nfc } of the sequence {x n } such that x nk —> q as 
k — ► oo. 

If x nfc = (/, then it follows from Lemma 2.2 that x n = q for all n > uq and so x n — > q 
as n — > oo. 

If x nk —> q, then, since linin^oo ||x n — q || exists, we have x n — > g as n — > oo. This 
completes the proof. □ 

Using Theorem 4.1 and Proposition 3.4, we have 

Corollary 4.2. Let E be a real uniformly convex Banach space and C be a nonempty closed 
convex subset of E . Let T : C — > E be an asymptotically nonexpansive non-self mapping 
with {/i n }, {/i^} C [1, oo) and h' n < h n such that Yl'£Li(hn — 1) < oo, Yl^=i(Ki — 1) < oo 
and Fix(T) 0. Let {x n } be a sequence defined by (4.1), where 

0 < lim inf a n , lim sup a n < 1 , lim sup (3 n < 1 , lim sup y n < 1. 

n ^ 00 n— xx) oo oo 

If T is completely continuous, then the sequence {x n } converges strongly to a fixed 
point of T. 

Theorem 4.3. Let E be a real uniformly convex Banach space and C be a nonempty 
closed convex subset of E. Let T : C —*■ E be an asymptotically nonexpansive non-self 
mapping with {h n } C [l,oo) such that Yl < n=iQ l n — 1) < oo and Fix(T ) 0. Let {x n } be 

a sequence defined by (1.3), where 

0 < lim inf a n and lim sup a n < 1 . 

n >oo n — 
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If the pair (T, C) satisfy the condition (BP), then the sequence {x n } converges strongly 
to a fixed point of T. 

Proof. In Theorem 4.1, take (3 n = 0 and 7 n = 0 for all n > 1, we arrive at the result. □ 

Using Theorem 4.3 and Proposition 3.4, we have 

Corollary 4.4. Let E be a real uniformly convex Banach space and C be a nonempty 
closed convex subset of E. Let T : C — > E be an asymptotically nonexpansive non-self 
mapping with {h n } C [l,oo) such that Y^=i(h n — 1) < oo and Fix(T ) / 0. Let {x n } be 
a sequence defined by (1.3), where 

0 < lim inf a n and lim sup a n < 1. 

n xx) n — >00 

If T is completely continuous, then the sequence {x n } converges strongly to a fixed 
point of T. 

Remark 4.5. The results proved in [3] can also be obtained from our Theorem 4.1 under 
special assumptions of sequences on a n , f3 n and q n . 

5 Examples 

Here we focus on the families of examples to apply on our results. First example also 
extends the example presented in [5] . 

Example 5.1. Let X be a Hilbert space and 

C = {x G X : ||x|| < r, Vr > 0}. 


Let P : C — > C by 


Px = 


x. 


if x e C, 


TCT, if xex-c. 


Then P is a nonexpansive retraction of X onto C (see [5]). 
Take X = R n with 


(x,y) = XiVi 


i=\ 


and 


Then X is a Hilbert space. 

Let C = {x G X : ||x|| < 1, }. 
Take P : C -»■ C by 


n 




\X\\ = [ > (Xij 
\i = 1 


Px = 


x, if x G C, 

Tlfir, if xeX-C. 
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Then P is a nonexpansive retraction of X onto C by [8], taking r = 1 . 

Define T* : C — + X by T* = ( 0 , 0, 1 — Xj, 0 , 0 , 0 ) for all X = (x\, X2, X3, x n ) G C. 
Then 

II Txi - Tyi || = ||(0,0, ...1 -Xj,0,0, ...,0) - (0,0, 1 - y i} 0, 0, ---, 0) || 

= ||( 0 , 0 , y h 0 , 0 , 0 )|| 

< \\x - 2 /|| - 

So TiX are a family of nonexpansive non-self mappings, so 

!|T i (PT i ) 2_1 x - r i (Pr, : ) 2 " 1 y|| < \\P(T iX ) - P(T iy )\\ 

< || - T iy || 

< \\x - 2 / 11 - 

Suppose that 

||T,(PT,) fe - 1 x - r i (PT i ) fc - 1 y|| < ||x - 2/|| , Vn = 

Taking n = k + 1 , we have 

||T i (PT i )( fc+1 >- 1 s - r i (Pr,)( fc+1 )- 1 y|| < || P(T i s)( fc + 1 )- 1 - P(T i2/ )( fc+1 )- 1 || 

= ||P(r i )P(T i x) fc " 1 - P(T i )P(T i y) fc - 1 || 

< ||T i P(T i x) fc - 1 - r i P(T i y) fc - 1 || 

< Ik — 2/11- 

It follws that from Mathematical Induction, T* is a family of an asymptotically non ex- 
pensive non-self mapping with sequence {/ij, n } defined by hi >n = 1 for all n > 1 . Put 

Fix{Ti) = | ( 0 , 0 , ...,^, 0 , 0 , ..., 0 )|. 

Now, we prove that the pairs (T,, C) for each i satisfy the condition. For any closed 
subset G of C, we denoted Ni = {z = x — T^x : x G G} Then N* are closed. Reality is 
that, for any z n G Ni with z n — > z, there exist x n G G such that z n = x n — TiX n . As G is 
bounded and closed in C so is compact. Therefore, there exists a convergent subsequence 
{x nk } of { x n }. Letting x nk — > xo as k —>■ 00, we have x'o G G. Also as T* are continuous so 

z = lim z nk = lim (x nk - TjX nfc ) = x 0 - TjX 0 G ATj. 

k —> 00 fc— > 00 

For any given xi G C, take a sequence {x n } 


kn = P((l - 0l)x n + PnTiiPT^Xn), 

< Z n = P((l - 71 )l/n + 7 nTi{PTi) n ~ 1 yn ), 
x n+1 = P(( 1 - ai)x n + a n Ti{PTi) n ~^ (^)) 


for any n > 1, where 


4 1 

= 7 + — , n = 0 (mod 2), 

5 on 

1 1 

a n = — + —, n = 1 (mod 2), 
10 In 

2 n 

Pn = 7n = ~ n > 1. 

3 n + 2 


10 
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Clearly 

lim inf a n = — , lim sup a n = 

n >oo 10 n — »oo 5 

2 

lim sup f3 n = lim sup 7 n = - . 

n— xx) n— > 00 o 

So all condition of Theorem 4.1 are satisfied and so {x n } converge strongly to a fixed point 
(0,0,0, ...,5,0,0, ...,0) of Tj. 

Remark 5.2. If we take T\{x\,X2) = (1 — a?i,0) with x\ = (0,0), then {x n } converges 
strongly to Fix(Ti ) = (5, 0) after single iteration. 

Example 5.3. Let X = l 2 with (x, y) = YaLi x iUi anci INI = (Z^i x i ) 2 • Then X is a 
real inhnite dimensional Hilbert space. Let C = {x £ X : |j.x|| < 1}. Dehne a mapping 
P-.X-+C by 

Px =h i,x€X ' 

if xeX-C. 

Then P is nonexpansive retraction of X onto C. Dehne T : C — > X by 

Tx = (—xi, —X2 , ..., — Xi , ...), VxEC. 


Then we have 

\\ Tx ~ Ty \\ = II (2/1 -x 1 ,y2-x 2 ,...,yi-x i ,...)\\ 

= =\\x-y\\ 

for all x = (x\, X2, ■■■, Xi, ...), y = (1/1, 1/2, 2 /i, •••) £ C so T is an asymptotically non- 

expansive non-self mapping with sequence {h n } defined by h n = 1 for all n > 1 and 
Fix[T ) = {( 0 , 0 , 0 )}. 

Now we prove that the pair (T, C) satisfy our condition and T is not completely 
continuous. In fact for any closed subset G of C, we denote N = {z = x — Tx : c £ G }. 
For any z n £ N with z n — > z as n — > 00, there exists z n = x n — Tx n = 2x n . It follows from 
z n — > z that x n — > ^z as n — > 00. Since G is closed in C , it follows that \z £ G. Since T 
is continuous, it follows that 


z = lim z n = lim (x n - Tx n ) = -z - T ( -z £ N. 


This shows that the pair ( T,C ) satisfy the condition (BP). Since T is surjective, and 
unit ball C = {x £ X : ||x|| < 1}, is not sequentially compact, so T is not completely 
continuous (see [5]). 

For x\ £ C, dehne sequence {x n } by 


'Vn = P{{ 1 - Pn) x n + PnT (PT)^ 1 X n ) , 
< z n = P(( 1 - 7 n ) y n + 7 n T{PT) n ~ 1 y n ), 
*n+! = P((l - a n )x n + a n T(PT) n 


11 
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where a n = | + n = 1 (mod 2), and a n = k + ^, n = 0 (mod 2) for all c > 1, 
fin = 3 ^ 2 , 7n = 4^2 for a11 n > 1- Clearly liminf, woo a n = 4 and limsup, woo a n = § 
and lim sup n _ >00 (3 n = limsup, woo 7 n = |. So all conditions of Theorem 4.1 are satisfied. 
Hence the sequence {x n } converges strongly to fixed point (0, 0, 0) of T. 
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Abstract 

We investigate a (/-fractional integral equation with supremum and prove 
an existence theorem for it. We will prove that our (/-integral equation has a 
solution in CjO, 1] which is monotonic on [0,1]. The monotonicity measure of 
noncompactness due to Banas and Olszowy and Darbo’s theorem are the main 
tools used in the proof our main result. 

MSC: 45G10, 47H09, 45M99. 

Keywords: (/-fractional; integral equation; monotonic solutions; Darbo theorem; monotonic- 
ity measure of noncompactness. 

1 Introduction 

Jackson in [20, 21] introduced the concept of quantum calculus ((/-calculus). This area of 

research has rich history and several applications, see [1, 3, 22, 23] and references therein. 

There are several developments and applications of the (/-calculus in mathematical physics, 
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especially concerning quantum mechanics, the theory of relativity and special functions [1, 3, 
17, 23, 24]. Recently, several researchers attracted their attention by the concept of (/-calculus, 
and we can find several new results in [2, 3, 18, 25] and the references therein. 

In several papers among them [4, 19], differential equations with supremum as well as 
integral equations with supremum have been studied. In [10, ?, 12, 13, 14, 15] Darwish et al. 
studied differential and integral equations of arbitrary orders with supremum. Also, Caballero 
et al. [8, 9] introduced and studied the quadratic Volterra equations with supremum. They 
showed that these equations have monotonic solutions in the space C[0, 1]. In [10], Darwish 
generalized and extend Caballero et al. [8] results to the quadratic integral equations of 
arbitrary orders with supremum. 

In this paper we will study the (/-quadratic integral equation with supremum 


y(t) = fit) + q)p-i s ) \y( T )\ d q s, t e J = [o, 1], (1.1) 

*-q\P) JO [0,cr(s)] 


where 0 < (3, q £ (0, 1), / : J — > M, T : C(J) — > C(J ), k : J X J — > M+ and a : J J . 

By using Darbo fixed point theorem and the monotonicity measure of noncompactness 
due to Banas and Olszowy [6] we prove the existence of monotonic solution to Eq.(l.l) in 
CIO,!]. 


2 Fractional (/-calculus 

We collect basic definitions and results of the (/-fractional integrals and (/-derivatives, for more 
details, see [2, 3, 7, 17, 18, 24, 25] and references therein. 

First, for a real parameter q £ (0, 1), we define a (/-real number [a] 9 by 

1 — q a 

[a]q = Y^q’ a G M ’ 

and a (/-analog of the Pochhammer symbol ((/-shifted factorial) is defined by 


r i. 


[a;q)n = j 

Also, the g-analog of the power (a — b) n is given by 


= 0 , 


77.-1 

(1 — ag fc ), n £ N. 

k = 0 


(a - 6) (n) 


' 1, 71 = 0, 

( n— 1 

I] (a — bq k ), n £ N; a, b £ M. 

^ k = 0 


Moreover, 

(a - 6) (n) = a n (5/a; q) n , a / 0. 
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Notice that, lim (a; q) n exists and we will denote it by (a; q)oo- 

n— >oo 

More generally, for ^£ll, aq @ ^ q~ n (n € N), we define 

(a;q) oo 


(a;g)/9 = 


( aqP-,q) c 


and 


(a-b)W = a? 


(b/a-q) c 


(q^b/ a; g)oo ' 

Notice that (a — b)^ = a^(b/a] q)p. Therefore, if b = 0, then = a^. 
Now, the ^-gamma function is given by 

G(q x ) 


r g(®) = 


-, x GM\{0, — 1, —2, - - • 


(1 - q) x 1 G(q) ' 

where G(q x ) = ^ qX } q j — • Or, equivalently, T g (x) = and satisfies T g (x+1) = [x] g T g (x). 

Next, the (/-derivative of a function / is given by 

(D q f)(t) = f{t) t Z f ( j qt \ (Djm = lim (D q f)(t), 

and the (/-derivative of higher order of a function / is defined by 

f(t), n = 0, 


c vvm = 


Dq^D 1 }- 1 f)(t)i ne N. 


Let / be a function defined on [0, b\. The (/-integral of / is defined as follows 

ft °° 

(W)(*) = / f(s) d q s = t( 1 - q)Y l q n f(tq n ), t <E [0, b\. (2.2) 

Jo n 


If / is given on the interval [0, b] and a 6 [0, 6], then 


f f(s ) d q S = f f(.s ) d q s - [ f (s) d q s. 
J a JO Jo 


The operator /” is defined by 


(» = 


/(*)> 


n = 0, 




The fundamental theorem of calculus satisfies for D q and I q , i.e. , ( D q I q f)(t ) = /(t), and if / 
is continuous at t = 0, then ( I q D q f)(t ) = /(i) — /( 0). 
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The following four formulas will be used later in this paper 

[a(t — s)]^ = a^(t — s)(P\ 
t D q {t - 8 )W = \/3\ q {t - s) (/3_1) , 
s D q (t - s) W = -[P\ q {t - qs)^~ l) 

and ^ 

t.D q [ f(t, s) d q s = f tD q f(t,s) d q s + f(qt,t), 

Jo Jo 

where tD q denotes the derivative with respect to variable t. 

Notice that, if /3 > 0 and a <b <t, then (t — b)^ < (t — a)^\ 

Definition 1. [1] Let / be a function defined on [0,1]. The fractional (/-integral of the 
Riemann-Liouville type of order (3 > 0 is given by 


Tim = 


f /(*), (3 = 0, 

t OO , g , 

m J(t - ^) (/3_1) /(-s) d q s = t?( 1 - q)P £ q n jfi§fcf(tq n ), f3 > 0, t G [0, 1]. 

Notice that, for (3 = 1, the above (/-integral reduces to (2.2). 

Definition 2. [1] The fractional (/-derivative of the Riemann-Liouville type of order (3 > 0 
is given by 

f(t), 13 = 0, 


(Dim) = 


f3> 0, 

stands for the smallest integer equal or greater than j3. 


where 


In q— calculus, the derivative rule for the product of two functions and integration by 
parts formulas are 

( D q fg)(t ) = ( D q f)(t)g(t ) + f(qt)(D q g)(t), 

[ f(s)(D q g)(s) d q s = [f(s)g(s)] t 0 - [ {D q f)(s)g(qs) d q s. 

Jo Jo 

Lemma 1. Let (3,'y > 0. Then the following are verified for a function f defined on [0, 1]: 

MW = 

(2) (D, S if/)(t) = Sit). 

Lemma 2. [24] For f3 > 0. Then q-integration by parts allows us to have 

fid) 


Tow = 


r,(/3 + 1) 


or 


f\t- qs r-v dq , = t T3. 
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3 Measure of noncompactness 

We assume that ( E , ||.||) is a real Banach space with zero element 0 and we denote by B(x, r ) 
the closed ball with radius r and centre x , where B r = B(9,r). 

Now, let X C E and denote by X and ConvX the closure and convex closure of X, 
respectively. Also, the symbols X+Y and A Y stands for the usual algebraic operators on sets. 
Moreover, the families *Me and 9T# are defined by WIe = {A C E : A / 0, A is bounded} 
and 0T e = {B C WIe '■ B is relatively compact}, respectively. 

Definition 3. [5] Let // : ^TIe — > [0, +oo). If the following conditions 

1° 0 / {X G WIe : fi(X) = 0} = kern C ftt E , 

2° if A C Y, then fi(X) < n(Y), 

3° n(X) = n(X) = //(ConvA), 

4° //(AX + (1 - A)F) < A^(A) + (1 - A )n(Y), 0 < A < 1 and 

5° if (X n ) is a sequence of closed subsets of 9JIe with X n+ \ C X n , n = 1, 2, 3, ..., and 
lim n( x n) = 0 then Aoo = n™ =1 X n / 0 

n— >oo 

hold. Then, the mapping /j is said to be a measure of noncompactness in E. 

Here, kern is the kernel of the measure of noncompactness /i. 

Our result will establish in C(J ) the Banach space of all defined, continuous and real 
functions on J = [0, 1] with ||y|| = max{|y(r)| : r € J}. 

Next, we defined the measure of noncompactness related to monotonicity in C(J), see 
[5, 6], 

We fix a bounded subset h / 0 of C(J). For e > 0 and y G Y", u>(y,e) denotes the 
modulus of continuity of the function y given by 

w(y,e) = sup{| y(t) - y(s)| :t,s G J, |t - s| < e}. 

Moreover, we let 

w(Y,e) = sup{w(y,e) : y G F} 

and 

wo(Y) = limcvlY, e). 

£ — ^0 

Define 

d{y) = sup (| y(t) - y(s)\ - [y(t) - y(s)}) 

t,S£ J, S<t 

and 

d(Y) = sup d(y). 

yeY 

Notice that all functions in Y are nondecreasing on J if and only if d(Y) = 0. 
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Now, we define the map // on TSlcU) as 

fi(X) = d(X)+uo(Y). 

Clearly, /i verifies all conditions in Definition 3 and, therefore it is a measure of noncompact- 
ness in C(J) [6]. 

Definition 4. Let 0 M C E. Let V : M — > E be a continuous operator. Suppose 
that V maps bounded sets onto bounded ones. If there exists a bounded Y C M with 
p(VY) < a/j,(Y), a > 0, then P is said to be satisfies the Darbo condition with respect to a 
measure of noncompactness p. 

If a < 1, then V is called a contraction operator with respect to //. 

Theorem 1. [16] Let D / 0 6e a bounded, convex and closed subset of E. If V : Ll — »• D is a 
contraction operator with respect to p. Then V has at least one fixed point belongs to Q. 

We will need the following two lemmas throughout our proof [8]. 

Lemma 3. Let r : J — » J be a continuous function and y G C(J). If, for t € J , 

(■ Fy)(t ) = max |y(r)|, 

[0,cr(L] 

f/ien Fy G C(J). 

Lemma 4. Let (y n ) be a sequence in C(J) and y G C(J). If (y n ) converges to y G C(J), 
then (Fy n ) converges uniformly to Fy uniformly J . 


4 Main Theorem 


Let us consider the following hypotheses: 


(hi) f G C(J). Moreover, / is nondecreasing and nonnegative on J . 

(hfi) The operator T : C(J) —>■ C(J) is continuous and satisfies the Darbo condition with a 
constant c for the measure of noncompactness /j . Moreover, Tx > 0 if x > 0. 


(hfi) 3 o, b > 0 s.t. |(Tx)(f)| < a + b\\x\\ \/x G C(J), t G J. 

(hfi) The function k : J x J -» M + is continuous on J x J and nondecreasing Vt and s 

separately. Moreover, n* = sup n(t,s). 

Gt/ x t/ 


(^5) 

(M 


The function cr : J —)• J is nondecreasing and continuous on J. 


3 ro > 0 such that 


n*ro(a + 6r 0 ) 

W + l) 


< T 0 


and 


ck*ro 

r,(/3+i) 


< 1. 


(4.3) 
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Now, we rewrite Eq.(l.l) as 
(Tx)(t) * 


x(t) = f(t ) + [ K(t, s ) (t - qs) {13 max |x(r)| d q s, 0 < (J < 1, t £ J, (4.4) 

iglPJ io [0,cr(s)] 


and define the two operators K, and T on C(J) as follows 


(Ky)(t) = —^—f n(t,s)(t- qs) ii3 1] max . |y(r)| d q s (4.5) 

mPiio [0,cr(s)] 


and 


{?VW) = fif) + ( T V )(*) • 


(4.6) 


respectively. Finding a fixed point of the operator T is equivalent to solving Eq.(4.4). 
Under the above hypotheses, we state and prove our main theorem. 


Theorem 2. Assume the hypotheses (hi) — (he) be verified. Then Eq.(4-4) has at least one 
solution x £ C(J ) which is nondecreasing on J . 

Proof. First, we will show that the operator T maps C(J ) into itself. For this, it is sufficient 
to show that ICx £ C(J ) if x £ C(J). Fix e > 0 and let x £ C(J) and t\, t 2 £ J (t\ < t 2 ) 
with \t 2 — t\\ <e. We have 


\(JCx)(t 2 ) - (JCx)(ti)\ = 


< 


< 


1 f t2 

— / n(t 2 , s)(t 2 - g.s) (/3_1) max |x(r)| d q s 

(P) Jo [0,cr(s)] 

i r tl 

- TW 7 WT / «(* 1, s)(ti - qs) il3 -V max \x(t)\ d q s 

^q(P) Jo [0,cr(s)] 

1 U 2 

/ n(t 2 , s)(t 2 - <?s) (/3_1) max |x(t)| d q s 

\P) Jo [ 0 ,cr(s)] 

1 U 2 

- / *(*!> s )i t2 - Q S ) W ~ 1] max |x(r)| d q s 

1 q\P) Jo [0,cr(s)] 

i r t2 

—— / K(h, s)(t 2 - gs) (/3_1) max |x(r)| d q s 

q\P) Jo [0,cr(s)] 

i r h 

- —— / K(t i, s)(t 2 - qs) il3 ~ 1] max \x(t)\ d q s 

1 q\P) Jo [0,^0)] 

i r ti 

— — / n(h ,s)(t 2 - qs) { h- 1] max |x(t)| d q s 

q\P ) Jo [ 0 ,cr(s)] 

i r h 

~ / K (*i> “ Q S ) W ~ 1] max |x(r)| d q s 

1 q\P) Jo [0,cr(s)] 

i r t2 

— / \n(t 2 ,s) - n(t.i,s)\(t 2 - qs)^~P max |x(r)| d q s 

q \P ) Jo [ 0 ,ct(s)] 

i r t2 

+ vTr\ / l«(*i>«)l(*2 - gs) (/3_1) max |x(r)| d q s 

L q\P)Jt! [0,cr(s)l 
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< 


+ f7m f K* 2 _ qs ) (/3 x) _ ~ qs ) il3 1] l M r )l d i s 

l q\P)J 0 [0,cr(s)] 

rT h UK ^ e, ^Io “ qs ) (l3 - 1] d 1 S 

{ [ [(*1 - qs) ( ' ,3 ~ 1 ' > - (t 2 - qs) (l3 ~ l) ]d q s + f (t 2 - qs)^~^d q s 
U o Jti 

u K (e , .) 4 /3) + [ffl - 4 /3) + 2(t 2 - ti) (/3) ] 


+ 


« IFII 
r,(/ 3 ) 

||x|| 

r 9 (/? + i) 


< 


< 




W + l) 


W k (£, .) 4 + 


r ,(/3 + i) 

K* llxll a 

£ , 


iy/3 + i) 2 r(/? + 1 ) 

where we used 

u K (e,.) = sup \n(t,s) - k(t,s)\. 

t, T&J, \t — t\<£ 

Notice that, since the function k is uniformly continuous on J X J, then when e — > 0 we have 
that w K (e, .) -> 0. 

Therefore, KLx G C(J) and consequently, Tx G C(J). 

Now, Vf G J , we have 

(Tx)(t) « 


( 4 - 


l(*«0(f)l < 


< 


< 


fit) + -jrjJr f K (t » «)(* “ « s ) (/3 1} “ax I® Ml d q s 

tqlPj Jo [0,cr(s)] 

/ k(J, s)(i — max |x(r)| cLs 

Jo [o,cr(s)] q 


Hence 


a + 611 x 1 
a + b\\x\\ 

+ INI ' 

ll^x|| < II/H+ ° + J IN . < t nxii. 


W + 1) 


From hypothesis (ho), if ||x|| < ?’o, we get 


ll-^ll < ll/ll + T , a jl br °^ ^'r 0 


r,(/3 + i) 


< r 0 . 


Therefore, J- maps B ro into itself. 

Next, we consider the operator T on the set Bf Q = {x 6 B ro : x(t) > 0 , Vt G J}. It is 
clear that Bf / 0 is closed, convex and bounded. By this facts and hypotheses (hi), (63) 
and (6.5), we obtain T transforms Bf Q into itself. 

In what follows, we will show that T is continuous on £>+. For, let (x n ) be us a sequence 
in Bf such that x n — > x and we will show that Tx n — > J-x. We have, Vt G J, 


| {Tx n ) (t) - (J r x)(t)| 


(Tx n )(t) 

FqiP) 


/ n(t, s)(t — qs)^ 13 ^ max |x n (r)|d g s 
JO [0,cr(s)] 
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/ n(t, s)(t — qsY 13 ^ max |x(r)|cLs 

Jo [o,*(«)] 


< 


(Tx)(t) 

W) 

[ «(*, s)(t - gs) (/3 " 1} max |x n (r)| d q s 

1 q{P) Jo [0,<t(s)] 

- [ K(t, s)(t - qs ) (/3 ” 1) max |®„(r)| d g s 

r g (/3) Jo [0,cr(s)] 

(Tx)(t) 


+ 


r g (/3) 

(Tx)(t) 


/ nit, s)(t — qs)(P 1 - > max \x n (r)\ d q s 

Jo [o,«tW] 


< 


r ,os [ «(*> s )(* - 9 S ) (/3 1] r max |®(r)| d g s 
r g (/3) 7o [0,cr(s)] 

\(Tx n )(t) - (Tx)(t)\ * 


+ 


W) 


/ |K(t,s)|(t-gs) (/3 1] max |x n (r)| 

Jo [0 ,o-(js)] 


max |x n (r)| — max |x(r) 
[0,^(a)] [0,cr(s)] 




Applying Lemma 4, we obtain 


ll^n - ^11 < T , r Q r ° ,x ll r ^n - Tx || + ^ (a + 5 : 0) ||X„, - X|| . 


W+l) 

By the continuity of T, 3ni G N such that 


W + l) 


(4.8) 


eT q (/ 3 +l) 


\\Tx n -Tx\\ Vn>m. 

2/i*ro 


Also, 3n2 G N such that 


.T n - X < 


gr g (/3 + i) 

2k* (a + 6ro) 


Vn > ri 2 . 


Now, take max{m,n 2 } < n, then (4.8) gives us that 


|j JFx n ~ Fx\\ < £. 

This shows that T is continuous in B+ . 

Now, we take l/lc B+ . Let us hx an arbitrarily number e > 0 and choose x G X 
and t\ , t 2 G J with \t 2 — fi| < e. We will assume that t\ < t 2 because no generality will be 
loss. Then, by using our hypotheses and inequality (4.7), we get 


|(Jx)(t 2 ) - (J c 'a;)(ti)| 


< 


< 


< 


I/O 2 ) - f(ti)\ + |(Tx)(i 2 ) (/Cx)(t 2 ) - (Tx)(t 2 ) (/Cx)(ti)| 
+ |(Tx)(f 2 ) (JCx)(t 1 ) - (Tx)(ti) (/Cx)(ti)| 
w(/,e) + |(Tx)(t 2 )| |(/Cx)(i 2 ) - (/Cx)(ii)| 


w (/> e ) + 


+ |(Tx)(t 2 ) - (Tx)(ti)| |(/Cx)(ti)| 
(a + 6||x||) 


W + l) L 


|x||w K (e, .) + 2 k* ||x||e 


+ 


u(Tx, e) 

r,(/3 + i) 


X K 
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. ,, X I r 0 (a + 6r 0 ) . * «*r 0 

< u(f,e) + „ 7-5 , tt [w K (e, ■) + 2 k r] + 


Hence, 


r,(/3 + i) 

r 0 (a + 6r 0 ) , 


r g (/? + i) 


lj(Tx, e) 


w(Fx,e) < w(/,e) + 'y'Ip + i) M 5 ’ ■) + 2k * £ '^ + fnjT- pj w ( Ta: > e ) 


Consequently, 


u;(.FX,£) < «;(/,£) + K(£, •) + 2«*g^] ' 


r,(/3 + i) 


r g (/? + i) 


w(TI, e). 


Since the function « is uniformly continuous on J x J and the function / is continuous on J, 
then the last inequality gives us that 


■*< rx) s ut3TI)“» (TX) ' 


( 4 . 9 ) 


Further, fix arbitrary x € X and ti,t2 & J with t 2 > H- Then, by our hypotheses, we have 

IP^XH) - (Ja;)(ii) | - [(.Fx)(H) - pHO(H)] 

/ (H) + [ «(H, s)(t 2 - gs) (/3_1) max |x(r)| d g s 

JO [0,cr(s)] 


-/(H) - 


r,(/9) 

(TxKti) /* 

r,(/3) 

(Tx)(t 2 ) /■*» 


/ re(£i, s)(H — max |x(r)| cLs 

Jo [0,<t(s)] 


/(H) + ^ ' f PH, «)(H - «s) (/3 1} max |x(r)| d g s 

JO [0,cr(s)] 


-/(H) - 


n q p) 

(Tx)(t 1) H 1 


W) 

<{|/(H)-/(H)|-[/(H)-/(H)]} + 


rti 

/ k(H, s)(H — </s)^ -1 ^ max |x(r)| cLs 
Jo [0,<t(s)] 


f ^ 2 ’ S ^ 2 “ ^ r m ^ X M d 9 S 

^(/H Jo [ 0 ,cr( S )] 


+ 


+ 


[ «(*2, s)(t 2 - qs ) (/3 H max |x(r)| d q s 
r„(/3) j 0 [o,cr(s)] 

/ K ^ 2 ’ _ 9 S ) (/3_1) [n m ^, l X ( T )l d 9- s 

Lq\P) JO [0,cr(s)] 

/ «(H, a)(H - g-s) (/3_1) max |x(r)| d q s 

l qVP ) JO [0,cr(s)] 

^7^ [ «(*2, s)(H - gs) (/J ~ 1} max |x(r)| d ? s 
. 1 <?lPj JO [0,cr(s)] 

/ «(*2, s)(H - qs)^ 1] max |x(r)| d g s 
J-glPl JO [0 ,<t(s)] 

[ «(*2, s)(t 2 - gs) (/3_1) max |x(r)| d g s 

. iglPl JO [0,cr(s)] 
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(Tx)(t i ) [* 

r g (/?) 


f 1 * 1 

/ n(t\, s)(ti — max \x(t)\ d„s 

Jo [0,«r(a)] 


< {\(Tx)(t 2 ) - (Tx)(t i)| - [(Tx)(t 2 ) ~ (Tx)(t i)]} 

* r * 2 

x 


1 \ 2 

— — / K(t 2 ,s)(t 2 - gs) (/3_1) max |x(r)| 

Lq\P)J 0 [0,cr(s)] 

+ { [ «(* 2 , s)(t 2 ~ gs) (/3_1) max |®(r)| 

r<?(/3) l Jo lo,<r(*)] 

rti 

— / Ac(ti, s)(£i — max |x(r)| cLs 

Jo [ 0 ,<r(s)] 

rt2 

/ «(f 2 , s)(t 2 — gs)^ 3-1 ^ max |x(r)| cLs 

Jo [0,cr(s)] 

rh 

/ re(ti, s)(ti — max |x(r)| cLs 

Jo [0,<t(s)] J 


( 4 . 10 ) 


Now, we will prove that 

ft 2 


r <2 rt i 

/ fv(t9, s)(t9 — max |x(r)|d 0 s— / «(fi, s)(ti — max |x(t)| cLs > 0. 

Jo [0,cr(s)] Jo [0,<r(s)] 9 " 


In fact, we have 
rt2 


rt 2 /*ti 

/ K(t 2 ,s)(t 2 — qs)^ 1 ^ max Ix(t)|cLs — / «(ii, s)(fi — gs)^ _1 ) max |x(r)| cLs 

Jo [0,cr(s)] J 0 [0,cr(s)] 

rf2 /*t2 

= / ac(^2 j s)(< 2 — max |x(r)|cLs — / re(ti, s)(f 2 — max \x(t)\ d Q s 

Jo [0,cr(s)] Jo [0,cr(s)] 

rt 2 rt i 

+ / filti, -s)(t 2 — max Ix(t)|cLs — / «(ii, s)(t 2 — qs)^ -1 ^ max |x(r)| d q s 

Jo [0 ,<t(s)] Jo [0,<r(a)l 

rti rti 

+ / n(ti, s)(t 2 — gs)^ -1 ) max |x(r)|cLs — / k(£i, s)(ii — gs)^ _1 ) max |x(r)| cLs 

JO [0,cr(s)] Jo [0 ,<t(s)] 

rt2 

= / (n(t 2 ,s) - K(ti,s))(t 2 - gs)^ -1 ) max \x(t)\ d Q s 

Jo [0,cr( S )] 

rt2 

+ + / n(ti, s)(t 2 — qs)(P~^ max \x(t)\ d Q s 
Jt i [0,cr(s)] 

rti 

+ / n(ti,s)[(t 2 - gs) (/5_1) - (ti - gs) (/3_1) ] max |x(r)| d q s. 

JO [0,Or(s)] 


But, n(t±,s) < n(t 2 ,s ) because n(t,s ) is increasing with respect to t, then 
rt2 

/ (kU 2 , s ) — n(ti, s))(t 2 — qs )^-t) max |x(r)| d„s > 0 

Jo [0 ,<t(«)] 

and, since (t 2 — qs — (t± — qs > 0 for s G [0, t\) then 

rti 

/ n{t\, s)[(t 2 — qs)^- 1 '* — (ti — max \x(r)\ d q s 

JO [0,cr(s)] 


( 4 . 11 ) 
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fti 

+ / nCti, s)(t 2 — qs)^~^ max \x(t)\ d Q s 
Jt ! [0,cr(s)] 

fti 

> / n(ti,ti)[(t 2 - qs)^* 1 '* - (ti - max \x(t)\ d q s 

JO [0,cr(ti )] 

fti 

+ )(t 2 - qs) {l3 ^ 1} max \x{t)\ d q s 

Jtx [0,cr(*i)] 

fti fti 

= n(ti,ti) max \x(t)\ / d„s — / (ti — qs)^^ 1 ' 1 d q s 

[o,«r(ti)] [Jo Jo 


= K{h,ti) 2 1 max |x(r)| 

[p\q [0,cr(ii)] 


Finally, (4.11) and (4.12) imply that 


(4.12) 


rti ft\ 

/ n(t 2 , s)(t 2 — max \x(t)\ d Q s — / n(ti, s)(ti — qs)^- 1 ' 1 max |x(r)| d q s > 0. 

Jo [o,«t(»)] Jo [o,cr(s)] 

The above inequality and (4.10) leads us to 

\{Fx){t 2 ) - (-Fx)(ti)| - [(Xx)(t 2 ) - (-Fx)(ti)] 

= {I {Tx){t 2 ) - (Tx)(fi)| - [(Tx)(t 2 ) ~ (Tx)(t i)]} 

i r 

x / «(*2,s)(*2 - Qs) { ^ 1] max |x(r)| d q s 

r q {P) Jo [0,<t(s)] 


k r 0 . 

5 i WTo d(Tx) - 


Thus, 


and therefore, 


d(Tx)T q (P + 1) < K*r 0 d(Tx ) 


d{FX)T q (P + 1) < K*r 0 d(TX). 

Finally, (4.9) and (4.13) gives us that 

u 0 (XX) + d(XX) < T ^ i) (u 0 (XX) + d(TX )) 


(4.13) 


^ < f^+TfiTX) 

» I iSir'" 

But r K *XX; ^ < 1, then 

p[XX) < fi(X). (4.14) 

Inequality (4.14) enables us to use Theorem 1, then there are solutions to Eq.(l.l) in C(J). 
This finishes our proof. □ 
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